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Coverage control for mobile sensing networks

Jorge Cortés, Sonia Martinez, Timur Karatas, Francesco Bullo, Member IEEE

Abstract— This paper presents control and coordination al-
gorithms for groups of vehicles. The focus is on autonomous
vehicle networks performing distributed sensing tasks where
each vehicle plays the role of a mobile tunable sensor. The
paper proposes gradient descent algorithms for a class of
utility functions which encode optimal coverage and sens-
ing policies. The resulting closed-loop behavior is adaptive,
distributed, asynchronous, and verifiably correct.

Keywords— Coverage control, distributed and asyn-
chronous algorithms, centroidal Voronoi partitions

I. INTRODUCTION
Mobile sensing networks

The deployment of large groups of autonomous vehi-
cles is rapidly becoming possible because of technological
advances in networking and in miniaturization of electro-
mechanical systems. In the near future, large numbers of
robots will coordinate their actions through ad-hoc com-
munication networks and will perform challenging tasks
including search and recovery operations, manipulation in
hazardous environments, exploration, surveillance, and en-
vironmental monitoring for pollution detection and esti-
mation. The potential advantages of employing teams of
agents are numerous. For instance, certain tasks are diffi-
cult, if not impossible, when performed by a single vehicle
agent. Further, a group of vehicles inherently provides ro-
bustness to failures of single agents or communication links.

Working prototypes of active sensing networks have al-
ready been developed; see [1], [2], [3], [4]. In [3], launchable
miniature mobile robots communicate through a wireless
network. The vehicles are equipped with sensors for vi-
brations, acoustic, magnetic, and IR signals as well as an
active video module (i.e., the camera or micro-radar is con-
trolled via a pan-tilt unit). A second system is suggested
in [4] under the name of Autonomous Oceanographic Sam-
pling Network. In this case, underwater vehicles are en-
visioned measuring temperature, currents, and other dis-
tributed oceanographic signals. The vehicles communicate
via an acoustic local area network and coordinate their mo-
tion in response to local sensing information and to evolv-
ing global data. This mobile sensing network is meant to
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provide the ability to sample the environment adaptively
in space and time. By identifying evolving temperature
and current gradients with higher accuracy and resolution
than current static sensors, this technology could lead to
the development and validation of improved oceanographic
models.

Optimal sensor allocation and coverage problems

A fundamental prototype problem in this paper is that of
characterizing and optimizing notions of quality-of-service
provided by an adaptive sensor network in a dynamic en-
vironment. To this goal, we introduce a notion of sensor
coverage that formalizes an optimal sensor placement prob-
lem. This spatial resource allocation problem is the subject
of a discipline called locational optimization [5], [6], [7], [8],
[9].

Locational optimization problems pervade a broad spec-
trum of scientific disciplines. Biologists rely on locational
optimization tools to study how animals share territory and
to characterize the behavior of animal groups obeying the
following interaction rule: each animal establishes a region
of dominance and moves toward its center. Locational opti-
mization problems are spatial resource allocation problems
(e.g., where to place mailboxes in a city or cache servers
on the internet) and play a central role in quantization
and information theory (e.g., how to design a minimum-
distortion fixed-rate vector quantizer). Other technologies
affected by locational optimization include mesh and grid
optimization methods, clustering analysis, data compres-
sion, and statistical pattern recognition.

Because locational optimization problems are so widely
studied, it is not surprising that methods are indeed avail-
able to tackle coverage problems; see [5], [8], [10], [9]. How-
ever, most currently-available algorithms are not applicable
to mobile sensing networks because they inherently assume
a centralized computation for a limited size problem in a
known static environment. This is not the case in multi-
vehicle networks which, instead, rely on a distributed com-
munication and computation architecture. Although an
ad-hoc wireless network provides the ability to share some
information, no global omniscient leader might be present
to coordinate the group. The inherent spatially-distributed
nature and limited communication capabilities of a mobile
network invalidate classic approaches to algorithm design.

Distributed asynchronous algorithms for coverage control

In this paper we design coordination algorithms imple-
mentable by a multi-vehicle network with limited sensing
and communication capabilities. Our approach is related
to the classic Lloyd algorithm from quantization theory;
see [11] for a reprint of the original report and [12] for a
historical overview. We present Lloyd descent algorithms
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that take into careful consideration all constraints on the
mobile sensing network. In particular, we design coverage
algorithms that are adaptive, distributed, asynchronous,
and verifiably asymptotically correct:

Adaptive: Our coverage algorithms provide the network
with the ability to address changing environments, sens-
ing task, and network topology (due to agents departures,
arrivals, or failures).

Distributed: Our coverage algorithms are distributed in the
sense that the behavior of each vehicle depends only on
the location of its neighbors. Also, our algorithms do
not require a fixed-topology communication graph, i.e.,
the neighborhood relationships do change as the network
evolves. The advantages of distributed algorithms are scal-
ability and robustness.

Asynchronous: Our coverage algorithms are amenable to
asynchronous implementation. This means that the al-
gorithms can be implemented in a network composed of
agents evolving at different speeds, with different compu-
tation and communication capabilities. Furthermore, our
algorithms do not require a global synchronization and con-
vergence properties are preserved even if information about
neighboring vehicles propagates with some delay. An ad-
vantage of asynchronism is a minimized communication
overhead.

Verifiable Asymptotically Correct: Our algorithms guaran-
tee monotonic descent of the cost function encoding the
sensing task. Asymptotically, the evolution of the mobile
sensing network is guaranteed to converge to so-called cen-
troidal Voronoi configurations (i.e., configurations where
the location of each generator coincides with the centroid
of the corresponding Voronoi cell) that are critical points
of the optimal sensor coverage problem.

Let us describe in some detail what are the contribu-
tions of this paper. Section II reviews certain locational
optimization problems and their solutions as centroidal
Voronoi partitions. Section III provides a continuous-time
version of the classic Lloyd algorithm from vector quantiza-
tion and applies it to the setting of multi-vehicle networks.
In discrete-time, we propose a family of Lloyd algorithms.
We carefully characterize convergence properties for both
continuous and discrete-time versions (Appendix I collects
some relevant facts on descent flows). We discuss a worst-
case optimization problem, we investigate a simple uniform
planar setting, and we present simulation results.

Section IV presents two asynchronous distributed imple-
mentations of Lloyd algorithm for ad-hoc networks with
communication and sensing capabilities. Our treatment
carefully accounts for the constraints imposed by the dis-
tributed nature of the vehicle network. We present two
asynchronous implementations, one based on classic results
on distributed gradient flows, the other based on the struc-
ture of the coverage problem. (Appendix II briefly reviews
some known results on asynchronous gradient algorithms.)

Section V-A considers vehicle models with more realistic
dynamics. We present two formal results on passive ve-
hicle dynamics and on vehicles equipped with individual
local controllers. We present numerical simulations of pas-

sive vehicle models and of unicycle mobile vehicles. Next,
Section V-B describes density functions that lead the multi-
vehicle network to predetermined geometric patterns.

Review of distributed algorithms for cooperative control

Recent years have witnessed a large research effort
focused on motion planning and coordination problems
for multi-vehicle systems. Issues include geometric pat-
terns [13], [14], [15], [16], formation control [17], [18], gra-
dient climbing [19], and conflict avoidance [20]. It is only
recently, however, that truly distributed coordination laws
for dynamic networks are being proposed; e.g., see [21],
[22], [23].

