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Abstract

Most corventionalimageprocessorgonsidetittle theinfluenceof humanvi-
sion psychology Weber’s Law in psychologyand psychophysicglaimsthat hu-
man’s perceptiorandresponséo theintensityfluctuationdu of visualsignalsare
weightedby the backgroundstimulusw, insteadof being plainly uniform. This
paperattemptgo integratethis well known perceptualaw into the classicaltotal
variation(TV) imagerestoratiormodelof Rudin, Osher andFatemi[PhysicaD,
60:259-268,1992]. We studythe issuesof existenceanduniquenesgor the pro-
posedWeberizechonlinearTV restoratiormodel, makinguseof thedirectmethod
in the spaceof functionswith boundedvariations. We also proposean iterative
algorithmbasedon the linearizationtechniquefor the associateahonlinearEuler
Lagrangeequation.

PACS(2001): 87.19.Dd(informationprocessingn visionand hearing); 87.57.Nk
(image analysis).

Keywords: Webers Law; Vision; Psydophysicsimage restoation.

1 Introduction: Weber'sLaw

As information carriers, all imagesare eventually perceved and interpretedby the
humanvisual system.As a result,humanvision psychologyand psychophysicplay
an importantrole in the successfutommunicationof imageinformation. From the
imagingsciencepoint of view, this factimpliesthatary idealimageprocessoshould
take into accounthe consequencesf vision psychologyandpsychophysics.

Thecurrentpapemakesanattemptin this direction. We developanimagerestora-
tion modelthatintendsto incorporateoneof the mostwell known andinfluential psy-
chologicalresults- Weber's Law for soundandlight perception.We studyits major
mathematicapropertieqe.g.,existenceanduniquenesslswell asthe computational
stratgy for theassociatedionlinearPDE.
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Webers Law wasfirstdescribedn 1834by Germarphysiologiste. H. WeberfWeb34,
andwaslaterformulatedquantitatvely by the greatexperimentalpsychologisiGusta
FechnelfFec5§, founderof the modernpsychophysicsThe law revealsthe universal
influenceof the backgroundstimulusu on humans sensitvity to the intensityincre-
mentdu, or the so called IND (just-noticeable-dierence),in the perceptionof both
soundandlight. It claimsthatthe so-calledWebers fractionis a constant:

du/u = const. @)

Many experimentshave demonstratethatin a large rangeof stimuli u, Webers Law
indeedprovidesa goodapproximation.

Empirical evidenceis easyto gatherfrom daily life for a qualitatve understanding
of Webers Law. In afully pacledstadiumwherethe backgroundsoundintensitywu is
high, onehasto speakcloseto shoutingin orderto be effectively heardby the other
folks. The sameobsenationis truefor visualcommunicationThe starscanbe clearly
spottedin a dark night without a bright full moon, and away from the urbanneon
lights. But otherwiseour naked vision hasmuch difficulty in finding them. In the
currentpaperwe apply Webers Law in the context of visual perception.Thereforeu
standdfor thebackgroundight intensityanddu theintensityfluctuation.

Sincealmostall imagesareeventuallyto be obsenedandinterpretecby humans,
anidealdigital imageprocessohasto take into accounthe effectsof humanpsychol-
ogyandpsychophysicssuchasthatof Webers Law. Thisis animportantnew areathat
needdo be furtherexplored. The currentpapemalkesthefirst infantile attemptof in-
tegratingWebers Law into imagerestoratiorschemesWe demonstrat®@ur mainidea
through“Weberizing"thewell known classicamodelof total variation(TV) denoising
andenhancemerty Rudin,Osher andFatemi[ROF92 RO94.

Theorganizationgoesasfollows. In Section2, we quickly review the TV restora-
tion modelin image processingand explain the idea behindits “Weberizatiori. In
Section3, wefirst rigorouslyinterpretthe Weberizedrl'V restoratiorenegy andits ad-
missiblespaceandthenapplythe directmethodto studytheexistenceanduniqueness
of the minimizers. The computationabpproacho the minimizationof the Weberized
TV enepy is addresseth Section4, accompaniedby sometypical numericalresults.
The conclusiongoesinto Section5.

