A PRESENTATION THEOREM FOR CONTINUOUS LOGIC
AND METRIC ABSTRACT ELEMENTARY CLASSES

WILL BONEY

ABSTRACT. In recent years, the model theory of metric objects has seen much
activity by widening the class of models the real-valued models whose under-
lying set is a complete metric space. We show that it is possible to carry out
this work by giving presentation theorems of two main frameworks (continuous
first order logic and Metric Abstract Elementary Classes) into discrete model-
theoretic settings (a nice fragment of Ly, , and Abstract Elementary Classes,
respectively). We also translate various notions of classification theory.

1. INTRODUCTION

In the spirit of Chang and Shelah’s presentation results (from [Cha68] and
[Sh88|, respectively), we prove a presentation theorem for classes of continuous
structures, both those axiomatized by first-order and beyond, in terms of a class
of discrete structures. The thrust of this presentation theorem is the basic analytic
fact that the behavior of continuous functions is determined by their values on a
dense subset of their domain. Focusing on dense subsets is key because it allows
us to drop the requirement that structures be complete, which is not a property
expressible by discrete (classical) logic, even in the broader contexts of L), or
Abstract Elementary Classes.

The specific statements of the presentation theorems appear below (see Theorem
for continuous first-order logic and Theorem for Metric Abstract Elemen-
tary Classes), but the general idea is the same in both cases: given a continuous
language 7, we define a discrete language 7 that allows us to approximate the
values of the functions and relations by a countable dense subset of values, namely
QN 0,1]. Note that the specification that this dense set (and its completion) is
standard already requires an L, ,,(77) sentence, even if we are working in contin-
uous first-order logic. Then, given a continuous 7-structure M and a nicely dense
(see Definition below) subset of it A, we can form a discrete 71-structure A
with universe A that encodes all of M.
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This allows us to define a functor between the continuous class and their discrete
approximations that witnesses that these two classes are equivalent as categories.
We investigate this equivalent further by considering various model-theoretic prop-
erties and finding analogues for them in the class of approximations. We consider
types, saturation, (and for Metric Abstract Elementary Classes), amalgamation,
joint embedding, and d-tameness.

We present two applications for this functor. In the realm of Metric Abstract
Elementary Classes, it allows us to reduce many foundational questions to the same
questions about Abstract Elementary Classes, where there are known answers.
For instance, Theorem [6.4] answers an open question about the existence of Hanf
numbers for Metric Abstract Elementary Classes, and shows that it is the same as
for normal Abstract Elementary Classes. On the discrete side, the functor allows
for the applications of results about countable fragments of L, , to continuous
first-order logic.

Throughout we assume that the reader is familiar with the basics of the contin-
uous contexts—either first-order or Metric Abstract Elementary Classes—but try to
provide references and reminders when discussing the concepts.

Many of the arguments in the two cases are similar. In order to avoid repeating
the same arguments twice in slightly different contexts, we provide the details only
once. We have chosen to provide the details for continuous first-order logic because
this context often allows more specific formulations of the correspondence.

Dense sets are not quite the right context because they need not be substructures
of the larger structure. Instead, we introduce nicely dense sets to require them to
be closed under functions.

Definition 1.1. Given a continuous model M and a set A C |M|, we say that
A is nicely dense iff A is dense in the metric structure (|[M|,d™) and A is closed
under the functions of M.

In the what follows, we will often want to prove similar results for both “greater
than” and “less than.” In order to avoid writing everything twice, we often use [
to stand in for both > and <. Thus, asserting a statement for “r[Js” means that
that statement is true both for “r > s” and for “r <s.”

Our goal is to translate the real-valued formulas of 7 into classic, true/false
formulas of 7. We do this by encoding relations into 7" that are intended to
specify the value of ¢ by deciding if it is above or below each possible value.
To ensure that the size of the language doesn’t grow, we take advantage of the
separability or R and only compare each ¢ to the rationals in [0, 1]. For notational
ease, we set Q' :=[0,1] N Q.

We would like to thank Pedro Zambrano for helpful comments on this paper.
After posting drafts of this paper, the author discovered a similar project by Acker-
man [Ack| (done independently). Ackerman also encodes metric notions in L, .
but does so by encoding the category of complete metric spaces and uniformly
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continuous maps in this logic and having the encoding of metric structures fall out
of this, rather than focusing on continuous logic from the start (as we do here).
Additionally, our focus is primarily on applications dealing with classification the-
ory (saturation, etc.), while Ackerman applies his methods to explore set-theoretic
absoluteness.

A final note is that some of the arguments are straightforward arguments with
0’s and €’s. Thus, we omit the proofs and only reference the axioms of T, that
are needed. Full proofs can be found on the author’s website [Bong].

2. MODELS AND THEORIES

The main thesis of the presentation of continuous first-order logic is that model-
theoretic properties of continuous first order structures can be translated to model-
theoretic (but typically quantifier free) properties of discrete structures that model
a specific theory in an expanded language. We use cFml 7 to denote the continuous
formulas of the language 7. The main theorem about this presentation is the
following:

Theorem 2.1. Let 7 be a continuous language. Then there is
(a) a discrete language T ;
(b) an Ly, o(71) theory Tyense;
(¢) a map that takes continuous 7-structures M and nicely dense subsets A to
discrete 7T -structures My that model Tyepse;
(d) a map that takes discrete T structures A that model Tyepse to continuous
T-structures A

with the properties that

(1) M4 E Tyense has universe A and, for any a € A, ¢(x) € cFml7, r € Q,
and O standing for > and <, we have

My = R¢Dr [a] e ng(a)Dr

(2) A is a dense subset of A and, for any a € A, ¢(x) € cFml 7, r € Q, and
O standing for > and <, we have

AE Ry, [a] < ¢*(a)0r

(3) these maps are (essentially) each other’s inverse. That is, given any nicely
dense A C M, we have M =4 My and, given any 7 -structure A E Tyepge,

we have (A)4 = A.

The “essentially” in the last clause comes from the fact that completions are
not technically unique as the objects selected as limits can vary, but this fairly
pedantic point is the only obstacle.

Restricting to dense subsets and their completions have already been consid-
ered in continuous first-order logic, where it goes by the name prestructure (see
[BBHUOS| Section 3]). The key difference here is that, while prestructures are
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still continuous objects with uniformly continuous functions and relations, M4 is
a discrete object with the relations on it being either true or false.

Proof: Our proof is long, but straightforward. First, we will define 7+ and
Tuense- Then, we will introduce the map (M, A) — M4 and prove it satisfies (1).
After this, we will introduce the other map A — A and prove (2). Finally, we will
prove that they satisfy (3).

