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Abstract

Some aspects of recent developments in the study of the Euler equations for compressible
fluids and related hyperbolic conservation laws are analyzed and surveyed. Basic features and
phenomena including convex entropy, symmetrization, hyperbolicity, genuine nonlinearity,
singularities, BV bound, concentration and cavitation are exhibited. Global well-posedness for
discontinuous solutions, including the BV theory and the L°° theory, for the one-dimensional
Euler equations and related hyperbolic systems of conservation laws is described. Some an-
alytical approaches including techniques, methods and ideas, developed recently, for solving
multidimensional steady problems are presented. Some multidimensional unsteady problems
are analyzed. Connections between entropy solutions of hyperbolic conservation laws and
divergence-measure fields, as well as the theory of divergence-measure fields, are discussed.
Some further trends and open problems on the Euler equations and related multidimensional
conservation laws are also addressed.
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1. Introduction

Hyperbolic conservation laws, quasilinear hyperbolic systems in divergence form, are one
of the most important classes of nonlinear partial differential equations, which typically
take the following form:

du+Vy-fu) =0, ueR* xeR? (1.D
where Vy = (8y,, ..., 3y,) and
f=(f, ... . &) :R" - (R")?

is a nonlinear mapping with f; :R" — R" fori =1,...,d.
Consider plane wave solutions

u(t,x) =w(,x-») forwedSi L
Then w(z, &) satisfies
oW+ (VEW) - w) 0w =0,

where V = (3, ..., dy, ).
In order that there is a stable plane wave solution, it requires that, for any w € S9!,

(Vf(w) . w)nx” have n real eigenvalues A; (w; @) and be diagonalizable,

1<i<n. (1.2)
Based on this, we say that system (1.1) is hyperbolic in a state domain D if condition (1.2)
holds for any w € D and w € SY~ 1.

The simplest example for multidimensional hyperbolic conservation laws is the follow-
ing scalar conservation law

du+divyfu) =0, ueR xeR?, (1.3)
with £: R — R nonlinear. Then
Au,0)=1") - w.

Therefore, any scalar conservation law is hyperbolic.
As is well known, the study of the Euler equations in gas dynamics gave birth to the
theory of hyperbolic conservation laws so that the system of Euler equations is an archetype



4 G.-Q. Chen

of this class of nonlinear partial differential equations. In general, the Euler equations for
compressible fluids in R are a system of d + 2 conservation laws

dp+Vy m=0 (Euler 1755-1759),
oym+ Vy - (m;@) 4+ Vip =0 (Cauchy 1827-1829), (1.4)
O FE+Vy- (%(E + p)) =0 (Kirchhoff 1868)

for (¢,x) € ]Ri“, R‘ff‘ =R, x R? := (0, o0) x R4. System (1.4) is closed by the consti-
tutive relations

p=pp,e)), E=~——+pe. (1.5)

In (1.4) and (1.5), T = 1/p is the deformation gradient (specific volume for fluids, strain
for solids), v = (v, ..., va;)T is the fluid velocity with pv = m the momentum vector,
p is the scalar pressure and E is the total energy with e the internal energy which is a given
function of (7, p) or (p, p) defined through thermodynamical relations. The notationa®b
denotes the tensor product of the vectors a and b. The other two thermodynamic variables
are temperature 6 and entropy S. If (p, S) are chosen as the independent variables, then
the constitutive relations can be written as

(e, p,0) = (e(0, 5), (0, 5),0(p, 5)) (16)
governed by
6dS =de + pdr =de — L. dp. (.7
0

For a polytropic gas,

R
p = Rp0, e=cy0, y=14— (1.8)
Cy
and
p=pp, ) =rp?e™, o= ——p? leV, (1.9)
y —

where R > 0 may be taken to be the universal gas constant divided by the effective mole-
cular weight of the particular gas, ¢, > 0 is the specific heat at constant volume, y > 1 is
the adiabatic exponent and « > O can be any positive constant by scaling.

As shown in Section 2.4, no matter how smooth the initial data is, the solution of (1.4)
generally develops singularities in a finite time. Then system (1.4) is complemented by the
Clausius—Duhem inequality

3(pS) + Vy-(mS) =0 (Clausius 1854, Duhem 1901) (1.10)
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in the sense of distributions in order to single out physical discontinuous solutions, so-
called entropy solutions.

When a flow is isentropic, that is, entropy S is a uniform constant Sy in the flow, then
the Euler equations for the flow take the following simpler form

30+ Vy-m=0,
(1.11)

dm + Vy - (M) 4 Vp =0,

where the pressure is regarded as a function of density, p = p(p, Sp), with constant Sy. For
a polytropic gas,

p()=«kp?’, y>1, (1.12)

where ¥ > O can be any positive constant under scaling. This system can be derived
from (1.4) as follows. It is well known that, for smooth solutions of (1.4), entropy
S(p,m, E) is conserved along fluid particle trajectories, i.e.,

9 (pS) + Vx - (mS) =0. (1.13)

If the entropy is initially a uniform constant and the solution remains smooth, then (1.13)
implies that the energy equation can be eliminated, and entropy S keeps the same constant
in later time. Thus, under the constant initial entropy, a smooth solution of (1.4) satisfies
the equations in (1.11). Furthermore, it should be observed that solutions of system (1.11)
are also a good approximation to solutions of system (1.4) even after shocks form, since
the entropy increases across a shock to third order in wave strength for solutions of (1.4),
while in (1.11) the entropy is constant. Moreover, system (1.11) is an excellent model for
the isothermal fluid flow with y = 1 and for the shallow water flow with y = 2.
In the one-dimensional case, system (1.4) in Eulerian coordinates is

31/0 +arm :O,
dm +8x (- +p) =0, (1.14)
QE+3:(Z(E+p)=0

2 e . . .
with £ = %% + pe. The system above can be rewritten in Lagrangian coordinates in one-
to-one correspondence as long as the fluid flow stays away from vacuum p = 0,

3,‘[ - axv =0,
v+ 9, p=0, (1.15)
di(e+ %)+ 8 (pv) =0
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with v = m/p, where the coordinates (z, x) are the Lagrangian coordinates, which are
different from the Eulerian coordinates for (1.14); for simplicity of notation, we do not
distinguish them. For the isentropic case, systems (1.14) and (1.15) reduce to

oo+ 3ym=0,
2 (1.16)
and
0,1 —oyv=0,
{ o (1.17)
v+, p=0,

respectively, where pressure p is determined by (1.12) for the polytropic case, p = p(p) =
p(zr) with T = 1/p. The solutions of (1.16) and (1.17), even for entropy solutions, are
equivalent (see [52,332]).

This chapter is organized as follows. In Section 2 we exhibit some basic features and
phenomena of the Euler equations and related hyperbolic conservation laws such as convex
entropy, symmetrization, hyperbolicity, genuine nonlinearity, singularities and BV bound.
In Section 3 we describe some aspects of a well-posedness theory and related results for
the one-dimensional isentropic, isothermal and adiabatic Euler equations, respectively. In
Sections 4-7 we discuss some samples of multidimensional models and problems for the
Euler equations with emphasis on the prototype models and problems that have been sotved
or expected to be solved rigorously at least for some cases. In Section 8 we discuss connec-
tions between entropy solutions of hyperbolic conservation laws and divergence-measure
fields, as well as the theory of divergence-measure fields to construct a good framework
for studying entropy solutions. Some analytical approaches including techniques, methods,
and ideas, developed recently, for solving multidimensional problems are also presented.

2. Basic features and phenomena
In this section we exhibit some basic features and phenomena of the Euler equations and
related hyperbolic conservation laws.

2.1. Convex entropy and symmetrization

A function n: D — R is called an entropy of system (1.1) if there exists a vector function
q:D— R4, q=1(qi,---,qq), satisfying

Vqi(w)=VypVli(u), i=1,....d. 2.1
An entropy 7n(u) is called a convex entropy in D if

V2n(u) >0 foranyueD
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and a strictly convex entropy in D if
2

Von(u) = col
with a constant ¢g > 0 uniform for u € D; for any D; C D) € D, where I is the n x n iden-
tity matrix. Then the correspondence of (1.10) in the context of hyperbolic conservation
laws is the Lax entropy inequality

gn(m) + Vx -q(w) <0 (22)

in the sense of distributions for any C? convex entropy—entropy flux pair (7, q).

THEOREM 2.1. A system in (1.1) endowed with a strictly convex entropy 1 in a state
domain D must be symmetrizable and hence hyperbolic in D.

ProoF. Taking V of both sides of the equations in (2.1) with respect to u, we have
V2w Vf; (n) + Vo) Vi) = Viqiu), i=1,...,d.
Using the symmetry of the matrices
Vo)V (w) and Viq;(w)
forfixedi =1, 2,...,d, we find that
Vzn(u)Vfi (u) is symmetric. 2.3)
Multiplying (1.1) by V25 (u), we get
d
V2n(u) du + ZVZn(u)Vf;(u)VX[uzo. 2.4)
i=1
The fact that the matrices V2p(u) > 0 and V2n@)VE;(w),i = 1,2, ...,d, are symmetric
implies that system (1.1) is symmetrizable. Notice that any symmetrizable system must be
hyperbolic, which can be seen as follows.
Since V25(u) > 0 for u € D, then the hyperbolicity of (1.1) is equivalent to the hyper-
bolicity of (2.4), while the hyperbolicity of (2.4) is equivalent to that, for any w € S?~1,

all zeros of the determinant Ikvzn(u) — Vzn(u)Vf(u) . a)] are real. 2.5)

Since VZp(u) is real symmetric and positive definite, there exists a matrix C(u) such
that

V2puw) =C@)C)'.
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Then the hyperbolicity is equivalent to that, for any @ € $9~1, the eigenvalues of the fol-
lowing matrix

Cu) "'V Vi) - w(C(u)_l)T (2.6)

are real, which is true since the matrix is real and symmetric. This completes the
proof. [

REMARK 2.1. This theorem is particularly useful to determine whether a large physical
system is symmetrizable and hence hyperbolic, since most of physical systems from con-
tinuum physics are endowed with a strictly convex entropy. In particular, for system (1.4),

M+, qx) = (—pS, —mS) Q.7

is a strictly convex entropy—entropy flux pair when p > 0 and p > 0; while, for sys-
tem (1.11), the mechanical energy and energy flux

2 2

(resa0) = (525 4 e, 2 (35 4 pe) + 900 28)
0 p\2 p

is a strictly convex entropy—entropy flux pair when p > 0 for polytropic gases. For multi-

dimensional hyperbolic systems of conservation laws without a strictly convex entropy, it

is possible to enlarge the system so that the enlarged system is endowed with a globally

defined, strictly convex entropy. See [29,111,113,275,295].

REMARK 2.2. The observation that systems of conservation laws endowed with a strictly
convex entropy must be symmetrizable is due to Godunov [155-157], Friedrich and Lax
[140] and Boillat [22]. See also [284].

REMARK 2.3. This theorem has many important applications in the energy estimates. Ba-
sically, the symmetry plays an essential role in the following situation: For any u, v € R”,

2uT V25 (V) Vi (V) 1
= 3y (0T V2 VE W) —u’ 8, (Vin(v)VE(V))u (2.9)
fork=1,2,...,d. This is very useful to make energy estimates for various problems.

There are several direct, important applications of Theorem 2.1 based on the symmetry
property of system (1.1) endowed with a strictly convex entropy such as (2.9). We list three
of them below.

2.1.1. Local existence of classical solutions. Consider the Cauchy problem for a general
hyperbolic system (1.1) with a strictly convex entropy n whose Cauchy data is

uj;=g = up. 2.10)
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THEOREM 2.2. Assume that ug:RY — D is in H* 01 L™ with s > d/2 + 1. Then, for
the Cauchy problem (1.1) and (2.10), there exists a finite time T = T (Jlug||s, [ug| 1) €
(0, 00) such that there is a unique bounded classical solution u € C'([0, T] x R?) with

u(t,x) €D for (t,x) €[0, T] x R?
and
ue C([0,T1; H)n ([0, T1; H*7Y).

Kato [184,185] first formulated and applied a basic idea in the semigroup theory to yield
the local existence of smooth solutions to (1.1).

The proof of this theorem in [241] relies solely on the elementary linear existence theory
for symmetric hyperbolic systems with smooth coefficients via a classical iteration scheme
(cf. [101]) by using the symmetry of system (1.1), especially (2.9). In particular, for all
u € D, there is a positive definite symmetric matrix Ag(u) = VZ5(u) that is smooth in u
and satisfies

col < Ap(w) < ¢y 'l 2.11)

with a constant ¢p > 0 uniform for u € D1, for any D; C D, € D, such that Ai(u) =
Ap(w)Vf; (u) is symmetric. Moreover, a sharp continuation principle was also provided:
Forug € H® with s > d/2 + 1, the interval [0, T') with T < oo is the maximal interval of
the classical H* existence for (1.1) if and only if either

”(uI’Du)(Iv')”Loc_>00 aSt—)T,
or
u(z, X) escapes every compact subset K €D ast — T.

The first catastrophe in this principle is associated with the formation of shock waves and
vorticity waves, among others, in the smooth solutions, and the second is associated with
a blow-up phenomenon such as focusing and concentration.

In [246], Makino, Ukai and Kawashima established the local existence of classical solu-
tions of the Cauchy problem with compactly supported initial data for the multidimensional
Euler equations, with the aid of the theory of quasilinear symmetric hyperbolic systems;
in particular, they introduced a symmetrization which works for initial data having either
compact support or vanishing at infinity. There are also discussions in [48] on the local
existence of smooth solutions of the three-dimensional Euler equations (1.4) by using an
identity to deduce a time decay of the internal energy and the Mach number.

The local existence and stability of classical solutions of the initial-boundary value prob-
lem for the multidimensional Euler equations can be found in [182,189,191] and the refer-
ences cited therein.
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2.1.2. Stability of Lipschitz solutions, rarefaction waves, and vacuum states in the class of
entropy solutions in L™

THEOREM 2.3. Assume that system (1.1) is endowed with a strictly convex entropy n on
compact subsets of D. Suppose that v is a Lipschitz solution of (1.1) on [0, T), taking
values in a convex compact subset K of D, with initial data voy. Let u be any entropy
solution of (1.1) on [0, T), taking values in K, with initial data uy. Then

f ut, %) —v(t, 0| dx < C(T) o (%) — vo()|” dx
Ix|<R IXj<R+Lt

holds for any R >0 and t € [0, T), with L > 0 depending solely on K and the Lipschitz
constant of v.

The main point for the proof of Theorem 2.3 is to use the relative entropy—entropy flux
pair (cf. [105])

a(u, v) =n() —n(v) — Vn(v)(u —v), (2.12)

B, v) =qm) — q(v) — Vo) (f) — f(v)) (2.13)
and to calculate and find

B (W, V) + V- B(1, ) < ={3,(Vn(W) (@ — V) + Vx(V1 () (Fw) — (¥) }.

Since v is a classical solution, we use the symmetry property of system (1.1) with the
strictly convex entropy 7 to have

3 (Vo) = @v) V(v

d
== @,V (VEW) V2

k=1

d
== @V VM) V).
k=1

Therefore, we have

d

B, ¥) + V- B, v) < =) (@3 ) V(M) Ofi(w, V),
k=1

where

Of; (w, v) =fi(u) — i, (v) - Vp(v)(u —v).
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Integrating over a set
{(@%:0<e<r <T XIS R+ LG - 1)}

with the aid of the Gauss—Green formula in Section 8 and choosing L > 0 large enough
yields the expected result.

Some further ideas have been developed to show the stability of planar rarefaction waves
and vacuum states in the class of entropy solutions in L* for the multidimensional Euler
equations by using the Gauss—Green formula in Section 8.

THEOREM 2.4. Let w € S9! Let

A X-w

be a planar solution, consisting of planar rarefaction waves and possible vacuum states,
of the Riemann problem

(p_,m_), X -w<0,
Rlz:OZ{

(,0+,ﬁ1+), X'Cl)>0,

with constant states (p+, my). Suppose u(t, x) = (p, m)(t, X) is an entropy solution in L™
of (1.11) that may contain vacuum. Then, for any R > 0 and t € [0, 00),

/ a(u, R)(z, x) dx </ a(u, R)(0,x)dx,
|x|<R

Ixj<R+Lt

where L > 0 depends solely on the bounds of the solutions u and R, and

1
o, R)=@u—-R)" (/ V(R +t(u— R))dr)(u -R)
0

)

[m|
P

with n. () = E = 5 B + pe(p).

REMARK 2.4. Theorem 2.3 is due to Dafermos [110] (also see [111]). Theorem 2.4 is

due to Chen and Chen [56], where a similar theorem was also established for the adiabatic
Euler equations (1.4) with appropriate chosen entropy; also see [55] and [70].

REMARK 2.5. For multidimensional hyperbolic systems of conservation laws with par-
tially convex entropies and involutions, see [111]; also see [24,106].

REMARK 2.6. For distributional solutions to the Euler equations (1.4) for polytropic
gases, it is observed in Perthame [269] that, under the basic integrability condition

p.E,pv-X,IVIE € Li, (Ry; L' (RY))
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and the condition that entropy S(z, X) has an upper bound, the internal energy decays in
time and, furthermore, the only time-decay on the internal energy suffices to yield the
time-decay of the density. Also see [48].

2.1.3. Local existence of shock front solutions. Shock front solutions, the simplest type of
discontinuous solutions, are the most important discontinuous nonlinear progressing wave
solutions in compressible Euler flows and other systems of conservation laws. For a general
multidimensional hyperbolic system of conservation laws (1.1), shock front solutions are
discontinuous piecewise smooth entropy solutions with the following structure:

(i) there exist a C2 time—space hypersurface S(¢) defined in (¢,x) for 0 <t < T
with time—space normal (n;, ny) = (n;, Ny, ..., ng) and two C I vector-valued functions,
ut(z,x) and u= (¢, x), defined on respective domains Dt and D~ on either side of the
hypersurface S(t), and satisfying

dut + V. -fuf) =0 inD% (2.14)
(ii) the jump across the hypersurface S(¢) satisfies the Rankine—Hugoniot condition
{n,(u* —u™) +ny- (f(0*) —f(u7))}|s =0. (2.15)

For the quasilinear system (1.1), the surface S is not known in advance and must be de-
termined as a part of the solution of the problem; thus the equations in (2.14) and (2.15)
describe a multidimensional, highly nonlinear, free-boundary value problem for the quasi-
linear system of conservation laws.

The initial data yielding shock front solutions is defined as follows. Let Sp be a smooth
hypersurface parametrized by o, and let n{e) = (ny, ..., ng)(«) be a unit normal to Sp.
Define the piecewise smooth initial data for respective domains D(‘)L and Dj; on either side
of the hypersurface Sy as

u, (%), xeDa,

(2.16)
ul(x), xeDj.

up(x) = {

It is assumed that the initial jump in (2.16) satisfies the Rankine—Hugoniot condition, i.e.,
there is a smooth scalar function o (&) so that

—o (@) (ug (@) —uy (@) +n(e) - (f(ug @) — f(uy (@))) =0, (2.17)
and that o («) does not define a characteristic direction, i.e.,
c@) #xr(uy), aeSo,1<i<n, (2.18)

where ;,1 =1,...,n, are the eigenvalues of (1.1). It is natural to require that S(0) = Sp.
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Consider the three-dimensional full Euler equations in (1.4), away from vacuum, which
can be rewritten in the form

90+ Vy-(pv) =0, xeR3,t >0,
9 (pv) + Vx - (ov @ V) + Vxp =0, (2.19)
SE + Vx(V(E+ p)) =0,

with piecewise smooth initial data

(pg. vy, ET)x), xeDy,

(2.20)
(g, v§ ET)®, xeDyf.

(p’ v, E)]z:O -

THEOREM 2.5. Assume that Sy is a smooth hypersurface in R3 and that (;o(}L , vg R EJ )(X)
belongs to the uniform local Sobolev space Hlfl(Dar ), while (py , vy , Ey )(X) belongs to
the Sobolev space H*(Dy), for some fixed s > 10. Assume also that there is a function
o () € H*(Sy) so that (2.17) and (2.18) hold, and the compatibility conditions up to order
s — 1 are satisfied on Sy by the initial data, together with the entropy condition

vin@) +vVp,(od, S5) <o(@) < vy -nl@)+Vpleg.Sy) (2.21)

and the Majda stability condition

) (05 )2 PPy + So IPs(Py + Sy)
6o

~(03) (p(eg) — Plog ) Polog - 55) > 0. (222)

L+ (p(eg) — pley)

Then there is a C* hypersurface S(t) together with C! functions (p~,v*, E Y(t,X) de-
fined fort € [0, T, with T sufficiently small, so that

(0", v ,ET)t, %), (,x)eD,

(o, v, E)(t,%) = (ot . vH ET)@, %), (1,x)eDT,

(2.23)

is the discontinuous shock front solution of the Cauchy problem (2.19) and (2.20) satisfying
(2.14) and (2.15). In particular, the condition in (2.22) is always satisfied for shocks of
any strength for polytropic gas with y > 1 and for sufficiently weak shocks for general
equations of state.

