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ABSTRACT. In this paper we establish the equivalence of solutions between Schrodinger maps into S? or H2
and their associated gauge invariant Schrodinger equations. We also establish the existence of global weak
solutions into HZ in two space dimensions. We extend these ideas for maps into compact hermitian symmetric
manifolds with trivial first cohomology.

1. INTRODUCTION

Schrédinger maps are maps from space-time into a Kéhler manifold with metric & and complex structure
J satisfying: u : R x R — (M, h, J)

(SM) ou=JY Didu.

¢
where D denotes the covariant derivative on u~'T M. These maps are a generalization of the Heisenberg
model describing the magnetization spin m € S*> C R? in a ferromagnetic material

om=m x Am.
For m e S? the operator J = m x acting on T,,S? is equivalent to complex multiplication by i on C. Thus

om=mx Am=m x (Am + |Vm|*m) = JZD,-@im
where as before D; = 6; + (6;m, )m denotes the covariant derivative on m~!TS?; and the Heisenberg
model can be written as
om =17 Dio'm.

In one-space dimension the Heisenberg model can be transformed into the focusing NLS
- 2 1o
(NLS) i0q —0q — 7lql"g =0

via the Hashimoto transformation. This transformation was later generalized by N. H. Chang, J. Shatah, and
K. Uhlenbeck [CSUOQO] to study the regularity of Schrodinger maps. The idea in [CSU0OO] was to disregard
the customary coordinates representation of the (SM) system and to introduce instead a gauge invariant
nonlinear Schrodinger equations (GNLS) derived by using a pull-back frame on u~'T M. The GNLS is
given schematically by

Dig=i» Dig+iFq.
k
Using the Coulomb gauge, this sytem can be written as
i0,g = Aq + AT'[0(O(1g1)]0g + O(lg1).
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One of the consequences of such a representation was to reveal the semilinear nature of the Schrédinger
maps systems which led to the first regularity proof in 1 and 2-dimensions for finite energy equivariant data
[CSUO00]. Here we would like to note that the 1-dimensional Cauchy problem for (SM) is subcritical with
respect to the energy space du € L? and as such should be solvable for data du € L*. However the only
proof of global well-posedness in this case was given for data 0u € H' and uses the GNLS system [CSU00].
The desired goal would be to solve the Cauchy problem and to show equivalence when the derivative of the
data behaves like d(x); i.e. data scaling as ou € H~'/2.

Another consequence of introducing the GNLS was to show that for constant curvature M the GNLS
system doesn’t depend explicitly on u, and therefore can be solved without any reference to the SM system.

Using this last observation a natural question to ask in the constant curvature case is: When do solutions
of the GNLS represent solutions of SM? For smooth solutions this question was answered in one dimension
by Terng and Uhlenbeck [TUO6] and in two dimensions, for a special case, by N.H. Chang and O. Pashev
[CPO5].

In this paper we are interested in studying the correspondence between solutions u of the Schrodinger map
system and solutions g of its associated gauge invariant nonlinear Schrédinger equations for low regularity
data. In particular we show the equivalence of the two systems for solutions where the problems are expected
to be well posed, i.e., du € H g1 plus Strichartz estimates for d = 2. One should remark that the interesting
cases for the equivalence of the SM system and GNLS system correspond to d = 1, 2 or 3 since ind > 4,
ou € H* ' and equation (SM) holds a.e.; thus there is little difference between smooth and du € H §-1
solutions.

The outline of the paper is as follows: In section 2 we present the frame system. In section 3 we study
the equivalence problem when the target is the sphere. For d = 1 we show the equivalence under the
condition g € Ltz)C and |¢|*> € L>(H~"). For higher dimension we show the equivalence of GNLS and SM
for data in critical spaces, i.e., invariant under the scaling u(¢, x) — wu(A%t, Ax). In section 4 we study
the problem when the target is H?, the hyperbolic space. Here we show equivalence of smooth solutions
and for two space dimensions we show global existence of finite energy solutions. Finally in section 5 we
describe the extension of these results for maps into compact hermitian symmetric manifolds with trivial
first cohomology.

Throughout this paper we sum over repeated indices unless we explicitly state the contrary, and we follow
the convention that Greek subscripts vary from 0 to d while roman subscript vary from 1 to d or n depending
on the context.

2. FRAME SYSTEM

The use of frames on the pullback bundle was introduced in [CSUO0O], and was later used successfully
to study the Cauchy problem for wave maps [SS02, NSUO3b]. In [NSUO3a] similar ideas as in [CSUOQO]
were also used, starting with the pull-back of the conformal frame of S? -which amounts to the stereographic
projection- followed by the Coulomb gauge transformation.

Frames on the pullback bundle. 1et ¢ : RY — (M, h, J) be a map into a 2n-dimensional Kihler manifold
and let D denote the covariant derivative on ¢~'T M. Since M is Kihler then D;J (¢ (x)) = O for £ =
1, ..., d. With a slight abuse of language we will refer to sections on ¢~ T M as vectors. Let {e, }ZV; | denote
an orthonormal frame on ¢~'T M such that e,,, = Je, fora = 1, ..., n. Such a frame always exists since
R? is contractible and M is Kihler.

Proposition 2.1. Fix the origin 0 € RY and introduce polar coordinates (r, w) on R?. Given a smooth
¢ R = (M, h,J), let {e},...e5,} denote an orthonormal set of vectors on $~'TM at x = 0 such that



SCHRODINGER MAPS AND FRAME SYSTEMS 3

e,., = Je, andlet {ey, ... ey} be the solution to the ODEs

Dye, =0, e,00,0)=e¢,.

