Analytic Number Theory
Winter 2005
Professor C. Stewart

CHRIS ALMOST

Contents

1 Introduction

2 Elementary Approximations of 7t(x)
3 Bertrand’s Postulate

4 Asymtotic Analysis

5 Riemann’s Zeta Function

6 Proof of the Prime Number Theorem
7 Generalizing 7t(x)

8 Law of Quadratic Reciprocity

9 Dirichlet’s Theorem
0.1 CRharaCterS . . . . v v v v i i e e e e e e

11

14

17

20

24



2 ANALYTIC NUMBER THEORY

Grades: Assignments — 10%, Midterm — 25%, Final — 65%
Midterm: Friday, February 18, 2005; in class
References:

e “An Introduction to the Theory of Numbers” by Hardy and Wright (Cambridge Press)
e “Introduction to Analytic Number Theory” by Apostel (Springer-Verlag)

1 Introduction

1.1 Definition. A prime number is a positive integer greater than 1 such that the only positive factors of it are 1
and itself. Let 7t(x) denote the number of primes less than or equal to x.

Basic Question: How are the primes distributed amoung the integers? How does 7(x) grow with x?

Let p, denote the n™ prime. Is there a polynomial f € Z[x] such that f(n) = p,? Clearly no, as if q is
prime and q|f (n) then q|f (n + kq) for all k € N. This observation shows further that any polynomial that takes
only prime values on the integers must be constant. There are examples of polynomials whose initial values are
surprisingly often prime. For example, Euler noticed that n?+n-+41 is prime for n = 0, ..., 39, and by translation,
(n —40)? + (n — 40) + 41 is prime for n = 0,...,79. This is related to the fact that Q(+/—163) has class number
1. In the 70’s Matijasevic proved Hilbert’s 10 problem, and in the process was able to prove that there is a
polynomial f € Z[a, b,c,...,z] such that the positive values in f(N?°) is exactly the set of primes. In 1977 he
showed that 10 variables suffices.

Can we find a non-constant polynomial f € Z[x] such that f(n) is prime infinitely often? Clearly yes,
f(x) = x + k works for any k € Z. Dirichlet showed that for coprime k,{ € N there are infinitely many primes
of the form kn + £. Is x* + 1 prime infinitely often? Almost surely yes, but the best result known to date is that
n? + 1 is a product of two primes for infinitely many n. There is no polynomial of degree greater than one in one
variable known to take prime values infinitely often. If instead we consider polynomials of two variables we can
go further. Friedlander and Iwaniec (1998) proved that there are infinitely many primes of the form n? + m*. In
(2001) Heath Brown proved there are infinitely many primes of the form n® + 2m?>.

Let the Mo6bius function y: N — {—1,0, 1} be defined by

1 ifn=1
w(n) =< (=1)* if n is squarefree and k is the number of distinct prime factors of n
0 otherwise

In 1971, Gandhi proved that if Q, := p; ...p,, where p; is the i prime, then p,,, is the unique integer which
satisfies the inequality

1 d
1 < 2Pnt1 _E_}_ZM <2

(S. Golmab, American Mathematical Monthly, 1974, p. 752-754)
Recall Wilson’s Theorem, that an integer n > 1 is prime if and only if n|(n — 1)! + 1. Thus, for x > 1,

- 3 (4] [57)
2<j<x J J

where [-] is the greatest integer function. This estimate is not particularily useful, as n! is extremely large
compared to n.
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1.2 Theorem (Euclid). There are infinitely many primes.

Proor: Assume not. If p,,...,p, are all of the primes, then p; ...p, + 1 has no prime factors. This is a contradic-
tion. O

Notice that we can extract a bound for 7(x) from Euclid’s proof. By an easy induction we can prove that
n 1 n n+1 n+1
pn < 2% for all n. Indeed, p; =2 < 2%, and ppyy < py...p, < 22572 +1=22"""241 < 2”". Therefore for

x > 1, t(x) satisfies 227 <y < 227 Taking logarithms, log,(log, x) — 1 < m(x).

2 Elementary Approximations of 7(x)

Fermat numbers are integers of the form 22" +1, n > 0. He observed that F,:= 2%" 41 is prime forn =0, 1,2, 3, 4.
He conjectured that this would always be the case. Almost certainly he was absolutely wrong. 641 divides Fs,
and F, is known to be composite for n =5,6,...,32.

2.1 Theorem (Pdlya). For any integers n,m with 1 <n <m, gcd(F,,F,,)=1.
ProoF: Let us put m = n+ k. Observe that the polynomial x2" — 1 is divisible by x 4+ 1 in Z[x]. In particular,

k
x% -1

x+1

k_ k_
=222y

If we take x = 22" then we get F, |F,, — 2. The result follows since no Fermat number is even. |
As an immediate consequence of this, p, < 22" + 1. Also note that for x > 1,
) 1\ ! 1 1 1 * du
2’”21_[ 1-— =l_[ I+—+—=+- ZZ—Z — =logx
p<x p p<x p p n<x n 1 u
loglog x
Thus 7t(x) > Tlog2

2.2 Theorem. Let x € Z, x > 2. Then

m(x) >

_210g210gx and p,<4"

ProOOF: Let pq,..., Dy be the primes less than or equal to x. For any n € Z with 1 < n < x we may write n = nf

where n; € N and m is square-free. Then m = pil pzk where ¢; € {0,1}. Thus there are at most 2% possible
choices for m. Since 1 < n < x, we see that there are at most /x choices for n;. Thus there are at most 2k /x
numbers between 1 and x, which implies that x < 2%,/x and hence +/x < 2*. Whence @ logx < k = n(x).
Taking x = p,, gives k =n and ,/p, < 2", so p, <4". O

m

Let p be a prime and n € N. What is the power of p that divides n!? Clearly it is

21-2 ]

i=1 i=1
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2.3 Theorem. Let x > 2. Then
3log2 x

x
< n(x)<6log2——
8 logx log x

Proor: For each prime p, let r, denote the unique integer for which p"» < 2n < ptL.

dividing (Znn) is
er [ ] [ ]

which is less that or equal to r,, since each term in the sum is either 0 or 1. Therefore (zn”) divides l_[p <o P
Hence 2" < (Znn) < (2n)™®" so nlog2 < n(2n)log(2n) and we get that

Then the power of p

log2 2n
—_— < m(2n)
2 log(2n)
Given x, choose n so that 2n < x <2n+ 2, so 7(x) > 10%21 n_ Suppose x > 6. Then 2n > 3x and, since -
og(2n) 4 logy
is increasing for y > 6, we have SIOTgZ @ < 1(x). The result follows for 2 < x < 6 as may be checked.

For the upper bound, observe that [ |

p divides (Zn"). Hence n™2n-m00) < [Tcp<anp < (2:) < 4" so
m(2n)logn — n(n)logn < 2nlog2. Thus

n<p<2n

n
n(2n)logn — n(n)log > < (2log2)n+ m(n)log2 < (3log2)n

If n =2k 2k71 | 4 then we get a telescoping collection of inequalities

n(2M ) log 2K — m(2K)1og 2k~ < (31og 2)2F
(28 1og 2k — w21 log 2K2 < (3log2)2k !
1(8)log4 — (4)log2 < (3log2)4

Adding gives m(2k"1)log 2% < (31og2)2%!, hence m(2"!) < 6log2 (m,zg_kzk) Therefore given x we choose k so
that 2K < x < 21, Whence

k+1 2¢ x
(x) < w(2) < 6log2 <6log2 | —
log 2k log x

for x > 4. Checking the result for 2 < x < 4 completes the proof. O

3 Bertrand’s Postulate

In 1845 Bertrand found that for 1 < n < 10° there was always a prime between n and 2n. He postulated that
this always occurs. In 1850 Chebyshev proved it true for all n > 1. Note that this is not trivial, in that it doesn’t
occur for free just because m(x) ~ @. Take S to be the set containing [2%",23"1] for each n. Then S does not

have this property, and it is quite a bit more dense than the set of primes.



BERTRAND’S POSTULATE 5

3.1 Theorem. Foralln € N,

l_[p<4n

Proor: By induction on n. Clearly the theorem holds for n = 1,2. Suppose that the theorem holds for k =
1,...,n—1, with n > 3. Observe that we may restrict our attention to odd n, since if n is even then it is not prime
and [[,,p" =[1,<, ;1 p". Take n =2m+1 where m € N. Note that every prime p with m +2 < p < 2m+1

divides (meﬂ), 50 [ I n42<p<amiq P divides (2"::1). It follows that
2 1 2 1
1_[ pS(m+ ) l_[pS(nH_ )4m+ls4m4m+1=42m+1
p<2m+1 M J p<mi1 m

since (2"::1) = (2'::11) and they both occur in the binomial expansion of (1 + 1)t O

Notation. If p is a prime and n is an integer and p® | n but p®*! t n then we abbreviate this by p®||n.
3.2 Lemma. Ifn >3 and p is a prime with %n <p<nthenpt (Znn)

Proor: Since n > 3 we see that p is odd. The only multiples of p with p < 2n are p and 2p. Thus p||n! and
p2ll(2n)!. Hence p (*"). O

3.3 Theorem (Bertrand’s Postulate). For any n € N there is a prime p withn < p < 2n.

Proor: The result holds for n = 1,2,3. We argue by contradiction. Suppose that result is false for some integer
n > 4. By Lemma 3.2 there is no prime larger than %n which divides (zn"). Let p be a prime with p < %n and let

a, be the number such that p®|| (zn"). As in the proof of Theorem 2.3 we see that a, < r,, where r, is that integer
for which p™» < 2n < p™*!. Thus