In Theorem 2.5, the uniform local Sobolev space Hy), (DO+ ) is defined as follows: A vector
function u is in Hy;, provided that there exists some r > 0 so that

max [|wyyull gs < 00
yeRL[
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with
X—-Yy
Wy y(X) = w(T)’

where w € Cgo(Rd) is a function so that w(x) > 0, w(x) = 1 when |x| < 1/2 and w(x) =0
when [x| > 1.

REMARK 2.7. Theorem 2.5 is taken from [240]. The compatibility conditions in Theo-
rem 2.5 are defined in [240] and needed in order to avoid the formation of discontinuities
in higher derivatives along other characteristic surfaces emanating from Sy: Once the main
condition in (2.17) is satisfied, the compatibility conditions are automatically guaranteed
for a wide class of initial data functions. Further studies on the local existence and stabil-
ity of shock front solutions can be found in [239-241]. The uniform time of existence of
shock front solutions in the shock strength was obtained in [249]. Also see [21] for further
discussions.

The idea of the proof is similar to that for Theorem 2.2 by using the existence of a
strictly convex entropy and the symmetrization of (1.1), but the technical details are quite
different due to the unusual features of the problem considered in Theorem 2.5 (see [240]).
The shock front solutions are defined as the limit of a convergent classical iteration scheme
based on a linearization by using the theory of linearized stability for shock fronts devel-
oped in [239]. The technical condition s >> 10, instead of s > [ 4+ d/2, is required because
pseudo-differential operators are needed in the proof of the main estimates. Some improved
technical estimates regarding the dependence of operator norms of pseudo-differential op-
erators on their coefficients would lower the value of s. For more details, see [240].

2.2, Hyperbolicity

There are many examples of n x n hyperbolic systems of conservation laws for x € R?
which are strictly hyperbolic; that is, they have simple characteristics. However, for
d =3, there are no strictly hyperbolic systems if n =2 (mod4) or, even more generally,
n =22, £3, £4 (mod8) as a corollary of Theorem 2.6. Such multiple characteristics in-
fluence the propagation of singularities.

THEOREM 2.6. Let A, B and C be three matrices such that

aA 4+ B+ yC

has real eigenvalues for any real o, 8 and y. If n = £2, +3, 4 (mod8), then there exist
o, Bo and yo with a} + B3 + yZ # 0 such that

oA + BoB + 1 C (2.24)

is degenerate, that is, there are at least two eigenvalues of matrix (2.24) which coincide.
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PROOF. We prove only the case n =2 (mod4).

1. Denote M the set of all real n x n matrices with real eigenvalues, and A the set
of nondegenerate matrices (that have n distinct real eigenvalues) in M. The normalized
eigenvectors r; of Nin NV, ie.,

Nr; =A;r;, r;|=1, j=12,...,n,
are determined up to a factor 1.

2. Let N(0),0 < 6 < 27, be a closed curve in NV. If we fix r;(0), then r;(6) can be
determined uniquely by requiring continuous dependence on 8.

Since
NQ@2xn) =N(0),
then
r;2n) =1;r;(0), t; ==L
Clearly,

(i) each r; is a homotopy invariant of the closed curve,
(it) each 7; =1 when N(0) is constant.
3. Suppose now that the theorem is false. Then
N(@) =Acosf +Bsiné
is a closed curve in A and
A0) < Ap(0) < -+ - < Xpy(0).

Since N(1t) = —N(0), we have

Aj(m) = _)&nfj+1(0),
rj(m)=prn—j+10), p;£1

4. Since the ordered basis
{r16).7200), ..., (6}
is defined continuously, it retains its orientation. Then the ordered bases
{r1(0),1200), ..., 1,0} and {p1r,(0), p2r,—1(0), ..., par1(0)}

have the same orientation.
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For the case n = 2 (mod4), reversing the order reverses the orientation of an ordered
basis, which implies

n
l—[pj =-1.
j=1

Then there exists k such that
PicPn—k+1=—1. (2.25)
5. Since N(6 + 1) = —N(8), then
Aj(0 + 1) = —Ap—j+1(0),
which implies
r;(21) = p;Xy—j+1(7) = pjPu—j+1Tn—j+1(0).
Therefore, we have
Tj=PjPn—j+1-
Then (2.25) implies
=1,
which yields that the curve
N(@) =Acosf + Bsin6
is not homotopic to a point.
6. Suppose that all matrices of form «A + B + yC, a? + 2 + y? =1, belong to NV.
Then, since the sphere is simply connected, the curve N(8) could be contracted to a point,

contracting 7y = —1. This completes the proof. U

REMARK 2.8. The proof is taken from [201] for the case n =2 (mod4). The proof for the
more general case n = +2, +3, £4 (mod 8) can be found in [138].

Consider the isentropic Euler equations (1.11).
When d =2, n = 3, the system is strictly hyperbolic with three real eigenvalues A_ <

)L() < )\,+,

Ao = wiu + wauy, At =wiuy +anur £/ p'(p), p>0

The strict hyperbolicity fails at the vacuum states when p = 0.
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However, when d = 3,n = 4, the system is no longer strictly hyperbolic even when
p > 0 since the eigenvalue

Ao = w11 + wrur + w3u3
has double multiplicity, although the other eigenvalues
At = iU + wauy + w3uz +/ p'(p)
are simple when p > 0.
Consider the adiabatic Euler equations (1.4).
When d = 2, n = 4, the system is nonstrictly hyperbolic since the eigenvalue

Ao = w1 + wruy

has double multiplicity; however,

A =wiU] +wouy £ rp
V o

are simple when p > 0.
When d = 3, n =5, the system is again nonstrictly hyperbolic since the eigenvalue

Ap = w1u] + wruy + w3U3

has triple multiplicity; however,

At = w141 +w2u2+w3u3i‘/%

are simple when p > 0.

2.3. Genuine nonlinearity
The jth-characteristic field of system (1.1) in D is called genuinely nonlinear if, for each
fixed @ € $97!, the jth eigenvalue A ;(u; w) and the corresponding eigenvector r;(u; )
determined by

(Vi) - 0)r;(u; @) = X (w; )1 (W; w)

satisfy

Vur (W @) -1;(0; 0) #0 foranyueD,we S (2.26)
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The jth-characteristic field of system (1.1) in D is called linearly degenerate if
Vur (W, ) -rj(w;w)=0 foranyueD. .27
Then we immediately have the following theorem.

THEOREM 2.7. Any scalar quasilinear conservation law in RY,d > 2, is never genuinely
nonlinear in all directions.

It is because, in this case,
Au o) =f(1) - o, r(u; o) =1
and
M, oy, )=t (1) - w

which is impossible to make this never equal to zero in all directions.
A multidimensional version of genuine nonlinearity for scalar conservation laws is

l{u; r+f’(u)-a):0}| =0 forany (r,a))ESd,

which is a generalization of (2.26).

Under this generalized nonlinearity, the following have been established:

(i) solution operators are compact as ¢ > 0 in [224] (also see [64,314]),

(ii) decay of periodic solutions [65,128],

(iii) initial and boundary traces of entropy solutions [82,329],

(iv) BV structure of L entropy solutions [112].

For systems with n =2m, m > 1 odd, and d = 2, using a topological argument, we have
the following theorem.

THEOREM 2.8. Every real, strictly hyperbolic quasilinear system for n =2m, m = 1 odd,
and d =2 is linearly degenerate in some direction.

PROOF. We prove only for the case m = 1.
1. For fixed u € R”, define

N(@@;u) = Vfi(n)cos 8 + VI (u) sinf.
Denote the eigenvalues of N(6; u) by A+ (6; u),
A(B;u) < Ap(6;w)
with

N@O; Wr=(@;w) =A+(0; Wre;w),  [re@;w|=1. (2.28)
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This still leaves an arbitrary factor =1, which we fix arbitrarily at 6 = 0. For all other
0 € [0, 2x], we require r4(0; u) to vary continuously with 6.
2. Since N(6 + m; u) = —N(4; u),
Ar(@4+mu)=—A_(6;0), A+ mTu)y=—A,(0;u).
It follows from this and |ry| =1 that
ro{(@+mu)=o0rr_(6;u), r-(@+mu)=o0_ry(6;u), 2.29)
where o4 =1 or —1.
3. Since r+(8; u) were chosen to be continuous functions of 6, we find that
(i) o1 are also continuous functions of 8 and, thus, they must be constant since
o4 = :tl;
(i1) the orientation of the ordered basis {r_(#; u), r (6; u)} does not change and, hence,
the bases

{r_;w,ry;w} and {r_(mw,ry(mw)

have the same orientation.
Therefore, by (2.29),

{r ©:uw,r O;w} and {o_ri(0;u),or_(0;u)}
have the same orientation. Then

oro_=—1
and

rr2mu)=oyr_(m;w)=o0410_r4(0,u) = —r (0, u). (2.30)
Similarly, we have

r_2m;u)=—-r_(0;u). (2.31)

4. Since the eigenvalues A (f; u) are periodic functions of 6 with period 27 for fixed
u € R, so are their gradients. Then

Vur+ Qs wre (2m; u) = — VA (0; u)r+(0; u).
Noticing that

Vi (@;wry(0;u)



20 G.-Q. Chen

vary continuously with @ for any fixed u € R?, we conclude that there exist 8+ € (0, 27)
such that

Vit (@, wre(0x;u) =0.
This completes the proof. O
REMARK 2.9. The proof of Theorem 2.8 is from [202].

REMARK 2.10. Quite often, linear degeneracy results from the loss of strict hyperbolicity.
For example, even in the one-dimensional case, if there exists j # k such that

Ajw)y =X (w) forallueKk,
then Boillat [23] proved that the jth- and kth-characteristic families are linearly degenerate.
For the isentropic Euler equations (1.11) withd =2,n =3,
ho = wiu1 + wouz, hi=o1u1 + wuz £/p'(p),

and

rg = (—wy, wi, O)T, rL = (:ta)l, +awy,

P T
)
which implies

Vig-ro=0
and

pp”(p) +2p'(p) _ . rtl
2p'(p) 2

For the adiabatic Euler equations (1.4) withd =2,n =4,

Vit re==+

#0.

Ao = w11 + waly, )»i=601u1+a>zu2i,/£p[Z
and
7 T
ro=(~w, 1,0, 1), Iy = (iwl, L, \/YPP, P /ﬁ> ,
which implies

Vig-rg=0
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and

1
Vki-ri::t% £0.

2.4. Singularities

For the one-dimensional case, singularities include the formation of shock waves and the
development of vacuum states, at least for gas dynamics. For the multidimensional case,
the situation is much more complicated: besides shock waves and vacuum states, singular-
ities may include vorticity waves, focusing waves, concentration waves, complicated wave
interactions, among others.

Consider the Cauchy problem of the Euler equations in (1.4) for polytropic gases in R3
with smooth initial data

(0. V. =0 = (po, vo, So)(x)  With po(x) > 0 for x € R? (2.32)
satisfying

(00, Vo, So)(®) = (5,0, 5 ) for x| > R,
where 5 > 0, S and R are constants. The equations in (1.4) possess a unique lo-

cal Cl-solution (p,v, $)(r,x) with p(t,X) > 0O provided that the initial data (2.32) is
sufficiently regular (Theorem 2.2). The support of the smooth disturbance (po(x) —

5, vo(x), So(x) — S) propagates with speed at most o = v p,(p, S) (the sound speed),
that is,

(P, v, ), x)=(p,0,8) if[x]>R+ot. (2.33)
The proof of this essential fact of finite speed of propagation for the three-dimensional case

can be found in [lﬁl], as well as in [299], established through local energy estimates.
Take p = p(p, S). Define

P(t) = / (p(t. 0V — /%) dx
R3

_—_KI/V/ (p(t,x)exp(s(t’x)) —ﬁexp( S ))dx,
R3 Yy V45Y%

F(t):/ pv(t, x) - xdx,
R3

which, roughly speaking, measure the entropy and the radial component of momentum.
The following theorem on the formation of singularities in solutions of (1.4) and (2.32) is
due to Sideris [300].
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THEOREM 2.9. Suppose that (p,v,S){t,X) is a Cl-solution of (1.4) and (2.32)
forO <t <T and

P©) =0, (2.34)

F(0) > acR* max po(X), o =——. (2.35)
Then the lifespan T of the C-solution is finite.
PROOF. Set

M(t):/R}(p(t,x) — p)dx.

Combining the equations in (1.4) with (2.33) and using the integration by parts, one has

M’(t):—/ V- (pv)dx =0,
R3

S
P’(t):—/cl/)’/ V. (pvexp( ))dx:O,
R3 YCv

which implies

M) =M(@O), P(t)=P0) (2.36)

and
F(1) = / x - (pv); dx
R3
= f (pIvI* +3(p — p)) dx
]R3
- / (pIvI2 +3(p — p)) dx, 2.37)
B(t)

where B(r) = {x € R3: |x| < R+ ot}. From Hélder’s inequality, (2.34) and (2.36), one has

1 14
o ([ )
/B(t)p ¥ lB(t)[”_l(fB(r)p *
= ——1—<P(O)+] Y dx)y
|B(@)|7 ! B()

= f pdx,
B(1)
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where | B(r)| denotes the volume of ball B(t). Therefore, by (2.37),

F'(t)> / olv]? dx. (2.38)
RrR3

By the Cauchy—-Schwarz inequality and (2.36),

2
F(t)2=</ pv-xdx)
B(1)
</ pIVlde/ plx?dx
B(1) B(t)
<(R+az)2f p[v]zdx(M(t)+/ ﬁdx)
B(t) B(1)

<(R+az)2/ plv[zdx(/ (po(x)—,a)dx+/ ,adx>
B(t) B(r) B(t)

4
< —n(R + at)5 max po(X) p]vlzdx.
3 X B(t)

Then (2.38) implies that

/ 4n 5 - 2
F'(t) < ?(R+at) mfxpo(x) F()”. (2.39)

Since F(0) > 0 by (2.35), F(t) remains positive for 0 < ¢ < T, as a consequence of (2.38).
Dividing by F(¢)? and integrating from O to T in (2.39) yields

FO) ' > FO)™ = F(T)™ > (o max pp) '(R™* = (R+0oT)7%).
Thus,

R*F(0)

R+oT)* )
REoT) < 0 a0 Romax g

This completes the proof. d
REMARK 2.11. The proof is taken from [86], which is a refinement of Sideris [299]. The
method of the proof above applies equally well in one and two space dimensions. In the

isentropic case, the condition P(0) > 0 reduces to M(0) > 0.

REMARK 2.12. To illustrate a way in which conditions (2.34) and (2.35) may be satisfied,
we consider the initial data

po=p, So=S5.
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Then P(0) =0, and (2.35) holds if
/ vo(x) - xdx > ao R?.
x]<R

Comparing both sides, one finds that the initial velocity must be supersonic in some region
relative to the sound speed at infinity. The formation of a singularity (presumably a shock
wave) is detected as the disturbance overtakes the wave front forcing the front to propagate
with supersonic speed.

The formation of singularities occurs even without condition of largeness such as (2.35).
For example, if So(x) > S and, for some 0 < Ry < R,

f x|~ (x| — r)z(po(x) —p)dx >0,

- (2.40)
/ [1;{]“3(11(12 - rz)po(x)vo(x) -xdx >0 forRy<r <R,

x{>r

then the lifespan T of the C L.solution of (1.4) and (2.32) is finite. The assumptions in (2.40)
mean that, in an average sense, the gas must be slightly compressed and outgoing directly
behind the wave front. For the proof in [300], some important technical points were adopted
from [298] on the nonlinear wave equations in three dimensions.

REMARK 2.13. For the multidimensional Euler equations for compressible fluids with
smooth initial data that is a small perturbation of amplitude ¢ from a constant state, the
lifespan of smooth solutions is at least O(¢~!) from the theory of symmetric hyperbolic
systems [139,183]. Results on the formation of singularities show that the lifespan of a
smooth solution is no better than O(s~2) in the two-dimensional case [276] and O(es_z)
[300] in the three-dimensional case. See [2,301,302] for additional discussions in this di-
rection. Also see [246] and [279] for a compressible fluid body surrounded by the vacuum.

2.5. BV bound

For one-dimensional strictly hyperbolic systems, Glimm’s theorem [145] indicates that, as
long as |lugl|py is sufficiently small, the solution u(t, x) satisfies the following stability
estimate

Ju@, |5y < Clluollpy. (2.41)

Even more strongly, for two solutions u(¢, x) and v({¢, x) obtained by either the Glimm
scheme, wave-front tracking method or vanishing viscosity method with small total varia-
tion,

0,9~ 1y <00 =¥, 1
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See [20,33,111,167,204] and the references cited therein.

The recent great progress for entropy solutions for one-dimensional hyperbolic systems
of conservation laws based on BV estimates and trace theorems of BV fields naturally arises
the expectation that a similar approach may also be effective for multidimensional hyper-
bolic systems of conservation laws, that is, whether entropy solutions satisfy the relatively
modest stability estimate

[ue. )| gy < Clluoliay. (2.42)

Unfortunately, this is not the case.
Rauch [278] showed that the necessary condition for (2.42) to be held is

Vi, WV () = Vi (W) VE,(u) forallk,[=1,2,...,d. (2.43)

The analysis above suggests that only systems in which the commutativity relation (2.43)
holds offer any hope for treatment in the BV framework. This special case includes the
scalar case n = 1 and the one-dimensional case d = 1. Beyond that, it contains very few
systems of physical interest.

An example is the system with fluxes

fow) =g (u)u, k=1,2,....4d,

which governs the flow of a fluid in an anisotropic porous medium. However, the recent
study in [34] and [7] shows that, even in this case, the space BV is not a well-posed space,
and (2.42) fails.

Even for the one-dimensional systems whose strict hyperbolicity fails or initial data is
allowed to be of large oscillation, the solution is no longer in BV in general. However,
some bounds in L* or L” may be achieved. One of such examples is the isentropic Euler
equations (1.16), for which we have

[, )| oo < Cllugloo.

See [75] and the references cited therein. However, for the multidimensional case, entropy
solutions generally do not have even the relatively modest stability

Ju@, >y —af,, <Cpllwo —dollzr, p#2, (2.44)

based on the linear theory by Brenner [31].

In this regard, it is important to identify good analytical frameworks for studying entropy
solutions of multidimensional conservation laws (1.1), which are not in BV, or even in L”.
The most general framework is the space of divergence-measure fields, formulated recently
in [67,69,83,84], which is based on the following class of entropy solutions:

() u(r,x) e MREI™ or LPRET, 1 < p < o5

(11) for any convex entropy-entropy flux pair (7, q),

o) + Vy - q(u) <0
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in the sense of distributions, as long as (n(u), q(u)) (¢, X) is a distributional field.
According to the Schwartz lemma, we have

diV(T,X) ('7(“) ’ Q(u)) € M B
which implies that the vector field
(n(), qw) (¢, x)

is a divergence measure field. We will discuss a theory of such fields in Section 8.

3. One-dimensional Euler equations

In this section, we present some aspects of a well-posedness theory and related results for

the one-dimensional Euler equations.

3.1. Isentropic Euler equations

Consider the Cauchy problem for the isentropic Euler equations (1.16) with initial data
(0, m)|i=o = (po, mo)(x), (3.1

where (pg, mg) is in the physical region {(p,m): p >0, [m| < Cop} for some Cqy > 0. The
pressure function p(p) is a smooth function in p > 0 (nonvacuum states) satisfying

p'(p)>0,  pp"(p)+2p'(p)>0 whenp>0, (3.2)

and

(j+1h
O =p ) =0,  lim PP

AP i =0,1. :
lim oy = =0 =0, (33)

More precisely, we consider a general situation of the pressure law that there exist a se-
quence of exponents

3y —1
l<y=yi<yp<--<y< 5 <Vi+l
and a function P(p) such that
J
p(p) =Y Kkip¥ + ¥+ P(p),
j=l1

34
limsup(|P(p)] + 10° P (p)]) < 0o,
p—>
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for some «;, j =1,..., J, with k1 > 0. For a polytropic gas obeying the y-law (1.12), or
a mixed ideal polytropic fluid,

p(p) =k1p"" + k20", k2 >0,

the pressure function clearly satisfies (3.2)—(3.4).