2 Weberized TV for Image Restoration

Letuo denotethe obseredraw imagedata,whichis assumedo beadegradedversion
of the original goodimageu. Distortionsin uq aretypically modeledby blurring and
noising:

ug = Ku +mn, (2)

whereK is alinearblurring operatoy or alowpassfilter with K1 = 1, andn denotes
white noise. The goal of imagerestorationis to recover the original goodimageu
from onesingle obsenation of ug (sincestrictly speakingug is a randomfield). In
this paper we shall assumehat the noiseis spatiallyhomogeneousand canbe well



approximatedy GaussianWe shallalsofocuson the puredenoisingcasewhenthere
is no severeblurring.

The TV restorationmodel first proposedby Rudin, Osher and Fatemi [RO94,
ROF97 is to minimizethefollowing Bayesiartype enegy [GG84 Mum94, CS02]:

Elu|ug] = /Q |Vu|dz + %/Q(u — ug)’dz, (3)

in the spaceof functionswith boundedvariationsBV(f2). (Here,imitating the con-
ditional expectationin probability theory, the vertical bar definestwo domainsfor the
known variablesandthe unknowvns.) The first regularity term is understoodoeyond
the corventionalSobole spacelV 11 (), instead asthe TV RadonmeasurdGiug4).
BV () hasbeenprovenasuficiently goodimagespaceor mostimageswithoutmuch
texture [CS02]. The main characteristiof the BV imagemodelis thatit legalizes1-
dimensionakingularities,or popularlyreferredto as“edges; animportantvisual cue
in humanandcomputervision [MHB80].

Ever sincetheir first introductioninto digital imageprocessingn [RO94, ROF92],
theBV imagemodelandTV restoratiormodel(3) have witnessednary successfuhew
developmentgiuring the pastdecade We referto our recentsurwey paper[CS03 and
thereferenceshereinfor moredetail. In particular with his collaboratorsthe author
of thepresenpaperasbeenableto extendandgenerlizehemodelsontodigital graph
domains[COSO01, onto the so-callednonflatimagefeaturesthat live on Riemannian
manifolds[CS0Q, andonto the novel areaof imageinpaintingand geometricimage
interpolationdCSO01]. Figurel shavs oneapplicationof the TV restoratiormodelfor
the error concealmenbf a blurry imagetransmittedthrougha wirelessnetwork with
randomlylost paclets.

A blurred image with 80 lost packets Deblurring and error concealment by TV inpainting

Figurel: TV restoratiorof ablurry imagewith simulatedrandompacletloss.

Most conventionalrestoratiormodelsdo not take into accountthat our visual sen-
sitivity to theregularity or local fluctuationéu dependon the ambientintensitylevel
u. Thatis, modelssuchas(3) assumehata local variation,du = 0.02 say shouldbe
treatedequallyindependenbf the backgroundntensitylevel u, no matterwhetherit
isu = 0.1 oru = 0.8. But this exactly violatesWebers Law, accordingto which, a



fluctuationlevel of du = 0.02 againsta backgroundntensityu = 0.1 is muchmore
significantthanthesameamountagainst, = 0.8. In factit is approximatelyequivalent

to alevel of
_ 08

ou 1 x 0.02=0.16

in thelattersituation.
It is out of this considerationthat we proposeto “Weberize”the classical TV
restoratiormodel(3). Thekey is to replacethe uniformlocal variation

Ou Vu
= 2 2 = n=—
|Vu| = /uz +ul 57 i Vul

by the Weberizedocal variation|Vu|,,

Vu|  10u

Yl = 4 19U
|Vl u u of’

whichencodesheinfluenceof thebackgroundntensityu accordingo WebersLaw (1).
Thereforejnsteadof (3), we proposeheWeberizedTV restoratiormodel

min Ey, [u|ug] :/ |Vu|wdw+é/(u—u0)2dx. 4)
u Q 2 Ja

The currentpaperis devotedto the study of the mathematicapropertiesof this new
model,includingissuegelatedto the existenceanduniquenessf the minimizers,and
its computationabpproach.

3 Existence and Uniqueness

Wefirst work outsomenaturalassumptionsnthedatamodel,andtheninvestigatahe
existenceanduniquenessf theminimizersto theWeberizedl'V restoratiormodel(4).