Defining the new language and theory

We define the language 7+ to be
<E+’ R¢(X)2r’ R¢(X)§T>i<np,¢(x)€cle T,reQ’

with the arity of F;" matching the arity of F; and the arity of Ry, matching
¢(x). Since we only use a full (dense) set of connectives (see [BBHUOS, Definition
6.1]), we have ensured that |77 = |7| + N,.

We define Tyepse C Ly, o(77) to be the universal closure of all of the following
formulas ranging over all continuous formulas ¢(z) and (z'), all terms t(z,z"),
and all r,s € Q' and t € Q' — {0}. We have divided them into headings so that
their meaning is (hopefully) more clear. When we refer to specific sentences of
Tyense later, we reference the ordering in this list. As always, a [0 in a formula
means that it should be included with both a ‘>” and a ‘<’ replacing the .

(1) The ordered structure of R

(2) “Ry@)>r(X) = Rym<r(x)

(b) ~Ry@y<r (%) = Rozy>r(x)

(c) If r > s, then include = Ryz)>r(X) V 7Ry z)<s(X)

(d) If r > s, then include

® Ryz)<s(x) = Ry<r(x); and

® Ryy>r(X) = Ryn)>s(x)
Ry(zy>r(x )\/R¢(z <r(x)
/\TL<W r,s€Q’,|r— s\<1 R¢<7’( ) A Rfi)ZS(X)
(A n<wR¢> (z)>r— 1(x )) - R¢(Z)ZT(X)
(A n<wlly z)§r+;( x)) = Ry@z)<r(x)
(2) Construction of formulas

(a >0(X) A Ry(z)<1(x)
(b _‘R0>t( ) A " Ri<1-4(x);
(€) Rotm, (%) € Rom)>2r(x)
(d <z><r( x) <> Ry)<ar(X);

¢(2) =1 /)>T’(X X) A \/SGQI(R@Z’(Z <5( /> A R¢(Z)ZT+S(X))
o)~ (@) <r (6 X) & Vieq (T Ry@)<s(X) A Ro@)<ris(X));
supy t(y y)<r< ) <~ \V/I’Rt(%y <T(1' X)

sup, t(y, y)>r(X) ¢ NAn<wIT Ry yy>r_ (I X) ;

(e
(f
g
h

:Ubu';o:o:o

) R
)
)
)
)
)
)
) R

(
(
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(1) infy t(y,y) <T< ) AN /\n<wE|xRt(y,y)§r+% (37, X) ;
§ infy t(y,y) >T< ) < VI Ry(y,y)>r (z,%) ;

) R
(k) Ro(yy)or(t(x), x) < Ry o (X', %)
(3) Metric structure

() Ranrzolr ) 0 =
(b) R o (T, 2') < Ragyyor (7', 7);
(c) reQ’(Rdnyr(x ') — Va! "Vseqn(o ] B,y >s(@, @ )/\Rd (y,y')>r— NEa)

(4) Uniform Continuity
(a) For each r,s € Q" and ¢ < 7p such that s < Apg(r), we include the
sentence

/\i<an(z,z’)§s(xia yz) — Rd(z,%)ﬁr(ﬂ(x)a E(Y))

(b) For each r,s € Q" and j < 7g such that s < Ag (r), we include the
sentence

/\i<an(z,2')S8($ia yl) — (RR]'(Z);R]'(Z,)ST(X7 Y) A RRJ(Z);R]'(Z,)ST(y7 X))

We have been careful about the specific enumeration of these axioms for a rea-
son. If the original continuous language is countable, then Ty, is countable.
In particular, we could take the conjunction of it and make it a single L, .,(7T)
sentence. This means that it is expressible in a countable fragment of Ly, (7).
In general, Tyense is expressible in a |7| + Vg sized fragment of L, ., (77).

Countable fragments are the most well-studied infinitary languages and many of
the results in, say, Keisler [Kei71| use these fragments. These results are then ap-
plicable to countable theories in continuous first-order logic. Such an application
is an improvement on finding generalized indiscernibles: in [Ben05, Lemma 3.35],
Ben-Yaacov appeals to (essentially) Morley’s omitting types theorem to find ap-
propriate indiscernibles that look like a long enough sequence. Even for countable
theories T, “long enough” is bounded by J.y+. However, using our correspon-
dence (including the analysis of types from Section [5) and the Hanf number for
L., o [Kei71, Theorem 21], this bound can be brought down to J,,.

From continuous to discrete...

This is the easier of the directions. We define the structure M4 so that all of
the “intended” correspondences hold and everything works out well.

Suppose we have a continuous 7-structure M and a nicely dense subset A. Now
we define an 71 structure My by

(1) the universe of M4 is A;
(2) (F))YMa = FM 1 A for i < np; and
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(3) for r € Q" and ¢(x) € cFml 7, set
Rift ={a€ A:¢"(a)0r}

This is an 7"-structure since it is closed under functions. The real meat of this
part is the following claim, which is (1) from the theorem.
Claim: My E Tyense and, for any a € A, ¢(x) € cFml 7, r € Q' and 0 =>, <,
we have
M4 E Rynola] <= ¢M(a)Or
Proof of Claim: This is all straightforward. From the definition, we know that,
for any a € A and formula ¢(x) € cFml 7 and O € {>, <}, we have

My E R¢,[|T[a] <~ ng(a)Dr

This gives an easy proof of the fact that M4 F Tye,se because they are all just true
facts if ‘Ryp,(a)’ is replaced by ‘¢(a)0r.’ T Claim

...and back again

This is the harder direction. We want to ‘read out’ the 7-structure that A is a
dense subset of from the 7" structure. First, we use the axioms of Ty.,s to show
that we can read out the metric and relations of 7 from the relations of 7+ and
that these are well-defined. Then we complete A and use the uniform continuity of
the derived relations to expand them to the whole structure. In the first direction,
Tyense could have been any collection of true sentences about continuous structures
and the real line, but this direction makes it clear that the axioms chosen are suf-
ficient.

Suppose that we have an 7" -structure A that models Ty.,5.. The following claim
is an important step in reading out the relations of the completion of A from A.