System (1.16) is strictly hyperbolic at the nonvacuum states {(p, v): p > 0, |v| < o0},
and strict hyperbolicity fails at the vacuum states {(po, v): p =0, |v] < 00}.

Let (7],61):11%%r — R? be an entropy—entropy flux pair of system (1.16). An entropy
n(p,m) is called a weak entropy if n = 0 at the vacuum states.

In the coordinates (p, v), any weak entropy function n(p, v) is governed by the second-
order linear wave equation

{ Nop —K'(0)? My =0, p>0, 35

77[,0=0 =0,

with k(o) = [ p(s)/s ds.
In the Riemann invariant coordinates w = (w, w;) defined as

IR 7
/ —pyﬂdy, w2:v—/p—p7(y—)dy, 3.6)
0 0

wp=v+

any entropy function n(w) is governed by

Tyws + %“;i)(nw, ~ 1) =0, 3.7
where

Alwy —wz)z—’f%/;gp) with,o:k”(%). (3.8)
The corresponding entropy flux function ¢g(w) is

Gu; (W) = A (W), (W), 1 j. (3.9

In general, any weak entropy—entropy flux pair (5, ¢) can be represented by

n(p,v)=/Rx(p,v; s)a(s)ds, q(p,v)=/Ro(p,v;s)b(s)ds, (3.10)

for any continuous function a(s) and related function b(s), where the weak entropy kernel
and entropy flux kernel are determined by

(3.11)

Xoop — k,(p)szu =0,
x(0,v;5) =0, Xp(07 v; §) = dy=y
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and

2. P

Opp kK'(p)ow= o Kvs (3.12)
0(0,v;5)=0, 0,0, v; 5) = véy—;,

respectively, with §,=; the delta function concentrated at the point v = s.

The equations in (3.5)-(3.9) and (3.11)—(3.12) belong to the class of Euler-Poisson—
Darboux-type equations. The main difficulty comes from the singular behavior of
A(wy — wy) near the vacuum. In view of (3.8), the derivative of A(w; — w3) in the co-
efficients of (3.7) may blow up like (w1 — w2)~¥~1/2 when w; — wy — 0 in general,
and its higher derivatives may be more singular, for which the classical theory of Euler—
Poisson-Darboux equations does not apply (cf. [19,341,342]). However, for a gas obeying
the y-law,

3—-y

A(U)[ —w2)=k:= m,

the simplest case, which excludes such a difficulty. In particular, for this case, the weak
entropy kernel is

x(p,v;5) =[(wi(p, v) — 5)(s — walp, )]

A mathematical theory for dealing with such a difficulty for the singularities of weak
entropy kernel and entropy flux kernel can be found in [74,75].

A bounded measurable function u(t, x) = (p, m)(¢, x) is called an entropy solution of
(1.16) and (3.1)—(3.3) in Ri if u(z, x) satisfies the following:

(1) there exists C > 0O such that

0<pt,x)<C,  |m@,0|<Cpt,x); (3.13)

(i1) the entropy inequality
ain(p, m) +dxq(p,m) <0 (3.14)
holds in the sense of distributions in Rﬁ_ for any convex weak entropy—entropy flux pair

(m, q)(p,m).
Notice that n{p, m) = £p, tm are trivial convex entropy functions so that (3.14) auto-

matically implies that (o, m)(¢, x) is a weak solution in the sense of distributions.
THEOREM 3.1. Consider the Euler equations (1.16) with (3.2)-(3.4). Let (p", m" @, x),
h > 0, be a sequence of functions satisfying the following conditions:

(1) there exists C > 0 such that

0<pM e, <C, M, x)|<Colt,x) forae. (t,x); 3.15)
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(i1) for any weak entropy—entropy flux pair (n, q),

B,n(ph, mh) + 8Xq(ph, mh) is compact in ngcl (Ri) (3.16)

Then the sequence (p", m")(t, x) is compact in Llloc (]Ri), that is, there exist (p, m) € L™
and a subsequence (still denoted) (p", m")(t, x) such that
(", m" > (o,m) inL} (R%r) ash — 0,

loc

and
0<pt,x)<C,  |mt, )| <Cp(t,x).

REMARK 3.1. The compactness framework in Theorem 3.1 was established to replace the
BV compactness framework (the Helly theorem), for which the detailed proof can be found
in [75]. For a gas obeying the y-law, the case y = (N +2)/N, N > 5 odd, was first treated
by DiPerna [123], and the general case 1 < y < 5/3 for usual gases was first completed by
Chen [50] and Ding, Chen and Luo {115]. The cases y > 3 and 5/3 < y < 3 were treated
via kinetic formulation by Lions, Perthame and Tadmor [223] and Lions, Perthame and
Souganidis [222], respectively.

In order to establish Theorem 3.1, it requires to establish the corresponding reduction
theorem: A Young measure satisfying the Tartar commutation relations

(Vi.x)s 1192 — M2q1)
= (Ve 1) V0 2) — Waxy> MY (Ve x.q1)  forae. (¢, x), (3.17)

for all weak entropy—entropy flux pairs is a Dirac mass. These conditions are derived by
the method of compensated compactness, especially the div—curl lemma (see [318,319]

and [258,260]). The proof was based on new properties of cancellation of singularities of
the entropy kernel x and the entropy flux kernel o in the following combination

E(p,v;s1,52) .= x(p,v; sDo(p, v;52) — x(p, vi s2)0(p, v; 51),

the fractional derivative technique first introduced in [50,115], and an important obser-
vation that the following identity is an elementary consequence of the symmetric form
of (3.17)

(Viroy X (00 03 DN vy 95O E (0, v3 52, 53))
+ Ve 35 x (0, v3 52 vy, O5TLE (o, v 53, 50))

+ (Vi 0T X (0, Vi 53)) vy, 9T E (o, v 51,52)) =0 (3.18)

for all 51, 52 and s3, where the derivatives are understood in the sense of distributions (also
see [222,223]). It was proved that, when s, s3 — 51, the second and the third terms con-
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verge in the weak-star sense of measures to the same term but with opposite sign. The
first term is more singular and contains the products of functions of bounded variation by
bounded measures, which are known to depend upon regularization. The first term in (3.18)
converges to a nontrivial limit which is determined explicitly. Finally, the genuine nonlin-
earity on p(p) is required to conclude that the Young measure v either reduces to a Dirac
mass or is supported on the vacuum line.

This compactness framework has successfully been applied for proving the convergence
of the Lax—Friedrichs scheme [50,115], the Godunov scheme [116], the vanishing viscosity
method [68,222] and for establishing the compactness of solution operators and the decay
of periodic solutions [65,75]. Also see the references cited in [86]. In particular, we have
the following theorem.

THEOREM 3.2 (Existence, compactness and decay). Assume that there exists Co > O such
that the initial data (pg, mo)(x) satisfies

0< po(x) <Co,  |mo(x)| < Copo(x).

Then
(i) there exists a global solution (p, m)(t, x) of the Cauchy problem for (1.16) satisfy-

ing (3.13), for some C depending only on Co and v, and (3.14) in the sense of distributions
for any convex weak entropy—entropy flux pairs (n, q);

(ii) the solution operator (p, m){t,-) = S;(po, mo)(-), determined by (i), is compact in
L (R%) fort > 0;

(iii) furthermore, if the initial data (pg, mg)(x) is periodic with period P, then there
exists a global periodic solution (p, m)(t, x) with (3.13) such that (p, m)(t, x) asymptoti-
cally decays in L' to

1
Pl /P(po, mo)(x)dx.

REMARK 3.2. All the results for entropy solutions to (1.16) in Eulerian coordinates can
be presented equivalently as the corresponding resuits for entropy solutions to (1.17) in
Lagrangian coordinates (see [52] and [332]).

REMARK 3.3. If the initial data is in BV and has small oscillation, or (y — 1)TV(pq, mg)
is sufficiently small, away from vacuum, the solution is in BV; see [118,145,263]. In the
direction of relaxing the requirement of small total variation for (1.16), see [117,287,322,
323,349]. For extensions to initial-boundary value problems, see [68,229,264,315].

REMARK 3.4. Consider the isentropic Euler equations (1.16) in nonlinear elasticity with
p=—0(1) € C}(R), o'(7) > 0, satisfying that

sign((zr — )0 (1)) >0, (3.19)

there is no interval in which o is affine, (3.20)
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and there exists a positive integer m € Z_ such that, in an interval (7,7 +8) or (f — §,7)
for some § > 0,

lo @0 ()| £ 0. 3.21)
k=1

Then the existence, compactness and decay of entropy solutions in L% has been estab-
lished in [78], and the results have been extended to the equations of motion of viscoelastic
media with memory in [59,78]. In the simplest model for common rubber, condition (3.19)
implies that the stress o as a function of the strain t switches from concave in the com-
pressive mode T < 7 to convex in the expansive mode 7 > 7.

3.2. Isothermal Euler equations

For the isothermal Euler equation (1.16) with ¥ = 1, we have entropy—entropy flux pairs
in the form

1/<1—52>exp{ § m }

n=p —
1 — 2
e ¢ (3.22)
_(m 1/(1-%) { m}
=|—+ ex —
‘ (p 5)” Plizes
which satisfy
g 22y 26 m
Wpﬂﬂmm—ﬂ,z;m=mp2$ /=55 2eXp 1_$2; foré eR. (3.23)

Then 7 is a weak and convex entropy for any & € (—1, 1).
We have the following similar compensated compactness framework for this case.

THEOREM 3.3. Assume that (0", m")(t, x),h > 0, is a sequence of functions satisfying
the following conditions:
(i) there exists some constant C > 0 such that

0<p"t, ) <C,  [mh(e, 0| <p"(t,0)(C+|Inp" (2, 2)]) ae;
(ii) the sequence of entropy dissipation measures
8,n(ph, mh) + d.g (ph, mh) is compact in ngcl (Ri)

for any entropy—entropy flux pair (n, q) in (3.22) with £ € (—1, 1).
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Then the sequence (", m")(t, x) is compact in LIIOC(R?‘_), that is, there exist (p, m) € L™
and a subsequence (still denoted ) (p", m") such that

(ph, mh) — (p,m) in LIIOC(REL) as h— 0,
and
0<pt,x)<C, fm(t,x)[ <p(t,x)(C+{lnp(t,x)D.

REMARK 3.5. This compactness framework was first established in [172]. Another proof
was also provided recently in [205] by employing the approach in [75].

For strictly hyperbolic systems with smooth fluxes, the H ~1_compactness condition is
easy to be obtained, due to the uniform boundedness of approximate solutions and Murat’s
lemma [259], provided that the system has a strictly convex entropy. Similar to the isen-
tropic case, it is not clear for the case y = 1 whether the strong entropy—entropy flux pairs
satisfy the H ~!-compactness condition. Furthermore, for the isothermal case, the propa-
gation speed may not be finite due to the presence of vacuum and the entropy equation is
not of EPD type, which is different from the isentropic case.

The key point in the proof of [172] is to establish the commutation relations for not only
the weak entropy—entropy flux pairs but also the strong ones by using the analytic extension
theorem even though it is not known whether strong entropy—entropy flux pairs satisfy the
H~!-compactness condition. To achieve this, formula (3.22) of entropies parameterized
by a complex variable & was used, which includes both weak and strong entropies deter-
mined by the value of &. It was shown that, for any § € (-1, 1), the weak entropy-entropy
flux pair satisfies the H~!-compactness condition. Therefore, the commutation relations
are satisfied for these weak entropy—entropy flux pairs. It was observed that the two sides
of the commutation relations are regular in £ and are analytic functions with respect to &,
which implies that the commutation relations exactly hold for the whole complex variable
except two points (—1,0) and (1, 0) by using the analytic extension theorem. Noting that
the entropies are strong if |&[ > 1 (see (3.22)), therefore, the commutation relations hold
for these weak and strong entropy—entropy flux pairs so that the H ~l_compactness con-
dition for strong entropy—entropy flux pairs can be bypassed. Since both weak and strong
entropy—entropy flux pairs are applied to the commutation relations, the reduction theorem
for the corresponding Young measure was obtained as that in the strictly hyperbolic case
in [124,290], which implies the compensated compactness framework. The proof of [205]
employed the approach described in Section 3.1 for the isentropic case by using only the
weak entropy—entropy flux pairs.

As an application of Theorem 3.3, we have the following theorem.

THEOREM 3.4 (Existence). Assume that the initial data satisfies

0<po(x) <Co,  |mo(x)| < po(x)(Co+|logpo(x)]) ace. (3.24)
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for some constant Co > 0. Then there exists a global entropy solution of (1.16) and (3.1)
(with y = 1) satisfving

0<p(t,x)<C,  |mt,0)|<pt,x)(C+|logp(t,x)]) ae., (3.25)
where C > 0 depends only on Cy.

REMARK 3.6. The convergence of the viscosity method was established in [172]. Un-
like the isentropic case, the eigenvalues of the system are no longer bounded near vacuum
(which may grow with the speed |In p|), the construction of shock capturing scheme is
more delicate since the Courant—Friedrichs—Lewy stability condition may fail for standard
shock capturing schemes. In [77], such a shock capturing scheme was successfully de-
veloped and its strong convergence was established by introducing a cut-off technique to
modify the approximate density functions and adjust the ratio of the time and space mesh
sizes to construct the shock capturing scheme.

REMARK 3.7. Away from vacuum, the first result on the existence of BV solutions with
large initial data was obtained in Nishida [262] by using the Glimm scheme [145] for
y = 1. Poupaud, Rascle and Vila [274] made further simplification and improved the re-
sults of [262] to the isothermal Euler—Poisson system. The existence result in Theorem 3.4
allows the initial data (pg, mg) only in L*, which may even contain vacuum.
3.3. Adiabatic Euler equations
For the full Euler equations in gas dynamics (1.15) with the following Cauchy problem
(7, v, S)r=0 = (70, vo, So)(x), (3.26)
the following existence theorem holds which is due to Liu [232] (also see [85] and [321]).
THEOREM 3.5. Let K C {(t,v, S): © > 0} be a compact set in Ry x R2, and let N > 1
be any positive constant. Then there exists a constant Co = Co(K, N), independent of

y € (1,5/3], such that, for every initial data (ty, vy, So)(x) € K with TV (1o, vg, So) < N,
when

(y — DTVR(1p, vo, So) < Cy

for any y € (1,5/3], the Cauchy problem (1.15) and (3.26) has a global entropy solution
(t,v, $)(t, x) which is bounded and satisfies

TVR(t,v, $)(t, ) < CTVR(10, v0, So)

for some constant C > 0 independent of y .
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In the direction of relaxing the requirement of small total variation for (1.15),
see [268,287,322,323]. For extensions to initial-boundary value problems, see [68,229,
264,315].

For the decay of entropy solutions in BV, with periodic data or compact support, see
[111,119,121,149,225,226]; also see [65] for entropy solutions only in L. For additional
further discussions and references to the Glimm scheme, see [111,235,294]; also see [85].

Furthermore, we have the following theorem.

THEOREM 3.6. If the initial data functions uy(x) and vo{x) have sufficiently small total
variation and uy — vo € L'(R), then, for the corresponding exact Glimm, or wave-front
tracking, or vanishing viscosity solutions u(t, x) and v(t, x) of the Cauchy problem (1.1)
and (2.10) (d = 1), there exists a constant C > 0 such that

Jutt, ) =v@, )| 1 &) < Cllwo — Vol 1wy forallt >0. (327

An immediate consequence of this theorem is that the whole sequence of approximate
solutions constructed by the Glimm scheme, as well as the wave-front tracking method and
the vanishing viscosity method, converges to a unique entropy solution of (1.1) and (2.10)
(d = 1) as the mesh size or the viscosity coefficient tends to zero. See also [32] for the
uniqueness of limits of Glimm’s random choice method. The details of the proof of Theo-
rem 3.6 can be found in [20,33,236,238]. In the direction relaxing the requirement of small
total variation for (1.1), see [207,208].

For other discussions and extensive references about the L!-stability of BV entropy
solutions and related problems, we refer to [33,111,167,204].

Furthermore, the uniqueness and stability of Riemann solutions in the class of entropy
solutions with large variation satisfying only one entropy inequality for the strictly convex
physical entropy S has been established in [70] as follows.

THEOREM 3.7. Let u(t,x) = (r,v,e + v2/2)(t,x) be an entropy solution of (1.15)
and (3.26) in IIr := {(t,x): 0 <t < T} for some T € (0,00), which belongs to
BVioc(ITy: D) with D C {(7, v, e + v%/2): T > 0} C R? bounded. Let R(x /1) be the clas-

sical Riemann solution with Riemann data Ro(x).
) Ifll() =Ry, then

u(t, x) = R(;) forae. (t,x)yellr.
(ii) Ifug —Rg € L' N L® N BV (R), then
L
ess lim [ lut, 1) —R(€)|ds =0 forany L > 0; (3.28)
—oo f_ 1

that is, the Riemann solution R(x /t) is asymptotically stable in the sense {3.28) with
respect to the corresponding initial perturbation in L' 0 L N BVioc(R).
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We now consider the 3 x 3 system of Euler equations (1.15) in Lagrangian coordinates

in thermoelasticity with the following class of constitutive relations for the new state vec-
tor (7, §) with the form

T+aS
e=/ o(w)ydw + BS,
0

p=—o(t+as), (3.29)

0 =ac(t+aS)+ 8,
where o (w) is a function with ¢’(w) > 0, and « and B are positive constants. The
model (3.29) is quite special. Even so, when we are dealing with solutions in which (z, S)
do not deviate far from some constant values (7, .S ), we may obtain a reasonable approxi-
mation for general constitutive relations (see [58])

e=26(1,8), p=—-6(z,8), 0=0(t,S) (3.30)
satisfying the conditions

& =é,, 6 =ég. (3.31)

We also assume that, for some w,

")+ 4 ac’ (w)? { <0 ifw<w, 332
o (w _ .
ac(w)+B |20 ifw>w,
and
o”"(wy#£0 forw > w, (3.33)

or there exists w > w such that o (w) satisfies conditions (3.19)—~(3.21) with w replacing v.
Consider the Cauchy problem for (1.15) with initial data

(w, v, $)|r=0 = (wo, vo, So)(x) (3.34)
forw=1+«aS.

THEOREM 3.8. Assume

(wo, vo)(x) € {(w, v):

v i[w \/J/(w)dw‘ < Co}

and So(x) € Mo (R). Then
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(i) there exists a distributional solution
(w, v, $)(t,x) € L®(R2; R?) x Mioc(R3; R)
of (1.15) and (3.34) satisfying

Si(t,x) € Mioe(R2),  6(w(t, x)) >0,
ISI(10, Tol x {Ix| < cTo}) < CT§

(3.35)

for any ¢, Ty > 0, with C > 0 independent of Ty. Moreover, (w, v, S)(t,x) satisfies the
entropy condition

am(w, v) + dxg(w,v) <0, S =0 (3.36)
in the sense of distributions for any C 2 entropy—entropy flux pair (n, q)(w, v) of the system
orw — d,yv =0, o;v — oo (w) =0,
for which the following strong convexity condition holds:

ONyww — aal(w)nw >0,
Onyy —any 20,
(0w — a0’ (W) @My — @) — ey = 0;

(i) any sequence (w V") (¢, x) that is uniformly bounded in h > 0 and satisfies (3.36)

is compact in Ll c(IR Y whent > 0;
(iii) furthermore if the initial data (wo, vo, So)(x) is periodic with period P, then there

exists a periodic entropy solution (T, v, S)(t, x) of (1.15) and (3.34) with period P satis-
Jying
(v, T +aS) e L*(R3),

(3.35) and (3.36). Moreover, the velocity v(t, x), the pressure p(w(t, x)) and the tempera-
ture (w(t, x)) asymptotically decay in L't

_ 1
v= I—P;lfpvo(x)dx

and
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respectively, where @ (w) = Bw + « fow o(w)dw.

REMARK 3.8. The first existence theorem for global entropy solutions for (1.15) and
(3.29)—(3.33) was established in [58]. The existence result was extended in [65] and [78]
to the existence, compactness and decay of entropy solutions of (1.15) and (3.29)—(3.33)
under the weaker conditions (3.19)—(3.21) with @ replacing 0.

REMARK 3.9. An interesting feature here is that, because of linear degeneracy of the
second characteristic field of (1.15) and (3.29)—(3.33), one cannot expect the decay of all
components of the solutions. However, some important quantities such as the velocity, the
pressure, and the temperature do decay as r — oo.

