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Preface

This book is the fruit of for many years teaching the introduction to quan-
tum mechanics to second-year students of physics at Oxford University. We
have tried to convey to students that it is the use of probability amplitudes
rather than probabilities that makes quantum mechanics the extraordinary
thing that it is, and to grasp that the theory’s mathematical structure follows
almost inevitably from the concept of a probability amplitude. We have also
tried to explain how classical mechanics emerges from quantum mechanics.
Classical mechanics is about movement and change, while the strong empha-
sis on stationary states in traditional quantum courses makes the quantum
world seem static and irreconcilably different from the world of every-day
experience and intuition. By stressing that stationary states are merely the
tool we use to solve the time-dependent Schrédinger equation, and presenting
plenty of examples of how interference between stationary states gives rise
to familiar dynamics, we have tried to pull the quantum and classical worlds
into alignment, and to help students to extend their physical intuition into
the quantum domain.

Traditional courses use only the position representation. If you step
back from the position representation, it becomes easier to explain that the
familiar operators have a dual role: on the one hand they are repositories of
information about the physical characteristics of the associated observable,
and on the other hand they are the generators of the fundamental symmetries
of space and time. These symmetries are crucial for, as we show already in
Chapter 4, they dictate the canonical commutation relations, from which
much follows.

Another advantage of down-playing the position representation is that it
becomes more natural to solve eigenvalue problems by operator methods than
by invoking Frobenius’ method for solving differential equations in series. A
careful presentation of Frobenius’ method is both time-consuming and rather
dull. The job is routinely bodged to the extent that it is only demonstrated
that in certain circumstances a series solution can be found, whereas in
quantum mechanics we need assurance that all solutions can be found by this
method, which is a priori implausible. We solve all the eigenvalue problems
we encounter by rigorous operator methods and dispense with solution in
series.

By introducing the angular momentum operators outside the position
representation, we give them an existence independent of the orbital angular-
momentum operators, and thus reduce the mystery that often surrounds
spin. We have tried hard to be clear and rigorous in our discussions of the
connection between a body’s spin and its orientation, and the implications of
spin for exchange symmetry. We treat hydrogen in fair detail, helium at the
level of gross structure only, and restrict our treatment of other atoms to an
explanation of how quantum mechanics explains the main trends of atomic
properties as one proceeds down the periodic table. Many-electron atoms
are extremely complex systems that cannot be treated in a first course with
a level of rigour with which we are comfortable.

Scattering theory is of enormous practical importance and raises some
tricky conceptual questions. Chapter 5 on motion in one-dimensional step
potentials introduces many of the key concepts, such as the connection be-
tween phase shifts and the scattering cross section and how and why in
resonant scattering sensitive dependence of phases shifts on energy gives rise
to sharp peaks in the scattering cross section. In Chapter 12 we discuss fully
three-dimensional scattering in terms of the S-matrix and partial waves.

In most branches of physics it is impossible in a first course to bring
students to the frontier of human understanding. We are fortunate in be-
ing able to do this already in Chapter 6, which introduces entanglement and



Preface xi

quantum computing, and closes with a discussion of the still unresolved prob-
lem of measurement. Chapter 6 also demonstrates that thermodynamics is
a straightforward consequence of quantum mechanics and that we no longer
need to derive the laws of thermodynamics through the traditional, rather
subtle, arguments about heat engines.

We assume familiarity with complex numbers, including de Moivre’s
theorem, and familiarity with first-order linear ordinary differential equa-
tions. We assume basic familiarity with vector calculus and matrix algebra.
We introduce the theory of abstract linear algebra to the level we require
from scratch. Appendices contain compact introductions to tensor notation,
Fourier series and transforms, and Lorentz covariance.

Every chapter concludes with an extensive list of problems for which
solutions are available. The solutions to problems marked with an asterisk,
which tend to be the harder problems, are available online! and solutions to
other problems are available to colleagues who are teaching a course from the
book. In nearly every problem a student will either prove a useful result or
deepen his/her understanding of quantum mechanics and what it says about
the material world. Even after successfully solving a problem we suspect
students will find it instructive and thought-provoking to study the solution
posted on the web.

We are grateful to several colleagues for comments on the first two edi-
tions, particularly Justin Wark for alerting us to the problem with the singlet-
triplet splitting. Fabian Essler, Andre Lukas, John March-Russell and Laszlo
Solymar made several constructive suggestions. We thank Artur Ekert for
stimulating discussions of material covered in Chapter 6 and for reading that
chapter in draft form.

June 2012 James Binney
David Skinner

Ihttp://waw-thphys.physics.ox.ac.uk/people/JamesBinney/QBhome . htm



1
Probability and probability

amplitudes

The future is always uncertain. Will it rain tomorrow? Will Pretty Lady win
the 4.20 race at Sandown Park on Tuesday? Will the Financial Times All
Shares index rise by more than 50 points in the next two months? Nobody
knows the answers to such questions, but in each case we may have infor-
mation that makes a positive answer more or less appropriate: if we are in
the Great Australian Desert and it’s winter, it is exceedingly unlikely to rain
tomorrow, but if we are in Delhi in the middle of the monsoon, it will almost
certainly rain. If Pretty Lady is getting on in years and hasn’t won a race yet,
she’s unlikely to win on Tuesday either, while if she recently won a couple of
major races and she’s looking fit, she may well win at Sandown Park. The
performance of the All Shares index is hard to predict, but factors affecting
company profitability and the direction interest rates will move, will make
the index more or less likely to rise. Probability is a concept which enables
us to quantify and manipulate uncertainties. We assign a probability p = 0
to an event if we think it is simply impossible, and we assign p = 1 if we
think the event is certain to happen. Intermediate values for p imply that
we think an event may happen and may not, the value of p increasing with
our confidence that it will happen.

Physics is about predicting the future. Will this ladder slip when I
step on it? How many times will this pendulum swing to and fro in an
hour? What temperature will the water in this thermos be at when it has
completely melted this ice cube? Physics often enables us to answer such
questions with a satisfying degree of certainty: the ladder will not slip pro-
vided it is inclined at less than 23.34° to the vertical; the pendulum makes
3602 oscillations per hour; the water will reach 6.43°C. But if we are pressed
for sufficient accuracy we must admit to uncertainty and resort to probability
because our predictions depend on the data we have, and these are always
subject to measuring error, and idealisations: the ladder’s critical angle de-
pends on the coefficients of friction at the two ends of the ladder, and these
cannot be precisely given because both the wall and the floor are slightly
irregular surfaces; the period of the pendulum depends slightly on the am-
plitude of its swing, which will vary with temperature and the humidity of
the air; the final temperature of the water will vary with the amount of heat
transferred through the walls of the thermos and the speed of evaporation
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from the water’s surface, which depends on draughts in the room as well as
on humidity. If we are asked to make predictions about a ladder that is in-
clined near its critical angle, or we need to know a quantity like the period of
the pendulum to high accuracy, we cannot make definite statements, we can
only say something like the probability of the ladder slipping is 0.8, or there
is a probability of 0.5 that the period of the pendulum lies between 1.0007 s
and 1.0004 s. We can dispense with probability when slightly vague answers
are permissible, such as that the period is 1.00s to three significant figures.
The concept of probability enables us to push our science to its limits, and
make the most precise and reliable statements possible.

Probability enters physics in two ways: through uncertain data and
through the system being subject to random influences. In the first case we
could make a more accurate prediction if a property of the system, such as the
length or temperature of the pendulum, were more precisely characterised.
That is, the value of some number is well defined, it’s just that we don’t
know the value very accurately. The second case is that in which our system
is subject to inherently random influences — for example, to the draughts
that make us uncertain what will be the final temperature of the water.
To attain greater certainty when the system under study is subject to such
random influences, we can either take steps to increase the isolation of our
system — for example by putting a lid on the thermos — or we can expand the
system under study so that the formerly random influences become calculable
interactions between one part of the system and another. Such expansion
of the system is not a practical proposition in the case of the thermos — the
expanded system would have to encompass the air in the room, and then
we would worry about fluctuations in the intensity of sunlight through the
window, draughts under the door and much else. The strategy does work
in other cases, however. For example, climate changes over the last ten
million years can be studied as the response of a complex dynamical system
— the atmosphere coupled to the oceans — that is subject to random external
stimuli, but a more complete account of climate changes can be made when
the dynamical system is expanded to include the Sun and Moon because
climate is strongly affected by the inclination of the Earth’s spin axis to the
plane of the Earth’s orbit and the Sun’s coronal activity.

A low-mass system is less likely to be well isolated from its surroundings
than a massive one. For example, the orbit of the Earth is scarcely affected
by radiation pressure that sunlight exerts on it, while dust grains less than a
few microns in size that are in orbit about the Sun lose angular momentum
through radiation pressure at a rate that causes them to spiral in from near
the Earth to the Sun within a few millennia. Similarly, a rubber duck left
in the bath after the children have got out will stay very still, while tiny
pollen grains in the water near it execute Brownian motion that carries
them along a jerky path many times their own length each minute. Given
the difficulty of isolating low-mass systems, and the tremendous obstacles
that have to be surmounted if we are to expand the system to the point at
which all influences on the object of interest become causal, it is natural that
the physics of small systems is invariably probabilistic in nature. Quantum
mechanics describes the dynamics of all systems, great and small. Rather
than making firm predictions, it enables us to calculate probabilities. If the
system is massive, the probabilities of interest may be so near zero or unity
that we have effective certainty. If the system is small, the probabilistic
aspect of the theory will be more evident.

The scale of atoms is precisely the scale on which the probabilistic aspect
is predominant. Its predominance reflects two facts. First, there is no such
thing as an isolated atom because all atoms are inherently coupled to the
electromagnetic field, and to the fields associated with electrons, neutrinos,
quarks, and various ‘gauge bosons’. Since we have incomplete information
about the states of these fields, we cannot hope to make precise predictions
about the behaviour of an individual atom. Second, we cannot build mea-
suring instruments of arbitrary delicacy. The instruments we use to measure
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atoms are usually themselves made of atoms, and employ electrons or pho-
tons that carry sufficient energy to change an atom significantly. We rarely
know the exact state that our measuring instrument is in before we bring it
into contact with the system we have measured, so the result of the measure-
ment of the atom would be uncertain even if we knew the precise state that
the atom was in before we measured it, which of course we do not. More-
over, the act of measurement inevitably disturbs the atom, and leaves it in a
different state from the one it was in before we made the measurement. On
account of the uncertainty inherent in the measuring process, we cannot be
sure what this final state may be. Quantum mechanics allows us to calculate
probabilities for each possible final state. Perhaps surprisingly, from the the-
ory it emerges that even when we have the most complete information about
the state of a system that is is logically possible to have, the outcomes of
some measurements remain uncertain. Thus whereas in the classical world
uncertainties can be made as small as we please by sufficiently careful work,
in the quantum world uncertainty is woven into the fabric of reality.

1.1 The laws of probability

Events are frequently one-offs: Pretty Lady will run in the 4.20 at Sandown
Park only once this year, and if she enters the race next year, her form and
the field will be different. The probability that we want is for this year’s
race. Sometimes events can be repeated, however. For example, there is
no obvious difference between one throw of a die and the next throw, so
it makes sense to assume that the probability of throwing a 5 is the same
on each throw. When events can be repeated in this way we seek to assign
probabilities in such a way that when we make a very large number N of
trials, the number n4 of trials in which event A occurs (for example 5 comes
up) satisfies

na~paN. (1.1)

In any realistic sequence of throws, the ratio n4 /N will vary with N, while
the probability p4 does not. So the relation (1.1) is rarely an equality. The
idea is that we should choose p4 so that na/N fluctuates in a smaller and
smaller interval around p4 as N is increased.

Events can be logically combined to form composite events: if A is the
event that a certain red die falls with 1 up, and B is the event that a white
die falls with 5 up, AB is the event that when both dice are thrown, the red
die shows 1 and the white one shows 5. If the probability of A is p4 and the
probability of B is pp, then in a fraction ~ p4 of throws of the two dice the
red die will show 1, and in a fraction ~ pp of these throws, the white die
will have 5 up. Hence the fraction of throws in which the event AB occurs is
~ papp so we should take the probability of AB to be pap = papp. In this
example A and B are independent events because we see no reason why
the number shown by the white die could be influenced by the number that
happens to come up on the red one, and vice versa. The rule for combining
the probabilities of independent events to get the probability of both events
happening, is to multiply them:

p(A and B) = p(A)p(B) (independent events). (1.2)

Since only one number can come up on a die in a given throw, the
event A above excludes the event C that the red die shows 2; A and C are
exclusive events. The probability that either a 1 or a 2 will show is obtained
by adding pa4 and pc. Thus

p(Aor C) =p(A) +p(C) (exclusive events). (1.3)

In the case of reproducible events, this rule is clearly consistent with the
principle that the fraction of trials in which either A or C' occurs should be



4 Chapter 1: Probability and probability amplitudes

the sum of the fractions of the trials in which one or the other occurs. If
we throw our die, the number that will come up is certainly one of 1, 2, 3,
4,5 or 6. So by the rule just given, the sum of the probabilities associated
with each of these numbers coming up has to be unity. Unless we know that
the die is loaded, we assume that no number is more likely to come up than
another, so all six probabilities must be equal. Hence, they must all equal
%. Generalising this example we have the rules

N

With just N mutually exclusive outcomes, Z pi = 1.
i=1

(1.4)
If all outcomes are equally likely, p; = 1/N.

1.1.1 Expectation values

A random variable x is a quantity that we can measure and the value that
we get is subject to uncertainty. Suppose for simplicity that only discrete
values z; can be measured. In the case of a die, for example, x could be the
number that comes up, so x has six possible values, 1 =1 to g = 6. If p;
is the probability that we shall measure z;, then the expectation value of

(z) = > piai. (1.5)

If the event is reproducible, it is easy to show that the average of the values
that we measure on N trials tends to (z) as N becomes very large. Conse-
quently, (z) is often referred to as the average of z.

Suppose we have two random variables, x and y. Let p;; be the proba-
bility that our measurement returns x; for the value of x and y; for the value
of y. Then the expectation of the sum z + y is

(@+y) = pi(wi+y;) = > piywi+ Y pijy; (1.6)
ij 17 ij

But Zj p;ij is the probability that we measure x; regardless of what we
measure for y, so it must equal p;. Similarly ). p;; = pj, the probability of
measuring y; irrespective of what we get for x. Inserting these expressions
in to (1.6) we find

(z+y) = () + (). (1.7)
That is, the expectation value of the sum of two random variables is the
sum of the variables’ individual expectation values, regardless of whether
the variables are independent or not.

A useful measure of the amount by which the value of a random variable
fluctuates from trial to trial is the variance of x:

(@ = (@)?) = (2%) = 2z (@) + ((@)7), (1.8)

where we have made use of equation (1.7). The expectation (z) is not a
random variable, but has a definite value. Consequently (z (z)) = (z)* and

<<x>2> = (z)?, so the variance of z is related to the expectations of # and

z2 by

(A2) = ((z — (@))*) = (") — (). (1.9)



1.2 Probability amplitudes 5

| x4

~<
A
=
»
)

oY

Figure 1.1 The two-slit interference experiment.

1.2 Probability amplitudes

Many branches of the social, physical and medical sciences make extensive
use of probabilities, but quantum mechanics stands alone in the way that it
calculates probabilities, for it always evaluates a probability p as the mod-
square of a certain complex number A:

p=|A] (1.10)

The complex number A is called the probability amplitude for p.

Quantum mechanics is the only branch of knowledge in which proba-
bility amplitudes appear, and nobody understands why they arise. They
give rise to phenomena that have no analogues in classical physics through
the following fundamental principle. Suppose something can happen by two
(mutually exclusive) routes, S or T, and let the probability amplitude for it
to happen by route S be A(S) and the probability amplitude for it to happen
by route T' be A(T'). Then the probability amplitude for it to happen by one
route or the other is

A(S or T) = A(S) + A(T). (1.11)

This rule takes the place of the sum rule for probabilities, equation (1.3).
However, it is incompatible with equation (1.3), because it implies that the
probability that the event happens regardless of route is

p(S or T) = |A(S or T)|? = |A(S) + A(T)[?
= |A(S)]? + A(S)A*(T) + A*(S)A(T) + |A(T))>  (1.12)
= p(S) + p(T) + 2Re( A(S) A*(T)).

That is, the probability that an event will happen is not merely the sum
of the probabilities that it will happen by each of the two possible routes:
there is an additional term 2%Re(A(S)A*(T')). This term has no counterpart
in standard probability theory, and violates the fundamental rule (1.3) of
probability theory. It depends on the phases of the probability amplitudes
for the individual routes, which do not contribute to the probabilities p(S) =
|A(S)]? of the routes.

Whenever the probability of an event differs from the sum of the prob-
abilities associated with the various mutually exclusive routes by which it
can happen, we say we have a manifestation of quantum interference.
The term 2Re(A(S)A*(T)) in equation (1.12) is what generates quantum
interference mathematically. We shall see that in certain circumstances the
violations of equation (1.3) that are caused by quantum interference are not
detectable, so standard probability theory appears to be valid.

How do we know that the principle (1.11), which has these extraordinary
consequences, is true? The soundest answer is that it is a fundamental
postulate of quantum mechanics, and that every time you look at a digital
watch, or touch a computer keyboard, or listen to a CD player, or interact
with any other electronic device that has been engineered with the help
of quantum mechanics, you are testing and vindicating this theory. Our
civilisation now quite simply depends on the validity of equation (1.11).
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X1~ Xz

P2 b1

Figure 1.2 The probability distribu-
tions of passing through each of the
two closely spaced slits overlap.

1.2.1 Two-slit interference

An imaginary experiment will clarify the physical implications of the prin-
ciple and suggest how it might be tested experimentally. The apparatus
consists of an electron gun, G, a screen with two narrow slits S; and So,
and a photographic plate P, which darkens when hit by an electron (see
Figure 1.1).

When an electron is emitted by G, it has an amplitude to pass through
slit S; and then hit the screen at the point z. This amplitude will clearly
depend on the point z, so we label it A (z). Similarly, there is an amplitude
Az (z) that the electron passed through Sy before reaching the screen at .
Hence the probability that the electron arrives at x is

P(z) = |A1(z) + Az(2)]* = [A1(2)* + [A2(2)* + 2Re(Ay (2) A3 (2)). (1.13)

|A1(z)|? is simply the probability that the electron reaches the plate after
passing through S;. We expect this to be a roughly Gaussian distribution
pi(x) that is centred on the value x; of x at which a straight line from G
through the middle of Sy hits the plate. |42 (z)|? should similarly be a roughly
Gaussian function ps(z) centred on the intersection at a2 of the screen and
the straight line from G through the middle of So. It is convenient to write
A = |Ajlel? = \/Eewi, where ¢; is the phase of the complex number A;.
Then equation (1.13) can be written

p(x) = p1(z) + pa(2) + I(2), (1.14a)

where the interference term I/ is
I(z) = 2v/p1(2)p2(z) cos(p1(x) — pa()). (1.14b)

Consider the behaviour of I(x) near the point that is equidistant from the
slits. Then (see Figure 1.2) p; ~ ps and the interference term is comparable
in magnitude to p; + p2, and, by equations (1.14), the probability of an
electron arriving at = will oscillate between ~ 2p; and 0 depending on the
value of the phase difference ¢ (x) — ¢a(z). In §2.3.4 we shall show that the
phases ¢;(x) are approximately linear functions of z, so after many electrons
have been fired from G to P in succession, the blackening of P at x, which
will be roughly proportional to the number of electrons that have arrived at
x, will show a sinusoidal pattern.

Let’s replace the electrons by machine-gun bullets. Then everyday ex-
perience tells us that classical physics applies, and it predicts that the prob-
ability p(x) of a bullet arriving at = is just the sum p;(x) + p2(x) of the
probabilities of a bullet coming through S; or Ss. Hence classical physics
does not predict a sinusoidal pattern in p(z). How do we reconcile the very
different predictions of classical and quantum mechanics? Firearms manufac-
turers have for centuries used classical mechanics with deadly success, so is
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the resolution that bullets do not obey quantum mechanics? We believe they
do, and the probability distribution for the arrival of bullets should show a
sinusoidal pattern. However, in §2.3.4 we shall find that quantum mechanics
predicts that the distance A between the peaks and troughs of this pattern
becomes smaller and smaller as we increase the mass of the particles we are
firing through the slits, and by the time the particles are as massive as a
bullet, A is fantastically small ~ 1072?m. Consequently, it is not exper-
imentally feasible to test whether p(z) becomes small at regular intervals.
Any feasible experiment will probe the value of p(x) averaged over many
peaks and troughs of the sinusoidal pattern. This averaged value of p(x)
agrees with the probability distribution we derive from classical mechanics
because the average value of I(z) in equation (1.14) vanishes.

1.2.2 Matter waves?

The sinusoidal pattern of blackening on P that quantum mechanics predicts
proves to be identical to the interference pattern that is observed in Young’s
double-slit experiment. This experiment established that light is a wave phe-
nomenon because the wave theory could readily explain the existence of the
interference pattern. It is natural to infer from the existence of the sinusoidal
pattern in the quantum-mechanical case, that particles are manifestations of
waves in some medium. There is much truth in this inference, and at an
advanced level this idea is embodied in quantum field theory. However, in
the present context of non-relativistic quantum mechanics, the concept of
matter waves is unhelpful. Particles are particles, not waves, and they pass
through one slit or the other. The sinusoidal pattern arises because proba-
bility amplitudes are complex numbers, which add in the same way as wave
amplitudes. Moreover, the energy density (intensity) associated with a wave
is proportional to the mod square of the wave amplitude, just as the proba-
bility density of finding a particle is proportional to the mod square of the
probability amplitude. Hence, on a mathematical level, there is a one-to-one
correspondence between what happens when particles are fired towards a
pair of slits and when light diffracts through similar slits. But we cannot
consistently infer from this correspondence that particles are manifestations
of waves because quantum interference occurs in quantum systems that are
much more complex than a single particle, and indeed in contexts where
motion through space plays no role. In such contexts we cannot ascribe the
interference phenomenon to interference between real physical waves, so it is
inconsistent to take this step in the case of single-particle mechanics.

1.3 Quantum states

1.3.1 Quantum amplitudes and measurements

Physics is about the quantitative description of natural phenomena. A quan-
titative description of a system inevitably starts by defining ways in which
it can be measured. If the system is a single particle, quantities that we can
measure are its z, y and z coordinates with respect to some choice of axes,
and the components of its momentum parallel to these axes. We can also
measure its energy, and its angular momentum. The more complex a system
is, the more ways there will be in which we can measure it.

Associated with every measurement, there will be a set of possible nu-
merical values for the measurement — the spectrum of the measurement.
For example, the spectrum of the x coordinate of a particle in empty space
is the interval (—oo, c0), while the spectrum of its kinetic energy is (0, c0).
We shall encounter cases in which the spectrum of a measurement con-
sists of discrete values. For example, in Chapter 7 we shall show that

the angular momentum of a particle parallel to any given axis has spec-
trum (..., (k — 1)h,kh, (kK + 1)h,...), where % is Planck’s constant h =
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6.63 x 10734 J s divided by 27, and k is either 0 or % When the spectrum is
a set of discrete numbers, we say that those numbers are the allowed values
of the measurement.

With every value in the spectrum of a given measurement there will be
a quantum amplitude that we will find this value if we make the relevant
measurement. Quantum mechanics is the science of how to calculate such
amplitudes given the results of a sufficient number of prior measurements.