2n 2n
< a < t
(n) < l_zlpp and so (n) <(2n) 1_2[p
pSgn pSgn
where t is number of primes p < %n for which a, > 2. Since p% < 2n we see that t < v'2n. Therefore
2n
( ) < (2n)‘/H l_[ p=< (2n)m4§" by Theorem 3.1
n

pS%n

2n 4n 4n m 2,
But () > 575 Thus 7 < (2n)Y?"43", so

45 < (2n)V2"(2n+ 1) < (2n) V212
We can now check that the result holds when 4 < n < 16, so assume that n > 16. Taking logarithms,

log4 5
%n < (v2n+2)log2n < 24/nlog2n < Zﬁlogn% < Eﬁlogn

Hence & < 15 “and A g increasing for n > e2. Furthermore, V600 — 5491... > 1> 50 n < 1600. But
logn 2log4 logn log 1600 2log4

2,3,5,7,13,23,43,83,163,317,557,1109, 2207 are all prime and so the result follows. O
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The obvious question to ask now is whether we can do better. Baker and Harman proved that there is a
positive number C such that for x > C there is a prime in the interval [x,x + x%°3°]. This is the best result
known so far. Assuming the Riemann Hypothesis we can replace 0.535 with % + €. In 1930, Cramer conjectured
that

limsup Pn+1 — Pn —
noo  (logp,)?*
He arrived at this conjecture by probabilistic reasoning. We expect that p,,,; — p,, = 2 for infinitely many n. This
is known as the twin primes conjecture. The best result known on small gaps is due to Maier in 1985. He proved
that p,..; — p, <(0.248...)logp, for infinitely many positive integers n.
Can one prove that there are large gaps infinitely often? In 1935, Erdds proved that there is a positive number

¢ such that, for infinitely many positive integers n, p,,; —pn > ¢ logn&%. In 1938, Rankin added a factor

of loglogloglog p,,. Erdos offered $10,000 USD for any proof which showed one could replace the constant ¢ by
any function tending to infinity with n.

4 Asymtotic Analysis

Notation. Let f,g : N — R and suppose that g > 0. We write f = O(g) whenever there are c;, ¢, > 0 such that if

x > ¢ then |f(x)| < c,g(x). We write f = o(g) if lim,_, J;EJ? = 0 We write f ~ g, pronouced “f is asymtotic to
g” if lim, ., % =1

Recall that one of the aims of this course is to prove the Prime Number Theorem, which states that

m(x) ~
log x
or, equivalently 7w(x) = logx
(1+¢)x (1+e)x x x X
= 1 (0] =
log x +log(1+¢) log x (1 T 10£1;(1+8)) =@+ e)logx * ((logx)z) 1+ 6) (logx)
ogx

since 1 — y + y? >—>1—yfora11|y|<1.Then

(14 £)0) () = (1+4+¢)x x N x _EX N x
TC X nx_log(1+e)x log x 0 log x _logx 0 log x

+o(=

Bertrand’s Postulate. Taking ¢ = 1 we have ©(2x) — 7(x) = ) ThlS seems to suggest that 7 is linear,
but this is not the case.

For any integer n, let

log x log x

logp if n is a positive power of p
A(n) = {

otherwise
We define
0(x):= Z logp
p=x
and

U(x):= Z logp = ZA(X)

pm<x n<x
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p<x logp < xlogx and thus

Observe that U(x) =3 _ | 1%X | 1og . Notice that 8(x) =
p=x [ logp

W(x) = 0(x) + O(VE) + O(VF) + - + 0(Yx) where k = [
<0(x)+ Vxlogx +---+ Vxlogx

log x
log2

<0(x)+ (ﬁlogx)f)%
= 6(x)+ 0(v/x(logx)?)

By Theorem 2.3, there is a ¢; > 0 such that 6(x) < ¢;x for x > 2, since (x) = ZPSX logx < m(x)logx.
Therefore there is a ¢, > 0 such that ¥(x) < ¢,x for x > 2. Furthermore, the proof of Theorem 2.3 shows

2n log2n
nlog2 =1log2" <log < E logp = ¥(2n)
n = logp

for n € N. Therefore there is a ¢c; > 0 such that ¥(x) > c3x for x > 2. As a consequence of this there isa c, > 0
such that 6(x) > c4x for x > 2.

4.1 Theorem.

(x)logx ~ 0(x) ~ P (x)

ProOF: 0(x) ~ 1)(x) since O(x) > c,x for x > 2 and ¥(x) = 0(x) + O(v/x(logx)?). It remains to show that
m(x)logx ~ B(x). Clearly 7(x) > %. Let 1> 6 > 0. Then

0(x)z Y, logp

x1=0<p<x

> Z (1-06)logx

x1=0<p<x
> (n(x) = m(x'%))(1 - &5)log x
> (m(x) — x179)(1—6)logx
0(x)+ x'7%(1—8)logx > (1 — &)m(x)logx

Therefore

_ 1-6 1-5
< 7t(x)logx < 1 1 (1-86)x""°logx < 1 N x°logx
- O(x) T 1-¢6 6(x) 1

) 6(x)
Since 6(x) > c,x for x > 2 we see that

7t(x)10gx< 1 log x
T 0(x) T 1-68  cux°

log x

Given ¢ > 0, choose & > 0 so that ﬁ <1+ % and choose x,(¢, &) so that for x > x,(¢, ), o
- 4

£
<3 Then

< 7t(x)logx

<
TS <l+e¢

and the result follows. O
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4.2 Lemma (Abel’s summation Formula). Let (a,))’, be a sequence of complex numbers and let f be a con-

tinuously differentiable function from {x € R | x > 1} to C. For each x € R we define A(x) = Zn<x . Then
D a,f(n) = A(x)f (x) - f Aw)f ' (w)du
n<x 1
Proor: Put N = [x]. Then
N
D a.fm) =Y af()
n<x i=1
N
= A1)+ Y (AG) - Al - 1) (i)
i=2
N-1
= D ADF @ — Fi+1)+AN)F(N)
i=1
N-1 1
=ANIF(N) =) f A@W)f'(w)du
i=1 Ji
Therefore N
D la,f(n)=AN)F(N) - f Aw)f'(w)du
n<x 1
but f; A(w)f'(u)du =A(x)f (x) —A(N)f(N), and the result follows. O

4.3 Definition. Euler’s constant y is defined by

o8]
u—[u]
yi=1- >—du~0.5772...
1 u

Open Question: Is y irrational?
4.4 Theorem.

1 1
Z—zlogx+y+0(—)
n X

n<x
Proor: By Lemma 4.2. We take f(x) = % and a,, = 1 for each n. Then A(x) = [x], and thus
1
LN [ g
n x 1

) x—(x—[x]) J u—(u—[u])

u—[
—1+0( J f
— [u] 1
=logx + v+ >—du+0 | -
. u x

1
=10gx+}/+0(;) O
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4.5 Theorem.

Z # =logx +0(1)

n<x

Proor: Take a, =1 and f(x) =logx in Lemma 4.2. Then

Zlogn=[x]logx J —du

=(x—(x—[x])]logx —J Mdu
1

u

" _udu

=xlogx +O(logx) —(x —1) +f
1

*1
=xlogx —x+0(logx)+0O (J adu)

1
=xlogx —x +0O(logx)

Note that log[x]! = ZnSx logn, so this is a weak form of Stirling’s formula. But

ogladi =3 ([ 5] + [ 5] +++- e
p=x

logx

I
“2( % [] e

] A(n)

|
n ( -(-[R])aw
xZ EI")—O(\p(x))

XZ: ?—O(x)

g MEH

x
n
x
n

IA

Thus from the first equation,

xlogx —x +O(logx) = xZ Q —0(x)
xlogx +0(x)=x Z Aln)
A(n)

logx +0(1) = Z

n<x
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4.6 Theorem.

1
Z 08P _ logx +0(1)
p

p=x

ProOOF:

Z A(n) 3 Z logp Z logp

n<x p<x p p"<x pm
m=>2
Thus by Theorem 4.5 it suffices to show that the right hand side is O(1). But + L. p(p 5 and so
lo logn >y logn
Z gmp < Z 8 < Z g <00
prex P 2<n<x n(n—1) n=2 n(n—1)
m>2
and the result follows.
4.7 Theorem. There is a number B, such that
1
Z — =loglogx + B, +0(1)
pP=<x
Proor: Take
80 jfp=p
an = p .
0 otherwise
and f(x) = log . By Lemma 4.2
1 lo 1 * lo 1
25 (2w, (5
p=x P p=x P Jlogx ), \;Z P Jullogu
1 A
=1+4+0 + ——du by Theorem 4.6
log x , u(logu)
1 logu + 7(u)
=140 + ————du where 7(u) = 0(1), by Lemma 4.2
log , u(logu)
1 R | *r(w
=140 + du+ ———du
log x , ulogu , u(logu)
1 *or(w)
=loglogx + 1 —loglog2+ 0 + —
logx ogx , u(logu)
toglogx+8,— | —_guio(_ B'—1112+OOT(H)
TR T . u(logu)? ! log x pTTeRe 2 ullogu)* "

=loglogx + B, +0(1)

Bj; can be calculated to about 0.261447... It can be shown that B; =y + Z (log (1 — 117) + %)
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5 Riemann’s Zeta Function

The Riemann zeta function, {(s) is a function of a complex variable s. It is defined for R(s) > 1 by
21
<OF le ~

Since ZZ‘;I nl is uniformly convergent on compact subsets of {z € C | R(z) > 1} we deduce that {(s) is an
analytic function on R(s) > 1. We also note that {(s) may be represented by an Euler product in the same region.

