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Preface

The contents of this book covers the material required in the Fluid Mechanics
Graduate Core Course (MEEN-621) and in Advanced Fluid Mechanics, a Ph.D-level
elective course (MEEN-622), both of which I have been teaching at Texas A&M
University for the past two decades. While there are numerous undergraduate fluid
mechanics texts on the market for engineering students and instructors to choose
from, there are only limited texts that comprehensively address the particular needs
of graduate engineering fluid mechanics courses. To complement the lecture
materials, the instructors more often recommend several texts, each of which treats
special topics of fluid mechanics. This circumstance and the need to have a textbook
that covers the materials needed in the above courses gave the impetus to provide the
graduate engineering community with a coherent textbook that comprehensively
addresses their needs for an advanced fluid mechanics text. Although this text book
is primarily aimed at mechanical engineering students, it is equally suitable for
aerospace engineering, civil engineering, other engineering disciplines, and especially
those practicing professionals who perform CFD-simulation on a routine basis and
would like to know more about the underlying physics of the commercial codes they
use. Furthermore, it is suitable for self study, provided that the reader has a sufficient
knowledge of calculus and differential equations.

In the past, because of the lack of advanced computational capability, the subject
of fluid mechanics was artificially subdivided into inviscid, viscous (laminar,
turbulent), incompressible, compressible, subsonic, supersonic and hypersonic flows.
With today’s state of computation, there is no need for this subdivision. The motion
of a fluid is accurately described by the Navier-Stokes equations. These equations
require modeling of the relationship between the stress and deformation tensor for
linear and nonlinear fluids only. Efforts by many researchers around the globe are
aimed at directly solving the Navier-Stokes equations (DNS) without introducing the
Reynolds stress tensor, which is the result of an artificial decomposition of the
velocity field into a mean and fluctuating part. The use of DNS for engineering
applications seems to be out of reach because the computation time and resources
required to perform a DNS-calculation are excessive at this time. Considering this
constraining circumstance, engineers have to resort to Navier-Stokes solvers that are
based on Reynolds decomposition. It requires modeling of the transition process and
the Reynolds stress tensor to which three chapters of this book are dedicated.

The book is structured in such a way that all conservation laws, their derivatives
and related equations are written in coordinate invariant forms. This type of structure
enables the reader to use Cartesian, orthogonal curvilinear, or non-orthogonal body
fitted coordinate systems. The coordinate invariant equations are then decomposed
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into components by utilizing the index notation of the corresponding coordinate
systems. The use of a coordinate invariant form is particularly essential in
understanding the underlying physics of the turbulence, its implementation into the
Navier-Stokes equations, and the necessary mathematical manipulations to arrive at
different correlations. The resulting correlations are the basis for the following
turbulence modeling. It is worth noting that in standard textbooks of turbulence, index
notations are used throughout with almost no explanation of how they were brought
about. This circumstance adds to the difficulty in understanding the nature of
turbulence by readers who are freshly exposed to the problematics of turbulence.
Introducing the coordinate invariant approach makes it easier for the reader to follow
step-by-step mathematical manipulations, arrive at the index notation and the
component decomposition. This, however, requires the knowledge of tensor analysis.

Chapter 2 gives a concise overview of the tensor analysis essential for describing the
conservation laws in coordinate invariant form, how to accomplish the index notation,
and the component decomposition into different coordinate systems.

Using the tensor analytical knowledge gained from Chapter 2, it is rigorously
applied to the following chapters. In Chapter 3, that deals with the kinematics of flow
motion, the Jacobian transformation describes in detail how a time dependent volume
integral is treated. In Chapter 4 and 5 conservation laws of fluid mechanics and
thermodynamics are treated in differential and integral forms. These chapters are the
basis for what follows in Chapters 7, 8, 9, 10 and 11 which exclusively deal with
viscous flows. Before discussing the latter, the special case of inviscid flows is
presented where the order of magnitude of a viscosity force compared with the
convective forces are neglected. The potential flow, a special case of inviscid flow
characterized by zero vorticity VXV = 0, exhibited a major topic in fluid mechanics
in pre-CFD era. In recent years, however, its relevance has been diminished. Despite
this fact, I presented it in this book for two reasons. (1) Despite its major short
comings to describe the flow pattern directly close to the surface, because it does not
satisfy the no-slip condition, it reflects a reasonably good picture of the flow outside
the boundary layer. (2) Combined with the boundary layer calculation procedure, it
helps acquiring a reasonably accurate picture of the flow field outside and inside the
boundary layer. This, of course, is valid as long as the boundary layer is not
separated. For calculating the potential flows, conformal transformation is used where
the necessary basics are presented in Chapter 6, which is concluded by discussing
different vorticity theorems.

Particular issues of laminar flow at different pressure gradients associated with
the flow separation in conjunction with the wall curvature constitute the content of
Chapter 7 which seamlessly merges into Chapter 8 that starts with the stability of
laminar, followed by laminar-turbulent transition, intermittency function and its
implementation into Navier-Stokes. Averaging the Navier-Stokes equation that
includes the intermittency function leading to the Reynolds averaged Navier-Stokes
equation (RANS), concludes Chapter 8. In discussing the RANS-equations, two
quantities have to be accurately modeled. One is the intermittency function, and the
other is the Reynolds stress tensor with its nine components. Inaccurate modeling of
these two quantities leads to a multiplicative error of their product. The transition was
already discussed in Chapter 8 but the Reynolds stress tensor remains to be modeled.
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This, however, requires the knowledge and understanding of turbulence before
attempts are made to model it. In Chapter 9, I tried to present the quintessence of
turbulence required for a graduate level mechanical engineering course and to
critically discuss several different models. While Chapter 9 predominantly deals with
the wall turbulence, Chapter 10 treats different aspects of free turbulent flows and
their general relevance in engineering. Among different free turbulent flows, the
process of development and decay of wakes under positive, zero, and negative
pressure gradients is of particular engineering relevance. With the aid of the
characteristics developed in Chapter 10, this process of wake development and decay
can be described accurately.

Chapter 11 is entirely dedicated to the physics of laminar, transitional and
turbulent boundary layers. This topic has been of particular relevance to the
engineering community. It is treated in integral and differential forms and applied to
laminar, transitional, turbulent boundary layers, and heat transfer.

Chapter 12 deals with the compressible flow. At first glance, this topic seems to
be dissonant with the rest of the book. Despite this, I decided to integrate it into this
book for two reasons: (1) Due to a complete change of the flow pattern from subsonic
to supersonic, associated with a system of oblique shocks makes it imperative to
present this topic in an advanced engineering fluid text; (2) Unsteady compressible
flow with moving shockwaves occurs frequently in many engines such as transonic
turbines and compressors, operating in off-design and even design conditions. A
simple example is the shock tube, where the shock front hits the one end of the tube
to be reflected to the other end. A set of steady state conservation laws does not
describe this unsteady phenomenon. An entire set of unsteady differential equations
must be called upon which is presented in Chapter 12. Arriving at this point, the
students need to know the basics of gas dynamics. I had two options, either refer the
reader to existing gas dynamics textbooks, or present a concise account of what is
most essential in following this chapter. I decided on the second option.

At the end of each chapter, there is a section that entails problems and projects.
In selecting the problems, I carefully selected those from the book Fluid Mechanics
Problems and Solutions by Professor Spurk of Technische Universitdt Darmstadt
which [ translated in 1997. This book contains a number of highly advanced problems
followed by very detailed solutions. I strongly recommend this book to those
instructors who are in charge of teaching graduate fluid mechanics as a source of
advanced problems. My sincere thanks go to Professor Spurk, my former Co-Advisor,
for giving me the permission . Besides the problems, a number of demanding projects
are presented that are aimed at getting the readers involved in solving CFD-type of
problems. In the course of teaching the advanced Fluid Mechanics course MEEN-
622, 1 insist that the students present the project solution in the form of a technical
paper in the format required by ASME Transactions, Journal of Fluid Engineering.

In typing several thousand equations, errors may occur. I tried hard to eliminate
typing, spelling and other errors, but I have no doubt that some remain to be found
by readers. In this case, I sincerely appreciate the reader notifying me of any mistakes
found; the electronic address is given below. I also welcome any comments or
suggestions regarding the improvement of future editions of the book.
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Jacobian transformation function

thermal conductivity

wave number vector

specific kinetic energy

Prandt]l mixing length
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mass
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vector of moment of momentum
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dimensionless pressure gradient
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U, maximum velocity defect
% specific volume
v volume
Vi fixed volume
V(t) time dependent volume
\% absolute velocity vector
\'f velocity vector, laminar solution
\ velocity vector, turbulent solution

14 deterministic velocity fluctuation vector

v mean velocity vector

v/ random velocity fluctuating vector

Vs v/ co- and contravariant component of a velocity vector
<V> ensemble averaged velocity vector
W, specific shaft power
w mechanical energy

/4 mechanical energy flow (power)

Wsh shaft power
W relative velocity vectors

X; coordinates

y" dimensionless wall distance, y'= u, y/v

z complex variable

Greek Symbols

a heat transfer coefficient

a real quantity in disturbance stream function

B disturbance amplification factor

B, circular disturbance frequency

v(x) time averaged intermittency factor, y(x) = I

<y(®> ensemble averaged intermittency at a fixed position
<Y(®)> ux ensemble averaged maximum intermittency at a fixed position

<Y®> i ensemble averaged minimum intermittency at a fixed position
r circulation strength

r relative intermittency

r circulation vector

Iy Christoffel symbol

Vimino Vinaxs minimum, maximum intermittency
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Kronecker delta
boundary layer displacement, momentum, energy thickness
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Taylor micro length scale

tangent unit vector
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1 Introduction

The structure of thermo-fluid sciences rests on three pillars, namely fluid mechanics,
thermodynamics, and heat transfer. While fluid mechanics’ principles are involved
in open system thermodynamics processes, they play a primary role in every
convective heat transfer problem. Fluid mechanics deals with the motion of fluid
particles and describe their behavior under any dynamic condition where the particle
velocity may range from low subsonic to hypersonic. It also includes the special case
termed fluid statics, where the fluid velocity approaches zero. Fluids are encountered
in various forms including homogeneous liquids, unsaturated, saturated, and
superheated vapors, polymers and inhomogeneous liquids and gases. As we will see
in the following chapters, only a few equations govern the motion of a fluid that
consists of molecules. At microscopic level, the molecules continuously interact with
each other moving with random velocities. The degree of interaction and the mutual
exchange of momentum between the molecules increases with increasing temperature,
thus, contributing to an intensive and random molecular motion.

1.1 Continuum Hypothesis

The random motion mentioned above, however, does not allow to define a molecular
velocity at a fixed spatial position. To circumvent this dilemma, particularly for gases,
we consider the mass contained in a volume elementd¥; which has the same order
of magnitude as the volume spanned by the mean free path of the gas molecules. The
volume &¥ has a comparable order of magnitude for a molecule of a liquid 6V .
Thus, a fluid can be treated as a continuum if the volume 8V occupied by the mass
dmdoes not experience excessive changes. This implies that the ratio

p=lm [3m
8V.~0\| 8V (1.1)

does not depend upon the volume 8¥;. This is known as the continuum hypothesis
that holds for systems, whose dimensions are much larger than the mean free path of
the molecules. Accepting this hypothesis, one may think of a fluid particle as a
collection of molecules that moves with a velocity that is equal to the average velocity
of all molecules that are contained in the fluid particle. With this assumption, the
density defined in Eq. (1.1) is considered as a point function that can be dealt with as
a thermodynamic property of the system. If the p-v-T- behavior of a fluid is given, the
density at any position vector x and time ¢ can immediately be determined by
providing an information about two other thermodynamic properties. For fluids that

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 11-10.
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2 1 Introduction

are frequently used in technical applications, the p-v-T behavior is available from
experiments in the form of p-v, h-s, or T-s tables or diagrams. For computational
purposes, the experimental points are fitted with a series of algebraic equations that
allow a quick determination of density by using two arbitrary thermodynamic
properties.

1.2 Molecular Viscosity

Molecular viscosity is the fluid property that causes friction. Fig. 1.1 gives a clear
physical picture of the friction in a viscous fluid. A flat plate placed at the top of a
particular viscous fluid is moving with a uniform velocity ¥, = U relative to the
stationary bottom wall.

X5 Moving Plate: Velocity U

h Viscous Fluid V1]=V1(X2)

. 7

Stationary Wall
Fig. 1.1: Viscous fluid between a moving and a stationary flat surface.

The following observations were made during experimentation:

1) In order to move the plate, a certain force F, must be exerted in x,-direction.

2) The fluid sticks to the plate surface that moves with the velocity U.

3) The velocity difference between the stationary bottom wall and the moving top
wall causes a velocity change which is, in this particular case, linear.

4) The force F, is directly proportional to the velocity change and the area of the
plate.

These observations lead to the conclusion that one may set:

F o4 dv,

! dx, (1.2)
Multiplying the proportionality (1.2) by a factor x which is the substance property
viscosity, results in an equation for the friction force in x,-direction:

F y dv,

= 1 1.

LT e (1.3)
The subsequent division of Eq. (1.3) by the plate area A gives the shear stress
component T,,:
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dv,

T = — 1 .4

21 T H dx, (1.4)
Equation (1.4) is the Newton’s equation of viscosity for this particular case. The first
subscript refers to the plane perpendicular to the x,-coordinate; the second refers to
the direction of shear stress. Equation (1.4) is valid for a two-dimensional flow of a
particular class of fluids, the Newtonian Fluids, whose shear stress is linearly
proportional to the velocity change. The general three-dimensional version derived
and discussed in Chapter 4 is:

T =MVV) +2uD (1.5)

with D as the deformation tensor. The coefficient A is given byA = u - 2/3 u, with
as the absolute viscosity and p the bulk viscosity. Inserting Eq. (1.5) into the equation
of motion (see Chapter 4), the resulting equation independently developed by Navier
[1] and Stokes [2] completely describes the motion of a viscous fluid. In a coordinate
invariant form the Navier-Stokes equation reads:

DV=l ‘I(-p + . + +
Dr pV[(p AV-W)I + 2pD] + g (1.6)

Although Eq. (1.6) has been known since the publication of the famous paper by
Navier in 1823, with the exception of few special cases, it was not possible to find
solutions for cases of practical interests. Neglecting the viscosity term significantly
reduces the degree of difficulty in finding a solution for Eq. (1.6). This simplification,
however, leads to results that do not account for the viscous nature of the fluid,
therefore they do not reflect the real flow situations. This is particularly true for the
flow regions that are close to the surface. Consider the suction surface of a wing
subjected to an air flow as shown in Fig. 1.2.

Outside the boundary layer:vxv=0

Airfoil boundary layer development at a high Re-number
8 << C. Inside the boundary layervxv # o

Fig. 1.2: Boundary layer development along the suction
surface of a wing, the effect of viscosity diminishes outside the
boundary layer.
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Two flow layers are distinguished: (1) a very thin layer close to the surface, called the
boundary layer, where the viscosity effect is predominant and (2) an external layer
where the viscosity may be neglected. As aresult, the fluid outside the boundary layer
may be considered inviscid. In this case, the Navier-Stokes equation is reduced to the
Euler equation of motion that can be solved. Prandtl [3] was the first to establish a
concept that couples the solution of the external inviscid layer with the solution of the
viscous boundary layer by developing the boundary layer theory. Using a set of
assumptions that were based on a series of comprehensive experimental studies,
Prandtl [3] and von Karman [4] significantly simplified the governing system of
partial differential equations and derived an integral method to solve for boundary
layer momentum deficiency thickness for incompressible steady flow. Although the
integral method is capable of providing useful information about the boundary layer
integral parameters such as momentum thickness or wall friction, it is not able to
provide detail information about the velocity distribution within the boundary layer.
Likewise, cases with flow separation cannot be treated. Furthermore, it contains
several empirical correlations that have to be adjusted from case to case. To partially
circumvent the above deficiencies, the integral method can be replaced by a
differential method.

Although the introduction of boundary layer theory was a major breakthrough in
fluid mechanics, its field of applications is limited. With the introduction of powerful
numerical methods and high speed computers, it is now possible to solve the Navier-
Stokes equations for laminar (see Section 1.3.1) flows. To find solutions for turbulent
(see Section 1.3.1) flows, the equations are averaged leading to Reynolds averaged
Navier-Stokes equations (RANS). The averaging process creates a new second order
tensor called the Reynolds stress tensor, with nine unknowns. The numerical solution
of RANS, however, requires modeling the Reynolds stress tensor. In the last three
decades, a variety of turbulence models have been developed including single
algebraic and multi-equation models. The trend in computation fluid dynamics goes
toward a direct numerical simulation (DNS) of Navier-Stokes equations, avoiding
time averaging and turbulence modeling altogether.

1.3 Flow Classification

1.3.1 Velocity Pattern: Laminar, Intermittent, Turbulent Flow

Laminar flow is characterized by the smooth motion of fluid particles with no random
fluctuations present. This characteristic is illustrated in Fig. 1.3(a) by measuring the
velocity distribution ¥V = V(x) of a statistically steady flow at an arbitrary position
vector x. As Fig. 1.3 reveals, the velocity distribution for laminar flow does not have
any time-dependent random fluctuations. In contrast, random fluctuations are inherent
characteristics of a turbulent flow. Figure 1.3(b) shows the velocity distribution for
a turbulent flow with random fluctuations. For a statistically steady flow, the velocity
distribution is time dependent, given by V' = V(x,1).
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Fig. 1.3: (a) Laminar flow velocity, (b) turbulent flow velocity at an
arbitrary position vector

It can be decomposed as a constant mean velocity I7(x) and random fluctuations
Vi(x,f):

V(x,0) = V(x) + Vix,1) (1.7)

At this point, the question may arise under which condition the flow pattern may
change from laminar to turbulent. To answer this question, consider the experiment
by Reynolds [5], late nineteenth century, who injected dye streak into a pipe flow as
shown in Fig. 1.4.

o

Injector Dye filament

/ Re < ReCrH

Injector

/ Re > ReCrH

Fig. 1.4: Dye experiment by Reynolds, (a) subcritical, (b)
super critical.
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At a lower velocity, Fig. 1.4(a), no fluctuation was observed and the dye filament
followed the flow direction. At certain distances, the diffusion process that was
gradually taking place caused a complete mixing of the dye with the main fluid.
Increasing the velocity, Fig. 1.4(b) however, changed the flow picture completely.

The orderly motion of the dye with a short laminar length, shown in Fig. 1.4(b),

changed into a transitional mode that started with a sinus-like wave, which we
discuss in detail in Chapter 8. The transitional mode was followed by a strong
fluctuating turbulent motion. This resulted in a rapid mixing of the dye with the main
fluid. To explain this phenomenon, Reynolds introduced a dimensionless parameter,
named after him later as the Reynolds number:

eszD
n

R (1.8)

with y as the absolute viscosity, p the density, D the pipe diameter and V the flow
velocity. For a critical Reynolds number, Re < Re,_,.. = 2300,alaminar flow pattern
was observed. Keeping the pipe geometry, as well as the flow substance the same, an
increase in velocity resulting in a Reynold number Re > Re_,,, changed the flow
pattern. As Fig. 1.4(b) shows, the initially laminar flow underwent a transition
followed by random turbulent fluctuations causing a strong mixing of the dye with
the main fluid.

Similar flow behavior is observed in boundary layer flow along bodies. As an
example, Fig. 1.5 shows the changes of the flow pattern within the boundary layer
along a flat plate at zero pressure gradient.

® @

Laminar Transitional

|

\

Fig. 1.5: Boundary layer development along a flat plate

Following an arbitrary streamline within the boundary layer within the flow region
@, a stable laminar flow is established that starts from the leading edge and extends
to the point of inception of the unstable two-dimensional Tollmien-Schlichting waves.
Region @ includes the following subsets: (a) the onset of the unstable two-dimen-
sional Tollmien-Schlichting waves, (b) the bursts of turbulence in places with high
vorticity, (c) the intermittent formation of turbulent spots with high vortical core at
intense fluctuation. Region ® indicates the coalescence of turbulent spots into a fully
developed turbulent boundary layer. The issue is discussed in detail in Chapter 8.
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The transitional region is characterized by an intermittently laminar-turbulent
pattern described by the intermittency factor y. For a statistically steady flow, this
factor is defined as the ratio of the sum of all time intervals, within which the flow
is turbulent divided by the period of the observation time 7 as shown in Fig. 1.6 and
defined in Eq. (1.9):

n
Y,

_ (1.9)
Y T

In Eq. (1.9) n is the number of Af;-intervals. The result of an experimental study
along a curved plate at zero pressure gradient is plotted in Fig. 1.6.

<
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laminar laminar
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Fig. 1.6: Intermittent behavior of a transitional flow
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Fig. 1.7: Distribution of Intermittency factor along a flat plate.
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The intermittency value y = 0 indicates a fully laminar flow, for 0 < y < 1 the flow
is transitional, and for y = 1 the flow is fully turbulent. Figure 1.7 illustrates the
intermittency distribution within the boundary layer along a flat plate with
Re_ = V x,/v as the Reynolds number with V] as the velocity component in x,-

direction. Up to Re =15,000, the flow is sub-critically stable laminar with y = 0. The
onset of transition starts at Re = 15,000 and continues until y = 1 has been reached.
This point indicates the beginning of a fully turbulent boundary layer flow.

1.3.2 Change of Density, Incompressible, Compressible Flow

Fluid density generally changes with pressure and temperature. As the Mollier
diagram for steam shows, the density of water in the liquid state changes insig-
nificantly with pressure. In contrast, significant changes are observed when water
changes the state from liquid to vapor. A similar situation is observed for other gases.

Considering a statistically steady liquid flow with negligibly small changes in
density, the flow is termed incompressible. For gas flows, however, the density
change is a function of the flow Mach number.

40

/
— /.
[aplo | /
/
30 7
/
= :lincompressible‘yp / L Ap/p |
32 |
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Fig. 1.8: Density, pressure, and temperature changes as a function of
the flow Mach number

Fig. 1.8 depicts relative changes of different flow properties as functions of the flow
Mach number. Up to M = 0.3, the relative changes of density may be considered
negligibly small meaning that the flow may be considered incompressible. For Mach
numbers M > 0.3, density changes cannot be neglected. In case the flow velocity
approaches the speed of sound, M = 1.0, the flow pattern undergoes a drastic change
associated with shock waves.

The density classification based on flow Mach number gives a practical idea about
the density change. A more adequate definition whether the flow can be considered
compressible or incompressible is given by the condition Dp/D¢ = 0, which in
conjunction with the continuity equation results in V-V = 0.This is the condition for
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a flow to be considered incompressible. This issue is discussed in more detail in
Chapter 4.

1.3.3 Statistically Steady Flow, Unsteady Flow

Figure 1.9 illustrates the nature of the statistically steady and unsteady flow types. As
an example, Fig. 1.9(a) shows the velocity distribution of a statistically steady
turbulent pipe flow with a constant mean. Fig. 1.9(b) represents the turbulent velocity
of a statistically unsteady flow discharging from a container under pressure. As seen,
the mean velocity is a function of time. A periodic unsteady turbulent flow through
a reciprocating engine is represented by Fig. 1.9(c). In both unsteady cases, the
unsteady mean is the result of an ensemble averaging process that we discuss in
Chapter 10.

Instantaneous velocity Instantaneous velocity Instantaneous velocity

<!
<l
<i{

Pud
vV

Ensemble-averaged
velocity

Time—averaged velocity € = f(t) i - g d<V>:(f)
@ l @ ‘ VQ‘SOGCTRY e—average l @

t f t
Fig. 1.9: Statistically steady and unsteady turbulent flows

In Fig. 1.9, random fluctuations typical of a turbulent flow are superimposed on the
mean flow. For steady or unsteady laminar flows where the Reynolds number is
below the critical one, the velocity distributions do not have random component as
shown in Fig. 1.10.

v v v v = (1)
- T -
v=i(1)
® | © ©

t f t
Fig. 1.10: Steady and unsteady laminar flows

1.4 Shear-Deformation Behavior of Fluids

As briefly discussed in Section 1.2, there is a relationship between the shear stress 7,
and the deformation rate dV, /dx, . Fluids which exhibits a linear shear- deformation

behavior are called Newtonian Fluids. There are, however, many fluids which exhibit
a nonlinear shear- deformation behavior. Fig. 1.11 shows qualitatively the behavior
of few of these fluids. More details are found among others in [6].
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While the pseudoplastic fluids are characterized by a degressive slope, dilatant
fluids exhibit progressive slops. For these type of fluids the shear stress tensor can be
described as a polynomial function of deformation tensor, where the degree of
polynomials and the coefficients are determined from experiments.

Those fluids with linear behavior which will not deform unless certain initial stress
(t,,), is exceeded are called Bingham fluids. It should be noted that most of the fluid
used in engineering applications belong to the Newtonian Class.

Bingharm mode
\C
T Pse\ldop\as“
— [=)
N - “a\
- E’j \\\e\NO‘ONa
av /dx,

Fig. 1.11: Shear-deformation behavior of different fluids
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2 Vector and Tensor Analysis, Applications
to Fluid Mechanics

2.1 Tensors in Three-Dimensional Euclidean Space

In this section, we briefly introduce tensors, their significance to fluid dynamics and
their applications. The tensor analysis is a powerful tool that enables the reader to
study and to understand more effectively the fundamentals of fluid mechanics. Once
the basics of tensor analysis are understood, the reader will be able to derive all
conservation laws of fluid mechanics without memorizing any single equation. In this
section, we focus on the tensor analytical application rather than mathematical details
and proofs that are not primarily relevant to engineering students. To avoid
unnecessary repetition, we present the definition of tensors from a unified point of
view and use exclusively the three-dimensional Euclidean space, with N = 3 as the
number of dimensions. The material presented in this chapter has drawn from
classical tensor and vector analysis texts, among others those mentioned in
References. It is tailored to specific needs of fluid mechanics and is considered to be
helpful for readers with limited knowledge of tensor analysis.

The quantities encountered in fluid dynamics are fensors. A physical quantity
which has a definite magnitude but not a definite direction exhibits a zeroth-order
tensor, which is a special category of tensors. In a N-dimensional Euclidean space,
a zeroth-order tensor has N = 1 component, which is basically its magnitude. In
physical sciences, this category of tensors is well known as a scalar quantity, which
has a definite magnitude but not a definite direction. Examples are: mass m, volume
v, thermal energy Q (heat), mechanical energy W (work) and the entire thermo-fluid
dynamic properties such as density p, temperature 7', enthalpy 4, entropy s , etc.

In contrast to the zeroth-order tensor, a first-order tensor encompasses physical
quantities with a definite magnitude with N'(N'*'=3'=3) components and a definite
direction that can be decomposed in N!=3 directions. This special category of
tensors is known as vector. Distance X, velocity V, acceleration A4, force F and
moment of momentum M are few examples. A vector quantity is invariant with
respect to a given category of coordinate systems. Changing the coordinate system
by applying certain transformation rules, the vector components undergo certain
changes resulting in a new set of components that are related, in a definite way, to
the old ones. As we will see later, the order of the above tensors can be reduced if
they are multiplied with each other in a scalar manner. The mechanical energy
W = F.Xis arepresentative example, that shows how a tensor order can be reduced.
The reduction of order of tensors is called contraction.

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 11
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A second order tensor is a quantity, which has N2definite components and N2
definite directions (in three-dimensional Euclidean space: N2=9). General stress
tensor 71, normal stress tensor 2, shear stress tensor 7, deformation tensor D and
rotation tensor £ are few examples. Unlike the zeroth and first order tensors (scalars
and vectors), the second and higher order tensors cannot be directly geometrically
interpreted. However, they can easily be interpreted by looking at their pertinent force
components, as seen later in section 2.5.4.

2.1.1 Index Notation

In a three-dimensional Euclidean space, any arbitrary first order tensor or vector can
be decomposed into 3 components. In a Cartesian coordinate system shown in Fig.
2.1, the base vectors in x,, x,, x; directions e,, e,, e; are perpendicular to each other
and have the magnitude of unity, therefore, they are called orthonormal unit vectors.
Furthermore, these base vectors are not dependent upon the coordinates, therefore,
their derivatives with respect to any coordinates are identically zero. In contrast, in
a general curvilinear coordinate system (discussed in Appendix A) the base vectors
donothave the magnitude of unity. They depend on the curvilinear coordinates, thus,
their derivatives with respect to the coordinates do not vanish.

X2

Ay

X
3
Fig. 2.1: Vector decomposition in a Cartesian
coordinate system.

As an example, vector A with its components 4,, 4, and 4; in a Cartesian coordinate
system shown in Fig. 2.1 is written as:
N=3
A =ed +ed, + ed, = zlj e, A, 2.1)
i
According to Einstein's summation convention, it can be written as:
A =¢e A (2.2)
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The above form is called the index notation. Whenever the same index (in the above
equation i) appears twice, the summation is carried out from 1 to N (N = 3 for
Euclidean space).

2.2 Vector Operations: Scalar, Vector and Tensor Products

2.2.1 Scalar Product

Scalar or dot product of two vectors results in a scalar quantity A-B = C. We apply
the Einstein's summation convention defined in Eq. (2.2) to the above vectors:

(e;4;) - (¢;B;)) = C (2.3)
we rearrange the unit vectors and the components separately:
(e;"e)AB, =C 2.4)

In Cartesian coordinate system, the scalar product of two unit vectors is called
Kronecker delta, which is:

Sij = ere =1 fori =j,6y. = ege =0 fori=+j (2.5)

with §;; as Kronecker delta. Using the Kronecker delta, we get:

(¢e; - e)A4,;B; = 6,4,B, (2.6)

The non-zero components are found only for i = j, or 6, = I, which means in the
above equation the index j must be replaced by i resulting in:

AB = A,B, = A\B, + A,B, + A,B, = C 2.7)
with scalar C as the result of scalar multiplication.

2.2.2 Vector or Cross Product

The vector product of two vectors is a vector that is perpendicular to the plane
described by those two vectors. Example:

FxR= M or AxB = C (2.8)
with C as the resulting vector. We apply the index notation to Eq. (2.8):
A*XB = (e;4)x(¢;B) = e;,4,B, (2.9)

with g;, as the permutation symbol with the following definition illustrated in Fig. 2.2:

&= Ofori=j,j=kori=k (eg. 122)
g; = 1 for cyclic permutation: (e.g. 123)

gy = -1 for anticyclic permutation: (e.g.132)
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1 1
3 2 3 2
a b
Fig. 2.2: Permutation symbol, (a) positive , (b) negative
permutation.

Using the above definition, the vector product is given by:

C = ¢C, = £;¢,4,B, (2.10)

2.2.3 Tensor Product

The tensor product is a product of two or more vectors, where the unit vectors are not
subject to scalar or vector operation. Consider the following tensor operation:

Q = AB = (¢;4;) (¢;B)) = e;e,4,B; (2.11)

The result of this purely mathematical operation is a second order tensor with nine
components:

O= ¢/(e;4,B, + ¢,AB, + e;4A,B,) +
eye4,B, + e,4,B, + e;4,B;) + (2.12)
es(e,4;B, + e,A;B, + e;4;B;)

The operation with any tensor such as the above second order one acquires a physical
meaning if it is multiplied with a vector (or another tensor) in scalar manner.
Consider the scalar product of the vector C and the second order tensor @. The result
of this operation is a first order tensor or a vector. The following example should
clarify this:

D=C®=C (4B) = ¢C,(e;¢)4,B; (2.13)
Rearranging the unit vectors and the components separately:

D =C®=C (4B) = ¢, (e;¢) C 4, B, (2.14)
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It should be pointed out that in the above equation, the unit vector e, must be
multiplied with the closest unit vector namely e,

D=C®=C (4B) - 8u(e)C4,B; = ejC,.Al.Bj (2.15)

The result of this tensor operation is a vector with the same direction as vector B.

Different results are obtained if the positions of the terms in a dot product of a vector
with a tensor are reversed as shown in the following operation:

E=® C-=(A4B) C=¢4,B3,C, =¢4,BC (2.16)
The result of this operation is a vector in direction of 4. Thus, the products E = ®-C
is different from D = C-®

2.3 Contraction of Tensors

As shown above, the scalar product of a second order tensor with a first order one is
a first order tensor or a vector. This operation is called contraction. The trace of a
second order tensor is a tensor of zero™ order, which is a result of a contraction and
is a scalar quantity.

Tr(®) = ¢; @y = §,0; = B = Oy + Dy, + Dy (2.17)

As can be shown easily, the trace of a second order tensor is the sum of the diagonal
element of the matrix @,. 1f the tensor @ itself is the result of a contraction of two
second order tensors I7 and D:

®=1II'D = eiejﬂ..'ekelel =ege ijijDkI = ¢l D, (2.18)

)

then the 7r(®) is:
Tr(®) = ¢;- 11, Dy, = 8,11, Dy, = I, Dy, (2.19)

2.4 Differential Operators in Fluid Mechanics

In fluid mechanics, the particles of the working medium undergo a time dependent
or unsteady motion. The flow quantities such as the velocity V and the thermo-
dynamic properties of the working substance such as pressure p, temperature 7,
density p or any arbitrary flow quantity O are generally functions of space and time:

V=WVxit,p=px0 T=1Tx10 p-=pk, 1,
During the flow process, these quantities generally change with respect to time and

space. The following operators account for the substantial, spatial, and temporal
changes of the flow quantities.
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2.4.1 Substantial Derivatives

The temporal and spatial change of the above quantities is described most
appropriately by the substantial or material derivative. Generally, the substantial
derivative of a flow quantity O, which may be a scalar, a vector or a tensor valued
function, is given by:

Do = %dt +dQ (2.20)

The operator D represents the substantial or material change of the quantity Q, the
first term on the right hand side of Eq. (2.20) represents the local or temporal change
ofthe quantity O with respect to a fixed position vector x. The operator d symbolizes
the spatial or convective change of the same quantity with respect to a fixed instant
of time. The convective change of O may be expressed as:

_ 99 LY %Y
d0 = = dx —= dx —= dx
Q ox, Lt 0x, 2" ox, 3 (2.21)

A simple rearrangement of the above equation results in:

0 d d
dQ = (edx, + eydx, + eydx;) " |e,— +e,— +e5—| QO (2.22)
ox, ox, ox,
Scalar multiplication of the expressions in the two parentheses of Eq. (2.22) results
in Eq. (2.21)

2.4.2 Differential Operator V

The expression in the second parenthesis of Eq. (2.22) is the spatial differential
operator V(nabla, del) which has a vector character. In Cartesian coordinate system,
the operator nabla V is defined as:

0 0 0 d

V9%, "% %] " %ax @23
1 2 3

Using the above differential operator, the change of the quantity Q is written as:
dQ = dx-VQ (2.24)

The increment dQ of Eq. (2.24) is obtained either by applying the product dx*V, or
by taking the dot product of the vector dx and VQ. If O is a scalar quantity, then 10
is a vector or a first order tensor with definite components. In this case , V0 is called
the gradient of the scalar field. Equation (2.24) indicates that the spatial change of the
quantity Q assumes a maximum if the vector VQ (gradient of Q) is parallel to the
vector dx. If the vector VO is perpendicular to the vector dx, their product will be
zero. This is only possible, if the spatial change dx occurs on a surface with Q =
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I VT

X+ dx

0
Fig. 2.3: Physical explanation of the gradient of
scalar field.

const. Consequently, the quantity O does not experience any changes. The physical
interpretation of this statement is found in Fig. 2.3. The scalar field is represented by
the point function temperature that changes from the surfaces 7'to the surface 7 + dT.
In Fig. 2.3, the gradient of the temperature field is shown as VI, which is
perpendicular to the surface 7 = const. at point P. The temperature probe located at
P moves on the surface 7 = const. to the point M, thus measuring no changes in
temperature (o0 = m/2, cosa. = 0). However, the same probe experiences a certain
change in temperature by moving to the point O, which is characterized by a higher
temperature 7 + d7( 0 <o <m/2 ). The change dT can immediately be measured, if
the probe is moved parallel to the vector V7. In this case, the displacement dx (see

Fig. 2.3) is the shortest (o =0, cosa = 1). Performing the similar operation for a
vector quantity as seen in Eq.(2.21) yields:

v oV 14
v = —dx, + —dx, + —dx
o, 1 o, 2 o, 3 (2.25)

The right-hand side of Eq. (2.25) is identical with:
av = (dx- V)V (2.26)

In Eq. (2.26) the product dx*Vcan be considered as an operator that is applied to the
vector V resulting in an increment of the velocity vector. Performing the scalar
multiplication between dx and Vgives:
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) 4 av,
dV = (dx-V)V = dx,— = ejdxi—’ = dx-VV (2.27)
ox; ox,

with W as the gradient of the vector field which is a second order tensor. To perform
the differential operation, first the Voperator is applied to the vector V, resulting in
a second order tensor. This tensor is then multiplied with the vector dx in a scalar
manner that results in a first order tensor or a vector. From this operation, it follows
that spatial change of the velocity component can be expressed as the scalar product
of the vector dx and the second order tensor VW, which represents the spatial gradient
of the velocity vector. Using the spatial derivative from Eq. (2.27), the substantial
change of the velocity is obtained by:

DV = %dt +dV (2.28)

where the spatial change of the velocity is expressed as :
dv = dxVV (2.29)
Dividing Eq. (2.29) by dt yields the convective part of the acceleration vector:

av _

& (ﬂ] (V) = V-TV (230)

dt

The substantial acceleration is then:

DV _DV oV
2% cywy
dt Dt ot (2.3

The differential df may symbolically be replaced by Dt indicating the material
character of the derivatives. Applying the index notation to velocity vector and Nabla
operator, performing the vector operation , and using the Kronecker delta, the index
notation of the material acceleration A is:

A=ed =e—- +eV,— (2.32)

Equation (2.32) is valid only for Cartesian coordinate system, where the unit vectors
do not depend upon the coordinates and are constant. Thus, their derivatives with
respect to the coordinates disappear identically. To arrive at Eq. (2.32) with a unified
index 7, we renamed the indices. To decompose the above acceleration vector into
three components, we cancel the unit vector from both side in Eq. (2.32) and get:
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A= —+V (2.33)

To find the components in x; -direction, the index i assumes subsequently the values
from 1 to 3, while the summation convention is applied to the free index j. As a result
we obtain the three components:

v, v, v, v,

A4, = +V— +V,— + V;—

ar ox, 0Ox, ox;

y av, y, " ov, ., ov, .y ov,

= + I R
e A ™ 234)

av, v, v, v,

4= —2 vV, 2 +¥V,—3 s, 2

ot ox, ox, * ox,

2.5 Operator V Applied to Different Functions

This section summarizes the applications of nabla operator to different functions. As
mentioned previously, the spatial differential operator Vhas a vector character. If it
acts on a scalar function, such as temperature, pressure, enthalpy etc., the resultis a
vector and is called the gradient of the corresponding scalar field, such as gradient
of temperature, pressure, etc. (see also previous discussion of the physical
interpretation of VQ). If, on the other hand, V" acts on a vector, three different cases
are distinguished.

2.5.1 Scalar Product of Vand V'

This operation is called the divergence of the vector V. The result is a zero™-order
tensor or a scalar quantity. Using the index notation, the divergence of V is written
as:

aV.
V- V—(e )(eV)—S :

¥ 6 ox,

(2.35)

The physical interpretation of this purely mathematical operation is shown in Fig. 2.4.
The mass flow balance for a steady incompressible flow through an infinitesimal
volume dv = dx,dx,dx; is shown in Fig. 2.4. We first establish the entering and
exiting mass flows through the cube side areas perpendicular to x,- direction given
by

dA, = dx,dx;:
My PRV (2.36)

. av,
rhy, = Pl ¥, + (2.37)

1
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Ot <

Fig. 2.4: Physical interpretation of V. V.

Repeating the same procedure for the cube side areas perpendicular to x, and x;
directions given by dA4, = dx;dx,; and dA; = dx dx, and subtracting the entering mass
flows from the exiting ones, we obtain the net mass net flow balances through the
infinitesimal differential volume as:

(de-d.dx.) aVl 8V2 8V3 dv(VP) = 0
i i — = )Y . =
plax,ax,ax, axl ax2 ax3 p (2.38)

The right hand side of Equation (2.38) is a product of three terms, the density p, the
differential volume dv and the divergence of the vector V. Since the first two terms
are not zero, the divergence of the vector must disappear. As result, we find:

V-V =0 (2.39)

Equation (2.39) expresses the continuity equation for an incompressible flow, as we
will see in the following chapters.

2.5.2 Vector Product VxJ

This operation is called the rotation or curl of the velocity vector V. Its result is a
first-order tensor or a vector quantity. Using the index notation, the curl of V is
written as:

3 oY,
VxV = (eig)x(ejVj) = Sg‘kekg =0 (2.40)

i
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The curl of the velocity vector is known as vorticity, o=VxV. As we will see later, the
vorticity plays a crucial role in fluid mechanics. It is a characteristic of a rotational
flow. For viscous flows encountered in engineering applications, the curl @=VxV is
always different from zero. To simplify the flow situation and to solve the equation
of motion, as we will discuss later, the vorticity vector @=VXV, can under certain
conditions, be set equal to zero. This special case is called the irrotational flow.

2.5.3 Tensor Product of Vand V

This operation is called the gradient of the velocity vector V. Its result is a second
tensor. Using the index notation, the gradient of the vector V is written as:

av;
W = (e )(e V) = e,e,a— (2.41)
Equation (2.41) is a second order tensor with nine components and describes the
deformation and the rotation kinematics of the fluid particle. As we saw previously,
the scalar multiplication of this tensor with the velocity vector, V-V V resulted in the
convective part of the acceleration vector, Eq. (2.32). In addition to the applications
we discussed, V can be applied to a product of two or more vectors by using the
Leibnitz's chain rule of differentiation:

VU V) =U-VV + V-VU + Ux (VxV) + Vx (VxU) (2.42)

For U=V, Eq. (2.42)becomes V(V: V) = 2V VV + 2Vx (VxV)or
V-V = %V(V'V) - Vx(VxpP) = %V(Vz) - Px(VxP) (2.43)

Equation (2.43) is used to express the convective part of the acceleration in terms of
the gradient of kinetic energy of the flow.

2.5.4 Scalar Product of V and a Second Order Tensor

Consider a fluid element with sides dx,, dx,, dx; parallel to the axis of a Cartesian
coordinate system, Fig.2.5. The fluid element is under a general three-dimensional
stress condition. The force vectors acting on the surfaces, which are perpendicular to
the coordinates x,, x,, and x; are denoted by F, F, and F;,. The opposite surfaces are
subject to forces that have experienced infinitesimal changes F, +dF, F,+dF, and
F; + dF; Each of these force vectors is decomposed into three components F/,
according to the coordinate system defined in Fig. 2.5.
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Fig. 2.5: Fluid element under a general three-dimensional
stress condition.

The first index i refers to the axis, to which the fluid element surface is perpendicular,
whereas the second index j indicates the direction of the force component. We divide
the individual components of the above force vectors by their corresponding area of
the fluid element side. The results of these divisions exhibit the components of a
second order stress tensor represented by IT as shown in Fig. 2.6. As an example, we
take the force component F; and divide it by the corresponding area dx,dx; results

. Fll
m dxzde

= Ty;. Correspondingly, we divide the force component on the opposite

F, +dF. on
11 1 - 11 dx, .
dx,dx, ox,
In a similar way we find the remaining stress components, which are shown in Fig.
2.6. The tensorIT = e;e;m; has nine components 7; as the result of forces that are

surface F;, + dF,, by the same area dx,dx, and obtain

acting on surfaces. Similar to the force components, the first index i refers to the axis,
to which the fluid element surface is perpendicular, whereas the second index j
indicates the direction of the stress component.

Considering the stress situation in Fig.2.6, we are now interested in finding the
resultant force acting on the fluid particle that occupies the volume element
dv = dxdx,dx;.
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4

X
3
Fig. 2.6: General stress condition.

For this purpose, we look at the two opposite surfaces that are perpendicular to the
axis x;as shown in Fig. 2.7. As this figure shows, we are dealing with 3 stress

components on each surface, from which one on each side is the normal stress

on,

component such as m;; and m;; + dx,. The remaining components are the
1

on,,

shear stress components such as &, and @, + dx, . According to Fig. 2.7 the
1

force balance in x, -directions is:

om,

ldxl - @y, | dxydx;

el|=m, +
1| T
ox,

on,,
e a—XIdxld.dex3

and inx,-direction, we find

on,

2 on,,
dx; = Ty, | dx,dx; = e,———dxdx,dx,

el|=m, +
2| T12
ox, ox,
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Fig. 2.7: Stresses on two opposite walls.

Similarly, in x;, we obtain
on,, on,,
€3 My + a_xldxl - Ty | dxydx; = e3a—xldx1dx2dx3

Thus, the resultant force acting on these two opposite surfaces is:

o, on,, on,;
dF, =| e + e, + e dx dbx,dx,
ox, ox, ox,

In a similar way, we find the forces acting on the other four surfaces. The total
resulting forces acting on the entire surface of the element are obtained by adding the
nine components. Defining the volume element dv = dx,dx,dx,, we divide the results

by dv and obtain the resulting force vector that is acting on the volume element.
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dF _ e on,  Omy 8“31- .
v 'loax, ax, ox,
+ e ony, . on,, . ons, . (2.44)
ox, 0ox, ox, '
‘e om;  Omy 81r33_
3 ox, Ox, ox,

Since the stress tensor 17 is written as:

IT = e;e;m;; (2.45)
it can be easily shown that:

dF = V-Idv (2.46)

The expression V-IT is a scalar differentiation of the second order stress tensor and
is called the divergence of the tensor field II. We conclude that the force acting on
the surface of a fluid element is the divergence of its stress tensor. The stress tensor
is usually divided into its normal and shear stress parts. For an incompressible fluid
it can be written as

O=-Ip+T (2.47)

with Ip as the normal and 7 as the shear stress tensor. The normal stress tensor is a
product of the unit tensor I = eiej8ij and the pressure p. Inserting Eq. (2.47) into

(2.46) leads to

L evl-pvr (2.48)
v

Its components are
aF,_ o, %% (2.49)
dv ox; axj ’

2.5.5 Eigenvalue and Eigenvector of a Second Order Tensor

The velocity gradient expressed in Eq. (2.41) can be decomposed into a symmetric
deformation tensor D and an antisymmetric rotation tensor €:
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v = %(VV L VPT) 4 %(VV ~WT)=D+Q (2.50)
A scalar multiplication of D with any arbitrary vector A may result in a vector, which
has an arbitrary direction. However, there exists a particular vector V such that its

scalar multiplication with D results in a vector, which is parallel to V but has
different magnitude:

DV =V (251
with V as the eigenvector and A the eigenvalue of the second order tensor D. Since
any vector can be expressed as a scalar product of the unit tensor and the vector itself
I'V = V, we may write:

DV =LAV = A(I'V) (2.52)
that can be rearranged as:

D -AD)V =0 (2.53)

The index notation gives:

e(D,V, - 8AV) =0 (2.54)
or
DV, = 8\, (2.55)

Expanding Eq. (2.55) gives a system of linear equations,

DV, + D, ¥V, + D, ¥; = AV,
Dy, V) + DyV, + D23V,= AV, (2.56)
Dy, V) + Dy, ¥V, + DV, = AV,

A nontrivial solution of these Eq. (2.56) is possible if and only if the following
determinant vanishes:

detD - L) =0 (2.57)
or in index notation:

det(D, - 8,1) =0 (2.58)

Expanding Eq. (2.58) results in
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D,-» Dy, Dy,

det D21 D22 -, D23 =0 (259)
D;, D;, Dy

After expanding the above determinant, we obtain an algebraic equation in A in the

following form

M - LN+ Db - L, =0 (2.60)

where I, I,,and L;, are invariants of the tensor D defined as:

I,=1TrD =D, =D, +D,, + D, (2.61)
1,2 1

L, = E(IID - DD) = E(DiiDji - DijDij) (2.62)

L, = det(Dij) (2.63)

The roots of Eq. (2.60) Al, A2, A3are known as the eigenvalues of the tensor D. The

superscript # = 1, 2, 3refers to the roots of Eq. (2.60) - not to be confused with the
component of a vector.

Problems

Problem 2.1: Show thatVx(Ve) = 0 with ¢ as a scalar function.

Problem 2.2: Show thatV:(VXx¥) = 0 with V as a vector function.

Problem 2.3: Show that Vx(pA4) = ¢(V*xA4) + (Vo)xA4 with ¢ as ascalarand 4 a
vector function.

Problem 2.4: Show that Vx(VxA4) = -V?4 + V(V:A)

Problem 2.5: A scalar function is given as r = ’/ x12 + x22 + x32 , find Vr.

Problem 2.6: Show that Vx(pA4) = ¢(V*A) + (Ve)*A with ¢ and A as a scalar,
vector function, respectively.

Problem 2.7: A scalar function is given as f(x,X,,x;) = 23&:13 x22 x34 findVf and V-Vf.
Problem 2.8: An incompressible flow field with water as the working fluid is given
by the following vector function, where the coordinates are measured in meters.
V=e (x +2x)e " -e,2x,e”"

a) Find the substantial acceleration of a fluid particle in vector form.
b) Decompose the acceleration into the components, specify the nature of the flow.
c) Using the Euler equation of motion:
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v 1 Vp + g, where g = -e;g = -V(g2)
Dt 0]

d) find the pressure gradient at the p(x,,x,) = (1,2).

Problem 2.9: Starting from the above Euler equation of motion for inviscid
incompressible flow obtain: a) the energy equation by multiplying the equation of
motion with a differential displacement using the vector identity

V'VV = VV'V)/2 - Vx(VxP)

Problem 2.10: The velocity field is given by:
u =0

u, = a(xx, - x;)e B

-B(t - t)

u, a(x22 - xx;)e

a) with B as a constant. Determine the components of the velocity gradient tensor.
Start with the coordinate invariant form of the tensor, use index notation, write
components and then plug functions in.

b) Determine the components of the deformation tensor. Start with the coordinate
invariant form of'the tensor, use index notation , decompose into components and
then plug values in.

¢) Determine the components of the rotation tensor. Start with the coordinate
invariant form of the tensor, use index notation , decompose into components and
then plug the values in.

Problem 2.11: The velocity field is given by:

_
Up =~y

h
u, = +2xx
b T TXXs
h
u, =0

a) Determine the components of the velocity gradient tensor.
b) Determine the components of the deformation tensor.
c) Determine the components of the rotation tensor.

Problem 2.12: The Navier- Stokes equation is given by :

ll))—I; = - le + VAV + g, where g = -e;g = -V(gz)
e

a) Give the index notation
b) Give the three components
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3 Kinematics of Fluid Motion

3.1 Material and Spatial Description of the Flow Field

3.1.1 Material Description

Engineering fluid dynamic design process has been experiencing a continuous
progress using the Computational Fluid Dynamics (CFD) tools. The use of CFD-tools
opens a new perspective in simulating the complex three-dimensional (3-D) engineer-
ing flow fields. Understanding the details of the flow motion and the interpretation
of the numerical results require a thorough comprehension of fluid mechanics laws
and the kinematics of fluid motion. Kinematics is treated in many fluid mechanics
texts. Aris [1] and Spurk [2] give an excellent account of the subject. In the following
sections, a compact and illustrative treatment is given to cover the needs of engineers.

The kinematics is the description of the fluid motion and the particles without
taking into account how the motion is brought about. It disregards the forces that
cause the fluid motion. As a result, in the context of kinematics, no conservation laws
of motion will be dealt with. Consequently, the results of kinematic studies can be
applied to all types of fluids and exhibit the ground work that is necessary for
describing the dynamics of the fluid. The motion of a fluid particle with respect to a
reference coordinate system is in general given by a time dependent position vector
x(t), Fig. 3.1.

To identify the motion of a particle or a material point labeled as &' at a certain
instance of time ¢ = ¢, = 0, we introduce the position vector & = x(t, ). Thus, the
motion of the fluid is described by the vector:

X

1
2 & at time t1

; §1 at time t
Pathline of particle &

Fig. 3.1: Material description of a fluid particle motion.

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 3 1
© Springer Berlin Heidelberg 2010
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x=x@E 0, x=x679 (.1

with x; as the components of vector x , as explained in (2.1.1). Equation (3.1)
describes the path of a material point that has an initial position vector ¢ that
characterizes or better labels the material point at = #,. We refer to this description
as the material description also called Lagrangian description. Considering another
material points labeled & with different & coordinates, their paths are similarly
described by Eq. (3.1). If we assume that the motion is continuous and single valued,
then the inversion of Eq. (3.1) must give the initial position & or material coordinate
of each fluid particle which may be at any position x and any instant of time ¢, that is,

§=8x 0, § =¢&x 9 3.2)

The necessary and sufficient condition for an inverse function to exist is that the
Jacobian transformation function

J dx, dx, Ox,
= g —_—
kmn P él P &2 P &’3 (33)

does not vanish. Because of the significance of the Jacobian transformation function
to fluid mechanics, we derive this function in the following section.

3.1.2 Jacobian Transformation Function and Its Material Derivative

We consider a differential material volume at the time ¢ = 0, to which we attach the
reference coordinate system &, &,, &, as shown in Fig. 3.2.

Fig. 3.2: Deformation of a differential volume at different
instant of time.

At the time ¢ = 0, the reference coordinate system is fixed so that the undeformed
differential material volume dV, (Figs. 3.2 and 3.3) can be described as:
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dv, = (e,d§ xe,dg) - e;d& = d§ dg,dg, (3.4)

Moving through the space, the differential material volume may undergo certain
deformation and rotation. As deformation takes place, the sides of the material
volume initially given as d¢; would be convected into a non-rectangular, or curvilinear
form. The changes of the deformed coordinates are then:

ax _ Odx

dx = 2% g+ OX g Edég = ﬁdé (3.5)
3 i

3¢, ES

Using the index notation for the position vectorx = e x,, Eq. (3.5) may be
rearranged in the following way:

_ Ox, _
dx = ¢, %déi = G,d¢; (3.6)

(2

with the vector G, as

G = ox,

i " i (37)

where G, is a transformation vector function that transforms the differential changes
d¢; into dx;. Figure 3.3 illustrates the deformation of the material volume and the
transformation mechanism. The new deformed differential volume is obtained by:

dV = (dx, x dx)) + dx, (3.8)
Introducing Eq. (3.6) into (3.8) leads to:

dV = (G,d§ *G,d&) G,d&, (3.9
Inserting G; from Eq. (3.7) into Eq. (3.9) and considering (2.2.2), we arrive at:

o5 xe, ﬁ e, % d§ d&,dg, (3.10)
0§ 0&, 0&s
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Fig. 3.3: Transformation of d¢&,, d¢,, d&; into dx,, dx,, and dx, using G-
transformation.

Now we replace the vector product and the following scalar product of the two unit
vectors in Eq. (3.10) with the permutation symbol and the Kronecker delta:

dx, dx, Jx,

5 &
€tmiOm 3¢, 3¢, 9§,

Applying the Kronecker delta to the terms with the indices / and n, we arrive at:

av =

d§ d&,dg, (3.11)

dox, dx, Jdx,

kmna_éla a§3

dV=(s ](dgdgd@ (3.12)

The expression in first parenthesis in Eq.(3.12) represents the Jacobian function J.

axk axm axn
= emn -
kmngE 9, A&,

(3.13)

The second parenthesis in Eq. (3.12) represents the initial infinitesimal material
volume in the undeformed state at t = 0, described by Eq. (3.3). Using these terms,
Eq. (3.12) is rewritten as:

dv = JdV, (3.14)
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where dV represents the differential volume in the deformed state, dV, has the same
differential volume in the undeformed state at the time ¢ = 0. The transformation
function J is also called the Jacobian functional determinant. Performing the

permutation in Eq. (3.13), the determinant is given as:

ox,
ER
ox,
BB
ox,
ER)

J = det

ox,
ag
dx,
95,
ox,

e

ox,
ag,
0x;
at,
ox,
ag,

(3.15)

With the Jacobian functional determinant, we now have a necessary tool to directly
relate any time dependent differential volume dV = dV(?) to its fixed reference volume
dV, at the reference time =0 as shown in Fig. 3.4. The Jacobian transformation
function and its material derivative are the fundamental tools to understand the
conservation laws using the integral analysis in conjunction with control volume
method. To complete this section, we briefly discuss the material derivative of the
Jacobian function.

dt
v

&

Undeformed
State

Fig. 3.4: Jacobian transformation of a material volume, change of states.
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£
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As the volume element dV follows the motion from x = x(&,7) tox = x(§,¢2+d¢t)
it changes and, as a result, the Jacobian transformation function undergoes a time
change. To calculate this change, we determine the material derivative of J; that is,

DJ _3J
— = +Vrw (3.16)

Dt ot

Inserting Eq.(3.13) into (3.16), we obtain:

dx, dx, OJx,
mn o o 3.17
k aél a§2 a&s ( )

DJ _ o ( dx, dx, 0x,
—_— = €

= — 8 —_—
Dt at| ™" 3¢ 9k, g,

0
+ V—
J
d X;

Let us consider an arbitrary element of the Jacobian determinant, for
example dx,/0 §, . Since the reference coordinate § # f{7) is not a function of time
and is fixed, the differentials with respect to ¢ and &,, can be interchanged resulting in:

a (%) _ o [0x] _om
5(@) ) E[WJ © g, 19

Performing similar operations for all elements of the Jacobian determinant and noting
that the second expression on the right-hand side of Eq. (3.17) identically vanishes,
we arrive at:

ov, av, av,
+ +

dx, 0Ox, Odx

DJ _
Dt

(3.19)

The expression in the parenthesis of Eq.(3.19) is the well known divergence of the
velocity vector. Using vector notation, Eq. (3.19) becomes:

DJ

Dr VvyJ (3.20)

3.1.3 Velocity, Acceleration of Material Points

The velocity and the acceleration of a material point are given by:

dx d*
v=2,4=2=
at i (3.21)
The velocity of the material point is written as:
ox ox,
V(g’ t) == » K(&j) t) v (322)
ot | ot 3
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where the subscript & refers to a fixed material point. The acceleration can be obtained
form:

o

AG 9

- (G_V
ot

Vi
or

(3.23)

As seen from Egs. (3.22) and (3.23), the derivatives were taken at a fixed &; it is the
time derivative for the &-th material point, such as &, &, &, &,.... and &. Regarding
the differentiation, confusion is highly unlikely to arise, since £ is not a function of
time. The introduction of the term material description we used on several occasions
is obviously descriptive, because the variable & directly labels the material point at the
reference time ¢ = 0.