Heuristic approaches to the design of interaction rules
and emerging behaviors have been throughly investigated
within the literature on behavior-based robotics; see [24],
[25], [17], [26], [27], [28]. An example of coverage con-
trol is discussed in [29]. Along this line of research, al-
gorithms have been designed for sophisticated cooperative
tasks. However, no formal results are currently available
on how to design reactive control laws, ensure their cor-
rectness, and guarantee their optimality with respect to an
aggregate objective.

The study of distributed algorithms is concerned with
providing mathematical models, devising precise specifica-
tions for their behavior, and formally proving their cor-
rectness and complexity. Via an automata-theoretic ap-
proach, the references [30], [31] treat distributed consen-
sus, resource allocation, communication, and data consis-
tency problems. From a numerical optimization viewpoint,
the works in [32], [33] discuss distributed asynchronous al-
gorithms as networking algorithms, rate and flow control,
and gradient descent flows. Typically, both these sets of
references consider networks with fixed topology, and do
not address algorithms over ad-hoc dynamically changing
networks. Another common assumption is that any time
an agent communicates its location, it broadcasts it to ev-
ery other agent in the network. In our setting, this would
require a non-distributed communication set-up.

Finally, we note that the terminology “coverage” is also
used in [34], [35] and references therein to refer to a different
problem called the coverage path planning problem, where a
single robot equipped with a limited footprint sensor needs
to visit all points in its environment.

II. FROM LOCATION OPTIMIZATION TO CENTROIDAL
VORONOI PARTITIONS

A. Locational optimization

In this section we describe a collection of known facts
about a meaningful optimization problem. References in-
clude the theory and applications of centroidal Voronoi
partitions, see [10], and the discipline of facility location,
see [6]. Along the paper, we interchangeably refer to the
elements of the network as sensors, agents, vehicles, or
robots. We let R be the set of nonnegative real numbers,
N be the set of positive natural numbers and Ng = NU{0}.

Let Q be a convex polytope in RY including its interior,
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and let || - || denote the Euclidean distance function. We
call a map ¢ : Q@ — Ry a distribution density function if
it represents a measure of information or probability that
some event take place over (. In equivalent words, we
can consider ) to be the bounded support of the func-
tion ¢. Let P = (p1,...,pn) be the location of n sensors,
each moving in the space ). Because of noise and loss of
resolution, the sensing performance at point ¢ taken from
ith sensor at the position p; degrades with the distance
|lg—p:|| between ¢ and p;; we describe this degradation with
a non-decreasing differentiable function f: R, — R;. Ac-
cordingly, f (||l¢ — p:||) provides a quantitative assessment
of how poor the sensing performance is.

Fig. 1. Contour plot on a polygonal environment of the Gaussian
density function ¢ = exp(—2? — y2).

Remark I1.1: As an example, consider n mobile robots
equipped with microphones attempting to detect, identify,
and localize a sound-source. How should we plan to robots’
motion in order to maximize the detection probability? As-
suming the source emits a known signal, the optimal detec-
tion algorithm is a matched filter (i.e., convolve the known
waveform with the received signal and threshold). The
source is detected depending on the signal-to-noise-ratio,
which is inversely proportional to the distance between the
microphone and the source. Various electromagnetic and
sound sensors have signal-to-noise ratios inversely propor-
tional to distance.

Within the context of this paper, a partition of @ is a
collection of n polytopes W = {W7,..., W, } with disjoint
interiors whose union is ). We say that two partitions
W and W' are equal if W; and W/ only differ by a set of
¢-measure zero, for all 7 € {1,...,n}.

We consider the task of minimizing the locational opti-
mization function

HEwW) =3 [ fla-ple@a )
=1 i

where we assume that the ith sensor is responsible for mea-
surements over its “dominance region” W;. Note that the
function H is to be minimized with respect to both (1) the
sensors location P, and (2) the assignment of the domi-
nance regions W. The optimization is therefore to be per-
formed with respect to the position of the sensors and the
partition of the space. This problem is referred to as a
facility location problem and in particular as a continuous
p-median problem in [6].

Remark I11.2: Note that if we interchange the po-
sitions of any two agents, along with their associ-
ated regions of dominance, the value of the loca-
tional optimization function H is not affected. Equiv-
alently, if 3, denotes the discrete group of permuta-
tions of n elements, then H(pi,...,pn, W1,..., W) =
H(pa(1)7 <3 Po(n)s Wo—(l)a RN Wa(n)) for all 0 € ¥,. To
eliminate this discrete redundancy, one could take natural
action of ¥, on Q", and consider Q" /%,, as the configura-
tion space for the position P of the n vehicles.

B. Voronot partitions

One can easily see that, at fixed sensors location, the
optimal partition of @ is the Voronoi partition V(P) =
{V1,...,V,} generated by the points (p1,...,ps):

Vi={a e Q] llg—pill <llg—pjll, Vj#i}.

We refer to [9] for a comprehensive treatment on Voronoi
diagrams, and briefly present some relevant concepts. The
set of regions {V1,...,V,} is called the Voronoi diagram for
the generators {p1,...,pn}. When the two Voronoi regions
Vi and Vj are adjacent (i.e., they share an edge), p; is called
a (Voronoi) neighbor of p; (and vice-versa). The set of
indexes of the Voronoi neighbors of p; is denoted by N (7).
Clearly, j € N(4) if and only if i € N(j). We also define
the (¢, j)-face as A;; = V; N'V;. Voronoi diagrams can be
defined with respect to various distance functions, e.g., the
1-, 2-, s-, and co-norm over ) = R™, see [36]. Some useful
facts about the Euclidean setting are the following: if @ is
a convex polytope in a N-dimensional Euclidean space, the
boundary of each V; is the union of (N — 1)-dimensional
convex polytopes.
In what follows, we shall write

Hy(P) = H(P,V(P)).

Note that using the definition of the Voronoi partition, we

have min;e (1, ny f(llg — pill) = f(llg — p;ll) for all g € Vj.
Therefore,

)= [ i flla-pl)o@ia. @)

= E(Q.¢) [ie{qf}}},n}f(llq pill)|
that is, the locational optimization function can be inter-
preted as an expected value composed with a min opera-
tion. This is the usual way in which the problem is pre-
sented in the facility location and operations research lit-
erature [6]. Remarkably, one can show [10] that

OH

OHy R
v 8_m(P’V(P)) = /V o,

Opi

(P) = fllg = pell) #(a)dg,

(3)

i.e., the partial derivative of Hy with respect to the ith
sensor only depends on its own position and the position
of its Voronoi neighbors. Therefore the computation of
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the derivative of Hy with respect to the sensors’ loca-
tion is decentralized in the sense of Voronoi. Moreover,
one can deduce some smoothness properties of Hy: since
the Voronoi partition V depends at least continuously on
P = (p1,...,pn), the function Hy, is at least continuously
differentiable.