Claim 2.2. For any ¢(x) € cF'ml T and a € A, we have
sup{t € Q": A = Ryx«i(a)} =inf{t € Q' : A = Ry)>(a)}

As mentioned, the proofs are typically straightforward. We give this proof to
give the reader the flavor of the arguments.
Proof: We show this equality by showing two inequalities.
eletre{teQ :AE Ryx<(a)} and s € {t € Q' : A = Ryx)>i(a)}-
Then
Al Ryzr(a) A Ry<s(a)
Then, since M* satisfies (1d]), we must have r < s. Thus sup{t € Q' : A |=

Ryxy<i(a)} <inf{t € Q' : A = Ryy>i(a)}.
¢><()} { o0>t(a)}

e By (|1f), we have

A E A< vr,sEQ’;|r—s|<% R¢(X)§r(a) A R¢(X)ZS(a>
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Let € > 0. Then there is ng < w such that ¢ > nio By the above, there are
r,s € Q' such that |r — s| < % and

M™ = Ryxo<r(a) A Ry>s(a)

As above, (|lc|) implies 7 > s, so we have r —s < - <e. Thusr < s+e¢
and s € {t € Q : AE Ryx<(a)} and r € {t € Q A = Ryx)>t(a)}.
Then, inf{t € Q' : A |= Ryx)>t(a)} <sup{t € Q' : A |= Ry)<t(a)}- Teraim

The first relation that we need is the metric. Given a,b € A, we set

D(a,b) = sup{r € Q' : AF Ryyy)>rla,b]}
= inf{r e Q' : AF Ryuy<-la,b]}

These definitions are equivalent by Claim [2.21 We show that this is indeed a
metric on A.

Claim 2.3. (|A|, D) is a metric space.
Proof: See [Bond]; the proof uses axioms (Ld)), (1)), (3b), and (3d). Tlaim

Now we define partial functions and relations on (|A|, D) such that they are
uniformly continuous. In particular,
(1) for i < np, set f; := F/ with modulus Ay, (r) = sup{s € Q' : A F
Vo, .oy TnF)—1: VY0, - - Yn(F) -1 (Nicn(m) Ra(z,2)<s (T, ¥i) = Raz < (Fi(%), Fi(y)))}-
(2) for j < ng, set rj(a) := sup{r € Q' : A F Rpg,)<r[al} with modulus
A, (r) =sup{s € Q" : A = VxXVy (Nicn(r;) Ra(z)<s(Tis Ui) = (R, = Ry a)<r (X YA
RRj(z);Rj(zf)gr(ya x)))}-
These functions are not defined on the desired structure (ie the completion of
A), but they already fulfill our goal in terms of agreeing with the discrete relations
in the following sense.

Claim 2.4. For alla € A and all formulas ¢(x) built up from these functions and
D, we have that

p(a)dr <— AE R¢ 20 (Al

Proof See [Bond]; this proof uses axioms (Ld)), (Lg), (Lh), (2K, [¢)), ), .,
, and (§ .

We have given these functions moduli, but do not know they are uniformly
continuous. We show this now. It is also worth noting that these moduli might
not be the same moduli in the original signature 7. Instead, these are the optimal
moduli, while the original language might have moduli that could be improved.

Claim 2.5. The functions f; and r; are continuous.
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Proof: See [Bond]; this proof uses (Ld). T

Now we have a prestructure. Now we complete |A| to |A| in the standard way;
see Munkries [Mun00| for a reference for the topological facts. In particular, we
define the continuous 7-structure A by

e the universe |A| is the completion of (|Al, D);

e the metric d? is the extension of D to |A|;

o for i < np, FiZ is the unique extension of f; to |A]; and
o for j < npg, RjZ is the unique extension of r; to |A].

Essential inverses

Proposition 2.6. Given any continuous T-structure M and dense subset A, we
have that M =, M 4 and, given any 7+ structure A that models Tjepse, we have

that (A)A =A.

Proof: First, let M be a continuous 7-structure and A C |M| be nicely dense.

We define a map f : M — (My) as follows: if a € A, then f(a) = a. For
a € M — A, fix some (any) sequence {a, € A : n < w) such that lim, ,, a, = a
(this limit computed in M). We know that (a, : n < w) is Cauchy in M, so it’s
Cauchy in (M,). Then set f(a) = lim,_o a,, where that limit is computed in
(My). This is well-defined and a bijection because A is dense in both sets. That
this is an 7-isomorphism follows from applying the correspondence twice: for all

ac€ Aand ¢(x) € cFml 7
oM(@)0r <= MsF Ryworla) <= ¢M4(a)0r

and the fact that the values of ¢ on A determines its values on M and (M,).
Second, let é be a 7T structure that models Ty.,... Clearly, the universes are
the same, ie, |(A)a] = |A|. For any relation Ryn, and a € |A|, we have

AFE Ryn,la] < ¢%(a)0r < (A)4 F Ry, lal
Given a function F;" and a,a € A, we have that
(FH*a)=a <= AF Rd(Fi+(x),m)§0[a7 al

= (AaF Rd(Ff(x),x)go[av a <= (FHW(a)=a

1

We can extend this correspondence to theories. Suppose that T is a continuous
theory in 7. Following |[BBHUOS, Definition 4.1], theories are sets of closed 7-
conditions; that is, a set of “¢ = 0,” where ¢ is a formula with no free variables.
The following is immediate from Theorem [2.1]
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Corollary 2.7. If “6 =07 is a closed T-condition, then
QZ5M:0 <~ MA':R¢S0

With our fixed theory T', set T to be Tyense U {Rp<0 : “¢ = 0" € T'}. Then
our representation of continuous 7-structures as discrete 7F-structures modeling
Taense can be extended to a representation of continuous models of T and discrete
models of T™.

3. ELEMENTARY SUBSTRUCTURE

We now discuss translating the notion of elementary substructure between our
two contexts. Depending on the generality needed, this is either easy or difficult.
For the easy case, we have the following.

Theorem 3.1. Let M, N be continuous 7 structures. Then M <, N iff, for every
nicely dense A C M and B C N such that A C B, we have that My C.+ Np.

Note that the relation between M4 and Np is just substructure. So even though
they are models of infinitary theories, their relation just concerns atomic formulas.
This is because we have built the quantifiers of 7 into the relations of 7.

Proof: <—: Let A= M and B = N. Then M C N, so My; C,+ Ny by
assumption. Thus they agree on all relations concerning elements of M. Now we
want to show that M <¢ N. Let ¢(x) € cFml 7 and a € M. From the theorems
proved last section, we have, for each r € Q’,

oM (a)dr <= My E Ryxor(a] Theorem 2.1
<— Ny E R¢(X)Dr[a] My Cr+ Ny
— ¢N(a)dr Theorem [2.1]

Thus ¢ (a) = ¢™(a) and M <, N as desired.
—: Let A C M and B C N be nicely dense so A C B. We want to show that
MA C7-+ NB-
e Let F'* € 71 and a € A. Then, by definition of the structures,
(FH)Ma(a) = FM(a) = FY(a) = (F*)"(a)
o Let Ry (x) € 71 and a € A.