Observe that . .
1\~ 1 1 1 1
[10-5) =T10 55 m) 2w

p p n=1

by the Fundemental Theorem of Arithmetic. Since {(s) is represented by a convergent infinite product for
R(s) > 1, we conclude that {(s) # 0 for R(s) > 1.

Notation. For the remainder of this section, s denotes a complex number and we put s = o + it, with o,t € R.

5.1 Theorem. {(s) can be analytically continued to R(s) > 0, with the exception of a simple pole ats = 1 with
residue 1.

Proor: Lets € C with R(s) > 1. We apply Abel summation with a, =1 and f(x) = Xi Then

1 [y] Y [u]
ZF: +S£ ustu

s
n<y Y

Letting y — oo we find that

Q’(s)sz1 %du

The first term in the sum is analytic on C, except at the point s = 1 where it has a simple pole of residue 1. The
integral in the second term is uniformly convergent on compact subsets of R(s) > 0. Furthermore, it represents
an analytic function on $(s) > 0. Thus {(s) may be analytically continued to $(s) > 0, with the exception of the
simple pole ats = 1. O

{(s) can be analytically continued to all of C, except for s = 1. There is a functional eqution which relates the
behavior of {(s) with the behavior of (1 —s). The region {s € C | 0 < R(s) < 1} is known as the critical strip,
and information on the zeroes of {(s) in the critical strip can be translated into information on the distribution
of prime numbers. We shall deduce the prime number theorem from the fact that {(s) is not zero for R(s) = 1.

5.2 Conjecture (Riemann Hypothesis). All of the zeroes of {(s) in the critical strip satisfy R(s) = %
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5.3 Theorem. {(s) is non-zero for R(s) > 1.

Proor: We have already seen from the Euler product representation of {(s) that {(s) # 0 for R(s) > 1. Thus we
may restrict our attention to R(s) = 1. If R(s) > 1 then we have

11!
w=110-5)

p

Recall s = o +it, and for o > 1 we have
log* (o +it) = —Zlog (1 — W)
P

where log indicates the principal branch and log” indicates some branch of the logarithm. By the power series

expansion for log,
0 _—n(o+it)

log'{(o+i)=—-> > %

p n=1 n

Recall for z € C\ {0} we can write z = |z|et? for some 0 < 6 < 27 and logz = log|z| + 16 + 2k for some k € Z.
So ft(logz) = log|z|. Observe that p~it = ¢~i"t198P = cos(—nt log p) + i sin(—nt log p). Therefore

no
n

logli(o+io] = 33 -
p n=1

Note that 0 < 2(1 +cos0)?> =2+ 4cos0 + 2cos? 0 = 3+ 4cos O + cos 20. Thus

cos(nt logp)

) —no
ZZ P " (834 4cos(ntlogp) + cos2(ntlogp)) >0
p n=1

and so
3log|l(o)|+4log|l(o +it)|+1log|l(c +i2t)| >0
which implies
1Z(0)PIE(o +i)*g(o +i2t) = 1

Suppose that 1 +it, is a zero of {(s). Since {(s) has a pole at s = 1, we see that t, # 0. Then there exist positive
numbers ¢y, ¢, and ¢4 such that:

1. |{(o)(o —1)| < ¢ for o €(1,2], since the pole at s =1 is simple.
2. [L(o +ity)(o —1)7Y <, for o €(1,2], since 1+ ity is a zero of {(s).
3. |¢(o +i2ty)| < ¢q for o €(1,2], since the only pole of {(s) for R(s) > 0iss = 1.

Thus
1Z(o)(o = DPIZ(o +ite)(o = DAL (o +i2t0)] < cjcjes
and hence
1< C()PIL(o +i)*L(o +i2t) < C?CSC?)'O' —1]
for every o € (1,2], a contradiction. Therefore {(s) has no zeros for R(s) > 1. O

5.4 Theorem (D.J. Newman). Suppose that a,, € C with |a,| < 1 for n € N. The series ZZ; Z—” converges to an
analytic function F(s) for R(s) > 1. If F(s) can be analytically continued to R(s) > 1 then the series converges to
F(s) forR(s)>1,
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Proor: Let w € C with %(w) = 1. Then F(z + w) is analytic for R(z) > 0. Let R > 1 and choose 6 = 6(R) < 1 so
that F(z + w) is analytic on the region {x € C | R(2) > -6, |z| < R}. This region is compact, so let M = M(R, &)
be the maximum value of F(z + w) on this region. Let T" be the contour obtained by traversing the boundry of
the region in a counterclockwise direction. Let A be the part of T in the right half plane and let B be the rest of
I'. By Cauchy’s residue theorem,

2miF(w) = f F(z+ w)ldz = f F(z + w)N* (1 + 32) dz
T z r Z R

Note that on A, F(z + w) is represented by the series > -
and put Sy(z + w) =S

and we split the series into two parts. Let N € N

n=1 z+w

and Ry(z + w) = F(z + w) — Sy (2 + w). Again by Cauchy’s residue theorem,

n=1 nz+w

2miSy (w) =J

lz|=R

1
Sy(z+ a));dz = f

lz|=R

(1 Z
Sy(z+ w)N ;+F dz

Let C be the contour |z| =R traversed in the counterclockwise direction and let A be the open right semicircle of
radius R, so that C =AU —AU {iR} U {—iR}.

27iSy (w) = J

A

1 4 1 b4
Sy(z+ w)N (;+F)dz+J_ASN(z+w)N ( +R2)dz

B J (Sw(z + N + Sy (w —2)N ™) (1 + iz) dz
A z R

Thus 27i(F(w) — Sy(@)) = [, F&+ @)N* (2 + Z) dz + [,Ry(z + w)N* = Sy(w —2)N =) (L + £ ) dz.
We will now prove that Sy(w) — F(w) as N — oo. Note that for z = x +1iy,

_z+z_ x

1. If z € A we have §+— =

N\|N‘

b4
ZTr

2. RE+)| < = < [ du=

N «
3. (-2 <XV v < N [y = N 4 S e (L 1),
Therefore

1

X

2x
R?

+|—=+
N x

J(RN(2+‘°)NZ_5N(CO—Z)N_Z)(1‘*‘12) dz
A z R

I

B A
LR NRT

'11

)a
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And

1 b4
—+—2 dz
z R

< f |F(z + w)|IN*|
B

f 1
< | MN*
B z

FatoN (242 )d
. Z w 2 R2 z

V4
—+1§ dz

R 0
s 2 . 2x
<| MN°=dy+2| MN*—(2dx)
R 5 s R?
4arRM  8M [°
< —+—
5N°  R* |
4RM 8M 1
< +—
6N° = R? logN

lx|N*dx

Since, on the line segment R(z) = 5, |z| <R, we have |§ + %| < %(1 + }1{) < %. Therefore

4m 2m 4RM  8M
2mi(F(w) — S <4y Ty 7
[2ri(F(e) =Sy(@Dl < 2+ 7+ 515 T Raogn

which goes to zero for any fixed R as N — oo. O

6 Proof of the Prime Number Theorem

Recall the Mobius function defined by

1 ifn=1
w(n) =< (—=1)k if n is squarefree and k is the number of distinct prime factors of n
0 otherwise

6.1 Lemma.

1 ifn=1
k) =
2,10 {o ifn>1

k|n

Proor: Plainly, Zku w(k) = w(1) = 1. Suppose that n has r distinct prime factors p;,...,p,. Then

Dluk= > =1—r+(;)—g+---+(—1)r=(1—1)’=0

kin klpy...pr

6.2 Theorem (Mobius Inversion).

1. Let f : RT — C and define F : Rt — C by F(x) =), f(%). Then

n<x

£ =D ur (*)

n<x
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2. Let f : Z* — C and define F : Z+ — C by F(n) = Zdlnf(d) = Zd|nf(§)~ Then

fw = u@r (3)

d|n

ProoF: By Lemma 6.1,

Fe =3 (Xuw)s () > uos (5)= Zu(k)(

n<x  kln k<x

7 (@)) = Zor (5)

<X <
<z k<x

For the second part,

Fo =3 (Su@ )10 = Sut@rs©) = Zut) Y@ = Sucar (5)

cln d|“ cdln d|n c\“ d|n O

6.3 Theorem.

n=1

Proor: For ®(s)>1, > & ,(:) represents an analytic function. But note that for ®(s) > 1,

e

p(n) Sy v
2 _1:[(1 pS) ®

By Theorems 5.1 and 5.3, (s — 1)Z(s) is a non-zero analytic function for $(s) > 1. Hence

- 1) D) is analytic and
non-zero for R(s) > 1, so -~ c( ) is analytic and non-zero for R(s) > 1, s # 1. Thus by Newman’s theorem, ﬁ is

represented by Y. “ TE") for $t(s) > 1. In particular, since lim,_,; - 7 = O we see that Sk T(I?) =0. ]
6.4 Theorem.