C. Centroidal Voronoi partitions

Let us recall some basic quantities associated to a region
V C RY and a mass density function p. The (generalized)
mass, centroid (or center of mass), and polar moment of
inertia are defined as

Mv=/ p(q) dq, Cv—M /qp ) dq,

Jvp = /Ilq plI” p(q) dq

Additionally, by the parallel axis theorem, one can write,
Jvp = vy + My llp = Cv? (4)

where Jy ¢, € R, is defined as the polar moment of inertia
of the region V' about its centroid Cy, .

Let us consider again the locational optimization prob-
lem (1), and suppose now we are strictly interested in the
setting

HPW) =Y /W lq - pilP6(a)da, (5)
=1 i

that is, we assume f(|l¢ — pi|]) = |l¢ — p:||*>. The parallel
axis theorem leads to simplifications for both the function
‘Hy and its partial derivative:

oS

n
viov, + > My, |Ipi —

i=1

o).

OHy
Op;

(P) =2My, (pi —

Here the mass density function is p = ¢. It is convenient
to define

Hyp=Y J
i=1

Hyp =

Vi,Cy; »
i=1

Therefore, the (not necessarily unique) local minimum
points for the location optimization function Hy are cen-
troids of their Voronoi cells, i.e., each location p; satisfies
two properties simultaneously: it is the generator for the
Voronoi cell V; and it is its centroid

Cy, = argmin,,, Hy(P).

Accordingly, the critical partitions and points for H are
called centroidal Voronoi partitions. We will refer to a
sensors’ configuration as a centroidal Voronoi configura-
tion if it gives rise to a centroidal Voronoi partition. Of
course, centroidal Voronoi configurations depend on the

specific distribution density function ¢, and an arbitrary
pair (@, ¢) admits in general multiple centroidal Voronoi
configurations. This discussion provides a proof alterna-
tive to the one given in [10] for the necessity of centroidal
Voronoi partitions as solutions to the continuous p-median
location problem.

III. CONTINUOUS AND DISCRETE-TIME LLOYD
DESCENT FOR COVERAGE CONTROL

In this section, we describe algorithms to compute the
location of sensors that minimize the cost H, both in con-
tinuous and in discrete-time. In Section III-A, we propose
a continuous-time version of the classic Lloyd algorithm.
Here, both the positions and partitions evolve in continu-
ous time, whereas Lloyd algorithm for vector quantization
is designed in discrete time. In Section III-B, we develop a
family of variations of Lloyd algorithm in discrete time. In
both settings, we prove that the proposed algorithms are
gradient descent flows.

A. A continuous-time Lloyd algorithm

Assume the sensors location obeys a first order dynami-
cal behavior described by

Di = Uj.

Consider Hy a cost function to be minimized and impose
that the location p; follows a gradient descent. In equiv-
alent control theoretical terms, consider Hy a Lyapunov
function and stabilize the multi-vehicle system to one of
its local minima via dissipative control. Formally, we set

- Cvy,), (6)

where kprop is a positive gain, and where we assume that
the partition V(P) = {V1, ..., V,,} is continuously updated.

Proposition II1.1 (Continuous-time Lloyd descent) For the
closed-loop system induced by equation (6), the sensors lo-
cation converges asymptotically to the set of critical points
of Hy, i.e., the set of centroidal Voronoi configurations on
Q. Assuming this set is finite, the sensors location con-
verges to a centroidal Voronoi configuration.

Proof: Under the control law (6), we have

u; = —kprop(pi

d = OHy .
d—Hv(P(t))—Z ap; D

—2kpropHy 2(P(1)).

By LaSalle’s principle, the sensors location converges to the
largest invariant set contained in H;é (0), which is precisely
the set of centroidal Voronoi configurations. Since this set
is clearly invariant for (6), we get the stated result. If
H;lz (0) consists of a finite collection of points, then P(t)
converges to one of them, see Corollary A.2. |

Remark II1.2: 1f H{,lQ(O) is finite, and P(t) — C, then
a sufficient condition that guarantees exponential conver-
gence is that the Hessian of Hy be positive definite at
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C. Establishing this property is a known open problem,
see [10]. Note that this gradient descent is not guaran-
teed to find the global minimum. For example, in the vec-
tor quantization and signal processing literature [12], it is
known that for bimodal distribution density functions, the
solution to the gradient flow reaches local minima where
the number of generators allocated to the two region of
maxima are not optimally partitioned.

B. A family of discrete-time Lloyd algorithms

Let us consider the following variations of Lloyd algo-
rithm. Let T be a continuous mapping 7' : Q" — Q"
verifying the following two properties:

(a)foralli € {1,....n}, [T;(P)=Cv,p)|l < llpi—=Cvi(p)ll;
where T; denotes the ith component of T,

(b) if P is not centroidal, then there exists a j such that
IT5(P) = Cv, )l < llpj = Cye) -

Property (a) guarantees that, if moved according to T,
the agents of the network do not increase their distance
to its corresponding centroid. Property (b) ensures that
at least one robot moves at each iteration and strictly ap-
proaches the centroid of its Voronoi region. Because of this
property, the fixed points of T are the set of centroidal
Voronoi configurations.

Proposition III.3 (Discrete-time Lloyd descent) Let T :
Q" — Q™ be a continuous mapping satisfying properties
(a) and (b). Let Py € Q™ denote the initial sensors’ loca~
tion. Then, the sequence {T™(P,) | m € N} converges to
the set of centroidal Voronoi configurations. If this set is
finite, then the sequence {T™(Fp) | m € N} converges to
a centroidal Voronoi configuration.

Proof: Consider Hy : Q™ — R as an objective func-
tion for the algorithm 7. Using the parallel axis theorem,
H(P7 W) = ZZL:I JWichi + Z?:l My, Hpi - OWi||2’ and
therefore

H(P' W) < H(P,W), (7)

as long as |p; — Cw, || < |lpi — Cw,|| for all i € {1,...,n},
with strict inequality if for any i, ||p; — Cw, || < |lp: — Cw; |-
In particular, H(Cyw, W) < H(P, W), with strict inequality
if P # Cyy, where C)y denotes the set of centroids of the
partition W. Moreover, since the Voronoi partition is the
optimal one for fixed P, we also have

H(P,V(P)) < H(P,W), (8)

with strict inequality if W # V(P).
Now, because of property (a) of T, inequality (7) yields

H(T(P),V(P)) < H(P,V(P)) = Hy(P),

and the inequality is strict if P is not centroidal by property
(b) of T. In addition,

Hy(T(P)) = H(T(P),V(T(P))) < H(T(P),V(P)),

because of (8). Hence, Hy(T'(P)) < Hy(P), and the in-
equality is strict if P is not centroidal. We then conclude

that Hy is a descent function for the algorithm T'. The re-
sult now follows from the global convergence Theorem A.3
and Proposition A.4 in Appendix I. |

Remark III.4: Lloyd algorithm in quantization the-
ory [11], [12] is usually presented as follows: given the loca-
tion of n agents, p1,...,pn, (i) construct the Voronoi par-
tition corresponding to P = (p1,...,p,); (ii) compute the
mass centroids of the Voronoi regions found in step (i). Set
the new location of the agents to these centroids; and re-
turn to step (i). Lloyd algorithm can also be seen as a fixed
point iteration. Consider the mappings LL; : Q" — @ for

ie{l,...,n}
(/ ¢(q)dq) / q9(q)dq .
Vi(P) Vi(P)

Let LL : Q™ — Q™ be defined by LL = (LLy,...,LL,).
Clearly, LL is continuous (indeed, C'), and corresponds to
Lloyd algorithm. Now, |LL;(P) — Cy.|| = 0 < ||p; — Cv, ||,
for all ¢ € {1,...,n}. Moreover, if P is not centroidal,
then the inequality is strict for all p; # C'y;,. Therefore, LL
verifies properties (a) and (b).