Imagine that you’re investigating some physical system: some particles
in an ion trap, a drop of liquid helium, the electromagnetic field in a resonant
cavity. What do you know about the state of this system? You have two types
of knowledge: (1) a specification of the physical nature of the system (e.g.,
size & shape of the resonant cavity), and (2) information about the current
dynamical state of the system. In quantum mechanics information of type
(1) is used to define an object called the Hamiltonian H of the system that
is defined by equation (2.5) below. Information of type (2) is more subtle.
It must consist of predictions for the outcomes of measurements you could
make on the system. Since these outcomes are inherently uncertain, your
information must relate to the probabilities of different outcomes, and in the
simplest case consists of values for the relevant probability amplitudes. For
example, your knowledge might consist of amplitudes for the various possible
outcomes of a measurement of energy, or of a measurement of momentum.

In quantum mechanics, then, knowledge about the current dynamical
state of a system is embodied in a set of quantum amplitudes. In classical
physics, by contrast, we can state with certainty which value we will measure,
and we characterise the system’s current dynamical state by simply giving
this value. Such values are often called ‘coordinates’ of the system. Thus
in quantum mechanics a whole set of quantum amplitudes replaces a single
number.

Complete sets of amplitudes Given the amplitudes for a certain set of
events, it is often possible to calculate amplitudes for other events. The phe-
nomenon of particle spin provides the neatest illustration of this statement.

Electrons, protons, neutrinos, quarks, and many other elementary par-
ticles turn out to be tiny gyroscopes: they spin. The rate at which they
spin and therefore the the magnitude of their spin angular momentum never
changes; it is always \/3/_473 Particles with this amount of spin are called
spin-half particles for reasons that will emerge shortly. Although the spin
of a spin-half particle is fixed in magnitude, its direction can change. Conse-
quently, the value of the spin angular momentum parallel to any given axis
can take different values. In §7.4.2 we shall show that parallel to any given
axis, the spin angular momentum of a spin-half particle can be either :I:%h.
Consequently, the spin parallel to the z axis is denoted s,h, where s, = :l:%
is an observable with the spectrum {—%, % )

In §7.4.2 we shall show that if we know both the amplitude a4 that s,
will be measured to be —|—% and the amplitude a_ that a measurement will
yield s, = —%, then we can calculate from these two complex numbers the
amplitudes by and b_ for the two possible outcomes of the measurement of
the spin along any direction. If we know only a4 (or only a_), then we can
calculate neither b4 nor b_ for any other direction.

Generalising from this example, we have the concept of a complete
set of amplitudes: the set contains enough information to enable one
to calculate amplitudes for the outcome of any measurement whatsoever.
Hence, such a set gives a complete specification of the physical state of the
system. A complete set of amplitudes is generally understood to be a minimal
set in the sense that none of the amplitudes can be calculated from the others.
The set {a_, a4} constitutes a complete set of amplitudes for the spin of an
electron.
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1.3.2 Dirac notation

Dirac introduced the symbol |¢), pronounced ‘ket psi’, to denote a complete
set of amplitudes for the system. If the system consists of a particle! trapped
in a potential well, 1) could consist of the amplitudes a,, that the energy
is E,, where (Eq, Es,...) is the spectrum of possible energies, or it might
consist of the amplitudes 1(z) that the particle is found at x, or it might
consist of the amplitudes a(p) that the momentum is measured to be p.
Using the abstract symbol |¢) enables us to think about the system without
committing ourselves to what complete set of amplitudes we are going to
use, in the same way that the position vector x enables us to think about
a geometrical point independently of the coordinates (x,y,z), (r,0,¢) or
whatever by which we locate it. That is, |¢) is a container for a complete set
of amplitudes in the same way that a vector x is a container for a complete
set of coordinates.

The ket |¢) encapsulates the crucial concept of a quantum state, which
is independent of the particular set of amplitudes that we choose to quantify
it, and is fundamental to several branches of physics.

We saw in the last section that amplitudes must sometimes be added: if
an outcome can be achieved by two different routes and we do not monitor
the route by which it is achieved, we add the amplitudes associated with each
route to get the overall amplitude for the outcome. In view of this additivity,
we write

3) = [¥1) + [¢2) (1.15)

to mean that every amplitude in the complete set |i3) is the sum of the
corresponding amplitudes in the complete sets [¢)1) and |¢3). This rule is
exactly analogous to the rule for adding vectors because bz = b; +bs implies
that each component of bz is the sum of the corresponding components of
b1 and b2.

Since amplitudes are complex numbers, for any complex number o« we
can define

[¥) = al) (1.16)

to mean that every amplitude in the set |¢)') is « times the corresponding
amplitude in |¢)). Again there is an obvious parallel in the case of vectors:
3b is the vector that has x component 3b,, etc.

1.3.3 Vector spaces and their adjoints

The analogy between kets and vectors proves extremely fruitful and is worth
developing. For a mathematician, objects, like kets, that you can add and
multiply by arbitrary complex numbers inhabit a vector space. Since we
live in a (three-dimensional) vector space, we have a strong intuitive feel for
the structures that arise in general vector spaces, and this intuition helps
us to understand problems that arise with kets. Unfortunately our every-
day experience does not prepare us for an important property of a general
vector space, namely the existence of an associated ‘adjoint’ space, because
the space adjoint to real three-dimensional space is indistinguishable from
real space. In quantum mechanics and in relativity the two spaces are dis-
tinguishable. We now take a moment to develop the mathematical theory
of general vector spaces in the context of kets in order to explain the re-
lationship between a general vector space and its adjoint space. When we
are merely using kets as examples of vectors, we shall call them “vectors”.
Appendix G explains how these ideas are relevant to relativity.

1 Most elementary particles have intrinsic angular momentum or ‘spin’ (§7.4). A com-
plete set of amplitudes for a particle such as electron or proton that has spin, includes
information about the orientation of the spin. In the interests of simplicity, in our discus-
sions particles are assumed to have no spin unless the contrary is explicitly stated, even
though spinless particles are rather rare.
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For any vector space V' it is natural to choose a set of basis vectors,
that is, a set of vectors |i) that is large enough for it to be possible to
express any given vector |¢) as a linear combination of the set’s members.
Specifically, for any ket |¢) there are complex numbers a; such that

) = aili). (1.17)

%

The set should be minimal in the sense that none of its members can be
expressed as a linear combination of the remaining ones. In the case of ordi-
nary three-dimensional space, basis vectors are provided by the unit vectors
i, j and k along the three coordinate axes, and any vector b can be expressed
as the sum b = a1i + a2j + agk, which is the analogue of equation (1.17).

In quantum mechanics an important role is played by complex-valued
linear functions on the vector space V because these functions extract the
amplitude for something to happen given that the system is in the state [¢).
Let (f| (pronounced ‘bra {’) be such a function. We denote by (f|i) the
result of evaluating this function on the ket [¢). Hence, (f|)) is a complex
number (a probability amplitude) that in the ordinary notation of functions
would be written f (]1)). The linearity of the function (f| implies that for
any complex numbers «, 8 and kets [1), |¢), it is true that

(fl(al) + Blg)) = ol flv) + B(f|9). (1.18)

Notice that the right side of this equation is a sum of two products of complex
numbers, so it is well defined.

To define a function on V' we have only to give a rule that enables us
to evaluate the function on any vector in V. Hence we can define the sum
(h] = (f] + (g] of two bras (f| and (g| by the rule

(R} = (f1¥) + (gl¥) (1.19)

Similarly, we define the bra (p| = a(f| to be result of multiplying (f| by
some complex number « through the rule

(pl) = a(f[y). (1.20)

Since we now know what it means to add these functions and multiply them
by complex numbers, they form a vector space V', called the adjoint space
of V.

The dimension of a vector space is the number of vectors required to
make up a basis for the space. We now show that ¥V and V' have the same
dimension. Let? {|i)} for ¢ = 1, N be a basis for V. Then a linear function
(f| on V is fully defined once we have given the N numbers (f|i). To see
that this is true, we use (1.17) and the linearity of (f| to calculate (f|¢) for
an arbitrary vector ) =Y. a;|i):

ey =3 aslfli). (1.21)

=1

This result implies that we can define N functions (j| (j = 1, N) through
the equations

(4li) = dij, (1.22)

where §;;5 is 1 if 4 = j and zero otherwise, because these equations specify the
value that each bra (j| takes on every basis vector |i) and therefore through

2 Throughout this book the notation {z;} means ‘the set of objects x;’.
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(1.21) the value that (j| takes on any vector [¢)). Now consider the following
linear combination of these bras:

N

(Fl = (Gl (1.23)

j=1

It is trivial to check that for any ¢ we have (F|i) = (f|i), and from this
it follows that (F| = (f| because we have already agreed that a bra is fully
specified by the values it takes on the basis vectors. Since we have now shown
that any bra can be expressed as a linear combination of the N bras specified
by (1.22), and the latter are manifestly linearly independent, it follows that
the dimensionality of V’ is IV, the dimensionality of V.

In summary, we have established that every N-dimensional vector space
V comes with an N-dimensional space V' of linear functions on V, called the
adjoint space. Moreover, we have shown that once we have chosen a basis
{]é)} for V, there is an associated basis {(i|} for V’. Equation (1.22) shows
that there is an intimate relation between the ket |i) and the bra (i|: (i|é) =1
while (j|i) = 0 for j # i. We acknowledge this relationship by saying that (i|
is the adjoint of |i). We extend this definition of an adjoint to an arbitrary
ket |1) as follows: if

[y = Z a;|i) then (Y| = Z al (i|. (1.24)

%

With this choice, when we evaluate the function (1| on the ket |¢)) we find
o) = (Lot} (Swl) = Llaz0. 029
i j i

Thus for any state the number ([¢) is real and non-negative, and it can
vanish only if [¢)) = 0 because every a; vanishes. We call this number the
length of |¢).

The components of an ordinary three-dimensional vector b = b,i +
byj + b.k are real. Consequently, we evaluate the length-square of b as
simply (bei + byj + b-K) - (boi+ byj + b.k) = b7 + b2 + b2. The vector on the
extreme left of this expression is strictly speaking the adjoint of b but it is
indistinguishable from it because we have not modified the components in
any way. In the quantum mechanical case eq. 1.25, the components of the
adjoint vector are complex conjugates of the components of the vector, so
the difference between a vector and its adjoint is manifest.

If |¢) = >, bili) and |[¢) = ", a;]i) are any two states, a calculation
analogous to that in equation (1.25) shows that

(pl) = szai. (1.26)

Similarly, we can show that (1|¢) = Y_. afb;, and from this it follows that

Wlg) = (o))" (1.27)

We shall make frequent use of this equation.

Equation (1.26) shows that there is a close connection between extract-
ing the complex number (¢|y) from ($| and |¢)) and the operation of taking
the dot product between two vectors b and a.
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1.3.4 The energy representation

Suppose our system is a particle that is trapped in some potential well. Then
the spectrum of allowed energies will be a set of discrete numbers Ey, Fj, ...
and a complete set of amplitudes are the amplitudes a; whose mod squares
give the probabilities p; of measuring the energy to be E;. Let {|i)} be a set
of basis kets for the space V of the system’s quantum states. Then we use
the set of amplitudes a; to associate them with a ket |¢) through

) = aili). (1.28)

This equation relates a complete set of amplitudes {a;} to a certain ket
[1)). We discover the physical meaning of a particular basis ket, say |k), by
examining the values that the expansion coefficients a; take when we apply
equation (1.28) in the case |k) = [¢)). We clearly then have that a; = 0 for
i # k and ar = 1. Consequently, the quantum state |k) is that in which
we are certain to measure the value Fj for the energy. We say that |k) is
a state of well defined energy. It will help us remember this important
identification if we relabel the basis kets, writing |E;) instead of just |z), so
that (1.28) becomes

) =3 @il Ei). (1.29)

Suppose we multiply this equation through by (Fx|. Then by the lin-
earity of this operation and the orthogonality relation (1.22) (which in our
new notation reads (Ey|E;) = d;;) we find

ar = (Egy). (1.30)

This is an enormously important result because it tells us how to extract from
an arbitrary quantum state |¢) the amplitude for finding that the energy is
FE.

Equation (1.25) yields

(W) =D lail* =3 pi=1, (1.31)

where the last equality follows because if we measure the energy, we must
find some value, so the probabilities p; must sum to unity. Thus kets that
describe real quantum states must have unit length: we call kets with unit
length properly normalised. During calculations we frequently encounter
kets that are not properly normalised, and it is important to remember that
the key rule (1.30) can be used to extract predictions only from properly
normalised kets. Fortunately, any ket |¢) = 3. b;|i) is readily normalised: it
is straightforward to check that

_ b; ;
|¢>=;W|> (1.32)

is properly normalised regardless of the values of the b;.

1.3.5 Orientation of a spin-half particle

Formulae for the components of the spin angular momentum of a spin-half
particle that we shall derive in §7.4.2 provide a nice illustration of how the
abstract machinery just introduced enables us to predict the results of ex-
periments.

If you measure one component, say s,, of the spin s of an electron, you

will obtain one of two results, either s, = % or s, = —%. Moreover the state
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|+) in which a measurement of s, is certain to yield 1 and the state |—) in
which the measurement is certain to yield —% form a complete set of states
for the electron’s spin. That is, any state of spin can be expressed as a linear
combination of |[+) and |—):

) = a—| =) +ax +). (1.33)
Let n be the unit vector in the direction with polar coordinates (6, ¢).

Then the state |[+,n) in which a measurement of the component of s along
n is certain to return % turns out to be (Problem 7.6)

|+, n) = sin(6/2) e'%/2|=) + cos(0/2) e~ 1¢/2|4). (1.34a)
Similarly the state |—,n) in which a measurement of the component of s
along n is certain to return —% is

|—,n) = cos(A/2) /2| =) — sin(0/2) e 1%/ |4). (1.34D)

By equation (1.24) the adjoints of these kets are the bras

(+,n] = sin(0/2) e /% (—| + cos(0/2) €'*/? (+]

. . 1.35
(—,n| = cos(0/2) e /2 (—| — sin(0/2) e'/?(+]. (1-33)
From these expressions it is easy to check that the kets |4, n) are properly
normalised and orthogonal to one another.

Suppose we have just measured s, and found the value to be % and we

want the amplitude A_(n) to find —% when we measure n-s. Then the state
of the system is [¢)) = |+) and the required amplitude is

A_(n) = (—,n|¢p) = (—, n|+) = —sin(0/2)e'*/2, (1.36)

so the probability of this outcome is

P_(n) = |A_(n)|? =sin?(0/2). (1.37)
This vanishes when # = 0 as it should since then n = (0,0,1) son-s = s,
and we are guaranteed to find s, = 1 rather than —1. P_(n) rises to 1 when

6 = w/2 and n lies somewhere in the z,y plane. In particular, if s, = %, a
measurement of s, is equally likely to return either of the two possible values
+1
2
Putting 8 = 7/2, ¢ = 0 into equations (1.34) we obtain expressions for
the states in which the result of a measurement of s, is certain

% =)+ 14) 5 |—a)= %

Similarly, inserting 6§ = 7/2, ¢ = /2 we obtain the states in which the result
of measuring s, is certain

[+, 2) = (I=)=1+)- (1.38)

im/4
V2

Notice that |+,z) and |+,y) are both states in which the probability of

measuring s, to be % is % What makes them physically distinct states is

that the ratio of the amplitudes to measure :l:% for s, is unity in one case
and i in the other.

eiw/4

(= —=i+) 5 =y = 7

€

I+.y) = (I=) +il+)) - (1.39)
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1.3.6 Polarisation of photons

A discussion of the possible polarisations of a beam of light displays an
interesting connection between quantum amplitudes and classical physics.
At any instant in a polarised beam of light, the electric vector E is in one
particular direction perpendicular to the beam. In a plane-polarised beam,
the direction of E stays the same, while in a circularly polarised beam it
rotates. A sheet of Polaroid transmits the component of E in one direction
and blocks the perpendicular component. Consequently, in the transmitted
beam |E| is smaller than in the incident beam by a factor cosf, where 6 is
the angle between the incident field and the direction in the Polaroid that
transmits the field. Since the beam’s energy flux is proportional to |E|?, a
fraction cos? § of the beam’s energy is transmitted by the Polaroid.

Individual photons either pass through the Polaroid intact or are ab-
sorbed by it depending on which quantum state they are found to be in
when they are ‘measured’ by the Polaroid. Let |») be the state in which the
photon will be transmitted and |1) that in which it will be blocked. Then
the photons of the incoming plane-polarised beam are in the state

[t)) = cosO}—=) + sinb|1), (1.40)

so each photon has an amplitude a, = cosf for a measurement by the
Polaroid to find it in the state |») and be transmitted, and an amplitude
ar = sinf to be found to be in the state |1) and be blocked. The fraction
of the beam’s photons that are transmitted is the probability get through
P, = |a,|?> = cos? 0. Consequently a fraction cos?# of the incident energy
is transmitted, in agreement with classical physics.

The states |») and 1) form a complete set of states for photons that
move in the direction of the beam. An alternative complete set of states is
the set {|4),|—)} formed by the state |[+) of a right-hand circularly polarised
photon and the state |—) of a left-hand circularly polarised photon. In the
laboratory a circularly polarised beam is often formed by passing a plane
polarised beam through a birefringent material such as calcite that has its
axes aligned at 45° to the incoming plane of polarisation. The incoming
beam is resolved into its components parallel to the calcite’s axes, and one
component is shifted in phase by 7/2 with respect to the other. In terms of
unit vectors &, and &, parallel to the calcite’s axes, the incoming field is

E

E:%%

{(ex +&y)e ™} (1.41)
and the outgoing field of a left-hand polarised beam is

E A EEN —iwt
E_= %3‘% {(e; +iey)e "}, (1.42a)

while the field of a right-hand polarised beam would be

E, = %&E{(éx —iéy)e ). (1.42b)

The last two equations express the electric field of a circularly polarised
beam as a linear combination of plane polarised beams that differ in phase.
Conversely, by adding (1.42b) to equation (1.42a), we can express the electric
field of a beam polarised along the x axis as a linear combination of the fields
of two circularly-polarised beams.

Similarly, the quantum state of a circularly polarised photon is a linear
superposition of linearly-polarised quantum states:

[+) = — (=) Fifn), (1.43)
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and conversely, a state of linear polarisation is a linear superposition of states
of circular polarisation:

I
Y

Whereas in classical physics complex numbers are just a convenient way of
representing the real function cos(wt + ¢) for arbitrary phase ¢, quantum
amplitudes are inherently complex and the operator R is not used. Whereas
in classical physics a beam may be linearly polarised in a particular direction,
or circularly polarised in a given sense, in quantum mechanics an individual
photon has an amplitude to be linearly polarised in a any chosen direction
and an amplitude to be circularly polarised in a given sense. The amplitude
to be linearly polarised may vanish in one particular direction, or it may
vanish for one sense of circular polarisation. In the general case the photon
will have a non-vanishing amplitude to be polarised in any direction and any
sense. After it has been transmitted by an analyser such as Polaroid, it will
certainly be in whatever state the analyser transmits.

=) () +1=))- (1.44)

1.4 Measurement

Equation (1.28) expresses the quantum state of a system |¢) as a sum over
states in which a particular measurement, such as energy, is certain to yield a
specified value. The coefficients in this expansion yield as their mod-squares
the probabilities with which the possible results of the measurement will be
obtained. Hence so long as there is more than one term in the sum, the result
of the measurement is in doubt. This uncertainty does not reflect shortcom-
ings in the measuring apparatus, but is inherent in the physical situation —
any defects in the measuring apparatus will increase the uncertainty above
the irreducible minimum implied by the expansion coeflicients, and in §6.3
the theory will be adapted to include such additional uncertainty.

Here we are dealing with ideal measurements, and such measurements
are reproducible. Therefore, if a second measurement is made immediately
after the first, the same result will be obtained. From this observation it
follows that the quantum state of the system is changed by the first mea-
surement from |¢) = 3. a;]i) to [¢) = |I), where |I) is the state in which
the measurement is guaranteed to yield the value that was obtained by the
first measurement. The abrupt change in the quantum state from )", ;i)
to |I) that accompanies a measurement is referred to as the collapse of the
wavefunction.

What happens when the “wavefunction collapses”? It is tempting to
suppose that this event is not a physical one but merely an updating of
our knowledge of the system: that the system was already in the state |I)
before the measurement, but we only became aware of this fact when the
measurement was made. It turns out that this interpretation is untenable,
and that wavefunction collapse is associated with a real physical disturbance
of the system. This topic is explored further in §6.5.

Problems

1.1 What physical phenomenon requires us to work with probability am-
plitudes rather than just with probabilities, as in other fields of endeavour?

1.2 What properties cause complete sets of amplitudes to constitute the
elements of a vector space?

1.3 V' is the dual space of the vector space V. For a mathematician, what
objects comprise V'?
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1.4 In quantum mechanics, what objects are the members of the vector
space V? Give an example for the case of quantum mechanics of a member
of the dual space V' and explain how members of V' enable us to predict
the outcomes of experiments.

1.5 Given that ) = €™/5|a) +e/™/4|b), express (1| as a linear combination
of {a] and (b].

1.6 What properties characterise the bra (a| that is associated with the ket
|a)?

1.7 An electron can be in one of two potential wells that are so close that
it can “tunnel” from one to the other (see §5.2 for a description of quantum-
mechanical tunnelling). Its state vector can be written

[) = alA) + b|B), (1.45)

where |A) is the state of being in the first well and | B) is the state of being in
the second well and all kets are correctly normalised. What is the probability
of finding the particle in the first well given that: (a) a = i/2; (b) b = e'™;
(c) b=2+i/V2?

1.8 An electron can “tunnel” between potential wells that form a chain, so
its state vector can be written

[v) = Zan|n>, (1.46a)

where |n) is the state of being in the n'" well, where n increases from left to

right. Let
1 —i [n|/2 .
n=—|— nT, 1.46b
w=7(3) (1-4600)

a. What is the probability of finding the electron in the n*" well?

b. What is the probability of finding the electron in well 0 or anywhere to
the right of it?
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Operators, measurement and time

evolution

In the last chapter we saw that each quantum state of a system is represented
by a point or ‘ket’ |[¢)) that lies in an abstract vector space. We saw that
states for which there is no uncertainty in the value that will be measured
for a quantity such as energy, form a set of basis states for this space —
these basis states are analogous to the unit vectors i, j and k of ordinary
vector geometry. In this chapter we develop these ideas further by showing
how every measurable quantity such as position, momentum or energy is
associated with an operator on state space. We shall see that the energy
operator plays a special role in that it determines how a system’s ket |¢)
moves through state space over time. Using these operators we are able
at the end of the chapter to study the dynamics of a free particle, and to
understand how the uncertainties in the position and momentum of a particle
are intimately connected with one another, and how they evolve in time.

2.1 Operators

A linear operator on the vector space V is an object @ that transforms
kets into kets in a linear way. That is, if |¢) is a ket, then |¢p) = Q|v) is
another ket, and if |y) is a third ket and « and 8 are complex numbers, we
have

Q(al¥) + BIx)) = QM) + B(QIx))- (2.1)

Consider now the linear operator
=" li)l, (2.2)

where {|i)} is any set of basis kets. I really s an operator because if we
apply it to any ket |4}, we get a linear combination of kets, which must itself

be a ket:
I|) = Z i) (i) =Y (i) ), (2.3)

3
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where we are able to move (i|t)) around freely because it’s just a complex

number. To determine which ket I])) is, we substitute into (2.3) the expan-
sion (1.17) of |1) and use the orthogonality relation (1.22):

1) =Sl Saili)
= Zazm = [).

