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Abstract

Most conventionalimageprocessorsconsiderlittle theinfluenceof humanvi-
sion psychology. Weber’s Law in psychologyandpsychophysicsclaimsthathu-
man’s perceptionandresponseto theintensityfluctuation

���
of visualsignalsare

weightedby the backgroundstimulus
�

, insteadof beingplainly uniform. This
paperattemptsto integratethis well known perceptuallaw into theclassicaltotal
variation(TV) imagerestorationmodelof Rudin,Osher, andFatemi[PhysicaD,
60:259-268,1992]. We studythe issuesof existenceanduniquenessfor thepro-
posedWeberizednonlinearTV restorationmodel,makinguseof thedirectmethod
in the spaceof functionswith boundedvariations. We alsoproposean iterative
algorithmbasedon thelinearizationtechniquefor theassociatednonlinearEuler-
Lagrangeequation.

PACS(2001): 87.19.Dd(informationprocessingin visionandhearing);87.57.Nk
(image analysis).

Keywords: Weber’s Law; Vision; Psychophysics;Image restoration.

1 Introduction: Weber’s Law

As information carriers,all imagesare eventually perceived and interpretedby the
humanvisual system.As a result,humanvision psychologyandpsychophysicsplay
an importantrole in the successfulcommunicationof imageinformation. From the
imagingsciencepoint of view, this fact implies thatany ideal imageprocessorshould
take into accounttheconsequencesof vision psychologyandpsychophysics.

Thecurrentpapermakesanattemptin thisdirection.Wedevelopanimagerestora-
tion modelthatintendsto incorporateoneof themostwell known andinfluentialpsy-
chologicalresults- Weber’s Law for soundandlight perception.We studyits major
mathematicalproperties(e.g.,existenceanduniqueness),aswell asthecomputational
strategy for theassociatednonlinearPDE.�

Email: jhshen@math.umn.edu.Tel: (612)625-3570. Fax: (612)626-2017.
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Weber’sLaw wasfirstdescribedin 1834byGermanphysiologistE.H. Weber[Web34],
andwaslaterformulatedquantitatively by thegreatexperimentalpsychologistGustav
Fechner[Fec58], founderof themodernpsychophysics.Thelaw revealstheuniversal
influenceof the backgroundstimulus � on human’s sensitivity to the intensityincre-
ment ��� , or the so calledJND (just-noticeable-difference),in the perceptionof both
soundandlight. It claimsthattheso-calledWeber’s fractionis a constant:���	����
 const. (1)

Many experimentshave demonstratedthat in a largerangeof stimuli � , Weber’s Law
indeedprovidesa goodapproximation.

Empiricalevidenceis easyto gatherfrom daily life for a qualitativeunderstanding
of Weber’s Law. In a fully packedstadiumwherethebackgroundsoundintensity � is
high, onehasto speakcloseto shoutingin orderto be effectively heardby the other
folks. Thesameobservationis truefor visualcommunication.Thestarscanbeclearly
spottedin a dark night without a bright full moon, and away from the urbanneon
lights. But otherwiseour naked vision hasmuch difficulty in finding them. In the
currentpaper, we applyWeber’s Law in thecontext of visualperception.Therefore,�
standsfor thebackgroundlight intensityand ��� theintensityfluctuation.

Sincealmostall imagesareeventuallyto beobservedandinterpretedby humans,
anidealdigital imageprocessorhasto take into accounttheeffectsof humanpsychol-
ogyandpsychophysics,suchasthatof Weber’sLaw. Thisis animportantnew areathat
needsto befurtherexplored.Thecurrentpapermakesthefirst infantileattemptof in-
tegratingWeber’sLaw into imagerestorationschemes.We demonstrateour mainidea
through“Weberizing”thewell known classicalmodelof totalvariation(TV) denoising
andenhancementby Rudin,Osher, andFatemi[ROF92, RO94].

Theorganizationgoesasfollows. In Section2, we quickly review theTV restora-
tion model in imageprocessing,and explain the idea behindits “Weberization.” In
Section3, wefirst rigorouslyinterprettheWeberizedTV restorationenergy andits ad-
missiblespace,andthenapplythedirectmethodto studytheexistenceanduniqueness
of theminimizers.Thecomputationalapproachto theminimizationof theWeberized
TV energy is addressedin Section4, accompaniedby sometypical numericalresults.
Theconclusiongoesinto Section5.