D 1) = o(x)

n<x

ProoF: We apply Abel summation with a, = ©* (") and f(x) = x. Then A(u) = Zn<u > = 0(1) by Theorem 6.3.
Thus

Z,u(n) =A(x)x — J A(u)du =o(x) —o(x) = o(x)
1

n<x

6.5 Definition. For any n € N let d(n) denote the number of postive divisors of n.

6.6 Theorem.
2": d(m) = 2”: [2] =nlogn+ (2y — Dn+0(v/n)
m=1 m=1 m

where y is Euler’s constant.
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Proor: Consider the hyperbola xy = n, and let D,, be the region with x > 0, y > 0, and xy < n. The integer
points (a, b) in D,, correspond to the divisors of ab < n. Thus Z 1 d(m) = Zm 1 [ ] It remains to evaluate

221:1 [ﬁ] Notice that the number of integer points in the region D,, that lie above the line y = x is the same

as the number of points below. Thus

n Lvn] Lvn] ] 4
2= [vm+2 3, | 1] =Om) =0Wm+2 3 (= m ) +0(/m) =20 ), L~ L/RIL/A+1)+0(M)

By Theorem 4.4, Z[‘F] - log[\/ﬁ]+y+0(\/ii), S0

Lvn]

ZHZ%—[«/ﬁ]([«/ﬁ]+1)+O(\/ﬁ)=2n10g(x/——{«/ﬁ})+2ﬂl+0(«/ﬁ)—(\/——{\/ﬁ})(«/ﬁJrl—{«/ﬁ})
m=1
= 2nlog(vn—{v/n})+(2y — D)n+0(vn)
=nlogn+ (2y — 1)n+ 0(+/n)
Fill in the detail. O

6.7 Theorem (Prime Number Theorem).

m(x) ~
log x

ProoF: By Theorem 4.1 it suffices to show that 1(x) ~ x. Put
x x
F(x)=> ) -1=]+2
(X) n<x(¢(n) |:n:|+ Y)

By Mobius inversion, Theorem 6.2, 1 (x)—[x]+2y = ZnSx ,u(n)F(%), and so it suffices to show that anx ,u(n)F(f) =

o(x). Now
S (£) = % am

n<x n<x m<X
n

=ZA(m)Zl

m<x m< X

-Spon[2]

_PZx(bgp)(H [ ]+)

=log([x]!) = xlogx — x + O(log x)
By Theorem 6.6,

1)

2]~ tatoglad + 27~ i + 0L

Notice that

Z [[in]} SZ E] SH;H [[x]n+1]
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Therefore )] _. [;] = xlogx +(2y — 1)x + O(v/x), and so F(x) = 3] _. (1/) (i) - [ﬂ + 2)/) = 0(/x). Let

¢ > 0 be such that |F(x)| < cy/x for all x > 1. Let t > 2 be a real number. Then

o (3] (D)o 2einfE-

Since F is a step function with jumps only at integer points, F(x) = F([x]) for all x > 1. We see that

> wr (T)=FW) X sm+F@) 3] p)+ (D) D u)

T <n<x X<n<x <p< T<n<
£

- 2 - 3 -2 _[t]
since ZHSX u(n) = o(x). Given £ > 0 choose t so large that = < £ and then take x sufficiently large that

Therefore

D, wm

X op< X
t [t]

D um

x
ES <
2 <n=<x

5 wor (2

f<n§x

<(F()+---+ IF([t])I)(

<(F()+---+F([tDDo(x)

Vvt 2
|25 ey W(M)F (f) | < $x,sothat|Y] _ u(n)F (i) | < ex. The proof is complete. ]
Li(x) = fx dg“ is a better approximation to 7t(x) than . In fact, m(x) = Li(x) + O(x exp(—c(log x) )) has

been proved. Littlewood proved that there are c¢;,c, > 0 such that for infinitely many integers x, t(x) — Li(x) >
C1£ logloglog x and Li(x) — 7(x) > Cz% logloglog x. Initial calculation suggests that Li(x) > w(x) for all

x. Skewes in 1955 showed that there exists x, for which m(x,) > Li(x,) with x, < 101010%4. In 1966 Lehmann
lowered the bound to 10!, Probably Li(x) > m(x) for x < 10%°,

7 Generalizing 7(x)
7.1 Definition. For any positive integer n, let Q(n) denote the number of prime factors of n, counted with
multiplicity. Let w(n) denote the number of distinct prime factors of n. For each k € Z let 7,(x) denote the

number of positive integers n < x with Q(n) = k. Let m,(x) denote the number of positive integers n < x for
which Q(n) = w(n) =k

Note that t(x) = 7t;(x) = 7,(x).

7.2 Theorem (Landau, 1900). Let k € N. Then

(loglog x)kt

1
m) ~ 70 ~ o

Proor: We'll prove the result by induction on k. The case k = 1 is the Prime Number Theorem. We introduce
the functions L (x), [T;(x), and 6,(x), which are defined by

* 1 *
Lk(x): Z o pr Hk(x)— Z 1 @k(x)z Z log(plpk)

prprsx P1 “prSx Prpesx
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The star indicates that the sum is taken over all k-tuples (p;,-: -, py) of primes with p;---p; < x. Observe that
more than one such k-tuple may be associated with the same product. For each integer n let c,, = c,(k) denote
the number of k-tuples whose product is n. Thus if 2(n) = w(n) = k then ¢, = k! since n is a product of k distinct
primes. Similarily, if Q(n) = k then ¢, < k!, and if Q(n) # k then ¢, = 0. It follows that IT;(x) = anx ¢, and
6(x) = ., Cnlogn. Further observe that

kim(x) < (x) < k!t ()

For k > 2, the number of integers n < x for which Q(n) =k and w(n) # k is 7,(x) — ;. (x). In particular,

. k * k
Tr(x) — m(x) < Z 1< (2) Z 1= (2) I _q(x)
q

D1 Pk=X 17 qr-1=X
p;=p; for some
(i,)) with ij
Thus it suffices to show that IT;(x) ~ k@(loglogx)k_l. For fixed k > 2, apply Abel summation with a, = c,
and f(x) =logx. Then

X Cn
@k(x)zz:cnlogn: (ch) logx—J Z"%du
1

n<x n<x
X
II
=TI, (x)logx — f k(u)du
, u
= I (x)logx + O(x) since I, (u) < klu

Observe that ©;(x) = 6(x), and so by Theorem 4.1 and the Prime Number Theorem, ©;(x) ~ x. We shall now
assume that k > 2 and that @ i(x) ~ jx(loglog x)’ ~! for 1 < j < k. This is our induction hypothesis.

By Theorem 4.7, Y. ~ loglog x. Since

(Z3) =ne=(Z3)

1 <
p<xk p=x

P<x

we get that L, (x) ~ (loglog x)*. We can write ©, and L, in terms of ©,_; and L,_;, respectively:

(k—=1)8y(x)= > (k—1)log(p; *py)

P1Pk=X

= Z log(py -+ pr—1) +10g(p1 - - pr—api) + -~ +10g(ps - - pi)

P17 Pk=X

=k Z log(p2 -+~ px)

P17 Pk =X

2o ()

and

Li(x) = Z o —Z_Lk 1( )

D1+ Pk=X p1<x
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By our induction hypothesis, ©,_;(x) — (k — 1)xLi_,(x) = o(x(loglog x)*~2). Given any ¢ > 0, there is x, =
xo(k, &) such that |©,_;(x) — (k — 1)xL;_»(x)| < ex(loglog x)*~2 for all x > x,. Let ¢ be such that |©,_,(x) —
(k —1)xLi_5(x)| < c for all x < x;. Then

X X

Zek 1( )—(k—l)—Lk_z (—)'

= p p

<2%le ( )—(k—1)fL (f)‘
pzx k1 Sliz |5

<2 Z C+ZZE— (loglog )k_z

<p<x p< X

185 (x) = kx Ly, (x)| =

1
< 2xc + 2ex(loglog x)*~2 Z -

P p
< 2xc + 4ex(loglog x )<~} by Theorem 4.7
< 5ex(loglogx)*! for x sufficiently large
Since ¢ > 0 was arbitrary, this completes the proof by induction. O

7.3 Theorem.

Za)(n)—xloglogx+le+O( a )
log x

n<x

Zﬂ(n) = xloglogx + Byx + o(x)

n<x

where B, =B+, p(p 5

ProoOF: See online notes. O

Let N eNandletAC {1,...,N}. Plamly, is a measure of the density or thickness of A in {1,...,N}. We
extend this notion to subsets A of N. For each 1nteger N we denote by A(N) the set AN {1,...,N}. We deﬁne the
upper density of A, denoted d(A), by lim SUPN oo lA(N)‘ . The lower density of A, d(A), is deﬁned as liminfy_, ‘A(N)l.

Ifd(A) = d(A) then we put d(A) to be this quantlty and say that A has asymtotic density d(A).

7.4 Example. 1. Note that the even integers have density %

A(102k71) < 102k72 _ 1 Whll A(lO k) >

2. PutA={n € N|10*"' <n <10%k = 1,2,...}. Note that 55— < &5 = -, o 2

102k —102%-1

o 1%. Hence A does not have an asymtotic density.

Let f,F : N — R. We say that f has normal order F if for each ¢ > 0 the set Ale)={neN|(1—-¢e)F(n) <
f(n) < (1+ ¢)F(n)} has density 1. Note that if we put B(¢) = N\ A(¢) then d(B(¢)) =0

7.5 Example. 1. Let f(x) = n(x) and F(x) = @. By the Prime Number Theorem, 7t(x) has normal order
X
logx *
2. For any function f, it has normal order of itself.
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7.6 Theorem (Turan). Let & > 0. The number of integers n < x for which
|w(n) — loglogn| > (loglogn)z ™o
is o(x) and the number of integers n < x for which
|(n) — loglogn| > (loglog n)ato
is o(x).
Proor: This proof is incomplete. |

7.7 Theorem. Let & > 0. Then
2(1—e)loglogn < d(n) < 2(1+s)loglogn

on a set of postive integers with asymtotic density one.

Proor: Exercise. O

8 Law of Quadratic Reciprocity

8.1 Definition. For any n € N, let ¢(n) denote the number of invertible equivalence classes in the ring Z/nZ. ¢
is known as Euler’s totient function.