3.1.4 Spatial Description

The material description we discussed in the previous section deals with the motion
of the individual particles of a continuum, and is used in continuum mechanics. In
fluid dynamics, we are primarily interested in determining the flow quantities such
as velocity, acceleration, density, temperature, pressure, and etc., at fixed points in
space. For example, determining the three-dimensional distribution of temperature,
pressure and shear stress helps engineers design turbines, compressors, combustion
engines, etc. with higher efficiencies. For this purpose, we introduce the spatial
description, which is also called the Euler description. The independent variables for
the spatial descriptions are the space characterized by the position vector x and the
time ¢. Consider the transformation of Eq. (3.1), where ¢ is solved in terms of x:

E=8x, 9 § =85, (3.24)

The position vector & in the velocity of the material element V(,f) is replaced by Eq.
(3.24):

dx _ ax;
E - V(x> t) > E - Vi(xj’ t) (325)
VE 1) = V [Exd), ¢ ] = V(xd) (3.26)

For a fixed x, Eq. (3.26) exhibits the velocity at the spatially fixed position x as a
function of time. On the other hand, for a fixed ¢, Eq. (3.26) describes the velocity at
the time 7. With Eq. (3.26), any quantity described in spatial coordinates can be
transformed into material coordinates provided the Jacobian transformation function
J, which we discussed in the previous section, does not vanish. If the velocity is
known in a spatial coordinate system, the path of the particle can be determined as the
integral solution of the differential equation with the initial condition x(,) along the
path x = x(1).



38 3 Kinematics of Fluid Motion

3.2 Translation, Deformation, Rotation

During a general three-dimensional motion, a fluid particle undergoes a translational
and rotational motion which may be associated with deformation. The velocity of a
particle at a given spatial, temporal position (x + dx, ¢ ) can be related to the velocity
at (x, ¢) by using the following Taylor expansion:

Vix +dx, ) = V(x, ) + dV (3.27)

Inserting in Eq. (3.27) for the differential velocity change dV = dx*VV , Eq.
(3.27) is re-written as:

Vix + dx, §) = V(x, 1) + deVV (3.28)

The first term on the right-hand side of Eq. (3.28) represents the translational motion
of the fluid particle. The second expression is a scalar product of the differential
displacement dx and the velocity gradient VV. We decompose the velocity gradient,
which is a second order tensor, into two parts resulting in the following identity:

v = %(VV L VPT) 4 %(VV - wpT) (3.29)
The superscript T indicates that the matrix elements of the second order tensor V37
are the transpositions of the matrix elements that pertain to the second order
tensorVV. The first term in the right-hand side represents the deformation tensor,
which is a symmetric second order tensor:

D = E(VV + T - eeD; = Eeiej( . + a_xl (3.30)
J 1

with components:

ov, oV,
+ (3.31)

_ 1
v 2( ox,  Ox

The second term of Eq. (3.28) is called the rotation or vorticity tensor, which is
antisymmetric and is given by:

Q =

i%
ox; axj

N |~
[\®)

1 v, av,
(VW - WPT) = ¢,e,Q = —e.e.(—f - (3.32)

The components are:
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_1f 9y o
v ox; axj (3.33)
Inserting Eq. (3.30) and (3.32) into Eq. (3.28), we arrive at:
Vix +dx, £) = Vix, f) + dx'D + dx-Q (3.34)

Equation (3.34) describes the kinematics of the fluid particle, which has a combined
translational and rotational motion and undergoes a deformation.

OVy gy dt
ax, 2

S
X
nel
8 c -5
+
kY
o
%N > > X
dx dt
A S - X,

Fig. 3.5: Translation, rotation and deformation details
of a fluid particle.

Fig. 3.5 illustrates the geometric representation of the rotation and deformation, [3].
Consider the fluid particle with a square-shaped cross section in the x,-X, plane at the
time ¢. The position of this particle is given by the position vector x =x(¢). By moving
through the flow field, the particle experiences translational motion to a new position
x + dx. This motion may be associated with a rotational motion and a deformation.
The deformation is illustrated by the initial and final state of diagonal 4-C, which is
stretched to 4'-C" and the change of the angle 2y to 2y'. The rotational motion can be
appropriately illustrated by the rotation of the diagonal by the angle dp, = y' + da -
y, where y' can be eliminated using the relation 2y’ + da + dff = 2y. As a result, we
obtain the infinitesimal rotation angle:

do, = %(da ~ ap) (3.35)

where the subscript 3 denotes the direction of the rotation axis, which is parallel to
X5, Fig. 3.5. Referring to Fig. 3.5, direct relationships between da, df and the velocity
gradients can be established by:
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2 e de
o - o ! o,
o = tan(do) = —y 7 gdt (3.36)
dx, + —dx,dt !
ox

A similar relationship is given for the angle change dp:

av,
—Laxdt
ox, or;
dp = tan(dp) = i dt (3.37)
dr, + —2dx,dt 2
0ox,

Substituting Egs. (3.36) and (3.37) into Eq. (3.35), the rotation rate in the x; -
direction is found:

do; _ l(aVz aVl)

a2\, o, (3:38)
Executing the same procedure, the other two components are:

do, 1(9V; 9V, dp, 1{9V, IV

a2\, o)’ a 2\ o (3:39)

The above three terms in Egs. (3.38) and (3.39) may be recognized as one-half of the
three components of the vorticity vector ®, which is:

o = VxV = a,.jkekgj:
(3.40)
' ax, ox, 2 ox, Ox, |ox,  ax,

Examining the elements of the rotation matrix,
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1{ 9V, 9V, 1{ 9V, 9V,
2{ ox, ox, 2{ ox, ox,
ov. ov. a7, a7,
o -| Y& 0 e (3.41)
y 2| ox, ox, 2| ox, ox,
19V, 9N, 19V, 97, 0
2( ox;  Ox, 2\ ox;  ox,

we notice that the diagonal elements of the above antisymmetric tensor are zero and
only three of the six non-zero elements are distinct. Except for the factor of one-half,
these three distinct components are the same as those making up the vorticity vector.
Comparing the components of the vorticity vector @ given by Eq. (3.40) and the three
distinct terms of Eq. (3.41), we conclude that the components of the vorticity vector,
except for the factor of one-half, are identical with the axial vector of the
antisymmetric tensor, Eq. (3.41). The axial vector of the second order tensor £ is the
double scalar product of the third order permutation tensore = e;e;e,€,, with Q:

ik
. o 1( a7, aVk]
e:Q = g eeece e =ee, | — - — (3.42)
Al "2\ ox,  ox
Expanding Eq. (3.42) results in:
av. av. a7, av. av. av.
eQ=¢|—2-—3| +e| 2 -1+l L2 (3.43)
Ox, ox, Ox, ox, Ox, ox,

Comparing Eq. (3.43) to (3.40) shows that the right-hand side of Eq. (3.43) multiplied
with a negative sign is exactly equal the right-hand side of Eq. (3.40). This indicates
that the axial vector of the rotation tensor is equal to the negative rotation vector and
can be expressed as:

VXV = -g:Q= -ec&, l(

ztjk2

. ov
I - —"] (3.44)

0x, ij

The existence of the vorticity vector @ and therefore, the rotation tensor Q, is a
characteristic of viscous flows that in general undergoes a rotational motion. This is
particularly true for boundary layer flows, where the fluid particles move very close
to the solid boundaries. In this region, the wall shear stress forces (friction forces)
cause a combined deformation and rotation of the fluid particle. In contrast, for
inviscid flows, or the flow regions, where the viscosity effect may be neglected, the
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rotation vector @ may vanish if the flow can be considered isentropic. This ideal case
is called potential flow, where the rotation vector VXV = 0 in the entire potential
flow field.

3.3 Reynolds Transport Theorem

The conservation laws in integral form are, strictly speaking, valid for closed systems,
where the mass does not cross the system boundary. In fluid mechanics, however, we
are dealing with open systems, where the mass flow continuously crosses the system
boundary. To apply the conservation laws to open systems, we briefly provide the
necessary mathematical tools. In this section, we treat the volume integral of an
arbitrary field quantity f(X ¢) by deriving the Reynolds transport theorem. This is an
important kinematic relation that we will use in Chapter 4.

The field quantity f{X,¢) may be a zero™, first or second order tensor valued
function, such as mass, velocity vector, and stress tensor. The time dependent volume
under consideration with a given time dependent surface moves through the flow field
and may experience dilatation, compression and deformation. It is assumed to contain
the same fluid particles at any time and therefore, it is called the material volume. The
volume integral of the quantity f(X?):

Foy = [ fXndv (3.45)
o

is a function of time only. The integration must be carried out over the varying
volume v(?). The material change of the quantity F(?) is expressed as:

DF()) _

D
Dt Dt [ f&xDdy (3.46)

V@

Since the shape of the volume v(?) changes with time, the differentiation and
integration cannot be interchanged. However, Eq. (3.46) permits the transformation
of the time dependent volume v(?) into the fixed volume v, at time ¢ = 0 by using the
Jacobian transformation function:

DF(t) _
Dr f AX0) Jdv, (3.47)

With this operation in Eq. (3.47), it is possible to interchange the sequence of
differentiation and integration:

DF{
(t) fD fO60)T) v, (3.48)

The chain dlfferentlatlon of the expression within the parenthesis results in
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DF(?)

_r(s2 + e 22
o f ( JEf(X,t) f&Xn Dt] dv, (3.49)

Yo
Introducing the material derivative of the Jacobian function, Eq. (3.19) into Eq. (3.49)
yields:

DE(1)

D
a0 - ( SIX) + f(X,t)V~V) Jav, (3.50)

Yo

Equation (3.50) permits the back transformation of the fixed volume integral into the
time dependent volume integral:

DF(t D
Tg) ) v£> (Ef(X,t) + XNV V) dv (3.51)

According to A4.1, the first term in the parenthesis can be written as:

D_'f = ifl + .
o 3 V-vf (3.52)

Introducing Eq. (3.52) into (3.51) results in:

DF() _

o f(%f(x, H+ VX D+ AX, t)V°V) dv (3.53)

V()
The chain rule applied to the second and third term in Eq. (3.53) yields:

DF(t d
Tg) = ﬁ&f(x’ n + V- (fX, t)V)}dv (3.54)

The second volume integral in Eq. (3.54) can be converted into a surface integral by
applying the Gauss' divergence theorem:

fV(f(X, t)V>dv = ff(X> HV-ndS (3.55)
W) S()
where V represents the flux velocity and n the unit vector normal to the surface.

Inserting equation (3.55) into Eq. (3.54) results in the following final equation, which
is called the Reynolds transport theorem

DF(t) fa( 9 AX, Hdv + ff(X, HV-ndS (3.56)

5@
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Equation (3.56) is valid for any system boundary with time the dependent volume V(z)
and surface S(z) at any time, including the time ¢ = ¢, , where the volume V' = V.and
the surface S = S, assume fixed values. We call V. and S the control volume and
control surface.

3.4 Pathline, Streamline, Streakline

Equation (3.23) indicates that the path of a material point is tangential to its velocity.
Consequently, the pathline can be defined as the trajectory of a material point, in this
case, a fluid particle over a period of time. Pathline is inherent in material description.
Fig. 3.6 exhibits the pathlines of material points labeled as £". In spatial description
of the flow, we deal with the streamlines rather than pathlines. Consider a time
dependent (unsteady flow) velocity field at time ¢, where each position x is associated
with a velocity vector. The streamlines are curves whose tangent directions have the
same directions as the velocity vectors, Fig. 3.7. To find an analytical expression for
the description of a streamline, we define a unit tangent vector to the streamline curve
S (Fig. 3.7). The direction of this unit tangent vector is then identical with the
direction of the velocity vector at the vector position X. As illustrated in Fig. 3.7, we
define the tangent unit vector as:

A = lim

XS) - X)) K o
AS- 0 S, - § ’

ds (3.57)

Considering the spatial description of the velocity vector, the unit vector tangent to
the velocity vector is constructed by:

x _ v, 4 _ 7V i
l=g=m;g=m=ﬁ (3.58)
Vit

Applying the summation convention, the streamline is fully described by the
following three differential equations:

(3.59)

nod v >
v, &, (3.60)
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material points &

X
3

Fig. 3.7: Construction of a streamline.

A streakline represents the fluid motion in a way that an observer can easily see. It
is a curve traced out by all particles passing through some fixed point. The plum of
smoke from a cigarette represents a streakline (we neglect the lateral diffusion of the
smoke particle). A streakline at a fixed time ¢ is the connecting line or the locus of
different fluid particles passing through a fixed location y at a different time 7. The
x = x(y,7)pathlines of the particles are given by the equation x = x(§,). Solving
this equation forx = x(&,7) and replacing x by the coordinates of the fixed location
y, and setting ¢ = 7, we locate the fluid particles &, that were passing through the fixed
location y at time 1. The pathline coordinates are obtained from x = x(& (y, 1), 7).



46 3 Kinematics of Fluid Motion

Thus, at the fixed time ¢ we obtain the streakline as a curve, which connects the
different fluid particles passing though a fixed spatial location y at different time t.
Fig. 3.8 explains this statement graphically.

Streakline F; : 4

o
X=X E(ya)t)
t fixed,t parameter

Ry Pathlines of material points

_____ = - -
X = X(& (r 0. 9
Tfixed, t parameter

€= X0=0) X,

X
3

Fig. 3.8: Construction of a streakline.
Problems

Problem 3.1:The material description of a fluid motion is given by the pathline
equations

X =&,
x, = KGt? + &,
2 1 s
x; =&

with k as a constant having a dimension, such that the dimensional integrity of both
sides of the above equation systems is preserved. Show that the Jacobian determinant
7 = det(dx; /GE__,,.) does not vanish and obtain the transformation & = ¢& (x, ).
Problem 3.2: The fluid motion is described by:

xl = (t:1’

Xy = %(&2 + §3)eat + %(&2 - ég)e_ata

— 1 + eat _ l _ e—at
X3 = 5(&-»2 53) 2(52 ‘53)

@ Show that the Jacobian determinant does not vanish.
@ Determine the velocity and acceleration components
1) in material coordinates V; (;, 1), 4, (£; 1),
2) in spatial coordinates V; (x;, 1), 4, (x;, t).
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Problem 3.3: The motion of a fluid is given by the material description

X, = (ﬁ + ég)l/zcos 2Qt St arctan( 2)
&+ & 1

L + arctan[ 2]
&)

>

1/2 .
a=@+@smﬁ+é

x, = &;.

a) Find the equation of pathlines in an implicit form and show that for the position
vector X at time ¢ = 0 the identities: x, = ££, and x, = £, are valid.

b) Calculate the components of the velocity V; (¢;, ¢) ?

c¢) Determine the velocity field V; (x,, ¢) and the acceleration field 4, (x,, ).

d) Explain the equation of streamline through the point (x,,, x,,).

Problem 3.4:The motion of a fluid is described in the material coordinate by:

x, = §e”,
x, = &e”,
Xy = Ge

with @ =constand § =¢& (x, ¢ = 0).

1) Calculate the velocity and acceleration components V; (¢, ¢) and 4, (£, ¢) in
material coordinates.

b) Determine the spatial description of the velocity and acceleration components
V.(x; ,t) and 4, (x; ,¢) by eliminating the material coordinate ¢; = ¢, (x; ,#) in the
results obtained in (a).

c) Find the acceleration components using the substantial derivatives of V; (x, ,¢).

d) Is this a potential flow? If yes, find the potential function.

Problem 3.5: Given is the following unsteady velocity field:

v, = 1 X
f, +t
Vv, =U
V;=0 (to = const, U = const).

a) Find the equation of streamlines through the point (x,,, x,,, X;, ) at time #.

b) Express the pathline equation of a fluid particle with a material coordinate
x(t=0)=¢

¢) Determine the particle velocity along its pathline.

d) Find the equation for streaklines.
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Problem 3.6: The nozzle of a water hose is vertically located at y = e, H and
oscillates with the angle a=a(z). Water leaves the nozzle with a constant exit velocity
U. Neglecting the air forces exerted on the water jet, determine:

a) the velocity components V(?) of a fluid particle which was at the nozzle exit at the
time T,

b) its pathline for x(t=0) = ¢&,

c) the equation of streaklines.

d) Has this type of flow streamlines?

Problem 3.7: The components of a velocity flow field V; (¢; ) is given by

V, =alx +x,
V, =alx - x,
V=W

with the constants a and W. Determine

a) the divergence V - V of the flow field,

b) the rotation V x V,

c) the parametric representation of the pathlines x; = x; (¢;, ) with & = x; ( = 0),

d) nonparametric representation of the projection of the pathlines in x,, x,- plane by
eliminating the curve parameter ¢,

e) the projection of the streamlines in x;, x,- plane by integrating the differential
equations for the streamlines.

Problem 3.8: The velocity components of an unsteady two-dimensional flow field are
given by

"
7

(a + bsinw)x,
-(a + bsinod)x,

a) Find the equation of streamline through the point (x,, , x,, )?
b) Find the equation of pathline for a fluid particle at the time # = 0 and the location

X(t=0)= ¢

c) Find the equation of the streaklines through the origin (y'= 0).

d) What is the velocity change that a probe would measure if it moves along the
streamline x,, = x,, = ¢, t?

Problem 3.9: The velocity vector of a plane, unsteady flow field is given in
cylindrical coordinates (r, @) by

1
V= = (Ao e, +B,(1 +af) eq,)
with the dimensional constants (4,, B,, a). Using cylindrical coordinates, calculate

a) the equation of streamline through the location P(»r = r,, ¢ = 0) and
b) the pathline equation of a fluid particle, which was at time ¢ = 0 at location P.
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Problem 3.10: The velocity components of an unsteady flow field are given as
u =0,

u, = A(x1 X, - %2 )e k)

Uy = A(xz2 - x1x3)e k),

Determine the components of

a) the velocity gradient tensor,
b) the deformation tensor D and the spin tensor €, as well as
¢) curl of u at point P=(1, 0, 3) and time ¢t = ¢,.
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4 Differential Balances in Fluid Mechanics

In this and the following chapter, we present the conservation laws of fluid mechanics
that are necessary to understand the basics of flow physics from a unified point of
view. The main subject of this chapter is the differential treatment of the conservation
laws of fluid mechanics, namely conservation law of mass, linear momentum, angular
momentum, and energy. In many engineering applications, such as in turbomachinery,
the fluid particles change the frame of reference from a stationary frame followed by
a rotating one. The absolute frame of reference is rigidly connected with the
stationary parts, such as casings, inlets, and exits of a turbine, a compressor, a
stationary gas turbine or a jet engine, whereas the relative frame is attached to the
rotating shaft, thereby turning with certain angular velocity about the machine axis.

By changing the frame of reference from an absolute frame to a relative one, certain
flow quantities remain unchanged, such as normal stress tensor, shear stress tensor,
and deformation tensor. These quantities are indifferent with regard to a change of
frame of reference. However, there are other quantities that undergo changes when
moving from a stationary frame to a rotating one. Velocity, acceleration, and rotation
tensor are a few. We first apply these laws to the stationary or absolute frame of
reference, then to the rotating one.

The differential analysis is of primary significance to all engineering applications
such as compressor, turbine, combustion chamber, inlet, and exit diffuser, where a
detailed knowledge of flow quantities, such as velocity, pressure, temperature,
entropy, and force distributions, are required. A complete set of independent
conservation laws exhibits a system of partial differential equations that describes the
motion of a fluid particle. Once this differential equation system is defined, its
solution delivers the detailed information about the flow quantities within the
computational domain with given initial and boundary conditions.

4.1 Mass Flow Balance in Stationary Frame of Reference

The conservation law of mass requires that the mass contained in a material volume
v = v(f), must be constant:

m = [pdv 4.1)
w(1)

Consequently, Eq. (4.1) requires that the substantial changes of the above mass must
disappear:

Dm D _
o o[ “2)
1
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Using the Reynolds transport theorem (see Chapter 2), the conservation of mass, Eq.
(4.2), results in:

D E
Efpdv - f(a—': + V'(pV))dv =0 4.3)
W) w)

Since this integral in Eq. (4.3) is zero, the integrand in the bracket must vanish
identically. As a result, we may write the continuity equation for unsteady and
compressible flow as:

% . -
5 e =0 (4.4)

Equation (4.4) is a coordinate invariant equation. Its index notation in the Cartesian
coordinate system given is:

% . ap?))
P2 E

o ox (45)
Expanding Eq. (4.5), we get:

EE GO AN AN
ot ox, ox, 0x;

0 (4.6)

For an orthogonal curvilinear coordinate system, the continuity equation (4.6) for an
incompressible fluid is written as (see Appendix A.34a):

0 d i i i
VOV = eV, + GV = 0 7)

Applying Eq. (4.7) to a cylindrical coordinate system with the Christoffel symbols,
Eq. (4.8), from Appendix A.56, we have

000 0 1r 0 000
(a)=[0 ~r 0], [C2)=|1r 0 o], (T2)=]0 00 (4.8)
000 0 0 0 000

and introducing the physical components, Eq. (4.7) becomes:

op . 9pr?V,) 19(p¥y) d(pV,)
aad Y + + =
ot ror r 06 oz

0 (4.9)
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Equation (4.9) is valid only for cylindrical coordinate systems. To apply the
continuity balance to any arbitrary orthogonal coordinate system, one has to
determine first the Christoffel symbols as outlined in Appendix A and then find the
continuity equation.

4.1.1 Incompressibility Condition

The condition for a working medium to be considered as incompressible is that the

substantial change of its density along the flow path vanishes. This means that:
Dp _9p .
Lt ==+VVp =0
Dr ot Y (4.10)

Inserting Eq. (4.10) into (4.4) and performing the chain differentiation of the second
term in Eq. (4.4) namely, V-(p¥) = pV-V + V-V p, the continuity equation for an
incompressible flow reduces to:

V-V =0 4.11)

In a Cartesian coordinate system, Eq. (4.11) can be expanded as written in (4.12):

av, av, 9V,
+ + =0 (4.12)
ox, 0x, ox,

In an orthogonal, curvilinear coordinate system, the continuity balance for an in-
compressible fluid is:

- i Jri _
VW=V, VT =0 (4.13)

Inserting the Christoffel symbols into Eq.(4.13) and the physical components for
cylindrical coordinate systems, we obtain the continuity equation in terms of its
physical components (4.14):

orv,) . la( V) . ar,) )
ror r 06 0z

0 (4.14)

4.2 Differential Momentum Balance in Stationary Frame
of Reference

In addition to the continuity equation we treated above, the detailed calculation of the
entire flow field through different engineering devices and components requires the
equation of motion in differential form. In the following, we provide the equation of
motion in differential form in a four-dimensional time-space coordinate. We start
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from Newton's second law of motion and apply it to an infinitesimal fluid element
shown in Fig. 4.1, with mass dm for which the equilibrium condition is written as:

dmA = dF (4.15)

g d
X
<3 |

Fig. 4.1: Surface and gravitational forces acting on a volume
element.

The acceleration vector A is the well known material derivative (see Chapter 2):

A4=22-9% ,pyp (4.16)

In Eq. (4.16), A is the acceleration vector and dF the vector sum of all forces exerted
on the fluid element. In the absence of magnetic, electric or other extraneous effects,
the force dF is equal to the vector sum of the surface force dF, acting on the particle
surface and the gravity force dmg as shown in Fig. 4.1. Inserting Eq. (4.16) into Eq.
(4.15), we arrive at:

dm(%—': sV VV) - dF, + dmg 4.17)
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Consider the fluid element shown in Fig. 4.1 with sides dx,, dx,, dx; parallel to the
axis of a Cartesian coordinate system. The stresses acting on the surfaces of this
element are represented by the stress tensor IT which has the components 7, that
produce surface forces. The first index i refer to the axis, on which the fluid element
surface is perpendicular, whereas the second index j indicates the direction of the
stress component. Considering the stress situation in Fig. 4.1, the following resultant
forces are acting on the surface dx,dx; perpendicular to the x, axis:

on,, on,, om,,
e a—xl dx,dx,dx, , e, a—xl dx,dx,dx, , e, a—xl dxdx,dbx, (4.18)

The total resulting forces acting on the entire surface of the element are obtained by
adding the nine components that result in Eq. (4.19):

ﬂ - e om,, N ony, R 811:31] +ez(a“12 . ony, N 81r32]

v oy, &, ox, ox, dx, ox,
(4.19)
ve, oMy . Oy, . O3y
ox, 0x, ox,
Since the stress tensor IT and the volume of the fluid element are written as:
II = e,em;, adv = dx dx,dx, (4.20)

It can be easily shown that Eq. (4.19) is the divergence of the stress tensor expressed
in Eq. (4.20)

dF
—S-v-m (4.21)
dv

The expression V*IT is the scalar differentiation of the second order tensor II and is
called divergence of the tensor field IT which is a first order tensor or a vector.

Inserting Eq. (4.21) into Eq. (4.17) and divide both sides by dm, results in the
following Cauchy equation of motion:

oV 1
vV =2 VI +
7 , g (4.22)

The stress tensor in Eq. (4.22) can be expressed in terms of deformation tensor, as we
will see in the following section.
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4.2.1 Relationship between Stress Tensor and Deformation Tensor

Since the surface forces resulting from the stress tensor causes a deformation of fluid
particles, it is obvious that one should attempt to find a functional relationship
between the stress tensor and the velocity gradient:

IT = f(VV) (4.23)

As we saw in Chapter 2, the velocity gradient in Eq. (4.23) can be decomposed into
an symmetric part called deformation tensor and an anti-symmetric part, called
rotation or vorticity tensor:

- %(VV s VPT) %(VV ~VWT)=D+Q (4.24)

Consequently, the stress tensor may be set:

II = f(VV) = f(D, Q) (4.25)
with the deformation tensor as:
D-ceD, - tee|t .
=eeD.,=—ee| — +
Y2 ox o (426)

and the rotation tensor, which is antisymmetric, and is given by Eq. (2.27):

Q =¢ce Q. = lee[

e A

v, v,
I - —] 4.27)

ox; axj

Since the stress tensor I in Eq. (4.25) is a frame indifferent quantity, it remains
unchanged or invariant under any changes of frame of reference. Moving from an
absolute frame into a relative one exhibits such a change in frame of reference. Thus,
the stress tensor I7 satisfies the principle of frame indifference, also called the
principle of material objectivity. To satisfy the objectivity principle, the arguments
of the functional f must also be frame indifferent quantities. This is true only for the
first argument D in Eq. (4.25). The second argument 2 in Eq. (4.25) is not a frame
indifferent quantity. As a consequence, the stress tensor is a function of deformation
tensor D only.

T = (D) (4.28)
A general form of Eq. (4.28) may be a polynomial in D as suggested in [1]:

I = fI + f,D + f,(DD) (4.29)
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with I = eed; as the unit Kronecker tensor. To fulfill the frame indifference
requirement, the functions £, must be invariant. This means they depend on either the
thermodynamic quantities, such as pressure, or the following three-principal invariant
of the deformation tensor:

I,=TrD =VV =D, (4.30)
L, = detDl.j (4.31)
Ly = 2(1,2- DD) - }D,D, - D,D

S5\ - 5( L] ) 11) (4.32)

Of particular interest is the category of those fluids for which there is a linear
relationship between the stress tensor and the deformation tensor. Many working
fluids used in engineering applications, such as air, steam, and combustion gases,
belong to this category. They are called the Newtonian fluids for which Eq. (4.29)
is reduced to:

II=fI+fD (4.33)

where the functions f; and f, are given by:

= V) L L= iehs 2 (434)

with u as the absolute viscosity and s as the bulk viscosity. Introducing Eq. (4.34)
into (4.29) results in the Cauchy-Poisson law:

IT=(-p +\V) +2uD = pl + \W'VI+2uD =-pl + T (4.35)

In Eq. (4.35), the terms with the coefficients involving viscosity are grouped together
leading to a pressure tensor —pI and a friction stress tensor T that reads:

T = MV-WV)I + 2uD (4.36)

The first term on the right-hand side of Eq. (4.35) associated with the unit Kronecker
tensor, pl, represents the contribution of the thermodynamic pressure to the normal
stress. The second term, (AV-V)I, exhibits a normal stress contribution caused by a
volume dilatation or compression due to the compressibility of the working medium.
For an incompressible medium, this term identically vanishes. The coefficient A
related to the coefficient of shear viscosity # and the bulk viscosity 4 is given in Eq.
(4.34) asp = A + 2/3 . For most of the fluids used in engineering applications, the
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bulk viscosity may be approximatedas p = A + 2/3 pu = 0leadingtoh = -2/3 pu. This
relation, frequently called the Stokes’ relation, is valid for monoatomic gases [2].
Finally, the last term expresses a direct relationship between the shear stress tensor
and the deformation tensor. For an incompressible fluid, Eq. (4.35) reduces to:

IT = —-pI +2uD (4.37)

4.2.2 Navier-Stokes Equation of Motion
Inserting Eq. (4.35) into (4.22):

paa_z/ + pV'VV = V'[(-p + A\VV)I + 2uD] + pg (4.38)

This is often referred to as the Navier-Stokes equation for compressible fluids. In
Eq. (4.38), the coefficient 1 can be expressed in terms of shear viscosity x. This,
however, requires rearranging the second and third term in the bracket by using the
index notation. For V+(AV-¥VT)we may write:

V-OV-VT) 0N (13005 | = 15,5020
° * =le—1|" —e,e = . e, —
(4.39)
*V, a (97,
V-AV-VI) = he, I = he | —L| = AV(VP)
0x,0x ox,; ax].
We apply the same procedure to V-2pD):
F] 1 oV, ov,
V-QuD) =2u| e.—|*|=e.e| —L + —=
( B ) “‘( ;axi] 2 j k( axk axj
5 (4.40)
o ( 9V, oV,
V-2uD) = ple,.—| —| + e = p|V(V'V) + AV
@nD) = p kaxk( ax,.) "ax,.axi HVEY) ]

Introducing Eqgs.(4.39) and (4.40) into Eq. (4.38), we arrive at

p(aa_'t/ + V-VV) = -Vp + (A + PV(V'V) + pAV + pg (4.41)
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For A = -2/3 u, Eq. (4.41) results in:

p(%—': s V-VV) - Vp + BVT) - pav + g (4.42)

For incompressible flows with constant shear viscosity, Eq. (4.38) reduces to:

paa_’; + pV-VV = Vo(-pI + 2uD) +pg (4.43)

Performing the differentiation on the right-hand side and dividing by p leads to:

%—'t’ VYV - -lvp evav s g (4.44)
p

with v = u/p as the kinematic viscosity and the Laplace operator A = V'V = V2,
Equation (4.38) or its special case, Eq. (4.44) with the equation of continuity and
energy, exhibits a system of partial differential equations. This system describes the
flow field completely. Its solution yields the detailed distribution of flow quantities.
In many engineering applications, with the exception of hydro power generation, the
contribution of the gravitational term 8 = €;8; = €3 & compared to the other terms
is negligibly small. Equation (4.44) in Cartesian index notation is written as:
2
aVi + V% = _la_p +v—aVi

1

— 7 ‘g 44
o  ax  pox,  oxox O (445)

Using the Einstein summation convention, the three components of Eq. (4.45) are:

2 2
M L, L W 1y [ET FN F,

ar la_xl Za_xz Pox,  pox ! ox,  ox)

2 2 2
W M, T 1ap, [EV IV,

- Tho ot 3 (4.46)
ot oy ox, ox;  pox axl  oxg ox]
2 2 2
W L, W W W 1, [PV F

_ 3 _ 3 _ 2 +
ot ox  tox, Coxm  pox; | ax® ax?  ox?

To obtain the components of the Navier-Stokes equation in an orthogonal curvilinear
coordinate system, we use metric coefficients, Christophel symbols, and the index
notation outlined in Appendix A:
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aVi + VJVI + VijFt 1 Jji + |:V +
8; 7 J 7 = ;gg pP; * V8,

VI + VTS - VT, + (4.47)

g ni J T

ol

T - Tyl + Ty ) Je*

Using the Christoffel symbols and the physical components for a cylindrical
coordinate system as specified in Appendix A, we arrive at the component of Navier-
Stokes equation in r-direction:

2
o, L, VeV, L, Ve 1o,
ot " or r 98 * oz r p or
(4.48)
*v, PV, &V, _av, v, V.
v + = + - - _r
orr  r? 90? dz2 r?0®@ ror  p?
in 6-direction,
WV 8V+V3V+ %JrV’V@:_la_P
o : or r 00 * 0z r p r0®
5 5 R (4.49)
iy 8V®+LSV®+8V®+£8Vr+l%_E
or?2  r? 9@’ dz2 r290 r or g7
and in z-direction:
v, W, VeV, ¥,  1gp
ot " or r oz * Oz p Oz
&V, Fv, PV, 1, (4.50)
+v + + + =
orr  r?20@* 9z r or

4.2.3 Special Case: Euler Equation of Motion
For the special case of steady inviscid flow (no viscosity), Eq. (4.44) is reduced to:

¥ o vvry--lvp g 4.51)
p
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This equation is called Euler equation of motion. Its index notation is:

S )

1

ot 7 ox, p Ox,

+g; (4.52)

Replacing the convective term in Eq. (4.51) by the following vector identity:
VVV = V(V'V)/2 - Vx(VxV) (4.53)

we find that the convective acceleration is expressed in terms of the gradient of the
kinetic energy V(V-¥V )/2 = V(¥?/2), and a second term which is a vector product
of the velocity and the vorticity vector VX V. If the flow field under investigation
allows us to assume a zero vorticity within certain flow regions, then we may assign
a potential to the velocity field that significantly simplifies the equation system. This
assumption is permissible for the flow region outside the boundary layer and is
discussed more in detail in Chapter 6.

Before proceeding with the conservation of energy, in context of the Euler
equation that describes the motion of inviscid flows, it is appropriate to present the
Bernoulli equation, which exhibits a special integral form of Euler equations. For this
purpose, we first rearrange the gravitational acceleration vector by introducing a
scalar surface potential z, whose gradient Vz has the same direction as the unit
vector in ¥3-direction. Furthermore, it has only one component that points in the
negative X;-direction. As a result, we may write § = ~€;& = ~§ V(2). Thus, the
Euler equation of motion assumes the following form:

14

y2 1
+ V(L= + gz) + =Vp = Px(Vx 4.54
Y (2 gz) pp (Vx7) (4.54)

Equation (4.54) shows that despite the inviscid flow assumption, it contains vorticities
that are inherent in viscous flows and cause additional entropy production. This can
be expressed in terms of the first law of thermodynamics , Tds = dh - dp/p, where
the changes of entropy, enthalpy, and static pressure, ds, dh, dp, or other thermo-
dynamic properties are expressed in terms of the product of their gradients and a
differential displacement as shown by Eq. (2. 24) dQ = dX-VQ. Replacing the
quantity Q by the following properties, we obtain:

ds = dX-Vs, dh = dX-Vh, dp = dX-Vp (4.55)

with s as the specific entropy, / as the specific static enthalpy and p the static
pressure. Inserting the above property changes into the first law of thermodynamics,
Tds = dh - dplp, we find:

2
aa_lt/ +V(h + % + gz) = Px(VxV) + TVs (4.56)
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As we comprehensively discuss in Chapter 5, the expression in the parentheses on the
left-hand side of Eq. (4.56) is the total enthalpy H = (A + V%2 + gz). In the
absence of mechanical or thermal energy addition or rejection, H remains constant
meaning that its gradient VH vanishes. Furthermore, for steady flow cases, Eq. (4.56)
reduces to:

Vx(VxV) =— T Vs (4.57)

Equation (4.57) is an important result that establishes a direct relation between the
vorticity and the entropy production in inviscid flows. In a flow field with
discontinuities as a result of the presence of shock waves, there are always jumps in
velocities across the shock front causing vorticity production and therefore, changes
in entropy.

2 Time t + dt

. R
= V + dX-VV

ax *

<i

o
Time t + dt

T+dt, p+dp, h+dh, s+ds

X3

Fig. 4.2: Fluid particles at different thermodynamic state conditions.

The Bernoulli equation can be obtained as a scalar product of the Euler differential
equation (4.51) and a differential displacement vector. Figure 4.2 shows different
displacement vectors that, in principle, may be used. The vector dX*shows the
differential distance between two neighboring fluid particles located at positions 4
and B at the same time ¢ with the thermodynamic states shown in Fig. 4.2. The
particles move along their flow paths and at #+d¥, they occupy the positions 4 " and
B’. The distance A4 *is denoted by dX. The thermodynamic conditions at 4 °, denoted
by T +dT, p +dp, h +dh, s +ds indicate that the changes this particle has under-
gone are different from those of particle B. Thus, the vector dX = Vdt is the
appropriate vector which we choose to multiply with the Euler equation of motion.
For steady flow cases, the differential distance dX along the particle path is identical
with a distance along a streamline. Thus, the multiplication of Euler equation (4.56)
with the differential displacement dX = Vdt, gives:

2
V'( %—';) dt + dX'V(% + gz) + dXP = V- (VxVxV)dt (4.58)
o)
The terms in Eq. (4.58) must be rearranged as follows. The first term starts with a

scalar product of two vectors, eliminating the Kronecker delta and utilizing the
Einstein summation convention results in:
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V-( a—V) dt = v,
or

For rearrangement of the second and third term, we use Eq. (2. 24) dQ = dX-VO.
The fourth term identically vanishes because the vector V is perpendicular to the
vector VXVXV _ As a result, we obtain:

v, EAL 2
g - L2 13V OV V450
ot 2 o 2 o ot ot

oV & dp
Tlax + d(X- + + @ - 4,
(8t) (2 g2) o (4.60)

Integrating Eq. (4.60) results in:

oV y? dp
2TdX o+ — + + [ZZ2 =C 4.61
> e fp (4.61)

Integrating Eq. (4.60) from a begin point B to an end point £, we arrive at:

_dX+_+ng+ F__+ng (4.62)
4

For an unsteady, incompressible flow, the integration of Eq. (4.60) delivers:

v &
pEdX+p7+pgz+p=C (4.63)

And finally, for a steady, incompressible flow, Eq. (4.63) is reduced to:

V2
p+ p7 +pgz =C (4.64)

which is the Bernoulli equation.

4.3 Some Discussions on Navier-Stokes Equations

The flow in engineering applications, such as in a turbine, a compressor or a
combustion engine is characterized by a three-dimensional, highly unsteady motion
with random fluctuations due to the interactions between the stator and rotor rows.
Considering the flows within the blade boundary layer, based on the blade geometry
and pressure gradient, three distinctly different flow patterns can be identified: 1)
laminar flow (or non-turbulent flow) characterized by the absence of stochastic
motions, 2) turbulent flow, where flow pattern is determined by a fully stochastic
motion of fluid particles, and 3) transitional flow characterized by intermittently
switching from laminar to turbulent at the same spatial position. Of the three patterns,
the predominant one is the transitional flow pattern. The Navier-Stokes equations
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presented in this section generally describe the steady and unsteady flows through a
variety of engineering components. Using a direct numerical simulation (DNS)
approach delivers the most accurate results [3]. However, the computational domain
must be at least as large as the physical domain. As extensively discussed in [1], the
application of DNS, for the time being, is restricted to simple flows at low Reynolds
numbers. For calculating the complex flow field with a reasonable time frame, the
Reynolds averaged Navier-Stokes (RANS) can be used. This issue is discussed in
Section 4.6.

4.4 Energy Balance in Stationary Frame of Reference

For the complete description of flow process, the total energy equation is presented.
This equation includes mechanical and thermal energy balances.

4.4.1 Mechanical Energy

The mechanical energy balance is established by the scalar multiplication of the
equation of motion, Eq. (4.22), with the local velocity vector:

DV
v Y (vIr) + pgv (4.65)

The expression on the right-hand side is obtained from the differentiation:
V- (VII) = V-(II'V) - Tr(II'VV) (4.66)

The velocity gradient V¥ can be decomposed into deformation D and rotation £ part
as shown in Eq. (4.24):

vy - %(VV s VPT) 4 %(VV ~WT)=D+Q (4.67)

With this operation, the trace of the second order tensor in Eq. (4.66) is calculated
from:
TrII-VV) = II:D + IT:Q (4.68)

Since the second term on the right-hand side of Eq. (4.68) vanishes identically, Eq.
(4.66) reduces to:

V(V-Il) = V(I'V) - IT:D (4.69)

As a result, the mechanical energy balance, Eq. (4.65), becomes:
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p—(%z] = V(VIT) - IO:D + pgV (4.70)

Incorporating Eq. (4.35) for Newtonian fluids into (4.70) leads to:

V2

2

N
Dt

=V- [V:(-p +AV-W)I + 2uV'D) - 4.71)
- [(-p + \WW)V-V + 2uD:D] + pV'g

with I:D = V-V. For incompressible flow, Eq. (4.71) is reduced to
V2
th 2

The index notation of (4.72) is:

V- [V-(-p I) + 2uV-D|- 2uD:D +pV-g 4.72)

WrR) LA a(p,), 0 (M,
ot ox, ax\p ' ox; 7\ ox; x,
(4.73)
v, v, v,
ox; ax ax,

The sum of the last two terms in the second bracket of Eq. (4.71) is called the
dissipation function:

® = MV-V)VV) + 2uD:D (4.74)

The dissipation function Eq. (4.74) is identical with the double scalar product between
the friction stress tensor and the deformation tensor:

® =TD (4.75)
The index notation of (4.74) is

av,\? 2 (97, 6 av, an
+ 2y — + L —
Ox, 4 axj 8 6x ox, (4.76)

1

D =)
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Expanding (4.76) results in:

®=A
ox; Ox,  Ox,

ar,\? v,\? ar,\?

| — + | —= + [ —= +
ox, ox, 0x;
CLORCI O N LI R L N
Ox, ox, ox, Ox, ox, Ox,

In Eq. (4.77) the coefficient A can be replaced by ) = - 2/3p from Eq. (4.34). For
an incompressible flow, Eq. (4.74) reduces to:

%+%+%]2+2

(4.77)

® =2uD:D (4.78)

and as a result, Eq. (4.77) is written as:
2 aV2 2
D=2 + = +
0x,
v, o, \? ov, ar, \? v, av, \?
_ + —= + | — + —= + | —2 + —=2
ox, ox, ox, ox, ox, ox,

The dissipation function indicates the amount of mechanical energy dissipated as
heat, which is due to the deformation caused by viscosity. Consider a viscous flow
along a flat plate, an aircraft wing, a compressor stator or turbine rotor blade or any
other engineering surfaces exposed to a flow. Close to the wall in the boundary layer
region, the velocity experiences a high deformation because of a no-slip condition.
By moving outside the boundary layer, the rate of deformation decreases leading to
lower dissipation. To analyze the individual terms in the equation of energy and to
demonstrate the role of shear stress and its effect on the dissipation of mechanical
energy, we introduced the friction stress tensor, Eq. (4.36)

av, 2

ox,

o7,

EX

(4.79)

T = MV-W)I + 2uD (4.80)

The off-diagonal elements of this tensor represent the shear stress components and
characterize the shear-deformative behavior of this tensor. The diagonal elements of
this tensor

T, la L+ 2uD
.. = —_— + .
i ax. l'l' u (481)

1
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exhibit additional contributions to the normal stress components of the pressure
tensor pI = e,e;d, p. For an incompressible flow with V-V = D, = 0, these terms
identically disappear. Inserting Eq. (4.80) into (4.71), we arrive at:

D| V| _ .
th - - -V:Vp + V(I'V)-T:D + pVg (4.82)

Equation (4.82) exhibits the mechanical energy balance in differential form. The first
term on the right-hand side represents the rate of mechanical energy due to the change
of pressure acting on the volume element. The second term is the rate of work done
by viscous forces on the fluid particle. The third term represents the rate of
irreversible mechanical energy due to the friction stress. It dissipates as heat and
increases the internal energy of the system. This term corresponds to the dissipation
function defined by Eq. (4.78). Finally, the forth term represents the mechanical
energy necessary to overcome the gravity force acted on the fluid particle. Equation
(4.82) exhibits the general differential form of mechanical energy balance for a

V'V(p * %sz * ng) =d (p * %sz * ng) =0 (4.83)

viscous flow. For a steady, incompressible, inviscid flow, Eq. (4.82) is simplified as:
where the vector g is replaced by g = -gVz. Integration of the above equation leads
to the Bernoulli equation of energy:

p+ %pW + pgz = Constant (4.84)

This equation is easily derived by multiplying the Euler equation of motion with a
differential displacement.

4.4.2 Thermal Energy Balance

The thermal energy balance is described by the first law of thermodynamics which
is postulated for a closed “thermostatic system”. For this system, properties, such as
temperature, pressure, entropy, internal energy, etc., have no spatial gradients. Since
in an open system the thermodynamic properties undergo time and spatial changes,
the classical first law must be formulated under open system conditions. To do so, we
start from an open system within which a steady flow process takes place and replaces
the differential operator, d, from classical thermodynamics by the substantial
differential operator D. This operation implies the requirement that the thermo-
dynamic system under consideration be at least in a locally stable equilibrium state.
Starting from the first law for an internally irreversible system:



68 4 Differential Balances in Fluid Mechanics

du = 8Q - pdv + |8wf| (4.85)

where u is the internal energy, and Q the thermal energy added to (or removed from)
the system, p the thermodynamic pressure, v the specific volume, and ow; the part of
mechanical energy dissipated as heat by the internal friction. The subscript frefers to
the irreversible nature of the process caused by internal friction. Applying the
differential operator D:

Du .5 D .
o 80 - pF: + S, (4.86)

where 8Q is the rate of thermal energy added (or removed) to or from the open
system per unit mass and time. It can be expressed as the divergence of the thermal
energy flux vector 8Q = -V-¢/p. The rate of the mechanical energy dissipated as
heat swf is identical to the third term T:D/p in Eq. (4.82):

Du_ ¥4 _,Dv, TD .
Dt p Dt p (4.87)

The negative sign of -V+¢ is introduced to account for a positive heat transfer to the
system. Furthermore, since the first term on the left-hand side is per unit mass and
time, the divergence of the heat flux vectorV-¢ as well as the dissipation term 7:D,
had to be divided by the density to preserve the dimensional integrity. Multiplying
both sides of Eq. (4.87) with p, we obtain

Du . Dv
v Vg - vl D (4.88)

In Eq. (4.88), first we replace the specific volume v by //p and consider the continuity
equation

L= - vy (4.89)
then we insert Eq. (4.89) into (4.88) and arrive at:

D .
pﬁ = V-4 - pV-V + T:D (4.90)

In Eq. (4.90) the internal energy can be related to the temperature by the
thermodynamic relation # = ¢, T with c, as the specific heat at constant volume. The
heat flux vector § can also be expressed in terms of temperature using the Fourier
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heat conduction law. For an isotropic medium, the Fourier law of heat conduction is
written as:

g = -kVT (4.91)

with £ (kJ/msec K) as the thermal conductivity. Introducing Eq. (4.91) into (4.90), for
an incompressible fluid we get:

DT
PG T, T kV?T + 2pD:D (4.92)

For a steady flow, Eq. (4.92) can be simplified as:

C,VVT = kg1 . 2vp:D (4.93)

p

The thermal energy equation can equally well be expressed in terms of enthalpy
dh =80 + vdp + |ow,| (4.94)

Following exactly the same procedure that has lead to Eq. (4.90), we find

Dh _

Dp
P Dt

-V + =£ + T:D = kV?T +
Dt

Dp
—= +TD

Dt (4.95)
Introducing the temperature in terms of A = c, T:

(DT _kgap, 1Dp

+ I:D
" Dt 0 o Dt (4.96)

The index notation of Eq. (4.96) reads:

2
Cﬂ""V.ﬂ =E o°T +la_p+V£
Pl ot "ox, p| ox,0x; pl or ‘ox,

and @ from Eq. (4.79), we can expand (4.97) to arrive at:

1
+ —0@ 4.97
> 4.97)

cp(a_r ey T,y o, Vﬂ] _x

PT  FT 82T]
= o+ =+ 2| +

a loax, Cox,  Coxy)  play?  ax? ax)]
(4.98)
la_p+Vla_p+Vza_p+V38_p+lq)
p| or ox, 0ox, ox, p
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4.4.3 Total Energy

The combination of the mechanical and thermal energy balances, Eqs. (4.82) and Eq.
(4.90), results in the following fotal energy equation:

2
pgt(u + V?) = Vg - V-pV) + V(T'V) + pVg (4.99)

We may rearrange the second and third term on the right-hand side of Eq. (4.99)

2
pg(u . VT) = V§ + V{V(-pI + T)] + pVg (4.100)

The argument inside the parenthesis within the bracket exhibits the stress tensor

D &N
pE(" + 7) = -V + V\(VIT) + pV'g (4.101)

Thus, the second term on the right-hand side constitutes the mechanical energy
necessary to overcome the surface forces. The heat flux vector in Eq. (4.101) can be
replaced by the Fourier equation (4.91) that gives

D Vi o2
pE(u + 7) = kV2T + V-(V-II) + pV-g (4.102)

Equation (4.101) may be written in different forms using different thermodynamic
properties. Since in an open system enthalpy is used, we replace the internal energy
by the enthalpyh = u + pv and find

2
Yy -® v+ v(TV) + pVg (4.103)

D
—(h +
th( 2 ot

and with the Fourier equation (4.91)

D V2 2 ap

—(h + —) =xVT + = + V(T'V) + pV: 4.104
P D) 5 P VIY) - eve (4.104)
The expression in the parenthesis on the left-hand side is called the fotal enthalpy
which we is defined as H = h + V?/2. With this definition, the re-arrangement of

Eq. (4.104) gives

p%l = p(aaij + V-VH)= kV2T + % + V(TV) + pVg (4.105)

and its index notation reads
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H H T
p(a_ . ) I L2 i org (4.106)

a 'ax,| axox, o ox

For steady state, the gravitational term may be brought into the parenthesis by
considering V'g =-V-V(gz) = -dX/dt-V(gz) = -d(gz)/dt.
4.4.4 Entropy Balance

The second law of thermodynamics expressed in terms of Gibbs entropy equation is

ds:S_deu+pdv

T 7 (4.107)

The infinitesimal heat 8Q added to or rejected from the system may include the heat
generated by the irreversible dissipation process. Replacing the differential d by the
material differential operators, we arrive at:

TDS—Du+ &

D Dr p Dr (4.108)

The right-hand side of Eq. (4.108) is expressed by Eq. (4.90) as:

Du Dv lg. 1

— +p— = -—V¢g + =T:D

Dt th ) q ) (4.109)
replacing the left-hand side of Eq. (4.109) by Eq. (4.108) results in

Ds | 1

— = -=V¢ + =TD
p Di T q T (4.110)

The second term on the right-hand side, which includes the second order friction
tensor 7, is the dissipation function Eq. (4.74)

D, lg. 1
pﬁ = -V 0 (4.111)

This equation shows clearly that the total entropy change Ds/D¢ generally consists of
two parts. The first part is the entropy change due to a reversible heat supply to the
system (addition or rejection) and may assume positive, zero, or negative values. The
second term exhibits the entropy production due to the irreversible dissipation and is
always positive. Thus, Eq. (4.111) may be modified as:

e e N 4.112
o \Dr) "ADr), (4.112)
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with p Ds = —lV'q' and p| — = —. The reversible part exhibits the
Dt),,, T Dt T

heat added/rejected reversibly to/from the system, thus the entropy change can

assume positive or negative values, whereas, for the irreversible, the entropy change

is always positive.

Ds ) o
wrr

4.5 Differential Balances in Rotating Frame of Reference

4.5.1 Velocity and Acceleration in Rotating Frame

We consider now a rotating frame of reference that is attached to the rotor, thus, turns
with an angular velocity @ about the machine axis. From a stationary observer point
of view, a fluid particle that travels through a rotation frame has at an arbitrary time
t, the position vector r, and a relative velocity W. In addition, it is subjected to the
inherent rotation of the frame, causing the fluid particle to rotate with the velocity
o xr. Thus, the observer located outside the rotating frame observes the velocity

V=W~+aoxr (4.113)

Inserting Eq. (4.113) into Eq. (4.16), the substantial acceleration is found

ll))_'t’ - w + (W + oxP)V(W + oxr) (4.114)

We multiply Eq. (4.114) out and find

ﬁl = a_n/ +M + WYW +
Dt ot ot (4.115)
+ WV(oxr) + (@xr)VW + (@xr)V(eXxr)

Investigating the terms in Eq. (4.115), we begin with the second term on the right-
hand side

d(exr) or . oo Jo
= @X— + —Xp = —X
ar o a | ar (4.116)

since in the first term on the right-hand side of Eq. (4.116) 67/0¢ = 0. Furthermore,
the last three terms of Eq. (4.115) are:

(oxXr)yVW = oxW, WN(eoxr) = oxW, 4117

and (oxr)V(oxr) = oxexr (4.117)
Detailed derivations of Eq. (4.117) are given in Vavra [4]. Considering Egs. (4.116)
and (4.117), Eq. (4.115) becomes
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DV oW Jo
ZL =2 0%y + WYW + ox(oxr) + 2Wxe
Dt ot ot (@) @119

The first term on the right-hand side dW/dt expresses the local acceleration of the
velocity field within the relative frame of reference. In the second term, dw/of is the
angular velocity acceleration. It is non-zero during any transient operation of
components with rotating shaft, such as a turbomachine, where the shaft speed
experience changes. The third term, W+ VW, constitutes the convective term within
the relative frame of reference. The forth term is the centrifugal force. Finally, the last
term in Eq. (4.118), 2@xW, is called the Coriolis acceleration. It can be equal zero
only if the relative velocity vector W and the angular velocity vector @ are parallel.
As shown in Egs. (4.117), two terms contributed to producing the Coriolis
acceleration. The first term originates from the spatial changes of W because of the
rotation. The second one from the changes in circumferential velocity, V(@ x ), in
the direction of W. For the case that w and W are parallel, both terms become zero.
The centrifugal acceleration and Coriolis accelerations are fictitious forces that are
produced as a result of transformation from absolute into a relative frame of
reference. Figure 4.2 shows the direction of the Coriolis force which is perpendicular
to the plane described by the two vectors @ and W. The force vector, @x(@xr), is
perpendicular and pointing toward the axis of rotation. The direction of the radius
vector e, is expressed in terms of the radius gradient VR.

Coriolis acceleration

20 xw

Tangential
blade force

Ex(

Centripetal
acceleration

Fig. 4.3: Coriolis and centripetal forces created by the rotating frame of
reference.

4.5.2 Continuity Equation in Rotating Frame of Reference

Inserting the velocity vector from Eq. (4.113) into the continuity equation for absolute
frame of reference, Eq. (4.4), we obtain:

d
FF: + V[p(W + oxr)] = 0 (4.119)
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When we expand the second term in Eq. (4.119), we find:

% W+ @) Vp ¢ VW pVr) = 0 (4.120)

After a simple rearrangement, Eq. (4.120) leads to:
L+ (@) Vp + WVp + pVW+ pV@r) = 0 @.121)

It is necessary to discuss the individual terms in Eq. (4.121) before rearranging them.
The first term indicates the time rate of change of density at a fixed station in an
absolute (stationary) frame of reference. The second term involves the spatial change
of density registered by a stationary observer. Combining the first and second terms
expresses the time rate of change of the density within the rotating frame of reference:

P op
— = —/ + (o%Xr)'V 4.122
Y Fy (0xr)-Vp ( )

From Eq. (4.122), it becomes clear that in cases where the local change of the density
in an absolute frame might be zero, dp/0t = 0, in a rotating frame of reference, it will
become a function of time dp,/0¢ # 0. Since the product (e@xr)-Vpexhibits the
circumferential change of the density in the rotating frame, it can vanish only if the
flow within the rotating frame is considered axisymmetric. Since the last term in Eq.
(4.121),V(wxr) = 0, identically vanishes, the equation of continuity in a rotating
frame reduces to:

% + W-Vp + pV:W = % + V(pW) =0 (4.123)

ot ot

Equation (4.123) has the same form as Eq. (4.4), however, the spatial operator V as
well as the time derivatived,/0t = 0 refer to the relative frame of reference. Since
the flow in the rotor is understood exclusively with reference to a relative frame of
reference, from now on it is unnecessary to differentiate between the operators and
the time derivatives.