LLz(p1a7pn) =

C. Remarks

(i) Note that different sensor performance functions f in
equation (1) correspond to different optimization problems.
Provided one uses the Euclidean distance in the definition
of H (cf. equation (1)), the standard Voronoi partition
computed with respect to the Euclidean metric remains
the optimal partition. For arbitrary f, it is not possible
anymore to decompose Hy into the sum of terms similar
to Hy,1 and Hy . Nevertheless, it is still possible to im-
plement the gradient flow via the expression for the partial
derivative (3).

Proposition I11.5: Assume the sensors location obeys a
first order dynamical behavior, p; = u;. Then, for the
closed-loop system induced by the gradient law (3), u; =
—0Hy/Op;, the sensors location P = (p1,...,p,) converges
asymptotically to the set of critical points of Hy. Assum-
ing this set is finite, the sensors location converges to a
critical point.

(ii) More generally, various distance notions can be used
to define locational optimization functions. Different per-
formance function gives rise to corresponding notions of
“center of a region” (any notion of geometric center, mean,
or average is an interesting candidate). These can then
be adopted in designing coverage algorithms. We refer
to [36] for a discussion on Voronoi partitions based on non-
Euclidean distance functions and to [5], [8] for a discussion
on the corresponding locational optimization problems.
(iii) Next, let us discuss an interesting variation of the orig-
inal problem. In [6], minimizing the expected minimum
distance function Hy in equation (2) is referred to as the
continuous p-median problem. It is instructive to consider
the worst-case minimum distance function, corresponding
to the scenario where no information is available on the
distribution density function. In other words, the network
seeks to minimize the largest possible distance from any
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point in @ to any of the sensor locations, i.e., to minimize
the function

max

prires mmn}m_pi”] T ieln blea\%nq_pi'} '

qeQ [ie{1,...,
This optimization is referred to as the p-center problem
in [6], [7]. One can design a strategy for the p-center prob-
lem analog to the Lloyd algorithm for the p-median prob-
lem: each vehicle moves, in continuous or discrete-time,
toward the center of the minimum-radius sphere enclosing
the polytope. We refer to [37] for a convergence analysis of
the continuous-time algorithms.

In what follows, we shall restrict our attention to the
p-median problem and to centroidal Voronoi partitions.

D. Computations over polygons with uniform density

In this section, we investigate closed-form expression for
the control laws introduced above. Assume the Voronoi re-
gion V; is a convex polygon (i.e., a polytope in R?) with N;
vertexes labeled {(zo,¥0),-..,(TN,—1,Yn,—1)} such as in
Fig. 2. Tt is convenient to define (zn,,yn,) = (zo,yo). Fur-
thermore, we assume that the density function is ¢(q) = 1.
By evaluating the corresponding integrals, one can obtain

(z3,y3)

(z2,92) (@4, s)

(x1,91)
(w0, y0) = (6, Yo

Fig. 2. Notation conventions for a convex polygon.

the following closed-form expressions

1 N;—1
Vi—=75 LTkYk+1 — Th+1Yk
k=0
1 N;—1
Cviw = My Z (Tk + Th1) (TrYr1 — Torryk)  (9)
" k=0
1 N;—1
Cviy = 60y, > (k + ks (@rYh1 — Thpa k) -
" k=0

To present a simple formula for the polar moment of inertia,
let 7, = :ck—CVM and ¥ = ykaVi,y, for k € {0, ooy N;j—
1}. Then, the polar moment of inertia of a polygon about
its centroid, Jy, ¢ becomes

N;—1

=12 Z (TkYr+1 — T2 k) -
k=0

(Z} + Trhsr + Thyy + Ti + Grbkr1 + Tisr) -

Jv, cv.

i

The proof of these formulas is based on decomposing the
polygon into the union of disjoint triangles. We refer to [38]
for analog expressions over RV,

Note also that the Voronoi polygon’s vertexes can be
expressed as a function of the neighboring vehicles. The
vertexes of the ith Voronoi polygon that lie in the interior
of @ are the circumcenters of the triangles formed by p;
and any two neighbors adjacent to p;. The circumcenter of
the triangle determined by p;, p;, and py is

1
17 Ulows (@i - ain)pi + a2 (s - a0

+ [Joill* (cvir - akj)pk) , (10)

where M is the area of the triangle, and a;s = p; — ps-

Equation (9) for a polygon’s centroid and equation (10)
for the Voronoi cell’s vertexes lead to a closed-form alge-
braic expression for the control law in equation (6) as a
function of the neighboring vehicles’ location.

E. Numerical simulations

To illustrate the performance of the continuous-time
Lloyd algorithm, we include some simulation results. The
algorithm is implemented in Mathematica as a single cen-
tralized program. For the R? setting, the code computes
the bounded Voronoi diagram using the Mathematica pack-
age ComputationalGeometry, and computes mass, cen-
troid, and polar moment of inertia of polygons via the nu-
merical integration routine NIntegrate. Careful attention
was paid to numerical accuracy issues in the computation
of the Voronoi diagram and in the integration. We illus-
trate the performance of the closed-loop system in Fig. 3.

IV. ASYNCHRONOUS DISTRIBUTED IMPLEMENTATIONS

In this section we show how the Lloyd gradient algo-
rithm can be implemented in an asynchronous distributed
fashion. In Section IV-A we describe our model for a net-
work of robotic agents, and we introduce a precise notion
of distributed evolution. Next, we provide two distributed
algorithms for the local computation and maintenance of
the Voronoi cells. Finally, in Section IV-C we propose two
distributed asynchronous implementations of Lloyd algo-
rithm: the first one is based on the gradient optimization
algorithms as described in [32] and the second one relies on
the special structure of the coverage problem.

A. Modeling an asynchronous distributed network of mo-
bile robotic agents

We start by modeling a robotic agent that performs sens-
ing, communication, computation, and control actions. We
are interested in the behavior of the asynchronous net-
work resulting from the interaction of finitely many robotic
agents. A framework to formalize the following concepts is
the theory of distributed algorithms; see [30].