8.2 Theorem (Euler). Let a and n be positvie integers with gcd(a,n) = 1. Then
a?™ =1 (mod n)

PrOOF: Let cy,...,Cy(y) be all of the intvertible elements modulo n. Then since a is invertible, the collection
acy, ..., acyy) is also all of the invertible elements modulo n. Therefore c; - -+ c, () = (acy) - (acyyy (mod n), so
a?™ =1 (mod n). O

The special case of Euler’s Theorem where n is prime is known as Fermat’s Little Theorem.

8.3 Theorem (Wilson). Ifp is prime then (p — 1)! = —1 (mod p).

PrOOF: By Fermat’s Little Theorem xP~! — 1 factors as (x — 1)---(x — (p — 1)) in (Z/pZ)[x]. Therefore, by
comparing constant coefficients, —1 = (=1)*"*(p — 1)! (mod p). The result follows. O

Wilson’s Theorem was conjectured by Wilson (1741-1793). He communicated the conjecture to Waring
(1734-1798), who pbulished it in 1770. Shortly afterwards, Lagrange gave the first proof. In fact, Leibniz had
conjectured the result in 1682. Here is a proof due to Stern in 1860. For |x| < 1,

1 L) o -x)= P
0og 1—x = 0g X)=X 5 3

and so

+x2+X3+ o ltxta?s
e X —_— —_ cee - _— X
P 2 "3 1-x *
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But

x? X3 x? x3
exp(x+?+?+---):exp(x)exp(?)exp(?)---
:1+x_|_(i+l)x2+(i+l+l)x3+...+(l+...+l)xl’+...
21 2 3123 p! p

In particular, the coefficient of x? can be written 1% + f + 11)’ where f is in lowest terms and s is coprime with p.
Comparing coefficients in the power series shows that

1 r 1
l1=—4+-4+-
pt s p
S S
s—r=—+-—
p! p
_s((p—-1)'+1)

(s=r)p—-1)
p

Now (s — r)(p — 1)! is an integer, so p | s((p — 1)! + 1). But gcd(s,p) =1,s0 p | (p — 1)! + 1, as required.
8.4 Definition. Let p be a prime and a an integer coprime with p. The Legendre symbol is defined to be

p

(a) it x2=a (mod p) has a solution
" | -1 otherwise

If (;57) = 1 then we say that a is a quadratic residue modulo p, otherwise we say that a is a quadratic nonresidue
modulo p.

8.5 Theorem (Euler’s Criterion). Let p be an odd prime and let a be an integer coprime with p. Then

p-1
2

a
az =(-) (mod p)
p

ProoF: The congruence x? = a (mod p) has a most 2 solutions modulo p since Z/pZ is a field. Suppose that it
has a solution x = b. Then
= p1 a
az =bz2 =1=(-) (mod p)
p

On the other hand, suppose that there is no such solution. We may partition Z/pZ into pairs (r,s) such that
-1
rs =a (mod p). Then by Wilson’s Theorem, —1 =(p — 1)! = a’z (mod p), as required. O

Let us extend the definition of the Legendre symbol (;57) to include the case where p | a. In this case, define
(5)=0.

8.6 Theorem. Let p be an odd prime and let a and b be integers. Then

5 G)-(5)

p(p—1)
2 .

and (<) =(-1)
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Proor: The second part holds by Euler’s Criterion since (—1)” = —1. If p | ab then the first part clearly holds.
Suppose that p { ab. By Euler’s Criterion

ab p-1 p-1  p-1 a b
(—) =(ab)z =azbz2 = (—) (—) (mod p)
p p p

Since p is an odd prime and the Legendre symbols take on values in {1, —1}, the result follows. |

8.7 Theorem (Gaufl Lemma). Let p be an odd prime and a an integer coprime with p. Let u be the number of
integers from a, 2a, ..., ‘%a whose residue modulo p of least absolute value is negative. Then (%) =(=1)~.

ProoF: Replace the numbers a, 2aq,..., ‘%a be their residues of least absolute value, say by rq,...,7p-1 u and
2

—S$1,...,—S,, where the r;’s and s;’s are positive. Plainly, the r;’s are all distinct and the s;’s are all distinct.
Suppose that r; = s; for some i and j. Then mya = r; (mod p) and m, = s; (mod p) for distinct integers

1<m,my < %. But then (m; + my)a =0 (mod p), and since pta, p | m;+m,. But2<m;+my, <p-—1,a

contradiction. Therefore the r;’s and s;’s are all distinct, so they are a rearrangement of the numbers 1,..., p%l.

Accordingly, a2a)---(Zta) = (E)1(-1)* (mod D), so a7 = (=1)* (mod p). Then () = (—1)* by Euler’s
2 2 P

Criterion. 0

2_
8.8 Corollary. Let p be an odd prime. Then (5) = (—1)%.

ProoF: By Gauly’ Lemma, (}3’) = (—=1)*, where u is the number of the first ’%1 multiples of 2 which lie in
the range [‘E’,p — 1]. We now check what happens when p = 1,3,5,7 (mod 8) in turn. If p = 8k + 1 then

U= ;%1 — [£]=2k. If p = 8k + 3 or 8k + 5 then by the same formula y = 2k + 1. Finally, if p = 8k + 7 then
w = 2k + 2. The result follows. O

8.9 Proposition. Let p be an odd prime and a an integer coprime with 2p. Then (;1—7) = (—1)" where t =
p-1 .
2 | 1e

Zf:l [p } ’

Proor: Welet ry,...,rp-1 —u and —s,...,—s,, as before, be the residues of least absolute value modulo p of the
2

integers a,24,..., ‘%la, where the r;’s and s;’s are positive. Notice that if 1 < j < ‘%1 then ja = p[%] + ¢,

where 0 < {; < p. So {; is either ry for some 1 <k < p%l—,uoris it p — sy for some 1 < k < y. Thus

p-1

2

So-So[4] -5 4] 5

j=1

But

]
o
-

Kj=rl+-~-+rp74_u+pu—(sl+---+su)

-
Il
—

=(ry+ere sy s,) Fpp—2(sg o +sy)
2

p—1
:(1+2+---+T)+pu—2(sl+---+s“)
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Therefore
p—1 p=1 p-1
= = = [ ja
2)“‘ j=p — | +pu—20s1+--+s,)
= = =lLp
p—1p+1 % .
2 2 ja
(a-1)———=p {—}+pu—ﬂﬁ+~-+%)
2 e~ | p
j=1
Since a is odd, a — 1 is even, so 0 = pu +p Z ] (mod 2), so u = Z] X [Ja ] (mod 2), as required. ]

8.10 Theorem (Law of Quadratic Reciprocity). If p and q are distinct primes then

(E) (2):=(_1y350;)
q)\p

Euler stated the law. Legendre attempted to prove it. Gauls gave 8 proofs.

Proor: By Gaul¥’ Lemma, (%) = (-1* and (%) = (—1)", where u and v are the number of integers from

{g,2q,..., Eq} and {p, 2p,..., 1 p}, respectively, whose residue modulo p and g, respectively, of least absolute
value is negative. It suffices to show that y++v = (‘%1)(%) (mod 2). Given x with1 < x < ‘%1, let y be such
that —% < gx —py < £. Notice that —% - %x <-y< % - %x, so y is uniquely determined. Then qx — py is the
residue of gx modulo p of least absolute value. y is non-negative, and if y = 0 then there is no contribution to
u since gx > 0. Further, if x = % then

I S 2

Therefore y < % since it is an integer It follows that u corresponds to the number of combinations of x and y

from the sequences 1,2,..., 2= Land 1,2,..., 2 : repectlvely, such that —2 5 <qx—py <0. Slmllarlly, v is the

number of combinations such that -1 5 <Py —gx < 0. For any pair (x, y) withl<x<2land1< y< i
either py —qx < —5 or py —qx > 2 5+ Let p be the number of pairs for which the former holds and A be the
number of pairs for which the latter holds. Then

p—1\[(q—-1Y\ _
( 2 )( 2 )—,u—l—v—l—p—l—)t

ptl
2
but in reverse order. Notice that py —qx > % if and only if py’ — qx’ = pT —(py —gx) < —1. By symmetry,

py —qx < —% if and only if py’ — gx’ > g. Therefore A =p and so u+v = (’%)(%) (mod 2), and the result
is proven. O

+1

As x and y run through their respective domains, x’ = —x and y’ = £= — y fun through the same domains,

8.11 Example. Let k € N. The equation y? = x® + k is known as Mordell’s equation. Here we are looking for
solutions in integers x and y. There are only finitely many solutions in the integers for any fixed k. In general,
it is not easy to find all solutions However, in about 1970, Harold Stark proved that for each ¢ > 0 there exists a
positive number c(¢) > 0, such that if (x, y) is a solution in the integers, then |x|, |y| < RO

For some k, all solutions can be found by congruence considerations. For example, consider the equation

y? = x® + 45. Note that if x is even then y?> = 45 (mod 8), so y> = 5 (mod 8), which is not possible. Thus
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it y2 = x3 + 45 has a solution in the integers then x is odd. We consider the four possiblilties x = 1,3,5,7
(mod 8). Suppose that x = 1 (mod 8) or x =5 (mod 8). Then x> =1 (mod 4) and so y2 = 2 (mod 4), which
is impossible. Suppose now that x = 7 (mod 8). We have y2 — 18 = x3 + 27 = (x + 3)(x? — 3x + 9). We claim
that there is a prime p = +3 (mod 8) such that p | x? — 3x + 9. This is so since if all primes dividing x> — 3x +9
were congruent to 1 modulo 8 then x2 — 3x +9 would also be equivalent to &1 modulo 8, which it is not. Now

consider the equation modulo p. We find that y? = 18 (mod p), or equivalently, (1?8) =1. But (%) = (2%2) =
(12—7) = —1, a contradiction. Therefore x = 3 (mod 8). Note that y2 —2-62 = x> — 27 = (x — 3)(x? + 3x + 9).