Then {ey, ... ey} is an orthonormal frame for ¢ ' T M with e, = Je, fora =1,...,n.
Proof. Solve the linear ODEs and use the fact that D, Je, = J D, e, since M is Kéhler. ]
. def
Write the frame as {eq,...ex,} = {e1,...e,, Jer, ..., Je,} = {e, Je}. For any vector v € ¢~ 'TM

with coordinates v = Z?; veeg, we introduce complex coordinates w = (wi, -+, w,) € C", where
W¢ = Vg + i0p4p, ON ¢_1TM and write v = w - e where

2n n n n

v = Zwe( = Z (ve + vesnd )er = Z (ve + ivegn)ee = ngeg =w-e.
=1 (=1 =1 =1

In these complex coordinates, J — i on ¢~ 'T M.

The covariant derivative on M introduces a connection {A,;} on ¢_1 TM given by Dee, = AZZ e, for
a=1,...,n, €=1,...,d. Wesimply write
(21) Dge = Ag -e.
where the n x n matrices Ay = (Azf) € su(n). For any vector v = w - e € ¢~ 'T M, with coordinates
w € C" we have

Do = De(w - e) = (8gw + Agw) e (Dew) - e

where D denotes the covariant derivative on ¢~ T M expressed in terms of the frame {e, Je}.

If one chooses another frame {¢, J ¢} related to {e, Je} by a transformation g € SU(n), i.e., ¢ = g - e then

D =A,-¢
Ar=g"Aig + g "og

Thus fixing a frame is equivalent to fixing the connection A; i.e. fixing a gauge. The matrices {Ag}‘;zo,
which are given by (2.1), have to verify the curvature equation. That is, if we let 6y¢p = ¢, - e and denote by

def
[D¢, Diles = R0k, rd)ea = R(qx - €, qc - e)ea = F(qe, qi) - €a = Fui - eq
then we have
(2.2) [De, Di] = 0rAr — 0k Ap + [Ar, Al = Fx.

Here it is worth mentioning that the frame constructed in proposition 2.1 corresponds to choosing a connec-
tion such that x* A (x) = 0. This gauge is referred to as the exponential (or Cromstrom) gauge [Uh83]. For
this gauge the connection A can be easily recovered from F by the formula

1
(2.3) Ak(x):/ x  Fu(sx) sds.
0

Throughout this paper we are interested in a special frame which corresponds to the Coulomb gauge,
i.e., a frame for which fo 0¢Ar = 0. Local smooth Coulomb frames can always be constructed as was
demonstrated by K. Uhlenbeck in [Uh83]. This is done by solving the elliptic equation for g

0=20,A; = (g Arg + g7 "oeg).

locally on balls in RY. For d > 1 gluing these local solutions does not necessarily yield a global Coulomb
frame. Of course if n = 1 then g = exp(i#) and the above equation is linear and can be solved globally.
For the general problem Dell Antonio and Zwanziger [DZ91] showed that there existence of a global H'
Coulomb frame.
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Proposition 2.2. Given a smooth map ¢ : RY — (M, h, J) there exists a frame {é, J &} such that

D[éa = Ag 4

d
Z A, =0
=1

Sketch of the proof. Fix a frame {e, Je} of =T M and let A, be given by Dye = A, - e. For any g € SU(n)
let A, = g7'A,g + g~ '6,g and consider the variational problem

d
inf/ |APdx = inf/ > g Ag + g 'ocg| dx.
8 8 =1

It is easy to verify that the infimum is achieved and that Z?: 1 d;A; = 0 [DZ91]. Thus the frame {é, J&} is
a Coulomb frame withe = g - e.

Remark. 1If ¢ € WH4(R?, M) and M is compact then by a result of Schoen and Uhlenbeck [SU83a, SU83b]
¢ can be approximated by smooth functions. Therefore by proposition 2.1 and equation (2.3), the exponen-

tial frame {e, Je} on ¢ ' T M belongs to e € W1 : . The local Coulomb gauge in [Uh83] which satisfies
OcAr — A +[Ar, Al = Fy e LY
akAk =0

belongs to L whence e € Wlocd for d > 2. For d = 2 we need to require ¢ € W'? for some p > 2.

GNLS. The relation of Schrodinger maps to Gauge invariant Schrédinger equations is given through the
frame coordinates

Oqllt = Gy - €,
2.4)
D,e=A, -e.
fora =0,1,---,d. Given such {q,, A,}, let F,3 = F(qp,q,) = R(qqs - e, qp - €) where R denotes the

Riemann curvature tensor of M. We have,

Proposition 2.3. Given a smooth Schrodinger map u : R x R — M and a frame {e, Je} on u™'T M; the
coordinates (q,, Ay) foro =0, 1, --- , d, given by (2.4) satisfy

go = iDeqy
(GNLS) D,qe = iDiqe + i Frgx,

Deqir = Drqe,

8uAp — OpAq + A, Ag] = Fup
fork,{=1,--- ,dandoa,p =0,1,---,d; and where we summed on repeated indices.

Proof. Write ¢ = (qo, q1, . .., ga) € C"*@+D_The C" valued functions g,, & =0, 1, ..., d have to satisfy

2.5 qo = iDyqy since Qu = JD;o'u
(26) DaQﬁ = Dﬁqa since Daaﬁu = D/;G,Zu

The equations for the matrices {A, }Z:O can be derived from the curvature equation

[Da; D,B] €q = R(aﬂua aau)ea = R(q,ﬂ X e)ea = F(Qa, CIﬁ) T€q = Faﬁ iz
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Note that F,p is bilinear in (g,, gs) and is calculated from the Riemannian curvature and the frame on
u~!'T M. Moreover in terms of the given frame we have

[Du: Dp] = 0aAp = 0pAa + [Ans Ag] = Fup
Equations (2.5) and (2.6) can be simplified by substituting (2.5) in equation (2.6) for o = 0 to obtain
Diqe = Deqo = i D¢ Diqy.

