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Abstract: In this paper three types of strong vertices are introduced.A necessary and

sufficient conditions for a vertex to be strong have been given.Some of the properties of α-

strong,β-strong and γ-strong vertices are discussed.Also the concept of vertex order colouring

is introduced.An algorithm for vertex order colouring is also given at the end of the chapter.
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1. Introduction

A graph is convenient way of representing information involving relationship
between objects. Each object is represented by a vertex and the relationship
between them is represented by an edge. Relationship among the objects need
not always be precisely defined. So when we think of an imprecise concept, the
fuzziness arises.

Fuzzy graphs were introduced by Rosenfeld in [12], ten years after Zadeh’s
in [16] land mark paper Fuzzy Sets. Fuzzy graph theory is now finding numer-
ous applications in modern science and technology es specially in the fields of
information theory, neural networks, expert systems, cluster analysis, medical
diagnosis, control theory etc. Rosenfeld has obtained the fuzzy analogues of
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several basic graph theoretic concepts like bridges, paths, cycles, trees and con-
nectedness established some of their properties. Bhattacharya has established
some connectivity concepts regarding fuzzy cut nodes and fuzzy bridges.

Graph colouring is one of the most important concepts in graph theory and
is used in many real time applications like job scheduling, aircraft scheduling,
computer network security, map colouring and G. S. M mobile phone networks,
automatic channel allocation for small wireless local area networks.

A colouring of a crisp graph G:(V, E) is an assignment of colours to its
vertices so that no two adjacent vertices have the same colour. The set of all
vertices with any one colour is independent and is called colour class. A k
colouring of a graph G uses k colours and thereby partitions V into k colour
classes. The chromatic number is defined as the minimum number k for which
G has a proper k colouring. . In many real world problems information about
the problem is not clear. Therefore we have to design fuzzy graph model.

The concept of chromatic number of fuzzy graphs was introduced by Munoz
et al. Later Eslahchi and Onagh in [3] defined fuzzy colouring of fuzzy graphs
and defined fuzzy chromatic number. Fuzzy graph colouring is one of the most
important problems of fuzzy graph theory and is used in many real life ap-
plications like traffic light control, exam scheduling, register allocation. Fuzzy
colouring is an assignment of colours to vertices in which no two strong adjacent
vertices have the same colour. The fuzzy chromatic number of a fuzzy graph G
is the minimum number k for which G has k colours to vertices where no two
strong adjacent vertices have the same colour.

In this paper basic definitions related to fuzzy graphs and fuzzy graph
colouring is given in the second chapter. Three types of strong vertices {α −
strong, β − strong, γ − strong} and vertex order colouring are defined in the
third chapter. Some of the properties of strong vertices are given in the fourth
chapter. In the fifth chapter an algorithm for vertex order colouring with ex-
ample is given. Bibliography is given at the end of the conclusion.

2. Basic Definitions

Let V be a finite non empty set and E be the collection of two element subsets
of V . A fuzzy graph G = (σ, µ) is a set with two functions σ : V → [0, 1] and
µ : E → [0, 1] such that µ(u, v) ≤ σ(u) ∧ σ(v)for all u, v ∈ V . The underlying

crisp graph of G by G∗ : (σ∗, µ∗), where σ∗ = {u ∈ V : σ(u) > 0} and
µ∗ = {(u, v) ∈ V ∗ V : µ(u, v) > 0} The scalar cardinality of S ⊆ V is defined
by

∑
u∈S σ(u). The order (denoted by p) and size (denoted by q) of a fuzzy
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graph G are the scalar cardinality of σ and µ respectively. An edge e = (u, v)
of a fuzzy graph is called an effective edge if µ(u, v) = σ(u)∧σ(v). If e = (u, v)
is an effective edge, then u and v are adjacent vertices and e is incident with u
and v.

