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Abstract As the B-spline method was developed for solving higher order differential equations, we present a brief
survey to construct a higher degree B-spline. The new technique has been given in this field, accordingly a
numerical illustration used to solve boundary value problems by employ quintic B-spline function. An example has
been given for calculating maximum absolute error through n nodes.
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1. Introduction

B-spline is a spline function that has minimal support
with respect to given degree, smoothness, and domain
partition [8], and named B-splines because they formed a
basis for all splines [3]. Quartic spline solution of third
order singularly perturbed B V P has been studied by [2].
Theoretical background for stable computation by using
B-splines with their derivatives studied by [7]. [4] employ
quartic B-spline collocation method for solving one-
dimensional  hyperbolic  telegraph  equation and
exploitation. Quintic B-spline for the numerical solution
of fourth order parabolic partial differential equations to
find maximum error given by [5] while [1] discussed
quartic B-spline differential quadrature method, and [6]
employs quartic B-spline method to solve the self-adjoint
boundary value problems. [9] in his paper approximate
errors calculated by using cubic B-spline function.

As for us in this paper we construct a higher degree B-
spline by two different method for solving self adjoint
boundary value problems, in the following section we
display deriving methods. Section 3 as example define a
quintic B-spline. Section 4 describes the definition of
Quintic B-spline. Finally Section 5 consists of a computer
procedure to compute maximum error for several nodes.

2. Construction of B-Spline

If (ci)"=1is a sequence of control points and x={x; }"%
is (n+d-1) knots for spline of degree d; we have seen that a
typical spline can be written as

n
f(x)= 2 PiaBio (X)X eXgi1 Xnsal,
i=d+1

where B, is written as

1 for X <x<Xipn
Bio=

(1

0, forotherwise

Any spline of degree 0 can be expressed as a linear
combination of the B-spline B;p.

And f(X)=27 11 Pi.a (x) is piecewise constant function
and Xg+1<x <...<Xps; although the end knots allowed to
coincide.

So higher B-spline is generate fromlower degree of B-
splines by

X=X

Bi,k(x){—

Xitk =X

J Bik-1(X)
(2)
+[Mj Biika (x)ik>1iezZ.
Xitk+1 = Xit1

The B functions as defined in (2) are called B-spline
of degree k.

Another method to generate higher degree B-spline and
it is valid only equidistant points:

The B-spline of order m is defined as follows:

1 m+1 m+1 .
Bi,m(t):h_mZ( j j(—l)erl SCIPE
j=0
1

Where
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3. Quintic B-spline

Let = be a uniform partition of the interval [0,1] such
that a=xy<x;<...<X,=b where h=x;,,-X; or h:%,then

Bis (x)

(X4 —%)°
~20(x;,1 — X)° +15(x;
Xi_p < X< X_g

(%4 =%)°
—20(Xij4q — x)° +15(x; — x)°, Xi_g < X< X
(¥ipa =%)°

5
™ 120(x41 = %)%, X < X< Xjyg

~6(Xi43 —X)° +15(X;, 5 — X)°
—x)° ~6(xi_1 — X)°,

~6(X43—X)° +15(%;4p —X)°

—6(Xj43 — x)° +15(Xj,0 — x)°

5 5 5
(Xi+5 =X)” =6(Xi13 =X)” +15(Xi12 = X)”,
X1 < X< Xjpo

5 5
(Xira =%)7 =6(Xi13 = %), Xiy2 <X < Xiy3

5
(Xira = %)  Xizg <X < Xjyg
0, otherwise

B; 5(X) is the B-spline basis function of 5" degree which
also called quintic B-spline vanish outside interval. Each
quintic B-spline cover five elements. The basis function is
non-zero on five knot spans. The set of quintic B-splines
{B.s, B, B., ..., By, Bni1,Bnizo} form a basis for the
functions over interval [0, 1].

Now let s(x) be the B-spline interpolating function at
the nodal points. Then s(x) can be written as
s(X)= ]”;@3 ¢;Bj(x) where cj's are unknown coefficients
and Bj(x)'s are quintic B-spline functions. The value of B}
at the nodal points can be obtained and its differentiating
with respect to X, which are summarized in Table 2.