We have shown that I applied to an arbitrary ket |¢)) yields that same ket.
Hence I is the identity operator. We shall make extensive use of this fact.
Consider now the operator

(2.4)

This is the most important single operator in quantum mechanics. It is called
the Hamiltonian in honour of W.R. Hamilton, who introduced its classical
analogue.! We use H to operate on an arbitrary ket [¢)) to form the ket
H|y), and then we bra through by the adjoint (¢| of |¢b). We have

(WIHW) = 3 Bl E:)(Eil). (2:6)

By equation (1.29) (FE;|v) = a;, while by (1.24) (¢|E;) = a}. Thus

(Y| H|yp) = ZEi|ai|2 = ZpiEi =(E). (2.7)

Here is yet another result of fundamental importance: if we squeeze the
Hamiltonian between a quantum state [¢) and its adjoint bra, we obtain the
expectation value of the energy for that state.

It is straightforward to generalise this result for the expectation value
of the energy to other measurable quantities: if @ is something that we can
measure (often called an observable) and its spectrum of possible values is
{¢:}, then we expand an arbitrary ket |¢)) as a linear combination of states
|g;) in which the value of @ is well defined,

) =" aila), (2.8)
and with @) we associate the operator

Q= ZQi|Qi><Qi|' (2.9)

Then (@) is the expectation value of @ when our system is in the state
[1). When the state in question is obvious from the context, we shall some-
times write the expectation value of @ simply as (Q).

When a linear operator R turns up in any mathematical problem, it
is generally expedient to investigate its eigenvalues and eigenvectors. An
eigenvector is a vector that R simply rescales, and its eigenvalue is the
rescaling factor. Thus, let |r) be an eigenvector of R, and r be its eigenvalue,
then we have

R|ry = r|r). (2.10)

1 William Rowan Hamilton (1805-1865) was a protestant Irishman who was appointed
the Andrews’ Professor of Astronomy at Trinity College Dublin while still an undergrad-
uate. Although he did not contribute to astronomy, he made important contributions to
optics and mechanics, and to pure mathematics with his invention of quaternions, the first
non-commutative algebra.
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Box 2.1: Hermitian Operators

Let @ be a Hermitian operator with eigenvalues ¢; and eigenvectors |g;).
Then we bra the defining equation of |g;) through by {(gx|, and bra the
defining equation of |gx) through by (g;:

(@ Qlai) = qilarla)) (@il Qlar) = ar{gilar)-

We next take the complex conjugate of the second equation from the first.
The left side then vanishes because ) is Hermitian, so with equation
(1.27)

0= (ai — ai){awla:)-
Setting k = i we find that ¢; = ¢ since (g;|g;) > 0. Hence the eigenvalues
are real. When ¢; # qr, we must have {qr|g;) = 0, so the eigenvectors
belonging to distinct eigenvalues are orthogonal.

What are the eigenvectors and eigenvalues of H? If we apply H to |Ey), we
find
H|Ey) = Ei|E\)(E;i|Ey) = Ex|E). (2.11)

So the eigenvectors of H are the states of well defined energy, and its eigen-
values are the possible results of a measurement of energy. Clearly this
important result generalises immediately to eigenvectors and eigenvalues of
the operator Q that we have associated with an arbitrary observable.

Consider the complex number ($|Q|v), where |¢) and |¢)) are two arbi-
trary quantum states. After expanding the states in terms of the eigenvectors
of Q, we have

¢|Q|¢ (Zb* qi )Q(Zaj|qj ) Zb aJQJ ij Zb qiGq 2 12

Similarly, (¢|Q|¢) = >, afq;b;. Hence so long as the spectrum {g;} of @
consists entirely of real numbers (which is physically reasonable), then

(@1QI¥))" = (¥IQl¢) (2.13)

for any two states |¢) and |¢). An operator with this property is said to
be Hermitian. Hermitian operators have nice properties. In particular,
one can prove — see Box 2.1 — that they have real eigenvalues and mutually
orthogonal eigenvectors, and it is because we require these properties on
physical grounds that the operators of observables turn out to be Hermitian.
In Chapter 4 we shall find that Hermitian operators arise naturally from
another physical point of view.

Although the operators associated with observables are always Hermi-
tian, operators that are not Hermitian turn out to be extremely useful. With
a non-Hermitian operator R we associate another operator R' called its Her-
mitian adjoint by requiring that for any states |¢) and |¢) it is true that

(¢|RT[¥))" = (¢|R|¢). (2.14)

Comparing this equation with equation (2.13) it is clear that a Hermitian
operator @ is its own adjoint: QT = Q.

By expanding the kets |¢) and |¢) in the equation |¢p) = R|t) as sums of
basis kets, we show that R is completely determined by the array of numbers
(called matrix elements)

Ry, = (i|Rlj). (2.15)
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Table 2.1 Rules for Hermitian adjoints

Object i ) R QR RY) (¢RlY)
Adjoint | —i (¢| RY RIQt (¢|Rt (¢|R|¢)

Zbl = Rly) = Zaij
= b —Zaj |R|j ZRijaj.
J

If in equation (2.14) we set |¢) = |i) and |[¢) = |j), we discover the
relation between the matrix of R and that of R:

In fact

(2.16)

(RL)*=Rji <« R =R} (2.17)

Hence the matrix of R is the complex-conjugate transpose of the matrix
for R. If R is Hermitian so that Rt = R, the matrix R;; must equal its
complex-conjugate transpose, that is, it must be an Hermitian matrix.
Operators can be multiplied together: when the operator QR operates
on [¢h), the result is what you get by operating first with R and then applying
Q to R|y). We shall frequently need to find the Hermitian adjoints of such
products. To find out how to do this we replace R in (2.17) by QR:

(QR)], = (QR);; = ZQkR,ﬂ ZR = (R'Q")y;. (2.18)

Thus, to dagger a product we reverse the terms and dagger the individual
operators. By induction it is now easy to show that

(ABC...Z)' =Z'...CTBT AT, (2.19)

If we agree that the Hermitian adjoint of a complex number is its com-
plex conjugate and that [¢) = (| and (1|7 = |¢), then we can consider the
basic rule (2.14) for taking the complex conjugate of a matrix element to be
a generalisation of the rule we have derived about reversing the order and
daggering the components of a product of operators. The rules for taking
Hermitian adjoints are summarised in Table 2.1.

Functions of operators We shall frequently need to evaluate functions
of operators. For example, the potential energy of a particle is a function
V(&) of the position operator Z. Let f be any function of one variable and
R be any operator. Then we define the operator f(R) by the equation

= Zf(f“z')|7°z‘><7°i|a (2.20)

where the 7; and |r;) are the eigenvalues and eigenkets of R. This definition
defines f(R) to be the operator that has the same eigenkets as R and the
eigenvalues that you get by evaluating the function f on the eigenvalues of
R.

Commutators The commutator of two operators A, B is defined to be
[A,B] = AB — BA. (2.21)

If [A, B] # 0, it is impossible to find a complete set of mutual eigenkets of A
and B (Problem 2.19). Conversely, it can be shown that if [A, B] = 0 there
1s a complete set of mutual eigenkets of A and B, that is, there is a complete
set of states of the system in which there is no uncertainty in the value that
will be obtained for either A or B. We shall make extensive use of this fact.
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Notice that the word complete appears in both these statements; even in the
case [A, B] # 0 it may be possible to find states in which both A and B
have definite values. It is just that such states cannot form a complete set.
Similarly, when [A, B] = 0 there can be states for which A has a definite
value but B does not. The literature is full of inaccurate statements about
the implications of [A4, B] being zero or non-zero.

Three invaluable rules are

[A+ B,C] = [A,C] +[B,C]
AB = BA+ A, B (2.22)
[AB,C] = [A,C|B + A[B,C].

All three rules are trivial to prove by explicitly writing out the contents of
the square brackets. With these rules it is rarely necessary to write out the
contents of a commutator again, so they eliminate a common source of error
and tedium in calculations. Notice the similarity of the third rule to the
standard rule for differentiating a product: d(ab)/dc = (da/de)b+ a(db/dc).
The rule is easily generalised by induction to the rule

[ABC...,Z) = |A,Z)BC...+ A[B,Z|C ...+ AB[C, Z]...  (2.23)

We shall frequently need to evaluate the commutator of an operator
A with a function f of an operator B. We assume that f has a convergent
Taylor series? f = fo+ f'B+3% f"B*+- - -, where fo = f(0), f’ = (df(2)/dz)o,
etc., are numbers. Then

[A, F(B)] = f'[A, Bl + 3/"([A, B]B + B[A, B])

y , , (2.24)

+ 51/ ([A, B]B* + B[A, B|B + B*[A, B]) +
In the important case in which B commutes with [A, B], this expression
simplifies dramatically

af

(A, f(B)] = [A,Bl(f' + f"B+3f"B*+--) = [4, B]E. (2.25)

We shall use this formula several times.

2.2 Evolution in time

Since physics is about predicting the future, equations of motion lie at its
heart. Newtonian dynamics is dominated by the equation of motion f =
ma, where f is the force on a particle of mass m and a is the resulting
acceleration. In quantum mechanics the analogous dynamical equation is
the time-dependent Schrédinger equation (TDSE):?

2 _ . (2.26)

For future reference we use the rules of Table 2.1 to derive from this equation
the equation of motion of a bra:

K _ i, (2.27)

2 If necessary, we expand f(z) about some point zg # 0, i.e., in powers of 2 — g, so
we don’t need to worry that the series about the origin may not converge for all x.

3 Beginners sometimes interpret the TDSE as stating that H = ih9/0t. This is as
unhelpful as interpreting f = ma as a definition of f. For Newton’s equation to be useful
it has to be supplemented by a description of the forces acting on the particle. Similarly,
the TDSE is useful only when we have another expression for H.
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where we have used the fact that H is Hermitian, so HT = H. The great
importance of the Hamiltonian operator is due to its appearance in the TDSE,
which must be satisfied by the ket of any system. We shall see below in
several concrete examples that the TDSE, which we have not attempted to
motivate physically, generates familiar motions in circumstances that permit
classical mechanics to be used.

One perhaps surprising aspect of the TDSE we can justify straight away:
while Newton’s second law is a second-order differential equation, the TDSE
is first-order. Since it is first order, the boundary data at ¢ = 0 required to
solve for |1, t) at ¢ > 0 comprise the ket |1/, 0). If the equation were second-
order in time, like Newton’s law, the required boundary data would include
O|v)/ot. But |1, 0) by hypothesis constitutes a complete set of amplitudes;
it embodies everything we know about the current state of the system. If
mathematics required us to know something about the system in addition to
|1, 0), then either |¢)) would not constitute a complete set of amplitudes, or
physics could offer no hope of predicting the future, and it would be time to
take up biology or accountancy, or whatever.

The TDSE tells us that states of well-defined energy evolve in time in an
exceptionally simple way

E,
inIEn) _ H|E,) = E,|E,), (2.28)
ot
which implies that _
|Ep,t) = | E,, 0)e iEnt/R (2.29)

That is, the passage of time simply changes the phase of the ket at a rate
We can use this result to calculate the time evolution of an arbitrary
state |¢). In the energy representation the state is

[, 1) = > an(®)| Ens ). (2:30)
Substituting this expansion into the TDSE (2.26) we find

: % =D ih (anIEn> + an 6'5;">> = a,H|E,), (2.31)

n

n

where a dot denotes differentiation with respect to time. The right side
cancels with the second term in the middle, so we have a,, = 0. Since the a,,
are constant, on eliminating |E,, t) between equations (2.29) and (2.30), we
find that the evolution of |¢) is simply given by

[, t) = ane” FrP B, 0). (2.32)

We shall use this result time and again.

States of well-defined energy are unphysical and never occur in Nature
because they are incapable of changing in any way, and hence it is impossible
to get a system into such a state. But they play an extremely important role
in quantum mechanics because they provide the almost trivial solution (2.32)
to the governing equation of the theory, (2.26). Given the central role of these
states, we spend much time solving their defining equation

which is known as the time-independent Schrodinger equation, or
TISE for short.
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2.2.1 Evolution of expectation values

We have seen that (|Q]y) is the expectation value of the observable @
when the system is in the state |¢), and that expectation values provide a
natural connection to classical physics, which is about situations in which the
result of a measurement is almost certain to lie very close to the quantum-
mechanical expectation value. We can use the TDSE to determine the rate
of change of this expectation value:

S Q1) = —(HQI) + (0] 02 ) + (WIQH|)

(2.34)

(W11, H)lv) + (w22 )

where we have used both the TDSE (2.26) and its Hermitian adjoint (2.27)
and the square bracket denotes a commutator — see (2.21). Usually operators
are independent of time (i.e., Q /9t = 0), and then the rate of change of an
expectation value is the expectation value of the operator —i[Q, H]/h. This
important result is known as Ehrenfest’s theorem.

If a time-independent operator ) happens to commute with the Hamil-
tonian, that is if [Q, H] = 0, then for any state |1)) the expectation value
of ) is constant in time, or a conserved quantity. Moreover, in these
circumstances Q2 also commutes with H, so (¢|[(AQ)?|¢) = (Q*) — (Q)?
is also constant. If initially ¢ is a state of well-defined @Q, i.e., |¢) = |q¢;)
for some i, then ((AQ)?) = 0 at all times. Hence, whenever [Q, H] = 0,
a state of well defined @ evolves into another such state, so the value of @
can be known precisely at all times. The value ¢; is then said to be a good
quantum number. We always need to label states in some way. The label
should be something that can be checked at any time and is not constantly
changing. Good quantum numbers have precisely these properties, so they
are much employed as labels of states.

If the system is in a state of well defined energy, the expectation value
of any time-independent operator is time-independent, even if the operator
does not commute with H. This is true because in these circumstances
equation (2.34) becomes

ih S (EIQIE) = (E|(QH ~ HQ)E) = (B~ E)EIQIE) =0, (235)
where we have used the equation H|E) = E|E) and its Hermitian adjoint.
In view of this property of having constant expectation values of all time-
independent operators, states of well defined energy are called stationary
states.

Since H inevitably commutes with itself, equation (2.34) gives for the
rate of change of the expectation of the energy

sy _ (o8, 10

In particular (E) is constant if the Hamiltonian is time-independent. This
is a statement of the principle of the conservation of energy since time-
dependence of the Hamiltonian arises only when some external force is work-
ing on the system. For example, a particle that is gyrating in a time-
dependent magnetic field has a time-dependent Hamiltonian because work
is being done either on or by the currents that generate the field.
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2.3 The position representation

If the system consists of a single particle that can move in only one dimension,
the amplitudes ¢ (x) to find the particle at = for z in (—oo, 00) constitute a
complete set of amplitudes. By analogy with equation (1.29) we havet

W= " de(a)a). (2.37)

— 0o

Here an integral replaces the sum because the spectrum of possible values
of = is continuous rather than discrete. Our basis kets are the states |z) in
which the particle is definitely at 2. By analogy with equation (1.30) we

have
Y(z) = (z[). (2.38)

Notice that both sides of this equation are complex numbers that depend on
the variable z, that is, they are complex-valued functions of . For historical
reasons, the function ¥ (z) is called the wavefunction of the particle. By
the usual rule (1.27) for complex conjugation of a bra-ket we have

() = (Ylz). (2.39)
The analogue for the kets |z) of the orthogonality relation (1.22) is
(2|z) = §(x — 2'), (2.40)

where the Dirac delta function §(x — 2’) is zero for x # 2’ because when
the particle is at z, it has zero amplitude to be at a different location z’.
We get insight into the value of §(x — 2’) for = 2’ by multiplying equation
(2.37) through by (2’| and using equation (2.38) to eliminate (x’'|)):

@) =¥ = [ dovio)ala)

(2.41)
= /dx1/)(:17)5(:c —a).

Since d(xz — 2’) is zero for & # 2/, we can replace ¥ (z) in the integrand by

(') and then take this number outside the integral sign and cancel it with
the 1 (z’) on the left hand side. What remains is the equation

1= /d:v §(x —12'). (2.42)

Thus there is unit area under the graph of §(z), which is remarkable, given
that the function vanishes for z # 0! Although the name of §(z) includes
the word ‘function’, this object is not really a function because we cannot
assign it a value at the origin. It is best considered to be the limit of a series
of functions that all have unit area under their graphs but become more and
more sharply peaked around the origin (see Figure 2.1).

The analogue of equation (1.31) is

[P =1, (2.43)
which expresses the physical requirement that there is unit probability of

finding the particle at some value of x.
The analogue of equation (2.2) is

I /d:v|:v)<x|. (2.44)

4 The analogy would be clearer if we wrote a(x) for (x), but for historical reasons
the letter v is hard to avoid in this context.
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Figure 2.1 A series of Gaussians of unit area. The Dirac delta function is the limit of
this series of functions as the dispersion tends to zero.

It is instructive to check that the operator that is defined by the right side
of this equation really is the identity operator. Applying the operator to an
arbitrary state i) we find

I1g) = / da |z) (z]) (2.45)

By equations (2.37) and (2.38) the expression on the right of this equation
is |4), so I is indeed the identity operator.

When we multiply (2.45) by (¢| on the left, we obtain an important
formula

(Bl) = / da (gl) (z|) = / dz ¢ (2)(a), (2.46)

where the second equality uses equations (2.38) and (2.39). Many practical
problems reduce to the evaluation of an amplitude such as (¢|t)). The expres-
sion on the right of equation (2.46) is a well defined integral that evaluates
to the desired number.

By analogy with equation (2.5), the position operator is

&= /dxw|x><x| (2.47)

After applying & to a ket |¢)) we have a ket |¢p) = &|¢)) whose wavefunction
Bla') = (o/|l5) is

o(a') = (' |2]) = / d (e’ 2) (z])
(2.48)

= /dx zd(z — 2" )Y (x) = 2'Y(a’),

where we have used equations (2.38) and (2.40). Equation (2.48) states that
the operator & simply multiplies the wavefunction ¢(x) by its argument.

In the position representation, operators turn functions of = into other
functions of x. An easy way of making a new function out of an old one is
to differentiate it. So consider the operator p that is defined by

(alpl) = () () = ~in e (2.49)

In Box 2.2 we show that the factor i ensures that p is a Hermitian operator.
The factor / ensures that p has the dimensions of momentum:®> we will find

5 Planck’s constant h = 27/ has dimensions of distance x momentum, or, equivalently,
energy X time, or, most simply, angular momentum.
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Box 2.2: Proof that p is Hermitian

We have to show that for any states |¢) and |¢), (¥|p|d) = ((¢|p|v))*. We
use equation (2.49) to write the left side of this equation in the position
representation:

o¢

Wlsle) = in [ dow’ (@3,
Integrating by parts this becomes
% o
i) = —in ([v6] . - [aso0)2").

We assume that all wavefunctions vanish at spatial infinity, so the term
in square brackets vanishes, and

(WIpld) = ih / de é(x)

o
or

((@lpl))"

that p is the momentum operator. In Newtonian physics the momentum
of a particle of mass m and velocity & is mi, so let’s use equation (2.34) to
calculate d () /dt and see whether it is (p) /m.

2.3.1 Hamiltonian of a particle

To calculate any time derivatives in quantum mechanics we need to know
what the Hamiltonian operator H of our system is because H appears in the
TDSE (2.26). Equation (2.5) defines H in the energy representation, but not
how to write H in the position representation. We are going to have to make
an informed guess and justify our guess later.

The Newtonian expression for the energy of a particle is

2
E=1mi®+V = 2p—m+v, (2.50)

where V' (z) is the particle’s potential energy. So we guess that the Hamilto-
nian of a particle is
P .

H = o +V(2), (2.51)
where the square of p means the act of operating with p twice (p* = pp). The
meaning of V() is given by equation (2.20) with V and & substituted for f
and R. Working from that equation in close analogy with the calculation in
equation (2.48) demonstrates that in the position representation the operator
V(&) acts on a wavefunction #(x) simply by multiplying ¢ by V(x). That
is, (z|V(2)|y) = V(2)¥ ().

Now that we have guessed that H is given by equation (2.51), the next
step in the calculation of the rate of change of () is to evaluate the commu-
tator of & and H. Making use of equations (2.22) we find

A2

o = [0 s v| = B2 v
(2.52)
[ alp + ol 7]
2m '

In the last equality we have used the fact that [&, V(Z)] = 0, which follows
because both & and V' (Z) act by multiplication, and ordinary multiplication
is a commutative operation. We now have to determine the value of the
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commutator [Z,p]. We return to the definition (2.49) of p and calculate the
wavefunction produced by applying [Z, p] to an arbitrary state |¢)

e o)
el ) = (ol — )10} = —in (52 - 2 s
= ih(z[y).
Since this equation holds for any [¢), we have the operator equation
(%, p] = ih. (2.54)

This key result, that the commutator of & with p is the constant i, is called
a canonical commutation relation.® Two observables whose commutator
is +ih are said to be canonically conjugate to one another, or conjugate
observables.

Finally we have the hoped-for relation between p and #: substituting
equations (2.53) and (2.54) into equation (2.34) we have

d<x> - q A B i . B iih A
dig) _ ?wmw = R0l Al = —gn )
- ().

This result makes it highly plausible that p is indeed the momentum operator.
A calculation of the rate of change of (p) will increase the plausibility
still further. Again working from (2.34) and using (2.51) we have

d (p) i, i,
D)y = V) (2.56)
Since [p, &] = —ih is just a number, equation (2.25) for the commutator of

one operator with a function of another operator can be used to evaluate

[p, V(2)]. We then have
oy

That is, the expectation of the rate of change of the momentum is equal
to the expectation of the force on the particle. Thus we have recovered
Newton’s second law from the TDSE. This achievement gives us confidence
that (2.51) is the correct expression for H.

2.3.2 Wavefunction for well defined momentum

From the discussion below equation (2.11) we know that the state |p) in which
a measurement of the momentum will certainly yield the value p has to be
an eigenstate of p. We find the wavefunction u,(x) = (z|p) of this important
state by using equation (2.49) to write the defining equation p|p) = p|p) in
the position representation:

(alplp) = —ihOL = plalp) = pu(z). (2.59)

The solution of this differential equation is

up(x) = Ae'P*/", (2.59)

% The name that derives from ‘canonical coordinates’ in Hamilton’s formulation of
classical mechanics.
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Box 2.3: Gaussian integrals

Consider the integral
I E/ dw e~ (07" Faz) (1)

where a and b are constants. We observe that b%x? +az = (bx +a/2b)? —
a?/4b%. Thus we may write [ = % /4°p=1 [dze™" where z = bx+a/2b.
The integral is equal to /7. Hence we have the very useful result

Hence the wavefunction of a particle of well defined momentum is a plane
wave with wavelength A\ = 27/k = h/v2mE, where m is the particle’s mass
and F its kinetic energy; A is called the particle’s de Broglie wavelength.”

If we try to choose the constant A in (2.59) to ensure that u, satisfies
the usual normalisation condition (2.43), we will fail because the integral
over all z of [e?*/?|2 = 1 is undefined. Instead we choose A as follows. By
analogy with (2.40) we require (p'|p) = d(p — p’). When we use (2.44) to
insert an identity operator into this expression, it becomes

5(p—p') = / da (p'|z){alp) = A2 / de & 0-P)2/0 = 2k  A25(p — ),

(2.60)
where we have used equation (C.12) to evaluate the integral. Thus |A|? =
h~!, where h = 27h is Planck’s constant, and the correctly normalised wave-
function of a particle of momentum p is

() = (x]p) = ﬁ oive/h. (2.61)

The uncertainty principle It follows from (2.61) that the position of a
particle that has well defined momentum is maximally uncertain: all values of
x are equally probable because |u,|? is independent of z. This phenomenon
is said to be a consequence of the uncertainty principle,® namely that
when an observable has a well-defined value, all values of the canonically
conjugate observable are equally probable.