Let us here introduce the notion of robotic agent with
computation, commumnication, and control capabilities as
the ¢th element of a network. The ith agent has a proces-
sor with the ability of allocating continuous and discrete
states and performing operations on them. Each vehicle
has access to its unique identifier ¢. The ith agent occupies
a location p; € Q@ C RY and it is capable of moving in
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Fig. 3. Lloyd continuous-time algorithm for 32 agents on a convex polygonal environment, with the Gaussian density function of Fig. 1. The
control gain in (6) is kprop = 1 for all the vehicles. The left (respectively, right) figure illustrates the initial (respectively, final) locations
and Voronoi partition. The central figure illustrates the gradient descent flow.

space, at any time t € R, for any period of time 6t € R,
according to a first order dynamics of the form:

lwi;]| <1, Vs e[t t+ dt]. (11)
The processor has access to the agent’s location p; and de-
termines the control pair (6t,u;). The processor of the
ith agent has access to a local clock ¢; € R4, and a
scheduling sequence, i.e., an increasing sequence of times
{T;r € Ry | k € No} such that T; o = 0 and 0 < ¢ yin <
T k+1 — Tk < timax. The processor of the ith agent is ca-
pable of transmitting information to any other agent within
a closed disk of radius R; € R;. We assume the com-
munication radius R; to be a quantity controllable by the
ith processor and the corresponding communication band-
width to be limited. We represent the information flow
between the agents by means of “send” (within specified
radius R;) and “receive” commands with a finite number
of arguments.

We shall alternatively consider networks of robotic agents
with computation, sensing, and control capabilities. In this
case, the processor of the ith agent has the same compu-
tation and control capabilities as before. Furthermore, we
assume the processor can detect any other agent within a
closed disk of radius R, € Ry. We assume the sensing
radius R; to be a quantity controllable by the processor.

Remark IV.1: We assume all communication between
agents and all sensing of agents locations to be always ac-
curate and instantaneous.

Consider the closed-loop system formed by the evolution
of the n agents of a network according to equation (11).
The network evolution is said to be Voronoi-distributed if
each u;(p1, .. .,pn) can be written as a function of the form
Wi (Diy Piys - -+ Pi, )y With i € N(i), k € {1,...,m}. Tt is
well known that there are at most 3n — 6 neighborhood re-
lationships in a planar Voronoi diagram [9, see Section 2.3].
As a consequence, the number of Voronoi neighbors of each
site is on average less than or equal to 6, i.e., m < 6. (Re-
call that sites are Voronoi-neighbors if they share an edge,
not just a vertex.) Accordingly, we argue that Voronoi-
distributed algorithms lead to scalable networks. Finally,
note that the set of indexes {i1,..., %, } for a specific gen-
erator p; of a Voronoi-distributed dynamical system is not

the same for all possible configurations of the network. In
other words, the identity of the Voronoi neighbors changes
along the evolution, i.e., the topology of the closed-loop
system is dynamic.

B. Voronoi cell computation and maintenance

A key requirement of the Lloyd algorithms presented in
Section III is that each agent must be able to compute its
own Voronoi cell. To do so, each agent needs to know the
relative location (distance and bearing) of each Voronoi
neighbor. The ability of locating neighbors plays a cen-
tral role in numerous algorithms for localization, media
access, routing, and power control in ad-hoc wireless com-
munication networks; e.g., see [39], [40], [41] and references
therein. Therefore, any motion control scheme might be
able to obtain this information from the underlying com-
munication layer. In what follows, we set out to provide
a distributed asynchronous algorithm for the local compu-
tation and maintenance of Voronoi cells. The algorithm is
related to the synchronous scheme in [41] and is based on
basic properties of Voronoi diagrams.

We present the algorithm for a robotic agent with sens-
ing capabilities (as well as computation and control). The
processor of the ith agent allocates the information it has
on the position of the other agents in the state variable P?.
The objective is to determine the smallest distance R; for
vehicle 7 which provides sufficient information to compute
the Voronoi cell V;. We start by noting that V; is a subset
of the convex set

W (pi, Ri) = B(pi, Ri) 0 (Njiflpi—p; < is i)

where B(pi, Bi) = {q € Q | lg — pill < R;} and the half
planes S;; are

{g €RY | |lg —pill < llg—pjl}-

Provided R; is twice as large as the maximum distance
between p; and the vertexes of W(p;, R;), one can show
that all Voronoi neighbors of p; are within distance R;
from p; and the equality V; = W(p;, R;) holds. The
minimum adequate sensing radius is therefore R; min =
2MaXGeW (p,, Ry i) |IPi — ¢l|- This argument guarantees the
correctness of the following algorithm illustrated in Fig. 4.

(12)
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Name: ADJUST SENSING RADIUS ALGORITHM
Goal: distributed Voronoi cell
Requires: sensor with controllable radius R;

At time t;, local agent 7 performs:
initialize R;, detect all p; within radius R;
update P(t;), compute W (p;(t;), R;)
while R; < 2maxXgcw (p,(t,),r,) [IPi(ti) —¢q|| do
set R; :=2R;
detect all p; within radius R;
update P'(t;), compute W (p;(t;), R;)
end while
set R; = 2maXgew (p,(1,).R,;) |IPi(t:) — 4l
set Vi := Wi(pi(t:), Ri)

Fig. 4. An execution (from left to right) of ADJUST SENSING RADIUS
ALGORITHM: the sensing disk B(p;, R;) is in light gray, and the
Voronoi cell estimate W (p;, R;) is the darker gray region.

A similar ADJUST COMMUNICATION RADIUS ALGO-
RITHM algorithm can be designed for a robotic agent with
communication capabilities. The specifications go as in the
previous algorithm, except for the fact that steps 2: and
7: are substituted by

send (“request to reply”, pi(ti)) within radius R;
receive (“response”, pj) from all agents within radius R;

Further, we have to require each agent to perform the fol-
lowing event-driven task: if the ith agent receives at any
time ¢; a “request to reply” message from the jth agent
located at position p;, it executes

send (“response”, p;(t;)) within radius ||p;(t) — p;||

Next, we present an algorithm whose objective is to
maintain the information about the Voronoi cell of the
ith agent, and detect certain events. We consider robotic
agents with sensing capabilities. We call an agent active
if it is moving and we assume the ith agent can deter-
mine if any agent within radius R; is active or not. It
turns out that (only) the following two events are of in-
terest: (i) a Voronoi neighbor of the ith agent becomes
active, and (ii) an active agent becomes a Voronoi neigh-
bor of the ith agent. In both cases, we record the event
by setting a Boolean variable event to true (as we shall
later show, this will trigger an appropriate control action).
Before presenting the algorithm, let us introduce the map
weight : P* € RNX" i (wy,...,w,) € N§ defined by

3 if j € N(i) and j is active
1 if 5 € N(4) and j is not active
0 ifj&N().

wj:

We denote by weight; the jth component of weight. The
algorithm is designed to run for times ¢; € [to, to + dt].

Name: MONITORING ALGORITHM
Goal: Cell maintenance & event detection
Requires: (i) sensor with controllable radius R;

(ii) positive reals tg, ot
(ili) ADJUST SENSING RADIUS
ALGORITHM

Local agent i performs for t; € [to, to+0t]:

1: initialize P(to) and V;(to), set w := weight(P*(to))
2:  while ¢; <ty + 6t do

3 run ADJUST SENSING RADIUS ALGORITHM

4 if for any j, |weight;(P(t;)) — w;| > 2 then
5: if weight;(P*(t;)) — w; > 2 then

6: set event := true

7 end if

8 set w := weight(P(t;))

9 end if

10: end while

The correctness of MONITORING ALGORITHM is guar-
anteed by the following argument: if an event of type (i)
occurs at time t; € [to, to + 6], i.e., an agent (say, the jth)
that is a Voronoi neighbor of the ith agent becomes ac-
tive, then weight;(P*(t;)) — w; = 2, and therefore event
is set to true. Similarly, if an event of type (ii) occurs
at time ¢; € [to,to + O], i.e., a new active agent (say, the
jth) becomes a Voronoi neighbor of the ith agent, then
weight,; (P (t;)) — w; = 3, and event is set to true.