Table 4.1. We found the coefficients of quintic B-spline and its
derivative at nodal points from the definition of our B-spline

X [ Xiz| Xia Xi Xis1 Xis2 Xirz | Xisa
Bi | 0 1 26 66 26 1 0
B 0 S/h 50/h 0 —50/h —S/h 0
B | 0 ZO/hZ 40/hZ —120/hZ 40/h2 ZO/hZ 0
B'| o 60/h3 —120/h3 0 120/h3 —60/h3 0
Bi(4) 0 120/}13 _480/}14 720/h* —480/h4 120/h4 0

4. Description of the Method

Consider the self-adjoin fourth-order
perturbed boundary value problem of the form:

Lu(x)=-u® (x)+a(x)u(x)=f(x),a(x)>0 (3

u(0)=a,u(l)=p4u'(0)=

Where a, B, y and Sare constants and €is a small positive
parameter (0<€< 1),a(x), and f(x) are sufficiently smooth
functions. In this survey, we take a(x)=a= constant. Let
u(x)= s(x)= }12339-31- be the approximate solution of
boundary value problem (3). Then let Xo,Xy,...,X, be n+1

singularly

yu'(l)=5 (4)

grid points in the interval [0,1]. So that we have, X;=xq+ih,
Xo=0, X,=1,i=1, 2, ..., n; h=l at the knots, we get

S(x)=X7225 6 B; (%)) ®)
S'(x)=X1223 ¢ B’ (%) (6)
S"(x)=X225 ¢ B} (x:) ()
S"(x)=%7223 B (%) 8
SU00=X]225 6 B@; (x) ©)

Putting the value of equations (5)-(9) in equation (3),
we get

e 30208 e +a(x) X 1B (x)

(10)
=f(x;),i=0,12 ...,n
And the boundary condition becomes,
]=_3 ¢ B (xo)=a 1y
7425 ¢ B; (xn)=P (12)
n+2. 6B (x0)=y (13)
122, G B' (x0)=6 (14)

The values of the spline function at the knots are
determined using table (4.1) and substituting in equations
(10)-(14) a system of (n+4) equations with (n+4) unknown.
Now, we can write the above system of equations in the
following form

S(Xp)=ln,

where X,=(C3,C2,C.g,... ,an,z)T are unknowns,

f (%) B)".

,C0,C1,...
o =(a,hy,h*f (xg),...,h* f (X)), h*
From equation (10):

2 2
—EZ?:_SCJB j(xi)+a(xi)zr;:_3cjbj(xi)
=f(x),i=0,12 ...,n

and boundary condition(11-14),
n+2
ZJ——3CJBJ(X0) a,
n+2
2i55CiB1 (x0) = £
ZFH—Z C B ( ) 7.

742, G B'; (x,) =6, we get the following:

If i=0,then

—E(%C —@C +EC —@C +@("l)
Y )

+a(X0 ) (1C73 + 26C72 + 66(:71 + 2600 +1C/_|_) =f (XO )
For i=1, we obtain

120 480 720 480 120
—€ (h—40—2 —h—4°—1 +h—4co —h—4°1 +h—402)
+a(xq ) (Ac_p +26C_1 +66Cq +26¢; +1cy) = f(X).

(16)

For i=2, then we have
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120 480 720 480

(_4_ ha Cot-7 h4 C2) 17 For i=n-1, then
+a(xy)(lc_y +26¢, +66¢; + 2602) =f(xp) Ce(e 4_510 - +£40 Gy £40 C i+ @ ¢)
For i=3, then h h h (25)
0 480 720 +a(Xp_1)(26c,_3 +66C,_5 +26¢,_1 +1¢,) = f (X11)
—eCr G Tt %) (18) Finally for i-n, we obtain that
+a(xg) (1cy +26¢, +66¢, ) =  (X3). 120 480
4 s _h_40n72
If i=4, thus —e
N 720 c 480 - 120 c 26)
2 1 bt
- %q—t—%cz)+a(x4)(lol+2602)— f(x4) (19) ht ot ot
1c,,_3 +26¢,,_5 + 66C,_ 1]
atn) o f ()
Ifi=5, then +26¢, +1c 4 "
—e (@CZJJF a(xs)(1cy) = f (%s) (20) And boundary conditions(11)-(14) gives:
h C3+26c,+660,+26c+1c,=a,  (27)
Fori=6, Cpn3 +26¢,_5 + 66C,_1 +26c, + 1c,.1 =L, (28)
_E(0+...+O)+a(X6)(O+...+O): f(Xs) (21) %(-56_3—506_2+0+50L‘0+5L‘1):]/, (29)
For i-n-4, then 16,5 = 50¢, 5 + 0+ 50c, + 5¢,41)=5.  (30)
120
—e(h Ch_ 3j+a(xn 4)Chz =T (xg) (22
5. Numerical Result
For i=n-3, then
In this section we solve higher order B. V. Ps. By using
—e (_@Cn g+ 120 7 Cno Zj quintic B-spline interpolation as follows:
h* h* (23) For order four B. V. Ps. Take the following
+a(x 26C. - +1C - f(x Example 1: Consider the fourth order boundary value
( n—3)( n-3 n—2) ( n—3) problem:
For i-n-2, then .
—ey® 44y = x, with BC: y(0)=0,y(1)=
720 480 120 , '
—e| L, i L+, y'(0)=0,y'(1)=0,x €(0,1].
[hA n-3 h4 n-2 h4 nlj (24) () () [ ]