We can gain useful insight into the workings of the uncertainty principle
by calculating the variance in momentum measurements for states in which
measurements of position are subject to varying degrees of uncertainty. For
definiteness we take the probability density [1)(z)|? to be a Gaussian distri-
bution of dispersion ¢. So we write

1 2 2
vle) = (2mo2)1/4 e (2.62)

With equations (2.46) and (2.61) we find that in this state the amplitude to
measure momentum p is

(pl) = /dxu;(x)z/}(x) = m/dxe—im/h o’ /40” (2.63)

7 Louis de Broglie (1892-1987) was the second son of the Duc de Broglie. In 1924 his
PhD thesis introduced the concept of matter waves, by considering relativistic invariance
of phase. For this work he won the 1929 Nobel prize for physics. In later years he struggled
to find a causal rather than probabilistic interpretation of quantum mechanics.

8 First stated by Werner Heisenberg, Z. Phys., 43, 172 (1927), and consequently often
called ‘Heisenberg’s uncertainty principle’.
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Box 2.3 explains how integrals of this type are evaluated. Setting a = ip/h
and b = (20)7! in equation (2) of Box 2.3 we find

204/ 2.2 /52 1 2.2 /52
= S L O 2.64
<p|1/)> \/5(27_‘_0_2)1/4 (271'712/40'2)1/4 ( )

The probability density |(p|i)|? is a Gaussian centred on zero with a disper-
sion o, in p that equals i/20. Thus, the more sharply peaked the particle’s
probability distribution is in z, the broader the distribution is in p. The
product of the dispersions in z and p is always %h: op0 = %h

This trade-off between the uncertainties in x and p arises because when
we expand [¢) in eigenkets of p, localisation of the probability amplitude
¥ (x) is caused by interference between states of different momenta: in the
position representation, these states are plane waves of wavelength h/p that
have the same amplitude everywhere, and interference between waves of very
different wavelengths is required if the region of constructive interference is
to be strongly confined.

2.3.3 Dynamics of a free particle

We now consider the motion of a free particle — one that is subject to no forces
so we can drop the potential term in the Hamiltonian (2.51). Consequently,
the Hamiltonian of a free particle,

H=_— (2.65)

is a function of p alone, so its eigenkets will be the eigenkets (2.61) of p.
By expressing any ket |¢) as a linear combination of these eigenkets, and
using the basic time-evolution equation (2.32), we can follow the motion of
a particle from the initial state |¢). We illustrate this procedure with the
case in which v corresponds to the particle being approximately at the origin
with momentum near some value py. Equation (2.64) gives (p|v) for the case
in which py vanishes. The amplitude distribution that we require is

1 — o2 (p—pa)2 /R2
(plv,0) = We (p=po)"/R, (2.66)

We can now use (2.32) to obtain the wavefunction ¢ units of time later

(a, t) = / dp (ap) (pleh, 0)eP"t/2m

1

s . (2.67)
— dpe‘p””/ e~ (p—po)”/h” ,—ip“t/2mh

Vh(2nh? /402)1/4

Evaluating the integral in this expression involves some tiresome algebra
— you can find the details in Box 2.4 if you are interested. We want the
probability density at time ¢ of finding the particle at x, which is the mod-
square of equation (2.67). From the last equation of Box 2.4 we have

o —(z — pot/m)?0?
= oz &P 7 :
V2mh*|b|? 207 |b|4

(], )| (2.68)

This is a Gaussian distribution whose centre moves with the velocity po/m
associated with the most probable momentum in the initial data (2.66). The
square of the Gaussian’s dispersion is

o (t) = o + (i>2 : (2.69)

2mo
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Box 2.4: Evaluating the integral in equation (2.67)

The integral is of the form discussed in Box 2.3. To clean it up we
replace the p? in the third exponential with (p — pg)? + 2pop — pg and
gather together all three exponents:

eipgt/th

Vh(27h? [462)1/4

i ¢ o? it
x/dpexp{ﬁp (w—%)—(p—po)2 <?+%)}

In Box 2.3 we now set

_ifopt\ o (o® it
(L—?_L(.’IJ m) ' b_<h2+2mﬁ

and conclude that
. .
<$|¢ t> = elpOt/%nh exp @ T — pit ﬁe—(i—;ﬂot/m)2/4h2b2
7 Vh(2rh? [402)1/4 h m b '

This is a complicated result because b is a complex number, but its mod-
square, equation (2.68), is relatively simple.

(@, t) =

We saw above that in the initial data the uncertainty in p is ~ o, = h/20,
which translates to an uncertainty in velocity A, ~ h/2mo. After time ¢
this uncertainty should lead to an additional uncertainty in position A, =
Ayt ~ Tit/2mo in perfect agreement with equation (2.69).

These results complete the demonstration that the identification of the
operator p defined by equation (2.49) with the momentum operator, together
with the Hamiltonian (2.51), enable us to recover as much of Newtonian me-
chanics as we expect to continue valid outside the classical regime. The idea
that in an appropriate limit the predictions of quantum mechanics should
agree with classical mechanics is often called the correspondence prin-
ciple. The discipline of checking that one’s calculations comply with the
correspondence principle is useful in several ways: (i) it provides a check on
the calculations, helping one to locate missing factors of i or incorrect signs,
(ii) it deepens one’s understanding of classical physics, and (iii) it draws at-
tention to novel predictions of quantum mechanics that have no counterparts
in classical mechanics.

In the process of checking the correspondence principle for a free particle
we have stumbled on a new principle, the uncertainty principle, which implies
that the more tightly constrained the value of one observable is, the more
uncertain the value of the conjugate variable must be. Notice that these
uncertainties do not arise from measurement errors: we have assumed that
x and p can be measured exactly. The uncertainties we have discussed are
inherent in the situation and can only be increased by deficiencies in the
measurement process.

Our calculations have also shown how far-reaching the principle of quan-
tum interference is: equation (2.67), upon which our understanding of the
dynamics of a free particle rests, expresses the amplitude for the particle to
be found at = at time ¢ as an integral over momenta of the amplitude to travel
at momentum p. It is through interference between the infinite number of
contributing amplitudes that classically recognisable dynamics is recovered.
Had we mod-squared the amplitudes before adding them, as classical prob-
ability theory would suggest, we would have obtained entirely unphysical
results.
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2.3.4 Back to two-slit interference

When we discussed the two-slit interference experiment in §1.2.1, we stated
without proof that ¢; — ¢2 o x, where ¢;(x) is the phase of the amplitude
A;(z) for an electron to arrive at the point x on the screen P after passing
through the slit S;. We can now justify this assertion and derive the constant
of proportionality. Once the constant has been determined, it is possible to
assess the feasibility of the experiment from a practical point of view.

We assume that the quantum state of an electron as it emerges from
the electron gun can be approximated by a state of well defined momentum
[p). So the wavefunction between the gun and the screen with the slits is a
plane wave of wavelength A = h/p. As an electron passes through a slit we
assume that it is deflected slightly but retains its former kinetic energy. So we
approximate its wavefunction after passing through the slit by a wave that is
no longer plane, but still has wavelength A\. Hence the phase of this wave at
position = on the screen P will be the phase at the slit plus 2nD/\ = pD/h,
where D(z) is the distance from z to the slit. By Pythagoras’s theorem

D=L+ (z L9, (2.70)

where L is the distance between the screen with the slits and P, 2s is the
distance between the slits, and the plus sign applies for one slit and the minus
sign to the other. We assume that both z and s are much smaller than L
so the square root can be expanded by the binomial theorem. We then find
that the difference of the phases is

2psx
$1— 2=~

The distance X between the dark bands on P is the value of z for which the
left side becomes 27, so

(2.71)

AL

== 2.72
ops (2.72)

Let’s put some numbers into this formula. Since h = 6.63 x 10734 J s is very
small, there is a danger that X will come out too small to produce observable
bands. Therefore we choose L fairly large and both p and s small. Suppose
we adopt 1 m for L and 1 ym for s. From the Hamiltonian (2.65) we have p =
V2mE. A reasonable energy for the electrons is £ = 100eV = 1.6 x 10717 ],
which yields p = 5.5 x 10724 Ns, and X = 0.057 mm. Hence there should be
no difficulty observing a sinusoidal pattern that has this period.

What do the numbers look like for bullets? On a firing range we can
probably stretch L to 1000m. The distance between the slits clearly has
to be larger than the diameter of a bullet, so we take s = 1cm. A bullet
weighs ~ 10gm and travels at ~ 300ms~!. Equation (2.72) now yields
X ~ 1072m. So it is not surprising that fire-arms manufacturers find
classical mechanics entirely satisfactory.

2.3.5 Generalisation to three dimensions

Real particles move in three dimensions rather than one. Fortunately, the
generalisation to three dimensions of what we have done in one dimension is
straightforward.

The z,y and z coordinates of a particle are three distinct observables.
Their operators commute with one another:

[£5, ;] = 0. (2.73)

Since these are commuting observables, there is a complete set of mutual
eigenkets, {|x)}. We can express any state of the system, |¢), as a linear
combination of these kets:

) = / B () [x) = / B () ), (2.74)
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where the wavefunction (x) is now a function of three variables, and the
integral is over all space.

The z,y and z components of the particle’s momentum p commute with
one another:

[Ds, pj] = 0. (2.75)

In the position representation, these operators are represented by partial
derivatives with respect to their respective coordinates

9]

8171'

p; = —ih so p=—iAV. (2.76)

The momenta commute with all operators except their conjugate coordinate,
so the canonical commutation relations are

[£i,P;] = 1hdi;. (2.77)

In §4.2 we will understand the origin of the factor d;;. Since the three mo-
mentum operators commute with one another, there is a complete set of
mutual eigenstates. Analogously to equation (2.61), the wavefunction of the
state with well defined momentum p is

< _ 1 ix-p/h

x|p) = 7373¢ . (2.78)

In the position representation the TDSE of a particle of mass m that
moves in a potential V(x) reads

. O(x|¢)
ih Bt

Now (x|p?|1h) = —h*V2(x|1h) and (x|V (X)[¢)) = V(x)(x|s)). Hence using the
definition ¢ (x) = (x|¢)), the TDSE becomes

2
iha_w = _h_
ot 2m

= (A = D)+ V). (279)

V3 4+ V(x)ib. (2.80)

Probability current Max Born?® first suggested that the mod-square of
a particle’s wavefunction,

plz,t) = [Y(x, 1) (2.81)

is the probability density of finding the particle near x at time ¢. Since
the particle is certain to be found somewhere, this interpretation implies
that at any time [ d®x[¢(x,t)|> = 1. It is not self-evident that this physical
requirement is satisfied when the wavefunction evolves according to the TDSE
(2.80). We now show that it is in fact satisfied.

We multiple the TDSE (2.80) by ¢* and subtract from it the result of
multiplying the complex conjugate of (2.80) by 1. Then the terms involving
the potential V(x) cancel and we are left with

A R 1V N (S 9
lh(¢g+¢at>_—%(¢v¢—¢v¢). (2.82)

The left side of this equation is a multiple of the time derivative of p =
1¥*1p. The right side can be expressed as a multiple of the divergence of the
probability current

J(x) = %(wwﬁ - w*v¢). (2.83)

9 For this insight Born won the 1954 Nobel Price for physics. In fact the text of the
key paper (Born, M., Z. Physik, 37 863 (1926)) argues that ¢ is the probability density,
but a note in proof says “On more careful consideration, the probability is proportional
to the square of 9”.
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That is, equation (2.82) can be written

Idp
—=-V.J 2.84
5 (2.84)
In fluid mechanics this equation with J = pv expresses the conservation of
mass as a fluid of density p flows with velocity v(x). In quantum mechanics
it expresses conservation of probability. To show that this is so, we simply
integrate both sides of equation (2.84) through a volume V. Then we obtain

d )
= d3xp:/d3x—p:—/d3xV-J:—7§ a2s-J,  (2.85)
dt Jy v ot v av

where the last equality uses the divergence theorem and 0V denotes the
boundary of V. Equation (2.85) states that the rate of increase of the proba-
bility P = fv d3x p of finding the particle in V is equal to minus the integral
over the volume’s bounding surface of the probability flux out of the volume.
If V encompasses all space, 1, and therefore J, will vanish on the boundary,
so [, d*x p will be constant.

We can gain valuable insight into the meaning of a wavefunction by
explicitly breaking 1) into its modulus and phase:

Y(x) = S(x)el?™) (2.86)

where S and ¢ are real. Substituting this expression into the definition (2.83)
of J, we find

" "
J=——(SVS —iS2V¢ - SVS —i52Ve) = — SV, (2.87)
2m m

Since S? = |2 = p, the velocity v that is defined by setting J = pv is

_ Ve

m

\4

(2.88)

Thus the gradient of the phase of the wavefunction encodes the velocity at
which the probability fluid flows. In classical physics, this is the particle’s
velocity. The phase of the wavefunction (2.78) of a particle of well-defined
momentum is ¢(x) = x - p/h, so in this special case v = p/m as in classical
physics. Equation (2.88) extends the connection between velocity and the
gradient of phase to general wavefunctions.

The virial theorem We illustrate the use of the canonical commutations
relations equations (2.73), (2.75) and (2.77) by deriving a relation between
the kinetic and potential energies of a particle that is in a stationary state.
In §2.2.1 we showed that all expectation values are time-independent when
a system is in a stationary state. We apply this result to the operator X - p

Ldo o LoD N
=ih— (X-p)=(E||x-p,— 4+ V(X)||E
0 1dt< B) = (Bl [% B, 5+ V(X)||B) o5
= 5—(El% - B, )|E) + (E|[x - B, V(X)) E).

The first commutator can be expanded thus

XD, 0°) = > (#0500 = D &5, 531p; = > _ 20hpwdjnp; = 2ihp°. (2.90)
jk jk jk

In the position representation the second commutator is simply

% b, V(%) = —ihx - VV (). (2.91)
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When we put these results back into (2.89) and rearrange, we obtain the
virial theorem

2<E|§—m|E> _ (B|(x- VV)|B). (2.92)

In important applications the potential is proportional to some power of
distance from the origin: V(x) = C|x|*. Then, because V|x| = x/|x|, the
operator on the right is x - VV = aClx|* = oV and the virial theorem
becomes

2<E|%|E> = o(E|V|E). (2.93)

So twice the kinetic energy is equal to « times the potential energy. For
example, for a harmonic oscillator &« = 2, so kinetic and potential energies
are equal. The other important example is motion in an inverse-square force
field, such as the electrostatic field of an atomic nucleus. In this case o = —1,
so twice the kinetic energy plus the potential energy vanishes. Equivalently,
the kinetic energy is equal in magnitude but opposite in sign to the total
energy.

Problems

2.1 How is a wave-function v (z) written in Dirac’s notation? What’s the
physical significance of the complex number ¢ (z) for given x?

2.2 Let @ be an operator. Under what circumstances is the complex num-
ber (a|Q|b) equal to the complex number ((b|Q|a))* for any states |a) and
|b)?

2.3 Let @ be the operator of an observable and let |¢)) be the state of our
system.

a. What are the physical interpretations of (¥|Q[v) and |{g,|¥)|?, where
|gn) is the n'h eigenket of the observable @ and ¢, is the corresponding
eigenvalue?

b. What is the operator >, |gn)(qn|, where the sum is over all eigenkets
of @7 What is the operator > qn|qn)(qn|?

c. If u,(x) is the wavefunction of the state |g, ), write dow an integral that
evaluates to {gn|v).

2.4 What does it mean to say that two operators commute? What is the
significance of two observables having mutually commuting operators?

Given that the commutator [P, Q] # 0 for some observables P and @,
does it follow that for all [¢p) # 0 we have [P, Q]|¢) # 0?

2.5 Let ¢(x,t) be the correctly normalised wavefunction of a particle of
mass m and potential energy V(z). Write down expressions for the expec-
tation values of (a) z; (b) 2?; (c) the momentum p,; (d) p2; (e) the energy.

What is the probability that the particle will be found in the interval
(Il, IQ)?

2.6 Write down the time-independent (TISE) and the time-dependent (TDSE)
Schrodinger equations. Is it necessary for the wavefunction of a system to
satisfy the TDSE? Under what circumstances does the wavefunction of a
system satisfy the TISE?

2.7 Why is the TDSE first-order in time, rather than second-order like New-
ton’s equations of motion?

2.8 A particle is confined in a potential well such that its allowed energies
are B, = n?E, where n = 1,2,... is an integer and £ a positive constant.
The corresponding energy eigenstates are |1), |2), ..., [n),.... At ¢t =0 the
particle is in the state

1(0)) = 0.2]1) + 0.3]2) + 0.4]3) + 0.843|4). (2.94)
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a. What is the probability, if the energy is measured at t = 0 of finding a
number smaller than 6E7

b. What is the mean value and what is the rms deviation of the energy of
the particle in the state |1(0))?

c. Calculate the state vector |¢) at time ¢. Do the results found in (a) and
(b) for time ¢ remain valid for arbitrary time ¢?

d. When the energy is measured it turns out to be 16£. After the mea-
surement, what is the state of the system? What result is obtained if
the energy is measured again?

2.9 A system has a time-independent Hamiltonian that has spectrum {E, }.
Prove that the probability P, that a measurement of energy will yield the
value FJ is is time-independent. Hint: you can do this either from Ehrenfest’s
theorem, or by differentiating (Fy, t[t)) w.r.t. t and using the TDSE.

2.10 Let 9(x) be a properly normalised wavefunction and @ an opera-
tor on wavefunctions. Let {¢,} be the spectrum of @ and {u,(x)} be the
corresponding correctly normalised eigenfunctions. Write down an expres-
sion for the probability that a measurement of () will yield the value g;.
Show that )" P(gr]1)) = 1. Show further that the expectation of Q is

(@) = JZ v Quda
2.11 Find the energy of neutron, electron and electromagnetic waves of
wavelength 0.1 nm.

2.12 Neutrons are emitted from an atomic pile with a Maxwellian distribu-
tion of velocities for temperature 400 K. Find the most probable de Broglie
wavelength in the beam.

2.13 A beam of neutrons with energy E runs horizontally into a crystal.
The crystal transmits half the neutrons and deflects the other half vertically
upwards. After climbing to height H these neutrons are deflected through 90°
onto a horizontal path parallel to the originally transmitted beam. The two
horizontal beams now move a distance I down the laboratory, one distance H
above the other. After going distance L, the lower beam is deflected vertically
upwards and is finally deflected into the path of the upper beam such that
the two beams are co-spatial as they enter the detector. Given that particles
in both the lower and upper beams are in states of well-defined momentum,
show that the wavenumbers k, k' of the lower and upper beams are related

by
Ko~k <1 - m“gH) : (2.95)

2F

In an actual experiment (R. Colella et al., 1975, Phys. Rev. Let., 34, 1472)
E =0.042eV and LH ~ 10~3m? (the actual geometry was slightly differ-
ent). Determine the phase difference between the two beams at the detector.
Sketch the intensity in the detector as a function of H.

2.14 A particle moves in the potential V(x) and is known to have energy
E,. (a) Can it have well defined momentum for some particular V(x)? (b)
Can the particle simultaneously have well-defined energy and position?

2.15 The states {|1),]2)} form a complete orthonormal set of states for a
two-state system. With respect to these basis states the operator o, has

matrix
0 —i
oy = <i 0 > . (2.96)

Could o be an observable? What are its eigenvalues and eigenvectors in the
{I1),]2)} basis? Determine the result of operating with o, on the state

1
¥) = ﬁﬂl) - 2)). (2.97)

10Tn the most elegant formulation of qantum mechanics, this last result is the basic
postulate of the theory, and one derives other rules for the physical interpretation of the gn,
an etc. from it — see J. von Neumann, Mathematical Foundations of Quantum Mechanics.
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2.16 A three-state system has a complete orthonormal set of states [1), |2}, |3).
With respect to this basis the operators H and B have matrices

1 0 0 100
H=h|0 -1 0 B=b[l0o 0 1], (2.98)
0 0 -1 01 0

where w and b are real constants.

a. Are H and B Hermitian?

b. Write down the eigenvalues of H and find the eigenvalues of B. Solve for
the eigenvectors of both H and B. Explain why neither matrix uniquely
specifies its eigenvectors.

c. Show that H and B commute. Give a basis of eigenvectors common to
H and B.

2.17 Given that A and B are Hermitian operators, show that i[A, B] is a
Hermitian operator.

2.18 Given a ordinary function f(x) and an operator R, the operator f(R)
is defined to be
FR) = flralri)(ri, (2.99)

where r; are the eigenvalues of R and |r;) are the associated eigenkets. Show
that when f(x) = z? this definition implies that f(R) = RR, that is, that
operating with f(R) is equivalent to applying the operator R twice. What
bearing does this result have in the meaning of e®?

2.19 Show that if there is a complete set of mutual eigenkets of the Hermi-
tian operators A and B, then [A, B] = 0. Explain the physical significance
of this result.

2.20 Given that for any two operators (AB)" = BT AT, show that

(ABCD)" = D'CTBT AT, (2.100)

2.21 Prove for any four operators A, B, C, D that
[ABC, D] = AB[C, D] + A[B, D|C + [A, D|BC. (2.101)

Explain the similarity with the rule for differentiating a product.

2.22 Show that for any three operators A, B and C, the Jacobi identity
holds:
(4, B, C)) + [B, [C, 4]) + [C, [A, B]] = 0. (2.102)

2.23 Show that a classical harmonic oscillator satisfies the virial equation
2(KE) = «(PE) and determine the relevant value of a.

2.24 Given that the wavefunction is ¢ = Ael(F2—«t) 4 Be~i(kz4wt) where
A and B are constants, show that the probability current density is

J=v(|A? - |B]?) 2, (2.103)

where v = hk/m. Interpret the result physically.
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Harmonic oscillators and magnetic
fields

Harmonic oscillators are of enormous importance for physics because most
of condensed-matter physics and quantum electrodynamics centre on weakly
perturbed harmonic oscillators. The reason harmonic oscillators are so com-
mon is simple. The points of equilibrium of a particle that moves in a
potential V(z) are points at which the force —dV/dx vanishes. When we
place the origin of x at such a point, the Maclaurin expansion of V' becomes
V(z) = constant + 1V"2? + O(23), and the force on the particle becomes
F = —V"x2+ 0(z?). Consequently, for sufficiently small excursions from the
point of equilibrium, the particle’s motion will be well approximated by a
harmonic oscillator.

Besides providing the background to a great many branches of physics,
our analysis of a harmonic oscillator will introduce a technique that we will
use twice more in our analysis of the hydrogen atom. As a bonus, we will find
that our results for the harmonic oscillator enable us to solve another impor-
tant, and apparently unrelated problem: the motion of a charged particle in
a uniform magnetic field.

3.1 Stationary states of a harmonic oscillator

We can build a harmonic oscillator by placing a particle in a potential that
increases quadratically with distance from the origin. Hence an appropriate
Hamiltonian is given by equation (2.51) with V oc 22.! For later convenience
we choose the constant of proportionality such that H becomes

Lya 2
H= %{p + (mwz)?}. (3.1)
In §2.2 we saw that the dynamical evolution of a system follows immediately

once we know the eigenvalues and eigenkets of H. So we now determine
these quantities for the Hamiltonian (3.1).