By commuting [Dy, D;] and using the fact that D,q; = D,q, we obtain the (GNLS) system. O

Remarks. 1. Given u a solution of (SM) and a choice of frames {e, Je} we can compute A, from D,e, =
A’ e,. By choosing another frame {é, Jé}, where &, = gbe;, and g € SU (n), the connection 8,6, = A% ¢,

b

can be determined from A, by aagé’ + Afag; =g Afm, or in matrix notation

~

Ay =g 'Aug+g g a=0,1,---,d.

Thus the equations for A, in (GNLS) are underdetermined unless we fix a choice of the orthonormal ba-
sis {e, Je}. Throughout this paper we fix the frame by choosing the Coulomb gauge which is given by
S98A; =0.

2. For M a Riemann surface, the gauge group is U(1), g¢ € C, A, = ia, and F(q,, qp) = Fup = ifsp
where a,, f,s € R. In this case the (GNLS) system simplifies to

Diqe = iDiqe — k() (qe, iqy)qr
Degr = Drqe

Ocaj — 0jar = frj = k(WU){qc,iq;)
Orag — 0rar = fro = —x(u)(qe, Djq;)

2.7

where x is the Gauss curvature of M, and where for two complex numbers z and w we used the notation
(z, w) = Re(zw). In this case it is always possible to put the above system in the Coulomb gauge globally
by the gauge transformation g, = (exp i0)q and a, = a, + 9,0 where AO = —0d,a,. In this Coulomb gauge
equations (2.7) transform into

D,qr = iDiqr — kW) qe, iqr)qx

Deqr = Drge

2.8) Aaj = Ok frj = O(k(u){qk,iq;))
Aay = Ok fro = —0k (K(u)(a/ (G- qj) — %akm.i'z))
orar =0

3. In general the system (GNLS) depends on u which appears in F,z. For constant curvature M, the
Schrodinger map u does not appear explicitly in (GNLS). Thus we can consider the system (GNLS) on its
own as an evolution problem. In this case the equations D,q; = Dyq, should be viewed as a compatibility
conditions which will be satisfied under the evolutions of g, provided they are satisfied initially. Thus one
of the questions we are interested in here is : Given (g,, A, ) solutions of the (GNLS) in the Coulomb gauge,
is there a Schrédinger map u and a frame {e, Je} such that 6,u = g, - e and D,e = A, - e?



6 NAHMOD, SHATAH, VEGA, AND ZENG

3. MAPS INTO S?

One space dimension. A Schrodinger map u : R x R — S? ¢ R3 is a solution to

(3‘1) [ at’/‘ = JDxﬁxM = U X Uyy = ax(u X ux), ue SZ C ]R3

u(0) = uy.

In this case the associated GNLS system in the Coulomb gauge A; = 0 is the nonlinear Schrédinger equation

- 2 L
i0q —0q = 5lql"g =0,
and the transformation between u and g is given by

ou=p-e=pe+puxe u(0, x) = uo(x)

O =q-e=qie+qu xe

(3.2) |,
D.e = 6,e + p1u = —Elql uxe e(0,x) = ep(x)

D,e=0e+qu=0

where p = ig;.
For smooth solutions one can easily show the equivalence between solutions to the (SM) and solutions to
the (NLS).

Proposition 3.1. 1. Given a smooth smooth solution u of (3.1) there exist a frame {e,u x e} for u='TS?
and a solution to the NLS 0,q = i(@fq + %|q|2q) such that

O =q-e=gqre+quu xXe
D,e =0,e+qu=0

2. Conversely given a smooth solution q to (NLS) with data qo, a point m € S* and vy € T,,S? with |vo| = 1,
there exists a unique solutions u to (3.1) and a frame {e, Je} for u='TS? such that (3.2) is satisfied. with
u(0,0) = m and (0, 0) = vy.

Proof. 1. Let u be a solution of (3.1), {e,u x e} be any frame on u~'TS? and let d,u = q, - e and

D,e = (ia,) - e. Apply the gauge transformation 6,0 = —a, to put the system in the Coulomb gauge
a; = 0. Since in this case the scalar curvature ¥ = 1 we conclude from (2.8) that gy = —%lql2 and that g
satisfies

@ +idn)g =i07q
which is the (NLS)
2. We start by constructing u(0, x) = uo(x) and e(0, x) = eo(x) by solving the ODEs

OxUo = qo1€o + qoalto X €
dxeo + goiu =0
up(0) =m eo(0) = v.

where go(x) = ¢g(0, x). It is easy to check that eg(x) L up(x) and that |ug(x)| = |ep(x)| = 1.
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To construct u and e we evolve the data in time using (3.2)

Oiu = pre+ pru X e

LI
oe + piu = —Elql uxe
M(O, X) = u()(x) e(ov x) = eO(x)'

where p = iq,, to find u(t,x) € S*> and e € T,S?, |e(t,x)| = 1. To verify that u solves (SM) and that
D,e =0wesetd,u =¢q-eand Dye = au x e. Then g(0, x) = ¢(0, x) and a(0, x) = 0 by construction.
By commuting derivatives, we have

- 1 -
D;o,u = D,oju = q; = l@?q —g.a+ l§|q|2q

1 - -
D,;Dye — D, D,e = R(u;, u,)e = d,a + 6x§|q|2 = G191z + G2G2x-

Therefore g — g and a satisfy the ODEs
2

&G —q) =i%(é —q)+ipa

aa = (31 — q1)q1x + (@2 — 42) 92«
(c]—q)=(0,x)=0 a(0,x) =0.

which imply § = g and a = 0. Since d;,u = (iq,) - ¢ and D,e = 0 we conclude that u solves (3.1). The
uniqueness of u# follows from the uniqueness of the solutions to the ODEs and NLS. O

For rough initial data we can show equivalence of solutions under weak integrability conditions.