Since x = 3 (mod 8), x2+3x +9 =3 (mod 8). As before, we see that x2 + 3x +9 is divisible by a prime p = +3
(mod 8). It follows that y? = x® + 45 has no integer solutions.

8.12 Example. How does 9997 factor? We could just factor it, but we’re mad keen to use the Law of Quadratic
Reciprocity. Notice that 9997 = 100? — 3. By the Law of Quadratic Reciprocity, if p is odd and p | 9997 then

1002 =3 (mod p), so
— (3= (B s
1_(19)_(3)( 2

If p = 1 (mod 12) then (g)(—l)% = (%) = 1. If p = 5 (mod 12) then (g)(—l)% = —1, so this case is

impossible. If p = 7 (mod 12) then (%’)(—1)% = —1, and if p = 11 (mod 1)2 then (‘3—))(—1)% = 1. Therefore
if p| 9997 then p = +1 (mod 1)2. We now test 11, 13,... In fact, 9997 = 13- 769. The same argument shows
that the primes dividing 769 are £1 modulo 12. Clearly v769 < 30, so we need only check 11, 13, 23, none of
which work. Therefore 769 is prime.

9 Dirichlet’s Theorem

For any pair of integers a and b not both zero, we can find, by means of the Euclidean algorithm, integers x and
y for which ax + by = ged(a, b).

9.1 Theorem (Chinese Remainder Theorem). Let my,...,m, be pairwise coprime positive integers. Let m =

m,---m, and by,..., b, be any integers. The simlutaneous congruences

x =b; (mod m;)

x=b, (modm,)
have a unique solution modulo m.

Proor: Letn; = mﬂ for 1 <i < t. Then note that ged(n;, m;) = 1, so there are integers r;,s; such that r;m; +s;n; =
1. Thus s;n; =1 (mod m;). Put ¢; = s;n; and notice that b;e; = b; (mod m;). But n; =0 (mod m;) for j # i, so
bie; =0 (mod m;) for j #1i. Let x = bye; +--- + b.e,, a solution to the simultaneous congruences.

Suppose that x, and x; are solutions to the simultaneous congruences. Then x, = x; (mod m;) for i =
1,...,t. Since the m;’s are coprime, m; - --m, | X, — x;. In particular, x, = x; (mod m). O

9.2 Theorem. Let my,...,m, be pairwise coprime positive integers. Let m = m,---m,. The ring Z/mZ is
isomorphic to Z/m Z % -+ x Z/m,Z and the group (Z/mZ)* is isomorphic to (Z/m,Z)* x --- x (Z/m,Z)*.

Proor: Let : Z = Z/mZ X -+ X Z/mZ : n — (n + myZ,...,n+m,Z). ¢ is a ring homomorphism. By the
Chinese Remainder Theorem, v is onto. kervy = {n € Z : m; ---m, | n} = mZ. The First Isomorphism Theorem
gives us the first result.
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Let A: (Z/mZ)* — (Z/m Z)* x - x(Z/m,Z)* : (n+mZ) — (n+m;Z,...,n+m,Z). Then A is a well defined
group homomorphism. By the Chinese Remainder Theorem A is an isomorphism. |

9.3 Corollary. Let my,...,m, be pairwise coprime positive integers. Let m = m, ---m,. Then

w(m)=p(m;)---p(m,)

Proor: @(m) = |(Z/mZ)*|. O
9.4 Corollary. Let m € N. Then
oy =m[] (1 - —)
plm
9.5 Theorem.
n
N3,
Z(p(]) = —n”+0(nlogn)
= T
PrOOF:

[

M=
E
Qu
—

d=1

1 ni2 n
== D) wd) || twud |-

sz o] o]

1 n

=3 Y S+ 0+ 3 Zu(d) +0(n)
32 (d) +0(nlogn)

nzdo:o n2 00
= H ()——5 u(d) +0(nlogn)

d=1 d=n+1
n2

= EC(Z)_l + O(nlogn)

3 5
:Pn + O(nlogn) O
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If p is an odd prime and ¢ € N then (Z/p‘Z)* is cyclic. To prove this we’ll need some preliminary results.
Notice that the result does not hold if p = 2, as (Z/87Z)* has order four but all of its elements have order 1 or 2.

9.6 Proposition. Let p be a prime and { a positive integer. Ifa = b (mod p*) then a” = b? (mod p‘*1).

Proor: Since a = b (mod p*) there is ¢ such that a = b + cp®. Then
a? =(b+cp')P =bP + (}1)) bPlept + (12)) bP 1 (cp*)? + -+ (cp)P

This implies that a® = b? (mod p‘*1). |
9.7 Proposition. Ifp is an odd prime and { > 2 is an integer then for any integer a,

(14+apy "=1+ap’™" (modpH)

Proor: By induction on £. The result holds for £ = 2, so suppose it holds for some £ > 2. We have
(A+ap)l "=1+ap’™? (modp")
and so by Proposition 9.6,
(1+apy" = +ap™'y (mod p'*)
But
(14ap"~ Y =1+ (?)apé_1 + (Z) (ap™ 24+ (ap" P =1+ap’ (modp'*h)

and the result is proved since p*~! divides each term in the sum except for the first two. O

9.8 Proposition. Let{ € N. Ifp is an odd prime and a is an integer coprime with p then the order of 14+ap+p‘Z
in(z/p)* is p*~1.
Proor: The result is immediate if £ = 1, so suppose that { > 2. By Proposition 9.7,

(Q+apP  =1+ap™ ' #0 (modp!)
and by Proposition 9.6

(1+apy” = +ap'™'y (modp'™")
so (1+ ap)PH =1 (mod p*). Therefore 1+ ap has order p‘~?. O
9.9 Theorem. Let { be a positive integer and let p be an odd prime. Then (Z/p‘Z)* is a cyclic group.

Proor: The cardinality of (Z/p*Z)* is p(p*) = p*~*(p — 1), so it suffices to find an integer of order p*~!(p — 1)
modulo p’. Let g be a primitive root modulo p. We have gP~! = 1 (mod p), so either g?~! = 1+ ap (mod p?)
for some a coprime with p, or g?"! =1 (mod p?). In that latter case,

- 4, P11 -
(g+p)y =g +——g"p+-+p"

so(g+p)t=1+(p—1)g”%p (mod p?). Note that (p — 1)gP~2 is copirme with p, so either g~ or (g +p)?~!
is congruent to 1 +ap (mod p?) with a coprime with p. Without lose of generality, we may suppose that gP~! =
1+ ap (mod p?). We claim that g generates (Z/p‘Z)*. Suppose that g has order m. Then m | (p — 1)p*~}, so
m=dp*withd | p—1and 0 <s <{—1. Thus g% =1 (mod p*), which implies that g%”" =1 (mod p), so g¢ =1
(mod p) by Fermat’s Little Theorem. Since g is a primitive root, p —1|d, sod =p — 1. Thus m = (p — 1)p°. But
gP~ 1 =1+ap (mod p?), thus (g 1) =1+ ap™*! (mod p'*2) by Proposition 9.8. Therefore s = ¢ — 1 and the
result follows. O
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9.10 Theorem. If{ < 2 then (Z/2'Z)* is cyclic. If{ > 3 then (Z/2'Z)* = 7./27 x 7./2'=27. Finally; if{ > 3 then
(z)2t7) ={(-1)*5" +2!Z |0<a <1,0 < b < 2(72}.

Proor: Plainly, (Z/2Z)* is cyclic if £ = 1 or 2. Suppose that £ > 3. We claim that for £ > 3,
527 =1+21 (mod 29

The result holds for £ = 3 by inspection. Suppose that the equation holds for some £ > 3. Then there is an integer
k so that 52 ° =14 201 4 k2! Squaring both sides,

52£—2=(1+2Z—1+k25)2=1+2l+k25+1+...

Therefore [52£—2 =1+2¢ (mod 2*1), and the claim follows by indution. It follows that the order of 5 in (Z/2¢Z)*
is 272, Next we claim that the elements (—1)?5°, with 0 < a <1, 0 < b < 2/72 are all distinct modulo 2¢.
Suppose that (—1)“5% = (=1)%5% (mod 2°). Since £ > 3, (=1)“5% = (=1)%5% (mod 4), so (—1)% = (—1)%
(mod 4), so a; = a,. It follows that b; = b, since 5?2772 = 1 (mod 2¢) and |b; — b,| < 2¢72. These 2¢~! elements
are all distinct in (Z/2¢Z)*, which has order 2¢~!. Therefore (Z/2'Z)* = {(-1)*5° +2/Z|0<a<1,0< b <
272} It is now clear that (Z/2'Z2)* = 7/27 x 7./ 2t 27. O

9.11 Theorem. The only positive integers m for which primitive roots exist modulo m are 1, 2, 4 and those
integers off the form p® or 2p®, with p an odd prime and { a postive integer.