1 In the last chapter we distinguished the position and momentum operators from their
eigenvalues with hats. Henceforth we drop the hats; the distinction between operator and
eigenvalue should be clear from the context.
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We next introduce the dimensionless operator

mwx + ip

A

3.2a
2mhw ( )

This operator isn’t Hermitian. Bearing in mind that = and p are Hermitian,
from the rules in Table 2.1 we see that its adjoint is

mwx — ip

Al = (3.2b)
2mhw
The product ATA is
t4_ s .
ATA = 5 w(mwx ip) (mwz + ip)

(3.3)

S {(mwz)® + imw[z 19]—1—]92}23—l

2mhw ’ hw %

where we have used the canonical commutation relation (2.54). This equation
can be rewritten H/(fiw) = ATA+ 3, so A is rather nearly the square root of
the dimensionless Hamiltonian H/hw. If we calculate AAT in the same way,
the only thing that changes is the sign in front of the commutator [z, p], so
we have

H

AAT = — + 1. 4
hw 3 (3.4)

Subtracting equation (3.4) from equation (3.3) we find that
[AT, A] = —1. (3.5)

We will find it useful to have evaluated the commutator of AT with the
Hamiltonian. Since from equation (3.3) H = hw(ATA + 1), we can write

[AT, H] = hw[AT, ATA] = hwAT[AT, A] = —hwAT, (3.6)

where we have exploited the rules of equations (2.22).
We now multiply both sides of the defining relation of |E,), namely
H|E,) = E,|E,), by Al:

A'E,|E,) = ATH|E,) = (HA" + [AT, H])|E,,) = (H — hw)AT|E,). (3.7)
A slight rearrangement of this equation yields
H(AY|E,)) = (Ey + hw)(AT|En)). (3.8)

Provided |b) = AT|E,,) has non-zero length-squared, this shows that |b) is an
eigenket of H with eigenvalue E,, + fiw. The length-square of |b) is

H K,
= (En|AAT|E,) = (En| (E + %) Bn) = 7o 43 (39)

+ 2
|47 |E)| -

Now squeezing H between (E,| and |E,) we find with (3.1) that

E, = (E,|H|E,) = ([plE)| + m2w?|z B [P) > 0. (3.10)

1
2mw
Thus the energy eigenvalues are non-negative, so }AT|EH>}2 > 0 and by
repeated application of AT we can construct an infinite series of eigenstates
with energy E,, + khw for Kk =0,1,...

Similarly, we can show that provided A|E,,) has non-zero length-squared,
it is an eigenket of H for energy F,, —hw. Since we know that all eigenvalues
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are non-negative, for some energy Ey, A|Ey) must vanish. Equating to zero
the length-squared of this vector we obtain an equation for Ey:

2 H E
0 = |A1E) > = (2| <a - ) ) =20y, (3.11)

So Ey = %hw and we have established that the eigenvalues of H are

hw X (3,

[ ]9

o2 ) thatis B = (r+ 3)hw. (3.12)

The operators AT and A with which we have obtained these important
results are respectively called creation and annihilation operators be-
cause the first creates an excitation of the oscillator, and the second destroys
one. In quantum field theory particles are interpreted as excitations of the
vacuum and each particle species is associated with creation and annihilation
operators that create and destroy particles of the given species. A and Af
are also called ladder operators.

We now examine the eigenkets of H. Let |r) denote the state of energy
(r + 3)hw. In this notation the lowest-energy state, or ground state, is |0)
and its defining equation is A|0) = 0. From equation (3.2a) this equation
reads
mwz|0) + ip|0)

V2mhw

We now go to the position representation by multiplying through by (z|.
With equations (2.48) and (2.49) we find that the equation becomes

0=Al0) = (3.13)

\/ﬁ (mw:v + h@%) (z]0)y = 0. (3.14)

This is a linear, first-order differential equation. Its integrating factor is
exp(mwz?/2h), so the correctly normalised wavefunction is

1 2 2 h
—x% /4L —
)i e , where (= Dy (3.15)

(x]0) =
Notice that this solution is unique, so the ground state is non-degenerate.
It is a Gaussian function, so the probability distribution P(z) = [(z]0)|? for
the position of the particle that forms the oscillator is also a Gaussian: its
dispersion is /.
From equations (2.63) and (2.64) we see that the momentum distribution
of the wavefunction (3.15) is

P(p) = |(p|0)|? o =267 /7%, (3.16)

which is a Gaussian with dispersion o, = h/2¢. By inserting x = ¢ and
p = 0, in the Hamiltonian (3.1) we obtain estimates of the typical kinetic
and potential energies of the particle when it’s in its ground state. We find
that both energies are ~ iﬁw. In fact one can straightforwardly show that
H(¢,0,) is minimised subject to the constraint fo, > %/2 when ¢ and o,
take the values that we have derived for the ground state (Problem 3.4). In
other words, in its ground state the particle is as stationary and as close to
the origin as the uncertainty principle permits; there is a conflict between the
advantage energetically of being near the origin, and the energetic penalty
that the uncertainty principle exacts for having a well defined position.

Every system that has a confining potential exhibits an analogous zero-
point motion. The energy tied up in this motion is called zero-point
energy. Zero-point motion is probably the single most important prediction
of quantum mechanics, for the material world is at every level profoundly
influenced by this phenomenon.
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We obtain the wavefunctions of excited states by applying powers of
the differential operator AT to (x|0). Equation (3.9) enables us to find the
normalisation constant o in the equation |n + 1) = aAT|n); it implies that
a? = n+1. the generalisation of equation (3.11) enables us to determine the

number S in the equation |n — 1) = 8A|n), and we have finally

1
vn+1

_ L

AT'”) ) |7’L - 1> \/ﬁ

n+1)=

Aln). (3.17)

It is useful to remember that the normalisation constant is always the square
root of the largest value of n appearing in the equation. As a specific example

(1) = ﬁ (mww - hz%) (wl0) = (2% - gf%) o (3.18)

1 X 2 2
_ &z /4l ]
—_— 7 e

(2m02)1/4

Whereas the ground-state wavefunction is an even function of x, the wave-
function of the first excited state is an odd function because A' is odd in .
Wavefunctions that are even in x are said to be of even parity, while those
that are odd functions have odd parity. It is clear that this pattern will
be repeated as we apply further powers of AT to generate the other states
of well-defined energy, so (x|n) is even parity if n is even, and odd parity
otherwise.

Notice that the operator N = ATA is Hermitian. By equations (3.17)
N|n) = n|n), so its eigenvalue tells you the number of excitations the oscil-
lator has. Hence N is called the number operator.

Let’s use these results to find the mean-square displacement (n|z?|n)
when the oscillator is in its n'™® excited state. Adding equations (3.2) we
express z as a linear combination of A and A'

x:,/%(AjLAT):e(AjLAT), (3.19)

where £ is defined by (3.15), so
(n|2®n) = 2(n|(A + A")?|n). (3.20)

When we multiply out the bracket on the right, the only terms that con-
tribute are the ones that involve equal numbers of As and As. Thus

28,
(nfa[n) = (n|(AAT + AT A)[n) = (2 +1) = 222, (3.21)

where we have used equations (3.17) and (3.12). If we use equation (3.15) to
eliminate ¢, we obtain a formula that is valid in classical mechanics (Prob-
lem 2.23).
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3.2 Dynamics of oscillators

By equations (2.29) and (3.12), the n'" excited state of the harmonic oscil-
lator evolves in time according to

In, t) = e i H/2t |y ) (3.22)

Consequently, no state oscillates at the oscillator’s classical frequency w. How
do we reconcile this result with classical physics?

We have seen that we make the link from quantum to classical physics
by considering the expectation values of observables — if classical physics
applies, the measured value of any observable will lie close to the expectation
value, so the latter provides an accurate description of what’s happening.
Equation (2.35) tells us that when a system is in an energy eigenstate, the
expectation value of any time-independent observable ) cannot depend on
time. Equation (3.22) enables us to obtain this result from a different point of
view by showing that when we form the expectation value (Q) = (¥|Q|v), the
factor e 1Ent/? in the ket |1, t) = e 1Ent/M| E,) cancels on the corresponding
factor in (1, t|. Hence energy eigenstates are incapable of motion.2 The
system is capable of motion only if there are non-negligible amplitudes to
measure more than one possible energy, or, equivalently, if none of the a; in
the sum (2.32) has near unit modulus.

Consideration of the motion of a harmonic oscillator will make this gen-
eral point clearer. If the oscillator’s state is written

[ 8) =Y aje FiN), (3.23)

then the expectation value of x is
() = 3" agage PPkl j) = 3 agage B Efal ). (3.24)
Jk jk

We simplify this expression by using equation (3.19) to replace x with ¢(A +
A" and then using (3.17) to evaluate the matrix elements of A and AT:

(@) = £ agage k| (A+ AT)]j)

* (3.25)
=03 apa;e MU (Gk] - 1) + G+ L(k]j+1).
ik

Since (k|j — 1) vanishes unless k = j — 1, it’s now easy to perform the sum
over k, leaving two terms to be summed over j. On account of the factor
\/j we can restrict the first of these sums to 7 > 0, and in the second sum
we replace j by j/ = j 4+ 1 and then replace the symbol j by j so we can
combine the two sums. After these operations we have

(x) = EZ \/j(a;‘_laje_i“’t +aja;_1e")
j=1

(3.26a)
= ZXj cos(wt + ¢5),
J
where the real numbers X; and ¢; are defined by
2\/jlaa;_1 = X;e'%. (3.26h)

Thus (x) oscillates sinusoidally at the classical frequency w regardless of the
amplitudes a;. Thus we have recovered the classical result that the frequency

2 If we consider that ¢ is the variable canonically conjugate to energy, this fact becomes
a manifestation of the uncertainty principle.
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Figure 3.1 The potential energy V(z) of an anharmonic oscillator (full curve) and V(z)

for the harmonic oscillator obtained by restricting the potential to the first two terms in
its Maclaurin expansion (dashed curve).

at which a harmonic oscillator oscillates is independent of amplitude and
equal to \/k/m, where k is the oscillator’s spring constant.

In the classical regime, the only non-negligible amplitudes a; have in-
dices j that cluster around some large number n. Consequently, a measure-
ment of the energy is guaranteed to yield a value that lies close to E = E,,,
and from equation (3.21) it follows that the mean value of z? will lie close
to 22 = 202E,, /(hw). Classically, the time average of #? is proportional to
the average potential energy, which is just half the total energy. Hence, av-
eraging the Hamiltonian (3.1) we conclude that classically 22 = E/(mw?),
in precise agrees with the quantum-mechanical result. The correspondence
principle requires the classical and quantum-mechanical values of 22 to agree
for large n. That they agree even for small n is a coincidence.

3.2.1 Anharmonic oscillators

The Taylor series of the potential energy V(z) of a harmonic oscillator is
very special: it contains precisely one non-trivial term, that proportional to
x2. Real oscillators have potential-energy functions that invariably deviate
from this ideal to some degree. The deviation is generally in the sense that
V(z) < $V"(0)2? for z > 0 — see Figure 3.1. One reason why deviations from
harmonicity are generally of this type is that it takes only a finite amount of
energy to break a real object, so V(00) should be finite, whereas the potential
energy function of a harmonic oscillator increases without limit as x — oc.
Consider the anharmonic oscillator that has potential energy

a2V0
a? + x2’

Viz)= (3.27)
where V) and a are constants. We cannot find the stationary states of this
oscillator analytically any more than we can analytically solve its classical
equations of motion.? But we can determine its quantum mechanics nu-
merically,* and doing so will help to show which aspects of the results we

3 Murphy’s law is in action here: the dynamics of the pendulum is analytically in-
tractable precisely because it is richer and more interesting than that of the harmonic
oscillator.

4 A good way to do this is to turn the TISE into a finite matrix equation and then to
use a numerical linear-algebra package to find the eigenvalues of the matrix. Figure 3.2
was obtained using the approximation ¢!/ ~ (¢n+1 + Yn—1 — 29 ) /A2, where 1), denotes
Y(nA) with A a small increment in z. With this approximation the TISE becomes the
eigenvalue equation of a tridiagonal matrix that has 2b% /A2 4+ V,, /Vp on the leading diag-
onal and —b?/A? above and below this diagonal, where b> = h2/2mVp and V,, = V(nA).
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Figure 3.3 Values of a; when there is significant uncertainty in E.

have obtained for the harmonic oscillator are special, and which have general
applicability.

Figure 3.2 shows the anharmonic oscillator’s energy spectrum. At low
energies, when the pendulum is nearly harmonic, the energies are nearly
uniformly spaced in E. As we proceed to higher energies, the spacing between
levels diminishes, with the consequence that infinitely many energy levels are
packed into the finite energy range between —Vj and zero, where the particle
becomes free. This crowding of the energy levels has the following implication
for the time dependence of (x). Suppose there are just two energies with non-
zero amplitudes, ay and ayy1. Then (x) will be given by

() = alyan 416/ EYENOUR (N |2 N 4 1) + complex conjugate.  (3.28)

This is a sinusoidal function of time, but its period, T = h/(En+1 — EN),
depends on N. If we increase the energy and amplitude of the oscillator, we
will increase N and Figure 3.2 shows that T will also increase. Classically
the period of the oscillator increases with amplitude in just the same way.
Thus there is an intimate connection between the spacing of the energy levels
and classical dynamics.

Consider now the case in which the energy is more uncertain, so that
several of the a; are non-zero, and let these non-zero a; be clustered around
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j = N (see Figure 3.3). In this case several terms will occur in the sum for
()

(z) = -+ aly_jane! EV1mENUR (N _ 1|2 N)
+ alyy ane BN BN (N L2 N) (3.29)
i a}kv+3aNei(EN+3fEN)t/ﬁ<N + 3|z|N) + - - -

where we have anticipated a result of §4.1.4 below that the matrix element
(j)z|k) vanishes if j — k is even. The sum (3.29) differs from the correspond-
ing one (3.26a) for a harmonic oscillator in the presence of matrix elements
(Jlz|k) with |j — k| > 1: in the case of the harmonic oscillator these ma-
trix elements vanish, but in the general case they won’t. In consequence
the series contains terms with frequencies (En43 — En)/h as well as terms
in wy = (En+1 — En)/h. If these additional frequencies were all integer
multiples of a single frequency wy, the time dependence of (x) would be
periodic with period Ty = 27 /wy, but anharmonic, like that of the classical
oscillator. Now (En43 — En)/h =~ 3wn because the spacing between energy
levels changes only slowly with N, so when, as in Figure 3.3, the non-zero
amplitudes are very tightly clustered around N, the additional frequencies
will be integer multiples of wy to good accuracy, and the motion will indeed
be periodic but anharmonic as classical mechanics predicts.

If we release the oscillator from near some large extension X, the non-
negligible amplitudes a; will be clustered around some integer N as depicted
in Figure 3.3, and their phases will be such that at ¢t = 0 the wavefunctions
(x]j) will interfere constructively near X and sum to near zero elsewhere,
ensuring that the mod-square of the wavefunction ¢ (x,0) = >_, a;(z|j) is
sharply peaked around x = X. At a general time the wavefunction will be
given by

(1) = eIV DRl ENTED Ra (g ). (3.30)
J

Since the spacing of the energy levels varies with index j, the frequencies in
this sum will not be precisely equal to integer multiples of wy = (Eny1 —
En)/h, so after an approximate period Ty = 27/wyn most terms in the
series will not have quite returned to their values at ¢ = 0. Consequently,
the constructive interference around x = X will be less sharply peaked than
it was at t = 0, and the cancellation elsewhere will be correspondingly less
complete. After each further approximate period Ty, the failure of terms in
the series to return to their original values will be more marked, and the peak
in |¢(z,t)]? will be wider. After a long time ¢ > Ty the instants at which
individual terms next return to their original values will be pretty uniformly
distributed around an interval in ¢ of length Tiy, and |¢(x,t)|? will cease to
evolve very much: it will have become a smooth function throughout the
range |z| < X.

This behaviour makes perfectly good sense classically. The uncertainty
in E that enables the wavefunction to be highly localised at ¢ = 0 corre-
sponds in the classical picture to uncertainty in the initial displacement X.
Since the period of an anharmonic oscillator is a function of the oscillator’s
energy, uncertainty in X implies uncertainty in the oscillator’s period. After
a long time even a small uncertainty in the period translates into a significant
uncertainty in the oscillator’s phase. Hence after a long time the probability
distribution for the particle’s position is fairly uniformly distributed within
|z] < X even in the classical case.
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3.3 Motion in a magnetic field

The formalism we developed for a harmonic oscillator enables us to solve an
important, and you might have thought unconnected, problem: the motion
of a particle of mass m and charge ) in a uniform magnetic field of flux
density B.

The first question to address when setting up the quantum-mechanical
theory of a system is, “what’s the Hamiltonian?” because it is the Hamil-
tonian that encodes mathematically how the system works, including what
forces are acting. So we have to decide what the Hamiltonian should be for
a particle of charge () and mass m that moves in a magnetic field B(x). The

answer proves to be
1

H=5—(p- QA)?, (3.31)

where A is the vector potential that generates B through B =V x A. The
most persuasive theoretical motivation of this Hamiltonian involves relativity
and lies beyond the scope of this book. However, since we are exploring a new
and deeper level of physical theory, we can ultimately only proceed by making
conjectures and then confronting the resulting predictions with experimental
measurements. In this spirit we adopt equation (3.31) as a conjecture from
which we can try to recover the known behaviour of a charged particle in
a magnetic field. In subsequent chapters we will show that this formula
accounts satisfactorily for features in the spectra of atoms. Hence we can be
pretty sure that it is correct.

Since we know the equations of motion of a classical particle in a field B,
let’s investigate the classical limit in the usual way, by finding the equations
of motion of expectation values. With equation (2.34) we have that the rate
of change of the expectation value of the i*" component of x is

L d(w) _ 1 2
ih—p = [z H]) = 5= ([zi, (P — QA) 1) (3.32)
The rules (2.22) and the canonical commutation relation [z;,p;] = ihd;;

enable us to simplify the commutator

zmn% — ([, (p— QA)] - (p — QA))
+{((p—QA) - [x;, (p — QA)])
= 2ih (p; — QA;)

where we have used the fact that x commutes with A because A is a function
of x only. Thus, with this Hamiltonian

(3.33)

(p) = m% +Q(A). (3.34)
that is, the momentum is mx plus an amount proportional to the vector
potential. It is possible to show that the additional term represents the
momentum of the magnetic field that arises because the charge @ is moving
(Problem 3.19).

In the classical limit we can neglect the difference between a variable and
its expectation value because all uncertainties are small. Then with (3.34)
the Hamiltonian (3.31) becomes just $mx?, which makes perfect sense since
we know that the Lorentz force @x x B does no work on a classical particle,
and the particle’s energy is just its kinetic energy.

To show that our proposed Hamiltonian generates the Lorentz force, we
evaluate the rate of change of (p):

., d(pi)
I
glanr

= (ipi. H)) = 5 (11, (0~ Q)] - (p — QA))
+{(p—QA) - [pi, (p — QA))) }.

(3.35)
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We now use equation (2.25) to evaluate the commutator [p;, A] and conclude

that
)2 w-an)+ (m-om- Sl e

Notice that we cannot combine the two terms on the right of this equation
because p does not commute with A and its derivatives. In the classical
limit we can replace each operator by its expectation value, and then replace
(p — QA) by m (%X). Similarly replacing the p on the left, we have in the

classical limit
dt2 de

where we have omitted the expectation value signs that ought to be around
every operator. The time derivative on the left is along the trajectory of the
particle (i.e., to be evaluated at (x),). If A has no explicit time dependence
because the field B is static, its time derivative is just x-V A;. We move this
term to the right side and have

m L= Q% X, (3.37)

d?z; . OA | .
md—; =Q <x- For X - VAZ-,> =Q{x x (V x A)}l (3.38)

Thus our proposed Hamiltonian (3.31) yields the Lorentz force in the classical
limit.

3.3.1 Gauge transformations

Any magnetic field is Gauge invariant: A and A’ = A + VA generate
identical magnetic fields, where A(x) is any scalar function. A potential
problem with the Hamiltonian (3.31) is that it changes in a non-trivial way
when we change gauge, which is worrying because H should embody the
physics, which is independent of gauge. We now show that this behaviour
gives rise to no physical difficulty providing we change the phases of all kets
at the same time that we change the gauge in which we write A. The idea
that a change of gauge in a field such as A that mediates a force (in this
case the electromagnetic force) requires a compensating change in the ket
that is used to describe a given physical state, has enormously far-reaching
ramifications in field theory.
Suppose ¥ (x) = (x|E) is an eigenfunction of the Hamiltonian for A:

(P — QA)*[) = 2mEly). (3.39)

Then we show that .
B(x) = 9Ny (x) (3.40)

is an eigenfunction of the Hamiltonian we get by replacing A with A’. We
start by noting that

P-QA' =p-QA+VA)=(p-QVA)-QA
and that for any wavefunction x(x)

el QM py(x) = eiQA/h( — ihVx(x))
= —ihV (e @M y) — QVA(9MMy) (3.41)
= (P~ QVA) (9 x(x)).

We subtract QAe!QM "y from each side to obtain

M (p — QANX(X) = (P~ QA - QVA) (@M x(x)),  (342)
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and then apply this result to x = (p — QA)¥:
QM (p — QA)?Y(x) = (p — QA — QVA) M (p — QA )(x)
= (p — QA — QVA)? (9 y)(x)),

where the second equality uses (3.42) again, this time with x put equal to
. So if

(3.43)

1
Hy = o—(p ~ QA)*) = Ev, (3.44)

then
H' (!0 y)) = %@ — QA — QVAY (9N ) (x)) = B('P " y(x)),
(3.45)

In words, we can convert an eigenfunction of the Hamiltonian (3.31) with A
to an eigenfunction of that Hamiltonian with A’ = A + VA by multiplying
it by e!@4/" Notice that A is an arbitrary function of x, so multiplication
by e!@M" makes an entirely non-trivial change to (x).

Given that there is a one-to-one relation between the eigenfunctions of
H before and after we make a gauge transformation, it is clear that the
spectrum of energy levels must be unchanged by the gauge transformation.
What about expectation values? Since both kets and the Hamiltonian un-
dergo gauge transformations, we should be open to the possibility that other
operators do too. Let R’ be the gauge transform of the operator R. Then
the expectation value of R is gauge invariant if

(R) = f Px g (x)Rib(x) = / dx " (x)e QMM RO M (x). (3.46)

Clearly this condition is satisfied for R’ = R if R is a function of x only.
From our work above it is readily seen that if R depends on p, the equation
is satisfied if p only occurs through the combination (p — QA), as in the
Hamiltonian.> We believe that in any physical situation this condition on
the occurrence of p will always be satisfied, so all expectation values are in
fact gauge-invariant.

3.3.2 Landau Levels

We now find the stationary states of a spinless particle that moves in a
uniform magnetic field. Let the z-axis be parallel to B and choose the gauge
in which A = £B(—y,z,0). Then from equation (3.31) we have

1
H = 5 {(p.+ 5QBy)" + (p, - $QBa)* + 1}
m 2 (3.47a)

= b + 7)) + 2=

where w = QB/m is the Larmor frequency and we have defined the di-
mensionless operators®

1 1
Do + 3mMwy - Dy — 3w
) Yy .
mwh mwh

(3.47b)

Tz

H has broken into two parts. The term p?/2m is just the Hamiltonian of a
free particle in one dimension — in §2.3.3 we already studied motion governed
by this Hamiltonian. The part

H,, = Lhw(r? + wg) (3.47¢)

1
2

5 The principle that p and A only occur in the combination p — QA is known as the
principle of minimal coupling.

6 We are implicitly assuming that QB and therefore w are positive. It is this assump-
tion that leads to the angular momentum of a gyrating particle never being positive — see
equation (3.58).
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is essentially the Hamiltonian of a harmonic oscillator because it is the sum of
squares of two Hermitian operators that satisfy the canonical commutation
relation

(ra ) = 5 (19.00] — [per2]) = (3.45)

The ladder operators are

a= ﬁ(% + imy)
. = [a,a'] =imy, m] =1, (3.49)
al = ﬁ(% —imy)
and in terms of them H,, is
Hyy = hw(aa + 3). (3.50)

It follows that the energy levels are £ = hw(3, 3,...). These discrete energy

levels for a charged particle in a uniform magnetic field are known as Landau
levels.