4. Multidimensional Euler equations and related models

Multidimensional problems for the Euler equations are extremely rich and complicated.
Some great developments and progress have been made in the recent decades through
strong and close interdisciplinary interactions and diverse approaches including

(i) experimental data,

(i1) large and small scale computing by a search for effective numerical methods,

(ili) asymptotic and qualitative modeling,

(iv) rigorous proofs for prototype problems and an understanding of the solutions.

In some sense, the developments and progress made by using approach (iv) are behind
those by using the other approaches (i)—(iii) (see [ 150]); however, most scientific problems
are considered to be solved satisfactorily only after approach (iv) is achieved.

In this section, together with Sections 5-7, we give some samples of multidimensional
models and problems for the Euler equations with emphasis on those prototype models and
problems that have been solved or expected to be solved rigorously at least for some cases.

Since the multidimensional problems are so complicated in general, a natural strategy to
attack these problems as a first step is to study

(i) simpler nonlinear models with strong physical motivations,

(ii) special, concrete nonlinear physical problems.

Meanwhile, extend the results and ideas from the first step to study
(i) the Euler equations in gas dynamics and elasticity,
(ii) more general problems,

(iii) nonlinear systems that the Euler equations are the main subsystem or describe the
dynamics of macroscopic variables such as Navier—Stokes equations, MHD equations,
combustion equations, Euler—Poisson equations, kinetic equations especially including the
Boltzmann equation, among others.

In this section we first focus on some samples of multidimensional models for the Euler
equations and related multidimensional hyperbolic conservation laws.
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4.1. The potential flow equation
This approximation is well known in transonic aerodynamics, beyond the isentropic ap-

proximation (1.11) from (1.4). Denote

d
Dy =08 + ) vk
k=1

the convective derivative along fluid particle trajectories. From (1.4), we have
D,;S=0 4.1)

and, by taking the curl of the momentum equations and using vector identities,

S
D,<2> =2 gy 58, v “2)
o) o P

The identities in (4.1) and (4.2) imply that a smooth solution of (1.4) which is both
isentropic and irrotational at time # = 0 remains isentropic and irrotational for all later time,
as long as this solution stays smooth. Then the conditions S = So = const and curlv =10
are reasonable for smooth solutions.

For a smooth irrotational solution of (1.4), we integrate the d-momentum equations
in (1.11) through Bernoulli’s law

v+ 5 V(VP) + Vi) =0,

where i'(0) = p,(p. 50)/p.
On a simply connected space region, the condition curl v = 0 implies that there exists @

such that
v=V¢o.

Then we have

3 p +div(pVP) =0,
{ o+ div(pVP) 3)

%P+ 3|V +i(p) =K,

where K is the Bernoulli constant, which is usually determined by the boundary conditions
if such conditions are prescribed. From the second equation in (4.3), we have

.—1 1 2
p(DP) =i (K — <a,q> + E]wpg ))
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Then system (4.3) can be rewritten as the following time-dependent potential flow equa-
tion of second order

3,p(DP) +V - (0(DS)VP) =0. (4.4

For a steady solution ¢ = ¢(x), i.e., 3;P = 0, we obtain the celebrated steady potential
flow equation of aerodynamics

V. (p(V(p)V(p) =0. 4.5)

In applications in aerodynamics, (4.3) or (4.4) is used for discontinuous solutions, and
the empirical evidence is that entropy solutions of (4.3) or (4.4) are fairly good approxima-
tions to entropy solutions for (1.4) provided that

(1) the shock strengths are small,
(i1) the curvature of shock fronts is not too large,

(iii) there is a small amount of vorticity in the region of interest.

The advantages of equation (4.4), or equivalently (4.3), as the simplest multidimensional
prototype conservation laws include (cf. [242])

(1) unidirectional plane wave solutions of (4.4) reduce to solutions of a 2 x 2 system
of conservation laws with the structure of a wave equation,

(i) the linear structure of (4.4) is strictly hyperbolic with characteristics defined by a
single light cone in several space variables,

(iii) under reasonable thermodynamic assumptions such as an ideal gas law (1.12), the
system for (4.4) is genuinely nonlinear in all wave directions simultaneously and the cor-
responding multidimensional shock fronts are uniformly stable,

(iv) this system has the vorticity waves removed unlike (1.4) and (1.11). Such vorticity
waves are linearly degenerate wave fields but represent an enormous source of instability
in multidimension through Kelvin—Helmhotz instability.

The model (4.4) or (4.3) is an excellent model to capture multidimensional shock waves
by ignoring vorticity waves, while the model (the incompressible Euler equations) in Sec-
tion 4.2 is an excellent model to capture multidimensional vorticity waves by ignoring
shock waves in fluid flow.

4.2. Incompressible Euler equations
In the homogeneous case, the incompressible Euler equations take the form

{a,v+div(v®v)+vp:o,

. (4.6)
divv=0.

This can formally be obtained from (1.11) by setting p = 1 as the equation of state and

regarding p as an unknown function. As indicated above, the model (4.6) excludes the

appearance of shock waves in fluid flow to capture multidimensional vorticity waves.
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In the inhomogeneous case, the incompressible Euler equations are

ap +div(pv) =0,
3 (pv) +div(pv® V) + Vp =0, @7
divv=0.

These models can be obtained by formal asymptotics for low Mach number expansions

from the compressible Euler equations. For more details, see [95,98,166,220,221,243] and
the references cited therein.

4.3. The transonic small disturbance equation
A further simpler model than the potential flow equation in transonic aerodynamics is the

unsteady transonic small disturbance equation or so-called the two-dimensional inviscid
Burgers equation (see [97]),

dqu+ 8x(%u2) +3yv=0,

4.8
dyu — v =0, (“8)

or in the form of Zabolotskaya—Khokhlov equation [346],
9 (3 u + u dyu) + dyyu =0. 4.9)

The equations in (4.8) describe the potential flow field near the reflection point in weak
shock reflection, which determines the leading-order approximation of geometric optical
expansions; and it can also be used to formulate asymptotic equations for the transition
from regular to Mach reflection for weak shocks. See [173-175,252] and the references
cited therein.

Equation (4.9) arises in many different situations. It was first derived by Timman in
the context of transonic flows [325]. In nonlinear acoustics, it was derived by Zabolot-
skaya and Khokhlov [346] and is used to describe the diffraction of nonlinear acoustic
beams [164]. Motivated by the experiments of Sturtevant and Kulkarny [310] on the fo-
cusing of shocks, Cramer and Seebass [102] used (4.9) to study caustics in nearly planar
sound waves. The same equation arises as a weakly nonlinear equation for cusped caustics
[174]. Hunter [173] also showed that (4.8) describes high-frequency waves near singular
rays.

4.4. Pressure-gradient equations

The inviscid fluid motions are driven mainly by the pressure gradient and the fluid convec-
tion (i.e., transport). As for modeling, it is natural to study first the effect of the two driving
factors separately. Such an idea has also been used by Argarwal and Halt [1] to formulate
a flux-splitting scheme in numerical computations for airfoil flows.
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Separating the pressure gradient from the Euler equations, we first have the pressure-
gradient system

d0=0,

O (pu) +8:p =0,

3 (pv) +9,p =0,

3 (pE) + 9x(up) + 0y (vp) =0.

(4.10)

We may choose p = 1. Setting
s
p:(y_l)P9 =—F,

then we have the following pressure-gradient equations

dyu + 3, P =0,
dsv+ 0, P =0, “4.11)
Os(In P) 4+ 0yu + 0,v=0.

Eliminating the velocity (u, v), we obtain the following nonlinear wave equation for P:
dss(InP) — AP =0. 4.12)

Although system (4.11) is obtained from the splitting idea, system (4.11) is a good ap-
proximation to the full Euler equations, especially when the velocity (u, v) is small and
the adiabatic gas exponent y > 1 is large (see [357]). This can be achieved by the formal
expansion in termsof e = 1/(y — 1)

p=p1+ep2+O(e?),
(u,v) = e(uy, v1) +O(e?),
p=¢p1 +0(e?).

Plugging the expansion into the Euler equations (1.4), we first compare the order of £2 and
have

8,,01 = 09
and so we may choose p; = 1. We then compare the order of £ and have

atu1+axp1:O,
ov1 + 9y p1 =0, (4.13)
8[(%) + p10cu1 + p1oyv; =0.
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Set

pl:(y—l)P7 =

Then we have
dsu1 + 0y P =0,
v +9,P =0,
Os(In P) + 9xuq + 9yv1 =0,

which is the same as (4.11) that leads to (4.12).

4.5. Pressureless Euler equations

With the pressure-gradient equations (4.11), the convection (i.e., transport) part of fluid
flow forms the pressureless Euler equations

9 p + 3 (pu) + 3y (pv) =0,

3 (pu) + ¢ (ou?) + 8, (puv) =0,
3 (pv) + dx (puw) + 3y (pv?) =0,

0 (0E) + 0x (puE) + 8y (pvE) =0.

4.14)

This system also models the motion of free particles which stick under collision; see
[30,127,348]. In general, solutions of (4.14) become measure solutions.

System (4.14) has been analyzed extensively; for example, see [26,27,30,127,161,172,
210-212,273,296,335] and the references cited therein. In particular, the existence of mea-
sure solutions of the Riemann problem was first presented in [26] for the one-dimensional
case, and a connection of (4.14) with adhesion particle dynamics and the behavior of global
weak solutions with random initial data were discussed in [127]. It has also been shown that
8-shocks and vacuum states do occur in the Riemann solutions even in the one-dimensional
case. Since the two eigenvalues of the transport equations coincide, the occurrence of
8-shocks and vacuum states as ¢ > 0 can be regarded as a result of resonance between
the two characteristic fields. Such phenomena can also be regarded as the phenomena of
concentration and cavitation in solutions to the Euler equations for compressible fluids as
the pressure vanishes. It has shown in [79] for y > 1 and [209] for y = | that, as the pres-
sure vanishes, any two-shock Riemann solution to the Euler equations tends to a §-shock
solution to (4.14) and the intermediate densities between the two shocks tend to a weighted
§-measure that forms the §-shock. By contrast, any two-rarefaction-wave Riemann solu-
tion of the Euler equations has been shown in [79] to tend to a two-contact-discontinuity
solution to (4.14), whose intermediate state between the two contact discontinuities is a
vacuum state, even when the initial data stays away from the vacuum. Some numerical
results exhibiting the formation process of §-shocks and vacuum states have also been
presented in [79].
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4.6. Euler equations in nonlinear elastodynamics

The equations of nonlinear elastodynamics provide another excellent example of the rich
special structure one encounters when dealing with hyperbolic systems of conservation
laws. In three space dimensions, the state vector is (v, F), where v € R is the velocity vec-
tor and F is the 3 x 3 matrix-valued deformation gradient constrained by the requirement
detF > 0. The system of conservation laws, which express the integrability conditions be-
tween v and F and the balance of linear momentum, reads

0 Fiog — 0y, v =0, Lha=1,2,3,

, (4.15)
Bvj — Y hoy 0, Sip(F) =0, j=1,2,3.

The symbol S stands for the Piola—Kirchhoff stress tensor, which is determined by the
(scalar-valued) strain energy function o (F),

30 (F)
dF;g

Sip(F) =

System (4.15) is hyperbolic if and only if

3 3 2
320 (F)
> X_:I 3FadF s g GiEjnang >0 (4.16)

i.j=la.B

for any vectors &£, n € S3.
System (4.15) is endowed with an entropy—entropy flux pair

3
1
n=0@®+ I ga=—)_v;Sia().

However, the laws of physics do not allow o (F), and thereby 7, to be convex functions.
Indeed, convexity of o would violate the principle of material frame indifference

0 (OF) =0 (F) forall O e SO(3),

and would also be incompatible with the natural requirement that o (F) — oo as detF | 0
or detF 1 oo (see [106]). Consequently, the useful results on the local existence of classical
solutions to the Cauchy problem and the uniqueness of classical solutions in the context
of weak solutions that are available for hyperbolic systems of conservation laws endowed
with a convex entropy in Section 2.1 are not directly applicable to system (4.15).

The failure of o to be convex is also the main source of complication in elastostatics,
where one is seeking to determine equilibrium configurations of the body by minimizing
the total strain energy [ o (F). The following alternative conditions, weaker than convexity
and physically reasonable, are relevant in that context [13]:
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(i) polyconvexity,
o(F)= g(F, F*, detF),

where F* is the adjugate of F (the matrix of cofactors of F), F* = (detF)F~!, and
g(F, G, w) is a convex function of 19 variables,

(ii) quasiconvexity in the sense of Morrey [254],

(iii) rank-one convexity, expressed by (4.16).
It is known that convexity = polyconvexity = quasiconvexity = rank-one convexity,
however, none of the converse statements is generally valid. It is important to investigate
the relevance of the above conditions in elastodynamics. A first start was made in [106]
where it was shown that rank-one convexity suffices for the local existence of classical
solutions, quasiconvexity yields the uniqueness of classical solutions in the context of the
class of entropy-admissible weak solutions, and polyconvexity renders the system sym-
metrizable (also see [275]).

To achieve this for polyconvexity, one of the main ideas is to enlarge system (4.15)
with the state vector (v, F) into a large, albeit equivalent, system for the new state vector
(v, F, F*, w) with w = detF

a,w_ZZaxa (Fzv;) (4.17)

a=1i=1

3 3
O Fyy = Z Z Oxy (apyiji Fjpvi), v, k=1,2,3, (4.18)
a.p=l11i,j=1

where 44, and g, denote the standard permutation symbols. Then the enlarged system
with 21 equations, which consists of (4.15) augmented by (4.17) and (4.18), is endowed a
uniformly convex entropy

1
=o(F,F*, w) + E|v|2
so that the local existence of classical solutions and the stability of Lipschitz solutions may
be inferred directly from Theorem 2.3. See [111,113,275] for more details.
4.7, The Born—Infeld system in electromagnetism

The Born-Infeld system is a nonlinear version of Maxwell equations,

B +cur1 aw =0,

(4.19)
3D — curl % =0,
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where W :R3 x R?® — R is the given energy density. The Born-Infeld model corresponds
to the special case

Wgi1(B, D) =1+ [B2+ |D|*> + | P2

When W is strongly convex (i.e., D?W > 0), system (4.19) is endowed with a strictly
convex entropy, which implies that the system is symmetric and hyperbolic and, therefore,
the Cauchy problem is locally well posed in H* for s > 5/2. However, Wy is not convex
for a large enough field.

As in Section 4.6, the Born—Infeld model is enlarged from 6 to 10 equations in [29], by
adjunction of the conservation laws satisfied by P := B x D and W so that the augmented
system turns out to be a set of conservation laws in the unknowns

(h,B,D,P)e R x R® x R® x R?,
endowed with a strongly convex entropy, which is symmetric and hyperbolic,

oh +divP =0,
3B +curl(Pxf—+D) =0,
3D+ curl(W) =0,

arP + DIV( P®P—B®5—D®D—1) — 0,

where [ is the 3 x 3 identity matrix. The physical region is

{(h,B,D,P): P=Dx B,h=v1+|B?+ D +|P*>>0}.

Also see [295] for another enlarged system consisting of 9 scalar evolution equations in
9 unknowns (B, D, P), where P stands for the relaxation of the expression D x B.

4.8. Lax systems

Let f(u) be an analytic function of a single complex variable u = u + vi. We impose on
the complex valued function u = u(t, z), z = x + yi, and the real variable ¢ the following
nonlinear partial differential equation

du+0,f(u)=0, (4.20)

where the bar denotes the complex conjugate and 9, = %(BX —1idy). Then we can express

this equation in terms of the real and imaginary parts of u and % S =au,v)+b(u, v)i.
Then (4.20) gives

{ Oru + 0ra(u, v) +0,b(u, v) =0,

4.21
0rv — 0y b(u, v) + dya(u, v) =0. ( )
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In particular, when f(u) = u? = u? + v? 4 2uvi, system (4.20) is called the complex
Burger equation, which becomes

du+ 2 3¢ (u? +v2) + 8, (uv) =0,

(4.22)

v — O (uv) + % ay(u2 + v2) =0.

System (4.21) is a symmetric hyperbolic system of conservation laws with a strictly
convex entropy

nu, v) = u* +v?,

so that local well posedness of classical solutions can be inferred directly from The-
orem 2.3; see [202] for more details. For the one-dimensional case, this system is an
archetype of hyperbolic systems of conservation laws with umbilic degeneracy, which has
been analyzed in [72,286] and the references cited therein.

5. Multidimensional steady supersonic problems

Multidimensional steady problems for the Euler equations are fundamental in fluid dynam-
ics. In particular, understanding of these problems will help us to understand the asymp-
totic behavior of evolution solutions for large time, especially global attractors. One of the
excellent sources of steady problems is Courant—Friedrichs’ book [100].

In this section we first discuss some of recent developments in the study of two-
dimensional steady supersonic problems.

The two-dimensional steady Euler flows are governed by

dx(pu) + 8y (pv) =0,

dx(ou + p) + 3, (puv) =0,

O (puv) + By(/ov2 + p) =0,

3 (u(E + p))+ 8,(v(E + p)) =0,

3D

where (u, v) is the velocity and E is the total energy, and the constitutive relations among
the thermodynamical variables p, p,e,6 and S are determined by (1.5)-(1.9). For the
barotropic (isentropic or isothermal) case

kp?
p=p(p)=—y—, y 21,

and then the first three equations in (5.1) form a self-contained system, the Euler system
for steady barotropic fluids. The quantity

c=y/pop,S)

is defined as the sonic speed and, for polytropic gases, c = \/yp/p.
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System (5.1) governing a supersonic flow (i.e., u® + v% > ¢?) has all real eigenvalues
and is hyperbolic, while system (5.1) governing a subsonic flow (i.e., u? +v? < ¢?) has
complex eigenvalues and is both elliptic-hyperbolic mixed and composite.

5.1. Wedge problems involving supersonic shocks

The mathematical study of two-dimensional steady supersonic flows past wedges whose
vertex angles are less than the critical angle can date back to the 1940s since the stability
of such flows is fundamental in applications (cf. [100] and [336]). Local solutions around
the wedge vertex were first constructed in [162,219,285] and the references cited therein.
Global potential solutions have been constructed in [89-91] when the wedge has some
convexity or the wedge is a small perturbation of the straight wedge with fast decay in
the flow direction and in [353,354] for piecewise smooth curved wedges that are a small
perturbation of the straight wedge.

As indicated in Section 4.1, the potential flow equation is an excellent model for the
flow containing only weak shocks since it approximates to the isentropic Euler equations
up to third order in shock strength. For the flow containing shocks of large strength, the
full Euler equations (5.1) are required to govern the physical flow. For the wedge problem,
when the vertex angle is large, the flow contains a large shock front emanating from the
wedge vertex and, for this case, the Euler equations should take the position to describe the
physical flow. Thus it is important to study the two-dimensional steady supersonic flows
governed by the Euler equations for the wedge problem with a large vertex angle. When
a wedge is straight and the wedge vertex angle is less than the critical angle wri;, there
exists a supersonic shock front emanating from the wedge vertex so that the constant states
on both sides of the shock are supersonic; the critical angle condition is necessary and
sufficient for the existence of the supersonic shock. This can be seen through the shock
polar (see Figures 1 and 2; also see [88,100]).

Consider two-dimensional steady supersonic Euler flows past two-dimensional Lip-
schitz curved wedges whose vertex angles are less than the critical angle wcy;, along which
the total variation of the tangent angle functions is suitably small. More specifically,

(i) there exists a Lipschitz function g € Lip(Ry) with g’ € BV(R.) and g(0) = 0 such
that wy = arctan(g’(0+)) < werit,

TV{g'(); Ry} <& for some constant & > 0,

(5.2)
2= {(x,y): y>gx),x > 0}, = {(x,y): y=gx),x =2 0}

and n(x=%) = (—g'(x%), 1)//(g'(x%))? + 1 are the outer normal vectors to I" at points
x=+, respectively (see Figure 3);
(11) the uniform upstream flow U_ = (p_,u_, 0, p_.) satisfies

Yp-
p—

U_>c_=

so that a strong supersonic shock emanates from the wedge vertex.
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Fig. 1. Supersonic shock emanating from the wedge vertex.
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Fig. 3. Supersonic flow past a curved wedge.

With this setup, the wedge problem can be formulated into the following problem of
initial-boundary value type for system (5.1)

Cauchy condition: Ulr=o=U_; (5.3)
boundary condition: (u,v) - n=0 onl. 5.4
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DEFINITION 1 {Entropy solutions). A function U = U (x, y) € BV(£2) is called an entropy
solution of problem (5.1) and (5.3)~(5.4) provided that
(i) U is a weak solution of (5.1): U satisfies the equations in the sense of distributions
and the Cauchy and boundary conditions (5.3) and (5.4) in the trace sense,
(ii) U satisfies the entropy inequality in the sense of distributions,

dx (puS) + 9y (pvs) 20, (5.5)

that is, for any ¢ € C(‘)’O(Rz) with ¢ > 0,

o0
f(pqumevawy)dxdyS/ p—u_S_¢(0, y)dy. (5.6
2 0

Then we have the following theorem.