Theorem 3.1. Let g € L|2l|<TL§,10C satisfying |q|* e L|21|<T(H_1) be the limit of smooth solutions, i.e., dgqy
smooth solutions of (NLS) such that

2
tx,loc

and |gi|* - lgI* € L} H™".

qr —> q €L
'yn C|,|<T(L2 ) to (3.1) and a frame {e,u x e} of u™'TS?

Then there exists a weak solution u L|2t|<T(HlOC loc

such that e € L|2t|<T(H11

o) NC i1<1(L2.). Moreover the solution is unique up to isometries on the sphere.

loc

Remarks. 1) In one dimension, Vargas-Vega [VV01] showed local well posedness for the cubic NLS in
a space containing L2 and scaling like H~'/3(R). Their solutions belong to L|31|<TL§ (or Lﬁ|<TLi). The
critical scaling for the 1d NLS is that of H~'/2(R). Below L? however, the Galilean transformations are not
preserved and the problem is ill-posed in the Sobolev class [KPVO1].

2) In [GRVO03] it is proved that a vortex filament can develop a singularity in the shape of a corner in
finite time. This shows the existence of a Dirac delta singularity for the corresponding cubic NLS solution.
For NLS data in L? such a behavior cannot occur due to mass conservation.

Proof. By proposition 3.1 we can construct from {g;} smooth solutions u; of (3.1) and frames {ey, ux x e}
of uy ' TS? such that
Oy = Dy - €k = Pri1ek + Pka Uk X €k u(0, x) = uo(x)

OxlUk = g - €x = qr1€k + qi2 U X €
(3.3) |
D;ey = Oiex + priux = _§|‘1k| Ug X ey er (0, x) = ep(x)

D.ey = Ovex + griur =0
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where p; = iqi,. By the hypothesis of the theorem we can pass to the limit in (3.3) and thus # and e satisfy
equation (3.2) in the sense of distribution. From the equations for d,u and d,e we conclude that u and e are
in L|2t|<T(H1l ). From the equations for 8,u and ¢,e we have Vo € C°(R) gu and ge are in Cyjr(H").

ocC
From computing

@/WOJ)—MmXW¢@Mx=2/w-&wnﬂ—u%ﬂw¢@wx

where (, ) is the inner product in R3, and a similar expression for e we conclude that u and e are in
C|,|<T(L2 ). Note that in this case (3.2) implies that for every t € (—T, T), u(¢, -) and e(z, -) are in H'.

loc
To show uniqueness, let (1, ¢) and (&, €) be two such solutions that satisfy (3.2). Then by using the

isometries on S* we can assume that x(0, 0) = (0, 0) and ¢(0, 0) = (0, 0). Equation (3.2) implies that
u(0,x) = u(0, x) and e(0, x) = e(0, x) forall x. Set ou = u — i, o)e = ¢ — ¢, and 6f = u x e — i X ¢ then

010u = pide + prof

1
a&=—mw—5m%f
3.4) 1
&0f = —padu + §|q|256

ou(0) =0, 0e(0,x) =df(0,x) =0
which can be written in matrix notation as
6,V =BV V(0) =0.

Since B is skew symmetric and is locally in L2H~! and V is locally in L>H"' N L™ then for any Ci’20

d t
E/ [V (1, x)|?p(x)dx = 2/ /(BV, Vipdx =0
0
and therefore V = 0. O

Higher dimensional maps into S®. A Schrodinger map u : RY x R — S? < R3 is a solution to
3.5) O =u X Au = 0y;(u x Oy;u)

Since in this case n = 1 then ¢, € C, A, = ia, and F(q., q3) = F,s = if.s Where a,, f,5 € R. Given a
Schrédinger map u into S? and a frame {e, Je} we recall (GNLS) for (g, ax)

Digr = iDiqr — iqe, iqr) g

Drqc = Dy

Ocaj — 0jar = frj = (qr,iq;)

Ocap — Giac = fro = —(qe, Djq;)
and the transformation between « and ¢

ou=gqp-e
Ou =qr-e
(3.6)

Die =apu x e

Die = amu x e
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where gy = iDyqy. In the Coulomb frame this system simplifies to
Dyqe = iDrqr — i{qe, iqi)qi
(3.7) Aaj = akfkj = Ok{qx, iq;‘)

Aag = 0 fro = —0¢0(qe, q;) + %Alq]'lz
along with the Coulomb frame equation and compatibility conditions
oray =0
Drqe = Deqs
Ocaj — 0jar = foj = (qe,iq;)
Ocao — rar = fro = —(qe, Djq;)

It is easy to verify that (3.8) are satisfied by smooth solutions of (3.7) for all ¢ if they are satisfied at t = 0
and a decays at infinity.

(3.8)

Proposition 3.2. Given a smooth solution (g, a) of (3.7) satisfying (3.8), a point m € S* and a vector
vy € T,,S? with |vg| = 1, then there exists a unique solution u of the (3.5) system and a frame {e, Je} for

u~'TS? such that 2.4), i.e.,
Ogh =4 - €

D,e =aju x e
holds with u(0, 0) = m and ¢(0, 0) = v.