If particles can move freely parallel to B (which may not be possible in
condensed-matter systems), the overall energy spectrum will be continuous
notwithstanding the existence of discrete Landau levels.

In the case of an electron the Larmor frequency is usually called the
cyclotron frequency. It evaluates to 176(B/1T)GHz, so the spacing of
the energy levels is 1.16 x 104(B/1T)eV. At room temperature electrons
have thermal energies of order 0.03 eV, so the discreteness of Landau levels
is usually experimentally significant in the laboratory only if the system is
cooled to low temperatures and immersed in a strong magnetic field. The
strongest magnetic fields known occur near neutron stars, where B ~ 103 T
is not uncommon, and in these systems electrons moving from one Landau
level to the next emit or absorb hard X-ray photons.

To find the wavefunction of a given Landau level, we write the ground
state’s defining equation in the position representation

al0) =0 {h(a% + ia%) + smw(z + iy)}<x|0> =0. (3.51)

We transform to new coordinates u = = + iy, v = x — iy. The chain rule

yields”
o /0 .0 90 40 .0
5 =tagy) o wiEm i) (3:52)
so a and af can be written
_ (0 w4 tB(O v
“= l\/2(8v+47%> 4T 1\/2(8u 41"23)’ (3:53)

where

h h
A ”Q_B' (3.53b)

Equation (3.51) now becomes

9(x|0) n 1
ov 41"23

u(x|0) = 0. (3.54)

7 Aficianados of functions of a complex variable may ask what 9/0u can mean since the
partial derivative involves holding constant v, which appears to be the complex conjugate
of u. Use of u,v as independent coordinates requires permitting z,y to take on complex
values. If you are nervous of using this mathematical fiction to solve differential equations,
you should check that the wavefunction of equation (3.58) really is an eigenfunction of H.
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Solving this first-order linear o.d.e. we find
(x]0) = g(u) e™"/4"s (3.55)

where g(u) is an arbitrary function. On account of the arbitrariness of g(u),
the ground state of motion in a magnetic field is not unique. This situation
contrasts with the one we encountered when solving for the ground state of
a harmonic oscillator. We obtain the simplest ground state by taking g to
be a suitable normalising constant C' — we’ll consider more elaborate choices
below. Our present ground-state wavefunction is

(x]0) = C e~ @ Hv)/4r% (3.56)

In classical physics a particle that moves at speed v perpendicular to a
uniform magnetic field moves in circles of radius r = mv/QB = vV2mE/QB =
V2E/mw?. When E = %hw this radius agrees with the dispersion rp in
radius of the Gaussian probability distribution |(z]|0)|?> that we have just
derived.

A wavefunction in the first excited level is

0
(x]1) o (x|a’|0) o (8_ - %)e_uv/‘”% o ve /4T (3.57)
w4

It is easy to see that each further application of a will introduce an additional
power of v, so that we have

—uv/4rd _ (

(x|n) xv"e x — iy)"e_(m2+y2)/4r23. (3.58)
We shall see in §7.2.3 that the factor (x —iy)™ implies that the particle has n
units of angular momentum about the origin.®* We can also show from this
formula that for large n the expectation of the orbital radius increases as
the square root of the energy, in agreement with classical mechanics (Prob-
lem 3.20).

Displacement of the gyrocentre A particle in the state (3.58) gyrates
around the origin of the xy plane. Since the underlying physics (unlike the
Hamiltonian 3.31) is invariant under displacements within the 2y plane, there
must be a ground-state ket in which the particle gyrates around any given
point. Hence, every energy level associated with motion in a uniform mag-
netic field is highly degenerate: it has more than one linearly independent
eigenket.

It was our choice of magnetic vector potential A that made the origin
have a special status in H: the potential we used can be written A = %B X X.
The choice A = —%x - (B x a), where a is any vector, makes the gauge
transformation from A to A’ = A — %B x a, so if A = %B X X, then
Al = %B X (x —a). If we replace A in H with A’, it will prove expedient
to redefine m,,m, such that the wavefunctions that are generated by the
procedure we used before will describe a particle that gyrates around x = a
instead of the origin. Thus in the gauge A’, the wavefunction of a ground-
state particle that gyrates around x = a is

(x]0,a) = Cle~C—a)/4rh (3.59)

We can use the theory of gauge transformations that we derived in §3.3.1 to
transform this back to our original gauge A. The result is

(x]0,a) = O ¢!@Bxa)x/2h o= (e—a)*/ar} (3.60)

8 This statement follows because in spherical polar coordinates (x — iy)™ = r*e~1n¢,
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This procedure is easily generalised to the determination of the wavefunction
of the n'" Landau level for gyration about x = a.

A complete set of mutually orthogonal stationary states is needed if we
want to expand a general state of motion in a magnetic field as a linear
combination of stationary states. Wavefunctions such as (3.56) and (3.60)
that differ only in their gyrocentres are not orthogonal, so it is not convenient
to combine them in a set of basis states. To obtain a complete set of mutually
orthogonal states we can either return to equation (3.55) and set g(u) =
u, u?,..., etc., or we can step still further back to equations (3.47) and
note that we started with four operators, z, y, p» and p,, but expressed the
Hamiltonian H, in terms of just two operators m, and 7,, which we then
packaged into the ladder operators a and af.

Consider the operators

1
Pz — 3wy
- - ; fy

mwh mwh

Py + %mwx

o

(3.61)

They differ from the operators 7, and m, defined by equations (3.47b) only
in a sign each, and they commute with them. For example

1 1 1
oy M) = — Pz — 5 y Px 5 =0
[Exy 2] mwﬁ[p 5TWY, Pz + 5mwy] 862)
1 .
[x, my] = m[pw — Fmwy, py — ymwa] = 0.
Consequently they commute with H,,. On the other hand, [¢;,&,] = —i, so
from these operators we can construct the ladder operators
1 .
b= ﬁ(fag —i&y)
. = [bb1] =i, &) =1 (3.63)
bt = — (& +i&)

V2
Since these ladder operators commute with H,,, we can find a complete set

of mutual eigenkets of bTb and H,,.
In the position representation the new ladder operators are

b= —1% (a% + é) b= —i% (a% - é) (3.64)

When we apply b to the ground-state wavefunction (x|0) = Ce~"¥/ arl
(eq. 3.56), we find

C’I”B 8 v _ 2
b(x|0) = —'—(— —) w/drh _ g, 3.65

(x10) ! V2 \Ou + 4%, ¢ (3.65)
Thus Ce~"¥/4% is annihilated by both a and b. When we apply b' to this
wavefunction we obtain

: 0 u —uw /412 —uw /472

bT<X|O> = —IW (% — @)e / B xue / B, (366)
which is the wavefunction we would have obtained if we had set g(u) = u in
equation (3.55). In fact it’s clear from equation (3.66) that every application
of b will introduce an additional factor u before the exponential. Therefore
the series of ground-state wavefunctions that are obtained by repeatedly

applying b' to e~u/47%5 are all of the form
(1) (x0) oc ume /475, (3.67)

The only difference between this general ground-state wavefunction® and the
wavefunction of the n'" excited Landau level (eq. 3.57) is that the former has
u” rather than v™ in front of the exponential. For the physical explanation
of this result, see Problem 3.24.

9 The absolute value of the real part of this is shown for n = 4 on the front cover.
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Figure 3.4 The Aharonov—Bohm experiment
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3.3.3 Aharonov-Bohm effect

Imagine a very long, thin solenoid that runs parallel to the z axis. There is
a strong magnetic field inside the solenoid, but because the solenoid is long,
the field lines are extremely thinly spread as they return from the solenoid’s
north pole to its south pole, and outside the solenoid the magnetic field is
negligibly small. In the limit that the solenoid becomes infinitely thin, a
suitable vector potential for the field is

A (I)( yz 0), (3.68)

2 \ 2’2’

where 7 = /22 + 92 and @ is the magnetic flux through the solenoid. To
justify this statement we note that when we integrate A around a circle
of radius r, the integral evaluates to ® independent of r. But by Stokes’

theorem
y{dx-A:/dQX-VxA:/dQX-B. (3.69)

Thus ® units of flux run along the axis » = 0, and there is no flux anywhere
else.

Now we place a screen with two slits in the plane y = 0, with the slits
distance 2s apart and running parallel to the solenoid and on either side of
it. We bombard the screen from y < 0 with particles that have well defined
momentum p = pj parallel to the y axis, and we detect the arrival of the
particles on a screen P that lies in the plane y = L — apart from the presence
of the solenoid, the arrangement is identical to that of the standard two-
slit experiment of §2.3.4. Classical physics predicts that the particles are
unaffected by B since they never enter the region of non-zero B. Aharonov
& Bohm pointed out'® that the prediction of quantum mechanics is different.

Consider the function
A=——0 3.70
2 b) ( )

where 6 is the usual polar angle in the zy plane. Since = arctan(y/x),

06 Y 00 =z
E i and (?_y:T_Q’ (3.71)

and the gradient of A is

P

which is minus the vector potential A of equation (3.68). So let’s make a
gauge transformation from A to A’ = A + VA. In this gauge, the vector
potential vanishes, so the Hamiltonian is just that of a free particle, p*/2m.
Hence the analysis of §2.3.4 applies, and the amplitude to pass through a

10Y. Aharonov & D. Bohm, Phys. Rev. 115, 485 (1959)
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given slit and arrive at a point on the screen P with coordinate x has a phase
¢ that is proportional to = (cf eq. 2.71):

pSx
¢; = constant + P (3.73)
where the plus sign applies for one slit and the minus sign for the other.
Our choice of gauge leads to a tricky detail, however. We require A to be
single valued, so we must restrict the polar angle € to a range 27 in extent.
Consequently, § and A must be somewhere discontinuous. We get around
this problem by using different forms of A, and therefore different gauges, to
derive the amplitudes for arrival at x from each slit. For slit S; at z = +s,
we take —m < 0 <, and for Sy at x = —s we take —27 < 6 < 0. With these
choices the discontinuity in A occurs where the electron does not go, and A is
always the same in the region y < 0 occupied by the incoming electron beam.
Consequently, the amplitudes for arrival at a point x on the screen P are the
same as if the solenoid were not there. However, before we can add the
amplitudes and calculate the interference pattern, we have to transform to a
common gauge. The easiest way to do this is to transform the amplitude for
Sa2 to the gauge of S;. The function that effects the transformation between
the gauges is A = A1 — Ao, where A; is the gauge function used for slit S;. At
any point of P the two forms of 6 differ by 27, so A = —®. Therefore equation
(3.40) requires us to multiplying the amplitude for So by exp(—iQ®/h), and
the quantum interference term (1.15) becomes

. i (2
constant x e!(#1792F@L/M) o expy (% { 12% + Q@}) . (3.74)

The term Q@ in the exponential shifts the centre of the interference pattern
by an amount Az = —LQ®/2ps, so by switching the current in the solenoid
on and off you can change the interference pattern that is generated by par-
ticles that never enter the region to which B is confined. This prediction was
first confirmed experimentally by R.G. Chambers.!' Although this effect has
no counterpart in classical mechanics, curiously the shift Az is independent
of h and does not vanish in the limit 2 — 0, which is often regarded as the
classical limit.

Problems

3.1 After choosing units in which everything, including # = 1, the Hamilto-
nian of a harmonic oscillator may be written H = 1 (p?+2?), where [z, p] = i.
Show that if |¢) is a ket that satisfies H|¢) = E|)), then

30 +2°) (@ Fip)lv) = (B +1)(x Fip)|v). (3.75)

Explain how this algebra enables one to determine the energy eigenvalues of
a harmonic oscillator.

3.2 Given that A|E,) = a|E,_1) and E,, = (n+ 3)hw, where the annihi-
lation operator of the harmonic oscillator is

mwx + ip

Vomhw

show that a = y/n. Hint: consider |A|E,)|%.

A (3.76)

3.3 The pendulum of a grandfather clock has a period of 1s and makes
excursions of 3cm either side of dead centre. Given that the bob weighs
0.2kg, around what value of n would you expect its non-negligible quantum
amplitudes to cluster?

1 Phys. Rev. Lett. 5, 3 (1960)
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Figure 3.5 The wavefunctions (x|2)
and (x|40) of two stationary states of
a harmonic oscillator.

—05

3.4 Show that the minimum value of E(p,z) = p?/2m + imw?az? with
respect to the real numbers p, x when they are constrained to satisfy zp = %h,
is %hw. Explain the physical significance of this result.

3.5 How many nodes are there in the wavefunction (x|n) of the n*! excited
state of a harmonic oscillator?

3.6 Show that in terms of a harmonic oscillator’s characteristic length ¢ =
v/h/2mw the ladder operators can be written
x 0

x 0

= +(— and Al=_——t—. 3.77
2w e ™ 20~ 'ox (3.77)
Hence show that the wavefunction of the second excited state is (x]2) =
constant x (22/¢2 — 1)e=*"/4 and find the normalising constant.

A:

3.7 Explain why the wavefunction (z|n) of the oscillator’s n** stationary
state must have the form

(z|n) = Hy(z/0) e /4 (3.78)

where H,, is an n*P-order (‘Hermite’) polynomial. By casting the equations
Aln) = \/n|n—1) and Af|n — 1) = \/n|n) in the z-representation, show that

H' (z/0) = VnHp_1(z/f) and ~/nHy(x/l) = %Hn_l(:v/é) —H_(z/0).

(3.79)
and thus that

JnHn(z/0) = % w1 (@/0) — V= 1H,_o(z/0). (3.80)

Given that Hy = (27¢?)~'/* and H,(y) = y/(2n¢?)*/4, use this recurrence
relation to reproduce the plots of the wavefunctions (z|2) and (x]|40) shown
in Figure 3.5. Explain the physical significance of the vertical arrows. Why
is the amplitude of (|40) largest near the right arrow?

3.8 Use
_ " B i
x = 2mw(A+A =LA+ A") (3.81)
to show for a harmonic oscillator that in the energy representation the op-
erator x is
0 1 0 0
VI 0 2 0
0 v2 0 3
V3.
ik = .0 V=1 .
vn—1 0 vn
NG 0 vn+1
n+1 0

(3.82)
Calculate the same entries for the matrix pjy.
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3.9 Show that the momentum operator of a harmonic oscillator can be
expressed in terms of the creation and annihilation operators as

ih
= _—(AT - A h =4/—. .
P 2g( ) where ¢ B (3.83)

Hence show that

5\ 2
o0 = (57) (3.8)

How does this result relate to the physics of a free particle discussed in §2.3.37

3.10 At ¢ = 0 the state of a harmonic oscillator, mass m frequency w, is

Livon+ L. (3.85)

¥ =75 N

Show that subsequently

h
(x), = VNlcos(wt) where (= Dy (3.86)

Interpret this result physically. What does this example teach us about the
validity of classical mechanics?
Show that a classical oscillator with energy (N + %)T“Lw has amplitude

Tmax =24/ N + 1 L. (3.87)

To explain the discrepancy between these results, consider the case in
which initially

1 N+K-1
=g 2. W (3.88)
k=N

with N > K > 1. Show that then (z), ~ 2\/N/cos(wt) consistent with
classical physics.

3.11* By expressing the annihilation operator A of the harmonic oscillator
in the momentum representation, obtain (p|0). Check that your expression
agrees with that obtained from the Fourier transform of

1 h
—o /A where = y/——. (3.89)

(10) = (2me2)1/4 ¢ ’ 2mw

3.12 Show that for any two N x N matrices A, B, trace([4, B]) = 0. Com-
ment on this result in the light of the results of Problem 3.8 and the canonical
commutation relation [z, p] = ih.

3.13* A Fermi oscillator has Hamiltonian H = f'f, where f is an oper-
ator that satisfies

2=0 ffr+rtr=1. (3.90)

Show that H? = H, and thus find the eigenvalues of H. If the ket |0)
satisfies H|0) = 0 with (0]0) = 1, what are the kets (a) |a) = f|0), and (b)
1b) = 1107

In quantum field theory the vacuum is pictured as an assembly of os-
cillators, one for each possible value of the momentum of each particle type.
A boson is an excitation of a harmonic oscillator, while a fermion in an ex-
citation of a Fermi oscillator. Explain the connection between the spectrum
of fTf and the Pauli principle.
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3.14 In the time interval (¢t + dt,t¢) the Hamiltonian H of some system
varies in such a way that |H|)| remains finite. Show that under these
circumstances |¢) is a continuous function of time.

A harmonic oscillator with frequency w is in its ground state when the
stiffness of the spring is instantaneously reduced by a factor f* < 1, so its
natural frequency becomes f?w. What is the probability that the oscillator
is subsequently found to have energy %h f2w? Discuss the classical analogue
of this problem.

3.15*% P is the probability that at the end of the experiment described in
Problem 3.14, the oscillator is in its second excited state. Show that when
f= %, P = 0.144 as follows. First show that the annihilation operator of
the original oscillator

A=3{(fTT+ DA+ (F - HATY, (3.91)

where A’ and A’f are the annihilation and creation operators of the final
oscillator. Then writing the ground-state ket of the original oscillator as a
sum |0) = > ¢,|n’) over the energy eigenkets of the final oscillator, impose
the condition A|0) = 0. Finally use the normalisation of |0) and the orthogo-
nality of the |n’). What value do you get for the probability of the oscillator
remaining in the ground state?

Show that at the end of the experiment the expectation value of the
energy is 0.2656hw. Explain physically why this is less than the original
ground-state energy %hw.

This example contains the physics behind the inflationary origin of the
Universe: gravity explosively enlarges the vacuum, which is an infinite collec-
tion of harmonic oscillators (Problem 3.13). Excitations of these oscillators
correspond to elementary particles. Before inflation the vacuum is unexcited
so every oscillator is in its ground state. At the end of inflation, there is non-
negligible probability of many oscillators being excited and each excitation
implies the existence of a newly created particle.

3.16* In terms of the usual ladder operators A, At, a Hamiltonian can be
written

H = pATA 4+ \(A + AT). (3.92)

What restrictions on the values of the numbers p and A follow from the
requirement for H to be Hermitian?
Show that for a suitably chosen operator B, H can be rewritten

H = uB'B + constant. (3.93)

where [B, BT] = 1. Hence determine the spectrum of H.

3.17* Numerically calculate the spectrum of the anharmonic oscillator shown
in Figure 3.2. From it estimate the period at a sequence of energies. Compare
your quantum results with the equivalent classical results.

3.18* Let B = cA+sAT, where ¢ = cosh, s = sinh § with # a real constant
and A, AT are the usual ladder operators. Show that [B, Bf] = 1.
Consider the Hamiltonian
H=cATA+ INATAT + AA), (3.94)
where € and A are real and such that e > A > 0. Show that when

ec—As=FEc ; M—es=Es (3.95)

with F a constant, [B, H] = EB. Hence determine the spectrum of H in
terms of € and A.
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3.19 This problem is all classical electromagnetism, but it gives physical
insight into quantum physics. It is hard to do without a command of Carte-
sian tensor notation (Appendiz B). A point charge @ is placed at the origin
in the magnetic field generated by a spatially confined current distribution.
Given that

Q r
= —— 3.96
4d7eq 13 ( )
and B =V x A with V- A = 0, show that the field’s momentum
sz/ﬂ&EszQA@. (3.97)

Write down the relation between the particle’s position and momentum and
interpret this relation physically in light of the result you have just obtained.

Hint: write E = —(Q/4meo)Vr~! and B = V x A, expand the vector
triple product and integrate each of the resulting terms by parts so as to
exploit in one V- A = 0 and in the other V2r~! = —4743(r). The tensor
form of Gauss’s theorem states that fd3x V,T = §d25’i T no matter how
many indices the tensor T may carry.

3.20 From equation (3.58) show that the the normalised wavefunction of

a particle of mass m that is in the n'" Landau level of a uniform magnetic
field B is

Tnefr2/4r23 e—iné
(x|n) = T
2(n+1)/2,/p) wr%"'

where rg = /h/QB. Hence show that the expectation of the particle’s
gyration radius is

(3.98)

(r),, = (n|rjn) = \/5(11%!%)!7“3. (3.99)

Show further that
6ln(r), 1
n 2n
and thus show that in the limit of large n, (r) « /E, where E is the energy

of the level. Show that this result is in accordance with the correspondence
principle.

(3.100)

3.21 Show that in the gauge in which the magnetic vector potential is

A= %B x X the wavefunction of the n'" Landau level of gyration about the

point a is

n,a) = e ’ T—ay)—i(y—a e~ Px—al*/drh 3.101
< iQ(Bxa)-x/2h ” n,—|x—al®/4r

3.22 A particle of charge @ is confined to move in the zy plane, with
electrostatic potential ¢ = 0 and vector potential A satisfying

V x A = (0,0, B). (3.102)

Consider the operators pg, py, R; and R, defined by

1
p= Q—Bez x (p— QA) and R=r—-p, (3.103)

where r and p are the usual position and momentum operators, and €, is
the unit vector along B. Show that the only non-zero commutators formed
from the z- and y-components of these are

poupyl =i and  [Re,R,] = —ir}, (3.104)
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where 7% = 1/QB.
The operators a, a', b and b' are defined via

1 1
a=——((pg +1 and b= ——
\/57”3 (p py) \/57”3

Evaluate [a, af] and [b, b']. Show that for suitably defined w, the Hamiltonian
can be written

(R, +iR,). (3.105)

H=hw(a'a+3). (3.106)

Given that there exists a unique state |1)) satisfying

aly) = bly) =0, (3.107)

what conclusions can be drawn about the allowed energies of the Hamiltonian
and their degeneracies? What is the physical interpretation of these results?

3.23 Using cylindrical polar coordinates (R, ¢, z), show that the probability
current density associated with the wavefunction (3.98) of the n'" Landau
level is

J(R) =

hR2n—1 —R?/2r2 R2
e < ) &s, (3.108)

— n+ ——
1 n+2 2
2 tlonlmry 2rg

where rg = \/h/QB. Plot J as a function of R and interpret your plot
physically.

3.24 Determine the probability current density associated with the n'®
Landau ground-state wavefunction (3.67) (which for n = 4 is shown in Fig-
ure Landaufig). Use your result to explain in as much detail as you can why
this state can be interpreted as a superposition of states in which the electron
gyrates around different gyrocentres. Hint: adapt equation (3.108).

Why is the energy of a gyrating electron incremented if we multiply the
wavefunction e~ (m«/4m)r? by v" = (z — iy)™ but not if we multiply it by
u = (x4 iy)"?
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Transformations & Observables

In §2.1 we associated an operator with every observable quantity through
a sum over all states in which the system has a well-defined value of the
observable (eq. 2.5). We found that this operator enabled us to calculate
the expectation value of any function of the observable. Moreover, from the
operator we could recover the observable’s allowed values and the associ-
ated states because they are the operator’s eigenvalues and eigenkets. These
properties make an observable’s operator a useful repository of information
about the observable, a handy filing system. But they do not give the opera-
tor much physical meaning. Above all, they don’t answer the question ‘what
does an operator actually do when it operates?’ In this chapter we answer
this question. In the process of doing this, we will see why the canonical
commutation relations (2.54) have the form that they do, and introduce the
angular-momentum operators, which will play important roles in the rest of
the book.