A fuzzy graph G = (σ, µ) is said to be M-strong fuzzy graph if µ(u, v) =
σ(u)∧σ(v) for all (u, v) ∈ E. That is, In an M-strong fuzzy graph every edge is
an effective edge. A fuzzy graph G = (σ, µ) is said to be complete fuzzy graph if
µ(u, v) = σ(u)∧σ(v) for all u, v ∈ V . That is, In a complete fuzzy graph every
pair of vertices should have an effective edge. Let u, v ∈ V and e = (u, v) ∈ E
then N(u) = {v ∈ V : µ(u, v) = σ(u) ∧ σ(v)} is called open neighbourhood of u
and N [u] = N(u)∪{u} is called closed neighbourhood of u. N [e] = N(u)∪N(v)
is called closed neighbourhood of e. If N(u) = φ then u is said to be isolated

vertex.

The neighbourhood degree of a vertex u is defined to be the sum of the
weights of the vertices adjacent to u and is denoted by dN (u), the minimum

neighbourhood degree is δN (u) = min{dN (u) : u ∈ V } and the maximum neigh-

bourhood degree is ∆N (G) = max{dN (u) : u ∈ V }.

A path in a fuzzy graph G is a sequence of distinct vertices u0, u1, u2, . . . , un
such that µ(ui−1, ui) = σ(ui−1)∧ σ(ui), 1 ≤ i ≤ n, n > 0 is called the length of
the path. The path in a fuzzy graph is called a fuzzy cycle if u0 = un, n ≥ 3.
A fuzzy graph is said to be cyclic if it contains at least one cycle, otherwise it
is called acyclic.

A fuzzy graph is said to be connected if there exists at least one path
between every pair of vertices. A connected acyclic fuzzy graph is said to be a
fuzzy tree.

A vertex in a fuzzy graph having only one neighbour is called a pendent

vertex. An edge in a fuzzy graph incident with a pendent vertex is called a
pendent edge. Otherwise it is called non-pendent edge. A vertex in a fuzzy
graph adjacent to the pendent vertices is called a support of the pendent edges.

The strength of a path P is defined as ∧n
i=1µ(vi, vi+1)

3. Vertex Order Colouring

Definition 3.1. Adjacent vertices to the vertex v is A(v)={u ∈ V/1
2 [σ(u)∧

σ(v)] ≤ µ(uv)} As(v)={u ∈ A(v)|d(v) ≥ d(u)} Aw(v)={u ∈ A(v)|d(v) < d(u)}.

Definition 3.2. Strong degree of the vertex v is ds(v) =
∑

u∈As(v)
µ(uv)

Weak degree of the vertex v is dw(v) =
∑

u∈Aw(v) µ(uv).
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Definition 3.3. A vertex v is called strong silent if ds(v) = 0 and weak

silent if dw(v) = 0.

Definition 3.4. A vertex v ∈V of a fuzzy graph G : (σ, µ) is said to be
α-strong, if for every v∈A(V) satisfies d(v)≥ d(A(v)).

Definition 3.5. A vertex v ∈V of a fuzzy graph G : (σ, µ) is said to be
γ-strong or weak vertex, if for every v∈A(V) satisfies d(v)< d(A(v)).

Definition 3.6. A vertex which satisfy the condition of α-strong and
γ-strong is said to be β-strong vertex.

Note 1. All Alpha strong vertices are weak silent and vice versa.

Note 2. All Gamma strong vertices are strong silent and vice versa.

Definition 3.7. Collection of α-strong vertices are denoted by Sα(V ),
where Sα(V ) ={u ∈ V/d(v) ≥ d(A(v))}.

Definition 3.8. Collection of β-strong vertices are denoted by β(V ),
where β(V ) ={u ∈ V/d(v) < d(A(v)) and d(v) ≥ d(A(v))}.

Definition 3.9. Collection of γ-strong vertices are denoted by Wγ(V ),
where Wγ(V ) ={u ∈ V/d(v) < d(A(v))}.

Definition 3.10. Fuzzy graph parameters are:

1. Maximum α-strong vertex of a fuzzy graph ∆Sα
(G).

Minimum α-strong vertex of a fuzzy graph δSα
(G).

2. Maximum β-strong vertex of a fuzzy graph ∆β(G).

Minimum β-strong vertex of a fuzzy graph δβ(G).