Proof. Given (g, a) solution to (3.7) we first construct the initial data for u and for the frame {e, u x ¢}. This
will be done inductively on every coordinate xi, x, - - - , X;. We start by solving

drwi(x1) = q1(x1,0,...,0) - e1(xy)
Diei(x1) = die1(x1) + (e1(x1), drwy (x))wi(x1) = a1 (x1,0, ..., 0)w; x e(x;)
w1(0) = m, e1(0) = vo.
It is easy to verify that {e;, w; X e;} are a frame along the curve wl_1 TS?. Repeat this process to construct
wo(x1, x2) and {ez, w, x e} from
Owy = qa(x1, x2,0, ..., O) - e
Dsey = Oren + (e, O1w2)wy = ar(x1, x2,0, ..., 0)w2 X e
w2 (x1, 0) = w1 (x1), ex(x1, 0) = e1(x1).
This construction terminates by constructing u o wq(x1, -+, xg) and {eg, ug x ep} & {eq, wg X ey}
To verify that uy and {eg, Jeo} satisfy (2.4) at + = 0, we note that by construction the equations hold on

(x1,0,...,0) e R% Here R? denotes the x;x,—plane. To show that the same holds for on (xy, x2,0...,0) €
R? we compute
D;01ug = D106xu0

3.9
D>Diey = D Drey + R(@luo, 821/!0)60.
By our construction we have
3.10) OaUtg = g2 - € Dyeg = arug x ey (x1, x2) € R?

‘ d1ug = g1 - ep Dieg = ajug x ey (x1,x2) € R?

é]()ﬁ,o):q](x],"‘,o) &1(x1,0)=a1()€1,-~-,0)



10 NAHMOD, SHATAH, VEGA, AND ZENG

Substituting (3.10) in (3.9) we obtain the following ODEs
02(G1 — q1) +iax(Gi — q1) = i@ —ar)qa
o(a1 —a) = fiz — fi2 = (41 — q1. ¢2)
where flz = (6}1, i qz). Since 0 is a solution of this ODE by uniqueness we have ¢; = ¢, and ¢, = ¢ in the

x1xz-plane. Repeating this process for x3, - - - , x4, we obtain the desired result.
To construct u(t, x) and {e, u x e} we solve the ODEs

ou=gqp-e
D;e = 0,e + qo1u = apu X e
u(0,x) =uo(x)  e(0,x) =ep(x)

To verify that u solves (SM) and (2.4) holds we set ,u = g;-e and Dse = dyu x e and define f)g = O¢+iay.
Then ¢ (0, x) = ¢(0, x) and a(0, x) = a(0, x) by construction. By commuting derivatives, we have

D,6,u = Doy = Dy = iDego = iDeDigi
D,Dye — DyD,e = R(ug, u;)e = 8,d; — drap = for,
where f()[ = —i F(qo, g¢). Therefore g, — g, and a; — a, satisty the ODEs
Di(ge — qe) = —(ar — ar)Drgx
o(ac — ar) = for — for = (qo.i(Gr — q0)),
(Ge —q0)0,x) =0 (ar —ar)a(0,x) =0.

which imply ¢, = ¢, and a, = a,, and thus we conclude that u solves (3.1). The uniqueness of u follows
from the uniqueness of the solutions to the ODEs and NLS. U

Theorem 3.2. Given a solution gy, to (3.7) such that
ax € C(10, T, L*(RY) N L([0, T], L (RY))  ford =2
g € C([0, T1, L*(RY) N LY(RY))  ford >3

and assume that qy is the C(L?) limit of smooth solutions, i.e., Hqr,} where gy, —> qi in C([O, T], Lz)
Then there exists a solution u € L®(H") N C(L2 ) of the Schridinger maps equation (3.5) and a frame

loc

{e, Je}, where e € L°(H")YNC(L% ) ford > 2 and e € LOO(HILC) NC(L2 ) for d = 2, that satisfies the

loc loc
coordinates equation (2.4)

Og =y - €

D,e = 0,e + g, 1u = azu X e,
Moreover if there are two such {u, e} and {u, e} that have the same coordinates given by (2.4) with initial
data u(0, xo) = i1(0, xo), e(0, xo) = €(0, xo) at one Lebesgue point (0, xo), xo € R of u — ii and e — &, then
u=uande=e.

Remarks. 1) The assumption that ¢, € C(L?) N L°(L?) in two dimensions guarantees finite energy plus a
Strichartz norm. This is necessary to make sense of all the terms in (2.4), such as a( and is not needed for
the existence of weak solutions . Other Strichartz choices are also possible.

2) The assumption that ¢ € C(L?) for d > 3 is much weaker than the space C (H %‘1) which is the optimal
space for existence of solutions to (3.7).

3) The assumption #z = u and ¢ = e at a Lebesgue point in the uniqueness statement can also be replaced
by any decay to 0 of (0, -) — u(0, -) and (0, -) — e(0, -) as |x| > oc.
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Proof. From the expression for ag and a; in (3.7)
Aaj = O frj = O(qk,1q;)
Aag = Ok fro = —0¢0j{qe,1iq}) + %A|Qj|2

we have a; € C(L?), ap € C(L%?) ford > 2 and a; € L*(L®), ap € L*(L*/?) for d = 2. By proposition
3.2 we can construct from {g;)} smooth solutions u;y of (3.5) and frames {e(;), u(j) X e(j)} of u(_];TS2 such

that
311 Oall(j) = Ga(j) - €())
Jae(j) = —qa1(jl(j) + a(HU(j) X €(j)

By the regularity hypothesis on g, given in the theorem we can pass to the limit in (3.11) and thus # and e
are in L°(H)YN C (leoc) (fd =2,e € LOO(HILC)), they satisfy equation (2.4) in the sense of distribution,
and u solves (3.5).