4.5.3 Equation of Motion in Rotating Frame of Reference

Replacing the acceleration in Eq. (4.22) by the expression obtained in (4.118):

%V +aa—‘;)><r + WVW + ox(oxr) +20% W=1V~H +g (4.124)
p

and replacing stress tensor /7 by Eq. (4.35), II=-pI+MV-V)I+2uD, Eq. (4.124)
becomes:
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aa_”/ + aa_mxr + WVW + ox(@xr) +20xW =
t t (4.125)

%V'[—pI+>~(V'V)I+2uD] g

Combining the last two terms in the bracket as V:[MV-V)I + 2uD]/p = - f, and
setting for g = -V(gz), we re-arrange Eq. (4.125) as:

W +aa—(;)><r + WVW + e@x(exr) + 20xW = —le -f - Vigz) (4.126)
P

ot

The friction force f was given a negative sign since it opposes the flow motion and
causes energy dissipation. Using the Clausius entropy relation, the pressure gradient
can be expressed in terms of enthalpy and entropy gradients:

g = Tds = dh - vdp (4.127)

The thermodynamic properties s, 4, and p are uniform continuous scalar point
functions whose changes are expressed as:

ds = dX'Vs, dh = dX'Vh, dp = dX'Vp, ds = dX'Vs, (4.128)

with dX as the differential displacement along the path of the fluid particle. We
replace the quantities in Eq. (4.127) by those in Eq. (4.128) and arrive at:

dX{ TVs- Vh +@) -0 (4.129)
p

Since the differential displacement in Eq. (4.129) , dX = 0, the vector sum in the

bracket must vanish

= =0 (4.130)
Replacing the pressure gradient term in Eq. (4.126) by Eq. (4.130), we find

a—W+aa—(;)><r+ WNW + @x(oxr) +20xW=-V(h+gz) + TVs-f (4.131)

ot

Further treatment of Eq. (4.131) requires a re-arrangement of few terms. As Fig. 4.3
shows, the centrifugal acceleration points in the negative direction of the gradient of
the radius vector and can be written as:

2p2
ox(@xr) = -o’RVR = -v| &R (4.132)
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With Eq. (4.132), the equation of motion in a relative frame of reference becomes:

2p2
%V+aa—‘:xr+ wvw +h- 2R 1 gr) = 20xW TV - f (4.133)
Using the vector identity,
W2
w-yw = | 22| - wx(@xw) (4.134)

Equation (4.133) is modified as:

2 2p2
3_W+3_(°x,+v(h+w__m2R +gz)=_2me+Wx(VxW)+TVs—f (4.135)

ot ot 2
For a constant rotational speed and with @xW = -Wx@, we find,
ow w? w’R? _
§+ h+7— 5 +gz| =2Wx+WX(NxW)+TVs-f (4.136)

We introduce now the concept of the relative total enthalpy:

2 2p2
w- _ oR +gz) (4.137)

Hy, =V|h+—
R ( 2 2

4.5.4 Energy Equation in Rotating Frame of Reference

The energy equation for rotating frame of reference is simply obtained by multiplying
the equation of motion with a differential displacement dry = Wat along the path of
a particle that moves within a rotating frame of reference. It is given by,

ow V( w? @*R? ]
~—— +V\h+— - 5 +gz

W dt- =
ot 2 (4.138)
Wdt2Wxe + Wx(V x W) +TVs -f]
Multiplying out and re-arranging the terms, we find:
2 2 2p2
i K + dR h+ K _w R +gz| =
or\ 2 2 2 (4.139)

Wadt2Wxe + Wx(Vx W) +TVs -f]
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In Eq. (4.139), d, denotes the changes in a relative frame of reference. Since the
vectors Wx@ and Wx(V x W) are perpendicular to W, their scalar products with W
are zero. As a result, Eq. (4.139) reduces to:

2 2p2
v dR(h N % - ‘°2R . gz) - dry(TVs - f) (4.140)

at\ 2

Multiplying out the right-hand side and considering the identity dps = drg<(Vs), Eq.
(4.140) is modified as:

a(ﬁ

a[ w W @*R?
O Laln+ - Tds - dtW: 4.141
at( 2] * R( " 2 +gz) & ! (4-141)

The termTdps = 8,q is identified as heat that consists of two contributions. The first
contribution comes from heat supplied or removed from a fluid particle that moves
along its path within the relative frame of reference. We call this contribution the
reversible part, 8.g,,,. The second contribution is the irreversible part due to the
internal friction and dissipation of mechanical energy into heat, which is identical
with the friction work, 8,q,, = dtW-f. We summarize the above statement in the
following relation:

TdRS =09 = 6Rqrev + qurr = 8Rqrev + df Wf (4142)
A simple re-arrangement of Eq. (4.142) yields:
Tdys - dtWf = 8,q,,, (4.143)

We insert Eq. (4.143) into Eq. (4.141) and obtain:

o w? w?  o’R?
1= +d|h+ = - + = 8 4.144
at( 2 ] R( 2 2 gz) Rrev ( )

With Eq. (4.144), the changes of relative total enthalpy in a relative frame of
reference along the path of a fluid particle is expressed as:

2 2p2 2
dR(h . WT _ (DZR N gz) -6, - 2 (Z) (4.145)

at\ 2

Only for adiabatic steady flow inside the rotating frame of reference the enthalpy
change is zero resulting in:

W2 (02 R 2
2 2

h + + gz = const. (4.1406)
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It should be pointed out that Eq (4.146) is strictly valid along the path of a fluid
particle. If the flow within the relative frame can be approximated as steady, then Eq.
(4.146) is also valid along the streamline. Its value changes however, by moving from
one streamline to the next. For a turbine or a compressor rotor row under the above
assumption, Eq. (4.146) is written as:

WZ (02R2 ) ( W2 0)2R2
h+ — - +gz| =|h+ — - + gz (4.147)
2 2 , 2 2 \

where the subscripts 2 and 3 in Eq. (4.147) refer to the inlet and exit station of the
rotor row.

Problems

Problem 4.1: Incompressible Newtonian fluid with constant density and viscosity
flows between two parallel plates with infinite width. Body forces are neglected.
Given are the plate height 4, the components of the pressure gradient,

o/ g 15/
P g, P g, 2y, T,
dx, 0Ox, Ox; . ap
2 o, K
the velocity field between the plates AARNASAANNRNNANNARNANRE
klnr ~ ~ Fig. P4.1
uléc2)= E(T —x2] , 4,20, u; =0,

the density p and the absolute viscosity

a) Show that the given velocity field satisfies the continuity and the Navier-Stokes
equation.

b) Determine the components of the stress tensor.

c) Calculate the dissipation function ®.

d) Find the energy per unit depth, length, and time dissipated in heat within the gap.

e) Calculate the principal stresses and their directions.

Problem 4.2: Newtonian fluid flows through the sketched channel with infinite
extensions in x;- and x;- direction and the height 4. The plane flow is steady, the
density o and the viscosity u are assumed to be constant, and body forces are
neglected. The top and bottom wall are porous such that a constant normal velocity
component ¥, can be established at the walls. The pressure gradient in x;- direction
is constant (cp/dx; = -K). Because of the infinite extension of the channel, the
velocity distribution does not depend upon x,. The variables g, 1, K, h, V,, are given.
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a) Using the continuity equation, calculate the distribution of the
velocity component in x,- direction u,(x,).

b) Simplify the x,- component of the Navier-Stokes equation for
this problem.

¢) Give the boundary condition for the velocity component u,.

d) Calculate the velocity distribution u,(x,). (Hint: After solving
the homogeneous differential equation, the particular solution
of the inhomogeneous differential equation can be found
setting u = const . x,.)

Vi = Vi)

Fig. P4.2

Problem 4.3: A Newtonian fluid with constant density s
and viscosity flows steadily through a two dimensional
vertically positioned channel with the width # shown in
Fig. P4.2. The motion of the fluid is described by the
Navier Stokes equations. The flow is subjected to the
gravitational acceleration g = e;g and a constant
pressure gradient in flow direction x,. Assume
thatV, = ¥, = 0
a) Determine the solution of the Navier-Stokes equa-
tions.
b) Write a computer program; show the velocity Fig. P4.3
distributions for the following cases: (a) For K =0,
(b) K >0, and (c) K <O0.
c¢) For which K there is no flow?

«Qy

Problem 4.4: A Newtonian fluid with constant . Atmospheric presstre
density and viscosity flows steadily through a
two dimensional positioned channel positioned at
an angle o shown in Fig. P4.3 with the width 2h.
The motion of the fluid is described by the
Navier Stokes equations. The flow is subjected to
the gravitational acceleration g = e, g, + e,g,
and a constant pressure gradient in flow direction
X, - Assume thatV, = V, = 0 Soped iverbod

Fig. P4.4

a) Determine the solution of the Navier-Stokes
b) Equations. Write a computer program and plot

the velocity distributions for: (a) For K =0, (b) K >0, and (c¢) K <0.
c¢) For which K there is no flow?
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Problem 4.5: River water considered a Newtonian fluid with constant viscosity and
density steadily flows down an inclined river bed at a constant height / as shown in
the Fig. P4.4. The motion of the fluid is described by the Navier-Stokes equation.
Along the sloped river bed, the flow is driven by the gravitational acceleration and its
free surface is subjected to the constant atmospheric pressure p,,,. The air viscosity
at the free surface is negligible compared to the water viscosity. Furthermore, we
assume that the flow is unidirectional in x, direction.

a) Decompose the Navier-Stokes equation into its components.
b) Show that the oV,/ox, = 0

c) Solve the Navier-Stokes equations and find the velocity distribution in X,-
direction.
d) Determine the velocity ratio V,/¥,

max
¢) Determine the river mass flow #1.

Problem 4.6: Give the index notation of the friction stress tensor Eq. (4.36) and its
matrix and show that the diagonal elements of the matrix is identical with Eq. (4.81).

Problem 4.7: Give the index notation of the energy Eq. (4.71) and expand the result.

Problem 4.8: Insert the equation of continuity into the equation of energy (4.86) to
arrive at Eq.(4.87).

Problem 4.9: Give the index notation of Eq. (4.93) and expand the result
Problem 4.10: Give the index notation of Eq. (4.111) and expand the result

Problem 4.11: We reconsider the flow calculated in Problem 4.1 and assume a
calorically perfect fluid with a constant heat conductivity k. We further assume a
constant temperature at the top wall 7,, and a full heat insulation at the bottom wall.

a) Calculate the temperature distribution 7{(x, )in the gap.

b) Find the temperature at the bottom wall.

¢) Determine the heat flux per unit area through the top wall.

d) Calculate the entropy increase Ds/Dt of the fluid inside the gap.
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S Integral Balances in Fluid Mechanics

In the following sections, we summarize the conservation laws in an integral form
essential for applying to fluid mechanics. Using the Reynolds transport theorem
explained in Chapter 2, we will start with the continuity equation which will be
followed by the equation of linear momentum, angular momentum, and energy. Vavra
[1] utilized an alternative approach by directly integrating the differential balances.
Both approaches are valid and lead to the same results.

5.1 Mass Flow Balance

We apply the Reynolds transport theorem by substituting the function f{X)#) in
Chapter 2 by the density of the flow field:

m = f p(X, v
{0

(5.1)

where the density generally changes with space and time. To obtain the integral
formulation, the Reynolds transport theorem from Chapter 2 is applied. The
requirement that the mass be constant leads to:

Dm

2%~ [ Spex, v+ [ pCX, DVomdS = 0 (5.2)

v S

If the density does not undergo a time change (steady flow), the above equation is
reduced to:

fp()(, HV-ndS = 0
NG

(5.3)

For practical purposes, a fixed control volume is considered where the integration
must be carried out over the entire control surface:

£pV-nds = fandS + fpV-ndS + Sf pV-ndS = 0 (5.4)

Sm Sout wall

The control surface may consist of one or more inlets, one or more exits, and may
include porous walls, as shown in Fig. 5.1. For such a case, Eq. (5.4) is expanded as:

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 81
© Springer Berlin Heidelberg 2010
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fpV'ndS+fpV'ndS+ fpV~ndS+

Sinl sz Soutl
(5.5)
fpV-ndS+ fpV-ndS+ fpV-ndS=0
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Fig. 5.1: Control volume, unit normal and tangential vectors
As shown in Fig. 5.1 and by convention, the normal unit vectors, n,,, n,,, By,

point away from the region bounded by the control surface. Similarly, the tangential

unit vectors, &,, £ ., > Point in the direction of shear stresses. A representative

example where the integral over the wall surface does not vanish is a film cooled
turbine blade with discrete film cooling hole distribution along the blade suction and
pressure surfaces, as shown in Fig. 5.2. To establish the mass flow balance through
aturbine or cascade blade channel, the control volume should be placed in such a way
that it includes quantities that we consider as known as well as those we seek to find.
For the turbine cascade in Fig. 5.2, the appropriate control surface consists of the
surfaces AB, BC, CD, and DA. The two surfaces, BC and DA, are portions of two
neighboring streamlines. Because of the periodicity of the flow through the cascade,
the surface integrals along these streamlines will cancel each other. As a result, the
mass flow balance reads:

S{;pV'ndS + S{;pV'ndS + fpV-ndS =0 5.6)

Swai
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CAS FIL

®

Fig. 5.2: Flow through a rectilinear turbine cascade with discrete film cooling
holes.

The last surface integral accounts for the mass flow injection through the film cooling
holes. If there is no mass diffusion through the wall surfaces, the last integral in Eq.
(5.6) will vanish, leading to:

{pV-ndS = ipV-ndS + fpV-ndS = 5.7)

out

5.2 Balance of Linear Momentum

The momentum equation in integral form applied to a control volume determines the
integral flow quantities such as blade lift, drag forces, average pressure, temperature,
and entropy. The motion of a material volume is described by Newton’s second law
of motion which states that mass times acceleration is the sum of all external forces
acting on the system. In the absence of electrodynamic, electrostatic, and magnetic
forces, the external forces can be summarized as the surface forces and the
gravitational forces:

m— = Fg + Fg (5.8)



84 5 Integral Balances in Fluid Mechanics

Equation (5.8) is valid for a closed system with a system boundary that may undergo
deformation, rotation, expansion or compression. In a component subjected to flow,
however, there is no closed system with a defined system boundary. The mass is
continuously flowing from one point within a ¢ component to another point. Thus, in
general, we deal with mass flow rather than mass. Consequently, Eq. (5.8) must be
modified in such a way that it is applicable to a predefined control volume with mass
flow passing through it. This requires applying the Reynolds transport theorem to a
control volume, as we already discussed in the previous section. For this purpose, we
prepare Eq. (5.8) before proceeding with the Reynolds transport theorem. In the
following steps, we add a zero-term to Eq. (5.8):

Dm Dm
_— =0, V— =0
Dt Dt (5.9)

Adding this term to Eq. (5.8) leads to:

DV Dm
mE + Vﬁz FS + FG (510)

Using the Leibnitz’s chain rule of differentiation, Eq. (5.10) can be rearranged as:
D
—(mV) = F, + F
D t( V) = Fg + Fg (5.11)

Applying the Reynolds transport theorem to the left-hand side of Eq. (5.11), we arrive
at:

D (3o ).
5. m”) v{)( 5 V(pVV))dv v{)( 5 )dv V£)V(pVV)dv (5.12)

and replace the second volume integral by a surface integral using the Gauss
conversion theorem (see Chapter 2):

o
gt(mV) = f(%:/))dv + fn-(pVV)dS (5.13)
v(@) S@®

We now consider the surface and gravitational forces acting on the moving material
volume under investigation. The first term on the right-hand side of Eq. (5.10)
represents the resultant surface force acting on the entire control surface. It can be
written as the integral of a scalar product of the normal unit vector with the total stress
tensor acting on the surface element ds:

Fg = des = fn'l'[dS (5.14)
Sc

Se
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The product of the normal vector and the stress tensor gives a stress vector which can
be decomposed into a normal and a shear stress force

nlIl = -np -tt (5.15)

with n as the normal unit vector that points away from the surface and ¢ as the
tangential unit vector. The negative signs of n and ¢ have been chosen to indicate that
the pressure p and the shear stress 7 are exerted by the surroundings on the surface
S. Thus, the surface force acting on a differential surface is:

dF = -npdS - ttdS (5.16)

Inserting Eq. (5.16) into Eq. (5.11) and considering Eq. (5.12), we arrive at:

(p¥) + [ = ((-nn - .
f(T]dv sfn(pVV)ds- Sf( np - f)dS + G (5.17)

Ve

Since the control volume does not change with time (fixed), Eq. (5.17) becomes with
pdv = dm:

) = (mn
adem + fn(pVV)dS = f( np - t)dS + G (5.18)
Ve Sc Sc

In Eq. (5.18) the integration must be carried out over the entire control surface. For
a control surface consisting of inlet, exit, and wall surfaces, the second integral on the
left-hand side gives:

Sfcn-(pVV)ds - S{ n(pVV)dS + S f w(pVP)dS + S{W w(pV¥)ds (5.19)

Evaluating the integrands on the right-hand side of Eq. (5.19) by considering the
directions of the unit vectors shown in Fig. 5.3, we find for the single inlet cross
section:

[mEVV)S = [VnVdS) = [W(-peye,V,dsS) = - [Vdm (5.20)
Scin Scin Scin Cin

In the case of a control volume with multiple inlets as Fig. 5.1 shows, we need to
integrate over the entire inlet cross sections. For the exit cross section we obtain:
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[neVV)dS = [VenVds) = [ Vipeye,V,,ds) - Sf Vdn (5.21)

SCout SCout SCmAt Cout

And, finally, for the wall:

fn-(pVV)dS= f p(n-V)VdS = f p(-e)-(-e,V,)VdS= f v dm (5.22)

S Cwall SCwaII 5 Cwall SCwaII

Inserting the Egs. (5.20) through (5.22) into Eq. (5.19) and the results into Eq. (5.18),
we obtain a relation that includes the mass flow through the control volume:

S Vdem : Sf Viin - Sf Vin + [ Viin = [(-mp - S + 6 (55
c Cout '

Cin SCwall S, c

The first term expresses the total momentum exchange of all particles contained in the
region (control volume) under consideration, at the time ¢, because of velocity
changes produced by a non-steady flow. For a steady flow, it vanishes. The second
and third integral are leaving and entering velocity momenta. The fourth term exhibits
the velocity momentum through the wall. This term is different from zero if the wall
is porous (permeable) or has perforations or slots that may be used for different
purposes such as cooled turbine blades, Fig. 5.2, boundary layer suctions, etc. For a
solid wall, this term, of course, vanishes identically. The first and the second integral
on the right-hand side of Eq. (5.23) are momentum contributions due to the action of
static pressure and the shear stresses. These integrals must be taken over the entire
bounding surface that includes inlet, exit, and wall surfaces, Fig. 5.3:

1 —>
Solid wall ' \Y
1

]
N i Control volume Out
al ! i N
In ! i N
: — i out
1 ' N
| v ! { t
. |
! 1
1

Out

I #ch
N
1

Fig. 5.3: Control volume, single inlet, single and outlet and porous wall.

Porous wall
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[(-npyds + [(-tw)ds = f( mp)dS + [ (-#)dS +
Sc Sc Cout
f( np)ds + f( #)dS +
SCm

f( np)dS + f( #)dS

(5.24)

According to the convention in Fig. 5.1, the direction of unit normal vectors n,,,
and n,, point away from the region bounded by the control surface S.. The last two
integrals in Eq. (5.24) determine the reaction forces. To demonstrate the physical
significance of the reaction force, we consider a rectilinear turbine cascade, Fig. 5.4.

S0

Fig. 5.4: Reaction force on a turbine blade with F and D as the lift, drag
forces, and R the resultant force.

The reaction force R which is exerted by the flow on the surface S, that is, on the

turbine blade wall between the stations (1) and (2) and the body, is therefore:

Fr= Frp = - [(-np)dS - [(-0)dS = [(np)dS + [ ()ds (5.25)

Cw SCw SCw Cw

R =

As Eq. (5.25) indicates, the flow force equals the negative value of the two last
integrals. Considering a steady flow and implementing Eq. (5.25) into (5.23), the
reaction forces can be determined using the relationship:
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F, = f Vdm - f Vdm - f Vdm + f (-np)dS + f (~t)dsS

SCx‘n SCout S, Cwall SCx‘n SCin
5.26
+ f(—np)ds + f(—tr)dS + G (5:26)

SCout SCout

The vector equation (5.26) can be decomposed into three components. An order of
magnitude estimation suggests that the shear stress terms at the inlet and outlet are,
in general, very small compared to the other terms. It should be pointed out that, the
wall shear stress is already included in the resultant force Fy.

5.3 Balance of Moment of Momentum

To establish the conservation law of moment of momentum for a time dependent
material volume, we start from the second law of Newton, Eq. (5.18):

DV
m—

D =EF=FS+G=fV-ndv+G (5.27)

o)

The moment of the force given by Eq. (5.27) is then
mXx%/ - Y XxF (5.28)

with X as the position vector originating from a fixed point. To rearrange Eq. (5.28)
for further analysis, its left-hand side is extended by adding the following zero-term
identities:

DX DX
VxV = Z=ZxV =m==—xV =0
D1 Df (5.29)
and:
Dm Dm
— =0=XxV=— =90
D7 Df (5.30)

Introducing the identities (5.29) and (5.30) into Eq. (5.28), we arrive at:

DV DX Dm
mXx— +m—xV + XxV— = XxF
Dt Dt Dt E (5:31)

Using the Leibnitz’s chain differential rule, a simple rearrangement of Eq. (5.31)
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allows the application of the Reynolds transport theorem as follows:

D(mXXV) =EXXF

Y (5.32)
Since: m = f pdv, Eq. (5.32) can be written as:
V()
ﬂf(prV)dv - Y XxF
Dt (5.33)
Ye

We apply the Reynolds transport theorem and the Gauss conversion theorem (Chapter
2) to the left-hand side of Eq. (5.33) and arrive at:

D d(pXx
2 [exx» dv =Vf(¥ va—an-(pVVxx) s (s34

fad

We now interchange the sequence of multiplication for the vector product inside the
parenthesis of the second integral in Eq. (5.34), p V¥V xX = - p¥VxXV, and
obtain:

D d(pXx
D_tf("XXV)‘”:f(%dv) +Sf"'(pVXXV)dS (5.35)

o

Introducing the mass flow n*Vds = dm, Eq. (5.35) results in:

D d(pXx .

The surface integral has to be carried out over the entire control surface S.

ot

(o4 2 s(‘,l

D%f(pr V)dv=f[ IeXXV) 4, J « [(XxV)din~ [ (XxV)din (5 37,
Ve v,

Now we consider the moment of momentum of all other forces on the right-hand side
of Eq. (5.33):

Y XxF = [Xx(-np)dS + [ Xx(-t)dS,. + [ Xxgd
Sf np f c f gam

5.38
5 3 (5.38)

c

Since the right side of Eq. (5.33) is equal to the right side of Eq. (5.38), the equation
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of moment of momentum can be presented in a more compact form that contains the
contributions of velocity, pressure and shear stress momenta:

f(a(pX—XV)dv) o [ (XxVydin - [ (XxV)dn -

ot
Yo Scou Scin (5.39)
fXX(—np)dS + fXX(—tt)dSc + fXngm
Sc SC VC

The integration of the first two integrals on the right-hand side have to be performed;
over Sgi, Scowe a0 Seppe

fXX(—np)dS + fXx(—n)ds = fXSC x(-np)dS + f X, X(-t1)dS +
SC SC sCout SCnut
fXSCinX(—np)dS + fsc,.,xscmx(—n)ds |
sCin SCin
fXSmX(—np)dS + fXSwa(—u)ds

Scw Scw

(5.40)

Similar to the expression for the reaction force, the last two integrals on the right-
hand side of Eq. (5.40) determine the reaction moment, M,,. This reaction moment is
exerted by the flow on the solid boundary S, of the system with respect to a fixed
point such as the coordinate origin shown in Fig. 5.5. This figure exhibits the flow
through a mixed axial-radial compressor stage where the flow undergoes a change in
the radial direction associated with certain deflection from the inlet at station 1 to the
exit at station 2. A fixed control volume is placed on the rotor that includes a
compressor blade. The normal unit vectors at the inlet and exit are used to establish

Fig. 5.5: A mixed flow compressor with control surfaces.
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the mass flow balances at stations 1 and 2. The wall surface S, represents one blade
surface (pressure or suction surface) that is projected on the drawing plane. The
reaction moment consists of the moment by the surface shear and pressure forces:

M, = fXSWX(n)WdSW + fXSWX(np)WdSW
S,

& (5.41)

From Eq. (5.41) it is seen that the last two integrals of Eq. (5.40) are equal to - M,,.
Therefore, from Egs. (5.40) and (5.41), the moment M, exerted by the flow on the
solid boundary S, with respect to a fixed point using the station numbers in Fig. 5.5
is:

+f(X><V)dr'n—f(XxV)din

S8 5

M, - —%(fXXVdm

Ve

[ex(-np)ds), + [Box(-tryas), +
s, 5,

(5.42)
[ex(-np)ds), + [(ox(-tryas), +
SZ SZ

Equation (5.42) describes the moment of momentum in general form. The first
integral on the right-hand side expresses the angular momentum contribution due to
the unsteadiness. The second and third term represents the contribution due to the
velocity momenta at the inlet and exit. The forth and sixth terms are formally the
contributions of pressure momenta at the inlet and exit. The shear stress integrals and
the fifth and seventh terms, representing the moment due to shear stresses at the inlet
and exit, are usually ignored in practical cases. For applications to turbomachines, Eq.
(5.42) can be used to determine the moment that the flow exerts on a turbine or
compressor cascade. Of practical interest is the axial moment M = M, which acts on
the cascade with respect to the axis of rotation. The moment M = M, is equal to the
component of the moment vector parallel with the axis of surfaces of revolution. As
shown in Fig. 5.6, the axial moment is:

M =M, = e,e, M) (5.43)

Neglecting the contribution of the shear stress terms at the inlet and the exit but not
along the wall surfaces, S, and performing the above scalar multiplication, the
pressure contributions vanish identically. Furthermore, the moment contribution of
gravitational force will vanish. With this premise, Eq. (5.43) reduces to:

+ [(R V) dm ~ [(R,V,;) dm (5.44)

M, - - ﬂ[fXdem
ar
5 s,

Ve
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with ¥V, as the absolute velocity component in circumferential direction. For steady
flow, Eq. (5.44) reduces to:

M, - f (R, V,;) dm - f (R, V,,) dm (5.45)
Sl S2

As shown in Fig. 5.6, the direction of the axial moment is identical with the direction
of the shaft axis. For the case where the velocity distributions at the inlet and exit of
the channel are fully uniform and the turbomachine is rotating with the angular
velocity w, the power consumed (or produced) by a compressor (or by a turbine)
stage is calculated by:

P=0oM,= (D'ez”"(Rl Var ~ R2Vu2) = ”"(UquJ - U2Vu2) (5.46)

Although the application of the conservation laws are extensively discussed in the
following chapters, it is found necessary to present a simple example of how the
moment of momentum is obtained by utilizing the velocity diagram of a single-stage

Fig. 5.6: Illustration of the axial moment by projecting the

reaction moment M, on the axial direction e, .
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axial compressor. Figure 5.7a represents a single stage axial compressor with the
constant hub and tip diameters. We consider the flow situation at the mid-section. The
flow is first deflected by the stator row, Fig 5.7a (bottom). Entering the rotor row, the
fluid particle moves through a rotating frame where the rotational velocity U is
superimposed on the relative velocity W.

The constant radii at the inlet and exit of the mid-section results in ®R; = ®R,,
resulting in a constant circumferential velocity, U; = U, = U. As a consequence,
Eq. (5.46) simplifies as P = mU SVM - VuZ)' The expression in the parenthesis,
(V,; = V,3), is shown in the velocity diagram, Figure 5.7b. It states that the
compressor power consumption is related to the flow deflection expressed in terms
of the circumferential velocity difference. The larger the difference (V,, - V,,) is,
the higher the pressure ratio that the compressor produces. However, for each type of
compressor design (axial, radial, subsonic, super sonic) there is always a limit to this
difference, which is dictated by the flow separation, as we will see later. For the case
where no blades are installed inside the channel and the axial velocity distributions
at the inlet and exit of the channel are fully uniform, Eq. (5.45) is reduced to:

RV, =RV, = const. (5.47)

This is the so called free vortex flow.
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Fig. 5.7: A single-stage axial compressor (a), velocity diagram (b). The
circumferential velocity difference (¥, - V,,) is responsible for the
power consumption.
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5.4 Balance of Energy

The conservation law of energy in integral form, which we discuss in the following
sections, is based on the thermodynamic principals, primarily the first law of
thermodynamics for open systems and time independent control volumes. It is fully
independent of the conservation law of energy derived for fluid mechanics. However,
it implicitly contains the irreversibility aspects described by the dissipation process
in the previous chapter. The contribution of the irreversibility is explicitly expressed
by using the Clausius-Gibbs entropy equation, known as the second law of
thermodynamics. The energy equation is applied to a variety of engineering devices
such as internal combustion engines, jet engines, steam and gas turbine engines and
their components in which a chain of energy conversion processes takes place.

ENGGT29

Fig. 5.8: A modern power generation gas turbine engine with a single shaft, two
combustion chambers, a multi-stage compressor, a single-stage reheat turbine
and a multi-stage turbine.

As an example, Fig. 5.8 shows a high performance gas turbine engine with several
components to which we apply the results of our derivations.

In this chapter, we apply the conservation law of energy to a material volume
with a system boundary that moves through the space where it may undergo
deformation, rotation, and translation. The first law of thermodynamics in integral
form states that if we add thermal energy (heat) Q and mechanical energy (work) W
to a closed system, the total energy of the system E experiences a change from initial
state E, to the final state £,. Expressing in terms of energy balance, we have:

O+ W=E-E (5.48)

The total energy E is the sum of internal, kinetic and potential energies,

E=U*+ %sz + mgz (5.49)
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In order to apply the conservation law of energy to a control volume, we divide Eq.
(5.49) by the mass m to arrive at the specific total energy,

E = me = m(u + %Vz + gz) (5.50)

with e as the specific total energy. Similar to the conservation laws of mass,
momentum, and moment of momentum, we ask for substantial change of the total
energy, i.e.:

DQ+W) _ (. . DE _ Dlme (5.51)
Dt Dt Dt

with Q and W as the thermal and mechanical energy flow, respectively. Since
= f pdv, Eq. (5.51) yields:
v(t)

Q0+W=— fPedV (5.52)
v(t)

To apply the the conservation of energy to a control volume, we use the Reynolds

transport theorem. Using the Jacobi-transformation function dv = Jdv,, and

introducing the time fixed volume v,, we arrive at:

- D(pe
+ W = f( (p ) pe) dv, (5.53)
We now introduce DJ/Dt = JV-V for the substantial derivative of the Jacobian
o D(pe) .
Q+W_v[)(7+peVV)dV (554)
L

Developing the first integral term:

O+ W-= f(% + V+-V(ge) +QeV°V] dv (5.55)
V)

Application of the chain rule to the second and third term yields:

O+ W= f%d" . f V-(peV)dv (5.56)
V() v(®)
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With Gauss-Divergence Theorem:

O+ W - f%dv + f (cenV)dS (5.57)
v(?) NG

The above equation is valid for any volume v(#) including v(#=0) which might be
a fixed control volume. In Eq. (5.57), the integration must be carried out over the
entire control surface. For a control surface consisting of inlet, exit, and wall surfaces
(Fig. 5.4), the second integral on the left-hand side gives:

f(gen'V)dS = fe(gn'V)dS + fe(Qn'V)dS (5.58)
SC

SCin SCout

Evaluating the integrands on the right-hand side of Eq. (5.58) by considering the
directions of the unit vectors shown in Fig. 5.4, n,, = —e,, n,,, = +e,, we find for
the inlet cross-section:

out

fe(gn' V)ds = fe(-gel'elV,-ndS) = -fed"n (5.59)

S Cin SCx‘n SCin

For the exit cross-section we obtain:

fe(Qn'V)dS = fe(Qel'e1V,~ndS) = fed;” (5.60)
Scout

Cout SCout

Inserting the Egs. (5.59) and (5.60) into Eq. (5.57), we obtain the energy equation for
a control volume:

O+ W= f%dv + fedfn - fedin (5.61)

VC B Cout SCx'n

with the specific total energy, e = u + %Vz + gz,



5 Integral Balances in Fluid Mechanics 97

a(g(u + %Vz + gz)
) + W = dv +
o f a1 Y

Ve (5.62)
" f(u+%V2+gz)dh1 - f(u+%V2+gz)difz
SCom‘ SCin
For uniform velocity distributions, Eq. (5.62) is reduced to:
a(g(u + %Vz + gz)
O+ W-= f dv +
ot (5.63)

Ve

+ 1, (u + %W + gz) - m,(u + %VZ + g2)

The mechanical energy flow W consists of the shaft power Wsh " and the mechanical
energy flow W tow which is needed to overcome the shear and normal stresses at the
system or control volume boundaries:

W= Wour * Wi, (5.64)
The shaft power is the sum of the net shaft power and the power dissipated by the

bearings Wshaﬁ =W . + Wbeaﬁn . The second term in Eq. (5.64) is the product of the

net &
flow force vector F and the dispfacement vector dX

out out

Wotpe = | AW = fd( F;I‘jx) (5.65)

in in

Fig. 5.9: Explanation of the flow forces, sketch of a turbine component.
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Consider a turbine component, Fig. 5.9, where the working fluid (gas or steam) enters
the inlet station. To force the differential mass dm into the turbine, which is under
high pressure, a force is required that must compensate the pressure and the shear
stress forces at the inlet. Figure. 5.9 exhibits a simplified schematic of one of the
turbine components in Fig. 5.8. It shows the directions of the forces and the
displacements. At the inlet, the force vector F is expressed in terms of pressure and
the inlet area and is oriented toward negative e,-direction. The displacement
vector dX has the positive direction. As a result, the product:

F-dX = -ejepsdx = -pdV (5.66)

is negative. The differential volume can be expressed as the product of the specific
volume and the differential mass. Replacing, in Eq. (5.66), dV with vdm (dV = vdm)
and dividing the result by dt, we arrive at:

F-dx dm

o PV T -pvm (5.67)

Inserting Eq. (5.67) into (5.65) and assuming a constant mass flow, the integration
from inlet to outlet

out

Wetow = ~ f d(ipv) = ~[(mpv),, - (11pv),] (5.68)

To eliminate the internal energy from the equation of energy for open systems, we
introduce enthalpy/s = u+pv and Eq. (5.68) into Eq. (5.63) and obtain:

. 0 1
Q + Weyp = f&(P(” + EVZ + gz))dv +
VC

mout(h N %VZ " gz)out - (569)

min(h + %VZ + gz)in

For a fixed control volume, the volume integral can be rearranged as:

d 0
f %‘f)dv - f (ee)dv (5.70)
vc 148
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We set f pedv = E,, and since E;, can only change with time, the partial
cv
derivative is replaced by the ordinary one, 9/0¢ = d/dt. As a result, we obtain:

- dE | 1 . 1
O+ Woap = — + g (b + 5V2 + 82y — My, (h + EVZ + 82,  (5.71)

Equation (5.71) exhibits the general form of energy equation for an open system with
a fixed control volume. For technical applications, several special cases are applied
which we will discuss in the following.

5.4.1 Energy Balance Special Case 1: Steady Flow

If a power generating or consuming machine such as a turbine or a compressor
operates in a steady design point, the first term on the right-hand side of Eq. (5.71)
disappears, dE/dt = 0, which leads to:

A . 1 . 1
O + Won = (1 + §V2 + 82) e ~ My, (h + EVZ + g2),, (5.72)

Equation (5.72) is the energy balance for a machine with heat addition or rejection O
and the shaft power supplied or consumed Wshq/t

5.4.2 Energy Balance Special Case 2: Steady Flow, Constant Mass Flow

In many applications, the mass flow remains constant from the inlet to the exit of the
machine. Examples are uncooled turbines and compressors where no mass flow is
added during the compression or expansion process. In this case, Eq. (5.72) reduces
to:

O+ Wops = m|(h + %Vz + 82y — (B + %Vz + g2),, (5.73)

Now, we define the specific total enthalpy

H=h+ %Vz gz (5.74)
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and insert it into Eq. (5.73), from which we get:

O + Wy = m(H, - H,) (5.75)
In Eq. (5.73) or (5.75), the contribution of Agz compared to Akand AV?is negligibly
small. Using the above equation, the energy balance for the major components of the

gas turbine engine shown in Fig. 5.8 can be established as detailed in the following
section.

5.5 Application of Energy Balance to Engineering Components

The gas turbine engine shown in Fig. 5.8 consists of a variety of components to which
the energy balance in different form can be applied. These components can be
categorized in three groups. The first group entails all those components that serve
either the mass flow transport from one point of the engine to another or the
conversion of kinetic energy into the potential energy and vice versa. Pipes,
diffusers, nozzles, and throttle valves are representative examples of the first group.
Within this group no thermal or mechanical energy (shaft work) is exchanged with
the surroundings. We in thermodynamic sense these components are assumed
adiabatic. The second group contains those components within which thermal energy
is generated or exchanged with the surroundings. Combustion chambers and heat
exchangers are typical examples of these components. Thermodynamically speaking,
in these cases we are dealing with diabatic systems. Finally, the third group includes
components within which thermal and mechanical energy is exchanged. In the
following sections, each group is treated individually.

5.5.1 Application: Pipe, Diffuser, Nozzle

Pipes, nozzles, diffusers, compressor and turbine stator cascades, as well as throttle
devices are a few examples. For this group, Eq. (5.75) reduces to:

H -H_ =0,orH _ =H_ = Const (5.76)

Replacing the subscripts in and out by / and 2, the h-s-diagrams of the pipe, nozzle,
and diffuser are shown in Fig. 5.10.
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Fig. 5.10: Energy transfer in pipes, nozzles, and diffusers.

As this figure shows, the viscous flow causes entropy increase which results in a
reduction of the total pressure from P, to P, The total pressure is the sum of static
pressure, dynamic pressure, and the pressure due to the change of height:

1
P=p+ EPVZ + pgz (5.77)

neglecting the contribution of Agz results in the following relation for total pressure
loss:

1 1
AP =P, -P, = (p + EQV2 ) - (p + EQVZJ (5.78)
1 2

The area under the process-line reflects the irreversibility due to the internal friction
which results in total pressure drop.

5.5.2 Application: Combustion Chamber

As indicated, combustion chambers or heat exchangers are typical examples of the
components belonging to the group within which heat transfer or conversion of
chemical into thermal energy takes place. The energy balance is:
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0 = m(H, - H,) (5.79)

As aresult, the total enthalpy at the exit is the sum of the inlet total enthalpy plus the
heat added to the system. Introducing the specific thermal energy, ¢ = Q/m, we find

Hy=H +gq (5.80)

Figure. 5.11 shows a schematic of a typical gas turbine combustion chamber where
the combustion air and fuel are mixed and burned leading to a combustion gas with
an increased exit temperature and enthalpy. The combustion process is shown in Fig.
5.11 where a simplified model of a combustion chamber is presented.

The flow and combustion process within the combustion chamber is associated
with entropy increases due to the heat addition and internal friction inside the
chamber. The internal friction, the wall friction, and particularly the mixing process
of the primary and secondary air mass flows #2_, #t, causes pressure decreases of up
to 5%. The thermal energy per unit mass ﬁow is shown in Fig. 5.11 as ¢. It
corresponds to the total enthalpy difference.

Fig. 5.11: Schematic of a gas turbine combustion chamber, h-s-diagram.
Fuel mass flow #i,, primary air mass flow m,, secondary air mass

flowritg and the mixing air mass flow 7.

5.5.3 Application: Turbo-shafts, Energy Extraction, Consumption

Within this group, mechanical and thermal energy transfers to/from surroundings take
place. Turbines and compressors are two representative examples. The energy balance
in general form is:

: ; , 1 . 1
Q + Wy = Z + Mo, (h + EVZ + 82),, — My, (h + EVz + 8y, (5.81)

We distinguish in the following cases where we consider steady flow only. Thus, the
first term on the right-hand side, dE/dt = 0, disappears.
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5.5.3.1 Uncooled Turbine. We start with and adiabatic (uncooled) turbine com-
ponent where no heat exchange between the turbine blades and the turbine working
medium takes place: Q = 0. The mass flows at the inlet and exit are the same.
Figure. 5.12 shows a turbine stage which consists of a stator and a rotor row. The
stator row, with several blades, deflects the flow to the following rotor row which
turns with angular velocity @. The process of conversion of total energy into
mechanical energy takes place within the rotor. Following the nomenclature in Fig.

5.12, we introduce the specific stage mechanical energy lm=WShaﬁ/ m.

Stater| [Rotor

\ Q
/ & Di/ B
1> \\

[STAGTUHS] S

Fig. 5.12: Turbine stage consisting of a stator and a rotor row (left),
velocity diagram (middle), h-s-diagram (right).

Considering the h-s-diagram in Fig. 5.12 for adiabatic turbine, Q = 0, Eq. (5.81)
reduces to:

1
by = Hy = Hy = () s 5 - VD) (5.82)

The negative sign of / indicates that energy is rejected from the system (to the
surroundings). The h-s-diagram in Fig. 5.12 shows the expansion process within the
stator, where the total enthalpy within the stator H; = H, remains constant.

Changes of the total enthalpy occur within the rotor, where the total energy of the
working medium is partially converted into mechanical energy. In addition, the stage
velocity diagram is also shown in Fig. 5.12. This diagram shows the flow angle
deflection within both stator and rotor blades. As we saw from Eq. (5.46), the stage
power is given by:

P=0oM,-= (D'ez”"(Rl Vi = RaVuz) = ”"(UquI - UzVuz) (5.83)

Dividing the above equation by the mass flow, we find:
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— =1L, =0V, - UV, (5.84)

This equation can be found using the energy Equation (5.82) by replacing the static
enthalpies in Eq. (5.82) by the kinetic energies using trigonometric relations and the
angle definition given by the velocity diagram in Fig. 5.12.

5.5.3.2 Cooled Turbine. As the second case, we consider a cooled (diabatic) gas
turbine blade where a heat exchange between the turbine material and the cooling
medium takes place. The schematic of such a gas turbine blade is shown in Fig. 5.13.
In a high performance gas turbine engine, the front stages of the turbine component
are exposed to temperatures that are close to the melting point of the turbine blade
material. In order to protect the blades, a substantial amount of heat must be removed
from the blades. One of the cooling methods currently used introduces cooling air into
the turbine cooling channels. Inside these channels, intensive heat transfer from the
blade material to the cooling medium takes place, resulting in a substantial reduction
of the blade surface temperature. The process of expansion and heat transfer is
depicted in the h-s diagram shown in Fig. 5.13.

|

Fig. 5.13: A simplified schematic of a cooled turbine blade with
internal cooling channels, hs-diagram.

Assuming a steady flow through the turbine and neglecting the potential energy by
the gravitational force, the energy equation reads:

. : . 1 . 1
Q + Waap = tig,(h + EVZ) = ny,(h + EVZ) (5.85)

Since in this particular type of cooling scheme the cooling mass flows through the
stator and rotor, #i.; and M, and do not join the main turbine mass flow, the_inlet
and exitmass flows are the same, m;, = m1,,, = #1. Weintroduce the specificheatg =Q/m,,
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which is transferred from the stator and rotor blades to the cooling mass flows, 7.
and m, . Considering the negative signs of the specific mechanical energy /,, and the
heat g, we obtain from Eq. (5.85):

1 1
q+1,=0+ EVZ),,, - (h+ EVZ)O,,, (5.86)

The h-s diagram in Fig. 5.13 shows the specific stage mechanical energy /,, and the
heat transferred from the turbine stage blade material ¢g. From this diagram, we can
see that the turbine specific stage mechanical energy has been reduced by the amount
of the heat rejected from the blades.

5.5.3.3 Uncooled Compressor. Figure. 5.14 shows a compressor stage which con-
sists of a stator and a rotor row.
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Fig. 5.14: Compressor stage consisting of stator and rotor rows (left),
velocity diagram (middle), h-s- diagram (right).

Similar to the turbine stage, the stator row with several blades deflects the flow to the
following rotor row which is turning with an angular velocity . The process of
conversion of mechanical energy into total energy takes place within the rotor. As in
the case of a turbine component, we follow the nomenclature of Fig. 5.14 for
mechanical energy transfer and introduce the specific stage mechanical energy

L, = WSh aﬁ/ m. Considering the h-s-diagram in Fig. 5.14, Eq. (5.81) modifies as:
I = H, - H, (5.87)

The positive sign of / , indicates that the energy is consumed by the system (from the
surroundings).



106 5 Integral Balances in Fluid Mechanics

5.6 Irreversibility, Entropy Increase, Total Pressure Loss

The total pressure losses within a component can be calculated using the second law
of thermodynamics:

ds:ﬁzdu+pdv=dh—vdp

T T T (5.88)
Using the generalized thermodynamic relations, we find:
c, ap
ds = —dT + | =| dv
T ( aT) ) (5.89)
or in terms of ¢,
c v
ds = L dr - | 2| 4
T ( aT] /4 (5.90)
P
With:
dh=cdl +lv -1 2] |dp (5.91)
? or), '

For the working media used in thermal turbomachines such as steam, air, and
combustion gases, the thermodynamic properties can be taken from appropriate gas
and steam tables. In general, the specific heats at constant pressure c, and constant
specific volume c, are functions of temperature. Figure 5.15 shows the specific heat
at constant pressure as a function of temperature with the fuel/air ratio u as
parameter. The dry air is characterized by ¢ = 0 and no moisture. As seen at lower
temperatures, changes of ¢, are not significant. However, increasing the temperature
results in higher specific heat. In the case of combustion gases, the addition of fuel
in a combustion chamber causes a change in the gas constant R and additional
increase in ¢,. At moderate pressures, the ideal gas relation can be applied

v _R
aT p
and the entropy change can be obtained using Eq. (5.89) in terms of enthalpy or
internal energy:

pv = RT; (5.92)

¢ dv

C
ar - R®, ds = & ar + RY (5.93)

ds = £
T P T v



5 Integral Balances in Fluid Mechanics 107

1.3 |
: u = fuel/air ratio
u = 0.0 %(dry air)
i U =5.0% (combustion gas)
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Fig. 5.15: Temperature dependency of the specific heat ¢, for air and combustion
gases at different fuel/air ratios.

Assuming lower temperatures where c, and ¢, can be approximated as constant, the
entropy change is calculated by integrating Eq. (5.93):

AN Py _ L\ » K_:
cpln[?l) Rln(;l] = cpln[i](g] ] (5.94)

x-1
cvln(ij +R1n[2] - cvm(ﬁ)(ﬁ) ] (595)
I Y1 )\ 7

Equations (5.94) and (5.95) are valid under perfect gas assumption, ¢, and ¢, # f{(T),
for estimating the entropy changes. For dry or moist air as working media in
compressors, and combustion gases as the working media in turbines and combustion
chambers, appropriate gas tables must be used in order to avoid significant errors.

>
“
1

As

5.6.1 Application of Second Law to Engineering Components

To calculate the entropy increase as a result of an irreversible process, a flow through
a simple nozzle or a turbine is considered. The expansion process for both devices are
shown in Fig. 5.16. The entropy change is obtained using the second law of
thermodynamics:
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- H2 Turbine cascade Nozzle
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Fig. 5.16: Total pressure loss and entropy increase in a nozzle and a turbine
cascade.

T. p
As = cpln[—z) - R m(f] (5.96)
1 1

where p,, p, and T}, T, are static pressures and temperatures, respectively. These
quantities can be related to the total pressure p,,, p,, and total temperature 7,,, T;, by
the following simple modification:

=
Py _ \Po (@] (5.97)
pl ﬂ po]

(pol]

Introducing the temperature relation by applying the isentropic relation with
pv* = const.,

T, =~ T, |-~
Po) o 2t gng | B o D (5.98)
poZ To] po] Tol

and inserting Eq. (5.98) into Eq. (5.97) leads to:

p T, p,
P

P, ( T, ] b,
To]
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If we assume that the fluid is a perfect gas with ¢, = f(T) = const., then we may set
T,, = T,,. With this assumption Eq. (5.99) simpfiﬁes as:

o

Py (ﬂ]ﬁ (&) (5.100)

pl Tl po]

The entropy change obtained form Eq. (5.96) becomes:

T T
As = cp]n(—2) - R X ln[—2] - Rln(p"z) (5.101)
T, k-1 T, P,
With:
K
c = R—
, = R— (5.102)

the first two terms on the right-hand side of (5.101) cancel each other leading to:

- A
As = Rln(ﬁj = —Rln(&) - RInZer ~ 2P (5.103)
p02 po] pol

Thus, the entropy change is directly related to the total pressure loss. We introduce
the total pressure loss coefficient (:

¢ = =i (5.104)
pol )
then we have:
As = -RIn(1 -0) (5.105)
or
-As
C _1-¢ R (5.106)

If the total pressure loss coefficient is known, the entropy change can be calculated
using Eq. (5.106). The loss correlations are developed empirically based on
experimental data.
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5.7 Theory of Thermal Turbomachinery Stages

Turbomachines are devices within which conversion of total energy of a working
medium into mechanical energy and vice versa takes place. Turbomachines are
generally divided into two main categories. The first category is used primarily to
produce power. It includes, among others, steam turbines, gas turbines, and hydraulic
turbines. The main function of the second category is to increase the total pressure of
the working fluid by consuming power. It includes compressors, pumps, and fans.
Gas turbines are also used for thrust generation and utilized in small aircrafts as
propeller gas turbines and as high performance jet engines in medium and large size
civil and military aircrafts. While the power generation gas turbines have a single
spool with a multi-stage compressor, a combustion chamber and a multi-stage turbine,
the aircraft engines may have up to three-spools that rotate at different frequency. The
turbine component of gas and steam turbines are of axial type design, the compressor
may be of axial or radial design, depending on their required mass flow. For small
scale gas turbines, the application of radial compressors is more common than the
axial ones. This is also true for the turbine component of turbochargers. The subject
of turbomachinery aero-thermodynamic design is treated, among others, in [2], [3],
[4] and very recently in [5].

5.7.1 Energy Transfer in Turbomachinery Stages

The energy transfer in turbomachinery is established by means of the stages. A
turbomachinery stage comprises a row of fixed guide vanes called stator blades, and
arow of rotating blades termed rotor. To elevate the total pressure of a working fluid,
compressor stages are used that partially convert the mechanical energy into potential
energy. According to the conservation law of energy, this energy increase requires an
external energy input which must be added to the system in the form of mechanical
energy. Figures 5.17 (a,b) schematically represent two single stages within a muti-
stage high pressure turbine and a high pressure compressor environment with constant
mean diameter. These stages consist of one stator row followed by one rotor row. To
define a unified station nomenclature for compressor and turbine stages, we identify
with station number 1 as the inlet of the stator, followed by station 2 as the rotor inlet
and 3, rotor exit. The absolute and relative flow angles are counted counterclockwise
from a horizontal line. This convention allows an easier calculation of the off-design
behavior of compressor and turbine stages during a transient operation.

The working fluid enters the stator row with an absolute velocity vector V, and
an absolute inlet flow angle a,. It is deflected and exits the stator row at an exit flow
angle o, in direction of the rotor's leading edge. The expansion process through the
turbine stage, Fig. 5.17(a), in connection with the rotational motion of the rotor causes
a major portion of the total energy of the working medium to convert into the shaft
power. Conversely, in the compressor stage shown in Fig. 5.17(b), the compression
process converts a major part of the mechanical energy input into the potential energy
causing the total pressure to rise. In general, the compression process resulting in a
decrease of specific volume requires a decrease in flow path cross sectional area. In
contrast, the expansion process in a multi-stage turbine causes a continuous increase
in specific volume which requires an increase in flow path cross section, Fig. 5.18.
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5.7.2 Energy Transfer in Relative Systems

Since the rotor operates in a relative frame of reference (relative system), the energy
conversion mechanism is quite different from that of a stator (absolute system). A
fluid particle that moves with a relative velocity W within the relative system that
rotates with the angular velocity @, has an absolute velocity:

V=W+aoxR=W+1U, oxR =U (5.107)
a) Turbine stage Turbine stage velocity diagram b) Compressor stage Compressor stage velocity diagram
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Fig. 5.17: (a) Turbine and (b) compressor stage configurations with the stator-
rotor arrangements and velocity diagrams.
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Fig. 5.18: The rotor of a power generation steam turbine. The first four stages of
the high pressure part with a constant diameter are followed by intermediate and
low pressure stages with increasing blade heights and mean diameters.
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with R in Eq. (5.107) as the radius vector of the particle in the relative system.
Introducing the absolute velocity vector ¥ in the equation of motion and multiplying
the results with a relative differential displacement dR, we obtain the energy equation
for an adiabatic steady flow within a rotating relative system:

dh+%W2——+gz -0 (5.108)

or the relative total enthalpy:

1p2
H =h+ %Wz - % + gz = const. (5.109)

Neglecting the gravitational term, gz = 0, Eq. (5.109) can be written as:

1 1 1 1
hy + Ele - EUE =h, + EWf - EU22 (5.110)

Equation (5.110) is the energy equation transformed into a relative system. As can be
seen, the transformation of kinetic energy undergoes a change while the
transformation of static enthalpy is frame indifferent. With these equations in
connection with the energy balance, we can analyze the energy transfer within an
arbitrary turbine or compressor stage.

5.7.3 Unified Treatment of Turbine and Compressor Stages

In this chapter, compressor and turbine stages are treated from a unified physical
point of view. Figures 5.19 and 5.20 show the decomposition of a turbine and a
compressor stage into their stator and rotor rows. The primes “/” and “// ” refer to
stator and rotor rows, respectively. As seen, the difference between the isentropic and
the polytropic enthalpy difference is expressed in terms of dissipation
Ah 4 = Ahs/ - Ah' for turbines and Ah 4 = Ah' - Ahs' for compressors. For the
stator, the energy balance requires that A, = H,. This leads to:

hy - b = AR = =72 - V?) (5.111)

1
2
Moving to the relative frame of reference, the relative total enthalpy H,, = H,,

remains constant. Thus, the energy equation for the rotor is according to Eq. (5.110),
Fig. 5.20:

hy - by = AR = (w2 - w2+ U2 - U2) (5.112)

N |~
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Fig. 5.19: Expansion and compression process through a
turbine and a compressor stator row.
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Fig.5.20: Expansion and compression process through a
turbine and a compressor rotor row.
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The stage specific shaft power balance requires:

1, =H -H = (h1 - hz) - (h3 - hz) + %(Vlz - V32) (5.113)

Inserting Eq. (5.111) and (5.112) into (5.113) yields :

L - %[(V; v+ - wi) s (U2 - Ul (5.114)

Equation (5.114), known as the Euler Turbine Equation, indicates that the stage work
can be expressed simply in terms of absolute, relative, and rotational kinetic energies.
This equation is equally applicable to turbine stages that generate shaft power and to
compressor stages that consume one. In the case of a turbine stage, the sign of the
specific mechanical energy [, is negative, which indicates that energy is removed
from the system (power generation). In compressor cases, it is positive because
energy is added to the system (power consumption). Figures 5.21 and 5.22 show the
stage configuration, the velocity diagram and the expansion, compression process
within a single stage turbine and compressor.
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Fig. 5.21: A turbine stage (left) with the velocity diagram (middle) and the
expansion process (right). The direction of the unit vector ¢, is identical
with the rotational direction.

Before proceeding with velocity diagrames, it is of interest to evaluate the individual
kinetic energy differences in Eq. (5.114). If we wish to design a turbine or a
compressor stage with a high specific shaft power [, for a particular rotational speed,
then we have two options: (1) we increase the flow deﬂectzon that leads to an increase
in (V -V ) or, (2) we 1ncrease the radial difference between the inlet and the exit
that leads to a larger (U2 U3) While option (1) is used in axial stages, option (2)
is primarily applied to radial stages. Radial turbine design is used for small size
turbines such as turbocharger or as power generation component of an open-cycle
ocean thermal energy conversion plant as reported detailed in [6] and [7].
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Fig. 5.22: A compressor stage (left) with the velocity diagram (middle)
and the compression process (right).