2 Weberized TV for Image Restoration

Let �
� denotetheobservedraw imagedata,which is assumedto beadegradedversion
of theoriginal goodimage � . Distortionsin ��� aretypically modeledby blurring and
noising: �
��
���������� (2)

where � is a linearblurring operator, or a lowpassfilter with ������� , and � denotes
white noise. The goal of imagerestorationis to recover the original good image �
from onesingleobservation of � � (sincestrictly speaking,� � is a randomfield). In
this paper, we shall assumethat the noiseis spatiallyhomogeneous,andcanbe well
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approximatedby Gaussian.We shallalsofocuson thepuredenoisingcasewhenthere
is no severeblurring.

The TV restorationmodel first proposedby Rudin, Osher, and Fatemi [RO94,
ROF92] is to minimizethefollowing Bayesiantypeenergy [GG84, Mum94, CS02]:� � �"! �
�$#%
 &(' ! )*��! +-,.�0/1 &2'43 �657�
�98;:<+=,>� (3)

in the spaceof functionswith boundedvariationsBV
3@? 8 . (Here, imitating the con-

ditional expectationin probability theory, theverticalbardefinestwo domainsfor the
known variablesand the unknowns.) The first regularity term is understoodbeyond
theconventionalSobolev spaceACBED B 3F? 8 , instead,astheTV Radonmeasure[Giu84].
BV
3F? 8 hasbeenprovenasufficiently goodimagespacefor mostimageswithoutmuch

texture [CS02]. Themaincharacteristicof theBV imagemodelis that it legalizes1-
dimensionalsingularities,or popularlyreferredto as“edges,” animportantvisualcue
in humanandcomputervision [MH80].

Eversincetheir first introductioninto digital imageprocessingin [RO94, ROF92],
theBV imagemodelandTV restorationmodel(3)havewitnessedmany successfulnew
developmentsduringthepastdecade.We referto our recentsurvey paper[CS02] and
thereferencesthereinfor moredetail. In particular, with his collaborators,theauthor
of thepresentpaperhasbeenableto extendandgenerlizethemodelsontodigital graph
domains[COS01], onto the so-callednonflat imagefeaturesthat live on Riemannian
manifolds[CS00], andonto the novel areaof imageinpaintingandgeometricimage
interpolations[CS01]. Figure1 showsoneapplicationof theTV restorationmodelfor
the error concealmentof a blurry imagetransmittedthrougha wirelessnetwork with
randomlylostpackets.

A blurred image with 80 lost packets Deblurring and error concealment by TV inpainting

Figure1: TV restorationof ablurry imagewith simulatedrandompacket loss.

Most conventionalrestorationmodelsdo not take into accountthatour visualsen-
sitivity to theregularity or local fluctuation ��� dependson theambientintensitylevel� . That is, modelssuchas(3) assumethata local variation, ���G
IHKJ H 1 say, shouldbe
treatedequallyindependentof the backgroundintensitylevel � , no matterwhetherit
is ��
LHMJN� or ��
�HKJ O . But this exactly violatesWeber’s Law, accordingto which, a
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fluctuationlevel of ����
PHMJ H 1 againsta backgroundintensity �Q
LHKJR� is muchmore
significantthanthesameamountagainst�S
THMJ O . In factit is approximatelyequivalent
to a level of ���S
 HMJ OHMJN�VU HKJ H 1 
THMJN��W
in thelattersituation.

It is out of this considerationthat we proposeto “Weberize” the classicalTV
restorationmodel(3). Thekey is to replacetheuniform local variation! )X�"!=
ZY � :[ ��� :\ 
^] �]`_� � _�V
 )X�! )X��!
by theWeberizedlocal variation ! )*��! a ,! )X�"! a 
 ! )X��!� 
 �� ] �]b_� �
whichencodestheinfluenceof thebackgroundintensity� accordingtoWeber’sLaw (1).

Therefore,insteadof (3), we proposetheWeberizedTV restorationmodelc�dNef � a � �"! � � #g
 &2' ! )X��! a +=,.� / 1 &(' 3 � 5h� � 8 : +-,iJ (4)

The currentpaperis devotedto the studyof the mathematicalpropertiesof this new
model,includingissuesrelatedto theexistenceanduniquenessof theminimizers,and
its computationalapproach.

3 Existence and Uniqueness

Wefirst work outsomenaturalassumptionsonthedatamodel,andtheninvestigatethe
existenceanduniquenessof theminimizersto theWeberizedTV restorationmodel(4).