THEOREM 5.1 (Existence and stability). There exist g9 > 0 and C > 0 such that, if
(5.2) holds for ¢ < g9, there exists a pair of functions

UeBV(R;Ry xRA xR:), o eBV(RR)

with x = [, o(s)ds € Lip(Ry; Ry) such that
(1) U is a global entropy solution of problem (5.1) and (5.3)—(5.4) in 2 with

TV{U(x,): [g(x), —o0)} < CTV(g'(")) foreveryx € Ry,

(1, v)  Dy=gxy =0 in the trace sense;

(i) the curve y = x(x) is a strong shock front with x (x) > g(x) for any x > 0 and

Ulysxen=U_, \/m

{elx)<y<x(0)} <u-

(iil) there exist constants pso and o, such that
Jim sup{|p(x,y) — pool: () <y < x(0)} =0,

lim |cr(x) ——000| =0
X—>00

and

lim sup{
X—00 u(x,y)

arctan(v(x’y)> —wool: gx)<y< X(X)} =0,

where wo, = lim, _, o arctan(g’(x+)).
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This theorem has been established in [88]. It indicates that, under the BV perturbation
of the wedge boundary as long as the wedge vertex angle is less than the critical angle,
the strong shock front emanating from the wedge vertex is nonlinearly stable in structure
globally, although there may be many weak shocks and vortex sheets between the wedge
boundary and the strong shock front. This asserts that any supersonic shock for the wedge
problem is nonlinearly stable.

In order to establish this theorem, we first developed a modified Glimm scheme whose
mesh grids are designed to follow the slope of the Lipschitz wedge boundary, which are
not standard rectangle mesh grids, so that the lateral Riemann building blocks contain only
one shock or rarefaction wave emanating from the mesh points on the boundary. Such
a design makes the BV estimates more convenient for the Glimm approximate solutions.
Then careful interaction estimates were made. One of the essential estimates is the estimate
of the strength §; of the reflected 1-waves in the interaction between the 4-strong shock
front and weak waves (a1, B2, B3, B4), that is,

81 =a1+ Kafs +O()lasr (121 + 1B3])  with |Ka| < 1.
The second essential estimate is the interaction estimate between the wedge boundary and
weak waves.
Based on the construction of the modified Glimm scheme and interaction estimates, we
successfully identified a Glimm-type functional to incorporate the curved wedge boundary
and the strong shock front naturally and to trace the interactions not only between the

wedge boundary and weak waves but also between the strong shock front and weak waves.
In particular, the Glimm-type functional on the mesh curve J is defined by

F(J)=Ci|o’ —ao| + LUJ)+ K Q).
Here the linear part measuring the total variation is

L(J)=KoLo(J) + L1(J) + K2L2(J) + K3L3(J) + KaL4(J)
with

Lo(J) =Y _{|e(CD]: Cre 2},

L;(J) :Z{]ajlz o j Crosses J}, 1< <4,
and the quadratic part measuring the potential wave interaction is

QW)= Z{]al]ﬁ]: o, B interacting waves crossing J},

where £2; is the set of the mesh corner points lying in J and the boundary, o/ stands for
the speed of the strong shock crossing J, the constants K, Cy, Ko, K2, K3 and K4 can be
appropriately chosen with the aid of the important fact that [K1| < 1 so that the identified
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Glimm functional monotonically decreases in the flow direction. Another essential esti-
mate is to trace the approximate strong shocks in order to establish the nonlinear stability
and asymptotic behavior of the strong shock emanating from the wedge vertex under the
BV wedge perturbation.

Condition (5.2) can be relaxed by combining the analysis in [88] with the argument
in [322,323]. The existence and stability of transonic flows past a curved wedge is under
investigation with the aid of free boundary approaches (see Section 6.3).

For the cone problem, the nonlinear stability of a self-similar three-dimensional gas flow
past an infinite cone with small vertex angle was established upon the perturbation of the
obstacle in [203]. It would be interesting to combine the analysis in [203] with the argument
in [88] to study the nonlinear stability of a self-similar three-dimensional gas flow past an
infinite cone with arbitrary vertex angle. Other related results and analysis for this problem
can be seen in [92,93] and the references cited therein.

5.2. Stability of supersonic vortex sheets

Another natural problem is the stability of supersonic vortex sheets above Lipschitz walls
along which the total variation of the tangent angle functions is suitably small. More pre-
cisely,

(i) there exists a Lipschitz function g € Lip(R; R) with g(0) =0, g’(0+) =0,
lim, _, o arctan(g’(x+)) =0, and g’ € BV(R; R) such that

TV(g'(-)) <& for some constant ¢ > 0,

(5.7)
Q={0,y:y>gx), x>0}, I'={&xy: y=gx),x>0},

and n(x+) = (—g’(x%), 1)// (g’ (x£))2 + 1 are the outer normal vectors to I” at points
x, respectively (see Figure 4);

(i1) the upstream flow consists of one supersonic straight vortex sheet y = yg > 0 and
two constant vectors Uy = (po, 4o, 0, po) when y > yg > 0 and U = (p1, 41, 0, po) when
0 < y < yp satisfying

uyp > ug >0, ui >ci, 1=0,1,

where ¢; = /yp;/p; is the sonic speed of states U;,i =0, 1.
With this setup, the vortex sheet problem can be formulated into the following problem
of initial-boundary value type for system (5.1):

Up, O0<y<yg,

Cauchy condition: Uly=0= { 0 Y= (5.8)
U, y>yo;

boundary condition: (u,v)-n=0 onl[. 5.9

The stability of supersonic vortex sheets has been studied by classical linearized sta-
bility analysis, large-scale numerical simulations, and asymptotic analysis. In particular,
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Fig. 4. Stability of the supersonic vortex sheet.

the nonlinear development of instabilities of supersonic vortex sheets has been predicted
at high Mach number as time evolves; see [11,339] and the references cited therein. Mo-
tivated by the phenomenon of evolution instabilities, we are interested in whether steady
supersonic vortex sheets, as time-asymptotics, are stable under a BV perturbation of the
Lipschitz walls. In contrast with the prediction of instability in time, it has been proved
that steady supersonic vortex sheets, as time-asymptotics, are stable in structure globally,
even under the BV perturbation of the Lipschitz walls in [87].

THEOREM 5.2 (Existence and stability). There exist g > 0 and C > O such that, if
(5.7) holds for ¢ < gg, there exists a pair of functions

U e BV(R;; R), x € Lip(R4; Ry)

with x(0) = yg such that
(i) U is a global entropy solution of problem (5.1) and (5.8)~(5.9) in §2 with

TV{U(x,"): [g(x), oo)} < CTV(g'(")) forevery x €10, 00),

(u,v) nfy—gxy =0 in the trace sense;

(ii) the curve {y = x(x)} is a strong supersonic vortex sheet with x(x) > g(x) for any
x >0 and

lUl( )”U01<C5’ lU|<.v>x<x>) —Ui| <Cg;

glxy<y<x(x)
(iil) there exist constants ps, and Yoo such that
lim sup{|p(x,¥) — Pool: 8(x) <y < x(x)} =0,
X—>X0
lm |x(x) = Xoo| =0
X—>00

and

arctan(v(x’ y))': y > g(x)] =0.
u(x,y)

lim sup{
X—=>0Q
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This theorem indicates that the strong supersonic vortex sheets are nonlinearly stable in
structure globally under the BV perturbation of the Lipschitz wall, although there may be
many weak shocks and supersonic vortex sheets away from the strong vortex sheet.

In order to establish this theorem, as in Section 5.1, we first developed a modified Glimm
scheme whose mesh grids are designed to follow the slope of the Lipschitz boundary,
which are not standard rectangle mesh grids, so that the lateral Riemann building blocks
contain only one wave emanating from the mesh points on the boundary. For this case, one
of the essential estimates is the estimate of the strength §; of the reflected 1-wave in the
interaction between the 4-weak wave a4 and the strong vortex sheet from below, that is,

81 = Koras, |Koil < 1.

Another essential estimate is the estimate of the strength 84 of the reflected 4-wave in the
interaction between the 1-weak wave 8 and the strong vortex sheet from above is also less
than one, that is,

Ss=Kup, 1K<l

The third essential estimate is the interaction estimate between the boundary and weak
waves.

Based on the construction of the modified Glimm scheme and the new interaction es-
timates, we successfully identified a Glimm-type functional by both incorporating the
Lipschitz wall and the strong vortex sheet naturally and tracing the interactions not only
between the boundary and weak waves but also between the strong vortex sheet and weak
waves so that the Glimm-type functional monotonically decreases in the flow direction.
Another essential estimate is to trace the approximate supersonic vortex sheets in order to
establish the nonlinear stability and asymptotic behavior of the strong vortex sheet under
the BV boundary perturbation. For more details, see [87].

6. Multidimensional steady transonic problems

In this section we discuss another important class of multidimensional steady problems:
transonic problems. In the last decade, a program has been initiated on the existence and
stability of multidimensional transonic shocks, and some new analytical approaches in-
cluding techniques, methods and ideas have been developed. We focus here on the po-
tential flow equation for the velocity potential ¢ : 2 € R — R, which is a second-order
nonlinear equation of mixed elliptic—hyperbolic type,

div(p(IVel*)Ve) =0, xe 2 CRY, (6.1)
where the density p(g?) is

p(qz) _ (1 _ eqz)l/(y—l)
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with adiabatic exponent y > 1. Equation (6.1) is elliptic at Vg with |Vg| =gq if
p(q*) +24%0'(¢*) > 0

and hyperbolic if
p(q%) +24%0'(¢*) <O.

We are interested in compressible potential flows with shocks. Let 2 and £2~ be open
subsets of £2 such that

Rtne =9, RTUR- =20, S=RTNR.

Let ¢ € C%1(£2) be a weak solution of (6.1) and in C 1(2%) so that V¢ experiences a
jump across S that is a (d — 1)-dimensional smooth surface. Then ¢ satisfies the following
Rankine-Hugoniot conditions on &

[pls =0,  [p(IVe*)Ve n]g=0, 6.2)

where n is the unit normal to S from £~ to 27, and the bracket denotes the differ-
ence between the values of the function along S on the 2% sides. Moreover, a function
¢ € C1(22%), which satisfies | V| < /2/(y — 1), (6.2), and equation (6.1) in 2%, respec-
tively, is a weak solution of (6.1) in the whole domain £2. Set ¢+ = ¢|o+. Then we can
also write (6.2) as

¢t=¢~ onS (6.3)
and
p(]V(p+]2)V<p+ ‘n= ,o(tha_[z)V(p_ ‘m onS. (6.4)

Note that the function

-1 /(=1
®(p) = (1 = y—2~p2) p 6.5)

is continuous on [0, «/2/(y — 1) ] and satisfies

P(p)=>0 forpe(O, /i), <1>(0)=<P< i):(), (6.6)
y —1 y—1

2
0<®'(p) <1 on(0,cy), @'(p) <0 on (c*, ;——1>, 6.7)

®"(p) <0 on (0, c.], (6.8)
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where ¢, = +/2/(y + 1) is the sonic speed, for which a flow is called supersonic if
V| > ¢4 and subsonic if [Vg| < 4.
Suppose that ¢ € C1(2%) is a weak solution satisfying

[Vp| <cx 1n foam V| >c,. 1n£27, V(pi~n|5>0. 6.9)

Then ¢ is a transonic shock solution with transonic shock S dividing £2 into the subsonic
region 27 and the supersonic region §2~ and satisfying the physical entropy condition
(see [100])

p(IVgo_lz) < p(|V<p+|2) along S. (6.10)

Note that (6.1) is elliptic in the subsonic region and hyperbolic in the supersonic region.
Let (x1, x) be the coordinates in R?, where x; € R and X' = (x2,...,xy) € R4, Fix
Vo € RY, and let

po(x):=Vp-x, Xx¢€ RY,

If Vo] € (0, ci) (resp. [Vo| € {c«, v/2/(y — 1)), then ¢p(xX) is a subsonic (resp. super-
sonic) solution in R?, and Vo = Vi is its velocity.

Letg, >0and Vj € R4~ be such that the vector Vi = (g, , Vy) satisfies [V'[ > cx.
Then, using the properties of function (6.5), we conclude from (6.6)—(6.8) that there exists
a unique q(;“ > 0 such that

y—1 , iy—1
(-5 P+ vaP)
—1 I/ty—1
= (1 - )’T(\qg{2+ |V6\2)> 9 - 6.11)

The entropy condition (6.10) implies q(;r < g, - By denoting Var = (qéF , V) and defining
functions

(poi(x) = VOi -X on Rd,

then <paL (resp. ¢, ) is a subsonic (resp. supersonic) solution. Furthermore, from (6.4)
and (6.11), the function

o (X) :=min(gy (%), g5 (X))

Vi X, xe 2y = {xeR’ x; <0},
=17 0 , (6.12)
V, 'x, xef:={xeR’ x>0},

is a plane transonic shock solution in RY, 2, and .Q(')* are respectively its subsonic and su-
personic regions, and S = {x; = 0} is a transonic shock. Note that, if V’O =0, the velocities
VOi are orthogonal to the shock S and, if V{, # 0, the velocities are not orthogonal to S.
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In order to deal with multidimensional transonic shocks in an unbounded domain $2, we
define the following weighted Holder seminorms and norms in a domain D C R¢.

Let x —.8x be a given nonnegative function defined on D, which will be specified in
each case we consider below. Let 8y y := min(dx, 8y) for x,y e D. Fork e R, a € (0, 1)
and m € Z, we define

W% o= sup(8+|DPux))),

|Bl=mX€
IDPu(x) — DPu(y)|
W 5= suwp (5m+“+k , (6.13)
m.D ml:mx,ye’D,x;éy x¥ x -yl
k
a0 = §;[u]§3m, 1l %, =1l o+ 15, 5.

where Df =88 ... 9% B = (B1,..., Bs) is a multiindex with 8; >0, 8; € Z and |B| =
B1 + -+ + Ba. We denote by [|u|l;n.«.p the (nonweighted) Holder norms in a domain D,
i.e., the norms defined as above with 8y = 8y y = 1.

6.1. Transonic shock problems in R?
We now consider multidimensional perturbations of the uniform transonic shock solu-
tion (6.12) in the whole space R? with d > 3.

Since it suffices to specify the supersonic perturbation ¢~ only in a neighborhood of the
unperturbed shock surface {x; = 0}, we introduce domains

Q= (—1,00) x R, Q)= (—1,1) x R,

Note that we expect the subsonic region £27 to be close to the half-space Q(;r = {x; > 0}.
We use the norms in (6.13) with the weight function

0 =1+x]
and consider the following problem.

PROBLEM 6.1. Given a supersonic solution ¢~ (x) of (6.1) in £21 satisfying that, for some
o >0,

“¢ - g00 “;da 21 g (614)

with o > 0 small, find a transonic shock solution ¢(x) in £2 such that

27 C Ly, px)=¢ (x) inQ7,
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where 27 =2\ 27 and 27 :={x € 2: |Vp(X)| < ¢4}, and

p=9 , O, =0q¢ onixy=-1}, (6.15)

Rlimoo ”‘/’ -9 ”cl(m\BR(o» =0. (6.16)

Condition (6.15) determines that the solution has supersonic upstream, while condition
(6.16) determines, in particular, that the uniform velocity state at infinity in the downstream
direction is equal to the unperturbed downstream velocity state. The additional requirement
in (6.16) that ¢ — (p:)r at infinity within 2% fixes the position of shock at infinity. This
allows us to determine the solution of Problem 6.1 uniquely.

Then we have the following theorem (see [62]).

THEOREM 6.1. Let |(g, , V()| € (cx, v/2/(y — 1)) and qa' € (0, ¢y) satisfy (6.11), and
let @o(x) be the transonic shock solution (6.12). Then there exist positive constants oy,
C| and Co depending onlyon d, v, «, |V6| and q,, such that, for every o < oy and any
supersonic solution ¢~ (X) of (6.1) satisfying the conditions stated in Problem 6.1, there
exists a unique solution ¢(x) of Problem 6.1 satisfying

lo = ¢ uza o+ S (6.17)
with 27 defined in Problem 6.1. In addition,

2t ={x > f(x)}, (6.18)
where f:R?™! - R satisfies

(d-2)

115 o ga—t < C20, (6.19)
that is, the shock surface

S={(x1.x): ;i = f(x),X € Rd_l}
is in C*> and converges at infinity, with an appropriate algebraic rate, to the hyperplane

So = {x1 =0}.
Moreover, there exist a nonnegative nondecreasing function ¥ € C([0, 00)) satisfying
¥ (0) = 0 and a constant oy depending only on d, v, «, [V’OI and q, such that, if o < oy

and smooth supersonic solutions ¢~ (X) and ¢~ (X) of (6.1) satisfy (6.14), the unique solu-
tions ¢(x) and $(X) of Problem 6.1 for ¢~ (x) and ¢~ (X), respectively, satisfy

1o = Fl T2 < (o™ =070, (6.20)

where fo(x') and Jo (X') are the free boundary functions of ¢(x) and ¢(x) in (6.18), re-
spectively.
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This existence result can be extended to the case that the regularity of the steady pertur-
bation ¢~ is only C!:1. That is, (6.14) can be replaced by

lo™ =5 |10 <o 6.21)

Another related problem is the stability of transonic shocks near a spherical transonic
shock, which can be established by following similar arguments (see [60,62]).

6.2. Nozzle problems involving transonic shocks

We now consider multidimensional transonic shocks in the following infinite nozzle £2
with arbitrary smooth cross-sections

Q=wAxR) N {x > -1}, (6.22)

where A C RY~! is an open bounded connected set with a smooth boundary, and
¥ :RY — R? is a smooth map, which is close to the identity map. For simplicity, we as-
sume that

dA isin Cl/21H3a IV — /2143080 <O (6.23)

for some « € (0, 1) and small ¢ > 0, where [s] is the integer part of s, [ ‘RY — RY is the
identity map, and 9;82 := ¥ (R x 3A) N {x; > —1}. Such nozzles especially include the
slowly varying de Laval nozzles [100,336]. For concreteness, we also assume that there
exists L > 1 such that

¥(x)=x foranyx=(x;,x') withx; > L, (6.24)

that is, the nozzle slowly varies in a bounded domain as the de Laval nozzles.
In the two-dimension case, the domain £2 defined above has the following simple form

2= {(x1,xz): x1>—=1,b"(x) <xp < b+(xz)},

where ||b* — boiO[[4,a‘R <o and b* = boiO on [L, o0) for some constants bfo satisfying
bl > by,

For the multidimensional case, the geometry of the nozzles is much richer.

Note that our setup implies that 32 = 9,52 U 9;§2 with

92 :=l1/[(—oo, 00) X BA] N {(xl,x'): x> —1},
3,82 := W ((—00,00) x A)N{(x1,x): x; =—1}.

Then our transonic nozzle problem can be formulated into the following form.
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PROBLEM 6.2 (Transonic nozzle problem). Given the supersonic upstream flow at the
entrance 9,52,

P=¢,s 9=V, ond, (6.25)
the slip boundary condition on the nozzle boundary 4,2,

Vg-n=0 onds2, (6.26)
and the uniform subsonic flow condition at the infinite exit x| = oo,

o) — wx; HC‘(QO(,\'1>R}) — 0 as R — oo for some w € (0, ¢,), (6.27)
find a multidimensional transonic flow ¢ of problem (6.1) and (6.25)—(6.27) in £2.

The standard local existence theory of smooth solutions for the initial-boundary value
problem (6.25) and (6.26) for second-order quasilinear hyperbolic equations implies that,
as ¢ is sufficiently small in (6.23) and (6.30), there exists a supersonic solution ¢~ of (6.1)
in

which is a C/*! perturbation of ¥y =¢qq x1: Forany « € (0, 1],

o™ 0 |, < Coo. 1=1.2 (628
for some constant Cy > 0, and satisfies

Vo™ -n=0 on /82, (6.29)
provided that (¢, , ¥, ) on 3,2 satisfies

\9e = dg xt] o + W7 —4g [ v <o 1=12, (6.30)

for some integer s > d /2 + 1 and the compatibility conditions up to order s + 1, where the
norm | - || g is the Sobolev norm with H* = W*-2.
Then we have the following theorem (see [61]).