C. Asynchronous distributed implementations of coverage
control

Let us now present two versions of Lloyd algorithm for
the solution of the optimization problem (1) that can be
implemented by an asynchronous distributed network of
robotic agents. For simplicity, we assume that at time 0
all clocks are synchronized (although they later can run at
different speeds) and that each agent knows at 0 the exact
location of every other agent. The COVERAGE BEHAVIOR
ALGORITHM I (cf. Table I) is designed for robotic agents
with communication capabilities, and requires the ADJUST
COMMUNICATION RADIUS ALGORITHM (while it does not
require the MONITORING ALGORITHM).

As a consequence of the results in [32, Theorem 3.1 and
Corollary 3.1] (see Appendix II, Theorem B.2 below for a
brief exposition), we have the following result.

Proposition IV.2: Let Py € Q™ denote the initial sen-
sors location. Let {T}} be the sequence in increasing order
of all the scheduling sequences of the agents of the net-
work. Assume inf{T) — Tx—1} > 0. Then, there exists a
sufficiently small d, > 0 such that if 0 < §y < J,, the Cov-
ERAGE BEHAVIOR ALGORITHM [ converges to the set of
critical points of Hy, that is, the set of centroidal Voronoi
configurations.

Next, we focus on distributed asynchronous implementa-
tions of Lloyd algorithm that take advantage of the special
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Name: COVERAGE BEHAVIOR ALGORITHM I
Goal: distributed optimal agent location
Requires: (i) Voronoi cell computation

(ii) centroid and mass computation

(iii) positive real dg

(iv) ADJUST COMMUNICATION RADIUS
ALGORITHM

For i € {1,...,n}, ith agent performs at ¢; = T; o = 0:

0: set PY(T;0) :== (pi(Ti0), -, ph(Ti0))
0: compute Voronoi region V;(T; )
0: set V;:=V;(T;0) and R; := 2max,ev;,

pi — 4|

For i € {1,...,n}, the ith agent performs at time
t; = T; i, either one of the following threads or both. For
some B; € N, we require that each thread is executed at
least once every B; steps of the scheduling sequence.

[Information thread]
1: run ADJUST COMMUNICATION RADIUS ALGORITHM

[Control thread]
1: compute centroid Cy, and mass My, of V;
2: apply control pair (50, My, (Cy, — pl(Tzk)))

TABLE 1
COVERAGE BEHAVIOR ALGORITHM I

structure of the coverage problem. The COVERAGE BE-
HAVIOR ALGORITHM II (cf. Table IT) is designed for robotic
agents with sensing capabilities, it requires the Monitoring
and the Adjust sensing radius algorithms. Two advantages
of this algorithm over the previous one are that there is no
need for each agent to exactly go toward the centroid of its
Voronoi cell nor to take a small step at each stage.

Remark IV.3: The control law in step 7: of COVERAGE
BEHAVIOR ALGORITHM II can be defined via a saturation
function. For instance, SR : RN — RN

SR(e) = { o/l

Then set u; = SR(Cy;, — pi).

With respect to the correctness of COVERAGE BEHAVIOR
ALGORITHM II, one can consider the time instants when
the computation of the centroid of the Voronoi region of
any agent is made, together with the time instants when
any agent decide to stop, and regard the execution of this
algorithm as a discrete-time mapping. Resorting to the
discussion in Section ITI-B on the convergence of the dis-
crete Lloyd algorithms, one can prove that the Coverage
behavior algorithm II verifies properties (a) and (b). As a
consequence of Proposition I11.3, we then have the follow-
ing result.

Proposition IV.4: Let Py € Q™ denote the initial sensors
location. The COVERAGE BEHAVIOR ALGORITHM II con-
verges to the set of critical points of Hy, that is, the set of
centroidal Voronoi configurations.

i flof < 1
if [|z]] > 1

Name: COVERAGE BEHAVIOR ALGORITHM II
Goal: distributed optimal agent location
Requires: (i) Voronoi cell computation

(ii) centroid computation
(iii) MONITORING ALGORITHM

For i € {1,...,n}, ith agent performs at ¢; = T; ¢ = 0:

0: set P(T;0) := (pi(Ti0)s - - P5(Ti0))

0: compute Voronoi region V;(T; o)

0: set V;:=V;(T;0) and R; :=2maxgev; ||pi — ¢l
For i € {1,...,n}, ith agent performs at t; = T s:

choose 0 < 0t; < timin
2: set s :=T; j, compute centroid Cy;(s)
choose u;, with u; - (Cy, — pi(s)) > 0, with strict
inequality if p;(s) # Cy;,, set event := false
while ¢; < T; ;, + 6t; do
run MONITORING ALGORITHM for (T x, dt;)
while event = false do
Di = U;
end while
set s := t;, compute centroid Cl, )
10:  choose u;, with u; - (Cy, — pi(s)) > 0, with strict
inequality if p;(s) # Cv;,, set event := false
11: end while

o

TABLE II
COVERAGE BEHAVIOR ALGORITHM II

V. EXTENSIONS AND APPLICATIONS

In this section we investigate various extensions and ap-
plications of the algorithms proposed in the previous sec-
tions. We extend the treatment to vehicles with passive
dynamics and we also consider discrete-time implementa-
tions of the algorithms for vehicles endowed with a local
motion planner. Finally, we describe interesting ways of
designing density functions to solve problems apparently
unrelated to coverage.

A. Variations on vehicle dynamics

Here, we consider vehicles systems described by more
general linear and nonlinear dynamical models.

Coordination of vehicles with passive dynamics. We start
by considering the extension of the control design to non-
linear control systems whose dynamics is passive [42]. Rele-
vant examples include networks of vehicles and robots with
general Lagrangian dynamics, as well as spatially invariant
passive linear systems. Specifically, assume that for each
i € {1,...,n}, the ith vehicle state includes the spatial
variable p;, and that the vehicle’s dynamics is passive with
input u;, output p; and storage function S; : @ — R,.
Furthermore, assume that the input preserving the zero
dynamics manifold {p; = 0} is u; = 0.

For such systems, we devise a proportional derivative
(PD) control via,

U; = _kpropMVi (pi — CVL) - kderivph (13>
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where kprop and kgeriv are scalar positive gains. The closed-
loop system induced by this control law can be analyzed
with the Lyapunov function

1 n
€ = 5 kpropHy + > s,
=1

yielding the following result.

Proposition V.1: For passive systems, the control
law (13) achieves asymptotic convergence of the sensors
location to the set of centroidal Voronoi configurations. If
this set is finite, then the sensors location converges to a
centroidal Voronoi configuration.

Proof: Consider the evolution of the function &,

d 1 d LI
—E& =k rop 7, Sz
@& = gheror gy My +;
S kpropMV,; (P1 - CV,) +PZU1 = *kdcriv 22%2 S 0.
i=1

By LaSalle’s principle, the sensors location converges to the
largest invariant set contained in {p; = 0}. Given the as-
sumption on the zero dynamics, we conclude that p; = Cy;,
for i € {1,...,n}, i.e., the largest invariant set corresponds
to the set of centroidal Voronoi configurations. If this set
is finite, LaSalle’s principle also guarantees convergence to
a specific centroidal Voronoi configuration. |

In Fig. 5 we illustrate the performance of the control
law (13) for vehicles with second-order dynamics p; = u;
and storage function S; = $p?.