3.1 Assumptions and the admissible space

In Weber’sfraction ���%�j� , � denotestheintensityvalue.Thus �VklH . Weshallcall ��
H the “blackhole” sincephysicallyit meansno photonsareemittedor reflected.The
blackholeis thesingularityof bothWeber’s fractionandtheWeberizedlocal variation! )*��! a 
�! )X��! �j� . Therefore,technicallywe shouldstayaway from theblackholeand
assumethat ��mnH .

Theblackholesimilarly imposessomenaturalrestrictionson thenoisemodel� � 
o�.����J
Since �
� alsorepresentstheintensityvalue,we musthave �
�XkoH , which impliesthat�Vkp5q� . Now thatin boththeTV restorationmodel(3) andits Weberizedversion(4),
noisereductionhasbeencontrolledby the leastsquareenergy, we are implicitly as-
sumingthat thenoisecanbewell approximatedby someGaussianr 3 HM�ts : 8 [Str93].
In particular, � (or its probability densityfunction) shouldbe almostsymmetric,and
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thecondition �Gku5q� is equivalentto ��kZ! �4! , which canberoughlytranslatedto that
thesignal-to-noiseratioSNR kT� . Therefore,�
��
l�.���7vn�.����
 1 �i�
andweobtainanaturaltechnicalconstraintfor theWeberizedTV restorationmodel(4):�Vk �
�1�J (5)

Beforeinvestigatingtheexistenceof theWeberizedTV retoration(E:Ew)c�dNef � a � �"! ���w#g
 & ' ! )X��! a"+=,.�x/1 & ' 3 � 5h����8 : +-,i� (6)

we needto explain theexactmeaningof theWeberizedTV, andtheadmissiblespace
for therestorationenergy

� a .
First,dueto theleastsquareenergy controlin

� a , weassumethat � �zyV{ : 3@? 8 . As
a result, � yG{ : 3@? 8 . Throughoutthepaper, we alsoassumethat

?
is a Lipschitzopen

domainwith a finite Lebesguemeasure! ? !(|o} .
Second,theWeberizedTV energy& ' ! )X�"! a +-,�
 & ' ! )X�"!� +-,

is understoodin the senseof the coarea formula [Giu84]. More generally, let ~ 3 �g8X�3 HK�E}�8`� 3 HM�$}Q8 bea continuousfunction. Then,for any � y BV
3F? 8 and � 3 ,
8�muH ,

wedefine & ' ~ 3 �%8<! )X�"! +-,G��
 &Q�� Per
3 ��| / 8;~ 3 / 8;+ / J (7)

Herefor any / mlH , theperimeterof theset �"�X
Z��,"! �V| /	� is definedas[Giu84]:

Per
3 ��| / 84
 Per

3 �"�
� ? 8�
 & ' ! )����=�
! +-,iJ (8)

(Note: in thispaperweshallalwaysusetheconventionalnotation
& ' ! )���! +=, to denote

theTV Radonmeasure
&(' ! �6��! [Giu84]. ) When ~���� , (7) is preciselytheclassical

coareaformula.
Anotherequivalentway is to introducethe integral � of ~ : �`� 3 �%8�
L~ 3 �g8 . Then

thedefinition(7) is identicalto& ' ~ 3 �g8�! )X��! +=,���
 & ' ! )�� 3 �%8<! +=,S
 TV
3 � 3 �%8;8wJ (9)

For instance,for the WeberizedTV, ~ 3 �%8X
������ , ��
�� 3 �%8*
P� e � . Therefore,the
WeberizedTV restorationcanberewrittenas� a � ��! � � #g
 & ' ! )X�g! +-,�� / 1 & ' 3 � 5h� � 8 : +=,>J (10)
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The combinationof all the threeelementsdiscussedabove leadsto the following
naturaladmissiblespacefor theWeberizedTV restoration(10):� 
Z���Vm�H��� � y�{b: 3F? 8w� TV

3 � e �%8`|l}o����kn���9� 1 � J (11)

This is thespacethatweshallwork with from now on.

3.2 Existence of Weberized TV restoration

First we prove a MaximumPrinciple type resultfor the Weberizedenergy form (10).
Thetechniqueis characteristicto total variationrelatedenergies,but becomesdifficult
for conventionalSobolev typeregularityenergies.