My F Ryorlal <= ¢V (a)Or Theorem 2.1]
— ¢ (a)Or M <N
<= Ny FE Ryxor(a] Theorem 2.1]

Similarly, we have the following.

Theorem 3.2. Given A, BE Tyense, if A Crv B, then A <, B.
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However, relying on just these theorems would not allowthese relations alone do
not capture the entirety of the relation between A and B via the analysis of A and
B alone. For instance, the completion of Q N [0, 1] is a subset of the completion
of Q@ + /2, but this relation isn’t picked up by the previous theorems. Thus, we
develop a criterion for Lt structures A, B E Tyense that is equivalent to A <, B.

To this end, we define inessential extensions of models of T, .

Definition 3.3. Given A C ot B, we say that B is an inessential extension of A
iff for every b € |B| and n < w there is some a € |A| such that B E Rye )< [b al.

Briefly, we have that B is an inessential extension of A if A C B and A = B.
This gives us our desired criterion.

Theorem 3.4. Let A, B¥F Tyense. Then TFAE

(1) A=<, B.

(2) There is an 7F structure C' such that A, B <+ C and C is an inessential
extension of B.

(3) There is an 71 structure C' E Tyepse such that A, B C,+ C and C is an
inessential extension of B.

(4) There is an extension of the functions and relations of 7+ to AU B such
that AU B F Tyense that are still uniformly continuous and such that for
every a € |AU B| and n < w, there is some b € |B| such that AU B F
Rd(azy [b (l]

Proof:

(2) Take C ( )AuB
3) Immediate.

(3)
(4) Take the extension inherited from C.
(1)

1) We have A, B < AU B from the first condition and B = AU B form the
second.

4. Tyense AS AN ABSTRACT ELEMENTARY CLASS

In this section, we view the discrete side of things as an Abstract Elementary
Class; see Baldwin |[Bal09] or Grossberg [GrolX].

Theorem 4.1. Let T be a complete, continuous first order T-theory. Then let T+
and Tyense be from Theorem (2.1 Set K = (Mod (T*), Cr+). Then

(1) K is an AEC;

(2) K has amalgamation over sets, joint embedding, and no maximal models;
and

(3) Galois types in K correspond to continuous, syntactic types in T
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Note that if T were not complete, then amalgamation over sets would not hold.
However, the other properties will continue to hold, including the correspondence
between Galois types and sequence types.

Proof: Tyens UT" isall,, (77) theory, so all of the axioms of AECs hold except
perhaps the chain axioms (which might fail because strong substructure is not
elementary according to the fragment). For those, consider a C,+-increasing chain
(M, : i < «). Then, by Theoremand Theorem , the sequence (My, : i < a)
is <,-increasing chain that each model T'. Then by the chain axiom for continuous
logic, there is M = U;o(My,) that models 7. Additionally, A := U;-,A; is nicely
dense in M. Thus, My = U;.o M4, is as desired. Additionally, if M4, C,+ Mp for
some B, then M <, Mg, so M4 C,+ Mpg.

These properties all follow from the corresponding properties of continuous first-
order logic. For instance, considering amalgamation, suppose M C,+ Mpg, Mc.
Then we have M4 <, Mp, Ms. By amalgamation for continuous first-order logic,
there is some N >, Mp and elementary f : Mo — MsN. Let D C N be nicely
dense that contains BUC'. Then we have Mp C.+ Np and f [ M¢ : Mc —y, Np;
this is an amalgamation of the original system.

Finally, we wish to show that Galois types are syntactic types and vice versa.
Note that there are monster models in each class. Further more, we may assume
that, if € is the monster model of T', that there is some nicely dense U C € such
that the monster model of K is My; in fact, we could take U = |€|. Let continuous
M ET and A C M be nicely dense. If we have tuples a and b, then

gtp(a/My) = gtpx(b/M,y) <=  3f € Autpy,My.f(a) =b
<= df € AutgC.f(a)=b

I

We pause here only briefly to point out a strange occurence: first-order contin-
uous logic is compact (see [BBHUOS, Theorem 5.8]), but L,,, ., is incompact. Yet,
we have seen that continuous logic can be embedded into L, ,,. The solution to
this incongruity is that the compactness of continuous logic comes from a different
ultraproduct than the model-theoretic one, namely the Banach space ultraproduct.
In model theoretic terms, the Banach space ultraproduct avoids having elements
of nonstandard norm by explicitly excluding all sequences with unbounded norm
from the product. This is put into a general framework for type omission in the
author’s thesis [Bona| (see [Bonb|, Section 4.1] for details).

We conclude with a basic example relevant to the next section. I thank Ilijas
Farah for discussions around this example.

Example 4.2. The model theory of probability spaces (X, B, ) is developed in
|/BBHUOS, Section 16] by defining a metric structure where the universe consists of
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the elements of B modulo p-equivalence; adding 0, 1, complement, meet, and join
to the language; and setting the distance d(A, B) = u(AAB). An aziomatization
PrA is given in [BBHUO0S, Theorem 16.1].

Then PrA* consists of the normal axioms of Tye,se along with the appropriately
relativized azioms of PrA: each “universal axiom” sup, ¢(x) becomes VxR y<o(X).
This means that a model M of PrA* will have a naturally induced structure of a
boolean algebra on it, along with a distance function d that gives rise to a probability
measure via p(x) = d(zx,0).

Probability spaces can be seen as a metric version of boolean algebras, and
any model of PrA* is a boolean algebra with some extra structure. However,
this correspondence does not go backwards: there are many boolean algebras that
cannot be expanded to a model of PrA*. In particular, any boolean algebra B
with an increasing sequence (b, : @ < w;) cannot be a reduct of a model of PrA*
because (1(b,) : o < wq) would be Ny-increasing sequence of reals.

PrA is stable (see [BBHUOS, Proposition 16.9] or [FHS13, Proposition 4.6])
and, thus, doesn’t have the (properly defined) order property. However, there is
an order extractable from the syntax. Set x < vy iff u(z Ny)—pu(xr) = 0. Looking
in the the probability space of Lebesgue measurable subsets of [0, 1], we can find
sequences (X; | o) that are increasing according to this measure for any a < wy.
However, this does not contradict the above because the proper definition of the
order property [FHS13, Definition 2.3] requires a uniform separation of the values
of the formula (rather than only detecting when a formula takes the value 0).