Fig. 5. Coverage control for 32 vehicles with second order dynamics.
The environment and Gaussian density function are as in Fig. 3.
The control gains are kprop = 6 and kqeriv = 1.

Coordination of vehicles with local controllers. Next,
consider the setting where each vehicle has an arbitrary
dynamics and is endowed with a local feedback and feed-
forward controller. The controller is capable of strictly de-
creasing the distance to any specified position in @ in a
specified period of time 4.

Assume the dynamics of the ith vehicle is described by
z; = fi(t,xz;,u), where z; € R™ denotes its state, and
m; : R™ — @ is such that m;(z;) = p;. Assume also that
for any prarget € @ and any o € R™ \ 7 l(ptarget)7 there
exists U(t, z(t), Prarges) sSuch that the solution Z;(t) of

T = fi(t, Ti(t), U(t, Ti(t), prarget)) ,  Ti(0) = o,
verifies [|7;(Z;(to + 0)) — Prarges|| < [|7:(Ti(t0)) — Prarget|-

Proposition V.2: Consider the following coordination al-
gorithm. At time t; = kd, k € N, each vehicle computes

Vi(tr) and Cvy,(tx); then, for time ¢ € [tg,tr41], the ve-
hicle executes w(t, z(t), Cv,(tx)). For this closed-loop sys-
tem, the sensors location converges to the set of centroidal
Voronoi configurations. If this set is finite, then the sensors
location converges to a centroidal Voronoi configuration.
The proof of this result readily follows from Proposi-
tion IIL.3, since the algorithm verifies properties (a) and
(b) of Section III-B.

As an example, we consider a classic model of mobile
wheeled dynamics, the wunicycle model. Assume the ith
vehicle has configuration (6;,z;,v;) € SE(2) evolving ac-
cording to

0, =w;, d;=uv;cosb;, v =uv;sinb;,

where (w;, v;) are the control inputs for vehicle i. Note that
the definition of (8;,v;) is unique up to the discrete action
(0i,v;) — (0; +m, —v;). Given a target point piarget, We use
this symmetry to require the equality (cos;, sin8;) - (p; —
Drarget) < 0 for all time ¢. Should the equality be violated
at some time t = t;, we shall redefine 0;(t7) = 0;(ty) + 7
and v; as —v; from time t = ¢y onward.

Following the approach in [43], consider the control law

(* sin 97;, COS 91) . (pv - ptarget)
(COS 91‘, sin 91) : (pz - ptarget)

V; = —kprop(cos b, sinb;) - (pi — Prarget )

w; = 2kprop arctan

where kprop is a positive gain. This feedback law differs
from the original stabilizing strategy in [43] only in the fact
that no final angular position is preferred. One can prove
that p; = (2;,y;) is guaranteed to monotonically approach
the target position prarget When run over an infinite time
horizon. We illustrate the performance of the proposed
algorithm in Fig. 6.

B. Geometric patterns and formation control

Here we suggest the use of decentralized coverage algo-
rithms as formation control algorithms, and we present
various density functions that lead the multi-vehicle net-
work to predetermined geometric patterns. In particular,
we present simple density functions that lead to segments,
ellipses, polygons, or uniform distributions inside convex
environments.

Consider a planar environment, let k be a large positive
gain, and denote ¢ = (z,y) € Q@ C R%. Let a,b,c be real
numbers, consider the line ax + by + ¢ = 0, and define the
density function

Dline(q) = exp(—k(az + by + 0)2).

Similarly, let (z.,y.) be a reference point in R?, let a, b, r be
positive scalars, consider the ellipse a(z—.)?+b(y—y.)? =
r2, and define the density function

¢ellipse(Q) = exp ( — k(a(x — $c)2 +b(y — yc)2 - T2)2)'

Fig. 7 illustrates the performance of the closed-loop net-
work corresponding to this density function. During the
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Fig. 6. Coverage control for 16 vehicles with mobile wheeled dynamics. The environment and Gaussian density function are as in Fig. 3,

and kprop = 3.

Fig. 7. Coverage control for 32 vehicles with ¢epjipse. The parameter
values are: k =500, a = 1.4, b= .6, zc = y. = 0, r2 = .3, and
kprop = 1.

simulations, we observed that the convergence to the de-
sired pattern was rather slow.

Finally, define the smooth ramp function SRy(z) =
x(arctan(fz)/m 4+ (1/2)), and the density function

baisk(q) = exp(—k SRe(a(z — 2:)% + by — yo)? — r?)).

This density function leads the multi-vehicle network to
obtain a uniform distribution inside the ellipsoidal disk
a(z — x)? + b(y — y.)? < r2. We illustrate this density
function in Fig. 8.

Fig. 8. Coverage control for 32 vehicles to an ellipsoidal disk. The
density function parameters are the same as in Fig. 7, and ¢ = 10,
kprop = 1.

It appears straightforward to generalize these types of
density functions to the setting of arbitrary curves or
shapes. The proposed algorithms are to be contrasted with
the classic approach to formation control based on rigidly
encoding the desired geometric pattern. One disadvantage
of the proposed approach is the requirement for a careful
numerical computation of Voronoi diagrams and centroids.
We refer to [14], [15] for previous work on algorithms for
geometric patterns, and to [17], [18] for formation control
algorithms.

VI. CONCLUSIONS

We have presented a novel approach to coordination al-
gorithms for multi-vehicle networks. The scheme can be
thought of as an interaction law between agents and as such
it is implementable in a distributed scalable asynchronous
fashion.

This paper leaves numerous important extensions open
for further research. First, we envision considering the set-
ting of structured environments (ranging all the way from
simple non-convex polygon to more realistic ground, air
and underwater environments); it might be useful for ex-
ample to design distributed algorithms for the art gallery
problem. Second, it is clearly important to consider non-
isotropic sensors, such as cameras and directional micro-
phones, as well as limited footprint sensors, as studied
for example in the literature on coverage path planning.
Third, we plan to extend the algorithms to provide colli-
sion avoidance guarantees and to vehicle dynamics which
are not locally controllable. Finally, to investigate the ef-
fect of measurement errors on our proposed algorithms and
to quantify their closed-loop robustness we are implement-
ing these algorithms on a network of all-terrain vehicles.
All these problems provide nontrivial challenges that go
beyond our current treatment.
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APPENDIX

I. INVARIANCE AND CONVERGENCE PRINCIPLES

In this section we collect some relevant facts on descent
flows both in the continuous and in the discrete-time set-
tings. We do this following [44] and [45], respectively. We
include Proposition A.4 as we are unable to locate it in the
linear and nonlinear programming literature.