THEOREM 6.2. Let g, € {(cx,/2/(y — 1)) and qS‘ € (0, cx) satisfy (6.11), and let ¢y be
the transonic shock solution (6.12) with V' = 0. Then there exist oy > 0, Cy and C», de-
pendingonlyond, a, vy, q, , A and L, such that, for every o € (0, 0¢), any map ¥ satisfy-
ing (6.23) and (6.24), and any supersonic upstream flow (¢, , ;) on 3,52 satisfying (6.30)
with | = 1, there exists a solution ¢ € C%1(§2) of Problem 6.2 satisfying

Tey={n> X)), 2 @={a <)} (6.31)

”‘P 2] H La.o- S Cio, lJV‘/’ - q(;Lel ”0.0.9+ < Go0.
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Moreover, this solution satisfies ¢ € C%1(£2) N C®(27F) and the following properties.
(i) The constant w in (6.27) must be q'*,

w=gq", (6.32)
where g is the unique solution in the interval (0, c,) of the equation
2
p((¢7))a =07 (6.33)

with
= Voo, | 2V~ A
¢ T 4] agp(] x,%‘ + (v ) ) dH

Thus, ¢ and g™ satisfy
+
H(p—q xl“C‘(Qﬂ{x1>R})_>0 as R — oo (6.34)
and
lgt —q | < Cro. (6.35)
(it) The function f(x') in (6.31) satisfies
g re-t < Cao, (6.36)
and the surface S = {(f (x'),x): X' € RA=1YN$2 is orthogonal to 32 at every intersection
point. L
(iil) Furthermore, ¢ € CL-9(2+) with

lo —a"x1] 4 g+ < Coo. (6.37)

In addition, if the supersonic uniform flow (¢, , ¥, ) on 0,52 satisfies (6.30) with [ =2,
then the solution ¢ € C**(27) with

lo—a" x4 0r < Cao,

and the solution with a transonic shock is unique and stable with respect to the nozzle
boundary and the smooth supersonic upstream flow at the entrance.

When the initial data (¢, , ¥, ) = (=, , ¥, ) is constant and the nozzle
2N{-1<xn<—-1+¢}=[-1,—-1+¢e]x A forsomee >0

as the de Laval nozzles, then the compatibility conditions are automatically satisfied. In
fact, in this case, ¢~ (X) = ¥, x1 is a solution near x; = —1 in the nozzle.
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When d = 2, condition (6.30) for the supersonic upstream flow (¢, , ¥, ) on 9,82 in
Theorem 6.2 can be replaced by the C 3_condition,

loe +ag s+ v —4g |2 <0, (6.38)

which can be achieved by following the arguments in [216]. For the isothermal gas y = 1,
the same results can be obtained by following similar arguments.

The techniques have been extended and applied to the nozzle problem for the full Euler
equations in [57].

Other transonic problems include the stability of transonic flows past infinite nonsmooth
wedges or cones which are under investigation with the aid of the approaches which will
be discussed in Section 6.3.

A further problem is subsonic flow past an airfoil or an obstacle. Shiffman [297],
Bers [18] and Finn and Gilbarg [136] studied subsonic (elliptic) solutions of (6.1) outside
an obstacle when the upstream flows are sufficiently subsonic; also see {125]. Morawetz
in [250] first showed that the flows of (6.1) past an obstacle may contain transonic shocks
in general. An important problem is to construct global entropy solutions of the airfoil
problem (see [251,253] and [141]).

6.3. Free boundary approaches

We now describe two of the free boundary approaches for Problems 6.1 and 6.2, developed
recently in [60-62].

6.3.1. Free boundary problems. The transonic shock problems can be formulated into a
one-phase free boundary problem for a nonlinear elliptic equation: Given ¢~ € C1¥(£2),
find a function ¢ that is continuous in £2 and satisfies

¢ <@ in $2, (6.39)

equation (6.1), the ellipticity condition in the noncoincidence set 2+ = {¢ < ¢}, the free
boundary condition (6.4) on the boundary S = 32* N £2, as well as the prescribed condi-
tions on the fixed boundary 952 and at infinity. These conditions are different in different
problems, for example, conditions (6.15) and (6.16) for Problem 6.1 and (6.25)—(6.27) for
Problem 6.2.

The free boundary is the location of the shock, and the free boundary conditions
(6.3) and (6.4) are the Rankine—Hugoniot conditions in (6.2). Note that condition (6.39)
is motivated by the similar property (6.12) of unperturbed shocks; and (6.39), locally on
the shock, is equivalent to the entropy condition (6.10). Condition (6.39) transforms the
transonic shock problem, in which the subsonic region £2 is determined by the gradient
condition |V (x)| < ¢4, into a free boundary problem in which £ is the noncoincidence
set.

In order to solve this free boundary problem, equation (6.1) is modified to be uniformly
elliptic and then the free boundary condition (6.4) is correspondingly modified. Then this
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modified free boundary problem is solved. Since ¢~ is a small C* perturbation of ®g >
the solution ¢ of the free boundary problem is shown to be a small C-* perturbation of the
given subsonic shock solution <,0(J)r in 27, In particular, the gradient estimate implies that
@ in fact satisfies the original free boundary problem, hence the transonic shock problem,
Problem 6.1 (Problem 6.2, respectively).

The modified free boundary problem does not directly fit into the variational frame-
work of Alt and Caffarelli {4] and Alt, Caffarelli and Friedman [5], as well as the regu-
larization framework of Berestycki, Caffarelli and Nirenberg [16]. Also, the nonlinearity
of the free boundary problem makes it difficult to apply the Harnack inequality approach
of Caffarelli [38]. In particular, a boundary comparison principle for positive solutions of
nonlinear elliptic equations in Lipschitz domains is not available yet for the equations that
are not homogeneous with respect to Vzu, Vu and u, which, however, is our case.

6.3.2. Iteration approach. The first approach we developed in [60,61] is an iteration
scheme based on the nondegeneracy of the free boundary condition: the jump of the normal
derivative of a solution across the free boundary has a strictly positive lower bound. Our
iteration process is as follows: Suppose the domain Q,j is given so that Sy := 8(2,:F \ 982
is C1*. Consider the oblique derivative problem in .Q,:L obtained by rewriting the (modi-
fied) equation (6.1) and free boundary condition (6.4) in terms of the function u := ¢ — <,05L .
Then the problem has the following form:

divA(x,Vu) = F(x)  in 2, :={u>0},
(6.40)
A(x,Vu) -n=G(x,n) onS:=32;\a,

plus the fixed boundary conditions on 8.(2,:r N 352 and the conditions at infinity. The equa-
tion is quasilinear, uniformly elliptic, A(x, 0) =0, while G(x, n) has a certain structure.
Let ug € C1*($2;f) be the solution of (6.40). Then flu; , o+ is estimated to be small
if the perturbation is small, where appropriate weighted Holder norms are actually needed
in the unbounded domains. The function ¢ := (,08r + uy from .(2,(+ is extended to £2 so that
the C1* norm of ¢ — <,05r in £2 is controlled by ||ug ”1.01,!2:“ Define

.Qal ={xe2: g(x) <9~ ()}
for the next step. Note that, since [|¢r — <pglllya,g and [l¢” — @ ll1,0.2 are small, we have
|Vo™| = Ve[ 28>0 ing2,

and this nondegeneracy implies that Sg41 1= E)S.?,:L L1 \082isC L. and its norm is estimated
in terms of the data of the problem.

The fixed point £27 of this process determines a solution of the free boundary problem
since the corresponding solution ¢ satisfies 27 = {¢ < ¢~} and the Rankine—Hugoniot
condition holds on S := 321 N 2.
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On the other hand, the elliptic estimates alone are not sufficient to get the existence
of a fixed point, because the right-hand side of the boundary condition in problem (6.40)
depends on the unit normal n of the free boundary. One way is to require the orthogonality
of the flat shocks so that

p(|Ves )Ves = (Ve ) Ve, in 22 641)
to obtain better estimates for the iteration and to prove the existence of a fixed point. Note
that (6.41) is a vector identity, and the Rankine—Hugoniot condition (6.4) is the normal part
of (6.41) on the unperturbed free boundary Sg.

The uniqueness and stability of solutions for the transonic shock problems are obtained
by using the regularity and nondegeneracy of solutions.

For more details, see [60,61].

6.3.3. Partial hodograph approach. The second approach we developed in [60,62] is a
partial hodograph procedure, with which we can handle the existence and stability of mul-
tidimensional transonic shocks that are not nearly orthogonal to the flow direction. One of
the main ingredients in this new approach is to employ a partial hodograph transform to re-
duce the free boundary problem to a co-normal boundary value problem for the correspond-
ing nonlinear second-order elliptic equation of divergence form in unbounded domains and
then develop techniques to solve the co-normal boundary value problem in the unbounded
domain. To achieve this, the strategy is to construct first solutions in the intersection do-
mains between the physical unbounded domain under consideration and a series of half-
balls with radius R, then make uniform estimates in R, and finally send R — oo. It requires
delicate a priori estimates to achieve this. A uniform bound in a weighted L* norm can be
achieved by both employing a comparison principle and identifying a global function with
the same decay rate as the fundamental solution of the elliptic equation with constant co-
efficients which controls the solutions. Then, by scaling arguments, the uniform estimates
can be obtained in a weighted Holder norm for the solutions, which lead to the existence
of a solution in the unbounded domain with some decay rate at infinity. For such decaying
solutions, a comparison principle holds, which implies the uniqueness for the co-normal
problem. Finally, by the gradient estimate, the limit function can be shown to be a solu-
tion of the multidimensional transonic shock problem, and then the existence result can
be extended to the case that the regularity of the steady perturbation is only C'!. We can
further prove that the multidimensional transonic shock solution is stable with respect to
the C>* supersonic perturbation.
When the regularity of the steady perturbation is C> or higher, that is,

,‘ d-1)

le™ =5 300, <O (6.42)

we introduced another simpler approach to deal with the existence and stability problem.
We also extend the approach by using the partial hodograph transform in the radial di-
rection in the polar coordinates to establish the existence and stability of multidimensional
transonic shocks near spheres in R4, d > 3. The case d = 2 can also be handled with simi-
lar approaches.
Another approach can be found in [40,41,357].



64 G.-Q. Chen

7. Multidimensional unsteady problems

In this section, we introduce some sample multidimensional time-dependent problems with
a simplifying feature that the data (domain and/or the initial data) coupled with the structure
of the underlying equations obey certain geometric structure so that the multidimensional
problems can be reduced to lower dimensional problems with more complicated couplings.
Different types of geometric structure call for different techniques.

The Euler equations for compressible fluids with geometric structure describe many
important fluid flows, including spherically symmetric flow and self-similar flow. Such
geometric flows are motivated by many physical problems, such as shock diffraction, su-
pernovae formation in stellar dynamics, inertial confinement fusion, and underwater ex-
plosions. For the initial data with large amplitude having geometric structure, the physical
insight we seek is

(a) whether the solution has the same geometric structure globally,

(b) whether the solution blows up to infinity in a finite time, for example, the density
near the origin for spherically symmetric flow.

These questions are not easily understood in physical experiments and numerical simula-
tions, especially for the blow-up, because of the limited capacity of available instruments
and computers.

7.1. Spherically symmetric solutions

The first problem is the study of singularity at the origin for the Euler equations for isen-
tropic or adiabatic fluids under spherical symmetry in R, d > 2. The singularity at the
origin makes the problem truly multidimensional. The central difficulty of this problem
in the unbounded domain is the singularity at the origin and the reflection of waves from
infinity and their strengthening as they move radially inwards.

Consider the Cauchy problem for (1.11),

(p, m);=0 = (po(x), mp(x)) (7.1)

with the following geometric structure,

(po(x), mo(x)) = (po(lxi), mo(lxl)1>, (7.2)

x|

where mq(x) is a scalar function of x = [x| > 0. Such a problem describes dynamic behav-
ior of many physical problems with spherically symmetric initial structure such as explo-
sion waves in air and other media [100,336]. Motivated by the physical experiments, we
look for the solutions with spherical symmetry

p(tx)=p(t1x),  m@,x) =mt, lxl)l—;. (7.3)
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The function (p, m)(z, x), x = [x|, is determined by the one-dimensional isentropic Euler
equations with geometric source terms

0;p -+ 0cm =—‘[A;,1m, x>0,

) ) (74)
dim + 3, (% + p(p)) = — A1,

It is evident that the density p blows up as x| — 0 in general, for instance, for the fo-
cusing case. One of the challenging open problems is to understand the order of singularity

p(t, 1x1) ~ x|~

for bounded Cauchy data.

On the other hand, a criterion was observed in [54] for L®° Cauchy data functions of
arbitrarily large amplitude to guarantee the global existence of L° spherically symmetric
solutions which model outgoing blast waves and large-time asymptotic solutions.

THEOREM 7.1. Consider the Cauchy problem for the Euler equations (1.11) with spheri-
cally symmetric initial data (7.1) and (7.2). Assume that the initial data satisfies

5 = po(x)

po{X) /
0< / PGB gy Mol (1.5)
0

for some constant Cy > 0. Then there exists a global entropy solution (p, m)(t,x) € L™
of the Cauchy problem (1.11) and (7.1)—(7.3) satisfying

0<pt,x<C,  0<|m@,%|<Cpr,x), xeRY, (1.6)

for some constant C > 0 and

1 T
T f (p,m)(t,x)dt - 0 forae.xe RY when T — oo. (1.7)
0

PROOF. This theorem was established in [54] by developing the fractional Godunov
scheme through system (7.4). The proof is divided into five steps, and we now briefly
describe them for the case of polytropic gases with p =«xp?, 1 <y < 2.

Step 1. Construction of approximate solutions via the fractional-step Godunov scheme.
Partition R by the sequence #, = kh, k € Z, with mesh size s and partition R into cells
with the jth cell centered at x; = jI, j € Z, with mesh size [. Denote o' = (p”, mh) as
the approximate solutions satisfying the inequality

!
A= g?é(sup |2 (u")]) < 7 <24 (7.8)
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We will prove that u” (¢, x) have a uniform bound with respect to h so that it is possible to
construct u” (z, x) satisfying (7.8).
Assume that u” (¢, x) have been defined for ¢ < kh. Then we define

1 U+
u"(kh 4 0,x) =u’ —f u’ (kh — 0, x)X" (x)dx,
L1

1 1
<J'—§>l<x< (j+5)l, (1.9)

where X" (x) is the characteristic function on [NI, %], where N = N(Cp) > 0 is some
large constant depending only on Cp > 0, which is solely determined by the initial data
(see (7.18)).

Inthestripkh <t < (k+ Dh, jl <x <G+ DL, j, k€ Z4, we define

h
h h d—1 my(t,x)
1,x) = plt(e, x)(1 — ¢=L t—kh)),,
P (1, x) = pg (¢, x)( — p(,),(,’x)( ),

(7.10)

h
h h d—1my(t.x)
t,x)=mht, x)(1 — =LY o ppyy
m(t, x) =mi(t, x)( ~ p(,),([’x)( ))+

where ug (t, x) are the Riemann solutions of (1.16) with initial data (u];, u’; +1) with respect

tox={(j+1/2)] att = kh.
From this, we define the fractional step Godunov scheme

1 U+1/21
izt / ' (kh — 0, ) X" (x) dx. (7.11)
J LJ-1/21

In this way, for kh <t < (k + 1)h, k > O integers, we have

w{’(l,x)
h h
— Mty h =072y  d—1mplto) (y=1)/2
- ol + (PO (I’X)) (1 X e x) (¢ kh))+ :
b ! (7.12)
w; (¢, x)
" i
_my(t.x) h (y=1)/2 d—1 mg(t.x) (y=1)/2
= Thg oo t,x -2 "(t—kh ,
patx) (o5 1,2) ( X p(l)’(t,x)( ))+

where (w1, wy) are the Riemann invariants introduced in (3.6).

Step 2. L™ estimate for the approximate solutions. There exists C = C(Cp) > 0, inde-
pendent of A, such that

0<p"xy<C,  0<m (e x)<Cp(t,x), (t,x) €RE. (7.13)
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In order to show this estimate, we first need some properties of the Riemann solutions
for the homogeneous Euler equations (1.16) with initial Riemann data

—_=(p-,m_), s >0,
u={u (p—,m_), X <xg,X0 (7.14)

U+E(,0+,m+), X > X0,
and lateral Riemann data

{u],_OZU+, x >0, (7.15)

mlr——-O = 07 r> 07

where py > 0 and m 4 are the constants with |m4/p+| < oo. The discontinuity in the weak
solutions of (1.16) satisfies the Rankine-Hugoniot condition

o(u—up) = f(u) — f(up), (7.16)

where o is the propagation speed of the discontinuity, ug and u are the corresponding left
and right state, respectively. A discontinuity is a shock if it satisfies the entropy condition

o (n(w) — n(up)) — (¢() — g(up)) >0 (7.17)

for any convex entropy—entropy flux pair (7, g).
For the Riemann problems (7.14) and (7.15) for system (1.16), the Riemann solutions
generally contain rarefaction waves and shocks satisfying the following facts.

FACT (i). There exists a unique piecewise smooth entropy solution {p, m)(¢, x) containing
vacuum states on the quarter ¢ 2> 0, x > 0 for each problem of (7.14) and (7.15), at least
locally in time.

FACT (i1). The regions
T ={(p,m): wi <wo, w2 > 20, w1 — w2 >0}

and

wo + 20
2 ={(p,m): w1 <wo,wz =20, w1 —wp =0}, z9<0< —

are invariant for the Riemann problems (7.14) and (7.15) for system (1.16), respectively.
More precisely, if the Riemann data lies in X, the corresponding Riemann solution lies
in X' and its corresponding integral average in x over [a, b] also lies in X. O

With these properties of the Riemann solutions to (1.16), we can now establish esti-
mate (7.13).
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First we have from assumption (7.5) that

PRy [ h
0</0 i(-s—)dsgm,?(x)<co<oo.
0 § po(x)

This means that there exists wy = wy(Cp) > 0 such that

wi(pg (). mg)) Swo,  wa(of (), mf(x)) >0,
wi (pf (x), ml () — wa (ol (x), mli (1)) > 0.

Fact (ii) indicates that, for 0 <7 < h, (pfl, mf) (¢, x) satisfy

wi(pf(t,x), mit, 1)) <wo,  wa(pfi(t, x), mli(t,x)) >0,
wi (pg (£, x), m (2, x)) —wa(pl(t, x), mh(r, x)) > 0,

which means that there exists C = C (Cyp) such that

h
z, —~
Aenz0,  0<mE p o
10() (ts-x)
Choose N = N(Cy) such that

@ —1)C(Co) . d — 1)C(Cp)
— " =1, thatis, N=N(Co)=—"—"-—-. 7.18

TACN atis (€)= "1 (7.18)

Then, for ¢ € [0, k), we have

_ h(t,
P (t,x) = pl ) (1~ L7000 >,
Py (t,x)

mh(t,x) _ mg(t,)r)
Phax) T gy T

For 0 <t < h, we have

wi (", x), mh (1, x)) <wo,  wa(p"(t, x), mP(t, %)) 20,
wi{p"(t, x), m"(t, x)) — w2 (p" (t,x), m" (t,x)) > 0.

Suppose that the above inequality holds for ¢+ < kk. Then, at t = ki, we similarly have
from Fact (i1) that

wi (0" (kh +0, x), m" (kh + 0, x)) < wy,
wa (" (kh +0,x), m" (kh +0,x)) >0,
wi (o (kh + 0, x), m" (kh + 0, x)) — wa(p" (kh + 0, x), m" (kh + 0, x)) > 0.
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It follows from Fact (ii) that, for kh <t < (k + Dh,

wi(pht, x), mbt, )y <wo,  wa(pft, x), mt, x)) >0,
wi(pf (¢, x), mp(t,x)) — wapf(t, x), mj(t, x)) > 0.

Therefore, we have

wi(ph(t, x), m"(t, 1)) <wo,  wa(p"(t,x), m"(t,x)) >0,
wi (,0/’ (t,x), m"(, x)) - wz(ph (t,x),m"(t, x)) =0

from the fact

h
h h d—1my(t.x)
1x) = plit, o) (1 — 421700 ey
Pt x) = pg(t, 1) (1= 5 ey ).

m(.x) _ mg(t..r)
ohixy  ph(rx)

Then we have again
0<p"t.x)<C,  0<m"(t,x) < Cp"(t, ),
where C=C (Cp) is solely determined by the initial data.

Step 3. H™'-compactness of entropy dissipation measures for the approximate solutions.
The measure sequence

n(u"), +4q(u")_ is compactin H (R?) (7.19)
for any weak entropy—entropy flux pair (1, g).