Using the trigonometric relation with the angle convention from the velocity diagram
in Figs. 5.21 and 5.22, we express the velocity vectors in terms of their components
which are the incorporated in Eq. (5.114) leading to the stage specific shaft power:

Ly = UV + UV (5.115)

Equation (5.115) is valid for axial, radial, and mixed flow turbines and compressors.
The stage shaft power is then calculated by

P=nml, = n'1(U2Vu2 + U3Vu3) (5.116)

A similar relation was obtained in Section 5.3, Eq. (5.46), from the scalar product of
moment of momentum and the angular velocity. There we found the power as
P =mU({V, - V,). Inorder to avoid confusions that may arise from different
signs, it should be pointed out that in Section 5.3, no angle convention was introduced
and the negative sign in Eq. (5.46) was the result of the formal derivation of the
conservation law of moment of momentum. This negative signimpliesthat ¥, and ¥,
point in the same direction. The unified angle convention introduced in Figs. 5.21 and
5.22, however, takes the actual direction of the velocity components with regard to
a predefined coordinate system.

5.8 Dimensionless Stage Parameters

Equation (5.114) exhibits a direct relation between the specific stage shaft power /,
and the kinetic energies. The velocities from which these kinetic energies are built can
be taken from the corresponding stage velocity diagram. The objective of this chapter
is to introduce dimensionless stage parameters that completely determine the stage
velocity diagram. These stage parameters exhibit a set of unified relations for
compressor and turbine stages respectively.
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Starting from a turbine or compressor stage with constant mean diameter and
axial components, shown in Fig. 5.23, we define the dimensionless stage parameters
that describe the stage velocity diagram of a normal stage.

V2

(a) Turbine stage . (b) Compressor stage
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Fig. 5.23: Turbine and compressor stages with the velocity diagrams.

A normal stage is encountered within the high pressure (HP) part of multi-stage
turbines or compressors and is characterized by U,=U,, V;=V,, V,, =V, and

o, = 0, 3. The similarity of the velocity diagrams allows using the same blade profile

throughout the HP-turbine or compressor, thus, significantly reducing manufacturing
costs.

We define the stage flow coefficient ¢ as the ratio of the meridional velocity
component and the circumferential component. For this particular case, the meridional
component is identical with the axial component:

m3
¢ U, (5.117)
The stage flow coefficient ¢ in Eq. (5.117) is a characteristic for the mass flow
behavior through the stage. The stage load coefficient ) is defined as the ratio of the
specific stage mechanical energy /, and the exit circumferential kinetic energy U,
This coefficient directly relates the flow deflection given by the velocity diagram with
the specific stage mechanical energy:

A= (5.118)

The stage load coefficient A in Eq. (5.118) describes the work capability of the stage.
It is also a measure for the stage loading. The stage enthalpy coefficient y represents
the ratio of the isentropic stage mechanical energy and the exit circumferential kinetic
energy U,°.
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V== 5.119
0 (5.119)

The stage enthalpy coefficient represents the stage isentropic enthalpy difference
within the stage. Furthermore, we define the stage degree of reaction r, which is the
ratio of the static enthalpy difference used in the rotor row divided by the static
enthalpy difference used in the entire stage:

Ah//

r=— 5.120
AR" + AR/ ( )
The degree of reaction 7 indicates the portion of energy transferred in the rotor
blading. Using Eqgs. (5.111) and (5.112), expressing the velocity vectors by their
corresponding components and inserting the results into Eq. (5.120), we arrive at:

1 Wi = Wy
2 U

(5.121)

5.8.1 Simple Radial Equilibrium to Determine r

Expressing the relationship between the degree of reaction and the blade height
requires the knowledge of the radial equilibrium condition within the axial gaps
between the stator and rotor blades. In a fully three-dimensional turbomachinery flow,
describing the radial equilibrium condition is a complicated issue. Attempts to
numerically analyze the issue of the radial equilibrium have encountered divergence
problems. The streamline curvature method based on an axisymmetric assumption
exhibits a reasonable and practical solution [4]. For the simple cases we discuss in
this Chapter, we further simplify the radial equilibrium condition to arrive at simple
relationships between the degree of reaction and the blade height.

The fluid particles in compressors and turbines experience a rotational and
translational motion. For the simple turbine and compressor cases case we discuss ed
in this Chapter the rotating fluid is subjected to centrifugal forces that must be
balanced by the pressure gradient in order to maintain the radial equilibrium. Consider
an infinitesimal sector of an annulus with unit depth containing the fluid element
which is rotating with tangential velocity V, in an absolute frame of reference. The
centrifugal force acting on the element is shown in Fig. 5.24. Since the fluid element
is in radial equilibrium, the centrifugal force per unit width is obtained from:

V2
dF = me" (5.122)

with dm = pRdRdo . The centrifugal force is kept in balance by the pressure forces:
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Fig. 5.24: Explanation for simple radial equilibrium within the axial
gap between the stator and rotor blade.

This result can also be obtained by decomposing the Euler equation of motion (4.51)
for inviscid flows in its three components in a cylindrical coordinate system. The
assumptions needed to arrive at Eq. (5.123) are:

aV’ 0 Axial tri aVr 0 aVr 0 5.124
= R ial symmetric: =0, ~ .
oR f6L0) Oz ( )

With these assumptions, Eq. (5.124) yields:

VZ
%g_i - (5.125)

Equation (5.125) is identical with Eq. (5.123), where the partial differential 0 is
replaced by d because of the assumptions in (5.124). Calculation of a static pressure
gradient requires additional information from the total pressure relation. For this
purpose, we apply the Bernoulli equation, neglecting the gravitational term and
differentiating the results in radial direction:

dv, dv.
£ — Q + p Vu u + p Vax ax
dR dR dR dR

dv,
+ pV

—r 5.126
"R ( )

The assumption of a constant total pressure P = const. and a constant axial
component V. = const. simplifies Eq. (5.126) to:
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v av
Doy T, o Byl (5.127)
dR dR dR dR

Equating (5.125) and (5.127) and separating the variables results in:

av. dR

v, AR _
- 2 (5.128)

u

The integration of Eq. (5.128) leads to ¥, R = const. This type of flow is called free

vortex flow and fulfills the requirement to be potential flow, VX ¥ = 0. We use this
relation to rearrange the specific stage mechanical energy:

by = UV + UiV = m(RzVuz + R3Vu3) (5.129)

Going back to Fig. 5.18, at station (2) the swirl is R,V,, = const. = K,; likewise at

station 3 the swirl is R;V,; = K;. Since w = const., the specific stage power is
constant:
I, = (K, + K;)® = const. (5.130)

Equation (5.130) implies that for a stage with constant spanwise meridional
components and constant total pressure from hub to tip, the specific stage power is
constant over the entire blade height. To express the degree of reaction in the
spanwise direction, we replace the enthalpy differences in Eq. (5.120) by pressure
differences. For this purpose we apply the first law for an adiabatic process through
stator and rotor blades expressed in terms of Ak” = v/Ap” |, Ak’ = v/Ap’ with v
as the averaged specific volume. It leads to:

= v’ Ap” - Ap” L P2 Ps
v Ap" + v Ap’ Ap” + f;,/,Ap’ Py~ D3 (5.131)
A%

In the above equation, the ratio of specific volumes was approximated as v/ /v” =1.
This approximation is admissible for low Mach number ranges.

Considering R,V,, = const, the integration of Eq. (5.127) for station 1 from an
arbitrary diameter R to the mean diameter R,, yields,

R2
(P1r = Pt) = 5 (Vam)? [1 - —'"] (5.132)
1

N o

Similarly, at station (2) we have,
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P2 = Pwo) -

N o

R2
V.2 [1 - —’”] (5.133)
( )2 RZ )

and finally, at station (3) we arrive at:

R2
(s~ Pus) = %(Vum)f [1 - R—'Z] (5.134)
3

with (R,) = (R,),

(5.134) into (5.131), we finally arrive at a simple relationship for the degree of
reaction:

= (Rm)s,and Vs = V.- Introducing Eqgs. (5.132),(5.133) and

_Im (5.135)

From a turbomachinery design point of view, it is of interest to estimate the degree
of reaction at the hub radius by inserting the corresponding radii into Eq. (5.135). As
a result, we find:

1 -7 R)?
== 1
1-r, (Rh) (5.136)

If, for example, the degree of reaction at the mean diameter is set at r,, = 50%, Eq.
(5.135) immediately calculates r at any radius R. It should be mentioned that, for a
turbine, a negative degree of reaction at the hub may lead to flow separation and is
not desired. Likewise, for the compressor, » should not exceed the value of 100%.
Equation (5.136) represents a simple radial equilibrium condition which allows
the calculation of the inlet flow angle in a radial direction using the free vortex

relation V, R = const. from Eq. (5.128):

V.R = conmst.; R = const.
R 2 (5.137)
This leads to determination of the inlet flow angle in a spanwise direction,
R cotan Q.
e 1 (5.138)
R cotan o,
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5.8.2 Effect of Degree of Reaction on the Stage Configuration

The value of » has major design consequences. For turbine blades with » = 0, as
shown in Fig. 5.25 (a), the flow is deflected in the rotor blades without any enthalpy
changes. As a consequence, the magnitude of the inlet and exit velocity vectors are
the same and the entire stage static enthalpy difference is partially converted within
the stator row. Note that the flow channel cross section remains constant. For» = 0.5,
shown in Fig. 5.25(b), a fully symmetric blade configuration is established. Figure
5.25(c) shows a turbine stage with » > 0.5. In this case, the flow deflection inside the
rotor row is much greater than the one inside the stator row. In the past, mainly two
types of stages were common designs in steam turbines.

The stage with a constant pressure across the rotor blading (p, = p,) called
action stage, was used frequently. This turbine stage was designed such that the exit
absolute velocity vector V, was swirl free. It is most appropriate for the design of
single stage turbines and as the last stage of a multi-stage turbine. The exit loss, which
corresponds to the kinetic energy of the exiting mass flow, becomes a minimum by
using a swirl free absolute velocity. The stage with » = 0.5 is called the reaction

®

CCC L

(@gr=0 (b) r =05 (c) r > 05
Fig. 5.25: Effect of degree of reaction on the stage configuration.

5.8.3 Effect of Stage Load Coefficient on Stage Power

The stage load coefficient A defined in Eq. (5.129) is an important parameter which
describes the stage capability to generate/consume shaft power. A turbine stage with
low flow deflection, thus, low specific stage load coefficient A, generates lower
specific stage power /,,. To increase /,, , blades with higher flow deflection are used
that produce higher stage load coefficient L. The effect of an increased A is shown in
Fig. 5.26 where three different bladings are plotted. The top blading with the stage
load coefficient A = 1 has lower deflection. The middle blading has a moderate flow
deflection and moderate A = 2 which delivers the stage power twice as high as the top
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blading. Finally, the bottom blading with A = 3, delivers three times the stage power
as the first one. In the practice of turbine design, among other things, two major
parameters must be considered. These are the specific load coefficients and the stage
polytropic efficiencies.

W,

400 AN
)
)))

Fig. 5.26: Dimensionless stage velocity diagram to explain the effect
of stage load coefficient A on flow deflection and blade geometry, r=0.5.

|

Lower deflection generally yields higher stage polytropic efficiency, but many stages
are needed to produce the required turbine power. However, the same turbine power
may be established by a higher stage flow deflection and, thus, a higher A at the
expense of the stage efficiency. Increasing the stage load coefficient has the
advantage of significantly reducing the stage number, thus, lowering the engine
weight and manufacturing cost. In aircraft engine design practice, one of the most
critical issues besides the thermal efficiency of the engine, is the thrust/weight ratio.
Reducing the stage numbers may lead to a desired thrust/weight ratio. While a high
turbine stage efficiency has top priority in power generation steam and gas turbine
design, the thrust/weight ratio is the major parameter for aircraft engine designers.

5.9 Unified Description of a Turbomachinery Stage

The following sections treat turbine and compressor stages from a unified standpoint.
Axial, mixed flow, and radial flow turbines and compressors follow the same
thermodynamic conservation principles. Special treatments are indicated when
dealing with aerodynamic behavior and loss mechanisms. While the turbine
aerodynamics is characterized by a negative pressure gradient environment, the

compression process operates in a positive (adverse) pressure gradient environment.
As a consequence, partial or total flow separation may occur on compressor blade
surfaces leading to partial stall or surge. On the other hand, with the exception of
some minor local separation bubbles on the suction surface of highly loaded low
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pressure turbine blades, the turbine operates normally without major flow separation
or breakdown. These two distinctively different aerodynamic behaviors are due to
different pressure gradient environments. In this section, we present a set of algebraic
equations that describes the turbine and compressor stages with constant mean
diameter.

5.9.1 Unified Description of Stage with Constant Mean Diameter

For a turbine or compressor stage with constant mean diameter (Fig. 5.27), we present
a set of equations that describe the stage by means of the dimensionless parameters
such as stage flow coefficient ¢, stage load coefficient A, degree of reaction r, and the
flow angles. From the velocity diagram with the angle definition in Fig. 5.27, we
obtain the flow angles:

u, +w W
cotgaz—u =l[1+ uz] =l(1_r+&)
¢

V. (0] U 2
(5.139)
/4 U. w.-U
cotga3=—”2 2. 1| Zw L _ A
Ve ¢ U o 2
Similarly, we find the other flow angles, thus, we summarize:
1 A 1%
cotga, = —|1 -r + =], cot =—|=-r
£ <P( 2) gy ( 2 ]
(5.140)
1 A 1A
cotgo, = —|1 -r - =, cot =-—|=Z+r
&% (P( 2) b= ( 2 )
The stage load coefficient can be calculated from:
A= (p(cotg(12 - cothS) -1 (5.141)

As seen from Eq. (5.140), one is dealing with seven unknowns and only four
equations. To obtain a solution, assumptions need to be made relative to the
remaining three unknowns. These may include any of the following parameters: a,,
Bs, @, A, or r. The criteria for selecting these parameters are discussed in details in [4].

The preceding discussions that have led to Egs. (5.140) and (5.141) deal with
compressor and turbine stages with constant hub and tip diameters. These equations
cannot be applied to cases where the diameter, circumferential, and meridional
velocities are not constant. Examples are axial flow turbine and compressor types
shown in Figs. 5.21 and 5.22, radial inflow (centripetal) turbines, and centrifugal
compressors. In these cases, the meridional velocity ratio and the diameter are no
longer constant. The dimensionless parameters for these cases are summarized below:
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” - VmZ R2 lm r = Ah//
3

U, vV
e R e (5.142)
Vo R U7 U T gP AR - A

As seen, two more parameters, namely the meridional velocity ratio p and the
diameter ratio v, are added to the list of unknowns resulting in four equations and nine
unknowns. The set of four equations and the discussions how to select the five
remaining parameters to solve these equations are given in [4].

5.10 Turbine and Compressor Cascade Flow Forces

The preceding section was dedicated to the energy transfer within turbomachinery
stages. The stage shaft power production or consumption in turbines and compressors
were treated from a unifying point of view by introducing a set of dimensionless
parameters. As shown, the stage power is the result of the scalar product between the
moment of momentum acting on the rotor and the angular velocity. The moment of
momentum in turn was brought about by the forces acting on rotor blades. The blade
forces are obtained by applying the conservation equation of linear momentum to the
turbine or compressor cascade under investigation. In this section, we first assume an
inviscid flow for which we establish the relationship between the /ift force and
circulation. Then we consider the viscosity effect that causes friction or drag forces
on the blading.

5.10.1 Blade Force in an Inviscid Flow Field

Starting from a given turbine cascade with the inlet and exit flow angles shown in
Fig.5.27, the blade force can be obtained by applying the linear momentum principles
to the control volume with the unit normal vectors and the coordinate system shown
in Fig.5.27. Applying Eq. (5.26), the blade inviscid force is obtained from:

F, =mV, - mV, - n,p,sh - n,p,sh (5.143)
with the subscript i that refers to inviscid flow and % as the blade height that can be
assumed unity. The relationship between the control volume normal unit vectors and
the unit vectors pertaining to the coordinate system is given by n, =-e, and
n, = e,. The velocities in Eq.(5.143) can be expressed in terms of circumferential
as well as axial components:

F, = e[V, + V)| + efit(Vey ~ Vi) + (1 — Po)3h| (5.144)

with ¥V, =V__, asaresult of incompressible flow assumptionand ¥, # ¥V, from Fig.

5.22. Equation (5.144) rearranged as:

F, = -em(V, +V,) + e(p, - p,)sh = ¢,F, + &,F, (5.145)
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Fig. 5.27: Inviscid incompressible flow through a turbine cascade,
calculation of blade forces.

with the circumferential and axial components
F, = -m(V, + V) and F, = (p, - p,)sh (5.146)

The static pressure difference in Eq. (5.146) is obtained from the following Bernoulli
equation:

po] =po2

plv2 - 72) - 2olr2 - 72) (5.147)

N | —

PPy, =

Inserting the pressure difference along with the mass flow m=pV,_ sh into Eq.
(5.146) and the blade height 4 =1, we obtain the axial as well as the circumferential
components of the lift force:

Fax = %Q(VuZ + Vul)(VuZ B Vu])s

u

F = -9V [V, V
an( u2+ u])s (5148)
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From Eq.(5.147) and considering (5.148), the /if? force vector for the inviscid flow is:

V-V,
F,=ps(V,, + V)| eV + &, % (5.149)

This means that the direction of the blade force is identical with the direction of the
vector within the brackets. To further evaluate the inviscid force F, we calculate the
mean velocity vector V_ :

VvV, + V, 1
Vv, = — Eel(VuZ - Vi)t eV, (5.150)

and the circulation around the profile shown in Fig. 5.27 is:

T =§v-de (5.151)
C

with the closed curve C' =(12341) as the boundary of the contour integral (5.151) and de
a differential element along C and ¥, the velocity vector. The closed curve is placed
around the blade profile so that it consists of two streamlines that are apart by the
spacing s. Performing the contour integral around the closed curve ¢, we find:
3 1
I'=V,s+ fV-dc + Vs + fV-dc (5.152)
2 4

Since the following integrals cancel each other:

3 1
fV- de = —fV' de (5.153)
2 4

We obtain the circulation and, thus, the circulation vector:

T = (V,, + V,)s with the direction e, = -e, x ¢,
(5.154)

I = (ez x el)s(VuZ + Vul) = (_eS)S(VuI + VuZ)

The vector product of the circulation vector and the mean velocity vector gives
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V.xT = ‘%ez(Vuz - V) - & Vax) (V2 * Var)s (5.155)
Comparing Eq. (5.155) with (5.149), we arrive at the inviscid flow force:
F;, =0V xT (5.156)

This is the well-known Kutta-Joukowsky lift-equation for inviscid flow. Expressing
Fin terms of V_, the inviscid lift force for a turbine cascade is:

Fo=pV (Vyy * Vy)s (5.157)

Figure 5.28 exhibits a single blade taken from a turbine cascade with the velocities
V> V,, V., as well as the circulation vector I', and the force vector F;. As seen, the
inviscid flow force vector F, is perpendicular to the plane spanned by the mean
velocity vector V_ and the circulation vector I".

Fig. 5. 28: A turbine blade in an inviscid flow field with velocity,
circulation and force vector, (a) Schematic 3-D-view, (b) top view.

Equation (5.156) holds for any arbitrary body that might have a circulation around it
regardless of the body shape. Thus, it is valid for turbine and compressor cascades
and exhibits the fundamental relation in inviscid flow aerodynamics. As shown in Fig.
5.28, the inviscid flow force (inviscid lift) is perpendicular to the plane spanned by
the mean velocity vector ¥ and the circulation vector I".
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Va

Turbine Cascade, Inviscid Flow Forces

CAS—FIN

Compressor Cascade, Inviscid Flow Forces

Fig. 5.29: Turbine (top) and Compressor cascade (bottom) with
velocity diagram and inviscid flow forces.

Figure 5.29 exhibits the inviscid flow forces acting on a turbine and a compressor
cascade. The flow deflection through the cascades is shown using the velocity
diagram for an accelerated flow (turbine) and decelerated flow (compressor). The lift
force can be non-dimensionalized by dividing Eq. (5.157) by a product of the exit
dynamic pressure p¥?%/2 and the projectedarea 4 = ch withthe height 2 = 1.Thus,
the lift coefficient is obtained from:

2Vm(Vu2 + Vul)

v

C =

Q |w=

(5.158)

F,
Py2e
52
As shown in the following section, the above relationship can be expressed in terms
of the cascade flow angles and the geometry.

5.10.2 Blade Forces in a Viscous Flow Field

The working fluids in turbomachinery, whether air, combustion gas, steam or other
substances, are always viscous. The blades are subjected to the viscous flow and
undergo shear stresses with no-slip condition on blades, casing and hub surfaces,
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resulting in boundary layer developments. Furthermore, the blades have certain
definite trailing edge thicknesses. These thicknesses together with the boundary layer
thickness, generate a spatially periodic wake flow downstream of each cascade as
shown in Fig. 5.30.

O

[cas=Trv]

Fig. 5.30: Viscous flow through a turbine cascade. Station @ has a
uniform velocity distribution. At station @ wakes are generated by the
trailing edge- and boundary layer thickness and are mixed out at ®.

The presence of the shear stresses cause drag forces that reduce the total pressure. In
order to calculate the blade forces, the momentum Eq. (5.143) can be applied to the
viscous flows. As seen from Eq. (5.146), the circumferential component remains
unchanged. The axial component, however, changes in accordance with the pressure
difference as shown in the following relations:

Fu = _pVax(VuZ + VuI)Sh

F,_ = (p1 - p2)sh

The blade height 4 in Eq. (5.159) may be assumed as unity. For a viscous flow, the
static pressure difference cannot be calculated by the Bernoulli equation. In this case,
the total pressure drop must be taken into consideration. We define the total pressure
loss coefficient:

(5.159)
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Pl_P2

%QV; (5.160)

with P, and P, as the averaged total pressure at stations 1 and 2. Inserting for the total
pressure the sum of static and dynamic pressures, we get the static pressure difference
as:

[ %(Vf S HEL3% (5.161)

Incorporating Eq. (5.161) into the axial component of the blade force in Eq. (5.159)
yields:

F, = %(Vf - Vs + C%st (5.162)

We introduce the velocity components into Eq. (5.162) and assume that for an
incompressible flow the axial components of the inlet and exit flows are the same. As
aresult, Eq. (5.162) reduces to:

F, = %(sz R CEVss (5.163)

The second term on the right-hand side exhibits the axial component of drag forces
accounting for the viscous nature of a frictional flow shown in Fig. 5.30. Thus, the
axial projection of the drag force is obtained from:

D, = C% v, s (5.164)

Figure 5.31 exhibits the turbine and compressor cascade flow forces, including the
lift and drag forces on each cascade for viscous flow where the periodic exit velocity
distribution caused by the wakes, and shown in Fig. 5.31, is completely mixed out
resulting in an averaged uniform velocity distribution, Fig. 5.30. With Eq. (5.164),
the loss coefficient is directly related to the drag force. Since the drag force D is in
the direction of V,, its axial projection D, can be written as:

D, = (5.165)
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Viscous Flow Forces

Turbine Cascade

CAS-FVI

_ D,
\Z
Compressor Cascade v, v v,

Fig. 5.31: Viscous flow forces on a turbine blade (top) and a
compressor blade (bottom). The resultant force is decomposed
into a drag and a lift component.

Assuming the blade height # = I, we define the drag and lift coefficients as:

c, - D , C, - F
Bszc BV2zc
2 2

(5.166)

Introducing the drag coefficient C,, we obtain a direct relationship between the loss
and drag coefficient:

c 1
C=CD_

s sina (5.167)

The magnitude of the viscous lift force is the projection of the resultant force F, on
the plane perpendicular to V., :

F = F, + D, cosa, (5.168)
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Using the lift coefficient defined previously and inserting the lift force, we find

o\" u2 + Vul h) A
C, = %; * CZCOS% (5.169)
2

Introducing the cascade solidity ¢ = ¢/s into Eq. (5.169) results in:

; |4
C,—=Co=—-%_"+(cosa, (5.170)

The lift-solidity coefficient is a characteristic quantity for the cascade aecrodynamic

loading.
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Fig. 5.32: Lift-solidity coefficient as a function of inlet flow angle a,
with the exit flow angle o, as parameter for turbine and compressor
cascades.

Using the flow angles defined in Fig. 5.32, the relationship for the lift-solidity
coefficient becomes:
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C,o =2 sin‘a, (cot o, - cotga ) + (cosa, 5.171
L sina, g, g0, w (5.171)
with:
1
cotga, = E(cotgm2 + cotgal) (5.172)

For a preliminary design, the contribution of the second term in Eq. (5.171) compared
with the first term can be neglected. However, for the final design, the loss coefficient
C needs to be calculated as detailed in [4] and inserted into Eq. (5.171).
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Fig. 5.33: Profile loss coefficient as a function of chord/spacing ratio

3

Figure 5.33 shows the results as a function of the inlet flow angle with the exit flow
angle as the parameter for turbine and compressor cascades. As an example, a turbine
cascade with an inlet flow angle of o, = 132°, and an exit flow of a,= 30° resulting in
a total flow deflection of ® = 102°, has a positive lift-solidity coefficient of C,c=2.0.
This relatively high lift coefficient is responsible for generating large blade forces
and, thus, a high blade specific power for the rotor. In contrast, a compressor cascade
with an inlet flow angle of o, = 60° and an exit flow of a, = 80° which result in a total
compressor cascade flow deflection of only ® = 20°, has a lift-solidity coefficient of
C.o = -0.8. This leads to a much lower blade force and, thus, lower specific
mechanical energy input for the compressor rotor. The numbers in the above example
are typical for compressor and turbine blades. The high lift-solidity coefficient for a
turbine cascade is representative of the physical process within a highly accelerated
flow around a turbine blade where, despite a high flow deflection, no flow separation
occurs. On the other hand, in case of a compressor cascade, a moderate flow
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deflection, such as the one mentioned above, may result in flow separation. The
difference between the turbine and compressor cascade flow behavior is explained by
the nature of boundary layer flow around the turbine and compressor cascades. In a
compressor cascade, the boundary layer flow is subjected to two co-acting
decelerating effects, the wall shear stress dictated by the viscous nature of the fluid
and the positive pressure gradient imposed by the cascade geometry. A fluid particle
within the boundary layer that has inherently lower kinetic energy compared to a
particle outside the boundary layer has to overcome the pressure forces due to the
governing positive pressure gradient. As a result, this particle continuously
decelerates, comes to a rest, and separates. In the case of a turbine cascade, the
decelerating effect of the shear stress forces is counteracted by the accelerating effect
of the negative pressure gradient that predominates a turbine cascade flow.

5.10.3 Effect of Solidity on Blade Profile Losses

Equation (5.171) exhibits a fundamental relationship between the lift coefficient, the
solidity, the inlet and exit flow angle, and the loss coefficient {. The question is, how
the profile loss £ will change if the solidity o changes. The solidity has the major
influence on the flow behavior within the blading. If the spacing is too small, the
number of blades is large and the friction losses dominate. Increasing the spacing,
which is identical to reducing the number of blades, at first causes a reduction of
friction losses. Further increasing the spacing decreases the friction losses and also
reduces the guidance of the fluid that results in flow separation leading to additional
losses. With definite spacing, there is an equilibrium between the separation and
friction losses. At this point, the profile [0S § = Cgiciion TCseparation 1S at @ minimum. The
corresponding spacing/chord ratio has an optimum, which is shown in Fig.5.33. To
find the optimum solidity for a variety of turbine and compressor cascades, a series
of comprehensive experimental studies have been performed by several researchers.
A detailed discussion of the results of these studies is presented in [4].

The relationship for the lift-solidity coefficient derived in the preceding sections
is restricted to turbine and compressor stages with constant inner and outer diameters.
This geometry is encountered in high pressure turbines or compressor components,
where the streamlines are almost parallel to the machine axis. In this special case, the
stream surfaces are cylindrical with almost constant diameter. In a general case such
as the intermediate and low pressure turbine and compressor stages, however, the
stream surfaces have different radii. The meridional velocity component may also
change from station to station. In order to calculate the blade lift-solidity coefficient
correctly, the radius and the meridional velocity changes must be taken into account.
Detailed discussions on this and turbomchinery aero-thermodynamic topics are found
in [4].
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Problems, Project

Problem 5.1: A one-dimensional unsteady flow is given by the following velocity

2
u=_2 (f—ao) and density field g=[Y_‘1£i+L)v—1,

y+1\¢ 2 y+1lta, y+1
a) Calculate the substantial change of the density.
b) Check the validity of the continuity equation

Do % _

+

Dt ox

Problem 5.2: The gap shown in Fig. P5.1 has the length L, the height A(?), and is
filled with a fluid of constant density. The top wall of the gap moves downward with
the velocity V,. The velocity distribution at the exit is

Vﬂ‘ AY

) (L 2} o p/:/con/st’ v X Z o)
() 4U0{h(t) ( J . =

(o) g

Fig. P5.1

a) Given the values: U, &, L, o, determine the function of the gap height for
h(t=0)=h,.
b) Calculate the maximum velocity U, at the exit.

Problem 5.3: Figure P5.2 shows an oscillating journal :
bearing with the eccentricity e = e(¢) and the shaft
radius R. The shaft rotates with a constant rotational

speed ®. We assume that the bearing has an infinite
width in the direction perpendicular to the shaft axis. =~
For h/R < 1,the clearance distribution A(x,, #) in x -
direction can be unwrapped and the following
assumption can be made:

hix, .t x
# =1 +€cos@FCcos L.
h R Fig. P5.2

N\

The density of the fluid g is constant and the volume flux per unit width ¥(0,7) at

location x, = 0 is known. Given the following quantities ¥(0,7),€,®,R,A, calculate
the volume flux per unit width ¥(x,,,#) as a function of time at x,.
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Problem 5.4: Incompressible fluid 24 G

flows over a flat plate, Fig. P5.3, [ ]

(width b, length L) with constant [—B ¢

velocity U,. The viscosity effect ) j 5
causes a boundary layer with the [ & ! LI BN
thickness 6 (x,). Outside the boundary . 1

layer, the velocity is u; = U, = const.
We assume that the velocity distri- pjg, 5.3

bution within the boundary layer

follows a sine function with no-slip condition at the wall. Given 6 =29 (x,) and §, =
d(x;=L),and

I Sin(gx—;) forOsafz)sl and% =1 for 6?2)>1
X1 o x,

a) Determine the mass flow through the surface BC of the sketched control volume.
b) Calculate the velocity field within the boundary layer u; (x)).
c¢) Calculate the mass flow through BC using u, (x,, x, = 0).

UL‘O UCO

Problem 5.5: Fluid with constant velocity U, =3 cvl
and density o flows past an infinitely long :_'
cylinder, Fig. P5.4. The flow direction =
coincides with the symmetry axis and the only
force on the body is then the drag force F),. =
Downstream of the body a wake flow is =&
generated where the velocity u,islessthan U, = —————————__ ‘
With a given u,/U. calculate the drag force ), Fig, p5.4

per unit depth acting on the body.

lvp =0

1 1
————
N><

Problem 5.6: Given is the stress tensor in a non-dimensional form

5 V3 0

%=(V3 3 0f
0 0 1
Calculate:

a) the invariants /,,
b) its principal stresses ¢/, 6, and &
¢) and its principal directions.

d) Determine the rotation matrix that transforms 7, to a diagram form. Perform the

transformation.

I, and I; . of the tensor,
3
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Problem5.7: Theradialgap ™ ./
of an wunloaded bearing /

shown in Fig. P5.5 is filled 2 zz 2R, 7 journal
with a Newtonian fluid and . T L ulxp)
can, for #/R < 1, be modeled N bushing \\\" oz %,

by a two-dimensional gap
with the coordinates x,, x .
The velocity distribution is Fig. P5.5
approximated by

X,
u(x,) = QR;

U, =u; =0

We assume a steady plane flow independent upon x,. The material properties (density
0, absolute vicosity p and thermal conductivity «k are constant. The body forces are
neglected and all quantities are per unit depth.

a) Calculate the torque M, exerted on the journal and the necessary power P,.

b) Determine the dissipation function @ for the given velocity distribution.

c) Calculate the energy P, per unit of time dissipated in the bearing gap by
integrating the dissipation function over the gap volume. Compare the result with
the driving power P,.

d) Determine the heat flux Qrej that must be rejected from the fluid in steady
operation.

e) Calculate the temperature gradient at the bushing (x, = 0), if the total heat flux
Qr " flows through the bushing alone.

f) Determine the temperature distribution 7(x,) in the gap, when the bushing is kept
at constant temperature 7.

Given: o, W, K, R, h, Q, Ty

Problem 5.8: An axial air compressor to be designed for the following data:

Total inlet pressure P, = 100.00 kPa
Total inlet temperature. T,, = 300.00 K
Hub diameter D, = 558.8 mm
Tip diameter D; = 685.0 mm
Frequency f = 50.0Hz
Mass flow m = 4.00 kg/s
Isentropic efficiency ng = 090 -

Gas constant R = 287.0J/kgk
Specific heat ratio k = 14

The isentropic efficiency is defined as n, = Ak /Ah . The manufacture has a family of
the compressor blades already in stock, from which a blade with the following stage
parameter can be chosen:
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Load coefficient L= -05
Deg. of Reaction r = 05
Stator exit angle a, = 70.34°

(1) Find the rest of stage parameters to draw the velocity diagram
(2) Give the complete compression process in an h-s diagrams
(3) Sketch the velocity diagram

(4) Find the compressor exit pressure

(5) Find the compressor exit temperature

(6) Find the power consumption by the compressor
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6 Inviscid Potential Flows

As discussed in Chapter 4, generally the motion of fluids encountered in engineering
applications is described by the Navier-Stokes equations. Considering today’s com-
putational fluid dynamics capabilities, it is possible to numerically solve the Navier-
Stokes equations for laminar flows (no turbulent fluctuations), transitional flows
(using appropriate intermittency models), and turbulent flow (utilizing appropriate
turbulence models). Given today’s computational capabilities, one may argue at this
juncture that there is no need to artificially subdivide the flow regime into different
categories such as incompressible, compressible, viscid or inviscid ones. However,
based on the degree of complexity of the flow under investigation, a computational
simulation may take up to several days, weeks, and even months for direct Navier-
Stokes simulations (DNS). The difficulties associated with solving the Navier-Stokes
equations are caused by the existence of the viscosity terms in the Navier-Stokes
equations.

Measuring the velocity distributions encountered in engineering applications
such as in a pipe flow, flow around a compressor or turbine blade, or along the wing
of an aircraft, we find that the effect of viscosity is confined to a very thin layer called
the boundary layer with a local thickness 6. As we discuss in Chapter 11, comprehen-
sive experimental investigations performed earlier by Prandtl [1], [2] show that the
boundary layer thickness 6 compared to the length L of the subject under investigation
is very small. In the vicinity of the wall, because of the no-slip condition, the velocity
is V., =0.Moving away from the wall towards the edge of the boundary layer, the

wall
velocity continuously increases until it reaches the velocity at the edge of the
boundary layer ¥ = V5. Within the boundary layer, the flow is characterized by non-

zero vorticity VXV # 0. No major changes in velocity magnitude is expected outside
the boundary layer, provided that the surface of the subject under investigation does
not have a curvature. In case of surfaces with convex or concave curvatures, the
velocity outside the boundary layer changes in lateral direction.

Outside the boundary layer, the effect of the viscosity can be neglected as long
as the Reynolds number is high enough (Re = 100,000 and above) indicating that the
convective flow forces are much larger than the shear stress forces. Theoretically, the
boundary layer thickness approaches zero as the Reynolds number tends to infinity.
In this case, the flow can be assumed as irrotational, which is then characterized by
zero vorticity VXV = 0. Thus, as Prandtl suggested, the flow may be decomposed
into two distinct regions, the vortical inner region, called the boundary layer, where
the viscosity effect is predominant, and the non-vortical region outside the boundary
layer.

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 139
© Springer Berlin Heidelberg 2010
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Outside the boundary Iayer:VxV:o

@ Airfoil boundary layer development at a high Re-number
8<< C. Inside the boundary layervxv = o

Entire flow field: vxv=0

@ Airfoil at a very high Reynolds number
Approximations: v =0, 6 =0

Fig. 6.1: (a) Velocity distribution inside and outside the boundary layer along the
suction surface of a subsonic compressor, (b) velocity at zero viscosity.

The flow in the outer region can be calculated using the Euler equation of motion,
while the boundary layer method can be applied for calculating the viscous flow
within the inner region. Combining these two methods allows calculation of the flow
field in a sufficiently accurate manner as long as the boundary layer is not separated.
Figure 6.1 exhibits the velocity distributions along the suction surface of an airfoil.
While in case (a) the viscosity is accounted for, in case (b) it is neglected. Thus, the
flow is assumed irrotational, which is characterized by VXV = 0. As a consequence
of this assumption, the velocity on the surface has a non-zero tangential component,
which is in contrast to the reality. These type of flows are called potential flows which
is the subject of the following sections.
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6.1 Incompressible Potential Flows

Asseen in Chapter 3, an incompressible flow satisfies the condition Dp/Dt = 0 which,
in conjunction with the continuity equation, leads to V-V = 0. Furthermore, we

assume that the flow is irrotational with Vx¥ = Qeverywhere in the flow field. This
assumption, which significantly simplifies the mathematical treatment of the flow
field, allows introduction of a scalar function called the velocity potential ®, from
which the velocity vector and its components are derived as the gradient of the
potential ®:

oD
= (6.1)

i

V=V, ¢V, =c¢
Expanding the index notation results in:

V- op _ 39D oD o
=eg— =e— +te— +e——

' Ox ox, 2 ox, 3 o, (6.2)

i

Inserting Eq. (6.1) into the continuity equation for incompressible flowV-¥V = 0, we
arrive at:

V-V = VV®D = AD = 0 (6.3)

Equation (6.3) is the Laplace equation decomposed as:

F o
Ox,0x;

0 (6.4)

The Laplace equation (6.4) is an elliptic, linear partial differential equation
encountered in many branches of engineering and physics such as electromagnetism,
heat conduction, and theory of elasticity. It can be solved using appropriate boundary
conditions. The introduction of the velocity potential @ in conjunction with the
Bernoulli equation having a constant that has the same value everywhere in the flow
field significantly reduces the solution efforts. The solution of the Laplace equation
simultaneously satisfies the continuity condition V-¥ = 0 (no divergence) as well
as the irrotationality conditionVxV = Q. In addition, the solution has to satisfy the
boundary conditions dictated by the solid surfaces that the potential flow is exposed
to. As a simple example, we will consider a potential flow past a flat surface. On the
surface and at infinity, the solution has to satisfy the following two boundary
conditions:
d oD

®
BCL: (Vlyugiee = 5 =05 BCZ (Vggen = 2> <V 6.5)
2 1
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with x,, x, as the coordinates in longitudinal and lateral directions, respectively. The

boundary condition BC1 requires that on the surface, the normal component of the
velocity must vanish, whereas the boundary condition BC2 necessitates that the
velocity has to approach ¥V as x, approaches infinity. There are not many potential

flow functions with practical significance that can deliver analytic solutions satisfying
the boundary conditions (6.5). A function that satisfies the Laplace equation and
possesses continuous second derivatives is called analytic. The linear nature of the
Laplace equation allows superposition of analytical functions to build a new harmonic
function that satisfies the above boundary conditions. This unique characteristic of
the Laplace equation allows an indirect approach by composing harmonic functions
that consist of individual functions with the known solutions. Prandtl and his co-
workers, among others, [3] and [4], were the first to provide a list of those individual
functions, based on complex analysis. The complex analysis exhibits a powerful tool
to deal with the potential theory in general and the potential flow in particular. It is
found in almost every fluid mechanics textbook that has a chapter dealing with
potential flow. While they all share the same underlying mathematics, the style of
describing the subject to engineering students differ. A very compact and precise
description of this subject matter is found in an excellent textbook by Spurk [5].

6.2 Complex Potential for Plane Flows

Plane potential flows that satisfy the Laplace equation are treated most effectively
using complex variables. These flows differ from other two-dimensional flows (with
two independent variables) because two independent variables, x and y, can be
combined into one complex variable:

z =x + iy = rcos® + irsin® = r(cos® + isinf) = re® (6.6)

with i = /-1. The complex variable z and its conjugate complex z are shown in Fig.
6.2. The z-components on x and y-axis are real () and imaginary () which are
parts of the variable z.

x = rcos@ = R(z)
y y = rsinf = J(2)
- . z=x+iy=rei€
%)AV\% X Z=X+1y z=x-iy=re™®
&’/ |z| =x? +y?=r? =2z
0
= X
Z=x-iy

Fig. 6.2: Complex variables.
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Since every analytic function of the complex coordinate z satisfies Laplace’s
equation, the computation of both the direct and indirect problems becomes
considerably easier. If we know the flow past a cylindrical body whose cross-
sectional surface is simply connected (e.g. circular cylinder), then according to the
Riemann mapping theorem, we can obtain the flow past any other cylinder using a
conformal transformation. By this theorem, every simple connected region in the
complex plane can be mapped into the inside of the unit circle. By doing this, in
principle, we have solved the problem of flow passt a body, and we only need to find
a suitable mapping function.

The complex function F(z) is called analytic (holomorphic), if it is complex
differentiable at every point z, where the limit

lim F(z+Az) -F(z) _ dF

Az—,0 Az dz 6.7)

exists and is independent of the path from z to z + Az. If this requirement is not
satisfied, the point is a singular point. Along a path parallel to the x axis, the relation

dF _ oF

& ox (6.8)
holds and the same holds for the path parallel to the y axis
aF _ oF 6.9
dz  (iy) 6.9)
Since every complex function F(z) is of the form
F(z) = ®(x,y) +iy(x,y); dF = d® + id¥ (6.10)
we then have
OF 00 .oy _10® oy _10F
el vl lhanl ool (6.11)
ox Ox Ox idy dy 1oy
Clearly for the derivative to exist, it is necessary that
P _ 9 oo 0
= ang 22 (6.12)

ox oy dy Ox

holds true. Equations (6.12) called the Cauchy-Riemann differential equations are
sufficient for the existence of the derivative of F(z). We can also show easily that both
the real part, (F) = ®@(x, y), and the imaginary part, J(F) = y(x, y), satisfy the
Laplace’s equation. To do this, we differentiate the first differential equation in (6.12)
by x and the second by y and add the results. We then see that ® satisfies Laplace’s
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equation. If we differentiate the first by y and the second by x and subtract the results,
we see that the same also holds for y. Both functions can, therefore, serve as the
velocity potential of a plane flow. We choose @ as the velocity potential and shall
now consider the physical meaning of y. The velocity vector, as the gradient of scalar
potential @, is obtained from:

0P oD
V=V(I)=ela—x1 + e26_3c2 =eV, +eV,=eu+ey (6.13)

To comply with the nomenclature generally used in two-dimensional complex
analysis, we replaced in Eq. (6.13) the components V, and V, by u and v,
respectively. Because of Cauchy-Riemann condition (6.12) we also have

oy oy
VWw=e —L +e,—F =-e v+e,u
v 1ax1 26x2 1 2 (6.14)

with X, = x and x, =y, respectively. From V®-Vy =0 we conclude that Vy is
perpendicular to the velocity vector V, and therefore y = const are streamlines. Thus,
we have identified y as a stream function and note that introducing a stream function
is not restricted to potential flows. Constructing an array of streamlines, we define a
particular streamline that is identical with the body contour, which is exposed to a
potential flow by assigning a constant to y. In this case,

y=0 (6.15)

represents the equation of the body contour. With y known, we obtain the velocity
vector directly from the following relationship

0
V=Vyxe, or V=g, ¥ (6.16)
axj
therefore
oy oy
V=u=_’ V:v:—_, .
. p» o o (6.17)

so that the continuity equation

ou ov _
Z 22 =0
Ox dy

is identically satisfied. The velocity components can be most easily calculated using

& o o a0 (6.18)
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as the complex conjugate velocity

A —u-iv similarly, we find: %L =w=u+iv (6.19)
dz dz

as the mirror image of the complex velocity w = u + iv at the real axis.

6.2.1 Elements of Potential Flow

As mentioned previously, the Laplace equation allows any linear combination of
complex functions that satisfy the Laplace requirement. In the following, first we
discuss the basic elements of complex potentials that are used for superposition
purposes.

6.2.2.1 Translational Flows

Translational flows in x-direction, y-direction and at an angle are shown in Figure 6.3.

y o
2 N
—— 8 < OO/)&
y=const,U >0 V. _>0 Uu>0Vv>0
(a) (b) (c)

Fig. 6.3: Uniform Flows, (a) parallel to x-axis, (b) parallel to y-axis, (c)
flow velocity at an angle.

The complex function of the translational flow is defined as

F(z) =(U, -iV,)z (6.20)
or
F=(Ux+Vy) +i(Uy-V.x) (6.21)

For a horizontal flow from left to right and vertical stream upward Eq. (6.21) is
reduced to:

Fiz)=U,z (6.22)
and

Fiz)=-iV_z (6.23)
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Because of Eq. (6.10), we find

e=Ux+Vy (6.24)
and
y=Uy-V.x. (6.25)

For a streamline with ¥ = const, we obtain y = xV_/U_ + C, where the constant C can
be varied to construct the desired streamlines. The complex conjugate velocity is
found as

dF .
—=U_-iV, .
& " - (6.26)

6.2.2.2 Sources and Sinks

Sources and sinks shown in Fig. 6.4 are represented by the complex potential
E
F(z)=— 1nz 6.27
@ = (6.27)

that is located at the origin with positive E as the source strength and negative E as
the strength of the sink. Replacing z = re" leads to

E .
=2—n(1nr+19) =0 + ¥ (6.28)

from which the velocity potential and the stream function are determined as

E
®=—"1nr
o (6.29)
and
Y= £y 6.30
o : ( . )

As shown in Fig. 6.4, the streamlines y = const and the potentials ®= const are
straight lines through the origin and concentric circles ( » = const), respectively.

6.2.2.3 Potential Vortex

The potential vortex shown in Fig. 6.4 is represented by the complex potential:

T
F=+i—1lnz
o (6.31)
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"
& ® >
y & y < y $®
&// 4 L
X X X
¢ =cons ¢ =const ¢ = const
Source: E>0 Sink: E<0 Vortex: IT'>0

Fig. 6.4: Plane source, sink and vortex located at the origin.

with I as the vortex strength. The positive sign refers to the counter clockwise
circulation direction, Fig. 6.4, whereas the negative sign indicates the clockwise
direction. In polar coordinates, Eq. (6.31), a vortex with a clockwise circulation
direction can be written as

F- —iz—l; (1nr +i6), (6.32)

therefore

D=+ 2—1; 9 (6.33)

and

v= S M (6.34)
2

As seen in Fig. 6.4, the streamlines v = const and the potentials ® = const are
concentric circles (» = const) and straight lines through the origin, respectively.

6.2.2.4 Dipole Flow

This element also called doublet is actually a superposition of a source and a sink that
are arranged on the real axis at a distance +c from the origin. Taking advantage of the
superposition principle applied to a source-sink pair described by Eq. (6.27), we find

F(2) =2—l;:t In(z + ¢) —Z—E;; In(z - ¢) (6.35)

which is rearranged as

F@) =2—’11n( : ' z) (6.36)
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Using the Taylor expansion of the expression in the parentheses results in:

Ean+c =2E+2E_03+ ZECS+ ......
z-c z 3 ;3 5 55
we setnow M = 2Ec, and as ¢ approaches zero we find:
Em|Z+€¢| - M
z-c z

resulting in a simple relationship for F(z)

F(z)=£l = M; = ﬁ(cosﬁ - isin®)
21 z 27 r(cosB+ isinB) 2nr
or
F=M1 os-ising)=M Lx-4p),
2n r 2m §2

from which we read off directly:

M cosO M x
op=t———=———
2n r 2w 2
and
y=-Msinb _ My
2 r 2m §2

For y = const we obtain with sinf = y/r

M
2:—_
Cy

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

that is, the streamlines and potential lines are circles which are tangent to the x- and

y-axis at the origin shown in Fig. 6.5.

Yy y =const

const

X
y =const

0=

M>0 M>0

(a) Dipole located on x-axis (b) Dipole located on y-axis (c)wv.

Fig. 6.5: Streamlines and equipotenial lines of a dipole.

LA
D

=
/0

SEy

, ¢ of a dipole
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6.2.2.5 Corner Flow

Fig. 6.7 shows the streamline plot for different corner flow configurations described

in the following section.

v = const
Corner angle 90°

N\

¥ = const
Corner angle 45°

Corner angle 270°

¥ = const
n=2/3

Corn. angle 120°,

Fig. 6.6: Corner flow with the exponent n as a parameter.

The complex potential of this element is described by

F(z) = G n
n
with z = re® it follows that

F=2r"(cosnd +isinn0)
n
and therefore
®=2rncosnd R
n
and

a .
y=—r"sinnd.
n

(6.44)

(6.45)

(6.46)

(6.47)
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For the magnitude of the velocity, we obtain
dr n- -

|V|=‘— =laz"|=|a|rmt. (6.48)
dz

The streamlines are constructed by setting y = const. The corner walls are represented
by the streamlines v = 0, thus, sinnf =0 or 6 = kn/n (k=0,1,2,. ).

6.3 Superposition of Potential Flow Elements

This section presents the superposition of the few basic elements we discussed above
to arrive at a more complicated flow picture. It contains the superposition of source
and vortex, uniform flow, source and dipole flow, uniform flow and combined dipole
and vortex flow.

6.3.1 Superposition of a Uniform Flow and a Source

Combining the uniform complex potential, Eq. (6.22) with the source potential Eq.
(6.27), leads to a new complex potential that satisfies the Laplace equation:

E
Fiz)=V_z + o 1nz (6.49)

Decomposing Eq. (6.49) into its real and imaginary parts, we arrive at stream function

. EO®
Y=V _rsinf +
© oy (6.50)
and the potential function
® = V_rcosf + £]nr (6.51)
2n '

Figure 6.7 exhibits the streamlines resulting from superposition Eq. (6.50).
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-2 -1 0 1 2

Fig. 6.7: Superposition of a uniform flow and a source to construct a flow past a
plane semi-infinite body.

The velocity components are obtained by differentiating Eq. (6.49) with respect to the
complex variable z and decomposing the result into its real and imaginary parts, we
find the velocities in x- and y-direction as:

w=v. + £ _x* . E vy (6.52)
® 21!3 3(;2+y2 275 _7(:2+y2 ’

Figure 6.7 exhibits the streamlines resulting from superposition Eq. (6.50). As seen,
the location of the stagnation point is on the x-axis at an angle ® = m and X, y
positions, found by setting in Eq. (6.52) 4 = v = 0 respectively. This results in
x, = -E/2=nV.), y = 0, which, in conjunction with Eq. (6.50), determines the
stagnation streamline ¥ = ¥, =E/2.

6.3.2 Superposition of a Translational Flow and a Dipole
The potential flow around a circular cylinder can be simulated by a combination of
a translational flow described by Eq. (6.22) and a dipole as defined by Eq. (6.39).

2
Fiz)=V_ z + 2—%% = Vw(z + R7] (6.53)

In Eq. (6.53) we introduced R? = M/(2nV.). Inserting z = re®, Eq. (6.53) results in

2 2
F(r,8) = Vm(r + R—) cosf + in(r - R—) sin@ (6.54)
r r
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and therefore

R2
o=V |r+ — cos® (6.55)
and
2
v= Vm(r - R—) sinf . (6.56)
r

The stagnation streamline ¥ = ¥ = 0 is found by setting r = R and 0 = 0, =,
respectively. From the complex conjugate velocity

RZ

aF _y 1R (6.57)
dz 22

and by setting dF/dz = 0 we find the location of the stagnation points atz = + R. The
velocity components in r and 0 directions are determined from:

2
v =9 _yl1-R | cose (6.58)
6r r2
and
100 R2) .
V,=—-——"— =-V_|1+—]sinB 6.59
S roe ”( rz] (6.59)

Using the Bernoulli equation for inviscid flows
1 2 1 2
+ —pV* = + —pV,
p > P p, 5 p (6.60)
and setting V2 = Vr2 + V(,2 , we find the pressure coefficient as

C - = 1-72 =1 - 4sin’9
» "1 - st (6.61)

Figure 6.8 shows the results of the superposition of a translational potential flow with
adipole flow simulating the inviscid potential flow past a cylinder. The cylinder with
a radius R =1 separates the dipole streamlines that constitute the interior of the
cylinder from the exterior streamlines pertinent to the translational potential flow.
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Fig. 6.8: Superposition of a translational flow and a dipole simulating a potential
flow past a circular cylinder without circulation.

1
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P \ / \ /
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-2 \ c: 6=180°| A o=0° //
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0 90 180 © 270 360

Fig. 6.9: Pressure distribution and the distribution of the pressure gradient
around a cylinder exposed to a potential flow.

Figure 6.9 Shows a symmetric C,- distribution around the cylinder. Maximum C, is
obtained at the stagnation points A and C with 8 = 0° and 180°. Strong suction with
C, =-3 occurs at points B and D with 6 = 90° and 270°. Figure 6.9 also shows the
distribution of the pressure gradient. Changes of pressure gradient from negative to
positive values are observed at the top and the bottom of the cylinder marked with
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B and D. Integrating the pressure distribution around the cylinder surface results in
a zero net reaction force in the streamwise direction. This means that the cylinder
exposed to a potential flow experiences no drag force. As a consequence of the
boundary conditions and the assumption of irrotationality, the flow is fully attached
to the cylinder surface with non-zero tangential components. In reality, there is
always a drag force acting on the cylinder surface. The existence of the shear stress
caused by the flow viscosity in conjunction with boundary layer instability and
separation due to the change of pressure gradient, causes the pressure distribution to
significantly deviate from the potential flow solution. The maximum velocity
Voax =2V is reached for » = R, i.e. on the body at points B and D with 6 = 90° and
270°. At the stagnation points A and C, the velocity diminishes (V, =0).

6.3.3 Superposition of a Translational Flow, a Dipole and a Vortex

Adding to the case discussed in section 6.3.2, a potential vortex in the clockwise
direction (negative) and the potential flow past a rotating circular cylinder is
simulated. This superposition is possible since a potential vortex satisfies the
kinematic boundary condition. The complex potential of this flow is

F(z) = Vw(z + R—z) ~i X ln( 1] (6.62)
z R

Extracting its real and imaginary parts, we find the velocity potential and the stream
function as

2
(p=Vw(r+R—) cosG+£9 (6.63)
r 2n
and
2
Y= Vm(r - R—) sin® - L 1n(r/R). (6.64)
r 2n

The function F(z) represents the flow past a circular cylinder with the circulation
strength /" as a parameter. When /" > 0), the vortex has a counterclockwise direction,
whereas a I < 0 refers to a clockwise direction. Equation (6.64) simulates the flow
around a cylinder with a radius R that rotates with an angular velocity Q. The
circulation around the cylinder in Eq. (6.64) is obtained using the relationship:

2n

r = fV' dc = fVeRdG (6.65)
© 0

with 7y = RQ and Q as the angular velocity of the rotating cylinder. The stagnation
points on the cylinder contour are computed from:

=-2V_sinf + i (6.66)

_19e
V"'__,:R 2% R

r 08
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Setting Eq. (6.66) equal to zero, we obtain the angular positions of the stagnation
points:

sinf = —— ——. (6.67)

Figure 6.10 shows the flow pictures for different circulation values I'.

VyV_=1,T=-6.28" —To5 T =
V. — VN, =125 T =785

/\

Fig. 6.10: Potential flow past a circular cylinder with clockwise
circulation I as parameter.
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As seen in Fig. 6.9, for I' = 0, the front and rear stagnation points were located at
8, = 180° and 8, = 0°. Imposing a negative circulation (clockwise) causes the
two stagnation points to move closer together, Fig. 6.10(a). Consequently, the
streamlines on top of the cylinder are crowded together, while the bottom streamlines
are spaced farther apart leading to larger flow velocities above the cylinder than
below. This results in higher pressure below the cylinder than above. Increasing the
vortex strength moves the streamlines closer together, Fig. 6.10 (b, ¢, and d). Further
increase of circulation strength toreach I' = 4RV causes the two stagnation points
to merge together leading to a single point at an angle of = 3m/4, Fig, 6.10 (e). For
I' > 4=RV_, Fig. 6.10(f), the stagnation point moves out. Using the Bernoulli
equation (6.60), the pressure coefficient is calculated from:

(BT + 4xRV_sin®)(-T" + 47RV_ sin@)
4V 2R2%n?

Figure 6.11 shows the C -distributions as a function of 0 for different I'-values.

Cp =1 (6.68)

20 —
T =12.56] B
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Fig. 6.11: Distribution of pressure coefficient C, as a function of 6 with the I' as
parameter.

For comparison purposes, it also entails the distribution for I' = 0. The constant

C, = 1is the locus of all stagnation points. They can be found easily by intersecting
the individual C -curves for 4aRV, >T" > 0° with the line C, =1, as shown in Fig.
6.11. The C -curve forl' = 4nRV_ tangents the C, =1-line indicating the existence
of only one stagnation point which is located at 6 = 90.The results plotted in Figs.
6.10 exhibit qualitatively similar trends as the flow pictures by Prandtl [6] display.
Figure 6.12 shows the flow around a cylinder that rotates with a velocity
ratioVy/V,, = 4.0. With the exception of different velocity ratios and the boundary
layer separation, the flow pattern in Fig. 6.12 qualitatively resembles the one shown
in Fig. 6.10(e) with the ratio Vy/V,_ = 2.0(I' = 4nRV_). Comparing these two
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Fig. 6.12: Viscous flow around a rotating cylinder from [6]. Unlike the potential
flow the viscous flow has caused a separation zone.

figures reveals two distinctive characteristics: (1) the viscous flow exposed to a major
positive pressure gradient as we discussed previously leads to flow separation that is
clearly visible in Fig. 6.12, (2) in order for the two stagnation points to merge, a
velocity ratio far abovel’ = 4aRV_ must be applied.