This represents a common theme of studying the order property in general AECs.
When defining the order property in an AEC (see, for instance, [Sh394] Section
4]), an extra parameter of how long the order is must be included as there is
no compactness to make it arbitrarily long. Then the order property with no
parameters means that there are arbitrarily long order or, equivalently, that there
is an order of length 3(2LS(K))+. Thus, PrA* has the a-order property for every
a < wy, does not have the Nj-order property, and is stable (see Corollary
below). The compactness of continuous logic from the metric ultrapower offers a
better criteria in terms uniform order property from [FHS13|: 7™ has the order
property (as an AEC) iff 7" has arbitrary long finite orders (as a metric theory).

5. TYPES

Fix a continuous 7-theory T', and let T™* be it’s discrete equivalent (described at
the end of Section [2).

In Theorem {.1], we showed that Galois types on the discrete side correspond
to the normal definition of syntactic on the continuous side. We can characterize
Galois types more precisely by looking at the quantifier-free syntactic type in 77.

Proposition 5.1. In (Mod (T*), C,+), two elements have the same Galois type iff
they have the same quantifier-free T+ -type.
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Proof: In all AECs, two tuples having the same Galois type implies having the
same quantifier-free type. Suppose that a,b € D E T* have the same quantifier-
free type over C' C |D|. Then, by Theorem 2.1/(2), a,b € D have the same
continuous 7-type over C'. By Theorem .(3), this means that a and b have the
same Galois type in (Mod (T%), C,+). T

Of course, not every finitely consistent quantifier-free 77-type is realized in a
model. For instance, the partial type {—Ra( yy>0(2, ), Rd(m/,y’)gi(xv y) |n<w}is
finitely satisfiable, but describes the type of two elements that are an infinitesimal,
positive distance from each other. Clearly, no element in a model of Ty, can
satisfy this.

The correspondence allows us to connect the stability of the discretization with
the stability of the continuous class because we’ve established a bijection between
the types. An important distinction in the study of stability in continuous first-
order logic is discrete stability (counting the cardinality of the type space [BBHUOS,
Definition 14.1]) and stability (counting the density character of the type space
under a natural metric [BBHUOS, Definition 14.4]).

Corollary 5.2. T is A-discrete stable iff (Mod (T*), C,+) is A-Galois stable.

Proof: Theorem [£.1](3) has established a bijection between the relevant sets.

The density character notion of stability turns out to be the better measure of
a class’ behavior (although they are equivalent gloablly by [BBHUOS, Theorem
14.6]). Additionally, in the discrete context, we could develop a notion of distance
between types paralleling the notion on the continuous side. However, it doesn’t
seem as though there’s a natural way to recover the density character of the type
space in this context.

We now turn to saturation. While stability is a property of theories, saturation
is a property of models. Thus, it requires a finer analysis to determine the transfer
between continuous notions and Ty.,.. In particular, it is clear that we cannot
expect a characterization along the lines of “the continuous structure M is satu-
rated iff the discrete structure M, is saturated for every nicely dense subset A.”
The failure comes from the fact that nicely dense subsets can miss many elements.
Thus, we introduce the notion of a sequence type below. This notion allows us
to give a characterization of the desired form in terms of saturation for sequence
types (see Theorem . Note this notion appears elsewhere, e.g., in Farah and
Magidor [FaMa] as the type p,, although they formalize it as a type in infinitely
many free variables, rather than infinitely many types in 2 free variables.

Definition 5.3. o We say that (r, : n < w) is a sequence (-type over B’ iff
ro(X) is an (-type over B' and r,41(X,y) is a 2(-type over B’ such that there
is some index set I, (possibly repeating) formulas (¢; : i € I); and (possibly
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repeating) Cauchy sequences ((bi, € B'),c, 1 i € I) so d(bi,bi ;) < 5
such that
- TO(X) = {qui(zz w¢1(2)< 6) L € ]}7 and
B Tn+1(x7 Y) = {Rqﬁl(z z’)<w¢1(%)(x bn—i—l) NS ]} U {Rd(z,z’)gﬁ(mhyk) :
k< (}
o A realization of a sequence type (r, :n < w) is (a, : n < w) such that
— ag realizes ro; and
— ayy1a, realizes r, 1.

Note that the use of s 18 not necessary; this could be replaced by any summable
sequence for an equlvalent definition (also replacing 5 by the trailing sums).
However, we fix 5 for computational ease. The fundamental connection between
continuous types and sequence types is the following.

Theorem 5.4. Let A C |M]| be nicely dense.
(1) If B C |M| and r(x) is a partial £-type over B, then for any B' C A such
that B' D B, there is a sequence { type (r, : n < w) over B' such that
M realizes r iff M s realizes (ry, : n < w)

(2) If B C A and (r, : n < w) is a partial sequence {-type over B’, then there
is a unique {-type r over B’ such that

M realizes r iff M4 realizes (ry, : n < w)

We can denote the type in (2) by lim, o 7,. In each case, we have that (a, €
My :n < w) realizes (r, : n < w) implies lim,,_,, a, realizes lim,_,, 7.

Proof:See [Bonc|. T

We now connect type-theoretic concepts in continuous logic (e.g. saturation and
stability) with concepts in our discrete analogue.

Recall (see [BBHUOS8, Definition 7.5]) that a continuous structure M is k-
saturated iff, for any A C M of size < k and any continuous type r(x) over
A, if every finite subset of r(x) is satisfiable in M, then so is r(x).

Definition 5.5.

o If (r, : n < w) is a sequence type defined by an index set I and Iy C I,
then (r, : n < w)! is the sequence type defined by I,.

o We say that Ma E Tyense is k-saturated for sequence types iff, for all B' C A
and sequence type (r, : n < w) over B’ that is defined by I, if (r, : n < w)’®
is realized in My for all finite Iy C I, then (r, : n < w) is realized in My.

Theorem 5.6. Let M ET and A C M be nicely dense.

(1) If M is k-saturated and \Y < r, then My is \* saturated for sequence

types.
(2) If My is K saturated, then M is k saturated.
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Proof:

(1) Let M be s-saturated and A C M be nicely dense. Let B C M4 of size A
and let (r, : n < w) be a sequence type over B’ that is finitely satisfiable
in My. Set r = lim,,_,, 7, from Theorem ; this is a type over B’ where
|B/| < AM < k. We claim that r is finitely satisfiable in M. Any finite
subset of = of

r={¢i(x, lim b’) :i € I}
n—oo

corresponds to a finite Iy C I. Then, by Theorem 5.4} r¢ is realized in M iff
(r, :n < w)’ is realized in M,. Then, since each (r, : n < w)% is realized
in M4 by assumption, we have that r is finitely satisfiable in M. By the
r-saturation of M, r is realized in M. By Theorem [p.4 (r, : n < w) is
realized in My4. So My is A*T-saturated.

