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Do)

Two fluids

velocity

pressure p/
viscosity pl # p?
density p! # p?

UI0)

@ Porous media: porosity k > 0 (homogeneous, isotropic).
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@ Incompressibility (mass conservation):
div(u) =0, u=u'xp, + v’ xp,

e Darcy's Law (conservation of momentum):

%Juj =-Vp/—(0,0,0/8) = -V(p/+g/xs) (g = gravity).
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Immediate consequences

div(u) =0 = (v!—0v?) ;=0

e curl(u) =QdS, Qis a tangent vector field at S.
1 _ 2

o plls=r*s.

o Jvelocity potentials: /= V¢/

P o= p—dexs
K
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Interface motion

u(x) = /S X2 A Q(z) dS(z), x ¢S (Bibt-Savart).

x = z[?
Taking limits in each domain:

W(x) = p.v./ XTZ A Q(z) dS(z) + tangential terms, x € S.
slx—2z?

Choosing a parametrization (isothermal coordinates)

X, - X,., =0
X(a) = X(aq, « e
(a) = X(a1,02) { X | = [ X |

Two scenarios:
@ Periodic in the horizontal variables;

@ asymptotically flat.
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Equation of motion

/ X(a X(ﬁ Aw(a) da

+ G(X(a, t), t) X, + G(X(a, t), t) Xa,
= BR(X,w) + C1Xa1 + CQX(az).

where

curl(u) = w(a@) dx—x(a,e)
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Closing the equations: relationship between w(a, t) and X(a, t)

Darcy's law:

We define

Then we have

an an
= ——Xay, — 5 —Xa
b (.L)(Oé) 8042 1 80&1 2
2 1 2 1
B p-—p
o M)+ 155 D(M(e) = g1 Xa(e)
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Closing the equations: relationship between w(a, t) and X(a, t)

where

X(a) = X(9 ),3 N(3) I(5) dB

D) = [ X(a) ~ X(9)

and
N(B) = Xoy N Xa,-

It is then crucial to estimate

2 1

- 2 —p
[+XD) Y, A= <1
Iit )l R 2
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The problem
dX
E :BR(X,W)+C1XQ1+C2XQ2
_on on
W= gapXar — gay Xaa

2 1 -1 2 2
o) = (1+554D) (g4 X, 1))
is not well-possed. )
D! X(a, 1)

Rayleigh-Taylor: o y

o(a, t) = (Vp? — Vpl) - (2 — 1)
= (,uz—ul)BR(X,w) : (qu A Xocz) + (p2_Pl)(Xa1 A Xa2)3
>0
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Geometric constraint: not self-intersecting surface

F(x) = sup loc = B < 0.

a7 [1X(e) = X(B)]]

Theorem
If

o Xo(a) € H*(R?);
e o(a,0) > 0;
° F(Xo) < 00,

then 3T > 0 and a unique solution X € C*([0, T]; H*).
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Energy estimates

d
ZIXI2 < PUX i+ IFOl10)

k 3/2 k—j aj
—Z 12 S O'(Oé) . 8 3’ X(a)
— Wt IVX(a)]® 0aq Oaz
k=i &
A( dan aa2x(0‘))

where

— VA
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Then we use the pointwise inequality

1

(x) - NO(x) > =N6?(x)

N |

to get a polynomial estimate in the norm HX.

However, we need to control the evolution of all the involved
quantities, namely,

e 0>0.

o F < oo

o (; (isothermal).

o |[I+AD|I7L, |\ <1
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