3. Maximum γ-strong vertex of a fuzzy graph ∆Wγ
(G).

Minimum γ-strong vertex of a fuzzy graph δWγ
(G).

Definition 3.11. 1. A vertex v is strictly α- strong if d(v) > d(u),
∀u∈A(v).

2. A γ -strong vertex is always strict.
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3. A β-strong vertex is both strong and weak.

Definition 3.12. The effective degree of a vertex v is defined to be the
sum of the membership values of the effective edges incident with v and is
denoted by dE(V ).

Definition 3.13. 1. The minimum effective degree of G is δE(G), it is
defined by δE(G) = ∧{dE(V )/v ∈ V }.

2. The maximum effective degree of G is ∆E(G), it is defined by ∆E(G) =
∨{dE(V )/v ∈ V }.

Note 3. Maximum effective degree of a fuzzy graph G is α- strong vertex.

Note 4. Minimum effective degree of a fuzzy graph G is γ- strong vertex.

Definition 3.14. Later Eslahchi and Onagh introduced fuzzy colouring

of fuzzy graphs as follows. A family Γ={γ1, γ2, ..., γk} of fuzzy sets on a set V
is called a k-fuzzy colouring of G=(V, σ, µ) if:

(i)∨Γ=σ,

(ii)γi ∧ γj=0,

(iii)For every strong edge (x, y)(i. e µ(x, y) > 0) of G, min{γi(x), γi(y)}=0,
(1≤i≤k).

The minimum number k for which there exists a k-fuzzy colouring is called
the fuzzy chromatic number of G, denoted as χf (G).

Definition 3.15. A fuzzy vertex order colouring is assigning the increasing
sequence of k-colours to all the vertices by using the strong degree of vertices.
Increasing sequence of colours belongs to the order Sα(V ) < β(V ) < Wγ(V ).

Definition 3.16. A family ξ={Sα(V ), β(V ),Wγ(V )} of strong vertices on
a set V is called a fuzzy vertex order colouring of G=(V, σ, µ) if:

(i)
⋃

ξ=σ,

(ii)
⋂

ξ=φ,

(iii)For every (µ(x, y) > 0) of G, if x, y∈ Sα(V ) (or) x, y∈ β(V ), then
c(x)6=c(y), where c(x)is the colour of x,
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(iv)For every (µ(x, y) > 0) of G, if x, y∈ wγ(V ), then c(x)=c(y) and make
(µ(x, y) = 0),

(v)For every (µ(x, y) = 0) of G, if x, y∈ ξ, then c(x)=c(y).

The minimum number k for which there exists a k-fuzzy vertex order colour-
ing is called the fuzzy chromatic number of G, denoted as χfo(G).

Example 1. Consider the fuzzy graph G=(V, σ, µ) with 7 vertices (u, v,
w, x, y, z, p) and 10 edges µ(uv), µ(uz), µ(zp), µ(vp), µ(up), µ(zy), µ(yx),
µ(px), µ(wy), µ(vw).

Membership values of σ and µ are

σ(u) = 0.4, σ(v) = 1, σ(w) = 0.8, σ(x) = 0.3,

σ(y) = 0.7, σ(z) = 1, σ(p) = 1, µ(uv) = 0.1, µ(uz) = 0.3,

µ(zp) = 0.9, µ(vp) = 0.5, µ(up) = 0.3, µ(zy) = 0.3,

µ(yx) = 0.2, µ(px) = 0.3, µ(wy) = 0.6, µ(vw) = 0.8.

u is not Adjacent to v and z not adjacent to y since {1
2 [σ(u)∧σ(v)] > µ(uv)}

and {1
2 [σ(z) ∧ σ(y)] > µ(zy)}. Hence remove the edges µ(uv), µ(zy) from the

fuzzy graph.

From the definitions of α-strong, β-strong and γ-strong vertices, Sα(V )={w,
p} β(V )={y, z} Wγ(V )={u, v, x}. Thus vertex order colouring of the fuzzy
graph is:

w—1, p—1, Since there is no edge between w and p.

y—2, z—2, Since there is no edge between y and z.

u—3, v—3, x—3, Since there is no edge between u, v and x.