Lemma 1 Supposethat H.|n��� 3 ,g8�v�� for all , y ? , and � y � is a minimizerof the
WeberizedTV restoration energy

� a restrictedin the admissiblespace
�

as defined
in (11). Then�Vvl� (in theLebesguea. e. sense).In particular, �$��� � vI�w����� � .

Proof. Define
� ��#���
��. 6�u
 c�dRe 3 �¡�¢��8 . Then& '43 � 5h� � 8£:<+=,S
 & f=¤ � 3 �657� � 8;:<+=,�� & f=¥ � 3 � 5h� � 8£:�+-,k & f=¤ � 3 �657�
�98 : +=,�� & f=¥ � 3 ��5h�
�98 : +-,
 & ' 3 � ��#��75h� � 8 : +=,>J

Theequalityin theinequalityline holdsif andonly if �Vmn� hasLebesguemeasure0.
Meanwhile,by thecoareaformula(7),& ' ! ) � ��#��q! a +=,�
 & �� Per

3 � ��#��Q| / 8 + // 
 & �� Per
3 � ��#��Q| / 8 + //
 & �� Per¦ 3 � ��# � | / ! �Gvn�§8	¨ 3 � �K# � | / ! ��mn��8�© + //
 & �� Per¦ � �K# � | / ! ��vl�o© + // 
 & �� Per

3 ��| / 8 + //v & �� Per
3 ��| / 8 + // 
 & ' ! )X�"! ai+=,>�

wherefor the secondequality, we have appliedPer
3F? � ? 8S
ªH . Together, we have

establisheddirectly that � aX« � �K# �V¬ v � a � ��#@�
and the equality holds if andonly if �Lv­�*�¢®
J ¯�J Since � is a minimizer in

�
and� �K# � y � , theequalitymusthold andthus �Vvn�*�¢®
J ¯�J °
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Noticethatsuchdirectmethodis almostuniqueto TV relatedenergies.Theceiling
operator��� � ��# � 
��� X� (or theflooringoperator�S�±��²*� ) is readilycompatible
with theTV measure.Thesametechniqueis valid evenfor moregeneralnonnegative
functions ~ 3 �%8 asin (7).

Theorem 1 (Existence) Assumethat theobservation� � satisfiesH�|Q�
�zvl� and �j��
o� e ��� y�{ Bloc

3@? 8$J
ThentheWeberizedTV restoration model(6) or (10) hasat leastoneminimizerwhen
restrictedin theadmissiblespace

�
(see(11)).

Proof. Notice that theadmissiblespace
�

is nonemptysince �7�Z� y � . Let �
³ y� �¢�V
C�-� 1 �<´�´<´ beaminimizingsequenceof theWeberizedTV restorationenergy
� a

restrictedin
�

. In thespirit of Lemma1, we canassumethat �g³GvZ���¢��
^�=� 1 ��´<´�´ .
Then & ' ! )X�
³	! a"+-,S
 & ' ! )X�
³	!� ³ +-,Vk �� & ' ! )X�
³	! +=,>J
Therefore,

3 � ³ 8 is a boundedsequencein theBanachspaceBV
3@? 8 endowedwith the

BV norm: �<��� BV 
 TV
3 �%8	�p�<���wµ
¶wJ

By the weakcompactness,
3 �g³M8 hasa subsequence,still denotedby

3 �g³M8 for conve-
nience,thatconvergesstronglyin { B 3F? 8 to some� � : �
³��·� � . Furthermore,aftera
refinementof thesubsequenceif necessary, we canassumethat�g³ 3 ,g84�±� � 3 ,
8w� ®�J ¯�J�, y ? J
Thenby theLebesgueDominatedConvergenceTheorem,&(' 3 � � 5h� � 8 : +-,S
¸� dNc³-¹ � &2' 3 � ³ 57� � 8 : +=,>J (12)

For thecontrolover theWeberizedTV, define� ³ 
�� e � ³ �;��
Z�=� 1 ��´<´�´ and � � 
� e � � . Then � ³ 3 ,g84�±� � 3 ,
8$� ®
J ¯=J­, y ? �
andsince� ³�y � , wealsohave�º³g��� � kQ� e 3 ���j� 1 8$�»�V
Z�-� 1 �<´�´<´ (13)