3.1 Assumptionsand the admissible space

In Webersfractiondu/u, v denotesheintensityvalue. Thusu > 0. We shallcall u =
0 the "blackhole” sincephysicallyit meansno photonsare emittedor reflected. The
blackholeis the singularity of bothWebers fractionandthe Weberizedocal variation
|Vulw = |Vul|/u. Thereforetechnicallywe shouldstayaway from the blackholeand
assumehatu > 0.

Theblackholesimilarly imposessomenaturalrestrictionson the noisemodel

Ug =Uu+n.

Sinceug alsorepresentsheintensityvalue,we musthave ug > 0, whichimpliesthat
u > —n. Now thatin boththe TV restoratiormodel(3) andits Weberizedversion(4),
noisereductionhasbeencontrolledby the leastsquareenepgy, we areimplicitly as-
sumingthatthe noisecanbe well approximatedy someGaussianV (0, o2) [Str93.
In particular n (or its probability densityfunction) shouldbe almostsymmetric,and



theconditionu > —n is equivalentto u > |n|, which canberoughlytranslatedo that
thesignal-to-noiseatio SNR > 1. Therefore,

u =u+n<u+u=2u,
andwe obtainanaturatechnicalkonstrainfor theWeberizedl'V restoratiormodel(4):
Ug
> —. 5
uz 5)

Beforeinvestigatinghe existenceof the WeberizedT'V retoration(E:Ew)

A
min B [u]uo] =/ |Vu|wdx+—/(u—u0)2dx, (6)
u Q 2 Q

we needto explain the exactmeaningof the WeberizedTV, andthe admissiblespace
for therestoratiorenegy E,,.

First,dueto theleastsquaresnegy controlin E,,, we assumehatuy € L?(Q). As
aresult,u € L?(2). Throughoutthe paperwe alsoassumethat(Q is a Lipschitzopen
domainwith afinite Lebesguemeasurd| < oc.

SecondtheWeberizedTV enegy

Vul|pdx = de
|
Q o u

is understoodn the senseof the coareaformula[Giu84]. More generally let ¢(u) :
(0, 00) = (0, 00) beacontinuousfunction. Then,for any u € BV(Q) andu(z) > 0,
we define

/ (w)|Vauldz = / ~ Pefu < Ng(\)d. )
Q 0

Herefor ary A > 0, theperimeterof thesetF\ = {z|u < A} is definedas[Giu84:

Per(u < \) = Pel(F), Q) = / V1, |d. 8)
Q

(Note:in thispapemwe shallalvvaysusethecorventionalnotation/ |V f|dz to denote
Q

the TV Radonmeasure/ |Df| [Giu84]. ) Wheng¢ = 1, (7) is preciselythe classical
Q

coaredormula.
Anotherequivalentway is to introducethe integral ® of ¢: ®'(u) = ¢(u). Then
thedefinition(7) is identicalto

/¢(u)|Vu|dw :=/ VD(u)|dz = TV((u)). )
Q Q

For instance for the WeberizedTV, ¢(u) = 1/u, v = ®(u) = Inu. Thereforethe
Weberizedrl'V restoratiorcanberewrittenas

Eylulug) = /Q |Vo|dz + % /Q(u — ug)?dz. (10)
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The combinationof all the threeelementsdiscussedbove leadsto the following
naturaladmissiblespaceor the WeberizedTV restoration(10):

D={u>0 |u€L2(Q), TV(lnu) < 0o, u > up/2 }. (11)

Thisis the spacehatwe shallwork with from now on.

3.2 Existence of Weberized TV restoration

First we prove a MaximumPrinciple type resultfor the Weberizedenegy form (10).
Thetechniqués characteristito total variationrelatedenegies,but becomedlifficult
for corventionalSoboler typeregularity enegies.