To show uniqueness assume u and & are two solutions that satisfy (2.4) and agree at a point say (0, 0).
We first show that the data for u and i are the same. Let f = u x e and f = @i x &, then from (2.4) we have
atr =0

Okt =gk - € = qrie + qia f

ke = —qiiu + ar f

O f = —qrou — ar f
and the same for {1, &, f}. Since ¢ (0, -) € L4(R?), for d = 2, it is straight forward to prove that a (0, -) is
in the dual space of L" N Lr% forany r > 2 and ford > 2, 4;(0, -) € L. Thus a;(0, -) isin L. . Therefore

loc*
we may take differences in the above linear equations to obtain

lu —i|* +le —e* + | f — f|> = constant.
Since u(0, 0) = (0, 0) and ¢(0,0) = ¢(0,0) thenu =t ande = e att = 0.
To show that u = u for all ¢ we use the time derivative part of (2.4)

ou=p-e=qoe+qnf

ore = —qoiu +ao f

o f = —qoou — aope
and the same for {i, &, f}. Again since p and aq are in Ll .(H™") we have

o(lu—il*+le—e*+1f — f*) =0

andsinceatt =0,u =iiande =é,thenu =iiande =¢&,V(t,x) € R x RY. ]

4. SCHRODINGER MAPS INTO H?

The Cauchy problem for Schrodinger maps into the hyperbolic plane u : RY xR — H? has two difficulties
that are not present when the target is S?. The first difficulty is due to the fact that H? cannot be embedded
isometrically and equivariantly in R¥. The second is due to the non compactness of H?, which makes
controlling u an issue.

The first difficulty can be avoided by embedding H? in the Lorentz space (R®,#) where
n = dia(—1, 1, 1) and the embedding is given by

H? = {u e (R3 »); —u%—l—u% —|—u§ =—1, ug > 0}.
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The embedding is isometric and equivariant as becomes apparent after introducing the coordinates uy =
cosh y, u; = sinh y cos@ and u, = sinh y sin#. The tangent space and the normal space for this embedding
are given by

T,.H* = {v € R’; (qu, v) = 0}
NH? = {yu;y e R}.

The unit normal at u € H? is the vector u since (qu,u) = —1. For a vector v € T,H? we introduce the
notation

2 2, .2, 2
loll” = [{o, no)| = —vg + 07 + 03,

and for amap u : RY — H? with w € u~' TH?

lwllz> = / lo(x)|* dx.
Given amap ¢ : RY — H? C R, the covariant derivative on ¢~ TH? is given by
DV =06V —(V, nord)e.
The complex structure on 7H? can be represented by
Jo = n(u x v)

where x is the usual cross product on R3. This is a consequence of (u, #Jv) = (v, yJv) =0and J?> = —1.
Using the embedding H*> C (R?, 5) Schrodinger maps u : RY x R — H? can be written in divergence
form as

0
= = 0 x (8= (Y, gVu)) = nu x Au) = 70, x )
or equivalently
ou
4.1) n(u X 5) = —Au+ (Vu, nVu)u

In hyperbolic coordinates this system reduces to
(sinh y)8, = Ay — sinh y cosh y|Vé|?
(sinh )y, = — div(sinh? y V6).

Given a smooth solution to (4.1) we can easily construct a frame {e} in the Coulomb gauge and from
section 2 the coordinates o,u = gye satisty

Diqe = iDqe +ilqe, iqi) g

Deqr = Drqe

(4.2) Ocaj — djac = frj = —(qe,iq;)
Orao — 6rae = fro = —(qe, iqo)
orar =0

where go = iD;q;. Conversely given a solution to (4.2) one can repeat the construction given for the sphere
in proposition 3.1 to obtain

Proposition 4.1. Given a smooth solution to (4.2), a point m € H? and a vector vy € T,,JH? with ||v]| = 1,
then there exists a unique smooth solution to the Schrodinger maps equation
Oru = nop(u X Opu)
ueH c ®,y)
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and a frame {e, Je} for u='TH? such that u(0, 0) = m, e(0, 0) = v, and (2.4) holds.

Weak finite energy solutions from R**! into H>. The difficulty of the non compactness of H? appears in
constructing weak solutions and it can be overcome by requiring the map u to converge to a point as x — 00.
In particular, fix a point 0 € H? and embed H? into Lorentz space with o0 — (1,0, 0). We will consider
maps u : R> — H? c (R?, 5) such that u — (1,0, 0) as x — oo and

/(uo — Ddx = /(cosh)( — Ddx < oo.
This is a reasonable assumption since, like the energy
IVul?, = / |V x> + sinh? 1| VO|*dx,

[ (uop — 1)dx is also a conserved quantity of the Schrodinger maps.

Consider the Cauchy problem
o = n(u x Au) = noy(u x oxu)
(4.3) 2 2 1 (@2
IVu(O)ll € L*(R%), uo(0) =1 € L (R").

Since the equation is in divergence form then it is easy to conclude that the weak limit of finite energy
smooth solutions is a weak solution.

Proposition 4.2. Let {u;} be a sequence of smooth solutions to the Schridinger maps equations (4.3) such
that

Vilis <€ and [, —ndr<c
then 3 a subsequence that converges w* to a weak solution of (4.3) u € LOO(Wli)’Cp ) for any p < 2.

Proof. From conservation of energy and the divergence form of the equation we have

/ Vi) Pdx < C. / (uoe (1) — 1)dx < C.

In hyperbolic coordinates we have
/|vXk(t)|2dx <C /(cosh)(k(t) —1)dx < C.