Proor: Let m > 1 be an integer. Then let m = 2e°p1il . -pik, where ¢; > 0 and the p; are odd primes. m has a
primitive root if and only if (Z/mZ)* is cyclic. By the Chinese Remainder Theorem,

(Z/mZ)* =~ (Z/ZZOZ)* X (Z/pﬁlz)* X ooe X (Z/pikZ)*

Now (Z/pf"Z)* is cyclic of order (p; — 1)pf"_1 and (Z/2%7)* is cyclic if £, = 1 or 2, and is ismorphic to Z/27 x

7./2%727, for £, > 2. Put A(m) = lcm(b,go(pfl),..., go(pik)), where b = p(2%) if {y=1or2and b = %[0)) if
£, > 2. The order of an element of (Z/mZ)* divides A(m). The order of (Z/mZ)* is ¢p(m). Since 2 | p; — 1, we
see that A(m) < ¢(m) whenever m is divisible by more than one odd prime or by a power of 2 larger than 4.
Further, A(m) < ¢(m) if 2% | m and m is divisible by an odd prime. The remaining cases are m = 1, 2, 4, p‘, and
2p’. In each case the corresponding (Z/mZ)* is cyclic. O

The function A(m) given in the proof is known as the universal exponent of m. The proof above gives us the
proof of the following theorem as well. Note that since A(m) | ¢(m), Theorem 9.12 is a strengthening of Euler’s
Theorem.

9.12 Theorem. Let m be a positive integer and let a be coprime with m. Then a™™ =1 (mod m).

Question: What is the smallest postive integer a such that a is a primitive root modulo p? Burgess proved
1
that a < c(e)p+*¢, where c(¢) is a positive number which depends on «.

9.13 Theorem. Ifp is a prime of the form 4q + 1, where q is an odd prime, then 2 is a primitive root modulo p.

Proor: First notice that p =5 (mod 8). Let t be the order of 2 in (Z/pZ)*. Thent |p—1=4q,sot =1, 2, or
4,0rq,2q,0r4q. Butp=13 orp >29,s0 t # 1, 2, or 4. It is enough to show that 227 # 1 (mod p) to conclude
that t has order 4q and hence that 2 is a primitive root modulo p. Note that

2 1 (2
21=27% = I_J (mod p)

by Euler’s Criterion. Since p =5 (mod 8), (%) = —1 and the result follows. O
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9.14 Theorem. Let n be a positive integer. There are infinitely many primes p with p =1 (mod n).

PrOOF: Let a > 2 be an integer. We define the n™ cyclotomic polynomial by

&, (x) = ﬂ (x—¢h)
(1

“. Then ®,(x) € Z[x] and ®,, has degree ¢(n). Further, x" —1 = ]_[dln ®4(x). If p is a prime that
divides ®,(a) then p =1 (mod n) or p | n. To see this, note that if p | ®,(a) then p | a® — 1. If pta? — 1 for any
proper divisor d of n then n is the order of a modulo p. Hence n | p —1, so p = 1 (mod n). Suppose now that

p | a? — 1 for some proper divisor d of n. Since p | ®,(a), we see that p | 22:1 Observe that

where {, =e

a“=(1+(ad—1))3=1—|—g(ad—1)+(g)(ad—l)z—k---

SO

al—1 d

But this implies that p | %, so p | n.

Observe that if p | ®,(na) then p { n, so p = 1 (mod n). Suppose there are only finitely many primes
congruent to 1 modulo n, say py,...,px. Then &,(np; --- pra) is only composed of primes congruent to 1 modulo
n and is coprime with py,..., px. Thus |®,(np; - --pra)| = 1 for all a, which is a contradiction. O

colny, @)(ad—1)++@)(ad—1)2+---

9.1 Characters

In order to prove that for each pair of coprime integers a and b with b > 0 that there are infinitely many primes
congruent to a modulo b we need to introduce characters.

9.15 Definition. Let G be a finite Abelian group. A character of G is a homomorphism y : G — C*. The set of
characters of G is called the dual group of G, denoted G.

The dual group truely is a group under pointwise multiplication. The identity element is the trivial homomor-
phism. Observe that y(G) C T, and in fact y(G) is a collection of |G|™ roots of unity, since x(g)'° = y(g'’N =
x(1)=1,forall g eaG.

9.16 Theorem. Let G be a finite Abelian group. Then
1. |G| =1G|.
2. G and G are isomorphic.

|G| ifg=e
3. = =
ZXEG x(8) {0 otherwise

|G| ify=1
0 otherwise

4. dec)((g): {

Proor: Recall that since G is a finite Abelian group it is a direct product of cyclic groups. In particular, there are
elements g,,..., g, € G and positive integers h,, ..., h, such that every element g € G has a unique representation
of the form g = g,' -~ g, where 0 < t; <h, fori =1,...,r. Note that |G| = h; - --h,.. Here g?--- g° is the identity
of the group and g; has order h; fori = 1,...,r. A character y € G is completely determined by its action on
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g, fori=1,...,r. But (y(g)" = x(g?") = y(e) =1, so y(g;) is an hEh root of unity. Accordingly, there are
at most h; ---h, different characters. But there are at least that many different characters since if w; is an hEh
root of unity then the map y(g) = x(g;’ gl = (g - (x(g N = o] -+~ w'r is a character of G. Thus

= PN 2mi
|G| = |G|. Define ¢ : G — G by p(g) = ¢(gy' - g) = xy" - 1\, where y; : G —> C* : g — e and y,(g;) =1
for i # j. Then g is a group isomorphism.
Clear eré x(e)=|G| =G| = dec; 1(g). Suppose that g # e. Then there is y; € G such that y;(g) # 1.
Futher, the map y — yx;x is a bijection. Therefore

2. 2&)=> n@z®) =1 Y x()

x€G x€G 1€G
o) eré x(g) =0 since y,(g) # 1. The proof for the last part is analogous. O

We shall be interested in characters associated with the group (Z/kZ)*, for k € N. Suppose that y is a
character of (Z/kZ)*. We associate to y a map y : Z — C, defined by

(n) = x([n]) ifged(k,n)=1
o otherwise

The map y is known as a character modulo k. For any character y of (Z/kZ)*, we can define the character y of

(Z/kz)* by x([n]) = x([n]). Notice that y ¥ =1, so  is the inverse of y in the group (Z/kZ)*.

9.17 Theorem. Let y be a character modulo k.

1. Ifged(k,n) =1 then y(n) is a (k)™ root of unity.
2. y(nm) = y(n)y(m) for alln,m € Z, so y is completely multiplicative.
3. y is periodic, with smallest period k.
k (k) ifx=1

4. k)=

ey 100 {O otherwise

p(k) ifn=1 (mod k)

5. =~ =

2z X () {O otherwise

(k) ify'=%

6. Let y' be a character modulo k. Then ¥*_, y'y(n) =
et ¥’ be a character modulo en), _ x'x(n) {O otherwise

_ _ (k) ifm=n (mod k) and ged(m,k) =1
7. Ly X () = {0 otherwise
Proor: Trivial, given Theorem 9.16. |

We have seen by the Chinese Remainder Theorem that the study of characters modulo k reduces to the study
of characters modulo p? for p prime and a € N. First suppose that p is odd. Let g be a primitive root modulo p“.
Suppose that ged(n, p) = 1. Then there is a unique integer 1 < v < p(p?) such that g¥ = n (mod p®). For each
integer 1 < b < ¢(p®) we define the character

2mivb . _
xb(n) = {eXp ( w(p“)) if ged(b,p) = 1
0

otherwise
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We thus have ¢(p?) such characters and so we have the complete collection. It remains to consider the characters
modulo 2¢ with a € N. If a = 1 then the only character is the principal character y,, where y,(n) = (n mod 2).
If a = 2 then we have the additional character

1 ifn=1 (mod4)
x1(n)=4 -1 ifn=3 (mod4)
0 ifn=0 (mod?2)
If a > 3 then (Z/2%Z)* is not cyclic. We’ve shown that if n = 1 (mod 2) then there are unique integers x and y

such that n = (—1)*5” (mod 2%) with 0 < x < 1and 0 < y < 2972, For each pair (b, b,), with 0 < b; <1 and
0 < b, < 2972 we define the character

exp (Trixb1 + mybz) ifn=1 (mod2)
X(by.by) =

21’173
ifn=0 (mod 2)

This gives all of the ¢(2%) = 247! characters modulo 2%. To get an explicit description of the group of characters
modulo k for k composite, we just factor k into prime powers and take the product of the associated characters
for each prime power.

9.18 Definition. Let k € N and let y be a character modulo k. We define the function L(s, y) for s € C with
R(s)>1by

00

L(S,X)sz(n)

S
n=1 n

L(s, x) is known as a Dirichlet L function.

The series Z(;O:l % is uniformly convergent on compact subsets of R(s) > 1 and so it defines an analytic
function for R(s) > 1. Since y is completely multiplicative, L(s, y) has an Euler product representation for

R(s) > 1 given by
-1
n-TI(-2)

p

9.19 Theorem. Let k be a postive integer and let y be a character modulo k. The function L(s, ) can be
analytically continued to R(s) > 0, with the exception of the case where y is the principal character, where there
is a simple pole ats = 1 of residue 2k)

Tk
Proor: LetA,(x) =D, _, x(n)and let f(x) = Xi Note that
x 0 e
A(0) = @) [£] +RS (x) ify = o
R,(x) otherwise
with |Rg’{0 (x)| < ¢(k) and |R, (x)| < (k) by Theorem 9.17. In the principal case, A, (x) = @(k)% + R, (x) with
IR, ()] < 2¢(k). By Abel summation,

s o _ e R J AW

du
s s s+1
—on k X u

k x5 k 1-s ustl

:M(Xl_s-i- S 1-s $ )+Rlo(x)+SJxAlo(u)du

k s—1 1-—s x* ustl

1
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If ¥y # x, then again by Abel summation,

() R (X) R, ()
Z SL jsTdu

n<x

Letting x — oo we find that for R(s) > 1,
o0 [0.9) 00 o0
Z xo(n) (k) s R, (W) x(n) R,(u)
~ ns - k s—1 +s X us+1 du and n::1: ns =s 1 Wdu

for y # x,. Note that the right hand sides of both of these expressions converge to an analytic function for
R(s) > 0. The result follows. O

9.20 Definition. Let (4,)7 , be a strictly increasing sequence of positive real numbers. Let (a,)5 ; be a sequence
of complex numbers. The Dmchlet series associated to (4,)7>, with coefficient sequence (a,l)flo , is the series
> aze ™ forz €C.