For any compactlysupportedvectorialtestfunction

_¼ 
 3 ¼ B � ¼ : 8 y�½ �� 3F? �t¾ : 8$� with � _¼ �¿
 Y ¼ :B � ¼ :: vu�-�
wehave � ³ )x´ _¼ �·� � )Z´ _¼ �À®
J ¯�J�, y ? �
and ! � ³ )x´ _¼ !(v ¦ !Á� e 3 � � � 1 8�!w²�!Á� e �X! © ! )x´ _¼ !�J (14)
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Now that the observation �j�S
^� e �
� yo{ Bloc

3@? 8 andthat _¼ is compactlysupported,

the right handside of (14) must belong to { B 3F? 8 . Hence,againby the Lebesgue
DominatedConvergenceTheorem,& ' � � )Z´ _¼ +-,S
¸� dNc³-¹ � & ' �º³K)Z´ _¼ +-,iJ
Consequently, for eachof suchtestfunctions _¼ ,&M' � � )C´ _¼ +=,�vQ� dRcndNe2Â³-¹ � &2' ! )X�º³>! +-,iJ
Therefore,by definition[Giu84], wemusthave&(' ! )X� � ! +=,�vQ� dRcndNe2Â³-¹ � &(' ! )X�º³	! +=,>J (15)

Finally, thecombinationof (12)and(15)gives� a � � � #>vQ� dRcndNe2Â³-¹ � � a � �
³�#ÃJ
It is easyto seethat � � y � . Since � ³ is a minimizing sequence,we thereforehave
shown that � � is in facta minimizer. Thiscompletestheproof. °

We closethissubsectionwith a remarkon theconditionsof theexistencetheorem.
In numerousdigital applications,the conditionsin Theorem1 arenaturallysatisfied
sinceintensityvaluesarealwaysscaledto a positive interval

� Ä ��Åu# . For instance,Å 
 1-Æ W and
Ä 
Ç� in most 8-bit display systems.When

Ä 
·H , one level of
elementaryshifting, �7�Ç� �nÈ say, resolvestheblackholeproblem.Suchpracticeis
equivalentto whatsomevision psychologistshave calledthemodifiedWeberfraction���	� 3 �X�QÈ$8 , in which thesmallintensityvalue È is calledtheactivationlevel.

3.3 Uniqueness of Weberized TV Restoration

Unlike theclassicalTV restorationmodel(3), theWeberizedenergy� a � �"! � � #g
 &2' ! )X��! a +=,�� / 1 &(' 3 �65h� � 8 : +-,
is not convex. As a result,uniquenessis no longera directproductof convexity.

We startwith a computationallemmathat is againuniqueto total variationrelated
energies.

Lemma 2 Let ~ 3 �g8�� 3 HM�$}Q8�� 3 HM�$}Q8 bea ½ B function,andÉ�� ��#g
 &(' ~ 3 �g8�! )X��! +=,>J
thentheformalEuler-Lagrangedifferentialof

É�� ��# is] É] � 
Z5Ê~ 3 �%8;)C´�Ë )*�! )*��!ÍÌ ��� ' � ~
3 �%8! )X�"! ] �]b_� ����Î ' J (16)
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Proof. Wewitnessanintrinsiccancellationmechanismcharacteristicto theTV energy
duringthestandardcomputationof Calculusof Variation

É � É ��� É :� É 
 & '�Ï ~ � 3 �g8�! )X��! ���X�n~ 3 �%8 )X�! )X�"! � 3 )X�%8ÁÐ�+=,
 & ' Ï ~ � 3 �g8�! )X��!�5�)x´ Ë ~ 3 �%8 )X�! )X�"!ÍÌ Ð����6+-,�� & Î ' ~
3 �g8! )X�"! ] �]b_� ��� +(Ñ
 & '�Ï 5Ê~ 3 �g8¢)C´�Ë )X�! )X�"! Ì Ð ���6+-,�� & Î ' ~ 3 �g8! )X�"! ] �]b_� ���6+(Ñ=�

where +�Ñ denotesthe arc-lengthelementof the boundary. The cancellationoccursin
thefirst integralof thesecondline. This completestheproof. °

Applying the lemmato the WeberizedTV restorationenergy
� a , we obtain the

formalequilibriumEuler-Lagrangeequation:5 �� )x´ Ë )X�! )X��!ÒÌ � / 3 ��57�
��84
oHM� ] �]b_� 
oH along ] ? J (17)

Or, applyingthetimemarchingschemealongthegradientdescentdirection,] �]�Ó 
T)x´�Ë )X�! )X��!ÒÌ � / � 3 � � 57�%8$� (18)

with thesameNeumannadiabaticboundarycondition,andanappropriateinitial guess.
Notice that (18) is a nonlineardiffusion-reactiontype equation. At eachfixed pixel, y ? , set ®.
o� � 3 ,
8 . Thenthepurereactionmechanismis givenby theODE+=�+ Ó 
T� 3 �g8�
 / � 3 ®X5h�g8w� �VmlHM� (19)

whichhasanunstablerepellingboundary��
oH , andtheuniquegloballystableattrac-
tor ��
C® . It is this propertythathints that theWeberizedTV restorationmodelmay
havea uniquesolution.