Thus |y (1)1 g2y < C and from Moser-Trudinger inequality we have V compact sets Q C R?

[ et ar < c@iuln < c@,
Q
for some a > 0. These bounds on y;(¢) imply the following Euclidean bounds on u (¢)

lur (@)@ <C V1<p<oo
which in turn gives the Euclidean bounds
luklpewingey <C V1<p<2
|0t Looqw-10@p< € V1< p <2
Thus by going to a subsequence and a diagonalization argument we have V compact Q C R?
up —ue LW Q) 1<p<2
u, — u € C(L7(Q)) 1 <p<oo.
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and this implies
ugy AVupy = uAVu e L(LP(Q)) 1 <p<2.

From the above and Fatou’s lemma we conclude that u is a weak solution of the Schrodinger maps equation
with

/(uo(t) —1)dx < C.
In order to show

/ Va2 < C,

we take an isometric embedding @ : H?> — R” satisfying ®(0) = 0 and consider ity = ® o uy. Since y is
the geodesic distance to 0 on H? and the intrinsic metric || - || on TH? coincides with the metric induced by
O, we have |ﬁk(t)|il, < C. Due to the pointwise convergence of u; to u, we have iy — it = ® ou in H'
and
IVulj. = |Val;, < €
L2 L2 = .
O
To construct a sequence {uy} such that 6,u; — 70, (uy x o,uy) — 0 in the sense of distribution and such
that | Vug(#)]2 < C and |ugr(t) — 1];1 < C, we introduce the parabolic perturbation
edu —n(u x ou) = Au— (Vu, nVu)u
and show by using the frame coordinates gs that the above equation has global smooth solutions with the
desired bounds.

Proposition 4.3. Given ¢ > 0 and a function u,(y) € H? such that
u, —(1,0,0) € L'(R?), Vu, € L*(R*>, TH?), Dou, € L*(R*, TH?),
there exists a unique global classical solution to
edu —n(u x ou) = Au— (Vu, nVu)u
4.4 2
(0, y) = u.(y) € H',

such that u € H?* and
/IIVu(t)||2dx <C, /(uo(t)—l)dx <C, e//lla,u(t)llzdxdt <C, ande//llDau(t)llzdxdt <C.

Proof. To show that solutions to equation (4.4) stay in H? we take the inner product of the equation with 7u
to obtain

%aa,w, nu) = %A(u, nu) + (Vu, nVu)(1 + (u, nu))
(u, qu)|i—o = —1.
which implies that u(¢) € H? . To construct solutions let g be the Coulomb frame coordinates of du, then
(¢ = )Diqe = Diqe — i{qe, iqx)qx
4.5) Aaj = —0(qr,1q;)
Aag = 0e(qe, qo)-

where (¢ —i)go = D;q;. By standard fixed point argument system (4.5) has local smooth solutions for initial
data in H*® for s sufficiently large. Moreover the system has a conserved energy which can be obtained by
dividing the above equation by (¢ — i), multiplying by g, and taking the real part

d 1 —& .
/ Dedel + g, i) -

J— — 2:
dt zlcnl 1462
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This implies global bounds

1+
We will obtain the H (]Rz) estimate on g by lookmg at Dq. In fact,

|0kqel” < [Digel® + laxgel’.
Using the equation for @; and Sobolev inequalities we conclude
104172 < 1Dql7> + (Iq134191:2)* < C(Eo)|Dql7
where the Sobolev inequality was used in the last step with dg replaced by Dg which is true due to the
observation
|3clq1?] = 214q, Deg)| < 2lq|IDegl € L.
To obtain H' bounds on ¢ multiply equation (4.5) by D,q, and take the real part to obtain
1d . . .

(4.6) EE/ |Diqel® + /<¢1k, 90)(Dxqe, iqe) + (qe, iqi)(Dige, iqi) + €|Digel* = 0.

Writing D for the spatial covariant derivative, the second term can be bounded by
1 2 2 4
/ 1(qk> 90){Diges iqedldx <|Digeli2lqolislqlis < |Degelizlqol;>1Pgolss1q13,1Dql?
7 1 2
SC(EO)l,D‘IlZz|QO|ZZ|DQO|22
8 2 . .
<C(Eo)|Dql;.|Dqol;,  since (¢ —i)qo = D,q;
1 €
<—=C(E0)IDql}> + 71Dqol»,

/e

and the third term by

C(Eo)
&

. . &
/ (qe, iqk)(Diqe, igi)ldx < ClqlislDigel 2 < 1Dgl}, + quoﬁz

Using the identities Dygo = D, gy, the above inequality, and equation (4.6), we have

2dt/| Deqel* + = /lthh’l |DQ|L2/|DJ<6]€|

Since by the energy identity ¢ fo |Dq (1)|? 72 dt < Ey we obtain global bounds on Dg

2 ' 5 g
/|Dk6]f(f)| +8/ /lDngl <Ce 2 ,
0

which implies the desired bound on dq.
Using this smooth solution g we can construct a global smooth solution # by means of proposition 4.1.
To show that u belongs to the stated spaces we only need to show that

/(uo— 1)dx < C.
In fact, equation (4.4) is equivalent to

1
oru = —— (o (u x Su) + e(Au — (Vu, nVu)u)).
14 ¢2

Integrating the first component we obtain

%/(M0—1)=
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O

Weak solutions to Schrodinger maps into H? can be constructed as weak limits of the above solutions as
e — 0.