9.21 Theorem. If the Dirichlet series f (z) = Zzozl a,e”’* converges at z = z, then it converges uniformly in the
region R(z —z5) > 0 and |arg(z — 2)| < a, for any a < 2.

Proor: By replacing z by z — 2z, and modifying the a,’s, we may assume without loss of generality that z, = 0.
Therefore Zoo a, converges. In particular, for each ¢ > O there is N = N(¢) such that if /,m > N and we put
Apm =0, a, then |A; | < e. Observe that

m m m—1
—Anz —Anz —Am 2 —Xn
Z ae = Z(Al,n _Af,n—l)e # _Ali,me et ZAK,n(e e HZ)
n={( n=~{

n={

Thus for {,m > N,

m

n={

m—1
<e (|e_kmzl + Z le™4% — e‘knﬂzl)

n={

We may suppose that R(z) > 0. Since A,, € R* we see that |e~*»*| < 1. Further,

Ans1 Ans1 —tx 7 Anp1
—tz —tx ¢ |Z| —AnX —Ap1X
z e Fdt| < |z| e de=|z|| — < —(e7/M¥ — g7 M)
2 A X 1a,
where z = x +iy. Thus

< 8(1 +— Z:(e_)L Y —e” "“x)) (1 + u( ~hex e_lmx)) <2e¢ (1 + i—l)

If &l < k then the series converges uniformly. But <k implies that | arg(z)| < a for some a depending upon k.
The result now follows. O

|e—knz _ e—?L,HIZ| —

=

m

n={

If the Dirichlet series converges for z = gz, then it converges uniformly on compact subsets of R(z) > R(z,)
and so it defines an analytic funciton in this halfplane.

9.22 Theorem. Let f(z) = ZZO 14, ~*% be a Dirichlet series with a, > 0 for all n. Let 0, € R and suppose that

the series converges for z = 0. If f is analytic in a neighbourhood of o, then there is ¢ > 0 such that the series
converges at 0, — €.
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Note by Theorem 9.21 that f converges for #(z) > 0, and we conclude that it converges for R(z) > oy — €.

Proor: By translating by o, we may assume without loss of generality that o, = 0. Since f is analytic ina
neighbourhood of 0 and by Theorem 9.21 is analytic for $(z) > 0, there is an ¢ > 0 such that f is a analytic in
the disc |z — 1| < 1 + 2¢. Consider the Taylor expansion of f in this disc. For (z) > 0,

f@) = Y (A ape
n=1

for m > 0. Hence f(™(1) = Zf;l(—ln)mane_kn. The Taylor series of f around 1 on |z — 1| < 1+ 2¢ is given by

o) (m) m
f@=3 1 Pgy ZZ( Ao, E
m=0 :

m=0n=

Thus, if we take z = —¢ then

f(= 8)—ZZA e (1+f)

m=0 n=

Observe that since a, > 0 we may change the order of summation. Thus

N N ()" A 21 N 2
Y D
n=1 m=0 m: n=1 n=1
So the series representation holds in this disc. O

If we have a Dirichlet series 2211 a,e " defining a function f(z) with a, > 0 then the only obstruction to
the series representing is a pole o; of f on the real axis. The series will represent the function for all z with
m(z) > 0.

9.23 Theorem. Let k be a positive integer and let y be a character modulo k. Then L(s, y) is non-zero for
R(s) > 1. Further, if y is not the priniciple character then L(1, y) # 0.

, and so is

Proor: L(s, y) has a Euler product representation for R(s) > 1 given by L(s, y) = ]_[p(l — %)_1

non-zero for R(s) > 1.

Suppose first that y is a complex character. Then ¥ is a character modulo k that is different from y. From
the Euler product, for any character y modulo k, we have for (s) > 1,

log"L(s, x) = Z —log (1 — Xlgf))

p

where log denotes the principal branch of the logarithm and log* denotes some branch of the logarithm. Then

IOg L(S X)_ZZ{I(;?:

Let £ be an integer comprime with k. By Theorem 9.17

Z 2(D)log" L(s, x) = ZZ Z X(ea))(a(sp) = (k) Z a;as ¢))

p a=1 p.a
P x€L pe=( (k)
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In particular, we may take £ = 1 in (1) and exponentiate to conclude that [ | = L(s,y)>1,forsecRands > 1.
Suppose that y is a non-prinicipal character modulo k. Then y # y if y is not a real character. If L(1,¥) =0

then L(1,%) = L(1, y) = 0. Thus if y is a complex character modulo k then there exist ¢;, ¢y, c3 > 0 such that for
se€Rwith 1 <s <2, we have

o _
Lzl = s=7 L)L) = 1L, )P < (s =10 |L(s, )l <cs

for y # y,. Thus, forse Rwith 1 <s <2,

7€ (5 — 1)%c3 < cyepc3(s — 1)

X €L

Letting s — 1 we obtain a contradiction. Therefore if y is a complex character then L(1, y) # 0

Suppose now that y is a real character with y # y,. We introduce the function g(s) defined for R(s) > 1 by

gls)= (s)(LZ(S)X ) By the Euler product representation for ¢ and L, we see that for (s) > 1,

1
gs) =[] ( pzs_)_

1++
_ P
_ x()
p 1 P
1\ & a
_ l—[ (1 n _s) Z (}C(IZS))
P D)= P
_1—[( S x“(p)i x“(p))
p a=0 pas a=0 p(a+1)s
00 a—1
‘@) +x ()
=11 (1 +y B —
p a=1
Since y is a real character, b(a,p) := y*(p)+x° '(p) is either 0 or 2. Accordingly, g(s) = Zn 1 7, where the a,’s

are non-negative real numbers and where a; = 1. Recall that y is non-principal, so g(s) is analytlc for R(s) > 1
and if L(1, y) = 0 then {(s)L(s, ) is analytic for R(s) > 0 since the simple pole of { at s = 1 is cancelled by the
zero. Therefore if L(1, y) = 0 then g(s) is anaytic for R(s) > l since {(2s) is non-zero for m(s) > l We now

apply Theorems 9.21 and 9.22 to conclude that the series Y. - 71 - converges to g(s) for R(s) > 5 Smce Z(2s)
has a simple pole at s = 5, we see that g(s) tends to 0 as s tends to 5 from above on the real line. But a; =1and
so g(s) does not tend to O as s tends to % from above. Therefore L(1, y) # 0. O

Proving that L(1, y) # O is what is needed to prove that whenever £ is an integer coprime with k that there
are infinitely many primes p with p ={ (mod k).

9.24 Theorem (Dirichlet’s Theorem). Let { and k be coprime integers with k > 2. The series sze (k);l? is
divergent, and so in particular, there are infinitely many primes p with p ={ (mod k).

Proor: Recall from the proof of Theorem 9.23, that

(k) D 7(D1ogL(s, x)—Z > -

XEL; a=1pi= [(k)
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We now define E(y) by

1 ify=yo
E =
() {O otherwise

Note that as s tends to 1 from above on the real axis, (s — 1)’!@)L(s, y) is bounded. Therefore, on the interval
(1,2), E(x)log(s — 1) +log L(s, x) is also bounded since L(1, y) # 0. Therefore there is a positive number c;,
which depends on k, such that

(@)logL(s, y)+ log(s—1)| <c
'WQZX gLs, x (k) g :
X €Ly

for s € (1,2). Accordingly,
> 1
—+ ——=log(s—1)| < ¢
a=1 pa;e (k) apas (P(k)

fors €(1,2). We have

Note that fors € (1,2)

M2
g | -
5

IA

IA

IA
N| =
M2
M2
:a|H

Il
S
Q
Il
N

IA
N | —
[e
e
:¥| —

~
[uY

| | =

=

IA
M .
3|~

A
o A,

Thus
2

+7’L’
<cC —_—
176

log(s — 1)

—+

S
P k)
for s € (1 2). But as s tends to 1 from above on (1,2) we see that —— (k) log(s — 1) tends to —oo. Therefore
2= = () L diverges. O

Suppose that £ and k are coprime integers with k > 2. Let ©(x,k,£) denote the number of primes p with
p < x for which p ={ (mod k). Then it can be proved that

(K 0) ~ e i(x)
T EEY S0 logx so(k)”
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Let H be a positive real number. It can be proved that if k < (logx) then

n(x,k,£) = % + O(x exp(—a+/logx))

for a a positive real number. On the other hand, with no constraint it can be shown that

k() = Li o X
k0= 2 T O Gog o

However, the big-O constants depend on H in an ineffective way. In other words, one cannot compute then in
general.

Given {; and {, coprime with k > 2, with £; # {, (mod k), we have ©(x,k,¢;) ~ n(x,k,{,). Chebyshev
noted that for small x, n(x,3,1) < 7t(x,3,2) and 7(x,4,1) < 7(x,4,3). In 1957 Leech found the smallest x for

which 7t(x,4,1) exceeds 7(x,4,3), and it is 26 861. Bays and Hudson found the smallest x such that 7t(x,3,1)
exceeds 7(x,3,2), and it is 608 981 813 029.
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