(2) Let M4 be k-saturated for sequence types. Let B C M of size < k and r be
a type over B that is finitely satisfied in B. Find B’ C A such that B’ D B;
this can be done with |B’| < |B| 4+ Xy < k. Then form the sequence type
(rn : n < w) over B’ that converges to r, as in Theorem As before,
since 7 is finitely satisfiable in M, sois (r, : n < w) in M4. So (r, : n < w)
is realized in M4 by saturation. Thus, r is realized in M. 1

We immediately get the following corollary.

Corollary 5.7. If k = (A\Y)T or, more generally, k = sup,.,.(A*)" and M is of
size Kk, then M s saturated iff M is saturated for some nicely dense A C M of
size K.

6. METRIC ABSTRACT ELEMENTARY CLASSES

In this section, we extend the above representation to Metric Abstract Elemen-
tary Classes. Recall from Hirvonen and Hyttinen [HH09| or that a Metric Abstract
Elementary Class (MAEC) is a class of continuous 7(K)-structures K and a strong
substructure relation < satisfying the following axioms:

(1) <k is a partial order on K;

(2) for every M, N € K, if M <x N, then M C. N;

(3) (K, <) respects 7(K) isomorphisms, if f : N — N’ is an 7(K) isomor-
phism and N € K, then N’ € K and if we also have M € K with M <x N,
then f(M) € K and f(M) <x N';

(4) (COhB’f’@TLC€) if My, My, My € K with My < My, My <g Mos; and M, C
M, then My < Mjy;

(5) (Tarski-Vaught chain axioms) suppose (M; € K :i < a) is a <g-increasing
continuous chain, then

(a) UicaM; € K and, for all i < o, we have M; < U;<oM;; and
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(b) if there is some N € K such that, for all i < «, we have M; <x N,
then we also have U;.,M; < N; and
(6) (Lowenheim-Skolem number) There is an infinite cardinal A > |7(K)| such
that for any M € K and A C M, there is some N <y M such that A C |N]|
and dc(N) < |A| 4+ A. We denote the minimum such cardinal by LS(K).

These axioms were first given in Hirvonen and Hyttinen [HH09].

A key difference is that the functions and relations 7 are no longer required to be
uniformly continuous, but just continuous. This is due to the lack of compactness
in the MAEC context. This initially seems problematic because functions must
be uniformly continuous on a set to be guaranteed an extension to its closure.
However, we get around this by simply defining Kg4e,se to be all the structures
that happen to complete to a member of K, then use the MAEC axioms to show
that Kgense satisfies the AEC axioms.

For this reason, when we refer to continuous languages, structures, etc. in this
section, we will not mean that they are uniformly continuous.

Theorem 6.1. Let 7 be a continuous language. Then there is a discrete language
7t such that, for every MAEC K with 7(K) = 7, there is
(1) an AEC Kgense with 7(Kgense) = 77 and LS(Kgense) = LS(K);
(2) a map from M € K and nicely dense subsets A of M to My € Kyense; and
(3) a map from A € Kense to A € K

with the properties that

(1) My has universe A and for eacha € A, r € Q', and O € {<, >}, we have
that

My E Rg,(zorla] <= R} (a)Or

(2) A has universe that is the completion of A with respect to the derived metric
and for eacha € A, r € Q', and O € {<, >}, we have that

Rjz(a)DT — AE RRj(Z)DT[a]

(3) The maps above are essentially inverses, in the since of Theorem .3’
(4) o Given My, € K and Ay nicely dense in My for ¢ = 0,1, if f : My — M,
is a K-embedding such that f(Ag) C Ai, then f | A is a Kgense-
embedding from (Mo) a, to (My)a,.
o Given A, B € Kyense and a Kgense-embedding f : A — B, this lifts
canonically to a K-embedding f : A — B.

Proof: The proof proceeds similar to the first-order version, Theorem In
particulalr, many of the definitions of continuous structures from discrete approx-
imations (such as getting the metric and relations from their approximations) did
not use compactness and only used uniform continuity to ensure that a completion
existed, which will be guaranteed by the definition of K., in this case.
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Given continuous 7 = (Fj, Rj)i<n; j<n,, define

Tt = <Fi+a RRj(z)Zr; RRj(Z)§r>i<nf7j<n,~,r€Q’
Given an MAEC K, we define the AEC K45 as follows:

L4 T<Kdense) = 7—+;
e Given an 71 structure A, we use the following procedure to determine
membership in Kge,q: define D on A x A by

D(ab) = supfre @ : AF Rygyorla,t])
= inf{reQ: AF Ry <rla, b]}

The proof that this is a well-defined and is a metric proceeds exactly as
in the previous case. We can similarly define the relations R; on A and
complete the universe (A, D) to A. We call the structure A completable iff
(1) for every a € A and every Cauchy sequence (a” € A : n < w) converg-
ing to to a, the value of lim,_,., R;(a") is independent of the choice
of the sequence; and similarly
(2) for every a € A and every Cauchy sequence (a” € A : n < w) converg-
ing to to a, the value of lim,, ., F;"(a") is independent of the choice
of the sequence.
If A is completable, then we define A to be the 7F-structure where F;
and R; are defined on A according to the independent value given above.
Finally, we say that A € Kgepse iff
(1) A is completable; and
(2) A€ K.
o Given A, B € Kyepse, we say that A <gense B iff
(1) A C,+ B; and
(2) A < K B.

Now that we have the definition of K45, we must show that it is in fact
an AEC. The verification of the axioms are routine; we give the arguments for
coherence and the chain axioms as templates.

For coherence, suppose that A, B,C € Kgense such that A <gense C; B <dense C;
and A C,+ B. Then, taking completions, we get that

A<xgC:B=<gC;and AC, B
By coherence in K, we then have that A <y B. Then, by definition, A <gense B,
as desired.

For the chain axioms, suppose that (A4; € Kgense : ¢ < «) is a continuous,
<dense-increasing chain such that, for all i < a, A; <gense B € Kgense- Again,
taking completions, we get that (A; € K : 4 < a) is a continuous, <g-increasing
chain such that, for all i < a, A; <x B € K. Then, by the union axioms for
K, we have that UjcoA; € K and U, A; <x B. Note that the existence of
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U;<aA; shows that U;-,A; is completable and that an easy computation shows
that UjcaA; = UjcaAi. Thus, UicqA; € Kgense and, for all j < a,

Aj ~dense Ui<aAi ~dense B

Once we have defined the maps and shown that Ky, is an AEC, the rest of
the proof proceeds exactly as in the continuous first-order case, in some ways sim-
pler since 71 only has relations for each relation of 7, rather than each formula of 7.