Lemmal Supposé¢hat0 < ug(z) < Aforall z € Q, andu € D isaminimizerof the
WeberizedTV restomation enegy E,, restrictedin the admissiblespaceD as defined
in (11). Thenu < A (in the Lebesguea. e. sense)ln particular, ||u/|oo < ||to]]oco-

Proof. Define[u]s = u A A = min(u, A). Then

(u — ug)?dz = (u — ug)*dz + (u — ug)?dx
Q u<A u>A
> /ugA(u —ug)?dzr + / (A —ug)’de

u>A
- / ([ula — uo)?de.
Q

Theequalityin theinequalityline holdsif andonly if © > A hasLebesgueneasurd.
Meanwhile,by the coaregormula(7),

dX

[’} A
/Q V[l g wder = / Peruls < )% = / Perfula < )2

A dx
_ /0 Per ([ula < Alu < 4) U (ula < Nu> 4)) 5

A A
:/ Per([u]A</\|u§A)%:/ Pet(u<)\)d—;
0 0

5/ Per(u<A)@=/ Vulude,
0 )‘ Q

wherefor the secondequality we have appliedPel(2, ) = 0. Together we have
establishedlirectly that
Ey[[ula] < Bulu],

andthe equality holdsif andonly if u < A,a.e. Sincew is a minimizerin D and
[u]a € D, theequalitymusthold andthusu < A, a.e. d



Noticethatsuchdirectmethodis almostuniqueto TV relatedenegies. Theceiling
operators — [u]4 = u A A (ortheflooring operator. — w V A) is readilycompatible
with the TV measureThe sametechniqueis valid evenfor moregenerahonneative
functions¢(u) asin (7).

Theorem 1 (Existence) Assumehattheobservatioru, satisfies
O<ug< A and vo =Inwug € L|10C(Q)

ThentheWeberizedTV restoation model(6) or (10) hasat leastoneminimizerwhen
restrictedin theadmissiblespaceD (see(11)).

Proof. Noticethatthe admissiblespaceD is nonemptysinceu = A € D. Letu, €
D,n =1,2,--- beaminimizing sequencef theWeberizedl'V restoratiorenegy E,,
restrictedin D. In the spirit of Lemmal, we canassuméhatu,, < A,n = 1,2,---.

Then v .
/|Vun|wdx:/ mdmz —/ |Vuy,|dz.
Q Q Un Ao

Therefore(u,) is aboundedsequencén the BanachspaceBV((2) endavedwith the
BV norm:

IfllBv = TV(£) + [Ifllzr-

By the weak compactnessiu,,) hasa subsequencsstill denotedby (u,,) for corve-
nience thatconvergesstronglyin L' () to Someuq.: un — us. Furthermoreaftera
refinemenbf the subsequencié necessarywe canassumehat

Un(Z) = uso(2), ae. z€.

Thenby the LebesguddominatedCorvergenceTheorem,

/ (oo — ug)?dz = lim [ (uy, — ug)>de. (12)
Q

n—oo Q

For the controlovertheWeberizedTV, definev,, = Inu,,n =1,2,--- andv,, =
Inus. Then
(1) = Voo (), ae. x€Q,

andsinceu,, € D, we alsohave
Un,y Voo > In(ug/2), n=1,2,--- (13)

For any compactlysupportedsectorialtestfunction

g=(91,92) € C°(Q,R?), with ||l = /gf +95 <1,

we have
v,V-§2>v,.V-g, ae. x€,

and
v,V - §] < (|1n(u0/2)|V|InA|)|V-§'|. (14)



Now thatthe obsenrationvy = Inug € Llloc(Q) andthat g is compactlysupported,

the right handside of (14) mustbelongto L'(2). Hence,againby the Lebesgue
DominatedCorvergencelheorem,

/voov-g'dm: lim [ v,V-§dx.
Q n—oo Q
Consequentlyfor eachof suchtestfunctionsg,
/ VooV - gdx < liminf/ |V, |dz.
Q n—oo Q
Therefore py definition[Giu84], we musthave
/ Voo |dz < lim inf/ |V, |dz. (15)
Q n—o0 Q

Finally, thecombinationof (12)and(15)gives
Eyluce] < liminf Eyy[uy].
n—oo
It is easyto seethatu., € D. Sinceu,, is aminimizing sequenceywe thereforehave
shawvn thatu, is in factaminimizer. This completeshe proof. O

We closethis subsectiomwith aremarkon the conditionsof the existencetheorem.
In numerouddigital applications the conditionsin Theorem1l are naturally satisfied
sinceintensity valuesare always scaledto a positive interval [m, M]. For instance,
M = 256 andm = 1 in most8-bit display systems. Whenm = 0, onelevel of
elementanshifting, u — u + € say resohesthe blackholeproblem. Suchpracticeis
equialentto whatsomevision psychologisthave calledthe modifiedWeberfraction
du/(u + €), in which thesmallintensityvaluee is calledthe activationlevel

3.3 Uniqueness of Weberized TV Restoration

Unlike theclassicalTV restoratiormodel(3), the Weberizedenegy

Ey[ulue] = /Q |Vu|wdx+%/g(u—uo)2dx

is notcorvex. As aresult,uniquenesss nolongeradirectproductof convexity.
We startwith a computationalemmathatis againuniqueto total variationrelated
enegies.