4.1 Transforming kets

When one meets an unfamiliar object, one may study it by moving it around,
perhaps turning it over in one’s hands so as to learn about its shape. In §1.3
we claimed that all physical information about any system is encapsulated
in its ket |¢), so we must learn how |¢) changes as we move and turn the
system.

Even the simplest systems can have orientations in addition to posi-
tions. For example, an electron, a lithium nucleus or a water molecule all
have orientations because they are not spherically symmetric: an electron
is a magnetic dipole, a “Li nucleus has an electric quadrupole, and a water
molecule is a V-shaped thing. The ket |1)) that describes any of these objects
contains information about the object’s orientation in addition to its position
and momentum. In the next subsection we shall focus on the location of a
quantum system, but later we shall be concerned with its orientation as well,
and in preparation for that work we explicitly display a label p of the sys-
tem’s orientation and any other relevant properties, such as internal energy.
For the moment p is just an abstract symbol for orientation information; the
details will be fleshed out in §7.1.
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Figure 4.1 A spherical wavefunction
and its displaced version.

4.1.1 Translating kets

We now focus on the location of our system. To keep track of this we use a
coordinate system Yy whose origin is some well-defined point, say the centre
of our laboratory. We can investigate |¢)) by expanding it in terms of a
complete set of eigenstates |x, 1), where x is the position vector of the centre
of mass and p represents the system’s orientation. The amplitude for finding
the system’s centre of mass at x with the orientation specified by u is

Pu(x) = (x, ply)). (4.1)

If we know all the derivatives of the wavefunction v, at a position x, Taylor’s
theorem gives the value of the wavefunction at some other location x — a as

bl a) = [1—a. 241 (a%)—] (%)
= exp <_a. (%) (%) (4.2)

This equation tells us that in the state |¢), the amplitude to find the system
at x — a with orientation etc p is the same as the amplitude to find the
system with unchanged orientation at x when it is a different state, namely

[¥)

U(a)|y) where U(a) =exp(—ia-p/h). (4.3)
In this notation, equation (4.2) becomes

Yu(x—a) = (x, ulU(a)[v) = (x, ult)’) = ¥}, (x), (4.4)

so, as Figure 4.1 illustrates, the wavefunction ¢/, for |¢’) is the wavefunction
we would expect for a system that is identical with the one described by
|1)) except for being shifted along the vector a. We shall refer to this new
system as the translated or transformed system and we shall say that the
translation operator operator U(a) translates |¢) through a even though
[1) is not an object in real space, so this is a slight abuse of language.

The ket |¢)') of the translated system is a function of the vector a. It
is instructive to take its partial derivative with respect to one component of
a, say a,. Evaluating the resulting derivative at a = 0, when |¢)') = |[¢), we

find oy ol
1h—3am —1FL—81j =

Thus the operator p, gives the rate at which the system’s ket changes as
we translate the system along the x axis. So we have answered the question

pal?)- (4.5)
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Box 4.1: Passive transformations

We can describe objects such as atoms equally well using any coordinate
system. Imagine a whole family of coordinate systems set up throughout
space, such that every physical point is at the origin of one coordinate
system. We label by 3, the coordinate system whose origin coincides
with the point labelled by y in our original coordinate system g, and we
indicate the coordinate system used to obtain a wavefunction by making
y a second argument of the wavefunction; 1,,(x;y) is the amplitude to
find the system at the point labelled x in ¥,. Because the different
coordinate systems vary smoothly with y, we can use Taylor’s theorem
to express amplitudes in, say, ¥,y in terms of amplitudes in X,. We
have

Yu(x;a+y) = exp (a- %) Vu(x3y). (1)

Now 1, (x; a) = 1, (x+a; 0) because both expressions give the amplitude
for the system to be at the same physical location, the point called x in
Ya and called x + a in Xg. Then equations (4.4) and (1) give

(x, 1;0|U(—a) 1) = u(x + a;0) = u(x; a), (2)

where again |x, p; 0) indicates the state in which the system is located
at the point labelled by x in Xy. This equation tells us that [¢)) has
the same wavefunction in ¥, that [1)) = U(—a)|s)) has in Xy. There-
fore, moving the origin of our coordinates through a vector a has the
same effect on an arbitrary state’s wavefunction as moving the system
itself through —a. Physically moving the system is known as an active
transformation, whereas leaving the state alone but changing the co-
ordinate system is called a passive transformation. The infinitesimal
vectors required to make logically equivalent active and passive transfor-
mations differ in sign. This sign difference reflects the fact that if you
move backwards, the world around you seems to move forwards; hence
moving the origin of one’s coordinates back by da has the same effect as
moving the system forward by da. In this book we confine ourselves to
active transformations.

posed above as to what an observable’s operator actually does in the case of
the momentum operators.

Equation (2.78) enables us to expand a state of well-defined position xg
in terms of momentum eigenstates. We have

1 —ixo-
IXO,M>=/d3p|p,u><p,ul><o,u> = m/d%e “PMp, ). (4.6)

Applying the translation operator, we obtain with (4.3)

1 —ixq-
U)o k) = 575 [Epe ™ U@p.p)

1 —i(xo+a)- 4.7
= —h3/2 dgpe ( o+ ) p/fl |p7 /L> ( )
= |X0 +a, /14>7

which is a new state, in which the system is definitely located at xo + a, as
we would expect.

4.1.2 Continuous transformations and generators

In §1.3 we saw that the normalisation condition (|¢)) = 1 expresses the
fact that when we make a measurement of any observable, we will measure
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Box 4.2: Operators from expectation values

In this box we show that if

(Y]A[) = (@|BlY), (1)

for every state |¢), then the operators A and B are identical. We set
[) = |¢)+A|x), where A is a complex number. Then equation (1) implies

A((2lAlx) = (¢1Blx)) = A" (x| Blo) — (x|4|9)) - (2)

Since equation (1) is valid for any state [¢), equation (2) remains valid as
we vary A. If the coeflicients of A and A* are non-zero, we can cause the
left and right sides of (2) to change differently by varying the phase of
A; they can be equal irrespective of the phase of A only if the coefficients
vanish. This shows that (x|A|¢) = (x|B|¢) for for arbitrary states |¢)
and |x), from which it follows that A = B.

some value; for example, if we determine the system’s location, we will find
it somewhere. The normalisation condition must be unaffected by any trans-
formation that we make on a system, so the transformation operator! U
must have the property that for any state |¢)

1= (') = QIUTU). (4.8)

From this requirement we can infer by the argument given in Box 4.2 (with
A = U'U and B = I, the identity operator) that UTU = I, so UT = U~
Operators with this property are called unitary operators. When we trans-
form all states with a unitary operator, we leave unchanged all amplitudes:
(6/[1') = (@l) for amy states @) and [1).

Exactly how we construct a unitary operator depends on the type of
transformation we wish it to make. The identity operator is the unitary
operator that represents doing nothing to our system. The translation oper-
ator U(a) can be made to approach the identity as closely as we please by
diminishing the magnitude of a. Many other unitary operators also have a
parameter 6 that can be reduced to zero such that the operator tends to the
identity. In this case we can write for small §6

U(60) = I —i50 7 + O(6)?, (4.9)

where the factor of i is a matter of convention and 7 is an operator. The
unitarity of U implies that

I =U'0)U(560) = I +i60 (7 — 1) + O(56?). (4.10)

Equating powers of 66 on the two sides of the equation, we deduce that 7
is Hermitian, so it may be an observable. If so, its eigenkets are states in
which the system has well-defined values of the observable .

We obtain an important equation by using equation (4.9) to evaluate
[y = U(60)|yp). Subtracting |¢) from both sides of the resulting equation,
dividing through by 46 and proceeding to the limit 66 — 0, we obtain

)
00

= 7|y (4.11)

Thus the observable T gives the rate at which |¢)) changes when we increase
the parameter 6 in the unitary transformation that 7 generates. Equation
(4.5) is a concrete example of this equation in action.

1 We restrict ourselves to the case in which the operator U is linear, as is every operator
used in this book. In consequence, we are unable to consider time reversal.
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A finite transformation can be generated by repeatedly performing an
infinitesimal one. Specifically, if we transform N times with U(é0) with
00 = 0/N, then in the limit N — oo we have

o \" .
U@) = lim <1—1NT) = e 107, (4.12)

N —oc0

This relation is clearly a generalisation of the definition (4.3) of the trans-
lation operator. The Hermitian operator 7 is called the generator of both
the unitary operator U and the transformations that U accomplishes; for
example, p/h is the generator of translations.

4.1.3 The rotation operator

Consider what happens if we rotate the system. Whereas in §4.1.1 we con-
structed a state |[¢p') = U(a)|y) that differed from the state |[¢)) only in a
shift by a in the location of the centre of mass, we now wish to find a ro-
tation operator that constructs the state [¢)) that we would get if we could
somehow rotate the apparatus on a turntable without disturbing its internal
structure in any way. Whereas the orientation of the system is unaffected
by a translation, it will be changed by the rotation operator, as is physically
evident if we imagine turning a non-spherical object on a turntable.

From §4.1.2 we know that a rotation operator will be unitary, and have a
Hermitian generator. Actually, we expect there to be several generators, just
as there are three generators, p,/h, p,/h and p,/h, of translations. Because
there are three generators of translations, three numbers, the components of
the vector a in equation (4.3), are required to specify a particular translation.
Hence we anticipate that the number of generators of rotations will equal
the number of angles that are required to specify a rotation. Two angles are
required to specify the axis of rotation, and a third is required to specify
the angle through which we rotate. Thus by analogy with equation (4.3), we
expect that a general rotation operator can be obtained by exponentiating
a linear combination of three generators of rotations, and we write

U(a) = exp(—ia - J). (4.13)

Here o is a vector that specifies a rotation through an angle || around
the direction of the unit vector &, and J is comprised of three Hermitian
operators, J,, J, and J,. In the course of this chapter and the next it will
become clear that the observable associated with J is angular momentum.
Consequently, the components of J are called the angular-momentum op-
erators.

The role that the angular momentum operators play in rotating the
system around the axis & is expressed by rewriting equation (4.11) with
appropriate substitutions as

)
Oa

19— & 3. (4.14)

4.1.4 Discrete transformations

(a) The parity operator Not all transformations are continuous. In
physics, the most prominent example of a discrete transformation is the
parity transformation P, which swaps the sign of the coordinates of all
spatial points; the action of P on coordinates is represented by the matrix

P

Il
o
I
_
o

so Px=—-x. (4.15)
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Notice that det P = —1, whereas a rotation matrix has det R = +1. In fact,
any linear transformation with determinant equal to —1 can be written as a
product of P and a rotation R.

Let an arbitrary quantum state |¢)) have wavefunction ¢, (x) = (x, u|v),
where the label pu is the usual shorthand for the system’s orientation. Then
the quantum parity operator P is defined by

U (x) = (%, 1l Plip) = Pu(Px) = tu(=%) = (=x, ul¢h). (4.16)

The wavefunction of the new state, [¢)') = P|y), takes the same value at x
that the old wavefunction does at —x. Thus, when the system is in the state
PJ4p), it has the same amplitude to be at x as it had to be at —x when it was
in the state |1). The orientation and internal properties of the system are
unaffected by P. The invariance of orientation under a parity transformation
is not self evident, but in §4.2 we shall see that it follows from the rules that
govern commutation of P with x and J.

Applying the parity operator twice creates a state |¢") = P|¢’) = P?[)
with wavefunction

= hu(x).
Hence P2 = 1 and an even number of applications of the parity operator
leaves the wavefunction unchanged. It also follows that P = P~! is its own

inverse.
P is also Hermitian:

GIPI) = [dx 30l ) x| Pl

(4.17)

_ /d3xz(<¢|x,u><—x,u|w>)*
I (4.18)
— [@x YWl - x )l Po)

= [@x Y (0] = %o (-l Pl6) = (1P,

so Pt = P. It now follows that P is unitary? because P~! = P = PT. Hence
from the discussion of §4.1.2 it follows that transforming all states with P
will preserve all amplitudes for the system.

Suppose now that |P) is an eigenket of P, with eigenvalue A\. Then
|P) = P?|P) = AP|P) = \?|P), so A = 1. Thus the eigenvalues of P are
+1. Eigenstates of P are said to have definite parity, with |[+) = P|+)
being a state of even parity and |—) = —P|—) being one of odd parity.

In §3.1 we found that the stationary-state wavefunctions of a harmonic

oscillator are even functions of x when the quantum number n is even, and
odd functions of x otherwise. It is clear that these stationary states are also
eigenstates of P, those for n = 0,2,4,... having even parity and those for
n=1,3,5,... having odd parity.
Mirror operators  Systems not infrequently exhibit a mirror symmetry of
some sort. When they do, it can be helpful to define an operator which trans-
forms any state into the corresponding mirror state. Here’s an illustrative
concrete example.

A particle moves in two dimensions, so the amplitudes (x,y|v¢) for the
particle to be found at the location (z,y) constitute a complete set of am-
plitudes. Let the operator M be such that for any state |¢))

(@, y| M) = (y, x|v). (4.19)

2 Problem 4.9 shows that P is unitary by showing that it has an infinitesimal generator.
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Figure 4.2 If the coordinates of the
point marked with an filled circle are
(z,y), then the coordinates of the
point marked with an open circle are
(y,z). The points would be object
and image if a mirror lay along the
line y = x.

That is, in the state M|¢)) the amplitude to be at the point (x,y) (marked
with a filled dot in Figure 4.2) is the same as the amplitude to be at the
point (y,z) (marked by an open dot) when in the state |¢)). If there were a
mirror along the line y = z, the image of a light at (z,y) would be located
at (y,x). Thus the operator M produces the state we get by mirroring al
the amplitudes in the line y = . We leave as an exercise (Problem 4.12) the
proof that M is a unitary operator, which closely follows the proof we gave
of the unitarity of P.

If we mirror a set of amplitudes twice, we obviously recover the original
amplitudes, so M? = 1 and it follows that the eigenvalues of M can only be
+1.

4.2 Transformations of operators

When we move an object around, we expect to find it in a new place. Specif-
ically, suppose (¥|x|1)) = xq for some state |1)). Since x( just labels a spatial
point, it must behave under translations and rotations like any vector. For
example, translating a system that is in the state |¢) through a, we obtain
a new state |¢') which has (¢'|x|y") = xo +a = (¢|x + Ia|y). On the other
hand, from §4.1.1 we know that (' |x[¢’) = (¢|UT(a)xU(a)|y). Since these
expectation values must be equal for any initial state |¢), it follows from the
argument given in Box 4.2 that

Ul(a)xU(a) = x + a, (4.20)

where the identity operator is understood to multiply the constant a. For
an infinitesimal translation with a — da we have U(a) ~ 1 —ia-p/h. So

da-p da-p
x+5a_(1—|—1 - >x<1—1 - >

i

h

(4.21)
[x,da - p] + O(da)’.

=X

For this to be true for all small vectors da, x and p must satisfy the commu-
tation relations
[:Ei,pj] = 1h51] (422)

in accordance with equation (2.54). Here we see that this commutation rela-
tion arises as a natural consequence of the properties of x under translations.
For a finite translation, we can write

Ul(a)xU(a) = UT(a)U(a)x + UT(a)[x,U(a)] = x+U'(a) [x,U(a)]. (4.23)

We use equation (2.25) to evaluate the commutator on the right. Treating
U as the function e '@P/" of a . p, we find

UT(a)xU(a):x—%UT(a)[x,a~p]U(a):x+a (4.24)
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Box 4.3: Rotations in ordinary space

A rotation matrix R is defined by the conditions RT = R~! and

det(R) = +1. If R(a) rotates around the & axis, it should leave this

axis invariant so R(a)& = &. For a rotation through an angle |/,

TrR(a) =1+ 2cos|a.
A

1 Let o be an infinitesi-

7 mal rotation vector: that is,

a rotation through a around

al the axis that is in the direc-
B tion of the unit vector a.

We consider the effect of ro-
tating an arbitrary vector v
through angle . The com-

>6 axy .

ponent of v parallel to a is

unchanged by the rotation.
The figure shows the projection of v into the plane perpendicular to
a. The rotated vector is seen to be the vectorial sum of v and the in-
finitesimal vector @ x v that joins the end of v before and after rota-
tion. That is

vV=v+axv.

as equation (4.20) requires.

Similarly, under rotations ordinary spatial vectors have components
which transform as v — R(a)v, where R(e) is a matrix describing a rotation
through angle |a| around the & axis. The expectation values (¥|x|¢)) = x¢
should then transform in this way. In §4.1.2 we saw that when a system is
rotated through an angle |a| around the & axis, its ket |¢)) should be mul-
tiplied by U(a) = e~ If this transformation of |¢) is to be consistent
with the rotation of the expectation value of x, we need

R(a)(y[x|¥) = (@' |x[v") = @[UT (@) xU(a)[y). (4.25)
Since this must hold for any state |¢), from the argument given in Box 4.2

it follows that
R(a)x = Ul (a)xU(a). (4.26)

For an infinitesimal rotation, & — da and R(a)x ~ x + da X x as is
shown in Box 4.3, so equation (4.26) becomes

x+daxx~(1+ida-J)x (1 —idax-J)

) 9 (4.27)
=x+i[da-J,x]+O(0a)”.
In components, the vector product da X x can be written
(5(1 X X)i = Zeijk&yj Tk, (428)

Jk
where €;;;, is the object that changes sign if any two subscripts are inter-
changed and has €;,, = 1 (Appendix B). For example, equation (4.28) gives
(b X X); = ij €xjk00 Tp = €4y200y Ty + €420, Ty = doryz — day. The

ith components of equation (4.27) is

Zeijk5aj Tk = IZKSOZJ[JJ,IJ (429)
Jk J
Since this equation holds for arbitrary da, we conclude that the position
and angular momentum operators x; and J; must satisfy the commutation

relation
[Ji, 5] = iz €ijkTh- (4.30)
k

In particular, [J;,y] = iz and [J,, ] = iy, while [J,, 2] = 0.
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In fact, if the expectation value of any operator v is a spatial vector,
then the argument just given in the case of x shows that the components v;
must satisfy

[Ji,v5] = iz €ijkVk- (4.31)
k
For example, since momentum is a vector, equation (4.31) with v = p gives
the commutation relations of p with J,

[Jisps] =1 €ijepn- (4.32)
k

The product a-J must be invariant under coordinate rotations because
the operator U(a) = e~ depends on the direction & and not on the
numbers used to quantify that direction. Since « is an arbitrary vector, the
invariance of a - J under rotations implies that under rotations the compo-
nents of J transform like those of a vector. Hence, in equation (4.31) we can
replace v by J to obtain the commutation relation

[Ji, Jj] = iZEiijk- (4.33)
k

In §7.1 shall deduce the spectrum of the angular-momentum operators from
this relation.

We now show that J commutes with any operator S whose expectation
value is a scalar. The proof is simple: (1|S|¢), being a scalar, is not affected
by rotations, so

WSy = @|UT () SU(a)|1h) = (b|S]). (4.34)

Equating the operators on either side of the second equality and using U~! =
UT we have [S, U] = 0. Restricting U to an infinitesimal rotation gives

S~(1+i0a-J) S (1-ida-J)=S+ida-[J,S]+0(5c)®.  (4.35)
Since dev is arbitrary, it follows that
[J,S] =0. (4.36)

Among other things, this tells us that [J,x-x] = [J,p-p] = [J,x-p] =0. It
is straightforward to check that these results are consistent with the vector
commutation relations (4.31) (Problem 4.1). It also follows that J? =J -J
commutes with all of the J;,

[J,J%] = 0. (4.37)

Equations (4.33) and (4.37) imply that it is possible to find a complete set
of simultaneous eigenstates for both J? and any one component of J (but
only one).

The parity operator Under a parity transform, coordinates behave as

x — Px = —x whereas quantum states transform as |[¢)) — [¢)') = Py}, so
—(¥lxly) = P(y|xl¥) = (' |x[v") = (Y|PTxPly), (4.38)

which implies that PfxP = —x or, since P is a unitary operator,
{x,P} =xP + Px=0. (4.39)

Two operators A and B for which {A, B} = 0 are said to anticommute,
with { A, B} being their anticommutator. The argument we have just given
for x works with x replaced by any vector operator v, so we always have

{v,P}=vP+ Pv=0. (4.40)
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This relation contains important information about the action of P. Suppose
|w) is an eigenstate of a vector operator v with eigenvalues w such that
v|w) = w|w). From equation (4.40) we see that

v|w') = v (Plw)) = —Pv|w) = —wP|w) = —w|w') (4.41)

so the parity-reversed state |w’) = P|w) is also an eigenstate of v, but the
eigenvalue has changed sign.

Let |4) be states of definite parity such that P|+) = +|£). With
equation (4.40) we deduce that

—(E|V]£) = PlE|v|E) = (£]|PIvPE) = (£)2(£]v]£). (4.42)

Since zero is the only number that is equal to minus itself, all vector operators
have vanishing expectation value in states of definite parity. More generally,
if |¢) and |x) both have the same definite parity, equation (4.40) implies that
(p|v]x) = 0. We’ll use this result in Chapter 9.

We frequently encounter situations in which the potential energy V'(x)
is an even function of x: V(—x) = V(x). We then say that the potential is
reflection-symmetric because the potential energy at —x is the same as it
is at the point x into which —x is mapped by reflection through the origin.
We now show that in such a case the parity operator commutes with the
Hamiltonian. For an arbitrary state |1) consider the amplitude

X[PV|¢) = (=x|V]¢h) = V(=x)(=x|¢) = V(x)(=x[¢)), (4.43a)
where we have used equation (4.16). On the other hand
X[V Ply) =V (x){x|Ply) = V(x){=x[¢)). (4.43b)

Since x and [¢) are arbitrary, it follows that when V' is an even function of
x, [P,V] = 0. This argument generalises to all operators that carry out a
transformation that is a symmetry of the potential energy.

Since the momentum p is a vector operator, Pp = —pP, so

p’P = Zpkpkp = - Zpkppk = prkpk = Pp?
k k k (4.44)

= [p*,P]=0

Applying these results to the Hamiltonian H = p?/2m + V(x) of a particle
of mass m that moves in a reflection-symmetric potential, we have that
[H,P] = 0. It follows that for such a particle there is a complete set of
stationary states of well-defined parity. This fact is illustrated by the case
of the harmonic oscillator studied in §3.1, and in Chapter 5 it will enable us
dramatically to simplify our calculations.

In classical physics, a vector product ax b is a pseudovector; it behaves
like an ordinary vector under rotations, but is invariant under parity, since
both a and b change sign. We now show that expectation values of the
angular momentum operators, (J), are pseudovectors. If v; are components
of a vector operator, then combining equations (4.31) and (4.40), we obtain

{P,[vi, J]} = iz €ije{ P vk} = 0. (4.45)
k

We use the identity (4.76) proved in Problem 4.8 to rewrite the left side of
this equation. We obtain

0={P [vi, Ji]} = { P, vi}, Jj] =[P, i), vi} = ={[P, Jjl, v} (4.46)
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Hence the operator [P, J;] anticommutes with any component of an arbitrary
vector. Since P is defined to have precisely this property, [P, J;] must be
proportional to P, that is

[P, J;] = AP, (4.47)

where A must be the same for all values of j because the three coordinate
directions are equivalent. Under rotations, the left side transforms like a vec-
tor, while the right side is invariant. This is possible only if both sides vanish.
Hence the parity operator commutes with all three angular-momentum op-
erators. It now follows that

W3 = (W|PTIP) = (|I[), (4.48)

so (J) is unchanged by a parity transformation, and is a pseudovector.