The chromatic number of the fuzzy graph is χfo(G)=3.

4. Properties of α-Strong, β-Strong, γ-Strong Vertices

Theorem 4.1. Let G:(V, σ, µ) be a fuzzy graph. Then for any vertex
v∈V, d(v)=ds(v) + dw(v).
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Proof. For any vertex v∈V, A(v) is adjacent vertices for the vertex v. As(v)
is strong adjacent vertices to the vertex v, Aw(v) is weak adjacent vertices to
the vertex v.

Let A=A(v), S=AS(v), W=Aw(v).
We observe that A=S∪W and

| A |=| S ∪W | d(v) =| A |=| S | + | W | + | S ∩W |= ds(v) + dw(v)− φ.

Hence d(v)=ds(v) + dw(v).

Theorem 4.2. For any fuzzy graph G:(V, σ, µ),
∑

v∈V [ds(v) + dw(v)] is
an even number.

Proof. For any vertex v, d(v)=ds(v) + dw(v). Hence

∑

v∈V

d(v) =
∑

v∈V

[ds(v) + dw(v)].

It is known that ∑

v∈V

d(v) = 2
∑

v∈V,u 6=v

µ(uv).

This implies that
∑

v∈V ds(v) + dw(v) is an even number.

Theorem 4.3. Let G:(V, σ, µ) be a fuzzy graph then:

(i)A vertex v∈V is α-strong iff d(v)=ds(v),

(ii)A vertex v∈V is γ-strong iff d(v)=dw(v),

(iii)A vertex v∈V is β-strong iff d(v)≥d(u) for some u∈A(v) and d(v)<d(w),
for some w∈A(v),

(iv)A vertex v∈V is strictly α-strong iff dw(v) = 0,

(v)A vertex v∈V is strictly γ-strong iff ds(v) = 0.

Proof. (i) Given G:(V, σ, µ) be a fuzzy graph.
Let v∈V be a α-strong vertex. Then d(v)≥d(u) for every u∈A(v). Hence

Aw(v)=φ. Therefore dw(v) = 0, ∀v∈ Aw(v).
We know that d(v)=ds(v) + dw(v).

⇒ d(v) = ds(v), ∀v ∈ A(v).

⇒ d(v) = ds(v).
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Converse follows from the Note 1.

(ii) Let v∈V be a γ-strong vertex. Then

d(v) < d(u), ∀u ∈ A(v).

Hence As(v)=φ. Therefore ds(v) = 0. This implies that d(v)=dw(v), ∀ v ∈A(v).
Converse follows from the Note 1.

(iii) Let v be a β-strong vertex. To prove d(v)≥d(u), for some u∈A(v) and
d(v) < d(w), for some w∈A(v). Suppose d(v)≥d(u), for some u∈A(v) does not
hold. Then d(v) < d(w), for every w∈A(v) hold. Hence v is γ-strong vertex,
which gives a contradiction.

Suppose if d(v) < d(w), for some w∈A(v) does not hold. Then d(v)≥d(w),
for every w∈A(v) hold, implies v is the α-strong vertex, which gives a contra-
diction. This implies that, if v is β-strong vertex, then d(v)≥d(u), for some
u∈A(v) and d(v) < d(w), for some w∈A(v) holds.

Converse follows from the Definition 3.6.

The proof of (iv) and (v) are also follows from the Note 1. Hence the
theorem proved.

Theorem 4.4. Let G be a fuzzy graph. If G is regular fuzzy graph then
all vertices of G is α-strong vertices.

Proof. Given G be a regular fuzzy graph with vertices V and edges E, whose
membership values are denoted by (σ∗, µ∗).

Clearly d(v)=c, ∀v ∈ V, where c is a constant real value. Hence comparing
the degree of all vertices to its adjacent vertices, the degrees are equal. Hence
if fuzzy graph G have n-number of vertices, then α-strong vertices of the fuzzy
graph G is n.