Continuous-time descent flows

Consider the differential equation # = X (x), where X :
D c RY — RY is locally Lipschitz and D is an open
connected set. A set M is said to be (positively) invariant
with respect to X if x(0) € M implies z(t) € M, for all



CORTES, MARTINEZ, KARATAS AND BULLO: COVERAGE CONTROL FOR MOBILE SENSING NETWORKS 13

t € R (resp. t > 0). A descent function for X on Q,
V : D — R, is a continuously differentiable function such
that LxV <0 on Q. We denote by F the set of points in
) where LxV(z) = 0 and by M be the largest invariant
set contained in F. Finally, the distance from a point x to
a set M is defined as dist(z, M) = infpenr ||z — p||.

Lemma A.1 (LaSalle’s principle) Let © C D be a com-
pact set that it is positively invariant with respect to X.
Let x(0) € M and z, be an accumulation point of z(t).
Then z, € M and dist(z(t), M) — 0 as t — oo.
The following corollary is Exercise 3.22 in [44].

Corollary A.2: If the set M is a finite collection of points,
then the limit of z(t) exists and equals one of them.

Discrete-time descent flows

Let X be a subset of RV, An algorithm 7T is a continuous
mapping from X to X. A set C is said to be positively
invariant with respect to T if ¢y € C implies T(x) € C.
A point z, is said to be a fixed point of T if T'(x,) = ..
We denote the set of fixed points of T by I'. A descent
function for T on C, Z : X — R, is any nonnegative real-
valued continuous function satisfying Z(T'(z)) < Z(z) for
x € C, where the inequality is strict if x ¢ I'. Typically,
Z is the objective function to be minimized, and T reflects
this goal by yielding a point that reduces (or at least does
not increase) Z.

Lemma A.3 (Global convergence theorem) Let T : X —
X be an algorithm with a compact, positively invariant set
C C X and a descent function Z. Let z¢g € C and de-
note z,, = T(xp—1), m > 1. Let x, be an accumulation
point of the sequence {x,, € C'| m € N}. Then z, € T,
dist(m,I') — 0 and Z(zm,) — Z(z.) as m — oo.

Proposition A.4: If the set T" is a finite collection of
points, then {x,, € C | m € N} converges and equals one
of them.

Proof:  Let x, be an accumulation point of {x,,}
and assume the whole sequence does not converge to it.
Then, there exists an € > 0 such that for all mg, there
is a m’ > mg such that ||z, — z.| > e. Let d be the
minimum of all the distances between the points in I'. Fix
¢/ = min{d/2,e}. Since T is continuous and T is finite,
there exists d > 0 such that ||z — z|| < §, with z € T,
implies ||T(z) — z|| < ¢ (that is, for each z € T, there
exists such 0(z), and we take the minimum over I).

Now, since dist(x,,,I') — 0, there exists m; such that
for all m > mq, dist(z,,,I') < §. Also, we know that there
is a subsequence of {z,, | m € N} which converges to z.,,
let us denote it by {z,,, | k¥ € N}. For 4, there exists myg,
such that for all k > k1, we have ||z, — 2. <.

Let mg = max{mj, mg, }. Take k such that my > mg
Then,

[mit1 = Tall = 1T (2m,) — 2] < €. (14)

Now we are going to prove that ||@m,+1 — x| < 0. If
d/2 < 4, then this claim is straightforward, since ¢’ < d/2.
If d/2 > §, suppose that ||, +1 —Z«|| > 6. Since my+1 >
mo > my, then dist(zy,,1+1,I') < 0. Therefore, there exists
y € T such that ||@m,+1 — y|| < . Necessarily, y # z..

Now, by the triangle inequality, ||z — y|| < ||z — Zm,+1]| +
mek-i-l - y” Then,

[Zmisr = 2ol 2 2 = yll = l[emyy =yl =2 d =6 >d/2,

which contradicts (14). Therefore, ||, +1 — || < d. This
argument can be iterated to prove that for all m > mg, we
have ||, — .|| < §. Let us take now m’ > mg such that
[|€m —2.]] > €. Since m'—1 > mg, we have ||, 1 — .|| <
0, and therefore

s = @l = | T(em1) —aull < € <e,

which is a contradiction. Therefore, {z,, | m € N} con-
verges to . |

II. ASYNCHRONOUS GRADIENT ALGORITHMS

In this section, we present a brief account of the results
in [32] concerning asynchronous gradient optimization al-
gorithms. We do not review them in its full generality, but
rather formulate them in a form readily applicable to our
setting.

Let Hy,...,Hy be finite-dimensional real vector spaces
and let H = Hy X Hy X --- x Hy,. If # = (x1,...,21),
r; € Hj, we refer to x; as the [th component of x. Let
{1,..., M} be a set of processors that participate in the
computation. The algorithms considered here evolve in
discrete time. This restriction does not involve any loss of
generality, since the events of interest (an update by a pro-
cessor, a transmission of a message, etc.) may be indexed
by a discrete variable. The value stored by the ith pro-
cessor at time n (global) is denoted by x%(n). This global
clock is only need for analysis purposes. The processors
may be working without having access to it: instead, they
may have access to a local clock or to no clock at all.

Consider the specialization setting [32], where each pro-
cessor updates a particular component of the vector x
specifically assigned to it and relies on the information
provided by the other processors for the remaining com-
ponents. Formally,

() M =L,

(ii) Processor i may update only its own component x?,
(iii) Processor j only sends messages containing elements
of H;. If processor 7 receives such a message, it uses it to
reset the x; equal to the value received.

Let T} be the set of all times when processor i performs a
computation involving the ith component of z. If a message
from processor j, containing an element of H, is received
by processor i at time n, let t7/ (n) denote the time that this
message was sent. The content of the message is therefore

] (téj (n)). Naturally, it is assumed téj (n) < mn and we set

ti(n) = n. Finally, T;j denotes the set of all times when
processor 7 receives a message from processor j.

Let 7 : H — R4 be a C'!-function whose derivative is
a Lipschitz function. Consider the deterministic gradient
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algorithm given by

i B zi(n) n¢gT}

zi(n+1) = {% gi (2i(n)) neTs (15a)
i B x;(n) n ¢ T;j

ri(n+1) = {x;(téj(n)) e T;j (15Db)

where 79 > 0, n € N and i,5 € {1,..., M}. The specific
conclusions of Theorem 3.1 and Corollary 3.1 in [32] that
we need for the specialization setting are presented in the
following result.

Theorem B.1: Assume each processor ¢ communicates
its components ! to every other processor at least once
every B time units, for some constant B;. Then, there
exists a constant v* > 0 such that if 0 < y9 < ~*, the
deterministic gradient algorithm (15) verifies

lim [|zi(n) — 29 (n)| =0 and lim 22 (zi(n)) =0,
forall i,j5 € {1,...,M}.

In the particular case when, for each i € {1,..., M},
the partial derivative g—i(ac) only depends on x;, with [ €
M(z,i) U {i} for certain set M(z,i), the previous result
can be restated in the following form.

Theorem B.2: Assume each processor ¢ communicates
its components z! to every other processor in M(z,i) at
least once every B; time units, for some constant By. Then,
there exists a constant v* > 0 such that if 0 < o < v*,
the deterministic gradient algorithm (15) verifies

(z'(n)) =0,

li Hn)—ai(n)) =0 and li
Jim [y (n) — 27 (n)]| and  lim =~

for all 4,5 € {1,...,M} and all I € (M(z,i) U {i}) N
(M(z, j) U{7}).