Calculating the static pressure distribution from Eq. (6.68), the component of the
force per unit of depth acting on the cylinder in positive x-direction is calculated
from:

2r

F, = - f pRcosdd® = 0 (6.69)
o

which vanishes for symmetry reasons. The component in positive y-direction is:
2n

F, = - f PR sin6d6 (6.70)
o

Inserting the static pressure from Eq. (6.68) into Eq.(6.70) results in:
F,=qV.T (6.71)

Note that F, is positive for counter clockwise direction /" < (. In the following
sections dealing with the Kutta-Joukowsky theorem, it is shown that Eq. (6.71) is
generally valid for any two-dimensional body regardless of its shape. This equation
was independently developed by W. Kutta (1902) and N. Joukowsky (106). The
generalized relationship in vector form is:

L=V xT (6.72)
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Equation (6.72) states that a body of any arbitrary shape exposed to a potential flow
with the velocity V_and the circulation vector I' generates a lift vector L (per unit
depth) which is perpendicular to the plane spanned by V_and I".

Fig. 6.13: Lift force acting on an airfoil of height Ah = 1.

Figure 6.13 exhibits an airfoil that is subjected to an inviscid flow with the velocity
V,. The airfoil shown in Fig. 6.13(a) has a certain camber which causes the velocity
direction to deflect by an amount of 9, Fig. 6.13(b) , whose magnitude determines the
magnitude of the circulation I'. Immediately downstream of the training edge, the
velocity assumes the value V,. These two velocities form the mean velocity vector ¥V
which determines the magnitude of the lift force as well. The direction of the velocity
vector V_, the circulation vector I' vector and the lift vector L are shown in Fig.
6.13(b). In this case, the circulation is generated by the flow velocity deflection 6
between ¥, and ¥, caused by passing over the airfoil, resulting in a mean velocity
vector V_ = (V] + V,)/2. Using Eq. (6.65) and considering Fig. 6.13(c), the
expansion of circulation integral leads to:

B C D A B D
I' = [Vde + [V-de [Vde + [V-de = [V-de + |V-d .
[yrde [yrde [rrde = [yrde = Jirde [rde 7

The integrals in Eq. (6.73) from B to C and D to A are performed along two adjacent
streamlines ¥, and ¥,. These two integrals are equal and opposite, therefore, they
cancel each other. For a positive value of I obtained from Eq. (6.73) along a closed
curve surrounding the blade (Fig. 6.13 ¢), its vector I must form a right-handed screw
with the chosen direction. It should be pointed out that the circulation integral can be
carried out around any curve that surrounds the body. In carrying out the integration
only for practical reasons, we chose the closed curve ABCDA.
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As shown in Fig. 6.13, the specific lift force L (force per unit of depth) forms a
right- handed screw with the direction obtained by rotating ¥, toward I, such that ¥
forms the angle of 90° between these two vectors. As seen, the circulation does not
necessarily need to be generated by rotation. Any flow deflection caused by passing
over a body that generates certain flow deflection produces circulation and, therefore,
a lift. The phenomenon of a rotating body in a cross flow that experiences a lift is
called Magnus effect.

6.3.4 Superposition of a Uniform Flow, Source, and Sink

Figure 6.14 exhibits the superposition of a uniform flow, a source and a sink
discussed in the following section.

(e —_—

-1.5

Fig. 6.14: Superposition of a uniform flow, a source and a sink.

Combining the uniform complex potential, Eq. (6.22) with a source located at
z=-aand a sink at z = + a with the complex potentials described by Eq. (6.27), we
obtain a new complex potential that satisfies the Laplace equation:

Fz)=V, z + £ ln(z + a) - £ln(z - a) or
2 2

(6.74)

Fz)=V,z + Eln(z +a)
21 z-a

Decomposing Eq. (6.74) into its real and imaginary parts, we arrive at the potential
function
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®=V.x+Ln
47

x + (1)2 +y2
(x - af + yz) “7)

and the stream function

¥Y=-Vy —Earctan Y - arctan| —2
2n x +a x-a

(6.76)

Figure 6.14 exhibits the streamlines resulting from superposition Eq. (6.76). The
velocity components are obtained by differentiating Eq. (6.76) with respect to the
complex variable z and decomposing the result into its real and imaginary parts. The
process of differentiation and decomposition is the same as shown in section 6.2.3.1.

6.3.5 Superposition of a Source and a Vortex

The superposition of a source and a vortex is plotted in Fig. 6.15 and discussed
below.

=D

_2_2 N

o
N

X

Fig. 6.15: Superposition of a source and vortex.

As in the last example, we combine the complex potential of a source , Eq.(6.27), and
a vortex with the complex potential described by Eq (6.31). The source and the vortex
are located at the origin.

E . T
F(z)= —1nz - i— 1nz
(2 - o (6.77)
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Decomposing Eq. (6.77) into its real and imaginary parts, we arrive at the potential
function

E r
®=_"Inr + —8

on oy (6.78)
and the stream function

E r
¥==06-_—Inr

on o (6.79)

The combination of source and a vortex is frequently referred to as a logarithmic
spiral. The streamlines are plotted in Fig. 6.15.

6.4 Blasius Theorem

In this section, we utilize the complex analysis to provide the equation structure that
is needed to derive the Kutta-Joukowsky lift equation from a potential theoretical
point of view. As we saw in Chapter 5, any force exerted on any body of any shape
that is subjected to a viscous or inviscid flow can be calculated using the integral
balance of linear momentum. Thus, the following procedure is an alternative that can
be applied only to potential flow. Equation (5.25) applied to a two-dimensional body
results in:

R = fnpdS + ftrdS

6.80
5, 5, (6.80)
with n and 7 as the normal and tangential unit vectors shown in Fig. 6.16.
y
o\ —
[ n
Cc
& dz
WA
X
Fig. 6.16: Relation between the normal and tangential unit vectors n
and 7.
Assuming an inviscid irrotational flow, Eq. (6.80) is reduced to:
R = ds
[P (6.81)

Sp
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The integration has to be performed over the entire body surface. For a two-
dimensional body, the differential surface element is dS = wdC with w as the width
of the body and dC as a differential element of the body contour C, Fig. 6.16. By
moving along the contour, the normal unit vector changes the direction. However, it
can be related to the velocity direction along the body contour. For the normal and
tangential unit vectors, we may write:

n = cosO + isin®; ¢ = cos(8 + w/2) + isin(@ + w/2) (6.82)
Expanding # in (6.82) and multiplying the results with -i, we find:
-it = n (6.83)

Inserting Eq. (6.83) into (6.81), we get:

R = -i [epdS (6.84)
SB

With dS = wdC, tdC = dz and assuming w = 1, we find:

R = —ifpdz (6.85)

Cc

Thus, the surface integral in (6.84) is converted into a contour integral (closed line
integral). The static pressure p is calculated from Bernoulli equation:

p=P- Ly - _ pdF dF

2 P 2dz dz (6.86)

with P = p_ as the constant total pressure. We substitute the static pressure in Eq.
(6.85) by (6.86) and obtain the force vector:

b Efdz

R=-i
28 dz ds (6.87)

In Eq. (6.87), the constant total pressure term does not appear because the contour
integral over the constant total pressure vanishes. Since the contour of the body is a
closed curve with ¥ = const and d¥ = 0 from Eq. (6.10), it follows that:

dF = d® = dF = dF (6.88)

and, thus, Eq. (6.87) reduces to:
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—\2
_.pr| dF

Equation (6.89) is called the Blasius Theorem.

6.5 Kutta-Joukowski Theorem

With Eq. (6.89) we are now able to calculate the force acting on a cylinder of
arbitrary contour using the Kutta-Joukowsky lift equation. We assume the cylinder
is exposed to a flow with the velocity vector ¥, and the components V., + iV, at
infinity. We further assume that there are no singularities outside the body, although
there will be inside in order to represent the body and to produce the lift. The velocity
field can be represented by a Laurent series of the form

P yw-iv- =4y +4, 1 +4, 1 +4, L +ee=Y A 1 (6.90)
z Z2 3 zn

dz Z n=

with ¥ as the conjugate velocity vector. The integration of Eq. (6.90) yields the
complex potential

> A
F(z) =4,z +A4,1nz-Y, —= (

D 1) + const. (691

The boundary condition at infinity requires

dF
dz |,

=V -iV,, (6.92)
which determines the coefficient 4,,

Ay =U, -V, =V (6.93)

To calculate the coefficient 4, we integrate (« - iv) around the contour of the body:

f—dz— f(u - iv)dz = f(u - w)(dx + idy) (6.94)
©

Performing the multiplication of the right- hand side integrand of Eq. (6.94) leads to:

dF ;
i Sz~ § (wdx +vdy) + i § (udy - va) (6.95)

The first integral on the right-hand side is the circulation defined in Eq. (6.65). The
second term is the closed integral of derivative of the stream function y:
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f(u - iv)dz = f V-dcC + ifd\v (6.96)
© © ©

since ¥ is constant along the contour, its derivative dy vanishes. As a result, with the
definition of the circulation Eq. (6.65), we have:

f(u—iv)dz = fV-dC=1“
© ©

(6.97)

According to the residue theorem of complex analysis, if C is a closed curve, and if
f(2) is analytic within and on C except at a finite number of singular points in the
interior of C, then

ff(Z)dz = 2mi(ry + 1y +13 + et 1) (6.98)
©

Since the Laurent series has only one essential singularity (z = 0), then from Eq.
(6.97) we have

f%dz = 2mi, forn = 1, and f%dz =0, for n > 2 (6.99)
© ©

Implementing the results from Eq. (6.99) into Eq. (6.97), we find the coefficient A,
from:

f(u -iv)dz =2mid, =T
©

(6.100)

To calculate the force vector acting on the body, we utilize the Laurent series, Eq.
(6.90), that describes the velocity as an analytic function and construct the following
equation:

drF\? 1 1)?
(E) = 4]+ 2A0A1(;) v (4] + 2,40,42)(;] TR (6.101)

Taking the contour integral of Eq. (6.101),
2
f( d_F) i - f
dz
© ©

The first term in Eq. (6.102) is a contour integral over the constant 4, = Ztaken
from Eq. (6.93). Its contour integral vanishes. The contour integral of the second term

1

z

dz.  (6.102)

2
42 + 2,40,41( ] r (42 + 2A0A2)(l) M
z
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is 27i because of Eq. (6.99) for n = 1. The contour integral of the third and all higher
order terms vanishes due to Eq. (6.99) for n > 2. As a result we get:

2
f(i_l’) & = fZAOAI(%) dz = 44,4, Ti (6.103)

'z
© ©

With Eq. (6.93) and (6.100), Eq.(6.103) becomes:

2 —
f(%) dz=2TV, (6.104)

©

and then from (6.89), we find the Kutta-Joukowski lift equation.

R=iol'V. (6.105)

Equation (6.105) shows that the lift force is proportional to the flow velocity, the
circulation and the density, regardless of the shape of the body. The result of Eq.
(6.83) suggests that the lift force R is perpendicular to the velocity vector. To prove
this statement, we re-write Eq. (6.105) using the following relations from complex
analysis:

e*™® = cosB = isinf

e:{:in’/Z = :l:l

o it = _ (6.106)
e2i1t = +]

the force vector equation is modified as:
R =il |V e = T |V |e e = oI'|V, /™D (6.107)

where exponential expression determines the direction of the force vector. Is the
direction of the conjugate velocity vector e %, so is the direction of the force vector
e’™29 meaning that the force vector and the conjugate velocity vector are
perpendicular to each other. Figure 6.17 shows the effect of a circulation sign. As
seen, the sign of the circulation determines if the force vector points up- or
downward. Figure 6.17(a) shows a clockwise (negative) circulation that generated an
upward lift, whereas, the counterclockwise (positive) circulation created a downward
lift force.
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[T =-2na Ve = (clockwise)[

(b) [C=+2raVe = (counter-clockwise)]

Fig. 6.17: Circulation sign and lift direction, (a) negative
circulation (clockwise) causes a positive lift, (b) positive
circulation (counter clockwise) causes a negative lift.
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6.6 Conformal Transformation

The method of conformal transformation was used extensively in the pre-CFD era to
reduce a more complicated flow configuration to a simpler one amenable to
mathematical treatment. We already learned to compose a more complicated flow by
using the superposition principle. In section 6.3.5, we treated the flow past a rotating
circular cylinder. With conformal transformation treated in this section, it is possible
to transform the flow past a circular cylinder to a flow pasta cylinder of arbitrary
contour such as an airfoil. As long as no separation of the boundary layer occurs in
the real flow, potential theory describes the actual flow behavior reasonably well. For
this reason the potential flow pasta circular cylinder still has some technical
importance. Conformal transformation is a major subject of many complex analysis
textbooks and advanced engineering mathematics, among others, [4], [7] and [8]. In
explaining the basics of conformal transformation, the following introductory section
is presented.

6.6.1 Conformal Transformation, Basic Principles

Consider two planes, one is the z-plane, in which the point z = x + iy is located and
the other is the {-plane in which the point { = & + inis to be plotted. Let there be a
function { = f(z) that facilitates the transformation of point z in z-plane into the -
plane. The function { = f(z), thus, defines a mapping or transformation of z-plane
onto {-plane.

z-plane Gplane
y‘ — N
nnu

O x X
1
B 2
87 i y 1
|<i> \‘ = X — &
> w2

x=const=C,

Fig. 6.18: Conformal transformation from z-plane onto C-plane.

Figure 6.18 is a simple example of transformation of points that constitute the straight
lines in z-plane onto corresponding points in {-plane. Consider the transformation
function

(=€ +in=z2=@+ip)* =x2-y? + 2ixy (6.108)
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Comparing the real and imaginary parts, it follows that

E=x2-y2, n=2xy. (6.109)

As seen in Fig. 6.18, constant lines x = C, in the z- plane are mapped onto parabolas
open to the left. Furthermore, Fig. 6.18 suggests that the magnitudes of angles
between the x = const and y = const in z -plane are preserved, when transforming into
C-plane. Eliminating y from Egs. (6.109) leads to
2
g=c;- 1. 6.110
* 4c? (6.110)

X

For C, = 0 (y axis) the parabolae coincide with the negative £ axis. Lines y = C, are
mapped onto parabolae open to the right:

2
g=1__c?2
2 Oy (6.111)
4C,

where for C, = 0 (x axis) the parabolas lie along the positive § axis. Before getting
into transformation details, it is important to know when the transformation equation
can be solved for x and y as single-valued functions of & and 1, that is, when the
transformation has a single-valued inverse. As we saw in Chapter 3, Eq. 3.15, the
condition for this is that the Jacobian determinant of the transformation

08§ 98
&) _ge| 0F s 6.112)
X,y on 91

dx Jdy

does not vanish. Sincel = f(z) is assumed to be analytic, & and n must satisfy the
Chauchy-Riemann equations. Substituting them into the Jacobian determinant, we
have

95 -9m
2 2
&) _ger| OF 9% | (28} (2 =|ﬂ+,~3_ﬂ|2=|f/(z)|2 (6.113)
X,y on 9d¢& dx ox dox Ox
ox Ox

A transformation which has the following properties, is called conformal:

(a) Ifthe function { = f(z) has a single-valued inverse in the neighborhood of any
point where the derivative of the transformation function is non-zero,

(b) If in the mapping the lengths of infintesimal segments, regardless of their
direction, are altered by a factor |f’(z)| which depend only on the point from
which the segments are drawn,
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(c) Ifthe angles are preserved in magnitude and sense; the case where the vertex of
the angle is an n-fold zero of £’ (z) is the only exception,

(d) If the velocity potential @(x,y) is the solution of the Laplace equation and
when @ (x,y) is transformed into @ (&,n), then the transformation will satisfy
the Laplace equation also.

A transformation function { = f(z) with the properties defined above, is analytic.
Conversely, it can be shown that if the mapping & = &(x,y), n = n(x,p)is
conformal, and if their first partial derivatives are continuous, then {=E+in=f(z)is
an analytic function.

From (c), it follows that at the origin in Fig. 6.18, as a singular point of the
transformation, the derivative f*= d{/dz has a simple zero, and the mapping is no
longer conformal at this point. At a simple zero, the angle between two line elements,
such as the x and y axes (1/2), is doubled in the { plane (). In general we have: Ata
zero of order n of f{z), the angle is altered by a factor (n + 1) (branch point of
order n).

The graphical representation of the conformal transformation principle is shown
in Fig. 6.19. The sides of the triangle in the z-plane shown in Fig. 6.19 are
transformed onto curves in the {-plane. As seen, straight segments in the z-plane
transformed into curved segments in the (-plane, while the angles between
intersecting segments remain the same.

Zy-ﬁlane P c-p}%ne P
o o
P, v P, v
Zp, P, Cpr _ gP;
(a) § (b)

Fig. 6.19: Transformation of straight segments and angles from z-plane
into {-plane.

6.6.2 Kutta-Joukowsky Transformation

Before treating the Kutta-Joukowsky transformation, a brief description of the
transformation process is given below. We consider the mapping of a circular
cylinder from the z- plane onto the { plane. Using a mapping function, the region
outside the cylinder in the z- plane is mapped onto the region outside another cylinder
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in the { plane. Let P and Q be the corresponding points in the z- and - planes
respectively. The potential at the point P is

F) =@ +i¥ (6.114)

The point Q has the same potential, and we obtain it by insertion of the mapping
function

Fz) = F(z(¢) = F(Q). (6.115)

Taking the first derivative of Eq. (6.115) with respect to {, we obtain the complex
conjugate velocity Vt; in the { plane from

_dF

v.(© X (6.116)

Considering z to be a parameter, we calculate the value of the potential at the point
z. Using the transformation function = f{z) we determine the value of { which
corresponds to z. At this point , the potential then has the same value as at the point
z. To determine the velocity in the { plane, we form

£=££=d_F(£)'l 6.117)

after introducing Eq. (6.116) into (6.117) and considering T’Z(z) =dF/dz,Eq.(6.117)
is rearranged as

_ _ -1
v.(©) = VZ(Z)(%) : (6.118)

Equation (6.118) expresses the relationship between the velocity in {-plane and the
one in z-plane. Thus, to compute the velocity at a point in the { plane we divide the
velocity at the corresponding point in the z plane by d{/dz. The derivative dF/d{ exists
atall points where d{/dz # 0. At singular points with d{/dz =0, the complex conjugate
velocity in the { plane VC(C’) = dF/dCbecomes infinite, if it is not equal to zero at the
corresponding point in the z plane.

6.6.3 Joukowsky Transformation

The conformal transformation method introduced by Joukowski allows mapping an

unknown flow past a cylindrical airfoil to a known flow past a circular cylinder.
Using the method of conformal transformation, we can obtain the direct solution of
the flow past a cylinder of an arbitrary cross section. Although numerical methods of
solution of the direct problem have now superseded the method of conformal
mapping, it has still retained its fundamental importance, [5]. In what follows, we
shall examine several flow cases using the Joukowsky transformation function.
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2
<‘;=f(z)=z+a7,withz =re’d, { =& +in (6.119)

6.6.3.1 Circle-Flat Plate Transformation

Decomposing Eq. (6.119) into its real and imaginary parts, we obtain:

2 2
E=(r+ %)cos@, n=(- "T)Sin@ (6.120)

The function f{z) maps a circle with radius r = a in the z plane onto a “slit” in the {
plane. Equation (6.120) delivers the coordinates:

E=2acosh, m =0 (6.121)
with & as a real independent variable in the {-plane. As the point P with the angle 0

moves in z-plane from 0 to 2z, (Fig. 6.20), its image p’ moves from +2a to -2a in the
¢ -plane. With the complex potential Eq.(6.53)

Fiz)=V, (z + R72) (6.122)

and setting R = a, the Joukowski transformation function directly provides the
potential in the { plane as

FE=7. (6.123)

z-plane Gplane
i Ei 1in
z

X
-2a +2a

Fig. 6.20: Transformation of a circle onto a slit (straight line section).
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6.6.3.2 Circle-Ellipse Transformation

For this transformation, the circle center is still at the origin of the z-plane. Now if we
map a circle with radius b which is smaller or larger than the mapping constant a, we
obtain an ellipse. Replacing » by b (b #a), Eq. (6.120) becomes

a’ a?, .
E=(b+ 7)cos®, n=(b- 7)s1n® (6.124)
Eliminating 6 from Eq. (6.124), we find:
2 2
o = [ —5 |, sintq - [—1__ (6.125)
b + a?b b - a?b

and with sin?@ + cos?>8 =1, we obtain the equation of ellipse as:

3 2, n 2 _
(b +a2/bJ (b _ az/b) - (©120)

Equation (6.126) describes an ellipse, plotted in Fig. 6.21, with the major and minor
axes which are given as the denominators in Eq. (6.126). In Fig. 6.21, b > a, however
any ellipse may be constructed by varying the ratio b/a.

z-plane Gplane
iy | c a LM
z

f% P _ azb %‘g
NiUai ==

Fig. 6.21: Conformal transformation of a circle to an ellipse.

6.6.3.3 Circle-Symmetric Airfoil Transformation

A set of symmetrical airfoils can be constructed by shifting the center of the circle
with the radius b by 4x along the x-axis on the z-plane as shown in Fig. 6.22.An
eccentricitye = e/a with e = Ax is defined that determines the thickness of the
airfoil. The radius of the circle is determined by:

b=(1 +¢a (6.127)

Thus, the magnitude of the eccentricity defines the slenderness of the airfoil. For &=
0, the circle is mapped into a slit, as seen in Fig. 6.20. Due to zero flow deflection, the
symmetrical airfoils at zero-angle of attack do not generate circulation and, therefore,
no lift. Similar profiles are used in turbomachinery design practices such as base
profiles to be superimposed on camberlines.
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45

z-plane C-plane
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Fig. 6.22: Transformation of a circle into a symmetric airfoil.

6.6.3.4 Circle-Cambered Airfoil Transformation

To generate airfoils that produce circulation and, therefore, lift, the profile must be
cambered. In this case, the circle with the radius b is displaced horizontally as well
as vertically relative to the origin of the circle with the radius a. To generate a
systematic set of profiles, we need to know how the circle b is to be displaced relative
to the origin of circle a. Only three parameters define the shape of the cambered
profiles. These are: (a) Eccentricity e, angle a, and the intersection angle . With
these three parameters, the displacements in x- and y -directions as well as the radius
of the circle b to be mapped onto the {-plane are calculated using the following
relations from Fig.6.23.

e =ela i z-plane
OC = asiny = esin(B/2) y

Y = arcsin(E sinf/2) = arcsin(esinp/2)
a

AB = b, OB = a, b = acosy+aecos(p/2) L v
o

bla= cosy + ecos(p/2) Dc Y Q

Ax= OD = ecos(a + P/2) P

Ay= DA = esin(a + p/2) B

Fig. 6.23: construction of cambered
airfoils.
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Figure 6.24 shows a family of profiles generated by varying the above parameters.
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Fig. 6.24: Cambered airfoils constructed by conformal
transformation.
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Starting with a small eccentricity of € = 10%, we set B = 0° and vary the angle a
from -10° to 30°. This configuration indicates that the two circles have tangents at the
angle a. At this small eccentricity, slender profiles are generated that resemble low
subsonic compressor blade profiles. Increasing the magnitude of o results in an
increase of the profile cambers. If the angle f is different from zero, then the two
circles intersect each other, as shown in Fig. 6.23. This is also shown in Fig. 6.24 with
e = 0.4, f = 60° and a varied from -10° to -30°. The resulting profiles resemble the
turbine profiles.

6.6.3.5 Circulation, Lift, Kutta Condition

The conformal transformation we discussed previously allows, among others, the
generation of asymmetric airfoils with prescribed cambers. These airfoils resemble
profiles that are utilized as aircrafts wings, compressors and turbine blade profiles.
The significance of the cambered profiles is to generate the necessary force to lift the
aircraft, to generate higher total pressure (compressors), and to produce power
(turbine). Generation of lift, however, requires the existence of circulation as we
briefly discussed in Section 6.4. In the context of the potential flow analysis, certain
conditions must be fulfilled to bring about a circulation which is a prerequisite for lift
generation. Figure 6.25 exhibits the potential flow around one of those cambered
airfoils we designed in the previous section.

¢ -plane

0<T<I,
Camber line s

(c)
Fig. 6.25: Inviscid flow past a circular cylinder, Kutta-condition

The corresponding configuration in the z-plane is the flow around a circle with the
circulation I' and an angle of attack a, Fig. 6.25(a). The complex potential of this
configuration is almost the same as in Eq. (6.62) with the exception being that the
axis of the dipole flow is turned by the angle a. Performing a simple coordinate
transformation by substituting in the dipole part of Eq. (6.62) z = r'® by z = p/® -9
results in:

2 -ia
F(z) = Vw(ze Tio R—ei“) i ln( ZeR J (6.128)
zZ
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Assuming a circulation in the clockwise direction, Fig. 6.25(a), two stagnation points
S, and S, are present in the z-plane. In the {-plane, the transformation of the front
stagnation point S, may be located on the pressure surface (concave side) of the blade,
while the rear S, may be located on the suction side (convex side), Fig. 6.25 (b).
Considering the flow situation at the sharp trailing edge, the fluid particles move from
the pressure surface (concave side) of the blade to the suction surface (convex side)
with an infinitely large velocity. Increasing the circulation causes both stagnation
points to move. For a particular I’ = T',, the Kutta-circulation, the rear stagnation
point S, coincides with the trailing edge. At this point the velocity is zero. Known as
the Kutta condition, it specifies that for an airfoil under inviscid flow conditions, to
generate enough circulation, the rear stagnation point must coincide with the trailing
edge. To satisfy this condition we resort to the complex potential Eq.(6.10) with
F(z) = @ + ¥ with the derivative

df(2) _df(2) dz _df(2)ldz _
d.  dz dt dydz

- (6.129)

Using the Joukowsky transformation function, we find for

df(z) _df(z)| _z°
i ds [zz a2) (6.130)

For z - =, the expression in the parentheses approaches unity resulting in

¥ _ )

dc dz (6.131)
As a consequence, we will have
u(@) = u@®, vz) = W0 (6.132)

For the rear stagnation point to satisfy the Kutta-condition, both components must
identically disappear leading to

uz) = ul€) =v(z) =v(f) =0 (6.133)

Among an infinite number of circulation values that generate an infinite number of
stagnation points distributed all over the profile surfaces, there is only one circulation
that places the rear stagnation point at the trailing edge. To find this particular
circulation we differentiate Eq. (6.128) with respect to z

. 2 .
dF@) _y | guin R pia) ;T 1 (6.134)
dz 72 2% z

Substituting z = = Re™®, we find



6 Inviscid Potential Flows 177

dF(z) -i o 28y _: L g
=V e -e'te™ ) -i——e™
. g ) R (6.135)

or

dF(z) _ -i6( ,i(8-0) —i@-w)_; LI e
—2 =V e e - e -i— e
dz ® ( ) 2R (6.136)

Now we replace the exponential expressions by the trigonometric one to get

dF(Z) . . r =T

= = j| 2V sin(0-a) - ——|e™ 6.13
e (6.137)

and with i = e we obtain

dF(z) . T | ia2-9

28 - |2V sin(0-a) - —— | /™29 6.138
dz ( sin(®-0) ZnR) ( )

From Eq. (6.131), we conclude that the velocity in both z- and {-plane must vanish.
As a consequence, the magnitude of the velocity vector included in parentheses of Eq.
(6.138) must disappear

r
2nR
Now se set in Eq. (6.139) 6 = 9S2 = -P and find

2V _sin(6-a) + =0 (6.139)

i -2V _sin(o. +B) (6.140)

Which gives the circulation that satisfies the Kutta-condition

T =Ty, = -4nRV_sin(@ +B) (6.141)

meaning that the image of the rear stagnation point S, in {-plane lies at the trailing
edge. The value of T, ,, depends on the parameters R, f, the angle of attack o, and on
the undisturbed velocity V.. In calculating the Kutta-circulation, we used the value
of the circulation around the circular cylinder in z-plane. The circulation around the
profile in {-plane is calculated from:

O fwQde= f,0) o= fw.@d: (6.142)
G G G

As seen from Eq. (6.142), the circulation in the {-plane is exactly the same as in the
z-plane.
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The force vector per unit depth on the airfoil is calculated from the Kutta-
Joukowski theorem Eq. (6.105), where we note that the conjugate velocity ¥, is now
to be replaced by V_e ™. Inserting Eq. (6.141) into Eq. (6.105), we obtain
R=-i4nRoVZe ™sin(a +B) = 4mRo V72 e @ * ™gin(q + B) (6.143)
where we replaced —i = e ™2, The magnitude of the force is therefore

|R| = 4nRoV? sin(a + B) (6.144)

We introduce the dimensionless /ifi coefficient by dividing Eq. (6.144) by the
convective force per unit dept:

o IF
L

R .
=—1" 1 =8z—sin(a + )
©2) Vfc C (6.145)

where c is the chord length of the airfoil (Fig. 6.26) which can be calculated from the
mapping function.

S

Fig. 6.26: Airfoil with chord length C.

For B =0 and R = a the circle in the z- plane again is transformed onto a flat plate of
length ¢ = 4a. Its lift coefficient is

¢, =2msina . (6.146)
2
15
Theory (inviscid)
15
O_I
0.5 f
/%xperiment (viscous)
0.0
v/
0.5
-20 -10 0.0 10 20
(04 (degree)

Fig. 6.27: Theoretical and experimental lift coefficient.
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Figure 6.27 qualitatively reflects the differences between the lift coefficient as a
function of the angle of attack a obtained from inviscid flow theory and the one from
experiments without specifying any particular airfoil geometry.

While the inviscid flow theory does not account for boundary layer development
and separation (solid line, no symbols), the experimental results show the pre- and
post- stall differences. Differences in pre-stall C, , is due to the boundary layer
momentum deficiency caused by the wall shear stress as a result of the viscosity that
has caused drag forces, Fig. 6.27(a). At the point of maximum C,, the boundary layer
is still attached but is close to separation (T=pou/dy=0). The separation point
depends on profile geometry, angle of attack o (or more specific: angle of incidence
i) and the flow condition (Reynolds, and Mach number). Once the incidence angle
exceeds the separation limit, partial or full stall will follow, Fig. 6.27(b). The inviscid
flow theory does not account for any of the effects mentioned above. The Kutta-
condition which had to be satisfied for an inviscid flow to generate circulation and,
therefore, lift, has no relevance in a real viscous environment. The boundary layer
development on suction and pressure surfaces that mix at the trailing edge plane puts
the rear stagnation point where it belongs regardless of what the Kutta-condition
dictates. This statement is also valid for the case that some minor separation may
occur. In this case, the trailing edge is somehow submerged into a wake region and
the profile generates a higher drag and a lower lift based on the severity of the
separation.

6.7 Vortex Theorems

The previous section discussed the role of circulation and its significance for lift
generation. The following sections deal with different aspects of circulation that are
integral parts of inviscid flow analysis. We briefly present the two related theorems
by Thomson and Helmholz.

6.7.1 Thomson Theorem

The circulation defined in Eq. (6.65) as the line integral of the velocity ¥ along the
closed curve C shown in Fig. 6.28 can be converted into a surface integral by means
of the Stoke’s theorem. The proof of this theorem is an integral part of engineering
mathematics textbooks. It is also found in great detail in Vavra [9].

The Stoke’s theorem gives the relationship between the circulation which is a
closed integral and the surface integral of the rotation vector V X V. It is summarized
in the following equation:

T = dex = f(VXV)-ndS
© )

(6.147)

with z as the unit vector normal to the differential surface element dS. In an unsteady
flow, the circulation along a fixed curve is a function of time. The stoke’s theorem is
valid for a curve that bounds a simply connected surface, as exhibited in Fig. 6.28(a).
If the surface is doubly-connected as shown in Fig. 28(b), infinitely thin cuts such as
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AA and BB can be placed such that a simply connected surface is established and the
Stoke’s equation can be applied.

Fig. 6.28: Relationship between the circulation closed integral and the
rotation surface integral using Stoke’s theorem.

Since the line integrals along 44 and BB cancel each other out, Eq. (6.147) can be
written as:

fV-dx + dex = f(VXV)wdS 6.148)

(c,) () ©)

or

r, =T, + f(VXV)-ndS (6.149)
()

Equation (6.149) is valid only if the curve C, encloses all discontinuities and
singularities that lie inside C,. Equation (6.147) and its modified version (6.148)
describe the circulation at the time t. As the fluid particles move at time #+dt, another
curve is formed and correspondingly the circulation undergoes a temporal change.
The substantial derivative of the circulation determines the rate of change of I

DI ar of T
—— = + VI = — + —
Dt o a (6.150)

with oI'/ot as the local change of the circulation and dI'/d¢ = V-VI as the convective
change. Introducing the circulation /" into the local term in Eq. (6.150), we find



6 Inviscid Potential Flows 181

or afV'dx+£

Dt a() dt (6.151)

Since the infinitesimal curve element dx will not change by unsteady velocity change,
we may write

Dr =9§ E(de) +ar _ ?g‘ a_V.dx + f V-dv + dar
Dt ot dt ot dt
(e) (e) (e)
. (6.152)
E = a_V-dx + f d L + £
Dt ot 2 dt

© )

Since the integrand 7?2 in Eq. (6.152) is an exact differential, hence not a path
function, its integral along a closed curve vanishes. The last term in Eq. (6.152) is
determined by applying Stoke’s theorem to the surface S between curves C/ and C2
sketched in Fig. 6.29.

Fig. 6.29: Geometric interpretation of the relationship between the
differential circulation and the surface integral of rotation.

The cuts 44" and BB’ convert the surface S into a simply connected surface bound by
a closed curve. The counter clockwise direction is indicated by (+) whereas the
clockwise direction is (-), thus, the integration along C2 is -( I'+dI" ). The line
integrals along AA’ and BB’ cancel each other out. We now obtain the convective
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change dI by implementing the Stokes theorem and integrating over the surface Sthat
leads to

- +dI) = f(VXV)-ndS

(6.153)
®
From Fig. 6.29 ndS is expressed in terms of
ndS = dxxVdt (6.154)
With Eq.(6.154), Eq. (6.153) is modified as
I -@ +dI = f(VXV)~(dx><V)dt (6.155)

®)

Re-arranging the right-hand side of Eq. (6.155) using the triple scalar product, we
arrive at

dr

o = [Vx(vpydx (6.156)
®

The negative sign in Eq. (6.156) stems from re-arranging the sequence of vector
multiplication. Introducing Eq. (6.156) into (6.152), we find

oro_ av. _ .

o de fo (VxV) dx (6.157)
©) ®

or

or o oV .

o f ( Y VX (VxV)) dx (6.158)

(©)
As seen in Eq. (6.158), the surface integral in Eq. (6.157) is replaced by a curve
integral. This is admissible because the changes of ¥ and V x V between the C, and
C, are so small that the surface integral reduces to an integration along the curve C.
The expression within the parentheses in Eq. (6.158) can be replaced by Eq. (4.55)
resulting in:

or

o - f (-VH + TVs)-dx (6.159)

©)

With H as the total enthalpy H = (h + V%2 + gz). Introducing VHdx = dh and
Vs-dx = dsinto Eq. (6.159), we arrive at:



6 Inviscid Potential Flows 183

oro_
© ©

The integrand of the first integral represents an exact differential, whose integral
around a closed curve C vanishes reducing Eq. (6.160) to:

oro_
o § Tds (6.161)
©

If we take into consideration the frictional force per unit mass given in Eq. (4.43)
caused by the viscosity, then Eq.(6.159) is enhanced as

or

o - f (-VH + TVs + f)-dx (6.162)

©)

with fas the friction force that is defined for a flow with constant viscosity as:

f=v

AV + %V(V-V)} (6.163)
Assuming incompressible flow and the following vector identity

AV = V2V = V(VV) - Vx(VxV) (6.164)
Equation (6.163) reduces to

f = ~vVx(VxV) (6.165)
Thus, for an inviscid flow, the substantial change of the circulation reduces to

Dr
— =0, or T = const.
Dt (6.166)

Equation (6.166) states that for an inviscid irrotational, flow the substantial change
of the circulation is zero, meaning that the circulation remains constant. This is the
Kelvin’s theorem (see Thompson [ 10]). This theorem was first discovered and proved
by Helmholtz [11]. It implies that the line integral along a closed curve in a
homogeneous non-viscous fluid is constant for all times if the flow is under the
influence of an irrotational field force. The use of material derivatives emphasizes the
circulation around a closed material curve.

In deriving the Kelvin’s theorem, we used Eq. (4.55), which incorporates the total
enthalpy. Equally, we can use Eq. (4.53) which includes the pressure-density term
Vp/p . If we assume that the density is a function of pressure only p = p(p)(the fluid
is called barotropic, a perfect gas is such a fluid with pp™ = const.), then we may
set Vp/p = VP with P = p/p, thus,VP-dx = dP, whose curve integral vanishes.
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6.7.2 Generation of Circulation

In the preceding sections we derived the relationship for lift as a function of
circulation (Egs. (6.105) and (6.143)) assuming that a circulation is superposed on the
translational flow past the body, without explaining how this circulation has been
brought about. The question that needs to be answered is: how can the existence of
such a circulation flow be explained? To answer this question we revert to the flow
visualization experiments by Prandtl [6] taken from an airfoil subjected to different
flow modes. Figures 6.30 reflect the physical contents of images presented in [6].

..l/l/l”///////I/////lllllllm
lll,,,..

allll//lll/l///I//Il/[l/Illlll,
EON

(a)Fiwo atrest, T=0  (b) Potential flwo without circulation (© 'd"?"iSCi?. su{face
immediately after starting iscontinuity

u=20

.,:lIII/I/////I///II[//lIIIm,,
2

F Bound vortex E Free vortex

(g) Circulation of free vortex and bound vortex

Fig. 6.30: Circulation, free vortex I';, bound vortex I,

We assume that at first the fluid is at rest, Fig. 6.30 (a), so that the line integral of the
velocity along a curve completely surrounding the airfoil is zero, because all
velocities are zero. This would correspond to a potential flow situation without
circulation immediately after starting Fig. 6.30(b). According to Thomson’s theorem,
Eq. (6.166), the circulation in a frictionless fluid must remain constant (in this case
equal to zero) at all times including the moment when the fluid is suddenly put into
a uniform translatory motion with respect to the airfoil. This is apparently in
contradiction to the experimental fact that there is a circulation around the airfoil.
Considering the infinitely large velocity around the sharp trailing edge in Fig. 6.30
(b) of the airfoil (see also Section 6.6.3.5), one could suggest that the flow, at the first
moment after starting, might be a potential flow without circulation. The presence of
the viscosity in the boundary layer, however, causes this large velocity to develop into
a surface of discontinuity, Fig. 6.30(c). At the sharp trailing edge, the viscosity of the
real fluid causes an equalization of the velocity jump, leading to a layer of finite
thickness which is occupied by vortices, Fig. 6.30(d). This vortical layer, then, is
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rolled up to a vortex, the so-called starting vortex , Figs. 6.30 (e and f). This vortex,
according to the theorems of Helmholtz (treated in the following section), is always
associated with the same particles of fluid, is washed away with the fluid, and is
convected downstream as a free vortex. Since this free vortex has a non-zero
magnitude, its existence clearly contradicts the Thomson’s theorem. Assuming the
validity of the Thomson’s theorem, the process of starting must have generated
another vortex with the same magnitude but in the opposite direction so that the sum
of their strengths vanishes. In fact, the existence of the free vortex is always
associated with the existence of another vortex called bound vortex, Fig.6.30 (g).
Calculating the circulation around the closed curve C = ABCDFA,Cp = ABEFA and

Cy= BCDFB,wefindT = fV-dC = fV-dc + f V-dC =T, + I'z = 0 from
© (Cp) (Cr)
which we conclude that I'y = -I';.Thisresult is confirmed experimentally verifying

the validity of the Thomson’s vortex theorem. The most important feature essential
for upholding the Thompson’s theorem is the viscosity effect, without which no
vortices can be produced.

In generating the vortex images presented in [6] that we summarized in Fig. 6.30,
Prandtl first kept the airfoil in a fixed position that was exposed to a moving fluid.
In a second set of experiments, he moved the airfoil relative to undisturbed fluid. The
same phenomenon was observed in both cases.

6.7.3 Helmholtz Theorems

Research on vortex flow has been initiated by the fundamental paper [11] of H.L.F.
Helmholtz (1821-1894), a physicist and a professor of physiology and anatomy at the
University of Koénigsberg, Bonn, Heidelberg and Berlin. In his paper, Helmholtz
established his three theorems of vortex motion. Assuming incompressible frictionless
fluids subjected to flow forces defined by a potential, Helmholtz [11] published a
paper about the vortex motions in which he stated his vortex theorems. These
theorems are translated from German and appear in an excellent textbook by Prandtl
and Tietiens [6]. They reflect the quintessence of the vortex flow motion treated in
Helmbholtz original work. Before starting with the discussion of Helmholtz theorems,
it is helpful to become familiar with the nomenclature sketched in Fig. 6.31.

A vortex line, Fig. 6.31(a) is a line tangent to the rotation vector VXV, The vortex
lines may form a vortex tube, Fig. 6.31(b). Reducing the cross sections of a vortex
tube to an infinitely small size, we obtain a vortex filament. Thus, a vortex filament
is essentially a vortex tube with an infinitely small cross section but a finite value of
circulation. This particular configuration allows one to apply the Stoke’s theorem Eq.
(6.147) without integrating the rotation vector

T = (VxV)ndS (6.167)

Since the unit vector n is parallel to the rotation vector VXV, we may re-arrange
Eq.(6.167)
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r
VXV = n—
IS (6.168)

Since ds is, per definition, infinitely small and I has a finite value, the rotation vector
VXV must be infinitely large, indicating that the vortex filaments represent a
singularity. This and many other types of singularities are used for dealing with more
complicated issues particularly in aerodynamics.

Vortex lines V xV
ds

VXV

(a) Vortex line (b) Vortex tube (c) Vortex filament

Fig. 6.31: Illustration of different vortex types.

Ignoring the friction forces and assuming that there exists a potential acting on fluid
particles, Helmholtz formulated in his original paper [11], three theorems: The first
theorem states that no fluid particle can have a rotation if it did not originally rotate.
This theorem reflects the physical content of the differential part of Eq. (6.166). The
second theorem states that the fluid particles, which at any time are part of a vortex
line, always belong to that same vortex line. This theorem is the consequence of the
integral part of Eq. (6.166), stating that the circulation remains constant. The third
theorem states that the product of the cross section area and angular velocity of an
infinitely thin vortex filament remains constant over the whole length of the filament
and keeps the same value even when the vortex moves. It further states that the vortex
filament must, therefore, be either closed curves or end on the boundaries of the fluid.
In what follows, the mathematical structure of the Helmholtz theorems is presented.
It should be pointed out that, all three theorems deal with kinematic conditions. The
Helmbholtz theorems are also treated by Prandtl and Titiens [6], Spurk [5], Vavra [9]
and Kotschin, et al. [12].

Figure 6.32 may help better understand the physical content of the following
derivation. At time ¢, a differential element of a vortex filament with a cross section
ds and the height dx contains a certain number of fluid particles with the density p.
The mass of this element is then dm = pdxdS. The vorticity vector @ = VXV
(section 4.2.3) is parallel to the vector dxand perpendicular to the cross section ds.
Using the Stoke’s theorem, the circulation of the vortex element is:
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dT = (VXV)ndS = endS = odS (6.169)

The element moves through the space, where its new kinematic conditions at the time
t + dt is marked by an asterisk.

Time t+dt

Time t
Fig. 6.32: Explaining the Helmholtz vortex theorems.

The second theorem requires that the fluid particles contained in the differential
volume element dv= dxdS at the time ¢ must be the same that are contained the
differential volume element dv*= dx*dS * at the time ¢+dt which means that

dm = dmx* = pxdx*xdS* = pdxdS (6.170)
From the third theorem, we infer that

dl' =dI'* = dS*o* = dSe (6.171)
As a consequence of the third theorem and integrating Eq. (6.171), it follows that for

a vortex tube with varying cross sections, the product of AS*®* = AS® remains
constant, leading to

A‘51 (0] A‘51
_ = —_—, (o = — 0)
S 1 g 1 (6.172)
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From Eq. (6.172) we conclude that, decreasing the cross section of the cortex tube
leads to an increase of vorticity vectors (angular velocity). Dividing Eq. (6.170) by
(6.171), we obtain

A pdxt
p? - P (6.173)
®

The second theorem also implies that the directions of dx and dx * must be the same
as the directions of the vectors @ and ®* respectively, or

& _o d&* _ o

= = > = e (6.174)
With Egs. (6.173) and (6.174) we find
det = L2 g (6.175)

pr

Considering the kinematics in Fig. 6.32, when the element moves from point P to P*
or Q to Q*, respectively, the vector dx experiences the following change

dx* - dx = dVdt = dx-VVdt (6.176)
Considering Eq. (6.174), we find
dx* = dx + dVdt = dx-VV = dxg + dxg-Vth (6.177)

The vorticity vector, as well as the density, experiences the following material
changes

o' - o= %dt
Dp’ (6.178)
o p=DPy
pop =

Introducing Eqgs. (6.178) and (6.177) into (6.175) and neglecting higher order terms,
we obtain

D—‘: ~ovV - 1ol g (6.179)

p Dt

The combination of the substantial change of density given by Eq. (4.10) and the
equation of continuity (4.4) gives

Dp _

Dr -pV¥V (6.180)

Equation (6.180) with @ = VxV¥ inserted into (6.17) results in
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POET) (wyvy + (¥ = 0 (6.181)
Equation (6.181) is called Helmholtz derivative of the vorticity vector @ = VXV It
satisfies all three theorems of Helmholtz. It clearly indicates that if the flow is
irrotational along the path of its particles, the material change of VXV is zero. Thus,
if the flow was initially irrotational, it must remain irrotational in the entire flow field.
Using the following vector identity:

Vx(UxV)=V-VU-U-VV+UV-V-VV-U

and replacing the vector U with the vector VXV, the second and third term in Eq.
(6.181) becomes

—(VXV )VV + (VXV)V-V = VX(VXV)XV + VV:(VxV) - V- V(VxP)

which allows rewriting Eq. (6.181) as
POET) 1 ox(Oxv ¥« ¥ V(@xb) - V- V3= 0 (6.182)

Replacing the substantial differential by the sum of its local and convective parts, we
arrive at

3(VxV)

Franie VX X(VxV)] + VV-(VxP) = 0 (6.183)

Expanding the last term in Eq. (6.183) shows that it is zero. Furthermore, since the
operator V is a time independent spatial operator, it can be moved out of the
differential, causing Eq. (6.183) to further reduce to

v _

ng VX(VXV)} =0 (6.184)

Equation (6.184) is the result of the three Helmholtz theorems, which are purely
kinematic conditions, without applying the conservation law of motion. It is valid for
inviscid fluids where the forces can be expressed in terms of gradient of a potential.
The expression in the brackets is obtained if we rearrange the equation of motion
(4.55) by considering an isentropic flowTVs = 0 with constant total enthalpy
VH=0:

%/ - Px(Vx¥) = 0 (6.185)

As seen, taking the rotation (curl) of Eq. (6.185) leads to Eq. (6.184). It should be
pointed out that, applying rotation does not generate another independent

conservation law. It has, rather, produced another version of the same physical
principle, which in this case, confirms the three theorems of Helmholtz.
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6.7.4 Vortex Induced Velocity Field, Law of Bio-Savart

We consider now an isolated vortex filament with the strength I” imbedded in an
inviscid irrotational flow environment, as shown in Fig. 6.33.

In a distance r from the point 4, a differential element d¢ of the vortex filament at
the point B, induces a differential velocity vector field dV. The velocity vector is
perpendicular to the plane spanned by the normal unit vector # and the unit vector e
ir the r-direction . The unit vector n is perpendicular to the infinitesimal cross section
dS, whereas the unit vector e points from the center point of the element 4 to the
position B, where the velocity dV is being induced. The relationship describing the
velocity field is analogous to the one discovered by Bio and Savart through
electrodynamic experiments. It describes the magnetic field induced by a current
through a conducting wire. In an aerodynamic context, the conducting wire
corresponds to the vortex filament, its current corresponds to the vortex strength I”
and the induced magnetic field corresponds to the induced velocity field.

Vortex filament

+
7

Fig. 6.33: Velocity field induced by an isolated vortex filament.

To present the derivation, first we provide the mathematical tool essential to arriving
at the Bio-Savart law. Let us decompose an arbitrary vector point function ¥ into an
irrotational part that can be expressed in terms of the gradient of a potential and a
rotational or solenoidal part
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V=Vbd + VxU (6.186)

with @ as a scalar potential and VXU as the solenoidal part of Eq. (6.186). Taking the
curl of Eq. (6.186) gives

VXV = VX(V®) + Vx(VxU) = Vx(VxU) (6.187)

The first term on the right-hand side of Eq. (6.187) is the curl of the gradient of the
scalar field @ that identically vanishes. The divergence of Eq. (6.186) delivers

V-V = AD + V-(VxU) = V2@ = AD (6.188)

with V:V® = A® and V{(VxU) = 0.Equation (6.188) is an inhomogeneous partial
differential equation called Poisson’s equation. What makes the Poisson’s equation
(6.188) a special case where A® = 0, is the Laplace equation we treated in the
preceding sections. Using the vector identity for Vx(VxU)=V(V-U)-AU, Eq.
(6.187) reads

VXV = V(V-U)-AU (6.189)

It can be shown that, it is possible to set V-U = 0 without loss of generality. This
step reduces Eq. (6.189) to

VxV = -AU = -V*U (6.190)
After this preparation, we turn our attention to Eq. (6.188) with the solution

1
D = V-V)d
47tfr( )dv

(=)

(6.191)

The integral boundary () indicates that the integration has to be carried out over the
entire space (volume integral). Similarly, the solution for differential equation (6.190)
is

21
= 4— (V"V)d" (6.192)
Introducmg in Eq. (6.186) @ from (6.191) and U from (6.192) gives
y--ly fl(V'V)dv . 1 yx fl(VxV)dv
r 4n r (6.193)
(=) (=)

Equation (6.193) indicates that the irrotational part of a decomposed velocity field is
determined by the divergence of the vector field, whereas the solenoidal (rotational)
part is obtained if the rotation (curl) of the vector field is known. For an
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incompressible flow, the condition V- ¥ = 0 must be satisfied, causing Eq. (6.193)
to reduce to

v = Lyx
47

1
(mf);(VXV)dV] (6.194)

The flow field with the velocity described by Eq. (6.194) is irrotational everywhere
except in the space occupied by the isolated vortex filament with the known constant
strength /. To evaluate the integral, first we set for the differential volume element dv = dSd§
with dS as the vortex cross section and d¢ a differential length element, shown in Fig.
6.32. Further, we replace the curl vector in Eq. (6.194) by VX¥VdS = nI'" from Eq.
(6.168). Since the entire flow field is irrotational with the exception of the space
occupied by the isolated vortex filament, the integration of Eq. (6.194) needs to be
carried out over the length of the filament only. Hence, Eq. (6.194) is reduced to

1 1
Vy = —Vx| [=nl
{alry (Lf)r” di) (6.195)

Since the vortex strength of the filament /” is constant, it can be moved out of the
integral sign leading to

n
[ > dﬁ] (6.196)
(L)

Of particular interest is the velocity induced by the differential element d¢ of the
filament at a given fixed point B

r
V, = —Vx
B 4g

av, - LVx( ﬁ) de (6.197)
47 r

To evaluate the curl of the ratio n/r, we apply the spatial differential operator to the
argument in parentheses, perform chain differentiation accounting for the direction
of the vector r which is e, and obtain

Vx(ﬁ) = _ﬂ = n_xe (6198)

r 2 2

which we then insert into Eq. (6.198). As a result, we find

T
dVy = —— nxedg (6.199)
4nr

Integrating Eq. (6.199) leads to
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f eag (6.200)
T "

Equation (6.199) is the Bio-Savart law for inviscid flow. As seen from the preceding
derivation, only kinematic conditions were applied leading to arrival at the Bio-Savart
law, which is a kinematic law. It was originally discovered by calculating the induced
electromagnetic field strength dB at point B by a differential element d¢ of a wire
with the current i that moves in direction of d& . The version used in electrodynamics
is

dB = 2 pxedr (6.201)
4qp?

with u as the permeability of the medium surrounding the wire and 7 the electric
current. Applying Eq. (6.200) to a straight vortex filament of infinite length and the
strength I, Fig. 6.33, the magnitude of the induced velocity is

+0o

v, - L fgdg (6.202)

r
1“ +00 ~

4n

nxe
Fig. 6.34: Induced velocity by a straight vortex filament with infinite
length and strength 7.

From Fig. 6.34, we find the following relationships are obtained

d h
R (6.203)
sina RINaloA

Introducing Eq. (6.203) into (6.202) results in
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n T
Vg = I f sinado = —Lco# - I (6.204)
4nh0 47th 0 27th

To calculate the velocity induced by a vortex filament of finite length L, the integra-
tion boundaries of Eq. (6.204) need to be replaced by a, and o,, shown in Fig. 6.35.

«|||||||W

i
Y

nxe"
Fig. 6.35: Calculation of induced velocity.

The integration results in:

r . r
V, = ——[sinodo. = ——(cosa, — cos
B 4nh 47h ( ! az) (6.205)

Setting @, = 0 and @, = #/2, for a semi-infinite vortex filament, we obtain the
induced velocity

V, - 1 (6.206)

B 4nh '
The experimental findings by Prandtl, and the subsequent discussion in Section 6.7.2
relative to the circulation generation around a two-dimensional airfoil, has led to the
assumption that a two-dimensional airfoil of an infinite span with a bound vortex can
simply be represented by a vortex filament of infinite length and the same vortex
strength. In this case, the lift force acting on a wing was determined by the Kutta-
Joukowsky equation (6.72) with I as a constant circulation. A constant circulation
assumption does not hold for wings of finite length because the circulation around a
finite wing changes from the center of the wing to both ends. However, it can be used
as a useful tool for estimating the lift force.
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6.7.5 Induced Drag Force

So far, we have been dealing with two-dimensional airfoils of infinite span with a
bound vortex of constant strength. The superposition of a circulation with a parallel
flow generated a lift force, which is the result of the pressure difference between the
suction surface (convex surface) and the pressure surface (concave surface). In the
case of an airfoil with a finite span, the pressure difference at both tips of the airfoil
causes a secondary flow motion.

b
I'=T(x)
(b)
® X
% Bound vortices
%, ;
S v
Z.
___________ N (d)
‘ S
+++++++++++F
Pressure surface
© Free vortices
Roll up process
®
(e) [Discrete rolled up vortice JMM
) Rolled up vortices <o

Fig. 6.36: Inception of secondary flow on tips of a wing.

Figure 6.36(a) shows the inception of the secondary flow on both tips of a wing. This
secondary flow creates tip vortices which induce downward velocities that change the
flow pattern of a two-dimensional flow to a three-dimensional one. At the tips, the
pressure difference and, thus, the circulation, disappears leading to a circulation
distribution that varies from the mid-section of the wing towards both tips, Fig.
6.36(b). Immediately behind the trailing edge, a surface separates the flow which has
passed over the suction surface from that which passed over the pressure surface. A
surface of discontinuity is formed which is occupied by free vortices, Fig. 6.36(c and
d), as detailed in Section 6.7.2. This vortical layer is unstable and rolls itself up to
form two discrete vortices with opposite circulation directions, Fig. 6.36(e and f).
These vortices are responsible for inducing a downward velocity w,,, which is
superposed on the undisturbed velocity V_, changing the effective angle of attack
from o, to o =a_-¢ and the resultant velocity to ¥, as shown in Fig. 6.37.
According to the Kutta-Joukowsky theorem, in an inviscid flow field, the lift force
is perpendicular to the plane spanned by the velocity and the circulation vectors.
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Fig. 6.37: Induced velocity and drag by secondary vortices.

Considering an infinitesimal lift force brought about by an infinitesimal wing span dy
as dL = pV_I'dy, the infinitesimal induced drag is calculated from dD = dLtane with
eastheinduced angle. Since V_<<w, ,, we may approximate tane = &, which leads
to

wE
dD = dL7 (6.207)

)

Integrating Eq. (6.207) gives

b2 b2 b2
Ww. w.
D, = ind g7, = ind 1 T(x)dx = _ T(x)dx
o f v f v Ve ) f Wl (%) (6.208)
-b2 -b2 -b2

As Eq. (6.208) indicates, the main parameter determining the induced drag is the
circulation function I' and its distribution. Thus, the induced drag can be calculated
if the I'-distribution is known.