Theorem 4.5. Let G be a fuzzy graph, whose underlying crisp graph G*
is regular. The maximum α-strong vertices for the fuzzy graph is one.

Proof. Given underlying crisp graph G* is regular. Consider the regular
graph of G* with more than two vertices.

Let G be the fuzzy graph with three vertices, whose underlying crisp graph
G* is regular of degree two. Assume the membership values of edges are distinct.
Choose a vertex with minimum degree say u1 and call it as γ-strong vertex.

That is

dG(u1) < dG(u2), (1)
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and

dG(u1) < dG(u3), (2)

µ12(u1, u2) + µ13(u1, u3) < µ21(u2, u1) + µ23(u2, u3),

⇒ µ13(u1, u3) < µ23(u2, u3).

If µ12(u1, u2) is greater than µ13(u1, u3), then dG(u2) is maximum when
compared with dG(u3).

Hence the vertex u2 is α-strong vertex and the node u3 is β-strong node.
Unless the node u3 is α-strong vertex and the node u2 is β-strong node. Hence
it is true for all fuzzy graphs, whose underlying crisp graphs are regular with
even degree. Consider the fuzzy graph with odd degree, whose underlying crisp
graph is regular. We know that a fuzzy graph with odd degree vertices are even
say m.

Case (i) Underlying crisp graph is complete graph.
Choose a vertex with minimum degree, let it be u1, which is γ-strong vertex.

Delete the vertex from the fuzzy graph G. Hence we have m-1 vertices of even
degree. We know that a fuzzy graph with vertices of even degree have at most
one α-strong vertex. Hence we conclude that a fuzzy sub-graph of G, of m-1
vertices with even degree have at most one α-strong vertex. Thus a fuzzy graph
G with odd degree, whose underlying crisp graph is complete have at most one
α-strong vertex.

Case (ii)Underlying crisp graph is not complete but regular graph. A fuzzy
graph with odd degree vertices are even, say m. Choose a vertex with minimum
membership degree, say, let it be u1, which is γ-strong vertex. Remove the γ-
strong vertex from the fuzzy graph. After deletion the vertices with odd degree
and even degree are present in the fuzzy graph G. If odd degree vertices are
more than the even degree vertices then any one of odd degree vertices gives
α-strong vertex. If α-strong vertex belong to odd degree vertices of underlying
crisp graph, then delete the particular α-strong vertex. Hence obtain the fuzzy
graph with even degree.

Thus the remaining vertices have minimum degree when compared to the
degree of α-strong vertex and maximum when compared to the degree of γ-
strong vertex.

It is clear that m-2 vertices are β-strong vertex. Hence a fuzzy graph G
whose crisp graph G* is regular, have at most one α-strong vertex.

Theorem 4.6. A complete fuzzy graph G must have at least one pair of
α-strong vertices whose degrees are same.
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Proof. Let G : (V, σ, µ) be a complete fuzzy graph, where V is finite set, σ
is the fuzzy subset of V and µ is the fuzzy subset of V × V.

Case (i) Suppose σ(vi) are equal for all vi ∈ V . Obviously µ(vi, vj) are all
equal. Hence the degree of all vertices are equal. Therefore a complete fuzzy
graph must have at least one pair of α-strong vertices whose degrees are same.

Case (ii) Suppose σ(vi) are distinct, for all vi ∈ V . Since vj are adjacent to
vi(i 6= j), we get the maximum degree of one pair of vertices are equal. Hence
a complete fuzzy graph must have at least one pair of α-strong vertices, whose
degrees are same.

Theorem 4.7. A node u is γ-strong node if the fuzzy graph G : (σ, µ)
have at least one unique weakest arc.

Proof. Let G : (σ, µ) be any fuzzy graph. Let (u, v) be weakest arc. Then
by definition µ(u, v) < µ

′∞(u, v). That is there exist at least one path P joining
u and v and not containing the arc (u, v) such that the strength of P greater
than µ(u, v). This path together with the arc forms a cycle in which (u, v) is
the unique weakest arc. Hence at least either u (or) v is γ-strong node.