We now turn to an application. Both Hirvonen and Zambrano have proved
versions of Shelah’s Presentation Theorem for MAECs in their theses. The more
general is Zambrano’s |[Zam, Theorem 1.2.7]:

Theorem 6.2. Let K be a MAEC. There is 71 O 7 and a contmuou:ﬂ T1-theory
Ty and a set of Ty -types I' such that K = PC(Ty,T', 7).

An immediate corollary to our presentation theorem is a discrete presentation
theorem.

Corollary 6.3 (Discrete Presentation Theorem for Metric AECs). Let K be a
MAEC. Then there is a (discrete) language 7y of size LS(K), an T -theory Ty, and
a set of Ty-types T such that K = {M; | 7(K) : My E Ty and omits T'}, where the
completion is taken with respect to a canonically definable metric.

Proof: Apply Theorem to represent K as a discrete AEC Kgense and then
apply Shelah’s Presentation Theorem from Shelah [Sh8§].

Additionally, Zambrano asks [Zam| Question 1.2.9] if there exists is a Hanf num-
ber for model existence in MAECs. Using our presentation theorem, we can answer
this questions in the affirmative. Furthermore, the Hanf number for MAECs is the
same as for AECs.

Theorem 6.4. If K is a MAEC with LS(K) = k and has models of size or density
character cofinal in Jeaxy+, then K has models with density character arbitrarily
large.

Proof: For every, A < 3(2~)+, let M, € K have size > \. |M,| is nicely dense
in itself, so (M), € Kaense has size > A. By the definition of Hanf number
for discrete AECs, this means that K., has arbitrarily large models. Taking
completions, this means K has arbitrarily large models. The proof for density
character is the same. T

Given this representation, we can determine basic structural properties of K
by looking at Kge,se and vice versa. The above theorem already shows how to
transfer arbitrary large models and the other properties transfer similarly.

Proposition 6.5. Suppose K is an MAEC. For P being amalgamation, joint
embedding, or no mazximal models, K has P iff Kgense has P.

1But not uniformly continuous.
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The fourth clause of the conclusion of Theorem [6.1]is stated as it is to make the
proof of this proposition easy to see.

We now look at the notion of type in K4 that corresponds to Galois types in
K. Similar to the examination in Section [5] we see that the

To study saturation, we pass to a sequence of types representing a Cauchy
sequence for a realization of the Galois type we wish to represent.

Definition 6.6. o Given A € Kyense, (tn : 1 < w) is a sequence Galois type
over A iff
(1) 7o € gS*(A); and
(2) Tny1 € gS®(A) such that
(a) if ab F ryyq, then d(a,b) < 5= ; and

(b) rﬁ;‘i”&_l} =7, i. e. the first { coordinates of r,, are the same

as the final € coordinates of T, 1.
e Given a sequence Galois type (r, : n < w) over A and A <gense B, we say
that (a, € B :n < w) realizes (r, : n < w) iff
(1) ap E 1o; and
(2) app1a, F rap
e Given a sequence Galois type (r, : n < w) over A and A <gense B, we say
that (a, € B :n < w) weakly realizes (r,, : n < w) iff there is some C and
(b, € C:n < w) such that
(1) B ~dense C;'
(2) (b, : n <w) realizes (r, : n < w); and
(3) lim, <, a,, = lim,,, b,,.

Note that realizing a sequence Galois type is different than realizing each in-
dividual Galois type in the sequence separately. However, we can always realize
sequence Galois types given amalgamation.

Lemma 6.7. Suppose that K has amalgamation. Given any sequence Galois type
(rn, = n < w) over A € Kyense, there is A <gense B € Kgense that contains a
realization of (rp, :n < w).

Proof: By the definition of Galois type, we can write each r,, as gtpr,.. .. (a)/A; By)
and gtpg dense(aﬁﬁaﬁ“ JA; B,i1). Using amalgamation in Kgepse, which follows
from amalgamation in K, we can construct increasing (C, : n < w) and increasing
fn : By —4 C, such that fy is the identity and f,(a") = f,11(a™™); this sec-
ond part is due to the second clause in the definition of sequence types. Setting
C = Up<,Cp, we have that (f,(a) : n < w) realizes (r, : n < w). T

Unfortunately, we don’t have the same tight connection between Galois types
in K and sequence Galois types in Ky, as exists in Theorem . This is due
to the fact that the Galois version of sequence types specifies a distance between
consecutive members of the Cauchy sequence, rather than just specifying a bound

on the distance. It is possible that perturbations (as in Hirvonen and Hyttinnen
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[HH12]) might be used to restore this connection. Instead, we have introduced the
notion of weakly realizing a sequence Galois type because this is enough to prove
a variant of Theorem [5.6] in this context.

Theorem 6.8. Let M € K and A € Kgense such that A = M.

(1) If M is k-Galois saturated and N\ < k, then A is \T-weakly saturated
for sequence Galois types (i.e. given any Ay <gense A of size < X\, every
sequence Galois type over Ay is weakly realized in A).

(2) If A is k-weakly saturated for sequence Galois types, then M is k-Galois
saturated.

Proof: First, suppose that M is x saturated and A¥ < k. Let Ay <gense A be
of size < A and let (r, : n < w) be a sequence Galois type over A4,. By Lemma
, there is some Bgense = Ao and (a, : n < w) that realizes (r, : n < w).
After completing the members of Kgense, we have Ay < M and Ay < B € K.
Since (a, € B : n < w) is a Cauchy sequence, there is some a € B such that
lim,, , a, = a. Since M is k-saturated and ||Ag| < A®0 < k, there is b € M that
realizes gtpr(a/Ag; B). Since A is dense in M, there is some Cauchy sequence
(b, € A : n < w) that converges to b. Then (b, : n < w) weakly realizes
(rp:n < w).

Second, suppose that A is k-weakly saturated for sequence Galois types and let
My < M of size < k and r € gS(My). Let Ay C A be nicely dense in My; then
Ao = (Mp) a, <dense A. In K, we can write r as gtpx(a/Mp; N). Then, in Kepse,
T = (9K .. (@/Aos Niv) © n < w) is a sequence Galois type over Ay. Since
| Aol < &, by A’s weak saturation, there is some (b, : n < w) that weakly realizes
7. This means that we can find an extension Bgepse = A and f : Ny — 4, B such
that

lim f(a) = lim b,

n—oo n—oo
Since b, € A, this means that f(a) € M. Since N|y| is complete, the Kgepse-
embedding f is in fact a K-embedding from N into B and fixes Ay = M. Thus,
we have that f(a) € M realizes gtpx(a/My; N). T

A crucial property in the study of MAECs is whether the natural notion of
distance between Galois types defines a metric or not. This property is called the
Pertubation Property by Hirvonen and Hyttinen [HH09| and the Continuity Type
Property by Zambrano [Zam12|. For ease, we assume that K (equivalently, Kense)
has a monster model €.