For an elliptic distribution of I'(x) = I'yy/1- (x/s)? and s =b/2, Eq. (6.208) can be
integrated analytically as given below

2L2
D,y = —— 6.209
np Vb2 (6.209)

with the lift force L = (n/4)pbV_T,, the induced dragD; = (7:/8)p1“§ and the
induced velocity wi(.zc) = Iy /2b. The induced drag coefficient is found by dividing
Eq. (6.209) by p2V_.bC
¢
c, =—— (6.210)
Dina T b
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The total drag force acting on a wing of finite span with an arbitrary geometry is the
sum of the viscous drag force and the induced drag force. To overcome the induced
drag, additional mechanical energy must be provided externally. In contrast to the
drag force caused by boundary layer momentum deficit along the surface of the wing,
the induced (inviscid) drag arises from a change of the flow direction due to the
downward velocity field.

The problematic of calculation of lift, drag, and other aerodynamic quantities is
treated comprehensively in the book by Schlichting and Truckenbrodt [13].

Problems

Problem 6.1: Superimposing a point source and a parallel flow results in a flow
around an infinitely long body.

a) Find the velocity potential of the flow.

b) By expanding the velocity components, show that the flow in the neighborhood
of the stagnation point corresponds to a stagnation point flow with z as the
symmetry axis.

c) Write computer program to calculate the streamlines and the potential lines.

d) Plot the stagnation flow

Problem 6.2: In an incompressible, plane potential flow with the potential F, (z), a
circular cylinder with the radius « is inserted at the origin. As a result, the resulting

— 2 —
complex potential F,(z) of the new flow isFy(z) = F(z) +F, ( %J ,where F| is the

conjugate complex potential.

a) Calculate the complex potential of a circular cylinder (radius a) at z=0 in a source
flow (strength m, source at z=Db).

b) Show here that the circle z = ae® is a streamline.

c) Plot the streamlines.

d) Calculate the velocity potential. Where is the stagnation point located?

e) Calculate the force on the cylinder with Blasius’ theorem.

Problem 6.3: Using Kutta-Joukowsky transformation function:

a) Map a flow parallel to the x-axis around a circle with a radius a in z-plane onto the
surface ofan ellipse in {-plane, decompose the transformation function into its real
and imaginary parts and plot the ellipse and the circle.

b) Plots on the ellipse the streamlines and potential lines

c¢) Find the velocity components in {-plane

d) Plot the c,-distribution

e) Consider the velocity vector V_, with an of attack o impinging on the circular
cylinder in z-plane and repeat case (a) to (d). Hint: You may start with this version
and make some angle variation with o =0 as one of the cases.
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Problem 6.4: Using Kutta-Joukowsky transformation function:

a) Map a flow parallel to the x-axis around a circle with a radius a in z-plane onto the
surface of an airfoil in {-plane, decompose the transformation function into its real
and imaginary parts and plot the ellipse and the circle.

b) Plots on the ellipse the streamlines and potential lines

¢) Find the velocity components in {-plane

d) Plot the c,-distribution

e) Consider the velocity vector V_, with an of attack o impinging on the circular
cylinder in z-plane and repeat case (a) to (d). Hint: Y ou may start with this version
and make some angle variation with o =0 as one of the cases.

Problem 6.5: A circular cylinder with a radius a is located in a plane, inviscid,
potential flow. The angle of attack of the undisturbed, translational flow is a.

a) Find the complex potential of the flow.

b) Calculate the position of the stagnation points, plot the streamlines.

¢) Which body contour do we obtain, ir we map the circular cylinder by the mapping
function § = (z +a? /z)e ™ onto the {-plane?

d) Find the position of the stagnation points in the {-plane.

e) What type of flow do we get for |§|— =?

f) Calculate the pressure distribution along the body contour in the z-plane.

Given: a, 0, U_, 0, p.,
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7 Viscous Laminar Flow

As briefly discussed in Chapter 4, the motion of Newtonian fluids is described by the
Navier-Stokes equations. Due to the non-linear nature of these equations and the
general complexity of the flow geometry, analytical solutions of Navier-Stoke’s
equations has been exhibiting a major problem in fluid mechanics. The continuous
development in the area of computer technology and the introduction of powerful
numerical methods in the last two decades have brought a breakthrough in the area
of Computational Fluid mechanics (CFD). Using CFD-methods, viscous flow
problems within arbitrary channel geometries can be solved numerically regardless
the complexity of the geometry. This requires significant computational efforts. An
adequate treatment of CFD-methods is beyond the scope of this book. However, in
the context of this course, in Chapter 9, we present the essential features of the
computational fluid mechanics that are necessary for the basic understanding of the
physics behind CFD. This includes a rather detailed introduction into turbulence and
its modeling.

In this chapter, we introduce a class of exact solutions of the Navier-Stokes
equations for the two-dimensional laminar flow, a special case of viscus flows, where
the velocity does not exhibit a random characteristic. Exact analytical solutions are
found only for few cases, where the flow can be assumed unidirectional. This implies
that the velocity vector has a component in longitudinal direction only that may
change in lateral direction. A general overview of a class of exact solutions for
viscous laminar flows through two-dimensional channels is found in Schlichting [1].
In a few curved channels, where the velocity vector of a two-dimensional flow has
generally two components, the coordinate system can be transformed such that the
velocity vector has only one direction in a curvilinear coordinate system. In the
following sections, several cases are presented that are of fundamental significance
for understanding the motion of viscous flows.

7.1 Steady Viscous Flow through a Curved Channel

Solving the Navier-Stokes equation, we investigate the influence of curvature and
pressure gradient on the flow temperature and velocity distribution. The flows within
curved channels under adverse, zero, and favorable pressure gradients are
encountered in numerous practical devices such as compressor and turbine blades,
diffusers and nozzles. Within these devices the distribution of flow quantities such
as the temperature and velocity and consequently the flow behavior are affected
primarily by the curvature and pressure gradient. To calculate the above quantities,

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 2014232
© Springer Berlin Heidelberg 2010
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conservation laws of fluid mechanics and thermodynamics are applied. For an
incompressible Newtonian fluid, the Navier-Stokes equation describes the flow
motion completely. This equation has exact solutions for only a few special cases.
For the major part of practical problems encountered in applied fluid mechanics,
however, it is hardly possible to find any exact solutions. This deficiency is in part
due to the complexity of the individual flow field and its geometry under
consideration. Despite this fact, the existence of exact solutions of fluid mechanics
problems including the velocity and temperature distribution within viscous flows are
of particular interest to the computational fluid dynamics (CFD) community dealing
with development of CFD-codes. A comprehensive code assessment and validation
requires both the experimental verification and theoretical confirmation. For the latter
case, a comparison with existing exact solutions exhibits an appropriate procedure to
demonstrate the code capability. For symmetric flows through channels with positive
and negative pressure gradients exact solutions are found by Jeffery [2] and Hammel
[3]. For asymmetric curved channels with convex and concave walls, exact solutions
of the Navier-Stokes equation are found by Schobeiri [4] and [5], where the influence
of the wall curvature on the velocity distribution is discussed. Furthermore, a class of
approximate solutions of Navier-Stokes is presented in [6]. This section treats the
influence of curvature and pressure gradient on temperature and velocity distributions
by solving the energy and momentum equations. Under the assumption that the flow
is two dimensional, steady, incompressible, and has constant viscosity, the con-
servation laws of fluid mechanics and thermodynamics are transformed into a curvi-
linear coordinate system. The system describes the two-dimensional, asymmetrically
curved channels with convex and concave walls. As a result, exact solutions for the
equation of energy as well as the Navier-Stokes equation are found.

7.1.1 Conservation Laws

To determine the influence of curvature and pressure gradient on temperature
distribution, the velocity distribution must be known. This requires the solution of
continuity and the Navier-Stokes equations. As the first conservation law, the
continuity equation in coordinate invariant form is:

V-V=0 (7.1)
For a curvilinear coordinate system, Eq.(7.1) can be written as (see Eq. 4.7 and A-36):
Vi+Vtr, =0 (7.2)

with V as the velocity vector that is decomposed in its contravariant components V'

in & direction. For a two-dimensional flow, we prescribe that the velocity component
normal to the flow direction must vanish. As a result, the integration of Eq. (7.2) must
fulfil both the continuity and the Navier-Stokes equations. This is possible only if the

Christoffel symbols F;a. are not functions of the coordinates themselves. The
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corresponding channel with the curvilinear coordinate is then obtained from the
transformation:
2

a+ib

w=-

Inz with z=x+iy and w =¢§ +i§, (7.3)
with & as the orthogonal curvilinear coordinate system.

1
-= (ag,-b&y) a + b
2
(7.4)

- 2

1
S -b) [ at, + b
-e 2 ' Sin [ g]
with a and b as real constants that define the configuration of the channel and &, and
& ,as the orthogonal curvilinear coordinates. The corresponding metric coefficients
and Christoffel symbols are:

1| -a b ) 1[5 a
T, = = , T3 = -2 ) 75
K 2[ b +a) | 2 (a —b] 73)
1M _ .22 _ 4 % % 2 _ 521 -
g g —a2 5 > & g (7.6)

With Egs. (7.6) and (7.5) and the requirement that the velocity component in &, must
vanish, the integration of the continuity Eq. (7.2) leads to:

4v at, - BE,
vl = — =2 F(E)e™
e (&) (7.7)

where V'!'is the contravariant component of the velocity in the & -direction, v is the
kinematic viscosity, and F' = F(&,) is a function to be determined. Thus, the only
physical component of the velocity vector is the one in the & -direction, for which we
may omit the superscript 1 and set:

1 Lat, - bty
V _ 2v F(éz)ez 1 . (78)
g1 [a? + b2

Equation (7.8) must strictly satisfy the Navier-Stokes equation in order to be an exact
solution. As discussed in Chapter 4, the conservation law of motion for the steady
Newtonian fluids is represented by the Navier-Stokes Eq. (4.37) that describes the
flow motion completely. Neglecting the body forces, its coordinate invariant form
for incompressible flow with constant viscosity reads:

Us=vr--=
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vvw = Lvp 2w (7.9)
p

with p as the density. The Navier-Stokes Eq. (7.9) decomposed in its contravariant
components is written as (see A-73)

vivievivity = - Lp gi o vd vl e,
p (7.10)
=V, T+ V", T VT4 T, + V"T), 1 g™

For the two-dimensional flow with ¥* =0, Eq. (7.10) leads in &,-direction to:

ViV, + (V)T = -ép,lg“ +

(7.11)
1 1 1,1 1 - 2
VIV + Vo + V(T —Tp) + V5200, _Ffl _Fzz)]gn
and in the &,-direction:
1
7y = - SPaET Y 2V T <2V [¢?. (7.12)

Introducing the integration results of the continuity Eq. (7.7) into the system of
differential Eqs.(7.11) and (7.12) and eliminating the pressure terms, the result of the
first integration is:

F" - 2bF" + (a? + bz)F—%F2 +K =0 (7.13)

with K as the integration constant. Dividing Eq. (7.13) by its maximum value F _,

the dimensionless velocity function is obtained from:

" - 260" + (a2 + bA)D —%Fmdﬂ +C =0 (7.14)
where

F K
® = 7 and C, = F—l (7.15)

The significant parameter affecting the flow within the curved channel is the
Reynolds number, which is defined as:
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Re = m (7.16)

where As and U, are the distance and the maximum velocity in the & -direction. The
latter is obtained by setting in Eq. (7.8), the coordinate &, equal to &,= &,

1
(@& - b5,)
U -—2 _F_ e .
Va?+b?

With the distance As:

JaZ + B2 2@l - by
As = - ¥a~ £ b7 o T Pomd (7.18)

a

(7.17)

the Reynolds number is:

2
Re = —;F . (7.19)

max

Introducing Eq. (7.19) into (7.14)) leads to:

2
Q" - 26®" + (a® + b2 D +aTRe(D2+Cl = 0. (7.20)

7.1.2 Solution of the Navier-Stokes Equation

Equation (7.20) describes the motion of viscous flows through curved channels
pertaining to the coordinate transformation discussed in section 7.1.1. It includes
both the Navier-Stokes and continuity equations that are reduced to a single, ordinary,
nonlinear, second-order differential equation. The solutions of Eq. (7.20) , ® = ®(&))
are functions ofthe coordinate &, and incorporate the Reynolds number as parameter.
Special cases of Eq. (7.20) are the purely radial flow, where a = -2 and =0, and
the flow through concentric cylinders with a =0 and » = 1. For those cases analytical
and numerical solutions were found in [2], [3]. Based on Jeffery-Hammel’s solutions,
Milsaps and Pohlhausen [ 7] calculated the temperature distribution within the straight
wall diffuser and nozzle. Extensive discussions by Schlichting [1] underscore the
importance of those flows from a general theoretical point of view. To show the effect
of the curvature and pressure gradient on the temperature and velocity distribution,
an asymmetrically curved channel with convex and concave walls is generated by
choosing a = -1 and b = 1, Schobeiri [4, 5].

For the solution of Eq. (7.20), a numerical integration procedure is applied.
Starting from the initial conditions specified below and the determination of constant
C,, an iteration method is developed that reduces the boundary-value problem to an
initial one. The solution of differential Eq. (7.20) must fulfil the governing initial and
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% =5,
25,

boundary conditions. The boundary conditions are given by the non-slip conditions
at the channel walls:

0.1, ®=0@,=0

05, ®=0,=0 (7.21)

where the indices B1 and B2 refer to the convex and concave channel walls. The
initial condition is described by the maximum value of the velocity distribution and
its position &, = &,,..., which is unknown for the time being:

& = F,zm, o= =1, =0 =0. (7.22)

The positive sign of @ indicates an increase of the cross-section area in direction of
decreasing &,, which is associated with the positive pressure gradient. The negative
sign characterizes the accelerated flow in direction of increasing &, where negative
pressure gradient prevails. The constant C, in Eq. (7.20) specifies the solution of Eq.
(7.20) and significantly affects the convergence speed. It must be determined so that
the above boundary and initial conditions are identically fulfilled. The following
iteration method enables precise calculation of C,. Starting from Eq. (7.20),

(Dn - \P" + Cl (723)
where

2
P = 260" + (a2 +bD)D +%Re<1)2. (7.24)

Integration of Eq. (7.24) between &,,.,, and &, leads to:

@ -Dp. = AP, +Cl(">(§2 - &5 7.25
max BI() [0) T omax 2B (7.25)

where C,, is the constant calculated at the i-th iteration step that can result in
boundary value @y, # 0. Similarly, we obtain a relation for the constant C, ;. ,, that
corresponds to @y ) = 0:

Cio
(Dmax = A‘P(i+l) * 1; D (égmax - giBl) (7.26)

By subtracting Eq. (7.25) from (7.26) and introducing:
A"P(,url) - ALP(;‘) =(1-n (I)Bl(i) (7.27)

where 7 < 1, the constant C, is calculated from the following iteration function:
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NPy,

2 2
€2m - €2R1

C

1G+1) = + Cig) (7.28)

For Reynolds number range Re < 3500, the precise value of the constant C, is
obtained within a few iteration steps by setting # = 1. For higher Reynolds numbers
the factor # ~ 0.5 has proved to be effective. To start the iteration process, the
constant C,;, should have the same order of magnitude as the Reynolds number. The
initial value for &, .. can be estimated from:

&, t%
Ermarty = 2 (7.29)

With &), the constant C, from Eq. (7.28), and the initial and boundary conditions
from Egs. (7.21) and (7.22), the zero at &y, is found by Newton’s iteration method.
The improved zero is obtained from:

E.~2max(i+1) = E.~2max(z) - @2132(;'+1) - éZBZ(i)) . (7.30)

The new value from Eq. (7.30) leads to improved &y, 11, 1f the absolute difference
| Eamasr) ~ Eamay | = € < 107, the required accuracy has been obtained; otherwise the
iteration procedure is repeated until € is reached.

7.1.3 Curved Channel, Negative Pressure Gradient

Once the solution of Eq. (7.20) is found, the dimensionless velocity distribution is
obtained from Eq. (7.17):

*

uv_r
U, v

m

PRl
= e

(7.31)

*

As seen earlier, the solution ® = ®(&,) is a function of the coordinate &, only and
incorporates the Reynolds number as a parameter. Thus, the velocity distributions
represented by Eq. (7.31)) exhibit similar solutions. An asymmetrically curved
channel with convex and concave walls is generated by choosing a= -1 and b= 1.
As shown in Fig.7.1, the negative pressure gradient is established by an
asymmetrically convergent channel with convex and concave walls. For Reynolds
number Re = 500 the velocity distributions at the coordinate §, = 3.8 exhibit an almost
parabolic shape with the maximum close to &, = 0.3. For the similarity reasons
explained above, similar velocity distribution is found and plotted at u = 0.38 for the
same Reynolds number. Increasing the Reynolds number to Re = 750, 1000
respectively results in steeper velocity slopes at both walls (Fig. 7.1). As a
consequence, the velocity profile tends to become fuller, particularly for higher
Reynolds numbers. As shown, the viscosity effect is restricted predominantly to the
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Fig. 7.1: Accelerated laminar flow through a two-dimensional curved
Channel at different Reynolds numbers.

wall regions and continuously reduces by increasing the Reynolds number. This
behavior again justifies the Prandtl assumption for higher Reynolds number to divide
the flow field into a viscous and an inviscid flow zone. For Reynolds numbers up to
Re = 5000, velocity distributions can be calculated without convergence problems.

Thus for an accelerated flow, the stability of the laminar flow and the transition from
laminar into turbulent flow are apparently extended to higher Reynolds numbers as
expected.

7.1.4 Curved Channel, Positive Pressure Gradient

The positive pressure gradient within the asymmetrically curved channel discussed
above is created by reversing the flow direction. Figure 7.2 shows the flow at
different Reynolds numbers. As shown in Fig. 7.2, for Re = 500, the velocity
distribution on the concave wall is fully attached. The fluid particles moving in
streamwise direction are exposed to three different type of forces: (1) the wall shear
stress force acting in opposite direction decelerates the fluid particle. (2) the
decelerating effect of the wall shear stress is intensified by the pressure forces which
also act in opposite direction causing the flow to further decelerate. (3) the centrifugal
force caused by the channel curvature pushes the fluid particle away from the convex
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Fig. 7.2: Decelerated laminar flow through a two-dimensional channel
at different Reynolds number.

wall towards the concave one increasing the susceptibility of flow to separation. The
interaction of these three forces increase the tendency for separating along the convex
wall. Increasing the Reynolds number to Re = 1500 causes the flow separation on the
convex channel wall. In this case the laminar low along the convex surface is, while
the non-separated portion appears as a laminar jet attaching to the concave wall.

7.1.5 Radial Flow, Positive Pressure Gradient

As shown in Fig. 7.2, the combination of the channel curvature and the positive
pressure gradient has caused a flow separation on the convex wall, whereas no
separation occurred on the concave wall. From fluid mechanical point of view, we are
interested in determining the effect of pressure gradient on the velocity distribution
in the absence of curvature. To investigate this, we generate a channel with straight
wall geometry by setting a = -2, and b = 0. With these new constants, Eq. (7.20)
reduces to:

®"+ 40 +Re®?+ C, = 0. (7.32)

This special case constitutes a purely radial laminar flow through a channel with
straight walls and is known as the Hamel-flow, [3]. The results are shown in Fig. 7.3,
where the velocity distributions are plotted for three different Reynolds numbers.
Close to the wall at Re = 500, the flow exhibits a tendency for separation on both
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walls. Increasing the Reynolds number to Re = 750 and 1500 respectively causes the
flow separation on both walls. A comparison with the results in Fig. 7.2 clearly
indicates that the difference in velocity distributions is attributed to the nature of wall
curvature.

Fig. 7.3: Decelerated laminar flow through a two-dimensional channel
with straight walls at different Reynolds numbers.

7.2 Temperature Distribution

To determine the temperature distribution within the curved channel we combine the
mechanical and thermal energy balances as we discussed in Sections 4.4.1 and 4.4.2:

D
P = -Va-p(VV) + TV (7.33)

with U as the internal energy, § the heat flux vector and T' the shear stress tensor.

Considering the thermodynamic relationship, for the steady incompressible flow, Eq.
(7.33) reduces to:

dr .
Py = -V-¢ + T'VV (7.34)

where c, is the specific heat capacity at constant volume and 7 is the temperature
of the working medium. Using the identity for the velocity gradient, the Fourier
equation of conduction, and the Stokes relation:

VV =D +Q, §=-«VT, T=2uD (7.35)

with « as the thermal conductivity, 4 the absolute viscosity, and D and € as second-
order tensors of the deformation and rotation, respectively (see Chapter 4).

Introducing Eq. (7.35) into (7.34) and considering the identity D: Q = 0 the result of
this operation leads to the differential equation of the energy in terms of temperature:
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c,(VD)+V = %VZT +2vD:D. (7.36)

The above differential equation is invariant with respect to coordinate system
transformation. We first write Eq. (7.36) in contravariant form:

ch,iVi = Egik(T,ik - TJri + lV Ver Vg™ V. Li = VL)
p.k.1.2k - (7.37)
X(gl'V,,- +ghV,,- +gthrmi+gk1ermi)'

and insert Ff,m from Eq. (7.5) into Eq. (7.37) and considering the assumptions made
at the beginning, Eq. (7.37) is reduced to:

e,V =§ (T +Tp)+ "("Vl Vi-bVVa+ Vi V,lz)g“' (7.38)

7.2.1 Solution of Energy Equation

Equation (7.38) is a second order, nonlinear, partial differential equation, in which the
temperature 7= T (&,,&,). It can be reduced to an ordinary differential equation by
making the following ansatz:

4 ak, -b
T=T(48) = —— Ge“ ™2+ T, (7.39)
a” +

b2

with G = G(&,) and T, as the wall temperature assumed to be constant. Incorporating
Egs. (7.39) and (7.7) into Eq. (7.38) results in:

acyGF = X[(a? +5?)G - 26G' + G"| +v3[(a® + B F2 - 2bFF' +F?]  (7.40)
p

Dividing Eq. (7.40) by F,zm,_X and introducing the Reynolds number from Eq.(7.19)

leads to:

2
0" -2b0' +(a%+b)0 + L_PrRe®® +
2
2 (7.41)
+aTPrRe[(a2 +b%)@? - 2600 + @] = 0.

In Eq. (7.41) the function @ is defined as ® = ¢,G/* Re, with Pr = pve,/x, as the
Prandt]l number. For gases the Prandtl number is around 0.7 and for water around 7.
Detailed distributions of the values for the absolute viscosity p, the thermal
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conductivity k and the Prandtl number for dry air can be taken from Fig. 7.4. These
values change slightly if the humidity ratio ® = m,,,,./m,;, increases from 0% to 10%.

air

80 ‘ ‘
I [Prandtl number:Pr x 10?] N S —
_—
" —
60 S
- o’(\\f\\\r'\d
o 3\00(\6\) —
< 40 e e
- | A & (9 N“s‘
= |~ /\l ooy 3
20 |=——
'Dry A‘\ir atp=1 ‘bar}
o 200 400 600 800 1000

Temperature (°C)

Fig. 7.4: Absolute viscosity, thermal conductivity and Pr-number as a
function of temperature for dry air at p =1 bar.

The terms @ and @’ are given as the solution of Eq. (7.14). The solution of the
ordinary, nonlinear, second-order differential Eq. (7.41) must satisfy the following
boundary conditions:

§=5,=01;, ®=04=

0
§=8 =05 ®=0y,=0; ©=0,:=0. (7.42)

To find the solution of Eq. (7.41) it must first be combined with the equation of
motion (7.14). For the solution of the resulting system of two nonlinear, second-order
differential equations, a numerical procedure based on the Predictor-Corrector method
is applied. Starting from &, = £,,, and already known @'y, from section 7.1.2, Oy,
is first estimated that may lead to @, # 0. The correct value can be obtained quickly
with the iteration function:

®'B1(') - ®'m(' 1

— 1 |

05161 = ©'516) ~ Op2iny 0. 6. (7.43)
220y ~ ©OB2g-1)

The iteration process is repeated until the accuracy € is reached:

1©ps401) ~ Opoy | < €= 107S. (7.44)
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7.2.2 Curved Channel, Negative Pressure Gradient

The effect of the different wall curvatures on temperature distributions is shown in
Fig. 7.5 by asymmetrical temperature slopes at the convex and concave walls. For the
accelerated flow with Re = 500, Fig. 7.5 shows the dimensionless temperature
distribution for different Prandtl numbers as parameter. As a consequence of energy
dissipation, the temperature distribution near the channel walls experiences a steep
gradient, with the maxima located close to the concave wall.

£ =05 s Re = 1000.

Fig. 7.5: Dimensionless temperature distribution for an accelerated
laminar flow through a two-dimensional curved channel with Re- and Pr-
numbers as parameters, T,, = maximum temperature, T,, = wall
temperature.

m

By approaching the channel middle, the temperature gradient gradually decreases for
small Prandtl numbers and sharply for large ones. Increasing the Reynolds number
to Re=3500 causes pronounced temperature boundary layers, particularly for higher
Prandtl numbers. Moving towards the channel middle, the temperature distribution
exhibits almost a constant value slightly above the wall temperature.

7.2.3 Curved Channel, Positive Pressure Gradient

For a positive pressure gradient and Re = 500, temperature distributions are shown
in Fig. 7.6 with Prandtl number as the parameter. As with the accelerated flow, high
energy dissipation occurs near the channel walls. When approaching the middle of
the channel, the temperature gradient changes sign. This effect might contribute to the
instability of the flow field under a positive pressure gradient.
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Fig. 7.6: Dimensionless temperature distribution for laminar decelerated flow
through a two-dimensional curved channel with Re- and Pr- numbers as parameters,
T,, = minimum temperature, Ty, = wall temperature

For a positive pressure gradient and Re = 500, temperature distributions are shown
in Fig. 7.6 with Prandtl number as the parameter. As with the accelerated flow, high
energy dissipation occurs near the channel walls. When approaching the middle of
the channel, the temperature gradient changes sign. This effect might contribute to the
instability of the flow field under a positive pressure gradient.

7.2.4 Radial Flow, Positive Pressure Gradient

The effect of the different wall curvatures on temperature distributions in Fig. 7.7 is
illustrated by asymmetric temperature slopes at the convex and concave walls. As
we discussed in Section 7.1.5, the pressure gradient and the wall curvature were
responsible for flow separation. In this section we investigate the effect of pressure
gradient in the absence of wall curvature. Similar to the case I in Section 7.1.5 we
construct a straight walled channel by setting ¢ = -2, and b = 0. With these new
constants, Eq. (7.41) reduces to:

©@" + 4@ + 2PrRe®® + PrRe[4d? + @2]=0. (7.45)
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To obtain the temperature distribution, Eq. (7.45) must be combined with Eq. (7.32),
which is the exact solution of the Navier-Stokes equation. The solution is presented
in Fig. 7.7.

o Pr=0.5 > Pr=2

Fig. 7.7: Dimensionless temperature distribution within a straight walled
channel with positive pressure gradient for Re = 1500 and different Pr-numbers,
T,, = minimum temperature, Ty, = wall temperature.

As expected, the corresponding temperature distributions have symmetric profiles.
A comparison with the results in Fig. 7.6 clearly indicates that the difference in
temperature distributions is attributed to the wall curvature. As we saw, pronounced
temperature boundary layer characteristics are exhibited for accelerated flow with
higher Prandtl numbers. The separation tendency in the case of decelerated flow is
apparent in the temperature distribution.

Another interesting case, namely the flow through concentric cylinders can be
constructed by setting a = 0 and b = 1. In this case the Navier-Stokes and energy
equation are:

@"-20' + ®+C, = 0. (7.46)
Q" - 20'+ 20 + Pr(®* 20" + ?)-0. (7.47)
As seen from the above equation, all terms with Re- number disappeared leading to

the results that the temperature and velocity distribution do not dependent on Re-
number.
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7.3 Steady Parallel Flows

As we saw in Section 7.1, the velocity distribution within the curved channel has in
coordinate system only one physical componentU = V*! (in &, direction). In

Cartesian coordinate system, however the velocity component U = ¥*! has
effectively two components, one in Xx;-and x,-direction. In this section we present
exact solutions of the Navier-Stokes equations for parallel flows with only one
component in a Cartesian coordinate system. These type of flows constitute a simple
class of viscous fluid motions. Couette flow, Couette-Poiseuille flow, and Hagen
Poiseuille flow are the classical examples of these flows.

7.3.1 Couette Flow between Two Parallel Walls

A flow between two parallel flat plates, from which one is moving with the
translational velocity U and the other is at rest as shown as shown in Fig. 7.8a is
called Couette flow.

(a) Moving upper plate: Velocity U (b)
N \
X2
Y Viscous Fluid Vi=V(x,) 2b %
¢ V=0 Stationary Wall ¢ V= Vilx,)
7
« % 7
1
Couette Flow Poiseuille Flow

Fig. 7.8: Velocity distributions in Couette flow (a) and Poiseulle parallel flow.

Since ¥, = V, = 0, the continuity equation (4.11) is reduced to:

1
V-V = ol 0 (7.48)
1

Similarly, the x,- component of the Navier-Stokes equations reads

18 PV
0=-—ZL+v— (7.49)
Q ox, ox,

Implementing the above assumption into the second component of Navier-Stokes
equation leads to:

o _
ax, (7.50)
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On the one hand Eq. (7.50) states that pressure may change in x,-direction. On the
other hand, the second term on the right hand side of Eq. (7.49) requires that dp/0x, be

either a constant or a function of x, . Since Eq. (7.50) excludes the latter, it follows
thatdp/dx, must be a constant that may assume positive, zero, and negative values.

For further analysis, we set in Eq. (7.49)Jp/dx, = -K and obtain the solution of the
resulting ordinary second order differential equation:

=K (7.51)

Integrating Eq.(7.51) twice leads us to the general solution

K
Vi(x,) = _2_Hx22 +Cx, + G (7.52)

Among many solutions of Eq. (7.51) we seek a specific solution that satisfies the
following boundary conditions:

BCI: V. =0, and BC2: V, =U (7.53)

1 (x=0) (xp=h)

As a result we find:

U K
+

C,=—+—h, C,=0.
177 n 2 (7.54)

Thus the solution of the boundary value problem (7.51) is

i) _ %  Kh? -2 ® (7.55)
U h  2nU h) h
For K =0 we find the simple shearing Couette flow solution
Vi(x) x,
= — 7.56
U p (7.56)

For K # 0 we find the Couette-Poiseuille flow (Fig.7.9), which is a superposition of
Couette flow and Poiseuille flow expressed in terms of Eq. (7.55) The application of
the superposition principle is permissible to this and similar cases, where the
nonlinear convective terms disappear leading to linear differential equations such as
Eq. (7.55).

The above Couette flow bounded by two parallel walls may be thought of as a
flow through the gap between two concentric cylinders with radii approaching
infinity. In case that radii are finite, the Navier-Stoke’s equation can be substantially
simplified by using cylindrical coordinate system.
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Fig. 7.9: Velocity distribution in Couette flow with pressure gradient.

7.3.2 Couette Flow between Two Concentric Cylinders

Exact solution of Navier-Stoke’s equations can also be found for this case. In contrast
to the parallel flat walls discussed above, we use two concentric cylinders as the
bounding walls that may rotate with different rotational velocities. In this case it is
most convenient to use the cylindrical coordinate system for decomposing the Navier
Stoke’s equation into its components. We assume that the flow moves in
circumferential direction only meaning that the components in radial and axial
components are zero everywhere. Furthermore, we assume that the flow is
axisymmetric which implies that the pressure in circumferential direction is constant.
Implementing these assumptions into the Navier-Stoke’s equations (A.74-A.76), the
radial component is simplified to

V2
Ze _19p (1.57)

r p or

and the circumferential component simplifies as

o Ve 19Ve Vg
+ — _

ey (7.58)
or2  ror g2

Since the velocity is in circumferential direction and changes in radial direction only,
we set Vg = u(r)and replace the partial derivatives by ordinary ones. As a result we

find

;

S ar (7.59)
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and

ﬂ + l@ - i =0
er r dr r2 (760)

The solution of Egs. (7.59) and (7.60) must satisfy the following boundary conditions
at the inner and outer cylinder
forr=R;: u, =RQ,, andr =R,: u, =R,Q, (7.61)

where the angular velocity of the outer cylinder may assume negative, zero, or
positive values. Using the above boundary conditions, the solution of Eq. (7.60) is

2p2

R’R
r(Q,RS - QR]) - ’r 2@, - Q)

1
2

RG-R;

u(r) =

(7.62)

Introducing dimensionless parameters ® = Q,/Q,, p, = R,/R,and p = r/R, Eq
(7.62) is re-arranged as

2

1 O - p

ur) _ o /s
Pr

u; 1-p;

_ P

)

o - l)] (7.63)

For the outer cylinder at rest, ® = 0, Eq. (7.63) is reduced to

ur) _ P 1 -p?
- T T, 7.64
U 1-p; P (7.64)

In a similar approach utilizing Eq. (7.62), a dimensionless expression can be derived
that relates u(r) to the surface velocity of the rotating outer cylinder #,,. Assuming

the inner cylinder is at rest, while outer cylinder is rotating, we find

w) _ b (p P
(pl p) (7.65)

o 1-p;
Figure 7.10 represents the dimensionless velocity distribution in radial direction with
p; = R;/R, as a parameter for (a) inner cylinder rotating and outer cylinder at rest

and (b) inner cylinder at rest and outer cylinder rotating. As the figures show, when p, = R;/R,,

approaches unity the velocity distributions look very similar to flat wall Couette flow
for zero pressure gradient-curve plotted in Fig. 7.9. Equations (7.64) and (7.65) allow
calculating the wall shear stress on the inner and outer cylinder walls using the shear
stress relation T, = W(0u/dr)y,with (u/dr), = (dulr)y as the velocity slope at the

wall for this particular case. The resulting shear stress force and the moment of
momentum acting on the surface per unit cylinder depth is calculated from
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Fig. 7.10: velocity distribution between two concentric cylinders with rotation,
(a) inner cylinder while outer cylinder at rest, (b) inner cylinder at rest, while

outer cylinder rotating.

du

F,=2n Rp| =—
s = 2m H( dr)W (7.66)

du

M, =2a R?*u| &£
S H( dr)W (7.67)

Equation (7.67) may be used to experimentally determine the viscosity of the working
fluid. With the measured moment of momentum, the angular velocity and the given
geometry, the viscosity can be obtained.

7.3.3 Hagen-Poiseuille Flow

Axisymmetric laminar flow through a straight circular pipe called Hagen-Poiseuille
flow is shown in Fig. 7.11. The velociy distribution in radial direction is obtained as
an exact solution of the Navier-Stoke’s equations. Similar to the case discussed
preciously, we use the cylindrical coordinate system to decompose the Navier-Stoke’s
equations in circumferential, radial and axial directions. The no-slip condition at the
wallrequiresthat ¥V, = Vy = ¥V, = 0. WeassumethatV, = ¥V, = 0 everywhere and

require that the flow be axisymmetric (3/0, = 0). The continuity equation in
cylindrical coordinates (see appendix A) gives

a7,

—==0 or V,=V,(). (7.63)
0z

Because of the above assumptions, the 7 - component of the Navier-Stokes equations

is reduced to

- 6p
0 = = 7 9
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VZ = Vz(r)

7.
Poiseuille Flow

Fig. 7.11: Parabolic velocity distribution in a channel with circular
cross section.

Likewise, all terms of the Navier-Stokes equation in the 0 direction vanish identically
leaving the z- component as the only non-zero component.

v,

or?

v,
or

(7.70)

1
+ —
r

Since the expression in the bracket of Eq. (7.70) is only a function of r and
considering the axisymmetric assumption, dp/98 = 0, and Eq. (7.69), the pressure
gradient dp/0z = dp/dz must be a constant implying that the pressure p is a linear
function of z. As before we set dp/dz = -K and re-arrange Eq. (7.70)

dv,
_£=lir z (7.71)
p o rdr| dr
which, integrated twice, gives
2
V. = - Iir +Cnr+C,. (7.72)

With the maximum velocity located » = 0 and the no-slip condition at » = R, the
solution of (7.72) is found as

V(o) - 4%("2 -r2). (7.73)
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The pressure gradient can be expressed in terms of the maximum velocity by setting
inEq. (7.73) r = Owhichresultsin ¥, = KR Y4 . Thus, the dimensionless velocity

distribution is

e ()
v (E) (7.74)

As Eq. (7.73) indicates, the pressure gradient dp/dz = -K is a parameter determining
the velocity distribution. Since the pressure drop in a pipe may be set proportional to

the averaged dynamic pressure p/2 ¥? with Vobtained from continuity equation:

=1 Viax _ KR?
V. = V. (Prdr = == =
e [ L) T (7.75)
The pressure gradient can be approximated as:
a A _ PP (7.76)

with Ap as the pressure drop across the pipe length /. Introducing a dimensionless
pressure loss coefficient {,

_ _Ap
‘- 1 = 7.77
2

considering Egs. (7.76) and (7.75), we find:

I n 164 _ 1
SN R S B |
S5 pDV. DRe D (7.78)

with Re = p 172 D/p and the friction coefficient A = 64/Re.

7.4 Unsteady Laminar Flows

So far, we have treated steady laminar flows through channels with curved walls,
straight walls and pipes, for which exact solutions were found. There are also few
unsteady flow cases for which exact solutions of Navier-stoke’s equations still exist.
To describe the solution procedure, in the following two different cases will be
presented. More examples are found in Schlichting [1].
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7.4.1 Flow Near Oscillating Flat Plate, Stokes-Rayleigh Problem

We consider laminar flow between two plane infinitely extending plates with a
distance / from each other, where the lower plate oscillates in its plane. A very
detailed discussion of this case is found in an excellent textbook by Spurk [8] which
is reflected here. Similar to the cases presented previously, the unsteady flow under
investigation is unidirectional, where the corresponding assumptions are applicable.
This implies that there exist only non-zero velocity component, which we set
V, = Vi(x,) and simply as V| = Vi(x,,t) = u = u(y,t). The wall oscillation

velocity is given by

u, =u_, = Ul = U cos (o?) . (7.79)
Using complex notation the wall velocity reads

u, =U{) = Ue™, (7.80)

where only the real part R (") has physical meaning. Utilizing the velocity
distribution

u=f@0 (7.81)

the u-component of the Navier-Stokes equations is written as:

wu_ 1y, Fu

S A (7.82)

Since the flow motion is caused by oscillation of the lower wall with the no-slip
condition, pressure changes in x-direction can be excluded leading to dp/ox =0, thus
the boundary conditions at the lower and upper wall are given as:

BCI: u(0,f) =u,=Ue™™, BC2: u(hf) =0 (7.83)
Since we are interested in the oscillation state after the initial transients have died

away, we do not need to include time ¢ in boundary conditions. Considering the
boundary conditions (7.83),we may set

u(y, ) = Ue'™ f(y) (7.84)
where the f{y), which is to be determined, has to satisfy the boundary conditions83.
BCI: f(0) =1, BC2: f(h)=0 (7.85)

Inserting Eq. (7.84) into (7.82), the partial differential Eq. (7.82) is reduced to an
ordinary differential equation with constant (complex) coefficients
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1= %Df= 0, (7.86)

where f” = d*fldy*. From the solution f{y) = ¢” we obtain the characteristic
polynomial

w2- o,
; (7.87)

with the roots

A =i(1+i)@ (7.88)
1%

With (7.88), the general solution of (7.86) can be written in the form
f(y) = Asinh{(1 +i)yo/vy} + Beosh{(l +i) yo2vy}, (7.89)

from which, using the boundary conditions (7.83), we find the special solution

fy) < S +D) (2 -y) Jol2v}

(7.90)
sinh {(1 +1) yo/2v h}
which inserted into Eq. (7.84) gives the velocity distribution
A si (1 - 2
u(y) = DR | elor sinh{(1 +1)(1 -y/h)yoh*/2v } (7.91)

sinh{(1 +1i) yoh?/2v}

In Eq. (7.91) the dimensionless argument #*/v represents a time scale for diffusion of
oscillating motion across the channel height. The following two limiting cases
discussed in [8] are presented in this section:

oh?v « 1 (7.92)
oh?/v> 1 (7.93)

In the first case this time is much smaller than the typical oscillation time 1/m, i.e. the
diffusion process adjusts at every instant the velocity field to the steady shearing flow
with the instantaneous wall velocity u, (7). This is what is called quasi-steady flow.
Using the first term of the expansion of the hyperbolic sine function for small
arguments we have

- 08t Lo 0Dy /) ok ™2y
(1+)y@h?2v

(7.94)
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and deduce that

u = Ucos(of) (1 -y/h) = U(l -y/h). (7.95)

Equation (7.95) corresponds to the simple Couette flow (7.56) where the upper plate
represents the moving wall. We also obtain this limiting case if the kinematic
viscosity v tends to infinity. In the limit @h?/v » 1 we use the asymptotic form of
the hyperbolic sine function and write Eq. (7.91) in the form

u = (ALSR (e —\/m/2vyei(mt—\/m/2vy)) (796)
or
u = Ue Vo cos(atf - ol2v y). (7.97)

The distance % no longer appears in Eq. (7.97). Measured in units A =4/2v/® the
upper wall is at infinity. Relative to the variable y the solutions also have a wave
form; we call these shearing waves of wavelength A. To obtain the velocity at the
wall, we set in Eq. (7.97) y = 0 and arrive at:

Uy = U cos(at) (7.98)

The velocity distribution described by Eq. (7.97) is plotted in Fig. 7.12 for different
k-values in the parameter @ ¢ = kzn /4.
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Fig. 7.12: Unsteady velocity distribution caused by oscillating the
bottom wall.
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7.4.2 Influence of Viscosity on Vortex Decay

Reconsider the case of two concentric rotating cylinders we treated in Section 7.3.2
with the velocity distribution described by Eq.(7.62). Setting 2, = 0 and assuming
that the outer radius goes to infinity, while the inner radius approaches an
infinitesimally small size similar to the one of a vortex filament (see Section 6.7.2),
Eq. (7.62) reduces to:

u(r) = R2Q

(7.99)

with R as the radius of the inner cylinder (filament) and Q its angular velocity.
Equation (7.99), (7.100) describes the velocity around a vortex filament with the
strengthT" = 2mR2Q = 27mR u (see Section 6.7.2). For a constant circulation within
an inviscid flow field the velocity at an arbitrary radius 7 is

wr) = - (7.100)
2nr '
Equation (7.100) implies that the flow velocity at the center of the vortex » = 0
becomes infinity indicating a discontinuity at the center of the vortex. We now
suppose that cylinder which is rotating with an angular velocity © and is embedded
in a viscous environment suddenly stops rotating at time ¢ = (. This triggers a
transient event, where the flow velocity continuously decreases as a result of viscous
diffusion. This transient event is described by the Navier-Stokes equations (4.47).
From Eqs.(7.99), (7.100) and (7.100) it follows that the streamlines are concentric
circles (see also Section 6.2.1.3). Thus, the flow may be assumed to be unidirectional
in circumferential direction with ¥V = Vy(r,?), implying that ¥V, = ¥, = 0. This

requires that the pressure gradient in circumferential direction must vanish. As a
consequence, Eq. (4.47) reduces to:

Ve .y 82V® +l%_ Ve
or? r or r?

. 2 .101
- ] (7.101)

The solution of Eq. (7.101) must satisfy the following boundary conditions:

BCI: att =0, Vy(r,0)=I2zr
BC2: atr =0, Vy(0,6) =0 (7.102)

To find the solution for Eq. (7.101), we introduce a dimensionless parameter
M = r?/4vtsuchthat Eq.(7.101) is transformed into an ordinary differential equation
in terms of ¥, = f(n)with nas an the independent variable leading to:

f// +f/ =0 (7103)

with the solution;
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f=1-en (7.104)

that results in the solution for the circumferential velocity:

r -
u="v,- m(1 ~ o) (7.105)

Setting in (7.105) ¢ = 0, we obtain the reference velocity:
r

U=V, = 2mr, (7.106)

which represents the velocity of the vortex in an inviscid flow field. Using Eq.
(7.106), the nondimensionalized version of Eq. (7.105) is

u "o -r vt

— =—I1-e

U, - ( ) (7.107)
Equation (7.107) represents an exact solution of the Navier-Stokes equation that
describes the distribution of the circumferential velocity component of a decaying

vortex as a function of radial distance and time. It was derived by Oseen [9]. The
velocity distributions described by Eq. (7.107) are plotted in Figures 7.13(a and b).
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Fig. 7.13: Velocity distribution caused by a decaying vortex, (a)
dimensionless velocity in radial direction with dimensionless time as
parameter, temporal change of dimensionless velocity with dimensionless
radius as parameter.

Figure 7.13(a) shows the velocity distribution in radial direction with dimensionless
time as a parameter. The dashed curve with vt/ro2 = Orepresents the irrotational

solution with the origin as the singularity. For vt/r02 > (the damping effect of the

viscosity is clearly visible. However, at #/r, = I all viscous (rotational) solutions
approach the inviscid (irrotational) solution. Figure 7.13(b) exhibits the velocity
decay for each r/r,ratio. The rotational behavior of the unsteady vortex decay
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described by Eq. (7.105) can be shown explicitly by calculating the vorticity
o = VxV¥V which has, in this particulare case, only one non-zero component:

o(rv,
- 1007y (7.108)
r or
Substituting in (7.108) ¥V, by (7.105), we find:
=
o = L olaw (7.109)

= Admvt
Equation (7.109) shows that for # = 0, the solution is irrotational, while for ¢ >0 it
becomes rotational.

Problems

Problem 7.1: A Newtonian fluid with constant density and P ] .
viscosity flows steadily through a two dimensional vertically \
positioned channel with the width 2h shown in Fig. P7.1. The
motion of the fluid is described by the Navier Stokes
equations. The flow is subjected to the gravitational
acceleration g = e, gand a constant pressure gradient in flow
direction X, - Assume thatV, = ¥, = 0

a) Determine the solution of the Navier-Stokes equations.

b) Write acomputer program, show the velocity distributions
for the following cases: (a) For K = 0, (b) K >0, and
(c) K <0.

¢) For which K there is no flow? Fig. P7.1

'

Vi = V(xp)

Problem 7.2: Newtonian fluid with constant density
and viscosity flows steadily through a two
dimensional channel positioned at an angle o shown
in Fig. P7.2 with the width 2h. The motion of the fluid
is described by the Navier Stokes equations. The flow
is subjected to the gravitational acceleration
g = e,8, + e,g,and a constant pressure gradient in
flow direction x, . Assume that V, = ¥; = 0

a) Determine the solution of the Navier-Stokes

b) Equationsrite a computer program and plot the
velocity distributions for: (a) For K =0, (b) K >0,
and (¢) K <0.

¢) For which K there is no flow?
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Problem 7.3: River water considered a
Newtonian fluid with constant viscosity and
density steadily flows down an inclined river bed
at a constant height 4 as shown in the Fig. P7.3.
The motion of the fluid is described by the
Navier-Stokes equation. Along the sloped river
bed, the flow is driven by the gravitational
acceleration and its free surface is subjected to
the constant atmospheric pressure p,,. The air
viscosity at the free surface is negligible
compared to the water viscosity. Furthermore, we Fig, P7.3
assume that the flow is unidirectional in x;
direction.

Atmospheric pressure

Sloped river bed

a) Decompose the Navier-Stokes equation into its components.
b) Show that the 9¥,/0x, = 0

c) Solve the Navier-Stokes equations and find the velocity distribution in x,-
direction.
d) Determine the velocity ratio V,/V, .

e) Determine the river mass flow #1.

Problem 7.4: Incompressible Newtonianfluid (PP VIPETTELE ARV P T Y Ly
with constant density and viscosity flows . o
between two parallel plates with infinite ox, €

width. Body forces are neglected. Given are  NNINSRRENIRRRRRRRRPRRR, =
the plate height /, the components of the
pressure gradient,

P _ g oy W
ox, T ox, | oxy,

and the velocity field between the plates is given by:

2
V1<x2)=_”[h7_x22) » V220, 73=0.

a) Show that the given velocity field satisfies the continuity and the Navier-Stokes
equation.

b) Determine the components of the stress tensor.

c¢) Calculate the dissipation function ®.

d) Find the energy per unit depth, length, and time dissipated in heat within the gap.

e) Calculate the principal stresses and their directions.
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Problem 7.5: Reconsider the flow calculated b
in Problem 7.4 and assume a calorically "~ T, [

h

perfect fluid with a constant heat conductivity
A. Further assume a constant temperature at |

the top wall 7, and a full heat insulation at the _y
bottom wall

A7 712 Z

a) Determine the temperature distribution Fig. P7.5

T(x, )in the gap.
b) Find the temperature at the bottom wall.
¢) Determine the heat flux per unit area through the top wall.
d) Calculate the entropy increase Ds/Dt of the fluid inside the gap.

Problem 7.6: Newtonian fluid flows through the channel shown in Fig. P7.4 with
infinite extensions in x,- and x;- direction and the height /. The plane flow is steady,
the density o and the viscosity x4 are assumed to be constant, and body forces are
neglected. The top and bottom wall are porous such that a constant normal velocity
component V,, can be established at the walls. The pressure gradient in x,- direction
is constant (cp/cx; = -K). Because of the infinite extension of the channel, the
velocity distribution does not depend upon x;,.

a) Using the continuity equation calculate the distribution of the velocity component
in x,- direction V,(x,).

b) Simplify the x,- component of the Navier-Stokes equation for this problem.

c¢) Give the boundary condition for the velocity component ;.

d) Calculate the velocity distribution ¥,(x,).Hint: After solving the homogeneous
differential equation, the particular solution of the inhomogeneous differential
equation can be found setting le = const.x, .

Given: o u, K, h, Vy,

Problem 7.7: Newtonian fluid (g, 4 =const) flows steadily through the channel, Fig.
7.5, (height 2/). In the middle of the channel, an infinitely thin splitter plate is
mounted. The channel walls move with a constant velocity U in positive x,-direction.
The two fluid streams separated by the plate are mixed at the end of the plate. At
station [2], a new velocity profile u; = u,(x,) is developed that does not change
anymore with x,. The body forces can be neglected.

a) Using the equation of motion, show that the pressure gradient cp/cx; downstream
of [2] does not change.

b) Calculate the volume flux per unit depth ¥ at station [1]

c) Obtain the velocity profile u;, = u, (x,) at station [2] using the no-slip condition at
X, == h and the requirement that the volume flux at stations [2] must be the same
as at [1]. Show that the pressure gradient must be different from zero, resulting in
a pressure driven Couette flow.

d) Calculate the pressure gradient.

Given: h, U, g,
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Problem 7.8: A curved channel is described by the following orthogonal curvilinear
coordinate system:

—l(a+ib)w
z=e? withz = x +iy, andw =& + it,

a) Find the base vectors, metric coefficients, and Christoffel symbols;

b) Generate a grid for &, from 3.0 to 5.0 and &, from 0.1 to 0.5.

¢) Transform the continuity and Navier-Stokes equation into this curvilinear
coordinate system

d) Solve the Navier Stokes equations and plot the velocity distribution for the
logarithmic spiral with a=-1 and b =1.

e) Find the Navier-Stokes solutions for purely radial flow by setting a = -2 and
b = 0 and the flow through concentric cylinders with a =0 and b =1.

Problem 7.9: A two-dimensional symmetric curved channel is described by the
following orthogonal curvilinear coordinate system:

2

z=-w withz =x +iy, andw =§ + i,

1

2

a) Find the base vectors, metric coefficients, and Christoffel symbols;

b) Generate a grid for &, from 10 to 15 and &, from 0 to = 0.8.

c) Transform the continuity and Navier-Stokes equation into this curvilinear
coordinate system.

d) Assume that the velocity component in &,-direction compared to the component
in §-direction can be neglected. Give an approximate solution of the Navier
Stokes equations and plot the velocity distribution.

Problem 7.10: A curved channel is described by the following orthogonal curvilinear
coordinate system:

z = with z = x +iy, andw =§ +i§,

1

w

a) Find the base vectors, metric coefficients, and Christoffel symbols; Generate a
grid for &, from 0.2 to 0.1 and &, from 0 to = 0.008.

b) Transform the continuity and Navier-Stokes equation into this curvilinear
coordinate system.

c) Assume that the velocity component in &,-direction compared to the component

in &;-direction can be neglected. Solve the Navier Stokes equations and plot the
velocity distribution.
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8 Laminar-Turbulent Transition

8.1 Stability of Laminar Flow

This Chapter is devoted to the complex problematic of laminar flow stability,
intermittency, steady and unsteady boundary transition. The phenomena of stability
of laminar flows, transition, and turbulence were systematically studied first by O.
Reynolds [1] in the eighties of the eighteenth century. H. Schlichting [2], [3] and in
his classical textbook Boundary Layer Theory [4] gives an excellent treatment of
these complex flow phenomena and critically reviews the contributions up to 1979,
where the seventh and last edition of his book appeared. In this chapter, we first treat
the fundamental issues pertaining to the subject matter followed by original
contributions recently made in the area of steady and unsteady boundary layer
transition.

In Chapter 7, we have presented several exacts solutions of the Navier-Stokes
equations, where at given Reynolds numbers, the effect of curvature and pressure
gradient on the velocity and temperature distributions were discussed. To perform the
integration process without encountering numerical instabilities, we have utilized
Reynolds numbers ranging from 500 to 5000. For the particular geometry pertaining
to the positive pressure gradient (decelerated flow), the highest Reynolds number we
could apply without numerical instability was aboutRe = 1500. For a negative
pressure gradient (accelerated flow) and the same geometry, but with reversed flow
direction, a Reynolds number as high as Re = 5000 could be used. For higher
Reynolds numbers, numerical instabilities occurred, indicating the sensitivity of the
laminar flow at positive pressure gradient with respect to higher Reynolds numbers.
In fact, for a given geometry, there is always a definite Reynolds number, the critical
Reynolds number, Re,,,, above which the flow pattern changes drastically. The
numerical value of this critical Reynolds number, however, depends, strongly, among
other things, on pressure gradient, inlet flow conditions, and surface roughness. For
a steady flow through a pipe with very smooth surface and no inlet disturbance, the
critical Reynolds number is approximately

Re,, - [E) = 2300 @&.1)
v crit

Keeping the working medium and the geometry the same, a change in the flow
velocity results in a change of the Reynolds number. For the above flow, the laminar
flow pattern is sustained as long as Re < Re_,. At this Reynolds number, the flow
exhibits a well orderly pattern and the fluid particles travel along neighboring layers.
Approaching the Re,,,,and eventually increasing it beyond the critical one Re > Re,,,,
causes the flow pattern to change drastically. The orderly pattern ceases to exist. This

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 233
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drastic change of the flow pattern is demonstrated by the classic dye filament
experiment conducted by O. Reynolds (1883) and reconstructed in Fig. (8.1). Ata
low Reynolds number Re < 2000, the filament remained laminar with sharply
defined boundaries in th center of the stream that spread slowly due to molecular
diffusion, Fig.(8.1a). Increasing the Reynolds number above the critical one changed
the flow pattern completely leading to a strong mixing of the dye filament particles
with the main flow. At a Reynolds number Re > Re,,, the particles of the dye
filament were subjected not only to a longitudinal motion but also to a lateral motion
with a high frequency random fluctuation superimposed on the main (longitudinal)
motion. This high frequency random fluctuation which is inherently three
dimensional characterizes the new flow pattern that is termed turbulence. As soon as
the flow becomes turbulent the filament diffuses into the stream and the fluid
becomes uniformly colored in a short distance downstream of the dye injector as seen
in Fig.(8.1Db).

8.2 Laminar-Turbulent Transition

Increasing the Reynolds number from a subcritical to a supercritical range, the flow
undergoes a laminar- turbulent transition process. This transition process relates the
stable, subcritical laminar state to the stable, supercritical turbulent state and is of
fundamental importance for the entire engineering fluid mechanics. As indicated
above, the complex process of transition is affected by several parameters, the most
significant ones are the Reynolds number, pressure gradient, surface roughness, and
the external disturbance (turbulence intensity Tu = y¥’*¥) in the free stream. To
understand the fundamentals of the laminar turbulent transition, we try first to reduce

\_

Injector Dye filament

\ JdLam~Tr~— Turbulent
&\ g \&
InJeCtOr o @@ @\g 8 @9@33 @@@Q
,\,@ﬁ e g3 B2 5 9 88 &
& 68 20 L 508 98
P S %5E 8
\@@\©® ) @ @

/ @ Re > Re,

Fig. 8.1: On the stability of laminar flow, historic dye filament
experiment by Reynolds (1883); (a) laminar flow for Re<Re _; (b)
turbulent flow for Re>Re

crit*
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Fig. 8.2: Transition process along a flat plate at zero-pressure gradient
sketched by Schubauer and Klebanoff [6].

the number of parameters affecting the transition process. This is done effectively by
investigating the transition within the boundary layer along a flat plate with a smooth
surface at zero pressure gradient. This is particularly important for the development
of boundary layer and its onset which is primarily responsible for the inception and
magnitude of the drag forces that exert on any surface exposed to a flow field. Figure
(8.2) schematically explains the transition process that takes place within the
boundary layer along a flat plate at zero pressure gradient.