Without loss of generality, we assume that the initial data has compact support because
of the finiteness of propagation speed of approximate solutions, hence one can assume

f po(x)dx+f mo(x)dx+f N+ (00(x), mo(x)) dx < o0,
0 0 0

where

Im K
Ne = 57—

2 p y —1

oY
with corresponding entropy flux

2
L KV e
q*_m(2p2+y—lp )
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For any function ¢ € C*°({I7) with ITr = [0, T] x R, the entropy dissipation measures
can be calculated in the form

//n u")¢; + g (u”)py) dx d

=M"(@) + N"(@¢) + L") + Z"(¢), (7.20)

where
M"(¢) = / o (T, x)n(uf(T, x)) dx / ¢(0, x)n(uf(0,x)) dx
W@ = [ () n(wi)or + (a0) 0o ax

; (j+1/2) i B
=3 [ fuht) ~n))ockh 0

Tk -1
T
Mgy = /0 > {olnlo —qlo}e(r, x(0) dr

where u* = v (kh — 0, x), qﬁk = ¢(kh, jI), the summation is taken over all the shocks
in uO at a fixed time ¢, o is the propagating speed of the shock and [n]o and [g]o denote
the jumps of 77(“0 (t,x)) and q(uO (t, x)) across the shock in u '(t, x) from the left to right,
respectively.

Noting that (p”, m") have compact support in IT7, one can substitute

2
.4.4)=(p.m,1) and (m ’"7 + p(p), 1)

in (7.20). We conclude

JHL/2) d—1
/ mh(kh — 0, x)dxh < C < 0o, (7.21)
G-yt X

U+HUDL g 1 (" " 2
/ A1 kh=0.X))" 4 ) < € < o0, (7.22)
(

j—1/21 X ph(kh —O,X)
using the Rankine-Hugoniot condition (7.16) and noting that

GH1DI d—
Yot Jo (ol — o) dx =3, [ 1/2), Lh (kh -0, x)dx h,

00 hk k _ G+1/DI d=1 (m" (kh—0,x))*
Yt o (me —mi)dx =37 [ oy T “ion - Xk
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Then we choose (17, ¢) = (1x, q+) and ¢ = 1 in (7.20) and use estimates (7.21) and (7.22)
to obtain

T
/ Z{U[n*]o —[g:lo}dr <C, (7.23)

G+l
(j—=1/2)

x V(b +0(ugt —uf))(uit —uf)dodr<C. (724

In particular, since Vzn* > ¢g > 0, we obtain

(j+1/2)
/ ik —ukPdx < o). (7.25)

jko< gLt U1

Noting that ug (t, x) are of the form V(?—i{%), then there exists C(L) < oo such that

kh G+1/2) 5
/ / [ud(t, x) —uf(kh —0,x)|"dx dr < C(L)h.
—1h

k. 0</1<L -l

(7.26)

Then, similarly to the proof of Ding, Chen and Luo [116], we use (7.21)—(7.26) to con-
clude (7.19).

Step 4. Convergence and consistency. Applying Theorem 3.1 with (7.13) and (7.19), we
see that there exist a subsequence (still denoted by) u’(z, x) and an L*° function u(z, x) =
{p, m)(t, x) such that
v’ (¢, x) > u(t, x) ae. whenh — 0,
and
0< plt,x) <C, |m(t, )| < Cpt,x) ae. (7.27)
It now suffices to check the consistency of the limit function (,o, m)(t, x) with (7.4).

For any nonnegative function ¥ (¢, x) € C°°(R ), set ¢ (¢, x) = x4y (s, x) and a(x) =
(d — 1)/x. Then we have

[[[ ()0 + 4l — atoTn(ue (o)) s

+ f n(u"(0,x))¢(0, x) dx
0

=1 +1, (7.28)
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where
I = / /R (r(b)gr +q(uh)ge +a00Vn(uf)g(uh)p) dx de
_/0 n(uf (0, %)) (0, x) dx.

Notice that [u” — ug| <a(x) |g(ug) |h and u” are uniformly bounded. We have

|12 < <h+//supp¢ — g(ug)|dxdr

+ // |Vn(u") — Vi (u})] dxdt) -0 (7.29)
supp ¢

when # — 0. Furthermore,

= Z/ (u}))o (kh, x) dx

k=1

- f/;@ a(x)Vn(ug)g(ug)qbdxdt

=1+ 1. (7.30)
Notice that
(j+1/2)l ik
] = ) ) = n(ul) s
(G—1/2)1
(/+1/2)1 1/2
<cﬂn¢ncu< > / upt —uf|? dx)
0
k0 i Y U1

<CVh—0 (7.31)

when 7 — 0 and

(j+1/2)
‘Z/ dtf a(x) d)Vn( )g(ug)
(k=1)h (J

j—1/21
— ¢ Vn(ugt)g (ugt)) dx

—(+77), (1.32)
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where

k/z (J+1/2)1
\Z A e (e =g auits(uh) 6

G=1/21

< Chlgller =0 (7.33)

when & — O and

A [ a|vn(uit)e(ult) - Valuh)a(uh)] e
{supp #}N$2y,
[ awol el s(ult) - Valuh)s ()] axa
{supp )2y

with £2;, = {(t, x): po(t, x) = h'/*}, and thus

172
J2/7<C<h“1/4<f/ ufy —ul¥ | dxdt) +h1/4><Ch1/4—>0 (7.34)
supp ¢

when i — 0, by using the Holder inequality.
Since (p", m") — (p, m) a.e., then it is routine to use the dominated convergence theo-
rem to show that the function (p, m)(¢, x) determined by the function (p, m)(¢, x),

(p,m><r,x>=(p(r,|x|) (1 Ixl) |) (135)

satisfies the standard notion of entropy solutions.

Finally, notice that the pairs £(p, m) and x(m, m?/p + p(p)) are all convex entropy—
entropy flux pairs. It follows that (p,m) satisfies (7.4} in the sense of distributions.
For (7.4), we take the test function ¢ (¢, x) =« (1) X k(x) with

a(t) € C57(0,00),  a(r) =0,
and

{ XM € C2(0,00), X[ o =1.0< X ) <1,

Xk(x) — X[0.](X) ask— oo

for Lebesgue points xqg € (0, 0c), xo — 0, of the function

00 2
/O <m(t,x)+ ";((tt);)) —i—p(p(t,x)))oz(t)dt.
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Then, adding the two identities and setting k — oo, we have

0 2
fo (M(LXO) + % + p(p(t,XO))>0t(t)dt

o0 fX _ 2
C(TV(a(-))xo—i-/ / Ou<m(t,x)+m(t’x) )a(t)dxdt)
0 Jo X p(t, x)

since fooo(,o(t,x) +m(t,x))dx < C < oo.
Therefore, we have

m(t, x0)*

x>
lim m(t, xg) +
0 < p{t, x0)

x0—0

plp, XO))>Ot(t) dr =
for any a(t) € C3°(0, 00) by using

o0 £OC ] 2
// —————m(tx)dxdt—}-// d=1mt. 0" 4 4r< € <.
0 x  plL,x)

Similarly, we take (n,q) = (p,m) and (m, ”’72 + p(p)) in (5.3), respectively, and take
@ (t, x) = ol (1) X (x) with

/(1) € C§°(0,00), o[y, ,=1,0<a/ ()<L,

ozl(t) — x0,71(t) asl— oo,
TV(al(-)) <C, C independent of /,

and

{ Xk e P, 00), XM n i =10<X )<L,

Xk(y) — Xxo.x](¥) ask — oo for x € [xp, 00).

Adding the two identities and letting k — oo, we have

T 2
%/ <m(r,x)+m(t’x) +p(p(t,x))>al(t)dt
0

p(t, x)

1 [o9)
<TVEO) swp [ (o) mie, ) dy

0<i<T Jo

1 [®f*d-1 m(t, y)*
+?/o /xo x (m(t’yH p(t,y))dydt
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17 m(t, x0)*
+ 7/0 (m(t,xo) + ——p(t,xo) + p(,o(t,xo))> dr

(S m(t, x0)?
<C(7+7/0 (m(f:xO)‘f‘m‘f‘P(ﬁ(’axO)))dt)-

Set xg — 0 and then [ — 00. We obtain

17 1, x)? C
?/0 (m(t,x)—kn;((t’);)) +p(p(t,x)))dt<? forae. x e R,.

This implies that
I
?/o (p,m)(t,x)dt - (0,0) forae.x eRyasT — oo,

which arrives at (7.7). This completes the proof. |

7.2. Self-similar solutions

The second type of geometric structure is self-similarity. One of the most challenging
problems is to study solutions with data that give rise to self-similar solutions (such so-
lutions especially include Riemann solutions) and to develop a unifying framework to treat
hyperbolic—elliptic mixed problems with mixed boundary conditions that are derived from
compressible flows.

Compressible flow equations in two space dimensions with one or more linearly de-
generate modes of wave propagation have additional difficulties. In that case, the global
flow is governed by a reduced (self-similar) system which is of both (hyperbolic—elliptic)
mixed and composite type in the subsonic region. The linearly degenerate waves give rise
to one or more families of degenerate characteristics which remain real in the subsonic re-
gion. The reduced equations typically couple a hyperbolic—elliptic mixed problem for the
density and/or the pressure with a hyperbolic (transport) equation for the vorticity.

For the Euler equations (1.4) for x € RZ, self-similar solutions

(0. ut,uz, p) = (p. 1y, 2. pYE. M), <s,n)=§,

are determined by

3% (pU) + 0, (pV) = —2p,

3 (pU? + p) + 0,(pUV) = —=3pU,

d(pUV) +3,(pV? + p) =—3pV,

3% (U(E + p)) + 8, (V(E + p)) = —2(E + p),

(7.36)

where (U, V) = (u; — &, uz — n) is the pseudovelocity and E = p(e + (U?*+ Vz)/2).
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It is straightforward to calculate and obtain four eigenvalues
Vv s
Ao = T (two multiplicity)

and

_UV:EC\/U2+V2-—C2

+ = U2—C2 3

where c is the sonic speed.

When U2+ V? > ¢, system (7.36) is hyperbolic with four real eigenvalues and the flow
is called pseudosupersonic.

When U? + V? < ¢?, system (7.36) is hyperbolic—elliptic composite type (two repeated
eigenvalues are real and the other two are complex): two equations are hyperbolic and the
other two are elliptic.

The region U2 + V2 = ¢? in the (&, i) plane is called the pseudosonic region in the flow.

In general, system (7.36) is both hyperbolic—elliptic mixed and composite type, and the
flow is pseudotransonic.

For a bounded solution (o, u1, u3, p), the flow must be pseudosupersonic when & 2y
7% — 0o.

An important prototype problem for both practical applications and the theory of multi-
dimensional complex wave patterns is the problem of diffraction of a shock wave which is
incident along an inclined ramp. When a plane shock hits a wedge head on, a self-similar
reflected shock moves outward as the original shock moves forward (e.g., [15,43,100,150,
252,291,328]). The computational and asymptotic analysis shows that various patterns of
reflected shocks may occur, including regular and Mach reflections. The reflected shock
is a transonic shock in the self-similar coordinates, for which the corresponding equation
changes its type from hyperbolic to elliptic across the shock. There has been no rigorous
mathematical result on the global existence and structure of shock reflections for the poten-
tial flow equation and the full Euler equations. Some results were recently obtained for sim-
plified models. The transonic small-disturbance (TSD) equation in Section 4.3 was derived
and used in [173,177,187,252] and the references cited therein for asymptotic analysis of
shock reflections; and some steps of this analysis have been justified in [40]. Zheng [357]
made an effort on the existence of a regular reflection solution for the pressure gradient
equation when the wedge is close to a flat wall.

It is important to establish the existence and stability of shock reflection solutions and
clarify the transition among regular reflection, simple Mach reflection, double Mach re-
flection, and complex Mach reflection.

A good starting point is the potential flow equation (4.4) for this problem. A self-similar
solution is a solution of the form

X

ql:t(b(é’ 7)), (S, TI)Z_

P
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By introducing the function

€2+772
2

the system can be rewritten in the form of a second-order equation of mixed hyperbolic—
elliptic type

divie. (p(IVe1%, ) Vo) +20(1Vel ¢) =0 (7.37)
with
2 I/y—=D
+ 2z
p(qz,z)=<l—q 5 ) .

Similar to (6.1), equation (7.37) at [Vg| = g is hyperbolic (pseudosupersonic) if

p(q% 2) +ap4(q? 2) <0

and elliptic (pseudosubsonic) if

p(q*.z) +apq(q°.2) > 0.

The nature of the shock reflection pattern has been explored in [252] for weak inci-
dent shocks (strength b) and small wedge angles 26,, by a number of different scalings,
a study of mixed equations, and matching asymptotics for the different scalings, where the
parameter 8 = cleg, /b(y + 1) ranges from O to oo and c; is the sound speed behind the
incident shock. It was shown that, for 8 > 2, regular reflection of both strong and weak
kinds is possible as well as Mach reflection; for 8 < 1/2, Mach reflection occurs and the
flow behind the reflection is subsonic and can be constructed in principle (with an open
elliptic problem) and matched; and for 1/2 < 8 < 2, the flow behind a Mach reflection
may be transonic and the corresponding nonlinear boundary value problem of mixed type
has been discussed. The basic pattern of reflection was shown to be an almost semicircular
shock, for regular reflection, emanating from the reflection point on the wedge and, for
Mach reflection, matched with a local interaction flow. It is important to establish some
rigorous proofs for this problem with the aid of free boundary approaches as discussed
in Section 6.3. Such a rigorous proof for the existence of shock reflection solutions has
successfully been established in [63] when the wedge angle is large.

7.3. Global solutions with special Cauchy data

Several cases of initial data for the Cauchy problem may be solved for constructing global
solutions for the compressible Euler equations (1.11) or (1.4).
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CASE 1. Initial data of the form

_ul—,uy_) ifL(x)<0,xeR2,
<p,u1,uz)l,=o={(p - u2-) LX) (7.38)
(p-{-» UL+, u2+) lfL(X) > Ov

for (1.11). The initial discontinuity L(x) = 0 is a smooth curve which separates the x-plane
into two unbounded parts, and VL is continuous. This Cauchy problem (1.11) and (7.38)
can be considered as a multidimensional generalization of the one-dimensional Riemann
problem. It is also a natural problem from the viewpoint of physics. Conventional self-
similarity transformations or symmetric transformations are not available to such a prob-
lem.

Certain preliminary observations have shown in the case where the global solutions are
connected by two-dimensional rarefaction waves, with the discontinuity L(x) = 0 being
convex or concave, and two initial constants (p—, uj—, uz-) and (p+, u14, uz4) satisfying
a natural relation. A natural strategy is to develop the so-called envelope method and some
particular implicit functions which may enable the construction of the two-dimensional
rarefaction waves to be possible. It has also been observed that the state functions inside the
rarefaction waves and the intermediate state functions between the two rarefaction waves
must be smooth. It is interesting to obtain a complete global solution. For the pressureless
Euler equations, some results have been obtained by Yang and Huang [343].

CASE 2. Initial data of the form

(o, uy-,uz-) if L(x) <0,

(o, ur,u2)li=0 = { (p—ui4,u24)(x) if L(x) >0,

where (p_, u1_, uz_) is a constant state and (o4, u1+, 24 )(X) is a smooth initial function.
It is important to determine the class of initial functions (o4, #14, 424 )(x) which leads to
the existence of two-dimensional global solutions that have only a single shock for such
special initial data. In this regard, see [159] and [160].

CASE 3. Initial data consists of four different constant states u; = (p;, “11’ ué),
i =1,2,3,4, corresponding to four quadrants with a special relationship among the states,
so that the unfolding solution at infinity consists of only one rarefaction wave along the
direction of each semiaxis. Chang, Chen and Yang [44,45] and Lax and Liu [203] have sim-
ilar numerical results for this case. The contour curve of the density p is simple: the two
groups of planar rarefaction waves, Ry, (along the nt axis) and R4y (along the £ axis),
R34 (along the ™~ axis) and R,3 (along the £~ axis), are connected by a family of straight
lines & + n = a, where « is a constant parameter. Hence, o is symmetric about £ —n =«
for a particular &, while the contour curve of the self-Mach number is relatively complex
but follows some rules.

It is interesting to construct two-dimensional global solutions to the Euler equa-
tions (1.11) with this type of initial data. The idea is first to estimate the solution of p
from its contour curve, then to plug p into equations (1.11), according to the symmetry
of p, so as to construct 1| and u;.
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8. Divergence-measure fields and hyperbolic conservation laws

Naturally, we want to approach the questions of existence, stability, uniqueness, and long-
time behavior of entropy solutions for multidimensional compressible flows for fluids
(as represented by the Euler equations of inviscid flows such as system (1.4) and sys-
tem (1.11)) and solids (as represented by the equations of nonlinear elastodynamics such
as system (4.15), (4.17) and (4.18)) with as much generality as possible. In this section,
we discuss some recent efforts in developing a theory of divergence-measure fields to con-
struct a global framework for studying solutions of multidimensional compressible flows
and, more generally, hyperbolic systems of conservation laws.

8.1. Connections

Consider a system of hyperbolic conservation laws in d space dimensions in (1.1). As men-
tioned earlier, the main feature of nonlinear hyperbolic conservation laws (1.1), especially
(1.4) or (1.11), is that, no matter how smooth the initial data is, solutions may develop
singularities and form shock waves and vorticity waves, among others, in finite time. For
the one-dimensional problem of (1.1), in particular, for the one-dimensional version of
the Euler equations (1.15) or (1.17) in Lagrangian coordinates, one may expect solutions
in BV; this is indeed the case by Glimm’s theorem [145] which indicates that there exists a
global entropy solution in BV when the initial data has sufficiently small total variation and
stays away from vacuum. On the other hand, when the initial data is large, even away from
vacuum, solutions may develop vacuum instantaneously as ¢ > O or approach the vacuum
states indefinitely. In this case, the specific volume T = 1/p may become a Radon measure
or an L! function, rather than a BV function (cf. [332]).

In particular, we emphasize again that, as discussed in Section 2.6, the BV bound gener-
ically fails for multidimensional hyperbolic conservation laws. In general, for multidimen-
sional conservation laws, especially the Euler equations, because of complex interactions
among shocks, rarefaction waves, vortex sheets, and vorticity waves, solutions of (1.1) are
expected to be in the following class of entropy solutions:

() u(t,x) € MRy or LP (R, 1< p < o0,

(i1) u(¢, x) satisfies the Lax entropy inequality

oy = m(u(r,x)) + Vx - q(u(r,x)) <O in the sense of distributions,  (8.1)

for any convex entropy—entropy flux pair (7,q):R" — R x R so that n(u(t,x)) and
g(u{t, x)) are distributions.

One of the main issues in conservation laws is to study the behavior of solutions in
this class to explore all possible information on solutions, including large-time behavior,
uniqueness, stability, and existence of traces, with neither specific reference to any partic-
ular method for constructing the solutions nor additional regularity assumptions.

The Schwartz lemma infers from (8.1) that the distribution (1, is in fact a Radon mea-
sure,

divi o (n(u(r, ©), q(u, x)) € M(REH.



80 G.-Q. Chen

Furthermore, when u € L, this is also true for any C? entropy—entropy flux pair (1, q)
(1 not necessarily convex) if (1.1) has a strictly convex entropy, which was first observed
in [51].

More generally, we have the following definition.

DEFINITION. Let D C RV be open. For 1 < p < oo, F is called a DM”(D) field if
Fe LP(D;R") and

¥l ppr oy = IFll Lo pryy + I divF | amep) < 00, (8.2)
and the field F is called a DM®(D)-field if F € M(D; R") and
IR ppenpy = |(F.divF)| Dy < 00 (8.3)

Furthermore, for any bounded open set D C RV, F is called a DM{ (R") field if
F e DMP (D), and F is called a DM le(’)‘ct(RN ) if F € DM®Y(D). A field F is simply called

a DM field in D if F e DMP(D), 1< p < oo, or F € DM*Y(D).

It is easy to check that these spaces, under the respective norms ||F|lpsyepy and
[[Fll pgsexe(py are Banach spaces. These spaces are larger than the space of BV fields. The
establishment of the Gauss—Green theorem, traces, and other properties of BV functions
in the 1950s (cf. [133]; also [8,144,330]) has significantly advanced our understanding of
solutions of nonlinear partial differential equations and related problems in the calculus of
variations, differential geometry and other areas, especially for the one-dimensional theory
of hyperbolic conservation laws. A natural question is whether the DM fields have similar
properties, especially the normal traces and the Gauss—Green formula to deal with entropy
solutions for multidimensional conservation laws. At a first glance, it seems impossible
due to the Whitney paradox [338].