The following uniquenesstheoremis at a formal level in the sensethatour proof
relieson the formal Euler-Lagrangeequations(17). A mathematicallymorerigorous
proof, or an appropriatereformulationof the uniquenessissue,still remainsan open
problemfor our readers.

Like theExistenceTheorem1, thefollowing UniquenessTheoremis againestab-
lishedin thenaturaladmissiblespace

�
in Section3.1.

Theorem 2 (Uniqueness) Assumethat ��
oÔ 3 ,g8 y � is a minimizerof theWeberized
TV restoration energy

� a restrictedin
�

. If Ô 3 ,g8Vm���� 3 ,g8¢� 1 for all , y ? , then��
TÔ 3 ,
8 is unique.

Proof. Since Ô 3 ,
8�ml�
� 3 ,g8¢� 1 , �S
uÔ 3 ,g8 is away from theboundaryof theadmissible
space

�
andCalculusof Variationis valid, which leadsto theEuler-Lagrangeequation

for ��
oÔ 3 ,g8 :5 �� )x´ Ë )X�! )X��!ÒÌ � / 3 ��57�
��84
oHM� ] �]b_� 
oH along ] ? � (20)

9



or equivalently,5Ê)Z´ Ë )*�! )*��!ÍÌ � / � 3 ��57�
��84
oHM� ] �]b_� 
oH along ] ? J (21)

Definea new referenceenergy
�¿Õ-� ��! �
�$# for theWeberizedTV restoration

� a asfol-
lows: �¿Õ=� ��! ���<#g
 &2' ! )X��! +=,.�0/1 &('b3 � 5h����8£: Ï 1 �.�����Ö Ð +-,iJ (22)

It is easyto derive that (21) is exactly the Euler-Lagrangeequilibrium equationfor�¿Õ=� ��! �
�$# . At eachfixedpixel , y ? , set ®6
p�
� 3 ,
8 , anddefinea cubicpotentialof �
by � 3 �g8�
 / 1 3 �65�®28£: 1 ����®Ö J (23)

Then � � 3 �%8�
 / � 3 � 5�®(8 and � � � 3 �%8�
 1 / 3 ��5h®M� 1 8$J
In particular, �z� � 3 �%8`mnH , for all ��ml®M� 1 . As a result,É�� �K#%
 / 1 & '�3 ��57� � 8 : Ï41 �X���
�Ö Ð +=,
is strictly convex when restrictedon ����� 3 ,
8Gm×��� 3 ,
8t� 1 �6, y ? . Now that the
TV Radonmeasureis semi-convex, togetherwe concludethat the referenceenergy�¿Õ=� ��! �
�$# is strictly convex:�¿Õ Ë � B ��� :1 ��� �
� Ì v �¿Õ=� � B ! ���w#2� �¿Õ-� � : ! �
�w#1 �
for any � B �;� : y BV

3F? 8�Ø { : 3@? 8 and � B �¢� : m±�
��� 1 . The equality holds if and
only if when � B 
�� : . Consequently, its equilibrium Euler-Lagrangeequation(21)
(even unnecessarilybeinga global minimum) hasat mostonesolution that satisfies�Vmn� � � 1 , which impliesthat �S
TÔ 3 ,
8 is indeeduniqueasclaimed. °

Thelowerbound�S
��
�9� 1 hasbeeninitially motivatedby theblackholeconstraint
on Weber’s fraction,asdiscussedin Section3.1. It is perhapsmorethanacoincidence
that it alsonaturallyappearsasthe inflectionpoint of the referenceenergy

�¿Õ
in the

proofof uniqueness.