Theorem 4.8. Let G be a fuzzy graph, whose underlying crisp graph G*
is regular. The following inequality holds, ∀v ∈ V , [dγ(v) < mindα(vi)], where
i ∈ Z+.

Proof. Let G : (σ, µ) be any fuzzy graph, whose underlying crisp graph is
regular. V is non-empty, and σ -fuzzy subset of V and µ-fuzzy subset of V ×V .
Since dα(v) is degree of α-strong vertex, and dγ(v) is degree of γ-strong vertex.
We know that minimum effective degree is less than maximum effective degree.
Hence ∀v ∈ V , [dγ(v) < mindα(vi)], where i ∈ Z+.

Theorem 4.9. The chromatic number of a fuzzy complete graph is n,
where n is the number of vertices of G.

Proof. Let G be a complete fuzzy graph G : (σ, µ). Since µ(u, v) ≤ σ(u) ∧
σ(v), ∀u, v ∈ V , every pair of vertices are strongly adjacent. Degree of each
vertex is n-1. All vertices are strongly adjacent. Hence each vertex have distinct
colours. Thus a complete fuzzy graph of n vertices have chromatic number
n.
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5. An Algorithm for Fuzzy Vertex Order Colouring

Given a input simple fuzzy graph G with n vertices, search for a m-colouring
of the vertices of the fuzzy graph.

Let {u1, u2, ..., un} denote the fuzzy vertices of G : (V, σ, µ) and let {1, 2, ...,
m} ∈ Z+ denote the colouring values of vertices.

Step 1: Find the adjacent vertices for ui, 1 ≤ i ≤ n.

Step 2: If uj ∈ V does not belongs to A(ui), j 6= i, even when µ(uiuj) > 0,
then delete an edge µ(uiuj), ∀uiuj ∈ E.

Step 3: Find d(ui), i=1, 2,...,n.

Step 4: Compare degree of each vertex to their degree of its adjacent
vertices.

Step 5: If d(ui) ≥ d(A(ui)), 1 ≤ i ≤ n, then put ui ∈ Sα(V ).
Else if d(ui) < d(A(ui)), 1 ≤ i ≤ n, then put ui ∈ Wγ(V ). Else put

ui ∈ β(V ).

Step 6: Assign colours 1 to j from the set Z+ to Sα(V ).

Step 7: If α-strong vertices are not adjacent, then assign, same colour to all
the α-strong vertices. Otherwise assign different colours to the vertices which
belongs to Sα(V ).

Step 8: Assign colour values j+1 to k to β(V) and follows step 7 for β-
strong vertices.

Step 9: Assign same value from [k+1, m] to all Wγ(V ) vertices.

Step 10: If γ-strong vertices are adjacent, then delete an edge between γ-
strong vertices. Otherwise assign same colours to all the vertices which belongs
to Wγ(V ).

Step 11: End of process.

Example. Consider the fuzzy graph. Find the adjacent vertices for all
vertices.
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Figure 1

Vertex Adjacent Vertices

u v, w, x, z

v u, w, x. y. z

w u, v, x

x u, v, w, y, z

y v, x, z

z u, v, x, y
Then from the definitions of α-strong, β-strong and γ-strong, grouping the

vertices.

Vertex Degree Alpha Strong Beta Strong Gamma Strong
Vertices Vertices Vertices

u 1. 0 —— —— u

v 1. 9 —— v ——

w 1. 2 —— w ——

x 2. 0 x —— ——

y 1. 4 —— —— y

z 1. 5 —— z ——
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Vertex order colouring of the fuzzy graph is

Figure 2

Alpha Strong x–1

Beta Strong v–2, w–3, z–3

Gamma Strong u–4, y–4

Thus χfo(G)=4.

6. Conclusion

In this paper, we propose an algorithm is to determine the vertex order colouring
of fuzzy graphs. Also three types of strong vertices are defined. This vertex
order colouring makes easy for colouring the fuzzy graphs since colouring the
graphs is widely studied area in graph theory.
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