EXAMPLE 8.1 (Whitney paradox [338]). The field

-y Y1
F(yi,y2) = (—— ——)
yi+yE i+ y2

belongs to DMIIOC(Rz); however, for 2 = (0, 1) x (0, 1),

f divF=0# | F.ndH!=_,
o) e 2

if one understands F - n in the classical sense. This implies that the classical Gauss—Green
theorem fails.

EXAMPLE 8.2. For any u; € M(R),i =1, 2, with finite total variation,

F(y1,y2) = (111(32), ua(y1)) € DM (R?).
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A nontrivial example of such fields is provided by the Riemann solutions of the one-
dimensional Euler equations in Lagrangian coordinates for which vacuum generally de-
velops (see [69]).

On the other hand, motivated by various nonlinear problems from conservation laws, as
well as for rigorous derivation of systems of balance laws with measure source terms from
the physical principle of balance law and the recovery of Cauchy entropy flux through the
Lax entropy inequality for entropy solutions of hyperbolic conservation laws by capturing
entropy dissipation, a suitable notion of normal traces and corresponding Gauss—Green
formula for divergence-measure fields are required.

Some earlier efforts were made on generalizing the Gauss—Green theorem for some
special situations, and relevant results can be found in [9] for an abstract formulation
for F € L™, Rodrigues [283] for F € L%, and Ziemer [358] for a related problem for
divF € L'; also see [12,36] and [359]. In [67], an explicit way to calculate the suitable nor-
mal traces was first observed for F € DM, under which a generalized Gauss—Green the-
orem was shown to hold, which has motivated the establishment of a theory of divergence-
measure fields in [67,69,83,84].

8.2. Basic properties of divergence-measure fields
Now we list some basic properties of divergence-measure fields.

PROPOSITION 8.1. (i) Let {F;} be a sequence in DM? (D) such that

F;~F inL] (D;R") for1< p < oo, (8.4)

F; >F inLZ(D;RY) for p=oco. (8.5)
Then

¥l D) < hmjifgo [¥;llLr D), [divF|(D) < limjiilgoldiVFjl(D)'

(i) Let {F;} be a sequence in DM®*'(D) such that
F;, ~F in MIOC(’D; RN).
Then

[F|(D) <lim inf [F;|(D),  |divF|{(D)<lim inf |divF;|(D).
j—oo j—o0

In particular, if ¥ has compact support in D, then

[divF;|(D) — |divFI(D) as j— oo.
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This proposition immediately implies that spaces DM (D), 1 < p < 0o, and DM (D)
are Banach spaces under norms (8.2) and (8.3), respectively.

PROPOSITION 8.2. Let {F;} be a sequence in DM (D) satisfying

lim [divF;[(D) =|divF|(D)
J >0

and one of the following three conditions

F,—~F inL]

loc

(D;RN)forl < p <00,
F; ¥ in L2 (D; RN)forpzoo,
F;—~F in Mioc(D;R").

Then, for every open set 2 C D,

|divF|(22 N D) > lim sup |divF;|(£2 N D). (8.6)
j—=o0

In particular, if | divF|(3$2 N D) =0, then

[divF[(£2) = lim |divF;|(£2). (8.7)
j—oo
We now use the standard positive symmetric mollifiers @: R — R satisfying

w@y) e CPRY), o) =0, oy) =o(yl), fRNw(y)dyzl,

suppw(y) C By = {y e R": |yl < 1}.

We denote
a)e(y)zer<X), Fé =F xo°, (8.8)
£
that is,
3 -N y—x
Fé(y)=¢ / F(x)w(———) dx = / F(y + ex)w (x) dx. 8.9
RN £ RN

Then F¢ € C*®(£2; RV) for any £2 € D when ¢ is sufficiently small. We recall that, for any
f.g e LI®RY),

/ frgdx= f fgf dx. 8.10)
RN RN

The following fact for DM fields is analogous to a well-known property of BV functions.



Euler equations and related hyperbolic conservation laws 83

PROPOSITION 8.3. Let F € DM (D). Let 2 € D be open and | divF|(3§2) = 0. Then, for
any ¢ € C(D; R),

Elii%(divFg, pxe)=(divF, oxo).
Furthermore, if F € DM®*(D) and |F|(32) = 0, then, for any ¢ € C(D; RV),
m(F*, xo) = (F, oxa)-
Now we discuss some product rules for divergence-measure fields.

PROPOSITION 8.4. LetF = (F1,..., Fy) € DM(D). Let g € BV N L™®°(D) be such that
1) av,8(y) is |F;|-integrable, foreach j =1,..., N,
(i) the set of non-Lebesgue points of 9y, g(y) has | Fj|-measure zero,
(1) g(y) is (|[F| + |divF|)-integrable,
(iv) the set of non-Lebesgue points of g(y) has (|F| + | div F|)-measure zero.
Then gF € DM (D) and

div(gF) = gdivF + F . Vg. 8.11)

In particular, if F € DM (D), then gF € DM ™ (D) for any g € BV N L®(D); moreover,
if g is also Lipschitz over any compact set in D, then

div(gF) = gdivF + F - Vg. (8.12)

In fact, for F € DM®°(D), one may refine the above result to yield that (8.12) holds
a.e. in a more general case, not only for local Lipschitz functions. In this case, we must
take the absolutely continuous part of Vg. For g € BV, let (Vg), and (Vg)sing denote the
absolutely continuous part and the singular part of the Radon measure Vg, respectively.
Then we have the proposition.

PROPOSITION 8.5. Given F € DM (D) and g € BV N L>®°(D), the identity
div(igF)=gdivF+F. Vg

holds in the sense of Radon measures in D, where g is the limit of a mollified sequence for g
through a positive symmetric mollifier, and F - Vg is a Radon measure, absolutely contin-
uous with respect to |Vg|, whose absolutely continuous part with respect to the Lebesgue
measure in D coincides with F - (V g)ac almost everywhere in D.

8.3. Normal traces and the Gauss—Green formula

We now discuss the Gauss—-Green formula for DM fields over 2 C D by introducing a suit-
able notion of normal traces over the boundary 952 of a bounded open set with Lipschitz
deformable boundary, established in [67,69].
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DEFINITION 8.1. Let £2 € RY be an open bounded subset. We say that 352 is a de-
formable Lipschitz boundary, provided that

(i) forany x € 352, there exist » > 0 and a Lipschitz map y : RV ~! — R such that, after
rotating and relabeling coordinates if necessary,

2nox N ={yeRY: y(y1,....yn-1) <yn} N QX 1),

where Q(x,r) ={yeR": |y, —x;|<r, i=1,..., N},

(ii) there exists ¥ :382 x [0,1] — £2 such that ¥ is a homeomorphism, bi-Lipschitz
over its image, and ¥ (w, 0) = w for any w € 3£2. The map ¥ is called a Lipschitz defor-
mation of the boundary 352.

Denote 382, = W (32 x {s}), s € [0, 1], and denote £2; the open subset of 2 whose
boundary is 02;.

REMARK 8.1. The domains with deformable Lipschitz boundaries clearly include
bounded domains with Lipschitz boundaries, the star-shaped domains and the domains
whose boundaries satisfy the cone property. It is also clear that, if £2 is the image through
a bi-Lipschitz map of a domain £2 with a Lipschitz deformable boundary, then £ itself
possesses a Lipschitz deformable boundary.

For DM? fields with 1 < p < oo, we have the following theorem.
THEOREM 8.1. Let F e DMP(D), 1 < p < 00. Let 2 C D be a bounded open set with

Lipschitz deformable boundary. Then there exists a continuous linear functional F - n over
Lip(32) such that, for any ¢ € Lip(RV),

2

Moreover, letn: ¥ (382 x [0,1]) — RN be such that n(x) is the unit outer normal to 882,
at X € 882, defined for a.e. x € W (352 x [0, 1]). Let h: RY = R be the level set function
of 082y, that is,

0 foryeRN -,
h(y):=31 forye2—w(32 x[0,1]),
s foryed£2,,0<s< 1.

Then, for any ¥ € Lip(3£2),

1
(F-n,¥)yo =—1lim - EW)Vh -Fdx, (8.14)
s=08 Jy(32x(0,5))

where E () is any Lipschitz extension of ¥ to the whole space RV .
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In the case p = 00, the normal trace F - n is a function in L°°(382) satisfying
IF-nllL=@e) < ClFllLeg)
for some constant C independent of F. Furthermore, for any field F € DM®°(£2),

(F-n,¢¥)s0 =ess lin%)/
§—> p

F-n) (Yo, NYdHN ! forany y e L' (2).
202,

(8.15)

Finally, for F € DM7(82) with 1 < p < o0, F - n can be extended to a continuous linear
functional over W=/ PP 0 [2(342).

EXAMPLE 8.3. The field

F(yl,yz):<sin< ! ),sin( ! ))
yir—y2 Yi—y2

belongs to DM (R?). It is impossible to define any reasonable notion of traces over the
line y; = y» for the component sin(1/{y; — y¥2)). Nevertheless, the unit normal n, to the
line y; — y» = t is the vector (—-\}3, %) so that the scalar product F(y;, y1 — 7) - n; is

identically zero over this line. Hence, we find that
F-n=0 overtheline y; =y,

and the Gauss—Green formula implies that, for any ¢ € C é (R?),

0= (diVFI‘\'1>‘\'37 ¢> = _/ F- Vd) dY~
Y1>m

This identity could also be directly obtained by applying the dominated convergence theo-
rem to the analogous identity obtained from the classical Gauss—Green formula.

As indicated by Examples 8.1 and 8.2, it is more delicate for fields in DM and DM,
Then we have to define the normal traces as functionals over the spaces Lip(y, 3§2) with
y > 1 (see [309]).

For 1 < y < 2, the elements of Lip(y, d§2) are (N + 1)-components vectors, where
the first component is the function itself, and the other N components are its “first-order
partial derivatives”. In particular, as a functional over Lip(y, 3£2), the values of the normal
trace of a field in DM' or DM on 32 depend on not only the values of the respective
functions over 952 but also the values of their first-order derivatives over d£2. To define the
normal traces for F € DM! (£2) or DM(£2), we resort to the propetrties of the Whitney
extensions of functions in Lip(y, 82) to Lip(y, RV).

We have the following analogue of Theorem 8.1 which covers fields in DM ! and DM,
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THEOREM 8.2. Let F € DM (D) or DM (D). Let 2 C D be a bounded open set with

Lipschitz deformable boundary. Then there exists a continuous linear functional F - n over
Lip(y, 882) for any y > 1 such that, for any ¢ € Lip(y, RV),

(F-n, s =(ivF,¢)p + (F,Ve)q. (8.16)
Moreover, let h:RY — R be the level set function as defined in Theorem 8.1; and in
the case that F € DM®(D), we also assume that d,,h is | F;|-measurable and its set of

non-Lebesgue points has | F;|-measure zero, i =1, ..., N. Then, for any ¥ € Lip(y, 3£2),
y>1,

.1
(F -, W)d!z = _31_% ;(F’ g('(l/)Vh)‘I/(SQX(O,s))’ (817)

where E(r) € Lip(y, RY) is the Whitney extension of ¥ on 382 to RV
REMARK 8.2. In general, for F € DM (D) or DM (D), the normal trace F - n may
be no longer a function. This can be seen in Example 8.1 for F € DM lloc (R?) with 2 =

{y: y% + y% < 1, yp > 0}, for which F - n is a measure over 352.

As a corollary of the Gauss—Green formula for DM fields, we have the following
proposition.

PROPOSITION 8.6. Let 2 C RN be a bounded open set with Lipschitz boundary and

Fi1 € DM®(£2), F, e DM®(RY — 2).

Then
Fi(y), ye&,
F( ):{ A (8.18)
F2(y), yeR" -4,
belongs to DM ®RN), and

1Flpyomyy < IFilpye@) + [F2llpyegy-a)
+IF; -n—F - nfl R 1 (082).

The analysis above over sets with Lipschitz boundary has been extended to the analysis
over sets of finite perimeter for F € DM (D).

DEFINITION 8.2. Let E be an £V -measurable subset of R". For any open set D C RV,
we say that E is a set of finite perimeter in D if the characteristic function of E, x g, belongs
to BV(D). We refer to a set of finite perimeter in RV simply as a set of finite perimeter.
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REMARK 8.3. If E is a set of finite perimeter in D C RV, then Vy (the gradient of g
in the sense of distributions) is a vector-valued Radon measure in D. We denote the total
variation of V xg as |V xg/|. It can be shown (cf. [8,132]) that

Vxe =ng|Vxel,
where njg is the measure-theoretic inward unit normal to E.

DEFINITION 8.3. Let E be a set of finite perimeter in D C RY. The reduced boundary
of E, denoted as *E, is the set of all points y € supp(|V xg|) N D such that
@) Sy |Vxel > 0forall r > 0;

(i) timy0(fpy.,) VXE/ [y [VXED =1E®);
i) me(y)l =1

We recall that the space of functions of bounded variation, BV, in fact represents an
equivalence class of functions so that changing the value of a function in this class on a set
of £V -measure zero does not change the function itself. From Definition 8.2, it follows that
the same is true for sets of finite perimeter. Since we are concerned with only equivalence
classes of sets, we assume here that a set of finite perimeter E is the representative given
by the following proposition, which can be found in [144].

PROPOSITION 8.7. If E C RN is a Borel set, then there exists a Borel set E equivalent
to E, which differs only by a set of L -measure zero, such that

0<|ENB(y.n| <oy (8.19)
forallye 3E and all small r > 0, where wy is the measure of the unit ball in RV .

DEFINITION 8.4. For every « € [0, 1] and every £ -measurable set £ C RV, define

E“ :={yeRN: lim (£ 80201 } (8.20)

r—>0  |B(y,r)]|

the set of all points with density « € [0, 1]. We now define the essential boundary of E,
d*E, as

P E=R"\(E°UE'). (8.21)

The sets EC and E! may be considered as the measure-theoretic exterior and interior of E,
which motivate the definition of essential boundaries.

REMARK 8.4. If E is a set of finite perimeter in D C R¥, it has been shown (cf. [8]) that

3*ECE'?C3'E, (8.22)
HN O E\G*E) =0, (8.23)
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and
\Vxel=H""18*E. (8.24)

DEFINITION 8.5. Let f € L1(D) and a € RV . We say that fa(yo) is the approximate limit
of f atyg € Drestricted to IT, :={y € RV y-a >0} if, forany § > 0,

lim Hy € RM: 1£(y) = fa(¥o)| <8} N B(yo,r) N [T _

r—0 |B(yo, r) N I1,]

1. (8.25)

DEFINITION 8.6. We say that yo € D is a regular point of a function f € BV(D) if there
exists a vector a € RV such that the approximate limits fa(yo) and f-a(yo) exist. The
vector a is called a defining vector.

If yo is a regular point of f € BV(D), then there are two possibilities

either  fa(yo) = f—a(Yo) or fa(yo) # f-a(¥0)-

It can be proved (cf. [330]) that, in the first case, any b € RV is a defining vector and
S (yo) = fa(¥o); in the second case, a is unique up to the sign, i.e., the only defining
vectors are a and —a.

REMARK 8.5. A classical result in the BV theory says that HV~1 almost every y € Dis a
regular point of f € BV(D); see [8,132,330].

DEFINITION 8.7. Given f € L} (D), we define

fy):= lim f%(y), (8.26)

where f¢ 1= fxw® with 0 (y) = s~V w(y/e) for the standard positive symmetric mollifier
w defined in (8.8).

REMARK 8.6. It can be proved that, if f € BV(D), then f is defined at each regular point.
Moreover, if yg is a regular point of f, then

- 1
f(yo) = E(fa(YO) + f—a(yo)),
where a is a defining vector (cf. [330]).

If E is a set of finite perimeter in D, we have from Remark 8.6 that xg is defined
HN L almost everywhere. In fact, we have

> ifyed*E,
XEW)=1{1 ifyeEl, (8.27)
0 ifye E°.
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We recall here that HV =1 (3" E \ 8*E) =0.
As Proposition 8.8 indicates,

divF « H¥=! for F e DM (D).

Thus, the values of xr on the set 3°E \ 3*F can be ignored. This fact is essential in the
proof of the Gauss—Green formula for DM fields over sets of finite perimeter.

PROPOSITION 8.8. Let F € DM (D). Then the Radon measure divF in D is absolutely
continuous with respect to the (N — 1)-Hausdorff measure HN~'. That is, if A C D be a
Borel measurable set such that HY ~1(A) =0, then | divF|(A) = 0.

PROOF. Since there are Borel measurable sets Dy and D_, Dy UD_ = D, such that
divF is a nonnegative measure over D and a nonpositive measure over D_, one may
assume A C D, and hence |divF|(A) = (divF). (A) = divF(A). Also, since (divF), is
a Radon measure, it suffices to prove the assertion for any compact A.

Now, for any § > 0, we can find a finite number J of balls of radius less than § such that

J J
AclUBanrm., Y rMl<s,
i=1 i=1

since HY~1(A) = 0. Then we may apply the Gauss—Green formula for DM fields over
the set

J
2=2=JBGi:n)
i=1
with Lipschitz deformable boundary and any function ¢ € Cé (RV) that is identically equal
to one over £25. Then
J
|divF(2)] < IFllos ™" 1 (325) < ClIFllo Y™ < 6CIIF| oo
i=1

Now, since x, — x4 pointwise in D as § — 0 (recall that A is compact), one has

|divF|(A) =divF(A) =0.
This completes the proof. |

Now, Proposition 8.5 immediately implies the following proposition.

PROPOSITION 8.9. Let F € DM™(D). If E € D is a set of finite perimeter in D, then

div(xeF) = g divE+F- Vg, (8.28)
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where ¥ - Vyp =w —limoF - V(xg)¢ for (xg)® = xE *x o°. Furthermore, the measure
F - Vxg is absolutely continuous with respect to the measure |V xg|.

THEOREM 8.3. Let F € DM (D). If E € D is a bounded set of finite perimeter, then
there exists an HN ~'-integrable function (denoted by) F -n € L®(3° E; HN=1) such that

/divF:—/ F~VX=—/ F-ndHV 1. (8.29)
E! E E

Then we have the following Gauss—Green formula.

THEOREM 8.4 (Gauss—Green formula). Let F € DM (D). Let E € D be a bounded set
of finite perimeter. Then there exists an H™ ~-integrable function

F-n ond’E

such that, for any ¢ € Cé (RN),

¢>divF=—/ F~n¢dHN_1—/ F-V¢dy.
El PE E!

THEOREM 8.5. Let £2 € E € D be bounded open sets where E is a set of finite perimeter
inRN. Let Fi e DM® (D) and Fy e DM® RN — ). Then

Fi(y), ye€kE,

Fw = {Fz(y), yeRY — E,

(8.30)

belongs to DM (RN), and

[Filpareewny

S IFtllpmee ey + 20 pyoowy g + 1F1 -n=Fa-nll g poygv-1y.

The normal trace over a surface of finite perimeter, introduced by Chen and Torres [83],
can be understood as the weak-star limit of the normal traces in Theorem 8.1 by Chen
and Frid [67] over the Lipschitz deformation surfaces of the surface, which implies their
consistency.

Some entropy methods based on the theory of divergence-measure fields presented
above have been developed and applied for solving various nonlinear problems for con-
servation laws and related nonlinear equations. These problems especially include

(1) stability of Riemann solutions, which may contain rarefaction waves, contact dis-
continuities, and/or vacuum states, in the class of entropy solutions of the Euler equations
for gas dynamics in [69,70,86],

(2) decay of periodic entropy solutions for hyperbolic conservation laws in [65],

(3) initial and boundary layer problems for hyperbolic conservation laws in [67,82,
83,3291,
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(4) rigorous derivation of systems of balance laws from the physical principle of balance
law and the recovery of Cauchy entropy flux through the Lax entropy inequality for entropy
solutions of hyperbolic conservation laws by capturing entropy dissipation in [84],

(5) nonlinear degenerate parabolic—hyperbolic equations in [37,73,81,248].

One of the entropy methods is to identify Lyapunov-type functionals and employ the
Gauss—Green formula to establish the uniqueness and stability of entropy solutions; see
[69,70,86]. In this regard, some related Lyapunov-type functionals have been identified
for small BV solutions obtained by the Glimm scheme, the wave-front tracking scheme,
and the vanishing viscosity method; see [20,33,111,167,204,210] and the references cited
therein for the details. It would be interesting to apply the theory of divergence-measure
fields to developing more efficient entropy methods for solving more various problems
in partial differential equations and related areas whose solutions are only measures or
L7 functions.

For more details, see [67,69,83,84].
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