Starting from the leading edge, the viscous flow along the plate generates two
distinctly different flow regimes. Close to the wall, where the viscosity effect is
predominant, a thin boundary layer is developed, within which the velocity grows
from zero at the wall (no-slip condition) to a definite magnitude at the edge of the
boundary layer (the boundary layer and its theory is extensively discussed in Chapter
11). Inside this thin viscous layer the flow initially constitutes a stable laminar
boundary layer flow that starts from the leading edge and extends over a certain range
@. By further passing over the plate surface, the first indications of the laminar flow
instability appear in form of infinitesimal unstable two-dimensional disturbance
waves that are referred to as Tollmien-Schlichting waves @. Further downstream,
discrete turbulent spots with highly vortical core appear intermittently and randomly
®. Inside these wedge-like spots the flow is predominantly turbulent with Vx¥V # 0,
whereas outside the spots it is laminar. According to the experiments by Schubauer
and Klebanoff [5], the leading edge of a turbulent spot moves with a velocity of
V, = 0.88U,whereas its trailing edge moves with a lower velocity of V,, = 0.5U.
As a consequence, the spot continuously undergoing deformation decomposes and
builds new sets of turbulence spots with increasingly random fluctuations
characteristic of a turbulent flow. Schubauer and Klebanoff [6] also noted the
existence of a calmed region trails behind the turbulent spot. This region was named
calmed because the flow is not receptive to disturbances.

Analytical investigations by McCormick [6]indicate that artificially created
turbulent spot does not persist if the Reynolds number satisfies the condition
Re;, < 500 which results from linear stability theory. Schlichting [4] summarized
the transition process as follows:
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f

~—Laminar —! Transition Turbulent
|

Re Re
Cr Tu

Fig. 8.3: Sketch of transition process in the boundary layer along a flat
plate at zero pressure gradient, a composite picture of features in [6]
after White [7].

@ A stable laminar flow is established that starts from the leading edge and extends
to the point of inception of the unstable two-dimensional Tollmien-Schlichting
waves.

@ Onset of the unstable two-dimensional Tollmien-Schlichting waves.

® Development of unstable, three-dimensional waves and the formation of vortex
cascades.

@ Bursts of turbulence in places with high vorticity.

® Intermittent formation of turbulent spots with high vortical core at intense
fluctuation.

® Coalescence of turbulent spots into a fully developed turbulent boundary layer.

White [7] presented the a simplifying sketch, Fig. (8.3), of transition process of a
disturbance free flow along a smooth flat plate at zero pressure gradient by assem-
bling the essential elements of transition measured by Schubauer and Klebanoff [5].

The process of flow transition from laminar to turbulent in the sequence discussed
above takes place at low level of freestream turbulence intensity of 0.1% or less. In
this case, the presence of Tollmien-Schlichting waves are clearly present leading to
a process of natural transition. In many engineering applications, particularly in
turbomachinery flows, where the main stream is periodic unsteady associated with
highly turbulent fluctuations. The boundary layer transition mainly occurs bypassing
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the amplification of Tollmien-Schlichting waves. This type of transition is called
bypass transition, [8]

8.3 Stability of Laminar Flows

The transition process described briefly above have been the subject of ongoing
theoretical and experimental investigations for more than half of a century. A-priori
predicting the transition process flows is based on the assumption that laminar flow
stability is affected by small external disturbances. In case of internal flows though
pipes, nozzles, diffusers, turbine or compressor blades channels, these disturbances
may originate, for example, in the inlet, whereas in the case of a boundary layer on
a solid body that is exposed to a flow may be due to wall roughness or disturbance
in the external flow. In this connection, we exclude external disturbances that
accelerate the transition start. We also exclude the effect of pressure gradient on the
transition process, assuming a flow at zero-pressure gradient. Thus, we restrict our
selfto investigating the effect of small disturbances on the stability of laminar flows.
A stable laminar flow continues to remain stable as long as the small disturbances die
out with time. On the other hand the laminar flow becomes unstable if the
disturbances increase with time and there is possibility of transition into turbulent.

8.3.1 Stability of Small Disturbances

We consider a statistically steady flow motion, on which a small disturbance is
superimposed. This particular flow is characterized by a constant mean velocity
vector field V' (x) and its corresponding pressure p (x). We assume that the small
disturbances we superimpose on the main flow is inherently unsteady, three-
dimensional and is described by its vector filed ¥ (x, #)and its pressure disturbance
P (x, 1) In contrast to the random fluctuations which characterize turbulent flows, the
disturbance field is of deterministic nature that is why we denote the disturbances
with a tilde (~) as opposed to a prime (), which we use for random fluctuations.
Thus, the resulting motion has the velocity vector field:

V(X,0) = V(X) + P(X,1) (8.2)
and the pressure field:
p(X.t) = p(X) + p(X,1) (8.3)

Assuming that| VX, t)| < |I7(X)| and p(X, f) < p(X) ,weintroduce Egs.(8.2)and

(8.3) into the Navier Stokes equation (4.43):

—a(Va: Mo+ v )yvw+v)=-v@+p «va@+ 9 (8.4)
p

Performing the differentiation and multiplication, we arrive at:
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%—'t’ sV VP + PYV + PP =-L(Vp+p) +v(aV+AP) (8.5)
p

The small disturbance leading to linear stability theory requires that the nonlinear

disturbance terms be neglected. This results in

* - VNV« VIV« PV = -lvp vav - Lyp s vaP (86)
p p

Equation (8.6) is the composition of the main motion flow superimposed by a
disturbance. The velocity vector V (x)constitutes the Navier-Stokes solution of the
main laminar flow. Since the solution of the main laminar flow satisfies the Navier-
Stokes equation (8.6) must also fulfill the Navier-Stokes equation. As a consequence,
we have:

%—'t/ VNP s PV = - Lyp swap 8.7)
p

<t

Equation (8.7) in Cartesian index notation is written as

.6. .8.__1@ VGZVI.

xX; p Ox, ax; 0x;

(8.8)

Equation (8.8) describes the motion of a three-dimensional disturbance field
superimposed on a three-dimensional laminar main flow field. In order to find an
analytic solution that determines the stability of the main flow, we have to make two
further simplifying assumptions. The first assumption implies that the main flow is
unidirectional in the sense defined in Chapter 7. Thus, the main flow is assumed to
be two-dimensional, where the velocity vector in streamwise direction changes only
in lateral direction. The second assumption concerns the disturbance field. In this
case, we also assume the disturbance field to be two-dimensional too. The first
assumption is considered less controversial, since the experimental verification shows
that in an unidirectional flow, the lateral component can be neglected compared with
the longitudinal one. As an example, the boundary layer flow along a flat plate at zero
pressure gradient can be regarded as a good approximation. The second assumption
concerning the spatial two dimensionality of the disturbance flow is not quite obvious
and may raise objections that the disturbances need not be two dimensional at all.
Squire [9] performed a stability analysis using disturbances which were periodic also
in z-direction and found that a two dimensional laminar flow becomes unstable at
higher Reynolds number if the disturbance is assumed to be three-dimensional than
when it is supposed to be two-dimensional. This means that a two-dimensional
disturbance causes an earlier instability leading to lower critical Reynolds numbers.
Furthermore, the use of two-dimensional disturbance leads faster to the linear stability
equation, which may also be achieved using a three-dimensional disturbance assump-
tion. With these assumption, the decomposition of Eq.(8.8) in its components yields:
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AN/ A N U N
o ox, ox, p Ox, ox; ox;?
(8.9)
- Cp ; i3 55
aVZ + V a_V = 1 9p + v 9 V2 + 9 VZ
ot 0x; p Ox, ox;  ox;
The continuity equation for incompressible flow (4.11) yields:
VWV +P)=0,V.FV =0 (8.10)
with V'Ij'(x) = 0, Eq. (8.10) decomposed as
", 0 8.11
- + —Z =
ox,  Ox, ®.11)

With Egs. (8.9) and (8.11) we have three-equations to solve three unknowns,
namelyV V2 and p. The solution is presented in the following section.

8.3.2 The Orr-Sommerfeld Stability Equation

Before proceeding with the stability analysis, for the sake of simplicity, we set in Eq.
89V, =UV, =4V, =% x =x,x, =y and find

+

o1, o, ;OU _ 15 (a_ a]

ot ox dy pox ox?2  9y?
i (8.12)
ﬁ + U% = —l@ + v ﬁ + &
ot Ox p oy ox?  oy?

For the disturbance field superimposed on the main laminar flow we introduce the
following complex stream function:

Y(xy.h) = o(y)e’ P (8.13)

In Eq. (8.13) o is the complex function of disturbance amplitude which is assumed
to be a function of y only. The stream function can be decomposed into a real and an
imaginary part:

YYD = Ygxp) + iy(xy,hg (8.14)
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from which only the real part

R(y) = e"ﬁ‘[(pgt cos(ax - Pyf) - Pgsin(ax - Bmt] (8.15)

has a physical meaning. Similarly the complex amplitude is decomposed into a real
and an imaginary part:

oM = exxy) + i9(,D)g (8.16)

While o is a real quantity and is related to the wavelength A = 2@/a, the quantity
is complex and consists of a real and an imaginary part

B =B, +iB, (8.17)

withB, as the oscillation frequency of the perturbation field and B, as the
amplification/damping factor of the disturbance. For B, < 0, disturbances are
damped and stable laminar flow persists. On the other hand, disturbances are
amplified if B; > 0. In this case instability may drastically change the flow pattern
from laminar to turbulent. We now introduce the following ratio:

E + E =c, + ici (8.18)
[+ o

withe, as the wave propagation velocity and ¢,the damping factor. The components
of the perturbation velocity are obtained from the stream function as:

~ 8 i(ox—- ~ a . i(ax-—
i=N = ope@; y=-N - _jge(y)e @t (8.19)
oy ox

Introducing Eq.(8.19) into (8.12) and eliminating the pressure terms by differentiating
the first component of the Navier-Stokes equation with respect to y and the second
with respect to xrespectively and subtracting the results from each other, we obtain

(U -0)(9" - o?¢) - U'lp = -ﬁ(qﬂ’” - 209" + atg) (8.20)

Equation (8.20) referred to as the Orr-Sommerfeld -equation was derived by Orr [10]
and independently Sommerfeld [11]. It constitutes the fundamental differential
equation for stability of laminar flows in dimensionless form. The velocities are
divided by their maximum values and the lengths have been divided by a suitable
reference length such as d for pipe diameter, b channel length or J for boundary layer
thickness. The Reynolds number is characterized by the mean flow

U d Ub U §
Re=—"_ or Re=—2_ orRe=-2=
v v v
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8.3.3 Orr-Sommerfeld Eigenvalue Problem

The Orr-Sommerfeld equation is a fourth order linear homogeneous ordinary
differential equation. With this equation the linear stability problem has been reduced
to an eigenvalue problem with the following boundary conditions at the wall and in
the freestream:

v=0 0=0, ¢ =0

E}
I

y = 0:
(8.21)

y=o: Gi=v=0: ¢ =0, ¢/ =0
Equation (8.20) contains the main flow velocity distribution U( y) which is specified
for the particular flow motion under investigation, the Reynolds number, and the
parameters o, ¢, and c; .

Before we proceed with the discussion of Orr-Sommerfeld equation, we consider

the shear stress at the wall that generally can be written as:

T, = p| Y 8.22
L (8.22)

If the flow is subjected to an adverse pressure gradient, the slope (6U/6y)y=0may

approach zero and the wall shear stress disappears. This requires the velocity profile
to have a pint of inflection as shown in Fig. (8.4). In this particular case the flow close
to the wall behaves like an inviscid flow with the Reynolds number approaching
infinity (Re - ). For this spacial case the Orr-Sommerfeld stability equation
reduces to the following Rayleigh equation:

U -o)(@" - o?9) - U'p =0 (8.23)

Equation (8.23) is a second order linear differential equation and need to satisfy only
two boundary conditions:

y=0:¢"=0
(8.24)
0

y:oo:q)z

The Orr-Sommerfeld equation (8.20) is an eigenvalue problem with the boundary
conditions (8.21). To solve this differential equation, first of all the velocity
distribution U( ) must be specified. As an example, the velocity distribution for
plane Poisseule flow can be prescribed. In addition, Eq. (8.21) contains four more
parameters, namely @, Re, c,and c;. We assume that Reynolds number and the
wavelength A = 2m/aare given. For each pair of given a and Re Eq. (8.20) with the
boundary conditions (8.21) provide one eigenfunction@(y) and one complex
eigenvalue ¢ = ¢, + ic;with
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o = P (8.25)
1

as the phase velocity of the prescribed disturbance. For a given value of a
disturbances are damped ifc, < 0 and stable laminar flow persists, whereasc, > 0
indicates a disturbance amplification leading to instability of the laminar flow. The
neutral stability is characterized by ¢; = 0. For a prescribed laminar flow with a
given U(y) the results of a stability analysis is presented schematically in an o, R
diagram Fig. (8.4), where every point of the diagram corresponds to a pair of ¢,
and c;.

[003) Stable

Unstable @

l l

Re u(y) u(y)

Fig. 8.4: Neutral stability curves for two-dimensional boundary layer with two-
dimensional disturbances, (a) frictionless Rayleigh stability for velocity profile with
inflection point Re ~, (b) viscous instability for velocity profile without inflection
point.

crit crit

The curve of the neutral stability separates the region of stable laminar flow from that
ofunstable disturbances. The vertical line that tangents the stability curve constitutes
the critical Reynolds number, below which all disturbances die out. Inside the
stability curve the flow is unstable, whereas outside fully stable. The figure also show
schematically the effect of velocity profile on the stability. A flow with the velocity
profile described by (a) with a point of inflection is more sensitive to disturbances,
whereas the one with the profile (b) has a smaller range of instability. These two
profiles represents two different flow conditions. The profile (a) represents a
boundary layer flow at positive pressure gradient, which is close to separation. In
contrast, profile (b) may represent a boundary layer flow at negative pressure
gradient. This explains why an accelerated laminar flow is more stable compared to
a decelerated laminar flow we described in Chapter 7.
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8.3.4 Solution of Orr-Sommerfeld Equation

As an example, we solve the Orr-Sommerfeld stability equation for the case of a plain
Poiseuille flow between two parallel plates. The method used herein is based on the
study by Orszag [12] who expanded the assumed solution and the boundary
conditions in terms of linear combinations of Chebyshev orthogonal function of the
first kind 7,(y). For the particular case of a pure Poiseuille flow between parallel
plates, we rearrange Eq.(8.20) and arrive at the following dimensionless result:

c(-ap”+ o> @) +Ulag” - o> @) -apU” + Ri [-2iap” +ig"" +io* @)= 0 (8.26)
e

The boundary conditions are:

o(1) =0; ¢(1) =0
o(-1) = 0; ¢/(-1) =0

(8.27)

and the plane Poiseuille flow is given by the dimensionless profile:
Uy) =1-y2 (8.28)

In Eq. (8.28) the independent dimensionless variable y represents the ratio of the
physical coordinate in lateral direction and the half-width with the value of unity
between the plates. Likewise, U(y) is the ratio of the undisturbed velocity distribution
and the maximum velocity in the middle of the plates, and Re is based on the half-
width between plates and is Re = 1/v. As reported in the open literature, there is no
exact solution known for this set of equations. Therefore, we use numerical methods
in order to solve the problem. One of the possible method, which is a very common
practice is to expand the assumed solution in terms of a series of some type of
functions such as Taylor, Fourier, Chebyshev, Legendre, etc. For this particular
problem, it was decided to expand the assumed solution in terms of Chebyshev
orthogonal polynomials of the firstkind 7,(y). Chebyshev polynomial of the first kind
is defined by:

T, (cos®) = cosn® (8.29)

for all non-negative integer n. Examples of these functions are:

T, =1
Tl()’) =Yy

(8.30)
T(y) = 2y2 -1

T.») =T, ,0)-T,,0)

A plot of the first six polynomials is shown in Fig.(8.5). It can be seen that this set of
polynomials is composed of both even and odd functions.
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Fig. 8.5: The first six Chebyshev polynomials.

Another interesting characteristic is that all polynomials are orthogonal and non-
singular in the interval [-1,1], i.e the inner product of two polynomials is given by:
+1

(T,(NT(y)) = fwdy=1 if i=j, and = 0 for i # j (8.31)

with T; as the Chebyshev polynomials, C; a constant (C,= 2 and C, =1 for n>0), and
w(y) is the weighting function defined as:

w(y) =y/1-y? (8.32)

The orthogonality condition makes the Chebyshev polynomials particularly
appropriate for solving the Orr-Sommerfeld problem. To solve the Orr-Sommerfeld
differential equation we assume that the solution can be expressed in terms of
Chebyshev polynomials 7,,(y), as shown:

= kZ;) a,T,(y) (8.33)

where the coefficient @, can be determined from the inner product as (orthogonal
property):

T
2 [ n(y)d

= Ly
Cn —1@

¢ from Eq. (8.33) is then introduced into the differential equation (8.26) and in the
boundary conditions (8.27). It must be noted however, for this particular case, that
the presence of only even derivatives in the differential equation and the symmetry
of the boundary conditions reduce our solution to the combination of even
polynomials only. The number of equations is then reduced to £/2+/ (one from each

(8.34)
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inner product), where & is the maximum degree used in the expansion. Since the
boundary conditions must be satisfied, the last set of equations obtained from the
inner product (related to the high frequency terms), are substituted by the boundary
condition equations. At this point, the nontrivial solution to our set of unknowns is
obtained finding the values of the complex number ¢ that nulls the determinant of the
matrix associated with the system of equations. In other words, we must solve an
eigenvalue problem.

The problem of solving the Orr-Sommerfeld differential equation, which was in
the past the subject of several dissertations can now be assigned as a routine
homework problem. Using the symbolic capabilities and the library of built-in
functions from several software (Maple, Mathematica, Matlab) it is possible to
produce highly accurate expressions of the characteristic polynomial by increasing
the order of Chebyshev polynomials. However, increasing the order requires larger
memory and computational time that are associated with the inner product
(integration) between ¢ and the Chebyshev polynomials 7(y). The analysis showed
that the results from the inner products were related.

Table 8.1: Example of a Chebyshev matrix used.

TO T2 T4 T6 TS TlO T12 T14
W[ =z 0 0 0 0 0 0 0

L 1 0 0 0 0 0 0
Yol 2 4

3. L lp o 0 0 0 0
yi| 8 4 16

i1|: En i1|: Lﬂ: 0 0 0 0
Y| 16 64 32 64

iﬂ: lﬂ: ln Ln L1: 0 0 0
ve| 128 32 64 32 256

63 105 15 45 5 1

—_—n —a —NnT ——n —n" —7=N 0 0
v 256 5127 128 1024 512 1024

231 99 495 55 33 3 1

=1 Za —am —n —n —na —0 0
v, 1024 5127 4096 1024 2048 1024 4096

429 3003 1001 1001 91 . 91 . 7 . 1 _

2048 16384 8192 16384 4096 16384 8192 16384

Y14

Two aspects are worth noting: First, the polynomial matrix shown in Table 8.1, is
always lower triangular. This means that almost half of the internal product between
functions is already known without the need to perform the integration. Secondly but
more important, each term of the table can be generated as a linear combination of the
other terms. The constants for the combination are identical to the coefficients of the
Chebyshev polynomials of the same degree as the column where the term of interest
is located. Using these two simple properties, it is possible to generate the results of
all internal products needed to form the set of equations.
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8.3.5 Numerical Results

The accuracy of the results improves by using higher order Chebyshev polynomials
in the expansion of the solution. However, a practical limit must be found since the
computer resources (time, memory, etc.) required to solve the problem also increases.
Figure (8.6) shows the effect of the use of five different Chebyshev Polynomials over
the accuracy of the neutral stability curve. It can be seen that the location of the
critical Reynolds number as well as the lower branch of the stability curve is not
much affected if the order of the polynomials is greater than 30. On the other hand,
the upper branch shows a great dependence on the degree selected. However within
low ranges of Reynolds numbers, a low order polynomial may be used with a certain
degree of confidence. Figure (8.7) contains the plots corresponding to the stability
maps for the plane Poiseuille flow between parallel plates. The figure exhibits the
frequency of the disturbance wave as a function of Reynolds number with ¢, as the
parameter. The tangent to the neutral stability curve with ¢; = 0 predicts a Reynolds
number of 5670 within 0.1% accuracy. Figure (8.7) contains three stability curves
with ¢; = 0, 0.004, 0.008. The neutral stability curve characterized by the zero
damping ¢; = Oseparates the stable outer region from the unstable inner region.

1.4
1.2} /
5 iﬁo T32 —
cc>>‘1° ———""" T34
o) i 'T36/
0.8 TN T38
\\
\\_\

20000 40000 60000 80000 100000120000
Reynolds Number

Fig. 8.6: Effect of degree of Chebychev polynomial on the numerical solution.

The linearized stability theory presented above mathematically describes the basic
physics of the change of flow state from laminar to turbulent. The theory is applicable
to simple steady flows at low turbulence intensity levels. As the study by Morkovin
[13] shows, the linearized Orr-Sommerfeld equation is not applicable to flows with
high free-stream turbulence intensity (more than 10%), where the Tollmien-
Schlichting waves we discussed above are completely bypassed.
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Fig. 8.7: Stability map for a plane Poiseulle flow.

8.4 Physics of an Intermittent Flow, Transition

As discussed in the preceding sections, the amplification/damping factor of the
disturbance B, determines the flow pattern. For B, < 0, disturbances are damped and
stable laminar flow persists. On the other hand, disturbances are amplified if f, > 0.
In this case instability may drastically change the flow pattern from laminar to
turbulent. This change, however, does not occur suddenly. The instability triggers a
transition process, which is characterized by its intermittently laminar-turbulent
nature.

To better understand the physics of an intermittently laminar-turbulent flow, we
consider a flat plate, Fig. 8.8, with a smooth surface placed within a wind tunnel with
statistically steady flow velocity p7 and a low turbulence fluctuation velocity p/." It
should be noted that, in contrast to the theoretical assumption we made for a fully
laminar flow, the real flow using in wind tunnel tests always contains certain degree
of turbulence fluctuations superimposed on the main flow velocity V. This is
expressed in terms of turbulence intensity defined as Tu = \/ﬁ /V. Thus, from a

practical point of view, it is more appropriate to use the term non-turbulent flow
rather than laminar one.

1

[T

The superscript “/” pertains to stochastic fluctuations in contrast to used in

Section 8.3 that stands for deterministic disturbance.
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Fig. 8.8: Measurement of an intermittently laminar-turbulent flow, (a)
positioning a hot wire sensor with the transitional portion of the boundary
layer, (b) high frequency velocity signals acquired at point P.

Downstream of the laminar region, we place a miniature ho¢ wire sensor at an
arbitrary point P within the boundary layer to measure the velocity ( see Chapter 11
for detailed flow measurement).

The position of the sensor relative to the plate such that the axis of the sensing
wire coincides with x,-axis which is perpendicular to the x,-x,-plane, Figure 8.8(a).
The wire and the associated anemometer electronics provide a virtually instantaneous
response to any high frequency incoming flow. Figure 8.8(b) schematically reflects
the time dependent velocity of an otherwise statistically steady flow. As seen, the
anemometer provides a sequence of signals that can be categorized as non-turbulent
characterized by a time independent, non-turbulent pattern followed by a sequence
of time dependent highly random signals that reflect turbulent flow. Since in a
transitional flow regime, sequences of non-turbulent signals are followed by turbulent
ones, we need to establish certain criteria that must be fulfilled before a sequence of
signals can be called non-turbulent or turbulent. This is issue is treated in the
following Section.
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8.4.1 Identification of Intermittent Behavior of Statistically Steady Flows

To identify the laminar and turbulent states, Kovasznay, et al. [18] introduced the
intermittency function I(x, ). The value of / is unity for a turbulent flow regime and
zero otherwise:

_ |1 for turbulent flow
Toe) = {0 for non-turbulent flow (8.35)

Figure 8.9 schematically exhibits an intermittently laminar-turbulent velocity with
the corresponding intermittency function I(x,?) for a statistically steady flow at a
given position vector x and an arbitrary time .

Following Kovasznay, et al. [18], the time-averaged value of I(x,?) is the
intermittency factor y, which gives the fraction of the time that a highly sensitive
probe spends in turbulent flow in a sufficiently long period of time T:

N
ZI: At (8.36)
T

Y(x) =

which is equivalent to

_ t+T

Yx) =1 = %, [ 1oyt (8.37)
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Fig. 8.9: Identification of non-turbulent (I = 0) and non-turbulent flow
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Experimentally, the intermittency factor y is determined from a set of N experimental
data. This requires that the integral in Eq. (8.37) be replaced by Eq. (8.38):

1 N
Y(x) = NizEII(x,tg (8.38)

The hatched areas in Fig. 8.9 labeled with @indicate the portion of the velocity with
random fluctuations, whereas, the blank areas point to signals lacking random
fluctuations.

8.4.2 Turbulent/Non-turbulent Decisions

To make an instantaneous decision about the non-turbulent/turbulent nature of a flow
it is possible to use a simple probe, such as a hot-wire, for measuring the velocity
fluctuations and to identify the fine-scale structure in the turbulent fluid, as shown in
Fig.8.10.
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Fig. 8.10: Processing the instantaneous velocity signals for inter-
mittency calculation for a statistically steady flow along a turbine
blade. V(t)= velocity signals, S(t)= Detector function, I(t)= indicator
function, for Non-turbulent I=0, for turbulent flow I=1, measurement
TPFL.

Since the velocity fluctuation is not sufficient for making instantaneous decisions for
or against the presence of turbulence, the velocity signals need to be sensitized to
increase discriminatory capabilities. The commonly used method of sensitizing is to
differentiate the signals. The sensitizing process generates some zeros inside the fully
turbulent fluid. These zeros influence the decision process for the presence of
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turbulence or non-turbulence. The process of eliminating these zeros is to integrate
the signal over a short period of time 7, which produces a criterion function S(t).
After short term integration, a threshold level C is applied to the criterion function to
distinguish between the true turbulence and the signal noise. Applying the threshold
level results in an indicator function consisting of zeros and 1's satisfying:

1 when S(x,t) > C

Ixt) = {0 when S(x,t) < C (8.39)

The resulting random square wave, /(x,¢), along with the original signal is used to
condition the appropriate averages using the equations above.

Performing the averaging process using Egs. (8.37) or Eq. (8.38) for the
statistically steady flow shown in Fig. 8.10, we find an intermittency factor
0< y(x) < 1. For the case 0< y(x) < 1this means that flow is transitional. For a
statistically steady flow, the time averaged intermittency at any point along the
surface in streamwise direction can be obtained that reflects the intermittent behavior
of the flow under investigation. As an example, Fig. 8.11 exhibits the intermittency
distribution along the concave surface of a curved plate at zero longitudinal pressure
gradient.
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Fig. 8.11: Time-averaged intermittency contour for steady flow
along the concave surface S of a curved plate at zero streamwise
pressure gradient, S, is the arc length of the curved plate,
Measurement TPFL.

Using an entire set of velocity distributions along the concave surface of a curved
plate at zero longitudinal pressure gradient, a detailed picture of the intermittency
behavior of the boundary is presented in Fig. 8.11. It exhibits the intermittency
contour within the boundary layer along the concave side of a curved plate under
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statistically steady flow condition at zero pressure gradient. Close to the surface, the
intermittency starts from zero and gradually approaches its maximum value. The dark
area with y(x) = lencloses locations with the maximum turbulent fluctuations.
Moving from the surface toward the edge of the boundary layer, the intermittency
factor decreases approaching the non-turbulent freestream.

Fig. 8.12: Time-averaged intermittency distribution along the concave
surface of a curved plate at zero streamwise pressure gradient with
normal distance y as a parameter, measurement 7PFL.

Figure 8.12 presents a more quantitative picture of the intemittency distribution with
normal distance y as a parameter. Substantial changes ofy(x) occur within a range of
y=0.0to 1.3 mm with the maximum intermittencyy(x) = 0.96 which means that the
velocity has not reached a fully turbulent state. In fact in many engineering
applications, for instance, turbomchinery aerodynamics, the flow is neither fully
laminar y(x) = Onor fully turbulent y(x) = 1.Itis transitional with 0 < y(x) < 1.
The change of y(x)in normal direction reflects the distribution of spots cross section
in y- direction that decreases toward the edge of the boundary layer. The knowledge
of y(x)-distribution is crucial in assessing the computational results of CFD-code,
understanding the development of spot structure and the flow situation within a
transitional boundary layer. For calculating the transition boundary layer
characteristics, the values close to the surface are used.

Figure 8.13 exhibits the y-distribution along the concave side of the curved plate
mentioned above at y = 0.1 mm above the surface as a function of Re-number in
streamwise directions, Re = Us/v.Upto Reg = 176,000, the boundary layeris fully

non-turbulent with y = 0. This point marks the start of the transition Reg Similarly,
the end of the transition is marked with Re, = 400,000. The locations of transition

start and end depend strongly on pressure gradient in streamwise direction and the
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Fig. 8.13: Intermittency as a function of Re along the concave surface of a
curved plate at y = 0.1 mm from, experiment(#), solid line Eq. (8.42).

inlet flow condition. The latter includes the free-stream turbulence intensity for steady
inlet flow condition. For a periodic unsteady flow condition as is present in many
engineering applications such as in turbomachinery fluid mechanics, periodic
disturbances with specific characteristics play a key role in determining the start and
end of the transition.

8.4.3 Intermittency Modeling for Steady Flow at Zero Pressure Gradient

The transition process was first explained by Emmons [ 14] through the turbulent spot
production hypothesis. Adopting a sequence of assumptions, Emmon arrived at the
following intermittency relation:

—ogx3

o) = 1 - e (8.40)
with o as the turbulent spot propagation parameter, g the spot production parameter,
x the streamwise distance and U the mean stream velocity. While the Emmon’s spot
production hypothesis is found to be correct, Eq. (8.40) does not provide a solution
compatible with the experimental results. As an alternative, Schubauer and Klebanoff
[15] used the Gaussian integral curve to fit the y-distribution measured along a flat
plate. Synthesizing the Emmon’s hypothesis with the Gaussian integral, Dhawan and
Narasimha [16] proposed the following empirical intermittency factor for natural
transition:

Yx) =1 - e (8.41)

with& = (x = x)/A A = (x),075 ~ (X)y-925 and X as the streamwise location of

the transition start and 4 as constant. The solution of Eq. (8.41) requires the
knowledge of A which contains two unknowns and the location of transition startx.



254 8 Laminar Turbulent Transition

In [17] the constant 4 was set equal to 0.412. Thus, we are dealing with three
unknowns, namely xg, and the two streamwise positions at which the intermittency

factor assumes values 0f 0.75 and 0.25. While the transition start x¢can be estimated,
the two streamwise positions (x),_q ;5 and (x),_g s are still unknown. Further more,

the quantity 4 which was set equal to 0.412, may be itself a function of several
parameters such as the pressure gradient and the free-stream turbulence intensity. As
we discuss in the following section, a time dependent universal unsteady transition
model was presented in [17] for curved plate channel under periodic unsteady flow
condition and generalized in [18] for turbomchinery aerodynamics application. The
intermittency model for steady state turned out to be a special case of the unsteady
model presented in [18] and [19], it reads:

( Re-Re,,

c )’
— 2
y = C, [1.0 — e\ RewRe ] (8.42)

with C,=0.95, C, = 1.81. With the known intermittency factor, the averaged velocity
distribution in a transitional region is determined from:

V=9V, + 1, (843)

with ¥, and ¥V ,as the solutions of laminar and turbulent flow, respectively. As an

example, we take the Blasius solution for the laminar and the Prandtl-Schlichting
solution for the turbulent portion of a transitional flow (for details see Chapter 11)
along a flat long plate at zero streamwise pressure gradient and construct the
transitional velocity distribution using Eq. (8.43). The results are plotted in Fig.8.14,
where the non-dimensional velocity vV is plotted versus the non-dimensional
variable y/6 with J as the boundary layer thickness. Two distinctively different curves
mark the start and end of the transition denoted by y = Oand ¥ = 1. As seen, within
the two y-values the velocity profile changes significantly resulting in boundary
layer parameters and particularly and skin friction that are different from those
pertaining to laminar or turbulent flow (see Chapter 11).
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viV
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Fig. 8.14: Velocity profile in transition region using the intemittency
function (8.42).
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8.4.4 Identification of Intermittent Behavior of Periodic Unsteady Flows

The flow through a significant number of engineering devices is of periodic unsteady
nature. Steam and gas turbine power plants, jet engines, turbines, compressors and
pumps are a few examples. Within these devices unsteady interaction between
individual components takes place. Figure 8.15 schematically represents the unsteady
flow interaction between the stationary and rotating frame of a turbine stage.
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Wake flow
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Dlreglon of (rotor)
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Fig. 8.15: Unsteady flow interaction within a turbine stage.
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(b) Periodic unsteady inlet velocity
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Fig. 8.16: Periodic unsteady flow velocity with the corresponding
distribution of /(x,?) at a particular position x.
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A stationary probe traversing downstream of the stator at station (2) records a
spatially periodic velocity distribution. Another probe placed on the rotor blade
leading edge that rotates with the same frequency as the rotor shaft, registers the
incoming velocity signals as a temporally periodic. The effect of this periodic
unsteady inlet flow on the blade boundary layer is qualitatively and quantitatively
different from those we discussed in the preceding Section. The difference is shown
in a simplified sketch presented in Fig. 8.16.

While the boundary layer thickness 6 in case (a) is temporally independent, the
one in case (b) experiences a temporal change. To predict the transition process under
unsteady inlet flow condition using the intermittency approach, we first consider
Fig. 8.17.

Ensemble M

Fig. 8.17: Periodic unsteady flow velocity with the corresponding
distribution of /(x,?) at a particular position x.

It includes three sets of unsteady velocity data taken at three different times but

during the same time interval A¢ ( corresponding to the sequence i=0to i=N). Each
of these sets is termed an ensemble. Considering the velocity distribution at an
arbitrary position vector x and at an ensemble j such as F{(t,j), we use the same
procedure we applied to the statistically steady flow discussed above to identify the
nature of the periodic unsteady boundary layer flow. The corresponding intermittency
function I(z,j) at a given position vector x is shown in Fig.8.17. For a particular
instant of time identified by the subscript 7 for all ensembles, the ensemble average
of I(¢,j) over N number of ensembles results in an ensemble averaged intermittency
function <y(x,#)>. This is defined as:

M
<y@eh)> = Ailzf(t,.,j) (8.44)

Jj=1

In Eq. (8.44), M refers to the total number of ensembles and ¢, the time at which the
corresponding signal was acquired. In contrast to the intermittency factory(x), the
ensemble averaged intermittency function <y(x,#)> is a time dependent quantity.
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Fig. 8.18: Processing of instantaneous velocity signals to calculate
ensemble averaged intermittency function for a periodic unsteady flow
aty =0.1 mm, S/S,=0.5235 and a reduced frequency Q = 3.443.

Figure 8.18 shows the steps necessary to process the instantaneous velocity data to
obtain the ensemble averaged intermittency. The periodic unsteady velocity u(?) is
produced by moving a set of cylindrical rods with the diameter of 2 mm in front of
a curved plate placed in the mid height of a curved channel (for details see [18] and
[19]). For each ensemble, the velocity derivatives are obtained leading to a time
dependent intermittency function /(x,¢). Taking the ensemble average of I(x,t) as
defined by Eq. (8.44) results in an ensemble averaged <y(x,#)>, shown in Fig. 8.18.
Repeating the same procedure for all velocity signals taken at y = 0.1 mm along the
concave surface of the curved plate from leading to trailing edge, Fig. 8.19 shows a
contour plot that reflects the intermittent behavior of the boundary layer under
unsteady inlet flow condition. The contour variable y is plotted for two unsteady wake
passing periods. Figure 8.19 also includes the transition start for steady state case.
The areas with lower intermittency mark the non-turbulent flow within the wake
external region, whereas dark areas indicate the regions with higher turbulent
fluctuations. Upstream of the steady state transition start at S/S;, =0.5 there exists a
stable laminar boundary layer region. This region is periodically disturbed by the
wake strips that impinge on the surface. The wake strips are bound by two lines L1
and L2 that mark the leading and trailing edge with velocities ¥, = 0.8<V;>and

Vg = 0.5<V,>,respectively. As seen, whenever the wake impinges on the surface,

the boundary layer becomes turbulent (y = 1). It returns to its previous stable laminar
state, as soon as the wake strip has passed leaving behind a calmed region.
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Fig. 8.19: Contour plot of intermittency function along the normalized
streamwise distance s/s, for a reduced frequency Q= 1.75, dashed vertical
line denotes the start of steady state case with ( Q = 0.0), the ensemble
averaged free stream velocity is denoted by <V>.

The calmed region bound by L3 with a velocity approximately V,, = 0.3<V,>.

The calm region denoted by a triangle ABCA is characterized by <y(®)> = 0. A
comparison of Figs. 8.19 and 8.11 shows that the existence of the wakes has caused
the non-turbulent region becomes larger, thus for this particular case, delaying the
transition process. This is true as long as the wakes are not mixed with each other.
Increasing the reduced frequency of incoming wakes, causes mixing of the wakes
associated with higher averaged turbulence intensity and a shift of transition toward
the leading edge. The phenomenon of calming behind turbulent spots first mentioned
by Schubauer and Klebanoff [6] was quantitatively determined by Herbst [19] and
Pfeil et. al [20], Schobeiri and Radke [21] and Halstead et. al [22].

8.4.5 Intermittency Modeling for Periodic Unsteady Flow

The effect of periodic unsteady wake flow on boundary layer transition is discussed
more in detail in Chapter 11, section 11.8.2. The specific problematic of the
transition, however, are discussed in this section. To establish an intermittency based
transition model that accounts for the periodic unsteady inlet flow impinging on a flat
plate, a curved plate, a compressor or turbine blade, we first introduce a
dimensionless parameter that characterizes periodic nature of the incoming flow:

Ut 1+oo
(=2 ==2withs = [ T &, 8.45
A - nf (8.45)
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Equation (8.45) relates the passing time ¢ of a periodic flow that impinges on the
surface with the passing velocity in lateral direction U, and the intermittency width
b. The latter is directly related to the wake width introduced by Schobeiri et al. [23].
We define the relative intermittency function I (in (8.45) as:

<’Yi(ti)> - <Yi(ti)>nﬁn

i <Y P — YD in (8.46)

In Eq. (8.46), <y(t)> is the time dependent ensemble-averaged intermittency

function which determines the transitional nature of an unsteady boundary layer. The

maximum intermittency <y(#)>,.. >showninFig. 20(a), exhibits the time dependent

ensemble averaged intermittency value inside the wake vortical core. Finally, the
minimum intermittency <y(#)>., >represents the ensemble averaged intermittency

values outside the wake vortical core.

L p— - 1.0 - |
Q=3.443 L o,
0.8 {H{Intermittency <y(t),,,,> inside the wakel 0.8 AR 01
g o ‘ v 018
O . 022
0.6 0.6 :’v‘ RS © 025
A (a) n (b) o] -%A > 029
3041 I 04 - o\e exp(-L) ||
‘Intermittency <y(t),,,> outside the wake| ./}A :}(1
021 T I 0.2 of s A
_\_ : “ 0:'::‘ "”»“’3‘
AN,
0.0 0.0
0 1 th 2 3 4 2 0 2 ¢ 4

Fig. 8.20: Ensemble averaged Intermittency, (a) marks the maximum values of
the intermittency inside the wake and the minimum range outside the wake, (b)
shows the relative intermittency and its description by a Gaussian function.

Experimental results presented in Fig. 20(b) show that the relative intermittency
function I closely follows a Gaussian distribution, which is given by:

F=e¢? (8.47)

Here, { is the non-dimensionalized lateral length scale. The validity of Eq. (8.47) has
been verified for different cases [18], [24] and [25], suggesting it is a universal
unsteady intermittency function. Using this function as a universally valid
intermittency relationship for zero and non-zero pressure gradient cases [24], the
intermittency function <y,(t)> is completely determined if additional information
about the minimum and maximum intermittency functions <y;(t)> .., and <y;(t,)>.x
are available. The distribution of <y,(t,)> .., and <y,(t,)>,... in the streamwise direction
are plotted in Fig. 8.21(a). The steady case shown in Fig. 8.21(b) serves as the basis
of comparison for these maximum and minimum values. In the steady case, the
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Fig. 8.21: (a) maximum, minimum and averaged intemittency distribution along a
curved plate under periodic unsteady flow condition compared to the intermittency
at steady inlet floe condition (b).

intermittency starts to rise from zero at a streamwise Reynolds number Re, , =2x10°,
and gradually approaches the unity corresponding to the fully turbulent state. This is
typical of natural transition and follows the intermittency function (8.42). The
distributions of maximum and minimum turbulence intermittencies <y,(t)>,., and
<y,(t)> . 10 the streamwise direction are shown in Fig. 8.21(a). For each particular
streamwise location on the plate surface with a streamwise Reynolds number, for
example Re, ;= 1x10°, two corresponding, distinctively different intermittency states
are periodically present. At this location, <y,(t)>,.. corresponds to the condition
where the wake with the high turbulence intensity core impinges on the plate surface
at a particular instant of time. Once the wake has passed over the surface, the same
streamwise location is exposed to a low turbulence intensity flow regime with an
intermittency state of <y,(t,)>,...,, where no wake is present. As seen, <y,(t,)>, has the
tendency to follow the course of the steady (no-wake) intermittency distribution
exhibited in Fig. 8.21(b), with a gradual increase from an initial non-turbulent state
with a value of zero approaching a final state of 0.8. This was expected as <y;(t,)> i
is calculated outside the wake region where the turbulence intensity is relatively
small. On the other hand, <y,(t,)>,.., reveals a fundamentally different behavior that
needs to be discussed further. As Fig. 8.21(a) shows, the wake flow with an
intermittency close to 1 (see also Fig. 8.19) impinges on the blade surface. By
convecting downstream, its turbulent fluctuations undergo a strong damping by the
wall shear stress forces (stable laminar flow). The process of damping continues until
<y,(t)>max T€aches a minimum. At this point, the wall shear forces are not able to
further suppress the turbulent fluctuations. As a consequence, the intermittency again
increases to approach the unity, showing the combined effect of wake induced and
natural transition due to an increased turbulence intensity level. The damping process
of the high turbulence intensity wake flow discussed above explains the phenomena
of the becalming effect of a wake induced transition observed by several researchers
including [9], [10], [11]. Figure 8.21(a) also shows the average intermittency, which
is a result of the integral effect of periodic wakes with respect to time. The maximum
and minimum intermittency functions are described by:
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_( Re, - Re,, )2
U = (10 - fre TR (8.48)
and

_L{Rex—Rex’s )2
<Y(t)>min =f£(1-0 — e e = Re,, ) (8.49)

where the constants f, and f, may depend, among others, on the freestream turbulence
intensity 7u, the wake parameter Q and surface roughness. The time averaged
intermittency is described by:

( Re-Re,, )2
Re,,Re, ,

Y =J;(1.o - fe (8.50)

The combined effect of <y,(t,)>,... and <y;(t)>,., can be seen in the expression for y
through the constants f; and f,. These constants are directly related to the constants

f, and f,. For the given Q-values, the f--values are given in Table 8.2.

Table 8.2: f-values for different Q-values.

f, Reduced Frequency Q

1

1.033 | 1.725 | 3.443 5.166

f, 0.57 0.22 0.50 0.35

f, 0.80 0.85 0.86 0.88

f, 1.00 0.82 0.80 0.80

f, 0.85 0.92 0.92 0.94

8.5 Implementation of Intermittency into Navier Stokes Equations

8.5.1 Reynolds-Averaged Equations for Fully Turbulent Flow

In most engineering applications, the flow quantities such as velocity, pressure,
temperature, and density are generally associated with certain time dependent
fluctuations. These fluctuations may be of deterministic or stochastic nature.
Turbulent flow is characterized by random fluctuations in velocity, pressure,
temperature, and density. Figure 8.22 shows the time dependent turbulent velocity
vector as a function of time for statistically steady, statistically unsteady, and periodic
unsteady flows. It exhibits three representative cases encountered in engineering
application. Case (a) represents a statistically steady flow through a duct (pipe,
nozzle, diffuser etc.). Case (b) reveals the statistically unsteady velocity at the exit of
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astorage facility during a depressurizing process. Case (c) depicts a periodic unsteady
turbulent flow (almost sinusoidal ) with a time dependent mean that is encountered
in combustion engines. Periodic unsteady flows are also found in all sorts of turbines
and compressors.

Instantaneous velocity Instantaneous velocity Instantaneous velocity

<!
<!
<t

Ensemble—averaged
¥ 4 Vvelocity

-,
Time—averaged velocity V= f(t)

©)

<V.
Ensemble-averaged
velocity S @

t t t
Fig. 8.22: Schematic representation of (a) statistically steady turbulent
flow with a time independent mean, (b) statistically unsteady turbulent
flow with a time dependent mean, and (c) periodic unsteady turbulent
flow with a time dependent periodic mean.

Any turbulent quantity can be decomposed in a mean and fluctuation part, where the
mean may be time dependent itself as we saw in the ensemble averaging process. For
a statistically steady flow, the velocity vector is decomposed in a mean and
fluctuation term:

Vix,t) = V(x) + V(x,f) (8.51)
The velocity components are obtained from Eq. (8.51) as:

Vi) = Vi(x) + V]x,0) (8.52)
For a statistically unsteady flow, the flow velocity

Vix,t) = <V(x,0)> + V/(x,1) (8.53)

with <V(x,t)> as the ensemble averaged velocity according to Eq.(8.54).

M
<H(x,0)> = Ail j;V(t,.,j) (8.54)

where the flow is realized M times and each time the velocity W(x,¢) is determined

at the same position x and the same instant of time ¢. The velocity components are
obtained from Eq. (8.51):

Vix,t) = <V,(x;,8)> + V/(x;,1) (8.55)

For a statistically steady flow, we define the time averaged quantity of a turbulent
flow as:

T
5-1
0= T[th (8.56)
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with T as a time interval, over which the quantity is averaged. For a statistically
steady and highly turbulent flow, the averaged quantityQ is time independent.
However, if the turbulent flow is periodically unsteady with 7" as the period, the
averaging duration 7' must be an order of magnitude smaller than the period of the
mean unsteady flow which means T »T. From Eq. (8.56), it immediately follows
that:

5-0 0o ®.57

The quantity O may be a zero™ order tensor such as the temperature, pressure, density
or a first order tensor such as the velocity. The spatial differentiation of the quantity
is obtained from:

30 _ %0
Os Os (8.58)

For a velocity measured at an arbitrary position vector x, the mean is expressed as:
T

Mx) = L [V, (8.59)
To

For further consideration and for the sake of simplicity, we may abandon the
ensemble averaged parenthesis pair and instead use the over bar
<V(x,?)> = V(x,t) = V.However, we will resort to the parenthesis whenever there
is a reason for confusion. We start from the Navier-Stokes equation for
incompressible flow in an absolute frame of reference:

<t VN = —Vp - AV (8.60)
p

and assume that the flow quantities are associated with certain fluctuations._ We
replace the velocity vector ¥ by ¥V = ¥V + V' thepressure p = p + p’withV, p
as the ensemble averaged velocity vector, ensemble averaged pressure and ¥/, p/ the
fluctuation velocity vector and pressure which are inherently time dependent. A
simple order of magnitude estimation shows that the density fluctuations may be
neglected. Taking the average of Eq. (8.60) gives:

oV + V'

e RN USS OR/URR OF 1@ sy s AP+ V) (861
p

Further treatment of Eq. (8.61) in conjunction with the averaging rules Egs. (8.56),
(8.57), and (8.58) results in

%—'t/ s VYV VPV = -lyp « vAV + g (8.62)
p

This equation is referred to as the Reynolds averaged Navier-Stokes (RANS) equation

of motion for incompressible flow with constant viscosity. For the statistically steady
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state, v 0, accordingly for statistically unsteady flow, we have the time
derivative aa_lt/ = a<al;> # 0,because ¥V = <V>.Theterm (V'V') isthe Reynolds

stress tensor and its divergence V-(V'¥V') is the “eddy force” acting on the fluid
particle due to the turbulent fluctuations. It should be pointed out that the
decomposition steps performed above were in order to find approximate solutions for
the Navier-Stokes equation, whose direct numerical solution until very recently,
appeared to be out of reach. Since the Reynolds stress tensor can not be expressed
uniquely in terms of mean flow quantities, it must be modeled. This, however, is the
subject of turbulence modeling. Before starting with implementation of intermittency
function into the Reynolds equations, we rearrange Eq. (8.62) as follows:

W pvw - Ivpg s v(yvP - V) + g (8.63)
p

In Eq. (8.63) we assumed that the kinematic viscosity is constant throughout the flow
field. In Cartesian coordinate systems the index notation of Eq. (8.63) is:

v, —av, = v, ——
7 S X IR Vi R 'S (8.64)
ot 7 ox, pox, ox| ox /

and is decomposed in x,-direction:

4 e 74 e 217 217 217
N M ;W ;T 1, | PN, E @

a oy oy oy poxy | ax? ax? oxl

0 0 0
[ g(Vﬁ V/1) + g(Vlz Vll) + g(VG V/1)
1 2 3

+g‘1
(8.65)
in X,-direction:
5 e g Py e Lo, | BV By By
o lox, ‘ox, ‘ax; pox, ox}  ox; axl
d d d
[ —(V'\ V) +—(, V') +—( V/SV/Z)] &
ax, ox, ox, (8.66)

and finally in x,-direction, we have:
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74 74 74 74 217 v374 Y374
8V3+I7 8V3 I76V3+;%=—lap+v 8V3+6V3+6V3

o lox, ‘ox, ‘ox; pon ox}  ox; axl

0 0 0
a—(V/1 Vi)+ a_(Vlz V/3)+a_(V/3 V)| +gs
! *2 3 (8.67)

The Reynolds averaged Navier-Stokes (RANS) equation (8.63), its index notation
(8.64), and the component decomposition (8.65), (8.66) and (8.67) are derived for a
fully turbulent flow, which inherently includes the Reynolds stress tensor that has 9
components whose divergence is shown in Eq. (8.64). This equation cannot be
applied to a transitional flow, which is intermittently laminar and turbulent as is
common in many engineering applications. To account for the intermittent nature of
a transitional flow, RANS-equations require a conditioning as detailed below.

8.5.2 Intermittency Implementation in RANS

Following Eq.(8.51), we first re-arrange the velocity vector:

Vige,t) = V(x,t) - V(x,t) (8.68)
For a non-turbulent flow, the left-hand side of Eq. (8.66) becomes zero:

Vix,t) - V(x,t) = 0 (8.69)
and for a fully turbulent flow, we have

Vix,t) - V(x,t) = Vix,0)= 0 (8.70)
Thus, Egs. (8.69) and (8.70) can be summarized as:

Vix,t) - V(x,t) = IV(x,1) (8.71)

with 7 = [ for fully turbulent flow and / = 0 otherwise. To arrive at a conditioned
Navier-Stokes equation for implementation of intermittency function, it is easier to
modify first the Navier-Stokes equations by adding the continuity equation for
incompressible flow. This results in

%—'t/ + V(VV) = -1p + vAV (8.72)
p

Inserting the velocity from Eq. (8.71) into the (8.72), we receive:

S VD o v [(P1V)(F + V)] = -LV(p + p') <A@ + V) 873)
p

Performing the multiplication, Eq. (8.73) is prepared for ensemble averaging:
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—_— _ _ 1 —
aa_lt/+ a(gt/_/) VAV 20VY !+ PYIV = V@ ) VAV VAAV')  (8.74)

Carrying out the procedure of ensemble averaging, the following terms identically
disappear:

v =o, 217y =0, (8.75)

Utilizing the 12 = I, we arrive at the Reynolds stress tensor:

t+T
v =y - lT [1vvidr (8.76)
t

With Egs. (8.76) and the ensemble averaged (8.74), we obtain the conditioned
Reynolds equations for incompressible flow that describe non-turbulent, transitional,
and fully turbulent flows as well:

Vv« ywv W) = Lvp + vav (8.77)

ot P

Rearranging Eq. (8.77) leads to:
%—'t’ vV = -lyp v vAV - vV (8.78)
p

The turbulent shear stress associated with the intermittency function, y¥/¥V/ | plays
a crucial role in affecting the solution of the Navier-Stokes equations. This is
particularly significant for calculating the wall friction and the heat transfer
coefficient distribution. Two quantities have to be accurately modeled. One is the
intermittency function y, and the other is the Reynolds stress ¥V’ tensor with its
nine components. Inaccurate modeling of these two quantities leads to a
multiplicative error of their product y¥/¥’ . This error particularly affects the
accuracy of the total pressure losses, efficiencies, and heat transfer coefficient
calculations. Equation (8.78) is coordinate invariant and can be transformed to any
curvilinear coordinate system within an absolute frame of reference. Its component
in x,-direction is:

- - 4y

ov, =av, = a7, N7 1 v v, +62V1+62V1

a oy Coax, oy pdy | ax? ax2 ox

awviv'y awv,v') owviv')
+ + +g,
ox, ox, ox, (8.79)

in x,-direction,
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R 7 217 277 277
aﬁ+ 1%+V2%+V3%= —1ap +v aV2+aV2+aV2
ot ox, ox, ox; p Ox, oxl  ox;  oxg

V'V VLV VYY) e,
ox, Ox, ox,

(8.80)
in x,-direction
S R _ _ _
a£+Vl%+V2%+Vs% __lop ., &V Vs O,
at axl ax2 ax3 p 6x3 ax 12 ax22 ax 32
V' v’ . v, vl . S AN o
8x1 ax2 ax3 (881)

The conditioning procedure discussed above and the subsequent decomposition lead
to a turbulent shear stress expression that contains turbulent and non-turbulent terms.
Detailed flow measurements by Chavary and Tutu [25], however, clearly show that
the shear stress is carried completely by the turbulent region. In the case of the
conditioning process we derived above, the non-turbulent term is embedded in the
ensemble averaged terms, implying that the intermittent shear stress termy V/¥V/ in
Eq.(8.76) is carried completely by the turbulent region. This exhibits a substantial
improvement in terms of formulating the RANS-equations for unsteady intermittent
flows.

Problems

Problem 8.1: Derive the Orr-Sommerfeld differential equation (8.20). Using the
boundary conditions (8.27), solve the Orr-Sommerfeld equation for a plane Poiseuille
flow.

Problem 8.2: Write a computer program for calculating the Blasius equation (laminar
flow). Add a subroutine for calculating the fully turbulent velocity profile using the
Prandtl 1/7th law (see Chapter 11). Add a subroutine for transition model and
compute the flow velocity profiles from laminar state to turbulent state.

Problem 8.3: (1) Using Matlab or Maple random data generator tool, generate a set
of random fluctuation over a period of 1 second with a frequency of 1kHz. The
fluctuation amplitude should be around 3 m/s. The two consecutive data points should
fluctuate around zero (positive, negative), so the mean of the entire fluctuating data
is always zero. (2) Generate 50 events (or observation) of above data, arrange the data
randomly. (3) Using a sinusoidal velocity distribution generate a periodic velocity
distribution with a mean of 30 m/s, an amplitude of 10 m/s and a period of 1second.
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Superimpose (1) on (3) get another set of data (1000 points) for each event. (4)
Perform the ensemble averaging and find the fluctuation RMS and the ensemble
average of the velocity.
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9.1 Fundamentals of Turbulent Flows

The preceding Chapter dealt with stability of laminar flows, their perturbation and
transition to the turbulent state. In discussing the transition process, we prepared the
essentials for better understanding the basic physics of the more complex turbulent
flow, which is still an unresolved and extremely challenging problem in fluid
mechanics.

Using the intermittency function as a parameter to describe the flow state under
consideration, two distinct flow regimes were distinguished in Chapter 8: (a) laminar
flow regime characterized by the absence of irregular or random fluctuations with
v =0 and, (b) turbulent flow state characterized by y = 1 with irregularities expressed
in terms of random variations in time and space. While the randomness is an inherent
quality of a turbulent flow, it does not completely define the turbulent flow. In many
engineering applications, however, turbulent flow can be described statistically by
determining averaged values for flow quantities. Descriptions of averaged velocity,
kinetic energy, and Reynolds stress tensor (see Chapter 8) distributions of wakes, free
jets and jet boundaries are a few examples from free turbulent flow where the effect
of molecular viscosity compared to the turbulence viscosity is neglected. For all
engineering flow applications such as flows through pipes, turbines and compressors,
blade channels or flow around aircraft wings, averaged quantities are described
utilizing different turbulence models that relate the Reynolds stress tensor to the mean
flow quantities. In these cases, we deal with the wall turbulence which is generated
by the presence of a solid wall. In contrast to the firee turbulence, the wall turbulence
is subjected to both molecular and turbulence viscosity associated with energy
dissipation.