4 The Computational Approach and Examples

As for the classicalTV restoration,therearemany computationaltools availablefor
digitally implementingtheenergy minimization(see,for example, [CGM99, ROF92,
MO00, VO96]). In thispaper, asin [COS01, VO96], weproposeto applythelineariza-
tion techniqueto iteratively solve theEuler-Lagrangeequation(17).
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Define Ù/ 
�Ù/ 3 �%8�
 / � . ThenEq.(17)canbere-writtenas5Ê)Z´�Ë )X�! )X�"!ÍÌ � Ù/ 3 � 5h� � 8�
oHK�», y ? � (24)

with theNeumannadiabaticconditionalongtheboundaryof the imagedomain. It is
formally identicalto theclassicalTV denoisingequation[ROF92, VO96], exceptthat
thefitting constant/ now dependson � . Noticethat Ù/ mnH since��mnH .

To numericallysolve (24), we apply the linearizationtechnique.Eq. (24) is to be
solvediteratively ( �>Ú ³-Û �·�iÚ ³ºÜ B Û ) basedon thelinearization{ Ú ³-Û � Ú ³ºÜ B Û 
�Ù/ Ú ³ºÛ �
�-� (25)

where Ù/ Ú ³-Û 
 / �>Ú ³-Û , and { Ú ³ºÛ standsfor thelinearelliptic operator5Ê)C´�Ë �! )X� Ú ³ºÛ ! ) Ì � Ù/ Ú ³ºÛ J
As well practicedin theTV restorationliterature[CL97, VO96], { Ú ³ºÛ is computation-
ally betterconditionedto{ Ú ³-ÛÝ 
C5Ê)Z´�Ë �! )*� Ú ³ºÛ ! Ý ) Ì � Ù/ Ú ³ºÛ � (26)

wherethenotation ! ®%! Ý standsfor Þ ® : �QÈ : for somepositive parameterÈÊßà� . Such
conditioninggetsrid of the singularity of { Ú ³ºÛ on the homogeneousregions of the
currentguess�iÚ ³ºÛ where ! )X�iÚ ³ºÛ ! is closeto zero. Notice that in termsof the energy
formulation,(25)and(26)areequivalentto trackingdown theuniqueminimizer �iÚ ³ºÜ B Û
of thequadraticenergy� � ��! ���º�¢� Ú ³ºÛ #g
 �1 &(' �! )X� Ú ³ºÛ ! Ý ! )X�"! :q+-,�� �1 &2' Ù/ Ú ³-Û 3 � 5h�
�98£:q+=,>J

Figures2 and3 have beengeneratedby this algorithm,andthecentral-difference
basedfinite differenceschemesfor the linearizedequation(25). Figure2 displaysthe
noisytestimage(theleft panel)andits WeberizedTV restoration(theright panel).Fig-
ure3 shows a typical 1-dimensionalhorizontalslice takenfrom both thenoisy image
andits WeberizedTV restoration.Oneclearly observesthat unlike the conventional
TV restoration,the Weberizedversionis able to distribute the minimum amountof
irregularity adaptively over the imagedomainaccordingto Weber’s Law. Therefore,
in the restoredimage,the minimumfluctuation ��� is allowed to be largeron regions
wherethebackgroundintensity � is higherandhuman’svisualsensitivity is weaker.

5 Conclusion

Most conventionalimageprocessorsconsiderlittle how humansubjects“feel” about
the outputs. Weber’s Law claimsthat human’s perceptionandresponseto the inten-
sity fluctuation ��� of both auralandvisual signalsarenot simply uniform, instead,
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A test image with uniform white noise Weberized TV denoising

Figure2: WeberizedTV restorationof a testimagewith homogeneousnoise.

shouldbeweightedby theambientstimulus � . Thecurrentpaperhasattemptedto in-
tegratethis famouspsychologicaleffect into theclassicalTV imagerestorationmodel
of Rudin,Osher, andFatemi[ROF92].

We have studiedthe issuesof existenceanduniquenessfor the proposedWeber-
izedTV restorationmodel,basedon thedirectmethodin thespaceof functionswith
boundedvariationsBV

3@? 8 . We havealsoproposedaniterativealgorithmbasedon the
linearizationtechniquefor thenonlinearEuler-Lagrangeequation.

We considerthepresentwork asaninfantilestepin thebig blueprintof integrating
importantpsychologicalandpsychophysicalresults(eitherempiricalor statistical)into
thecontemporaryimagingscienceandtechnology. Our long-termgoalhasbeenseton
theexplorationof all possibleimportantinteractions.
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