Lemma2 Letg(u) : (0,00) — (0,00) beaC* function,and
Jlu] = / (u)|Vulds.
Q

thenthe formal Euler-Lagrange differential of J{u] is

oJ Vu ] ‘ o(u) Ou (16)
Q

gu ~ AWV [|Vu| V| 87 loa”



Proof. Wewitnessanintrinsic cancellatiormechanisntharacteristito the TV enegy
duringthe standarccomputatiorof Calculusof VariationJ — J + 6J:

5] = /( |Vu|6u+¢()|§zlé(Vu)>dx
oo ] 5 e

= [ (o9 (g ) owe+ [ R o s

whereds denoteghe arc-lengthelementof the boundary The cancellationoccursin
thefirst integral of thesecondine. This completeghe proof. O

Applying the lemmato the WeberizedTV restorationenegy E,,, we obtainthe
formal equilibriumEulerLagrangesquation:

1 Vu ou
- V [lv l] + A(u —ug) =0, i =0 alongoQ. a7
Or, applyingthe time marchingschemealongthe gradientdescentirection,
ou Vu
T _v. 18
5t \Y [lv |] + Au(ug — u), (18)

with thesameNeumanradiabatidoundarycondition,andanappropriaténitial guess.
Notice that (18) is a nonlineardiffusion-reactiortype equation. At eachfixed pixel
z € Q, seta = ug(x). Thenthe purereactionmechanismis givenby the ODE

— = f(u)=Xu(a—u), u>0, (19)

which hasanunstableepellingboundaryu = 0, andtheuniqueglobally stableattrac-
toru = a. It is this propertythat hintsthatthe WeberizedTV restoratiormodelmay
have a uniquesolution.

The following uniguenessheoremis at a formal level in the sensehat our proof
relieson the formal EulerLagrangeequationg17). A mathematicallynorerigorous
proof, or an appropriatereformulationof the uniqguenessssue,still remainsan open
problemfor ourreaders.

Lik e the ExistenceTheoreml, the following Uniquenes§ heoremis againestab-
lishedin the naturaladmissiblespaceD in Section3.1.

Theorem 2 (Uniqueness) Assumehatu = z(z) € D isa minimizerof theWeberized
TV restoation enegy E,, restrictedin D. If z(z) > uo(z)/2 for all z € Q, then
u = z(x) IS unique

Proof. Sincez(z) > uo(z)/2, u = z(z) is away from theboundaryof theadmissible
spaceD andCalculusof Variationis valid, which leadsto the EulerLagrangesquation
foru = z(z):

1 Vu ou
- V [lvul] + A(u —ug) =0, i 0 alongdf, (20)



or equivalently,

Vu ou
—v-hgm]+xmu—u@-xh 57 =0 alongoQ. (21)

Definea new referenceenegy E.[u|uo] for the WeberizedTV restorationE,, asfol-

lows: \ )
E, [uluo] :/ |Vu|d:v+—/(u—u0)2< “*“O) dz. (22)
Q 2 Ja 3

It is easyto derive that (21) is exactly the EulerLagrangeequilibrium equationfor
E,[u]ug]. At eachfixedpixel z € , seta = ug(x), anddefinea cubic potentialof u

by

2
/\u a2u—+a. (23)

Then
F'(u) = Mu(u—a) and F"(u) =2\ (u —a/2).