Taking into consideration the complexity of turbulent flows encountered in
engineering and a multitude of definitions found in literature, among others, by G.I.
Taylor [1], von Kérman [2], Hinze [3] and Rotta [4], we term a flow regime turbulent
that has the following characteristics:

1. Turbulent flows are generally irregular and their properties continuously undergo
stochastic spatial and temporal changes. As a result, no reproducible turbulence
data with stochastic distribution can be obtained.

2. Despite its stochastic nature, using statistical tools, time or ensemble averaged
values can be constructed that are perfectly reproducible.

3. Turbulent flows are rotational motions (vorticity Vx¥ = () with a wide variety
of vortices with different sizes and vorticities.

4. Turbulent flows are generally unsteady and three-dimensional.

The above characteristics are implicitly indicative of the following features that are
inherent in turbulence:

M.T. Schobeiri: Fluid Mechanics for Engineers, pp. 271
© Springer Berlin Heidelberg 2010
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a)

b)

There is no analytical exact solution for any type of turbulent flows, even for the
simplest one. In the case of free turbulent flows, as we will see in the following,
only approximate solutions that are based on an inductive approach are found.

The inherent three-dimensional unsteady nature of turbulence associated with the
velocity fluctuations is responsible for an intense mixing of fluid particles causing
an enhanced momentum, and energy transfer between the fluid particles. This
process is called diffitsion. The enhanced diffusivity is due to the existence of
Reynolds stress which is, in general, several order of magnitudes larger than the
viscous stresses. Exceptions are flows very close to the wall, where the viscosity
has a predominant effect.

The high level of spatial and temporal fluctuations of velocity, pressure, and
temperature causes fluctuating vortices, also called eddies, of different sizes. The
eddies convect, rotate, stretch, decompose in smaller eddies, overlap and coalesce.
as Fig. 9.1 schematically shows. Figure 9.1 schematically summarizes the energy
cascade process taking place within a turbulent boundary layer.

\7 Dissipation
. into heat
— = Kolmogorov's eddies

VxV=0

Large eddies

Fig. 9.1: Schematics of an instantaneous energy cascade in
turbulent boundary layer. The arrows indicate energy
extraction, transfer and dissipation.

As seen, a flat plate is exposed to a constant, steady, non-turbulent flow VXV = 0
that is separated from the rotational boundary layer (VXV = 0) by a sharp
interface. The averaged boundary layer thickness is shown as a dashed curve.
Large eddies with a size / continuously extract energy from the main flow and
transfers it to smaller eddies. The process of energy cascade leads to the smallest
eddies whose energy dissipates as heat. The specific issues dealing with
Kolmogorov’s hypothesis, energy cascade, eddy structure, length, and time scale,
are treated in more detail in the following sections.

d) During the cascade process, the size of these eddies change from large to small.

In a boundary layer flow, as shown in Fig. 9.1, the size of the largest eddy has the
same order of magnitude as the local boundary layer thickness d. It receives its
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energy from the mean flow. The larger eddies continuously transfer their kinetic
energy to the smaller eddies. Once the eddy size is reduced to a minimum, its
kinetic energy is dissipated by the viscous diffusion. A state of universal
equilibrium is reached when the rate of energy received from larger eddies is
nearly equal to the rate of energy of when the smallest eddies dissipate into heat.
The process of transferring energy from the largest eddy to the smallest is called
energy cascade process, introduced by Richardson [5]. While the statistics' of
larger eddies change, Kolmogorov [6] introduced a hypothesis that enables
quantifying the scale of the smallest eddy on the basis of isotropy of those eddies.

e) Turbulent flow occurs at high Reynolds numbers. For engineering applications
where a solid wall is present (boundary layer, wall turbulence), the order of
magnitude for the Re-number to become fully turbulent depends on the pressure
gradient along the surface, as well as the perturbation of the boundary layer by any
incoming periodic unsteady disturbances such as wake impingements.

Note that in the course of the above introduction we utilized the rather vague term
“eddy”, which is used in the literature in context of turbulence research. In contrast
to the precisely defined term “vortex” with a descriptive circulation I' and its direct
relation to the vorticity vector VXV, the term eddy lacks a precise definition and is
loosely used for any individual turbulent structure with some length-scale.

9.1.1 Type of Turbulence

A turbulent flow is called homogeneous, if its statistical quantities (or short: statistics)
are independent of the spatial position vector x. This requires that the mean velocity
field described by Eq.(8.51), 17(X ,1), must also be independent of x. If we assume
a constant pressure flow field (Vp= 0) and neglect the contribution of the body
forces (gravitational, electromagnetic, electrostatic), the Reynolds equation (8.63) will
reduce to O¥/3¢ = 0 because all spatial derivatives disappear. As a consequence, the
resulting velocity field will be independent of time V= f(?), meaning that the

velocity V = const. and the flow is statistically stationary.

A turbulent flow is called isotropic if there is no preference for any specific
direction, i.e. ¥/} = V'3 = V'3 = ¥/ = V/V//3. Inreality, these averages exhibit
certain directional dependency, making the isotropy a hypothetical case. Despite this
fact, the isotropic turbulence is significant for fundamental study of turbulent flow.
From experimental point of view, flow regions can be found, where the fine structure
of actual nonisotropic turbulent flows can be approximated as isotropic. This
approximation associated with the major simplifications makes the complex turbulent
flow more amenable to fundamental theoretical treatment than any other type of
turbulent flow.

' The averages of a random quantity are called statistics. This includes mean and the rms

(root-mean-square) of that quantity.
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9.1.2 Correlations, Length and Time Scales

As we saw in Chapter 8, the Reynolds-averaging procedure has created an apparent
stress tensor V'V = ee; V V; 'with nine components from which, for symmetric

reasons, six are distinct. Thus, the creation of this tensor has added six more
unknowns to Navier-Stokes equations. In order to find additional equations to close
the equation set that consists of continuity, momentum, and energy balances, we need
to construct additional equations. This is done by multiplying the i component of
the Navier-Stokes equation with the j™ one. Thereby we expect to find turbulence
models that establish relations between the new equations and the set of equations
mentioned above. It should be pointed out that this purely mathematical manipulation
does not represent any new conservation law with a physical background. However,
it helps in providing additional tools that are necessary for turbulence modeling. In
this context, correlations are indispensable tools for providing additional insight into
turbulence. As we know from Navier-Stokes equations, the second order tensor '/’
is the mean product of the fluctuation components at a single point in space; it is
called a single point correlation . It does not give any further information about the
turbulence structure, such as the length and time scale of eddies. We obtain this
information from a two-point correlation. 1t is a second order tensor of the mean
product of fluctuation components at two different points in space and time, namely (X ,7)
and (x+r,#+1). For a purely spatial correlation with T = 0, the same fluctuating
quantity is measured at two different spatial positions x and x + r. Figure 9.2 shows
the position of the fluctuation components for (a) single point correlation and several
two-point correlations. For a general two-point correlation, we construct the second
order tensor

e R, (x 1) = €e; V{(x,t) Vj/(x+r,t+t), with
9.1)

Rx,tr,1) = Vix )V (x+rt+m)

with I = €;7; and 7 as the spatial and temporal dlstance between the two points. For
|r| oo or |r\ ~oo, the fluctuation components ¥; and V are independent from each
other, leading to R = 0. For a stationary or homogeneous process, the correlation

tensor is symmetrlc and we may write:

Rij(x,t,r,t) =R, (x+r,t+1,-r,-17) 9.2)

vy N X+, t+ T ‘
I_, r / Vi

Xt Vi Vi

(a) Single point (b)Two point (c) Two point correlation (d) Two point correlation (e) Two point correlation
correlation correlation  fluctuations in i-direction fluctuations in j-direction fluctuations in xl-direction

Fig. 9.2: Single- and two-point correlations.
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Normalizing the correlation Eq. (9.1), we obtain the dimensionless correlation, also
called correlation coefficient as:

Vi Ge,t) Ve +rit )
pij(x9t>r’1:) - 1 (93)

V ( DY, (x+rt+1:)

For a stationary or homogeneous field, the tensor Rij(x:t »5,T)is independent of 7 and
x. We can construct an auto-correlation when the fluctuation components are
measured at the same position but at different times and have the same direction (i =
7). Ttis defined as

R(1,7) = Vi)V, (94)

Note that by setting i =, we do not sum over the 1nd1ces i andj. As an example, the
auto-correlation for the fluctuation component Vl , 1s written as

Ry(1,1) = V(D V3(t+7) 9-5)

with the fluctuation Vllat the same spatial position but at two different times ¢ and #+.
On the other hand, the spatial correlation is obtained by setting in Eq. (9.1)
t=10.

R,(x,r) = Ry(r) = V/x) Vj/(x+r) (9.6)
The corresponding correlation coefficient is

rstrlr. N
o, (r) = — )

1 9.7)
Ve 7, e

For the component in x,-direction, Eq. (9.6) is simplified as

R, (r,0,0) = V/(x)V{(x,+r) (9.8)
In Eq.(9.8), the reference position vector x, can be set x;, = 0, resulting in
Ry, (r,0,0) = V{O)¥(r) 9.9)

The right-hand side of (9.9) is called the covariance of the Vl’ -component. The
correlation coefficient then is obtained by setting in Eq.(9.7) i =

vjioyv)
P11(7‘1,0,0) = 1( ) l(rl) ) (9.10)

v%0) v
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. —r —r
In most turbulence related literature, the term Vi) is replaced by v/ (0) thus, the
modified coefficient is:

V(0)V/
Py (7,0,0) = LAIAGY (9.11)
/(0)

In a similar manner, the coefficients in , and r; may be constructed

o Our.0) = JOV(r)
11372722

(9.12)
v{%(0)

The correlation functions are used to determine the length and time scales. The
general definition of the integral length scale is

+o0

fR,.j(x, t,r;, 0)dr,
Ly = S O

2V, (x,0V; (x,1)

__ [ (a) Longitudinal (b) Lateral

g: 1 o

oF
|
\
\
|
|
|

0=

kel

Fig. 9.3: Correlation coefficients with their osculating parabolas.

Likewise, the time scale is defined as

+oo

le.j(x, 1,0,7)dt
T,;x1) = —=

(9.14)
27 eV ()

For the special cases discussed above, the length scale is schematically plotted in Fig.
9.3 for longitudinal p,,(r;,0,0), as well as lateral p,,(0,r,,0)correlation

coefficients. In both cases, the length scale is simply the area underneath the
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coefficient curves. Using the hot wire anemometry for measuring the velocity
fluctuation, it is necessary to use two parallel wires separated either by », in a
longitudinal or by r, in a lateral direction. In the longitudinal case, Fig. 9.3(a), the
second wire is in velocity and thermal wakes of the first wire located upstream of the
second wire. This configuration leads to an erroneous longitudinal length scale. The
lateral length scale can be measured more accurately using the two hot wire probes
as arranged in Fig. 9.3(b). Re-arranging equation (9.13), we find the longitudinal
length scale

+oo

Lipng = fpll(rl’o’o)drl = 7_[ VI(O)Vl(rl)drl (9.15)
~ 27(0) ~

and the lateral length scale

+oo

Ltrans = fPu(O:"pO)drl = 7fVl(TVl(r2)dr2 (©.16)
s 2V1 (0) e

Although measuring the lateral length scale delivers a more accurate result than the
measured longitudinal one, from an experimental point of view, both are not practical.
This following hypothesis offers a practical alternative.

Taylor Hypothesis: An alternative method to estimate the length scale is the
utilization of a frozen turbulence hypothesis proposed by G.I. Taylor [1]. Considering
a large scale eddy with sufficiently high energy content, Taylor proposed an
hypothesis that the energy transport contribution of small size eddies that are carried
by a large scale eddy, as shown in Fig. 9.4, compared with the one produced by a
larger eddy, is negligibly small. In such a situation, the transport of a turbulence field
past a fixed point is due to the larger energy containing eddies. It states that “in
certain circumstances, turbulence can be considered as “frozen” as it passes by a
sensor”.

This statement is illustrated in Fig. 9.4. It shows a large eddy moving with an
averaged constant velocity of ¥} in the x,-direction, carrying a number of smaller
eddies with fluctuating velocity Vll . The hypothesis is considered valid only if the

Probe at a fixed position

t= 1 t= t1+T
Fig. 9.4: Explaining Taylor “frozen” turbulence
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condition V1/2<< V12 holds. Despite this constraint, the Taylor hypothesis delivers a

reasonable approximation for the variations of fluctuating eddies that are carried
along by larger scale eddies. Taylor established his hypothesis using a spatial
(Eulerian) description rather than a material (Lagranian) one (see Chapter 3). The
hypothesis relates the spatial variation to the temporal variation measured at a single
point. From an experimental point of view, this approach exhibits a substantial
reduction in efforts to determine the turbulence length and time scales.
Mathematically speaking, the Taylor hypothesis implies that the substantial change

of the velocity ¥ = ¥V + V/must vanish. Utilizing the Taylor’s assumption of
constant mean velocity, we have

DV + V) _av’

+ VvV =0 9.17
D¢ ot ( )

Equation (9.17) is the mathematical formulation of the Taylor hypothesis. The ¥; -
component of (9.17) reads

v/ 1 oV,
1% 9.18
ox, v, ot ©-18)
Approximating the differentials by differences leads to:
MG +r) - V) Vi) - Vi)
= - — (9.19)

r Vit

Equation (9.19) implies that the spatial separation shown in Fig. 9.3(a) can be
expressed in terms of a temporal separation. As seen, Eq. (9.17) is the left-hand side

of the Navier-Stokes equation, with the right side ~1/pV(p+p’) +vA(V+¥’)=0.

This hypothesis is only valid if we assume that ¥/ V<<1 and p = const. As a

consequence of this assumption, the pressure fluctuation p’, which has the order of
V7, can be neglected. With7, = 7117 in Eq. (9.19), we obtain

Vi(t) - Vit + 1) = Vi(x) + 1) - Vi(xy) (9.20)

Thus, the auto-correlation coefficient (9.11) becomes

VIOV + 1)
P11 (r,0,0) = pyy (1) = ———— (921
v

and the corresponding integral time scale follows from
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1 +oo
T, = 5_{ p (D (9.22)

thus, the length scale results from
L=nT (9.23)

Shifting the time origin results in p(t) = p(-T), meaning that Eq. (9.21) is an even
function. Furthermore, Eq.(9.22) has the property that p(t) = lat T = 0 and
p(1) = 0 forT = oo,

An alternative method to determine the time scale of small dissipating eddies
uses Eq. (9.21). For this purpose we first expand the corresponding correlation
coefficient (9.21) about t = 0 withrespectto time, and truncate beyond the quadratic
term; as a result, we arrive at

N i R
P (z) =1 7( ) (9.24)

This crude approximation allows constructing an osculating parabola with the same
vertex value and the derivative at T = 0 as the exact p,, (t)-curve. The parabola is
described by

2
py(x) = 1—( i) (9.25)

T

The intersection of this parabola with the 7-axis delivers the Taylor time scale 1,,
from which the Taylor micro length scale can be inferred. Equating (9.25) and (9.24)
gives the Taylor micro time scale

(9.26)

A=Vt (9.27)

The two scales are shown in Fig. 9.5 with the correlation coefficients for (a) spatial
and (b) temporal separations. It also includes the osculating parabola with the length
scale and time scale intersects. The Taylor micro length scale can be found directly
by using a similar procedure that leads to Eq. (9.26). In this case, we expand the

correlation coefficient (9.11) about #; = 0 and truncate beyond the quadratic term.



280 9 Turbulent Flow, Modeling

__ | (a) Longitudinal separation (b) Temporal separation
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Fig. 9.5: Approximation of Taylor length and time scales by osculating
parabolas.

We may then approximate the result by the following parabola

(,0,0) =~ 1-| 2 2
r,Y, = 1=
P11 (7 y

(9.28)
and arrive directly at the Taylor length scale

(9.29)

It should be pointed out that the Taylor micro length scale is only an approximate
length scale. It does not represent the length scale of large energy containing eddies
or the smallest dissipating eddies. However, for a homogeneous isotropic turbulence,

A provides a useful tool to estimate the turbulence dissipation (Section 9.2.1.4, Eq.
(9.71) For this purpose, we first use the following length scale definition

(9.30)

and then expand the dissipation equation defined in Section 9.2.1, Eq. (9.71) for
isotropic turbulence and introduce (9.30). As a result, we find a relationship between
the dissipation and the length scale’

2

Detailed derivations of (9.31) is found in Hinze [3], p.179 and Rotta [4], p. 80.
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ovjav]| [ar!) AR V|
e=v| 1| =v| | (28,8, -8,8,)=15v| 1| =15v| -+ 9.31)
dx; 9x; 9x, v x, A

Using dimensional analysis, Taylor established the following relationship for
dissipation

k 3/2

eoc—
; (9.32)

Another important aspect is that length, time, and velocity scales describe the
dissipative character of Kolmogorov’s eddies as a result of energy cascading, as
shown in Fig. 9.1. Using dimensional analysis, Kolmogorov arrived at his length
scale (1), time scale (1) and the velocity scale (v) scales:

AR V)12 V)
n =(—) > T=(—) > D=(—) (9.33)
e e e

which we will discuss in some details in the following section.

9.1.3 Spectral Representation of Turbulent Flows

As Fig. 9.1 shows, the scales of turbulence eddies distributed over a range of scales

extend from the largest scales which interact with the mean flow, from which they
extract their energy, to the smallest scales where their energy dissipates as heat.
Utilizing a transformation from physical space into a wavenumber space, the energy
of eddies can be expressed in terms of a spectral distribution represented by the
function E(k)dk, which is the energy of eddies from k to k+dk with k as the
wavenumber. Since the wavenumber is expressed in terms of the wave length
A = 2x/k, the dimension of wavenumber is, L™ in M, L, t dimension systems. If we

assume that the eddy’s length scale / is proportional to the wave length A, then the
wavenumber can be thought of as proportional to the inverse of an eddy's length /,

i.e k = 1/I. Figure 9.6 exhibits the energy spectral distribution £(k) as a function of
the wavenumber . This energy spectrum corresponds to the formation and the scales
of eddies within a boundary layer shown in Fig. 9.1. Kolmogorov introduced three
distinct length scale/wavenumber regions that are marked in Fig. 9.6.

The first region is occupied by large eddies that contain most of the energy. These
eddies interact with the mean flow from which they extract their energy (downward
arrow) and transfer it to smaller scale eddies. The large eddies affected by the flow
boundary conditions are anisotropic. According to Kolmogorov, they loose their
directional preference in the energy cascade process by which energy is transferred
to successively smaller and smaller eddies. The second region is the inertial
subrange (Kolmogorov).
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Fig. 9.6: Schematic of Kolmogorov energy spectrum as a
function of wavenumber.

In this region, a transport of energy takes place from the large eddies to the eddies
that are in dissipation range (horizontal arrow). Since in this subrange, the energy
transfer is accomplished by inertial forces, it is called the inertial subrange. As shown
in Fig. 9.6, the existence of this region requires that the Reynolds number must be
high to establish a fully turbulent flow. The third region is the dissipation range where
the eddies are small and isotropic and their kinetic energy dissipates as heat. The
scales of the eddies are described by the Kolmogorov scales, Eq. (9.33).

Kolmogorov Hypotheses: Utilizing the above scale decomposition, Kolmogorov
established his universal equilibrium theory based on two similarity hypotheses for
turbulent flows. The first hypothesis states that for a high Reynolds number turbulent
flow, the small-scale turbulent motions are isotropic and independent of the detailed
structure of large scale eddies. Furthermore, there is a range of high wavenumbers
where the turbulence is statistically in equilibrium and uniquely determined by the
energy dissipation €[L2T™3] and the kinematic viscosity V[L2T'].With this
hypothesis and in conjunction with dimensional reasoning, Kolmogorov arrived at
length (n), time (1) and the velocity (v) scales which have already been presented in
Eq. (9.33). Considering the Kolmogorov’s length and velocity scales, the
corresponding Kolmogorov’s equilibrium Reynolds number is

Re = % =1 (9.34)

To define the range of the equilibrium, we first introduce a dissipation wavenumber
to emphasize the strong effects of viscosity
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(9.35)

and the wavenumber of energy containing eddies with the length scale / that may be
interpreted as the average size of the energy containing eddies

1
K, = 7 (9.36)

The equilibrium range contains wavenumbers for which k >> k, with k, << k,. Thus,
the equilibrium wavenumber must satisfy the condition

K, <<k <<k, (9.37)

The range defined by the above condition is exactly the Kolmogorov inertial subrange
within which the turbulence is independent of the energy containing eddies and of the
range of strong dissipation. Utilizing the dimensional analysis, we find for the energy
spectrum E(k)[L3 T 2?]the following relationship

E(k) = v"* & F(kn) (9.38)

with the function F(kn) to be determined.

The second hypothesis states that when the Reynolds number is large enough for
the energy containing eddies, there exists a subrange of wavenumbers in which the
condition (9.37) is satisfied, then the energy spectrum is independent of v and is
determined by dissipation parameter € only. In this hypothesis, within the inertial
subrange and by virtue of dimensional analysis, where the Function F(kn) becomes

F(kn) = a(kn)? (9.39)

3\ 14
with n = (V—J from (9.33), Kolmogorov found the final equation for energy
€

spectrum within the inertial subrange as
E(k) = const.e?*k~"3 (9.40)

with const. = C, as the universal Kolmogorov’s constant shown in Fig. 9.6. Using
tidal waves for measuring the spectrum, Grant et al. [7] found the values for
a = 1.44 £ 0.01 and C; = 1.89 = 0.08 Equation (9.40) is called the Kolmogorov
spectrum, which is based on Kolmogorov’s second hypothesis. Onsager [8] and
Weizsédcker [9] arrived at the same equation independent of Kolmogorov and each
other.
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9.1.4 Spectral Tensor, Energy Spectral Function

As the energy spectrum schematically plotted in Fig. 9.6 reveals, in an energy
cascade process, eddies with different length, time, and velocity scales interact with
each other. Energy is continuously transferred from larger eddies to smaller and
smaller ones reaching the dissipation as the final stage of the cascade process. To
account for different scales in a more quantitative way, the Fourier analysis, as an
appropriate tool, is utilized. To directly apply the Fourier analysis to the issues we
discussed in the preceding section, we consider the two-point velocity correlation Eq.
(9.1). To start with the simplest case, we assume that (a) the velocity field is spatially
homogeneous, meaning that the two-point correlation is independent of the position
vector x and, (b) there is no temporal separation between the two points
measurement, then Eq. (9.1) reduces to

R () = V/(OV](r) (941)

We can now construct a second order velocity spectral tensor @(k,f) = ¢, ej(I)ij(k, t)in

terms of wavenumber spectrum as the Fourier transform of the two point correlation
(9.41)

1 ik
(k) = —— [ e ™ R, (t,r)dr
ij Qn)y V{T) i (9.42)

The inverse Transform is found

Ry(t.r) = fefk"rb,.j(k,t)dk
1405)

(9.43)

with
e’®" = cos(k'r) + isin(k'r) (9.44)

wherek = e;k; is the wavenumber vector which is related to the wave length by

I = 2n/|k|. Since we transformed the physical space into the wavenumber space,
the integral boundaries in (9.42) and (9.43) constitute the volume in the wavenumber
space. Furthermore, since the correlation tensor Rij(t,r) is real, the velocity spectrum

tensor @, j(k,t) is, in general, of a complex nature. It also has the symmetry property
(Dij(k:t) = (Dji(_k:t) (9.45)

and satisfies the orthogonality condition

k@, (k) = k@, (kD) = 0 (9.46)
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One-Dimensional Spectral Function: Of practical interest is the one-dimensional
version of Eq. (9.42), where the physical component in »;, and the wavenumber
component in k, are considered; the one-dimensional case of Eq. (9.42) reads

1 " —ikr
®ij(k1 at) = E [Rij(tarl)e ! ldrl (947)

The same result is obtained by integrating Eq. (9.42) over the other two wavenumber
components

0, (k) = f f@,.j(k, 1)dk, dk, (9.48)

Of particular practical interest is a spectral function which depends only on the
magnitude of the wavenumber k = |k| . It can be calculated as a surface integral over
the surface of a sphere with the radius & in the wavenumber space as shown in
Fig. 9.7.

Fig. 9.7: Wavenumber vector and
its components

vy (k0 = k2 fd),.j(k,t)dﬂ (9.49)

with dQ as an infinitesimal solid angle. Equation (9.49) allows one to compute the
energy spectral function as the half trace of (9.49)

Bkt = wi(kit) = 2k f0, (ka0 9.50)
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with E(k,7) as the specific kinetic energy of all wavenumbers with the magnitude
k <|dk| <k + dk. For isotropic turbulence, ¥’y = V2 = V3 = Vv = V/V]13,
Equation (9.50) is integrated and reduced to

EH) = 4n kZ%(D,.,.(k) 9.51)

with @, (k) as a scalar quantity. Without presenting the mathematical proof, the
spectral tensor @ (k) = eiej(Dij(k) can be reconstructed using Eq. (9.51)

E(k)

k4

k) =

. (k21 - Kk) (9.52)

with I = eiej5ij as the unit tensor and kk = eiejkikj as the second order
wavenumber tensor. Thus, Eq. (9.52) can be rewritten as

)

_ _E® _
0,0 = =58, - kk) (9.54)

The integration of the energy spectral function E(k,#) over the entire wavenumber
space leads to the total turbulent kinetic energy

1,75, y
Yyiy! = (Egpdk
ViV [(,) (9.53)

9.2 Averaging Fundamental Equations of Turbulent Flow

In this section, we present the fundamental equations that describe turbulent flows.
For the sake of completeness, we also re-present some of those equations that were
already presented in the preceding Chapter.

Turbulent flow is characterized by random fluctuations in velocity, pressure,
temperature, density, and etc. Any turbulent quantity can be decomposed in a mean
and fluctuating part. Experimental observations revealed that average values with
respect to time and space exist because distinct flow patterns are repeated regularly
in time and space. In Chapter 8, an averaging procedure applied to a single quantity
leading to Egs. (8.57) and (8.58) was given. Before preceding further, we apply the

averaging formalism to two arbitrary quantities Q1 and Q2 with O, = O, + Q1/ and
0, = Qz + Q2/ . If we deal with a statistically steady flow, re-applying the averaging
procedure results in:
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0 =0 - Ql Q1 51/, and 51/, =0

Q1Q2=Q1Q2=Q1Q2

0,0/ -0

©

N3l
I}

©

Q
[

0,0 -0,0 - 3,0 -0
- (9.55)
Ql Qz = 6162 + QI/Q2/

Applying operators to a tensor valued function results in:

V@ + Q) =VQ +VQ' = VO
Dg.0)-22. 7wy

9.2.1 Averaging Conservation Equations

In this section, we apply the averaging procedure (9.55) to the conservation equations
of continuity, motion, mechanical energy, and thermal energy presented in Chapter 4.

9.2.1.1 Averaging the Continuity Equation

Averaging the continuity equation reads:

% + VPV + oW = 0 (9.56)

with the index notation

¥

0 55 117!
+ =PV, + pV/) =0
o ax,.( ;P 9.57)

9.2.1.2 Averaging the Navier-Stokes Equation

First, we decompose the velocity vector in the Navier-Stokes equation and find:

v / - - —
%—'t/ . a; L VYV + VYV + VAV & VEYP/=

o _ (9.58)
-=Vp - =Vp/ + VAV + VAV + g
p P
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then we apply the averaging rules (9.55) to Eq. (9.58) and arrive at the Reynolds
averaged Navier Stokes equation (8.63):

%—'t/ s VYV VP = -Avp s yAV + g (9.59)
p

The index notation gives:

v, -, A A
by 1o\ T ('f)+g,. (9.60)
ot 7 ox; p Ox; Ox;0x; ox;

9.2.1.3 Averaging the Mechanical Energy Equation

The mechanical energy equation for a turbulent flow is obtained using Eq. (4.71),
which includes the compressibility term (V+-¥ # 0). Dividing the involved flow
quantities into the mean and the fluctuating parts and applying the averaging
procedure outlined in Section 9.2, results in a complex equation. To reduce the degree
of complexity, we consider an incompressible flow with the mechanical energy
equation given by Eq. (4.72) and also below:

ofr
Dr\ 2

Using the identity VV(VZ) V- (V Vz) for an incompressible flow and its index

9 9 . . '
notation V’a_x,(Vj V) = . — (¥, V,V;), we find the index notation of Eq. (9.61):

EVJVJ =_iV,£+VjVj
a2 ax, "\ p

2
3 (3% ., o, ),
+ v—VF, -v + Vg,
ax. ax axj 8 ax

=V (—I—;V + 2vV-DJ - 2vD:D + Vg (9.61)

(9.62)

We introduce the following decompositions:

V=V+Vwith V=V +V,
V:=vy,=V,V,+2vVy + vV (9.63)
p=p~+p’

and substitute the quantities in Eq. (9.61) by (9.63) and average the results, we find:
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V|
—
NN
~
N—
Qo
—_——
o X
X
N———
@l
-
o [N |
+
N“
\‘
N——
+
2|
|
—
| ©
¥ | =<
Ll
¥ | =
N ——

N LA A Y PI
ox; 0ox; ax, ox; p 2
(9.64)

v.0 ) aV av; aV aV —
V -V — + V.8
ax ox; 6x ox; 6xx ax

Equation (9.64) is the mechanical energy equation for turbulent flow, where the
energy of the Reynolds stress tensor appears on the right-hand side. In deriving Eq.

(9.64), we considered the gravitation force as the only field force with the component
in the x;-direction. If other field forces such as electromagnetic or electrostatic forces
are present, they are added to Eq.(9.64) in the same way as the above gravitational
work.

9.2.1.4 Averaging the Thermal Energy Equation

A thermal energy equation can be expressed in terms of specific internal energy u or
specific static enthalpy 4. In both cases, the specific internal energy and specific static
enthalpy can be expressed in terms of temperature # = ¢,T and # = CPT . Both
forms are fully equivalent and one can be converted into the otherby 2 = u + pv,
which is the defining equation for the specific static enthalpy. For averaging the
thermal energy equation in terms of specific static enthalpy which we replace by the

static temperature, we resort to Eq. (4.94)

DT ko» 1Dp | 1
c =2 = iv27+ 2ZP L 1T:D
D g T (9.65)

with the friction stress tensor 7 from Eq. (4.36):

T = M(V-V)I +2uD (9.66)

Decomposing, in Eq. (9.65), the temperature and pressure 7 and p as well as the
friction and deformation tensors 7'and D while neglecting the density fluctuation, we
find:
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(DT +T) _ koo pn o 1D@ +p)
? Dt 0 e Dt

+ LT+ 11y:@ + DYy
e

(9.67)

Averaging the entire Eq. (9.67) and considering the rule for averaging the spatial and
substantial derivatives of tensor valued functions listed in Eq. (9.55),we arrive at:

e| 2T, yinyi|= kyey . LDp | (3D 4 T7.D))
A Dt )

Further expansion of Eq. (9.68) and considering (9.66) leads to:

| L vvT+vivr | = Eyer . 10p
A ot 0 o Dt

+

s My PP sovD:Dd + ARV - DD
0

Following Egs. (4.72)-(4.74), the viscous dissipation of the mean flow is:

o - Q(&<V'T/)2 +2vD:D )E oe with e = 2(V-V)}* + 2vD:D

A
e e

Correspondingly, the turbulent dissipation reads

@ =AMV-V')? +2uD":D'= e

tur

with ¢ = 2(V-¥/)* + 2vD": D’

o |>

Thus, the total dissipation reads

@, =0+, =g +e

total

(9.68)

(9.69)

(9.70)

(9.71)

(9.72)

In Egs. (9.70), (9.71) and (9.72) eand e are the specific dissipations (dissipation per
unit of mass) of the mean flow and the turbulent flow, respectively. The latter is also
called the turbulent dissipation. Following Eq. (4.74), the index notation of Eq. (9.71)

reads:
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AR vl v\ oy
@, =L —L| += + L 9.73)
“ ox; Gx ax; ax] ax
and its expansion is:
A AN AR A
1 + 2 + 3 +2 -1 i
ox;, Ox, Ox; ox, ox,
v, v | [l | [ o |
+ U + — Hf — + —= +f —= + —=
6x2 ox, ox;  Ox, ox;  Ox,

Generally, the total dissipation expresses the conversion of mechanical energy into
heat and causes the system to heat up. Comparing the specific dissipation of the mean
flow & with the turbulent flow € shows that the order of magnitude of & by far

2 aV/ 2
+[_s

ox;,

(9.74)

surmounts the one of €. The reason is that, in spite of the fact that |V’/| << ¥, the
changes of the fluctuating velocity | aV,.’/axj | is much larger than changes of the mean

flow velocity |8V,.//6xj| >> 871. /axj. This circumstance is an inherent characteristic

of all turbulent flows and allows the mean flow dissipation to drop in all turbulence
equations. Thus, with Eq. (9.69) and (9.70), Eq. (9.68) becomes:

kvzf + lD_p_

. o Dt +E+e (9.75)

p(— + V-VT + V"VT’)=

9.2.1.5 Averaging the Total Enthalpy Equation
The quantities in total enthalpy Eq. (4.95), also given below,

(é(;_}tl * VVH) =k V2T + % + V-(TV) + pVg (9.76)

with T as the temperature and T = L(V-V)I + 2uD as the friction stress tensor.
Before further treating the total enthalpy equation, we re-arrange the term V-(T*V) as:
V-(T-V) = (VT)-V + TVV = (V-T)-V + T(Q + D) 9.77)

Since the friction tensor T is symmetric and the rotation tensor £ is antisymmetric,
their double dot product identically disappears leading to

V-(T'V) = (VT)-V + TNV = (VT)-V + T:D (9.78)
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The friction tensor T in Eqs (9.76), (9.77) and (9.78) includes V-V, which is nonzero
for compressible flows. In the context of turbulent flow treatment, its contribution is
insignificant and brings only additional complexity to a topic which is complex
anyway. Setting V-V = Oreduces Eq. (9.78) to

V-( T-V) = 2u{(V-D)-V + D:D) (9.79)

Implementing Eq.(9.79) into (9.76) , we find:

DH 3,
P - KkV2T + a_lt’ + 2u(V-D)-V + D:D) + pV-g (9.80)

Thus, Eq. (9.80) is identical with

p(aaitl + V-VH) = KVT + % + 2pV- (DY) + pVg ©-81)

Decomposing the quantities in Eq. (9.81) gives:
o 7y 1y 2 % N7 2| _
e~ h+h +E(V+V/) + oV + V)V h+h +E(V+Vl) =

KV2(f + TN + %’;P/) + 2uV‘((B+D')'(T/+V’)) (9.82)

rp(V + Vg

Comparing the order of magnitude of the fluctuation kinetic energy with the one of
the mean flow shows that ¥/2/2« ¥2/2 . This is true even for flow situations with

relatively high turbulence intensities of 10% and above. This order of magnitude
comparison can directly be related to the square of turbulence intensity defined as

Tu =y V'V . Fora large turbulence intensity of Tu = 10%, we obtain a ratio of

V'%/V? = 0.01. This comparison allows neglecting the fluctuation kinetic energy.
After averaging Eq. (9.82), we find:

g(%—lj + VWH| = V2T - oV'-Vh! - qV!"V(V"V') +

B (9.83)
% . ule-@P + VOV + oPg

For steady case and neglecting the gravitational work, we obtain:
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oPVH) = «V2T - oW/ Vh' - oV/VTV) +
o (9.84)
20(v-@7) + V@)

In Eq. (9.84) we replace the averaged static temperature with static enthalpy, add and
subtract the kinetic energy to introduce the total enthalpy, and introduce the Prandtl
numberPr = pe,/k . Furthermore, for the sake of practicability, we modify the third

term in Eq. (9.84) by adding a zeroV-¥/ = 0:

VNGV + (VYA = v{ (VY] (9.85)

as a result, we find:

olrvA) - P£V2f7 - P£V2(ll72] - oV'Vh' - oV{WVHY/
r r

2 (9.86)
- 20[v- @) + @)
Equation (9.86) written in Cartesian index notation is:
o7 ) - n @A nErxAan yih’ 3, VD)
ax ProxPx;, Pr|ox| ™ ox ' ox, ox,
oV, oV, 3= 97, o
+ —J + —=
Ox; ox, ax " ox; ©-87)

+

oviov;, v/ _, av/ oV}
! + v+ L1
ox; ox, oxdx, 7 ox, ox,

Combining the second and the sixth term on the right hand side of Eq. (9.87) results
in a more compact version:

27 v,
Vihol vV GH .k FH 9 p(l __) =
ax,. Pr oxgx, Ox, ox;
—on! a v viv ov.av,
_ /ah ( m' m t) + i Jj (988)
ax ox; axj ox;

T apr7 2 T arr
ov; oV} . aVJ.V.,+anan
ox; ox;  OxpPx, 7 ox, ox,
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To apply Eq.(9.88) to boundary layer problems discussed in Chapter 11, it is more
appropriate to deal with the correlation 9( Vi/h ’y/8x, rather than (Vilah ’y/3x,. This

requires a modification of (9.88) by introducing the following identity for
incompressible flows

oV/'Vh' = oV\W'h') - oV-V'n!

A ©-89)
. .

i ox; ox;

With (9.89), Eq.(9.88) becomes

Q(;G_H

_w PH 9
" ox;

= O -
Pr oxox; Ox; K )

Pr

A AAN) oV, oV,
Tl T 7 ’ (9.90)

; axj ox;

T Ag 2y T Ap
ovlov v, o,
ox; ox, oxox, ' Ox, ox

Equation (9.88) (or (9.90)) is the complete equation of the total enthalpy for steady
incompressible three-dimensional flows. Summing over the range of indices, Eq.
(9.88) can casily be expanded. The expanded version contains several terms that are
insignificant for a two-dimensional flow and may be deleted altogether as shown in
Chapter 11, when dealing with the boundary layer theory.

9.2.1.6 Quantities Resulting from Averaging to be Modeled

In addition to the viscous and turbulent dissipation terms, Eq. (9.86) includes a new

_ on’ oV, VLV
correlation ~ V,-/— and a transport term M

ox; ox;
enthalpy equation. As a result of the averaging procedure, the Reynolds stress tensor p/p/
was created in Eq. (9.59) with nine components from which six are distinct:

as aresult of averaging the

1,1 17,1 ] / / /
v nv, " T T T3

vV =\vlv] vv] Vvl = T = |4 o (9.91)

vlv! vyl vyl T Ty Ty
371 372 373
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with T, =15, T3 =15, and 1,; = 1,,. Considering the molecular friction tensor Eq.

(4.73) for an incompressible fluid, the total friction tensor of a turbulent flow T,

consists of the molecular friction stress tensor f and the turbulent stress tensor T:

T =T+T =2uD - pV¥/ (9.92)

total
Experimental results show that close to a solid wall, the order of magnitude of the
Reynolds stress is comparable with the molecular stress. In free turbulent flow cases
such as wake flow, jet flow and jet boundary, where the flow is not affected by a
solid wall, the order of magnitude of T’ can be much higher thanT such that the
latter can be neglected.

The elements of the tensor ¥/V’in Egs. (9.59) or (9.60) have added six more
unknowns to the Navier-Stokes equation (8.62). With three velocity components, the
pressure and six Reynolds stress terms, we have totally ten unknowns with only four
differential equations resulting from Eq. (9.59) together with the continuity equation.

Additional unknowns such as ¥/ VH' and static temperature T/¥/, are added to
the system of differential equations for solving the energy equation. In order to find
a solution, one has to provide additional equations that relate the Reynolds stress
tensor (9.60) with the quantities of the main flow. Likewise, empirical correlations

need to be found that relate ¥/-VH’and TV’ to the quantities of the main flow.
Such correlations can be constructed by mathematically manipulating the equations
of motion and by establishing empirical models.

These additional equations are called closure equations. To obtain these equations,
in the following we perform certain time consuming, yet mathematically simple
operations to drive new equations from the already existing ones. As we will see,
these new equations contain additional unknowns that need to be determined. It
should be pointed out that these new equations do not have any new physical
background and are just simple mathematical manipulations. The purpose of these
manipulations is to find some empirical correlations to close our new system of
equations. To easily follow the sequence of operations that generates the new
equation, we introduce a new operator N(V), which we call the Navier-Stokes
operator, where the velocity is assumed to be a function of time and space. This
assumption is valid for statistically stationary/non-stationary, with a constant time
dependent mean and stochastic fluctuations. Resorting to Eq. (4.43), we define

NY) =%’+ vvy +lvp vAav - g -0 (9.93)

p

With N as the operator and V the tensor valued argument, upon which the operator
acts and builds the Navier-Stokes equation. The argument may be a vector such as

V = V + ¥V’ oracomponent of a vector such as V. If the argument is the component
V,, then N(V,)describes the i" component of the Navier-Stokes equation. In case the

vector is decomposed into a mean and a fluctuation part, then the argument of the
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operator is replaced by V = Vv leading to N(I7 + V). If the entire Navier-

Stokes equation is averaged, we replace the operator argument by (¥ + V). Before
discussing different turbulence models, we present equations of turbulent kinetic

energy and its dissipation as the two major closure equations. Similarly, we may write
Eq. (9.93) in index form

2
N(V.)=%+ V,%+la_p—vﬂ
! ot Tox,  pox Ox;0x;

-g=0 (9.94)

Equation (9.94) describes the i component of the Navier-stokes equation. We may
also obtain N(V + V/)and N(V + V). In the course of the following derivations,
we encounter cases where second order tensors such as, V,N (V, + 7)), the j"

derivative of the i™ component such as, ai(N W, + Vi)), or a second order tensor
X,
j

aVl/ A (N_—) .
—I|\N(V, + V), are necessary to close the equation system.

axj ax,.

product such as,

9.2.2 Equation of Turbulence Kinetic Energy

To arrive at the equation of turbulence kinetic energy for an incompressible turbulent
flow, we first subtract Eq.(9.59) from Eq. (9.58):

v’
ot

+ VYV + VIV + VY = —in/ +VAV/ -V (V'V') (9.95)

and scalarly multiply Eq. (9.95) with ¥/:
., oV’ L(poy! L VLIV Lyloy!
y’ Py + VSV VvV + Vv Vy) + ViV-VY! =

| - (9.96)
-vivp! + WAV - VIV(VIV)

p

and rearrange the Reynolds stress tensor V+(¥’/V’) in Eq. (9.96) by subtracting the
continuity equation:

v (Vv = vivv' +« vivy! = vivy/ (9.97)

Inserting Eq.(9.97) into (9.96) results in:
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VWYV + V(WYY VWYV + VYV =

Ayivp « ywtav
p

y. a_V/
ot (9.98)

Now we average Eq. (9.98) by considering the following identities for the second
term on the left-hand-side:

Vi-(V-VV') = ﬁV(%) (9.99)

Using the index notation, it can be shown that the third term on the left-hand-side of
Eq. (9.98) is:

VL-(V-VV) = (VY)Y (9.100)

Since the gradient of the mean velocity VV is the sum of the deformation and rotation
tensor VV = D + Q. Eq. (9.100) can be modified as:

VA(V-VV) = (WV)D + Q) (9.101)
Since the product (V/P/):© = 0, Eq. (9.101) can be modified as:

V-(V-VV) = (VV'): D (9.102)
Now we define the turbulent kinetic energy as:

i - %—V/.V/ _ %Vt/yi’ - %(V{z V2. V;Z) = %W (9.103)

and insert into Eq. (9.98) and average:

% ¢ pvk + VYD VIV = -LVIvp! « wWEAVT (g 04
. .

The forth term on the left-hand-side can be written as

VAV = VIN(VVR2) (9.105)
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Considering Eq. (9.105), the equation of turbulence kinetic energy (9.104) becomes:

% ¢ pivk + VDD VVE = -1 Vv« WAV (9.106)
. .

A simple rearrangement of Eq. (9.106) yields:

/ [
%1: cJvg + WVDD - v vk + V% + v AV (9.107)

We add to the argument in the parenthesis on the right-hand -side of Eq. (9.107) the
following zeros:

- oy
vy’ =0, 2YV - (9.108)
p
and obtain:
- /. / IAvA 74
ok Vvk + VV:p = -V'Vk +kV-V/ + ViVp. , pVV
ot p P (9.109)
whAV!

Rearranging the terms in the parentheses on the right-hand-side of Eq. (9.107) results
in the final equation of turbulence kinetic energy for incompressible flow in a
coordinate invariant form:

— — — 71 -
%’: c vk + VWD = -V Tk + LB 4 ypar? (9.110)
p
The Cartesian index notation is:
— —— a7, A V!
Gk k-l D O ke By | v ©.111)
ot ox; ox; o, p ox,0x;

Equation (9.110) with its index notation (9.111) is the balance equation of the
turbulence kinetic energy per unit of mass. Before interpreting the individual terms
in Eq. (9.111), we first modify the last term on the right-hand side. The modification
is aimed at providing a detailed mathematical explanation that describes the
dissipative nature of this term. We use the following identity
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wWEAv! = iV Y - DR} 9.112)

with D’ as the deformation tensor of the turbulence fluctuation and its components
av! v/

)= 1,

2{ ox, ox

J
in index notation:

] . The first term on the right-hand side of Eq. (9.112) written

— E
w{v'p'} - vZ VJ./(

av] v/ | . o
+ —L | ( differentiating gives :
, axj ox;

(9.113)

S — ov) [ ov] v/ v/
2v{ V-(V’-D’} =v—L Ly 4| +vr—L
ox; | 9x;  Ox, ’ 9x,0x,

i

. / ani/ /0 aVi/
with vF; =vV,—
x;0x; ox;\ ox;

= 0in Eq. (9.113) as a consequence of the

incompressibility requirement. The second term on the right-hand side of Eq. (9.112)
written in index notation is:

/ / /
-2vD'VWV/ = -v % + GL i

— (9.114)
axj/ ox; | Ox;

1

with the velocity gradient in that can be set as VV/=D’+ Q' and since D’:Q’'=0,
Eq. (9.114) is rearranged as:

/ / / /
e o]

g, = 2vD"D’ =
9x; ox; dx,; ox,

(9.115)

Equation (9.115) exhibits the complete turbulence dissipation as found, among others,
in Hinze [3] and Rotta [4]. The above definition of dissipation differs from the
definition of the dissipation we will use in conjunction with the modeling, which is
defined as

/ /
o] o]

e=v—L
ox; Ox;

(9.116)
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Thus, Eq. (9.116) is expressed in terms of Eq. (9.115) through

ov! ov!
€ = Ec - Va—la—] (9117)
x; 0X;

Bradshaw and Pitt [ 10] have shown that for cases with strong velocity gradients such
as shock waves, the maximum difference Ae=g_-¢is about 2% and is for other flow
situations negligibly small. Returning to Eq.(9.112), the sum of (9.113) and (9.114)
yields:

/ / / N A/
WIAPT =y O g i V|V N9V, 9V |9V (9.118)
ox,| 7\ 9x,  9x, ox,  0Ox,) ox,

Expressing the left-hand side of (9.118) in index notation, we get

7 / / / N\ A/
A o L/ N SN LA A KL (9.119)
‘oxox,  ox, || 9x;  9x, ox,  Ox,) ox,

We replace in Eq. (9.110) the last term on the right-hand side by Eq. (9.112) and
obtain:

— — 17

%k Yvk = -wV)D -V + Y2
” P (9.120)

2v{v-(" D"y - D'}

The index notation of Eq. (9.120) is:
%+I7i%=—i/V./%_i V,./(k+IL/) +
ot ox; ! x;  ox; p

9.121)

o [ ov! an/ ov! 81/}/ an/
+ vV—ALV + —J - v + | L
ox;| '\ ox,  ox; dx;  dx;) ox,

J 14

Equation (9.121) expresses the same physical content as Eq. (9.111), thus, it does not
represent a new physical relationship that can be used to reduce the number of
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unknowns. Using some mathematical manipulations, we merely decomposed the last
term of Eq. (9.111) to explicitly introduce the dissipation process into the turbulence
kinetic energy balance.

Interpretation of Individual Terms in Eq. (9.121): The two terms on the left-hand
side of Eq. (9.120) and (9.121) describe the substantial change of the turbulence
kinetic energy per unit of mass consisting of the local and convective changes of the
kinetic energy . The first term on the right-hand side is the energy transferred from
the mean flow through the turbulent shear stress. This term is also called the
production of turbulence energy. This is explicitly expressed in terms of the double

scalar product of the mean flow deformation tensor D and the second order Reynolds

stress tensor ¥/¥’. The second term is the spatial change of the work by the total
pressure of the fluctuating motion. It exhibits the convective diffusion by turbulence
of the total turbulence energy. The third term on the right-hand side is the spatial
change of the specific work (work per unit mass) by the viscous shear stress of the
turbulent motion. The last term expresses the viscous dissipation by the turbulent
motion.

Introducing the Dissipation: There are a variety of alternative forms for turbulence
kinetic energy. The following alternative form is used for the purpose of turbulence
modeling. We further re-arrange the first term on the right-hand side of Eq. (9.119):

7 / P A" ) —"
AT =y | | ) W V| 9

ox,\ 7 ox; 7 ox, ox,  ox,) ox,

(9.122)

The second term within the first parentheses of Eq. (9.122) is the spatial change of the
kinetic energy

7 = = =
wiay =y | | %k v, |9

ox,| 7/ ox, ox, ox,  ox,| ox,

J J 1

(9.123)

We differentiate the expression in the first parentheses of Eq. (9.123) with respect to
x; and obtain:

(9.124)

ov/av; , v/
+
axj ox; 0x,; Ox,
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Because of the continuity requirement for an incompressible flow, the second term
in the first parenthesis of (9.124) identically vanishes. Moreover, the first terms
within the first parenthesis and the second parenthesis cancel each other out reducing
Eq. (9.124) to:

, %] 2 ov! av!
WAV =y 2 Ly Ok T O (9.125)
ax]axj Ox,;0x; axj axj

With Egs. (9.125) and (9.116), Eq. (9.111) reads:

_ v, 7, / 2
% .7 O Ly i 0yl 2y |y T e (9126)
ot Tox, 2 ax ax,. ox; 0x,0x;

Equation (9.126) establishes a relationship between the substantial change of the
turbulence kinetic energy and its dissipation. In Eq. (9.126), &€ can be replaced by the
complete dissipation ¢, leading to:

TR AN/ ———r
Ok , y Ok 137, 97, N v a8 v/(k+2)
ot ‘ox, 2 ox; ox; a p
- (9.127)
2 ! ov!
Py kOO

ox,0x; ox; Ox;

9.2.3 Equation of Dissipation of Kinetic Energy

As we will see later in turbulence modeling, besides the equations of continuity,
motion, and energy, the equation of dissipation is also used. To arrive at this equation,
we write Eq. (9.95) in index notation

Wi e G 1y, OV A
ot axk Fox, fox, pox, oxax, ax,

(9.128)

We differentiate Eq. (9.128) with respect to X; and scalarly multiply the result with
/

2v—L . After averaging, we arrive at the following exact dissipation equation by

ax].

Launder et al. [11]
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e, joe _ *v, | mov) | ov,| ovjav] ov]ov/
— + — =2V —— 4 + — 4 +
o Fox, oxox,| ox x| Ox, dx,  Ox; o,
/ / / / /
e SR L (9.129)
Ox, Ox; Ox, 2 ox, Ox; Ox,

S 2
av,op’ v,
L1 9 P |, v j ‘v e
p ox, | ox,0x, Ox,0x, 0x,0x,
Equation (9.129) exhibits an exact derivation of the dissipation equation and is more
complicated than Eq. (9.126) for the turbulence kinetic energy. For modeling

purposes, an empirical relation proposed by Launder and Spalding[12] is used as the
standard model equation, which we present in the following section.

9.3 Turbulence Modeling

Equation (9.59) indicates that in order to obtain solutions for the Reynolds averaged
Navier-Stokes equations (RANS), it is necessary to provide further information about

the Reynolds stress Tensor T/ = p¥V/V’which has generally 9 components from
which six are distinct. Many studies investigated the possibilities to establish a

relationship between 0/ = p¥’V’ and the mean velocity field. This approach is
called turbulence modeling. Tremendous amount of papers published in the last three
decades show that none of the existing turbulence models can be universally applied
to arbitrary types of turbulent flows. Very recent direct Navier-Stokes simulations
(DNS) performed successfully for different flow situations exhibit a major
breakthrough, making the turbulence modeling and its use superfluous. However, the
computational effort to perform DNS makes it, at least for the time being, not
attractive. This situation certainly will change in the near future. Until then, one has
to work with several turbulence models, each of which is appropriate for certain types
of flows. In the context of this Chapter, we intend to make students familiar with the
most representative models that are being used. In the following, we discuss models
that are based on turbulent-viscosity models. Analogous to the Stokes material
equation, this model is based on the assumption that the Reynolds stress tensor might
be correlated with the mean velocity gradient. Boussinesq [13] was the first to set a
relationship between the Reynold stress tensor and the mean velocity gradient such

as 1:{2 = A71/dx2, with 4 as the mixing coefficient. For a three-dimensional flow,
the Boussinesq relationship reads:

T = pVW = -pVW = -u(D + Q) (9.130)
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with p, as the unknown turbulence viscosity, also called eddy viscosity, that needs to
be determined. As seen, the Boussinesq relation is an analogon to the viscous stress
relation. With Eq. (9.130), the problem of determining the unknown Reynolds stress
is shifted to the problem of finding the unknown eddy viscosity. It can be argued that
the Boussinesq formulation (9.130) is not compatible with the material objectivity

principal that requires frame indifference. Since the only part of V V that fulfills the

objectivity principle is the mean deformation tensor D, it is obvious to set the
Reynolds stress tensor in relation with the deformation tensor of the mean flow

pVW' = uD (9.131)
The turbulence viscosity p, also called eddy viscosity can be set as
v = pLy, (9.132)

with /, and ¥, as the turbulence length and velocity scales.

9.3.1 Algebraic Model: Prandtl Mixing Length Hypothesis

Prandtl [14] was the first to present a working algebraic turbulence model that is
applied to wakes, jets and boundary layer flows. The model is based on mixing length
hypothesis deduced from experiments and is analogous, to some extent, to the mean
free path in kinetic gas theory. For better understanding the basic physics of the
mixing length hypothesis, we utilize the Prandtl approximation that uses the simplest
case of a parallel flow, where the flow velocity has only one component that changes

in normal direction with 7, = ¥,(x,) ; ¥, = 0; ¥, = 0, as shown in Fig.9.8.
Consider the boundary layer flow along a flat plate in X -direction. The fluid
particle A with the mass dm located at the position X, + [ and has the longitudinal

velocity component 71 + AV, is fluctuating and moving downward with the lateral
velocity V2/ < 0 and the fluctuation momentum de/z = dm V2/ It arrives at the layer

X,which has a lower velocity 71 According to the Prandtl hypothesis, this

Vy> 0 X,
Particle A V<0
1 % ! -
| — V, +AV.
{ In ! v 1AV,
o o —
T V,<0 =7 V,-AV,
2 i —
V>0 Particle B

Fig. 9.8: Explaining the mechanism of Prandtl mixing length theory.
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macroscopic momentum exchange most likely gives rise to a positive fluctuation

Vll > 0. This results in a negative non-zero correlation VI/V2/ . Inversely, the fluid
particle B moving upward with the velocity 172/ > 0 from the layer X, - I, , where
a lower longitudinal velocityv1 - AV, prevails, causes a negative fluctuation

Vll < 0. In both cases, the particles experience a velocity difference which can be
approximated as:

AV, = 1 AV, /Ax, = 1 dV, /dx, (9.133)
by using the Taylor expansion and neglecting all higher order terms. The distance

between the two layers /,, is called mixing length. Since |A V]| has the same order of

magnitude as | V|, we may replace in (9.133) |AV, | by | V]| and arrive at:
av,
v =1 1% 9.134
| 1| m| dx2 | ( )

Note that the mixing length /,, is still an unknown quantity. Since, by virtue of the
Prandtl hypothesis, the longitudinal fluctuation component V1/ was brought about by

the impact of the lateral component Vz/ , it seems reasonable to assume that

|V)| « |V;| such that with Eq. (9.134), we may find for the lateral fluctuation
av, ——

component |V;| = Cl'lm|gl|with C, as a constant. Thus, the ¥ ¥, component of

2
the Reynolds stress tensor becomes:

V1/V2/ = _C1lpi|71/| |72/| = -C l,i

—\2
an (9.135)
de

Since the constant C, as well as the mixing length /,, are unknown, the constant C,
may be included in the mixing length such that we may write

—\2

—— av,

viv,) = -li[—lJ (9.136)
de

Considering Egs. (9.91) and (9.130), the shear stress component becomes:

—\2

— v,

T, = PV, = pl,i[—‘] (9.137)
dx2
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Equation (9.137) does not take into account that the sign of the shear stress
component t,, changes with d¥,/dx, . To correct this, we may write

av,

A (9.138)
a, | M '

— av.

/ ] 2 1
Ty = PNV, = pl, |—|
dx, 2

with i, as the eddy viscosity. This is the Prandtl mixing length hypothesis. From Eq.
(9.138) we deduce that the eddy kinemati