Definition 6.9. e Given M € K and p,q € S(M), we define
d(p,q) = inf{d(a,b) : a E p and b F q}

e K has the Pertubation Property (PP) iff, given any Cauchy sequence (b, €
C:n<w)and M € K, if, for alln < m < w,

gtp(bn/M) = gtp(bm /M)
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then, gtp(lim,,_,o0 by, /M) = gtp(bo/M).

Although these properties might not initially seem related, a little work shows
that d is always a pseudometric and that it is a metric iff PP holds; this is due Hir-
vonen and Hyttinen. Then, similar to tameness from AECs, Zambrano [Zam12].2.9
defines a notion of tameness in MAECs that satisfy PP.

Definition 6.10. K is u-d-tame iff for every e > 0, there is a 6 > 0 such that
for every M € K of density character > p and p,q € gS(M), if d(p,q) > €, then
there is some N < M of density character u such that d(p | N,q | N) > 6.

Again these properties transfer to sequence types in Ky, We can define a
pseudometric on sequence Galois types in Kge,se by

Aiense((Tn :n < w), (s, :n <w)) := inf{lim d(a,,b,) : (a, : n < w) realizes
n—oo
(rp:m <w), (b, : n < w) realizes (s, : n < w)}

Then dgense is a metric iff d is, and p-d-tameness transfers from K to Kgepse
in the obvious way. This functor has recently been used in Boney and Zambrano
[BoZa] to transfer various large cardinal results from Boney |[Bonl4| to the MAEC
setting. Additionally, it can be used to transfer stability theoretic results both via
characterization (as in Section [5) and via independence relations.

REFERENCES
[Ack] Nathanael Ackerman, Encoding complete metric structures by classical structures, Sub-
mitted.
[Bal09] John Baldwin, Categoricity, University Lecture Series, American Mathematical So-
ciety, 2009.

[BBHUOS] Itai Ben-Yaacov, Alexander Berenstein, C. Ward Henson, Alexander Usvyatsov,
Model theory for metric structures, Model theory with applications to algebra
and analysis, vol. 2 (Chatzidakis, Macpherson, Pillay, Wilke eds.). London Math
Society Lecture Note Series, Cambridge University Press, 2008.

[Ben05] Itai Ben-Yaacov, Uncountable Dense Categoricity in Cats, The Journal of Symbolic
logic 70 (2005), p. 829-860.

[Bonl4] Will Boney, Tameness from large cardinal azioms, The Journal of Symbolic Logic 79
(2014), p. 1092-1119.

[Bona]  Will Boney, Advances in classification theory for Abstract Elementary Classes, Ph. D.
thesis, 2014.

[Bonb]  Will Boney, The T'-ultraproduct and averageable classes, Submitted, http://arxiv.
org/abs/1511.00982.

[Bonc]  Will Boney, A presentation theorem for continuous logic and Metric Abstract Elemen-
tary Classes: Full Proofs, Notes, http://www.math.harvard.edu/~wboney/papers/
BoneyTdenseFull.pdf.

[BoZa] Will Boney and Pedro Zambrano, Around the set-theoretical consistency of d-tameness
of Metric Abstract Elementary Classes, Preprint, http://arxiv.org/abs/1508.
05529.

[Cha68] C. C. Chang, Some remarks on the model theory of infinitary languages, The Syntax
and Semantics of Infinitary Languages (J. Barwise, ed.), vol. 72,


http://arxiv.org/abs/1511.00982
http://arxiv.org/abs/1511.00982
http://www.math.harvard.edu/~wboney/papers/BoneyTdenseFull.pdf
http://www.math.harvard.edu/~wboney/papers/BoneyTdenseFull.pdf
http://arxiv.org/abs/1508.05529
http://arxiv.org/abs/1508.05529

22
[FHS13]
[FaMal

[GrolX]
[HH09]

[HH12]
[KeiT1]

[Mun00]
[Sh88]

[Sh394]

[ViZa]

[Zam]

[Zam12]

WILL BONEY

Ilijas Farah, Bradd Hart, and David Sherman, Model theory of operator algebras I:
Stability, Bulletin of the London Mathematical Society 45 (2013), 825-838.

llijas Farah and Menachem Magidor, Omitting types in the logic of metric structures,
http://arxiv.org/abs/1411.2987v2.

Rami Grossberg, A Course in Model Theory, In Preparation, 201X.

Asa Hirvonen and Tapani Hyttinen, Categoricity in homogeneous complete metric
spaces, Archive of Mathematical Logic 48 (2009), no. 3-4, 269-322.

Asa Hirvonen and Tapani Hyttinen, Metric Abstract Elementary Classes with pertuba-
tions, Fundamenta Mathematica 217 (2012), 123-170.

H. Jerome Keisler, Model Theory for Infinitary Logic, Studies in Logic and the
Foundations of Mathematics, vol. 62, North-Holland Publishing Co., Amsterdam, 1971.
James Munkres, Topology, 2nd ed., Prentice Hall 2000

Saharon Shelah, Classification of nonelementary classes, II. Abstract elementary
classes, Classification theory (John Baldwin, ed.), 1987, pp. 419-497.

Saharon Shelah, Categoricity for abstract classes with amalgamation, Annals of Pure
and Applied Logic 98 (1990), 261-294. Update version available at http://shelah.
logic.at/files/394.pdf.

Andres Villaveces and Pedro Zambrano, Around superstability in Metric Abstract Ele-
mentary Classes: limit models and r-towers, Accepted, Preprint series of Mittag-Leffler
Institute.

Pedro Zambrano, Around superstability in Metric Abstract Elementary Classes, Ph. D
thesis, 2011.

Pedro Zambrano, A stability transfer theorem for d-tame Metric Abstract Elementary
Classes, Math Logic Quarterly (58), p. 333-341, 2012.

E-mail address: wboney@math.harvard.edu

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY, CAMBRIDGE, MA, USA


http://arxiv.org/abs/1411.2987v2
http://shelah.logic.at/files/394.pdf
http://shelah.logic.at/files/394.pdf

	1. Introduction
	2. Models and Theories
	3. Elementary Substructure
	4. Tdense as an Abstract Elementary Class
	5. Types
	6. Metric Abstract Elementary Classes
	References