In particular F"'(u) > 0, for all w > a/2. As aresult,

Jlu] = %/Q(u — )’ (2“‘;1‘0) do

is strictly corvex whenrestrictedon u : u(z) > uo(z)/2, = € Q. Now thatthe
TV Radonmeasurds semi-conex, togetherwe concludethat the referenceenegy
E,[u|uy] is strictly corvex:

E, [m -2i-u2 ‘Uo] < Er[u1]ug] ;‘Er[u2|u0],

for ary ui,us € BV(Q) N L%(Q) andur,us > ue/2. The equality holdsif and
only if whenu; = us. Consequentlyits equilibrium EulerLagrangeequation(21)
(even unnecessarilypeing a global minimum) hasat mostone solution that satisfies
u > ug/2, whichimpliesthatu = z(z) is indeeduniqueasclaimed. O

Thelowerboundu = ug/2 hasbeeninitially motivatedby the blackholeconstraint
onWebersfraction,asdiscussedn Section3.1. It is perhapsnorethanacoincidence
thatit alsonaturallyappearsasthe inflection point of the referenceenegy E.. in the
proofof uniqueness.

4 The Computational Approach and Examples

As for theclassicalTV restorationthereare mary computationatools available for

digitally implementingthe enegy minimization(see,for example, [CGM99, ROF92

MOO0, VO9§). In thispaperasin [COS01 VO96€], we proposeo applythelineariza-
tion techniqueo iteratively solve the EulerLagrangesquation(17).

10



DefineX = A(u) = Au. ThenEq. (17) canbere-writtenas

-V [|§—Z|] +AMu—u) =0, z€Q, (24)
with the Neumannadiabaticconditionalongthe boundaryof theimagedomain. It is
formally identicalto the classicalTV denoisingequatioROF92 V096, exceptthat
thefitting constant\ now depend®nu. Noticethat\ > 0 sinceu > 0.

To numericallysolve (24), we apply the linearizationtechnique.Eqg. (24) is to be
solvediteratively (u(™ — u("+1)) basednthelinearization

Lyt — 3y (25)

whereX™ = xu(™ andL(™ standgor thelinearelliptic operator

1 -
I v P A,
v [|Vu<">|v]+

As well practicedn the TV restoratioriterature[CL97, VO96], L(™ is computation-
ally betterconditionecdto

1 -
mW=_vyv.|— A 26
¢ v [IVu(")Iev] + 2, (26)

wherethe notation|a|. standgor va? + €2 for somepositive parametee < 1. Such
conditioninggetsrid of the singularity of (™ on the homogeneousegions of the
currentguessu(™ where|Vu(™| is closeto zero. Notice thatin termsof the enegy
formulation,(25)and(26) areequivalentto trackingdown theuniqueminimizery (?+1)
of thequadraticenegy

1 1 1 [«

Figures2 and 3 have beengeneratedy this algorithm,andthe central-diference
basedinite differenceschemedor thelinearizedequation(25). Figure2 displaysthe
noisytestimage(theleft panel)andits Weberizedl'V restoratior(theright panel).Fig-
ure 3 shaws a typical 1-dimensionahorizontalslice taken from both the noisyimage
andits WeberizedTV restoration. One clearly obsenesthat unlike the corventional
TV restorationthe Weberizedversionis ableto distribute the minimum amountof
irregularity adaptvely over theimagedomainaccordingto Webers Law. Therefore,
in the restoredmage,the minimum fluctuationéw is allowedto be larger on regions
wherethe backgroundntensityw is higherandhumansvisual sensitvity is wealer.

5 Conclusion
Most corventionalimageprocessorgonsiderlittle how humansubjects‘feel” about

the outputs. Webers Law claimsthat humans perceptionandresponsdo the inten-
sity fluctuationdu of both auraland visual signalsare not simply uniform, instead,

11



A test image with uniform white noise Weberized TV denoising

Figure2: Weberizedrl'V restoratiorof a testimagewith homogeneousoise.

shouldbe weightedby the ambientstimulusu. The currentpaperhasattemptedo in-
tegratethis famouspsychologicakffectinto the classicalTV imagerestoratiormodel
of Rudin,OsherandFatemi[ROF93.

We have studiedthe issuesof existenceand uniquenessor the proposediVeber
ized TV restoratiormodel,basedon the direct methodin the spaceof functionswith
boundedrariationsBV (2). We have alsoproposedaniterative algorithmbasedn the
linearizationtechniquefor thenonlinearEulerLagrangesquation.

We consideithe presentvork asaninfantile stepin the big blueprintof integrating
importantpsychologicahndpsychophysicalesults(eitherempiricalor statistical)into
thecontemporarymagingscienceandtechnology Ourlong-termgoalhasbeenseton
theexplorationof all possibleimportantinteractions.
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