Theorem 4.1. Given u, € H'(R?, H?) such that f (s, — 1)dx < oo there exists a global weak solution to

the Schrodinger maps system

0
a—b; =no(u x oeu)  u(0) =u,

with || Vu| € L®(L2(R?)), u € C(L2 (R?)) and ug — 1 € C(L'(R?)).

loc

2
L2(R2
uniformly bounded and the geodesic distance between u,;(x) and u.(x) on H(z c)onverges to 0 in L?(R?).
Even though H? is not compact, this can still be done since H? is diffeomorphic to R?. In fact, using
hyperbolic coordinates u#y = cosh y, u; = sinh y cosf and u, = sinh y sinf, one can first approximate u,
by a map whose image is in a compact set and then modify it into a smooth map by standard methods. In

the hyperbolic coordinates, the boundedness of || Vi, ||i2 ®?) and |u.o — 1|1 (r2) takes the form

Proof. Approximate the initial data by smooth functions u.; so that || V.|| and [uwo — 1|12y are

/(|VM|2 + sinh? y,¢|V6u|*)dx < C  and /(cosh)(*k — Ddx < C.

From Proposition 4.3 we have a global smooth solution to

1
Orui + %ﬂ(“k X ug,) = n0e(ur X Ocuy)
l/lk(o, )C) = M*k(oa )C)

“.7

such that

/ Va1 dx = / IV 2O + sinh 7 ()Y ()2 dx < Eo

/(u()k(t) — Ddx = /(COSh)(k —1dx < C.

Thus y; is bounded in L>®(H'") and by Moser-Trudinger inequality ¥ compact Q ¢ R?

/exp (a@) dx < C(Q)
0
Q

for some positive a.. This implies as in Proposition 4.2 that for a subsequence
Y — x weak x in L*(H")
uy — u weak * in L°°(Wlf)’cp), pell,?2)

where [|Vu(t) |22 < C and [(uo(t) — 1)dx < C. Moreover for every cut off function ¢ € CP([R? x R)

1
O (puy) — Orpuy + W(couk X Up,) = nr(Qur X Opty) — NOrPuy X Oty

which implies that puy is bounded in H,! (R, W=1(R?)), 1 < p < 2. Consequently we have a subsequence
where
ur —> u in C(L?) locally and a.e.

These bounds allow us to pass to the limit in equation (4.7) to obtain
Oru = nop(u X Opu)
u(0, x) = u,(x)
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in the sense of distributions. U

5. EPILOGUE

The results stated in this paper can be generalized to compact Hermitian symmetric Kdhler manifolds
(M, g, J). The equivalence of the Schrodinger maps system and the frame system can be done in an identical
manner provided there exist global smooth Coulomb frames when the dimension of M is greater than 2. To
show global existence of weak solutions in any space dimension we need to write the Schrodinger map
system in divergence form. Therefore we have to restrict ourselves to the case when M has vanishing first
cohomology group. In such a setting one uses the Killing vector fields to define weak solutions to the
Schrodinger map system (SM)

oiu = JDyuoiu.

in the following manner:

A vector field X € T M is called Killing if Ly g = 0 and LxJ = 0. Consequently if one considers the one
form w defined by w(V) = g(JX, V) then w is a closed one form since M is Kihler. Moreover since the
first cohomology vanishes @ is exact. Whence there is a function fx such that w = dfy, and for a solution
u to the (SM) system we have

6th(u) - C()(Mt) = g(JX(M)’ ut) = _<X(u)s Dk@kl/l)
= —O (X (u), Oxu) + (Di X (u), Opu) = =k (X (), Orut)

since X is Killing. If the 2n-dimensional manifold M is compact and has m Killing vector fields {X,}"_,
such that TM = span{Xy, ..., X,,}, then the (SM) system is equivalent to

atfxa(u):_ak<xa(u)aaku>a a = 17 ,m.

Weak solutions in higher dimensions can also be constructed using the idea in [Sh88, Sh97, Fr96]. In this
case we 1) embed M isometrically and equivariantly in R [MS80], and 2) define d (1) the distance function
from M to u and let ¢ > 0 be so that d(u) is smooth in the tubular neighborhood O = {u € R | d(u) < o}
of M. Extend d globally as a smooth function

Fu)=9d)d+ (1 -¢(d)o, d=du)

where ¢ € C3°(—0,0) and 0 < ¢ < 1 and ¢|(-2 2; = 1. 3) Extend J smoothly to act on TRL. This can
be achieved by first extending J(p) for p € M to act on TR = T,M & T, M~ by first projecting on T M
and then applying J. This operator can be extended to O as a constant in the directions normal to M, i.e.,
Vu € O decompose u = p+n where p € M andn L T, M and define J(u) = J(p) acting on T, O. Finally
define J (1) = ¢(d(u))J (u) for u € RE. It is clear that J is skew-symmetric. 4) Solve the equation

o 1
e0ru — J (u)ou — Au + EF(u)F’(u) =0
u,x) =u,(x) e M, ou(0,x) =0.

which has conserved energy
1
/g|a,u|2+ |Vu|2+5|F(u)|2dx =/|Vu*|2

By the energy method, the above equation has global solutions in H'. For any Killing vector field X € T M,
from the equivariance of the embedding, X can be extended to a vector field X : RY — TR! which
generates an isometry on R” and satisfies X | F(u) F’(u). Therefore, we have

0, (X (), du) — (X (), J (W)o,u) — (X (), deu) = 0
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By letting 6 — 0 we have from the energy identity u — M in the L? sense and whence the limit satisfies
861<X(M), at”) + 6le(u) - ak<X(u)a ak”) =0.

Finally as ¢ — 0 we obtain the Schrodinger map system in conservation form.
Theorem. Given u, : RY — M such that Vu, € L?, the Schrodinger map system

a,u = JDkﬁkM
u(0, x) = u.(x),
has a global weak solution such that u € C(R, L¥) N L®(H").
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