The maximum error bound gives by the following table:
+a(Xp_p ) (66C,_3+26C,_5 +1ch 1) = f (X1_2) g y 9

Table 1. Absolute maximum errors at given N=10, 20, 40 and€ =10, 102, 10°

€ -1 2 -3
N 10 10 10
10 2.823061491x 1072 3.667433027x 107! 1.416508233x 1072
20 1.273861219% 1072 6.491690733x 107! 1.443154357x 1071
40 1.414624235% 1072 6.536330990x 107! 1.582789743

For order three B. V. Ps. Take the following
Example 2: Consider the following third order singular
perturbation problem :

—ey® 44y = x,with BC:y(0)=
y'(0)=0,y'(1)=0,x<[0,1].

The maximum error bound gives by the following table:

0,y(1)=

Table 2. Absolute maximum errors at given N=10, 20, 40 and€ =10, 102, 10°

(S -1 -2 -3
N 10 10 10
10 8.989325582x 1073 8.412423306% 1072 6.933135145x% 107!
20 8.125154045% 1073 7.401708169% 1072 4.398766060x 107!
40 6.676666933% 1073 6.198015561x 1072 2.930445177x 107!

For order two B. V. Ps. Take the following
Example 3: Consider the second order boundary value

problem  with  singular

perturbation

form: -

Ey"+%y:%x2 ,and subject to the boundary conditions

y(0)=0,y(1)=0, for xe[0,1].

The maximum error bound gives by the following table:




International Journal of Partial Differential Equations and Applications 19

Table 3. Absolute maximum errors at given N=10, 20, 40 and€ =10, 102, 10°

€

-1 -2 -3

N 10 10 10

10 3.139421929% 10710 1.650288161x 1078 1.598924686% 10~*
20 2.362429354x 10710 7.323553680% 10710 4.292993654x 10~°
40 2.377712504x 10710 7.553306635% 10710 1.380656857x 10~°

6. Conclusion

In this paper, we design higher order B —Spline to solve
second,

third, and fourth order singular perturbed

boundary value problems. Also there examples are
presented with different values of n ande and they showed
the efficiency and of our design .

References

(1]

(2]
(3]

AlperKorkmaz, A. Murat Aksoy andldrisDag, Quartic B-spline
Differential Quadrature Method, International Journal of
Nonlinear Science, Vol. 11, (2011) No.4,pp.403-411.
GhazalaAkram, Quantic Spline Solution of a third Singularly
Perturbed b. v. p., ANZIMT]J, 53, 2012, 44-53.

JalilRashidinia and Sharifi, Survey of B-spline Function to
Approximate the solution of mathematical problems.

[4]

[5]

(6]

[7]
(8]

(9]

MarziehDosti, ALirezaNazemi Quantic B-SplineCollocation
Method for Solving One-dimensional Hyperbolic Telegraph
Equation, Department of Mathematics school of Mathematical.
Science, Sharhood University of Technology, sharhood, Iran,
Journal of Information and Computing Science Vol.7 No2, 2012,
PP. 083-090.

Shahid S. Siddigi and SaimaArshed Quantic B-Spline for the
Numerical Solution of 4™ Order Perturbed Partial Differential
equation Department of Mathematics, University of Punjab,
Lahore54590,Pakstan. Wall Applied Science Journal 23(12):
115-112, 2013.

SonaliSaini and Hradyesh Kumar Mishra a New Quartic B-Spline
Method for Third-Order Self-Adjoint Singularly Perturbed
Boundary Value Problems Applied Mathematic Science Vol 9,
2015 No.8 399-408.

Prenter, P.M, Splines and Variational Methods, John-Wily, New
York(1975).

VijayDahiya Exploring B-Spline functions for Numerical Solution
of Mathematic Problems International Journal of Multidisciplinary
Research and Development 2015; 2 (1): 452-458.

Yogesh Gupta and PankajKumrSrivastava, Application of B-
Spline to Numerical solution of a system of Singularly Perturbed
ProplemsMathematicaAterna , Vol.1, 2011, No.06, 405-415.