Mirror operators In §4.1.4 we introduced a typical mirror operator M.
To discover how M interacts with the position operators z and y we argue
that for any state |¢)

(WM aMp) = (Ylyly). (4.49)

That is, in the state M|¢) the expectation of x must be equal to the ex-
pectation value of y in the state |[¢)) — the truth of this statement follows
immediately from the definition (4.19) of the state M|vy). Since equation
(4.49) holds for arbitrary [¢), we can infer the operator equation

MizM =y = xM = My, (4.50)

where the second equation follows by multiplying both sides of the first equa-
tion by M and using the unitarity condition M MT = I. In the same way we
can show that Mx = yM, p, M = Mp, and pyM = Mp,.

4.3 Symmetries and conservation laws

Time changes states: in a given time interval ¢, the natural evolution of the
system causes any state [¢,0) to evolve to another state |¢,t). Equation
(2.32) gives an explicit expression for [¢,t). It is easy to see that with the
present notation this rule can be written

[, 1) = e P, 0), (4.51)
where H is the Hamiltonian. The time-evolution operator
U(t) = e H/R (4.52)

is unitary, as we would expect.?

Now suppose that the generator 7 of some displacement (a translation,
a rotation, or something similar) commutes with H. Since these operators
commute, their exponentials U(6) (eq. 4.12) and U(t) also commute. Con-
sequently, for any state |))

U@)U@)l) =U@U®)¢). (4.53)

3 The similarity between equations (4.52) and the formula (4.12) for a general unitary
transformation suggests that H is the generator of transformations in time. This is not
quite true. If we were to push the system forward in time in the same way that we
translate it in x, we would delay the instant at which we would impose some given initial
conditions, with the result that it would be less evolved at a given time t. The time-
evolution operator, by contrast, makes the system older. Hence H is the generator of
transformations backwards in time.
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The left side is the state you get by waiting for time ¢ and then displacing,
while the right side is the state obtained by displacing first and then waiting.
So the equation says that the system evolves in the same way no matter where
you put it. That is, there is a connection between commuting observables and
invariance of the physics under displacements. Moreover, in §2.2.1 we saw
that when any operator @ commutes with the Hamiltonian, the expectation
value of any function of @ is a conserved quantity, and that in consequence,
a system that is initially in an eigenstate |¢;) of @ remains in that eigenstate.
So whenever the physics is unchanged by a displacement, there is a conserved
quantity.

If [p,, H] = 0, this argument implies that the system evolves in the same
way wherever it is located. We say that the Hamiltonian is translationally
invariant. It is a fundamental premise of physics that empty space is the same
everywhere, so the Hamiltonian of every isolated system is translationally
invariant. Consequently, when a system is isolated, the expectation value of
any function of the momentum operators is a conserved quantity, and, if the
system is started in a state of well-defined momentum, it will stay in that
state. This is Newton’s first law.

If [J.,H] = 0, we say that the Hamiltonian is rotationally invariant
around the z axis, and our argument implies that the system evolves in the
same way no matter how it is turned around the z axis. The expectation
value of any function of J, is constant, and if the state is initially in an
eigenstate of J, with eigenvalue m, it will remain in that state. Consequently,
m is a good quantum number. In classical physics invariance of a system’s
dynamics under rotations around the z axis is associated with conservation
of the z component of the system’s angular momentum. This fact inspires
the identification of AJ with angular momentum.

Above we used a very general argument to infer that the existence of
a unitary operator that commutes with the Hamiltonian implies that the
system has a symmetry. In §4.1.4 an explicit calculation (eq. 4.43) showed
that reflection symmetry of the potential energy implied that the potential-
energy operator V commutes with the parity operator P. This argument
generalises to other transformation operators. For example, suppose V (x) is
invariant under some rotation V(R (a)x) = V(x). Then

x[VU(a)[y) = V(x){x|U(a) 1) = V(x)(R(a)x[¢)), (4.54a)
while
x[U(a)V[y) = (R(a)x|[V]y) = V(R(a)x)(R(a)x|¢), (4.54Db)

so and the operator equation UV = VU follows from the equality of V(R (a)x)
and V(x).

In general, finding all the operators that commute with a given Hamilto-
nian is a very difficult problem. However, it is sometimes possible to deduce
conserved quantities by direct inspection. For example, the Hamiltonian for
a system of n particles that interact with each other, but not with anything
else, is

noo2

H:Z;—ﬂ;i—sz(xi —x;), (4.55)
=1 1<j

where the potential-energy function V' only depends on the relative positions

of the individual particles. Such a Hamiltonian is invariant under translations

of all particles together (shifts of the centre of mass coordinate) and thus the

total momentum pyor = Zi p: of this system is conserved.

If the Hamiltonian is a scalar, then [H,J] = 0, [H, J?] = 0 and [H, P] =0
(Problem 4.10), which implies conservation of angular momentum around
any axis, conservation of total angular momentum, and conservation of par-
ity. We have already seen that [J, J?] = [J, P] = 0, so for a scalar Hamilto-
nian we can find complete sets of simultaneous eigenkets of H, P, J?2, and
any one of the components of J.
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The equation [H, P] = 0 implies that if you set up a system that at
t = 0 is a mirror image of a given system, it will evolve in exactly the same
way as the given system. When the evolution of the mirrored system is
watched, it will appear identical to the evolution of the given system when
the latter is observed in a mirror. Hence, when [H, P] = 0, it is impossible
to tell whether a system that is being observed, is being watched directly or
through a mirror. One of the major surprises of 20*" century physics was an
experiment by Wu et al.* in 1957, which showed that you can see things in a
mirror that cannot happen in the real world! That is, there are Hamiltonians
for which [H, P] # 0.

4.4 The Heisenberg picture

All physical predictions are extracted from the formalism of quantum me-
chanics by operating with a bra on a ket to extract a complex number: we
either calculate the amplitude for some event as A = (@[y)) or the expecta-
tion value of a observable through (Q) = (¥|Qv), where |Qvy) = QJ¢). In
general our predictions are time-dependent because the state of our system
evolves in time according to

[, ) = U ()[4, 0), (4.56)

where the time-evolution operator U is defined by equation (4.52).
With every operator of interest we can associate a new time-dependent
operator

Q. = Ut )QU(1). (4.57)

Then at any time ¢ the expectation value of ) can be written
(@), = (. HQI,t) = (¥, 0[UT(OQU ()|, 0) = (,01Qe|,0).  (4.58)

That is, the expectation value at time ¢ = 0 of the new operator @t is
equal to the expectation value of the original, physical, operator @ at time .
Similarly, when we wish to calculate an amplitude (¢, ¢|,t) for something
to happen at time ¢, we can argue that on account of the unitarity of U(t)
it is equal to a corresponding amplitude at time zero:

(@, t]1,t) = (6,0[¢,0)  where [¢,t) = U(t)[9,0). (4.59)

Thus if we work with the new time-dependent operators such as @t, the
only states we require are those at ¢ = 0. This formalism, is called the
Heisenberg picture to distinguish it from the Schrédinger picture in
which states evolve and operators are normally time-independent.

As we have seen, classical mechanics applies in the limit that it is suffi-
cient to calculate the expectation values of observables, and is concerned with
solving the equations of motion of these expectation values. In the Heisen-
berg picture quantum mechanics is concerned with solving the equations of
motion of the time-dependent operators ¢, etc. Consequently, there is a
degree of similarity between the Heisenberg picture and classical mechanics.

It is straightforward to determine the equation of motion of @t: we
simply differentiate equation (4.57)

d
" oy L oY
- —QU+U'Q—- (4.60)

4Wu, C.S., Ambler, E., Hayward, R.W., Hoppes, D.D. & Hudson, R.P., 1957, Phys.
Rev., 105, 1413
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But differentiating equation (4.52) we have

dU iH Ut iH i
T hU = T hU’ (4.61)
where we have taken advantage of the fact that U is a function of H and
therefore commutes with it. Inserting these expressions into equation (4.60)
we obtain _

. dQ¢

ih——

Tl —HU'QU +UTQUH

= [Qq, H.

This result is similar to Ehrenfest’s theorem (eq. 2.34) as it has to be because
Ehrenfest’s theorem must be recovered if we pre- and post-multiply each side
by the time-independent state |1, 0).

The Heisenberg picture is most widely used in the quantum theory of
fields. In this theory one needs essentially only one state, the vacuum in the
remote past |0), which we assume was empty. Excitations of the vacuum
are interpreted as particles, each mode of excitation being associated with a
different type of particle (photons, electron, up-quarks, etc). The theory is
concerned with the dynamics of operators that excite the vacuum, creating
particles, which then propagate to other locations, where they are detected
(annihilated) by similar operators. Sometimes one mode of excitation of the
vacuum morphs into one or more different modes of the vacuum, and such an
event is interpreted as the decay of one type of particle into other particles.
The amplitude forNany such sequence of events  is obtained as a number of the

(4.62)

form (0|A1 A, ... A,|0), where the operators A; are creation or annihilation
operators for the appropriate particles in the Heisenberg picture.

4.5 What is the essence of quantum mechanics?

It is sometimes said that commutation relations such as [z;, p;] = ifid;; and
[Ji, Jj] =12, €ijrJi are inherently quantum mechanical, but this is not true.

Take for example an ordinary classical rotation matrix R(a) which ro-
tates spatial vectors as v — v/ = R(a)v. Define matrices J,, J, and 7,
via

exp (i - J) = R(a), (4.63)

where the exponential of a matrix is defined in terms of the power series for
e”. Clearly, the J; must be 3 x 3 matrices, and, since R(a) is real and the
angles o are arbitrary, the J; must be pure imaginary. Finally, orthogonality
of R requires

I=R"a)R(a) = exp(—ia - J)T exp(—ia - J)

= exp(—ia - JT) exp(—ia - J) (4.64)

We express a in terms of the angle of the rotation it represents, § = |a|,
and the direction n = /|| of the rotation axis, and then we differentiate
equation (4.64) with respect to §. We obtain

0=—in-J " exp(—ifn - J")exp(—ifn - J)

+ exp(—ifn - I 1) exp(—ifn - J)(—=in - J) (4.65)
=-in-{J"+J}.
Since n is an arbitrary unit vector, it now follows that Jl-T = —J;, so J;

is antisymmetric. A pure imaginary antisymmetric matrix is a Hermitian
matrix. Thus the J; are Hermitian.
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For any two vectors a and (3, it is easy to show that the product
RT(a)R(B)R(a) is an orthogonal matrix with determinant +1, so it is a
rotation matrix. It leaves the vector 8’ = R(—a)B = RT(a)3 invariant:

{R"(@RAR(@)}B =RT(@R@B=R"(@)B=F.  (460)
Hence 3 is the axis of this rotation. Therefore
RY(@)R(B)R(a) = R(F) = R(R(-a)B). (4.67)

In Box 4.3 we showed that when |« is infinitesimal, R(—a)B8 ~ 8 — a x S,
so when 3 is also infinitesimal, equation (4.67) can be written in terms of
the classical generators (4.63) as

l+ia- Q- TQ-ia-J)=1-i(B—axpP)-T. (4.68)

The zeroth order terms (‘1’) and those involving only a or 3 cancel, but the
terms involving both « and 3 cancel only if

@if3;[Ji, Tj) = iaif; Z €ijk T- (4.69)

k

This equation can hold for all directions v and 3 only if the 7; satisfy

(T, Tj] = iZEiijk, (4.70)
s

which is identical to the ‘quantum’ commutation relation (4.33). Our red-
erivation of these commutation relations from entirely classical considerations
is possible because the relations reflect the fact that the order in which you
rotate an object around two different axes matters (Problem 4.6). This is
a statement about the geometry of space that has to be recognised by both
quantum and classical mechanics.

In Appendix D it is shown that in classical statistical mechanics, each
component of position, z;, and momentum, p;, is associated with a Hermi-
tian operator z; or p; that acts on functions on phase space. The operator
Di generates translations along z;, while Z; generates translations along p;
(boosts). The operators L; associated with angular momentum satisfy the
commutation relation [ﬁw, i/u] = iHL., where # is a number with the same
dimensions as & and a magnitude that depends on how z; and p; are nor-
malised.

If the form of the commutation relations is not special to quantum me-
chanics, what is? In quantum mechanics, complete information about any
system is contained in its ket [¢)). There is nothing else. From |¢)) we can
evaluate amplitudes such as (x, p|tp) for the system to be found at x with
orientation u. If we do not care about u, the total probability for |1) to be
found at x is

Prob(at x|) = > |(x, ulv)|”. (4.71)

Eigenstates of the x operator with eigenvalue x¢ are states in which the
system is definitely at xo, while eigenstates of the p operator with eigenvalue
hk are states in which the system definitely has momentum 7k.

By contrast, in classical statistical mechanics we declare at the outset
that a well defined state is one that has definite values for all measurable
quantities, so it has a definite position, momentum, orientation etc. The
eigenfunctions of p or L do not represent states of definite momentum or
angular momentum, because we have already defined what such states are.

Classical statistical mechanics knows nothing about probability ampli-
tudes, but interprets the functions on phase space on which p or L act
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as probability distributions. This is possible because, as we show in Ap-
pendix D, the integral of such a distribution can be normalised to one and is
conserved. We can certainly expand any such distribution in the eigenfunc-
tions of, say p. However, as in quantum mechanics the expansion coefficients
will not be positive — in fact, they will generally be complex. Hence they
cannot be interpreted as probabilities. What makes quantum mechanics fun-
damentally different is its reliance on complex quantum amplitudes, and the
physical interpretation that it gives to a functional expansion through the
fundamental rule (1.11) for adding quantum amplitudes. Quantum mechan-
ics is therefore naturally formulated in terms of states |¢) that inhabit a
complex vector space of arbitrary dimension — a so called Hilbert space.
These states may always be expanded in terms of a complete set of eigen-
states of a Hermitian operator, and the (complex) expansion coefficients have
a simple physical interpretation.

Classical statistical mechanics is restricted to probabilities, which have
to be real, non-negative numbers and are therefore never expansion coeffi-
cients. Quantum and classical mechanics incorporate the same commutation
relations, however, because, as we stressed in §4.2, these follow from the
geometry of space. From a mathematician’s perspective, the commutation
relations of quantum-mechanical operators and the operators of classical sta-
tistical physics have to be the same because both systems of operators pro-
vide representations of the ‘Lie algebra’ of the same mathematical group
(Appendix E).

Problems

4.1 Verify that [J,x-x] = 0 and [J,x - p] = 0 by using the commutation
relations [z;, J;] =1, epar and [ps, J;] =1, €ijxDk-

4.2*  Show that the vector product a x b of two classical vectors transforms
like a vector under rotations. Hint: A rotation matrix R satisfies the relations
R - RT =T and det(R) = 1, which in tensor notation read >, RipRip = it
and Zijk €ijk Rir Rjs Rt = €rst.

4.3* We have shown that [v;,J;] = 1), €;rvr for any operator whose
components v; form a vector. The expectation value of this operator relation
in any state [¢) is then (¢|[vs, J;][¢) = 1", €k (¥|vk|). Check that with
U(a) = e~ '*J this relation is consistent under a further rotation |¢) —
[v') = U(ax)|tp) by evaluating both sides separately.

4.4* The matrix for rotating an ordinary vector by ¢ around the z axis is

cos¢p —sing 0
R(¢) = | sing cos¢p 0 (4.72)
0 0 1

By considering the form taken by R for infinitesimal ¢ calculate from R the
matrix J. that appears in R(¢) = exp(—iJ.¢). Introduce new coordinates
up = (—x+1iy)/v/2, u2 = z and uz = (r+1iy)/+/2. Write down the matrix M
that appears in u = M - x [where x = (z,y, z)] and show that it is unitary.
Then show that

J.=M-J. - M (4.73)
is identical with S, in the set of spin-one Pauli analogues
1 0 1 0 1 0 —-i 0 1 0 O
Se=—0|1 0 1}, Sy=—711 0 =), S,=10 0 0
v2lo 1 0 vZlo i o 00 -1
(4.74)

Write down the matrix J, whose exponential generates rotations around
the x axis, calculate J, by analogy with equation (4.73) and check that
your result agrees with S, in the set (4.74). Explain as fully as you can the
meaning of these calculations.
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4.5 Determine the commutator [J), J!] of the generators used in Problem
4.4. Show that it is equal to —ij;, where j; is identical with Sy in the set
(4.74).

4.6* Show that if & and 3 are non-parallel vectors, « is not invariant under
the combined rotation R(a)R(8). Hence show that RT(B)RT (o) R(B)R(x)
is not the identity operation. Explain the physical significance of this result.

4.7* In this problem you derive the wavefunction
(x|p) = e/ (4.75)

of a state of well defined momentum from the properties of the translation op-
erator U(a). The state |k) is one of well-defined momentum sk. How would
you characterise the state |k’) = U(a)|k)? Show that the wavefunctions of
these states are related by uw (x) = e @kyy(x) and up (x) = uk(x — a).
Hence obtain equation (4.75).

4.8 By expanding the anticommutator on the left and then applying the
third rule of the set (2.22), show that any three operators satisfy the identity

{A,B},Cl={A,[B,C]} +{[A,C], B}. (4.76)

4.9 Define G in terms of the parity operator P by
G=3(1-P). (4.77)

Show that G is Hermitian and that G™ = G for positive integer n. Explain
this result in terms of the eigenkets and eigenvalues of GG. Show further that
P = U(rn) where U(s) = e*¢.

4.10 Let P be the parity operator and S an arbitrary scalar operator.
Explain why P and S must commute.

4.11 In this problem we consider discrete transformations other than that
associated with parity. Let S be a linear transformation on ordinary three-
dimensional space that effects a a reflection in a plane. Let S be the asso-
ciated operator on kets. Explain the physical relationship between the kets
[) and |¢') = S|v). Explain why we can write

S(lxlv) = (YIS xS|y). (4.78)

What are the possible eigenvalues of S?7
Given that S reflects in the plane through the origin with unit normal
n, show, by means of a diagram or otherwise, that its matrix is given by

Determine the form of this matrix in the case that n = (1,—1,0)/4/2. Show
that in this case Sz = yS and give an alternative expression for Sy.
Show that a potential of the form

V(x) = f(R) + Azy, where R =+/x2+ y>? (4.80)

satisfies V(Sx) = V(x) and explain the geometrical significance of this equa-
tion. Show that [S, V] = 0. Given that E is an eigenvalue of H = p?/2m+V
that has a unique eigenket |E), what equation does |F) satisfy in addition
to H|E) = E|E)?

4.12 Show that the operator defined by (x, y|S|Y) = (y, x|¢p) is Hermitian.
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Motion in step potentials

We follow up our study of the harmonic oscillator by looking at motion in
a wider range of one-dimensional potentials V' (z). The potentials we study
will be artificial in that they will only vary in sharp steps, but they will
enable us to explore analytically some features of quantum mechanics that
are generic and hidden from us in the classical limit. We start by considering
a particle that is trapped in a potential well and go on to consider a particle
that has a choice of two wells. We find that in this case it can move between
these wells in violation of classical mechanics, and we use this simple system
to mode the operation of an ammonia maser. In §5.3 we ask how potential
wells and barriers affect the motion of a free particle — one that can escape
to infinity. We find that whereas in classical mechanics the particle is never
reflected by a potential well, in quantum mechanics there is generally a non-
zero amplitude for such reflection. We find also that particles can “tunnel”
through barriers that classically would certainly reflect them.

5.1 Square potential well

We look for energy eigenstates of a particle that moves in the potential
(Figure 5.1)

_Jo for |z| < a
Viz) = {VO > (0 otherwise. (5.1)
Since V is an even function of z, the Hamiltonian (2.51) commutes with the
parity operator P (page 67). So there is a complete set of energy eigenstates
of well defined parity. The wavefunctions u(z) = (z|E) of these states will
be either even or odd functions of z, and this fact will greatly simplify the
job of determining u(z).
In the position representation, the governing equation (the TISE 2.33)
reads
h* d%u

On account of the step-like nature of V', equation (5.2) reduces to a pair of
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u, or V/V,

Figure 5.1 The dotted line shows the square-well potential V (x). The full curve shows
the ground-state wavefunction.

extremely simple equations,

d?u 2mE
@:— h2u f0r|x|<a

5.3
d?u  2m(Vo — E) ) (5:3)
Frei Tu otherwise.

We restrict ourselves to solutions that describe a particle that is bound by
the potential well in the sense that F < V5.1 Then the solution to the second
equation is u(z) = Ae™®? where A is a constant and

2m(Vy — E)

K 2

(5.4)

If w is to be normalisable, it must vanish as |x| — co. So at > a we have
u(z) = Ae K% and at * < —a we have u(z) = £Ae™ X2 where the plus
sign is required for solutions of even parity, and the minus sign is required
for odd parity.

For E > 0, the solution to the first of equations (5.3) is either u(z) =
Bcos(kz) or u(x) = Bsin(kx) depending on the parity, where

2mE
n?

=
Il

(5.5)

So far we have ensured that w(z) solves the TISE everywhere except
at |x| = a. Unless u is continuous at these points, du/dz will be arbitrarily
large, and d?u/da? will be undefined, so u will not satisfy the TISE. Similarly,
unless du/dx is continuous at these points, d?u/dz? will be arbitrarily large,
so u cannot solve the TISE. Therefore, we require that both v and du/dz are
continuous at x = a, that is

= Ae Ko in(ka) = Ae” K¢
Bcos(ka) = A } { Bsin(ka) = A (5.6)

—kBsin(ka) = —K Ae” 5@ kB cos(ka) = —K Ae” K@

where the first pair of equations apply in the case of even parity and the
second in the case of odd parity. It is easy to show that once these equa-
tions have been satisfied, the corresponding equations for x = —a will be
automatically satisfied.

1 By considering the behaviour of u near the origin we can prove that E > 0.
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10

ka/m

Figure 5.2 Plots of the left (full) and right (dashed) sides of equation (5.8) for the case
W = 10.

Figure 5.3 A square well inscribed in a general well.

We eliminate A and B from equations (5.6) by dividing the second
equation in each set by the first. In the case of even parity we obtain

2
ktan(ka) = K = 4/ 7;2‘/0 — k2. (5.7)

This is an algebraic equation for k, which controls E through (5.5). Before
attempting to solve this equation, it is useful to rewrite it as

2 2 2
tan(ka) = 1/ (kWa)2 ~1 where W= ,/%. (5.8)

W and ka are dimensionless variables. The left and right sides of equation
(5.8) are plotted as functions of ka in Figure 5.2. Since for ka = 0 the graphs
of the two sides start at the origin and infinity, and the graph of the left side
increases to infinity at ka = 7/2 while the graph of the left side terminates
at ka = W, the equation always has at least one solution. Thus no matter
how small Vy and a are, the square well can always trap the particle. The
bigger W is, the more solutions the equation has; a second solution appears
at W = m, a third at W = 27, etc.

Analogously one can show that for an odd-parity energy eigenstate to
exist, we must have W > x/2 and that additional solutions appear when
W= 2r+1)r/2forr=1,2,... (Problem 5.5).

From a naive perspective our discovery that no matter how narrow or
shallow it is, a square potential well always has at least one bound state,
conflicts with the uncertainty principle: the particle’s momentum cannot
exceed Pmax = V2mE < v/2mVj and can have either sign, so if the particle
were confined within the well, the product of the uncertainties in p and x
would be less than 4apyax < 4v2mVpya? = 4hW, which tends to zero with
W. The resolution of this apparent paradox is that for W < 1 the particle is
not confined within the well; there is a non-negligible probability of finding
the particle in the classically forbidden region |z| > a. In the limit W — 0
the particle is confined by a well in which it is certain never to be found!
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Y
i

»

Figure 5.4 The wavefunctions of the lowest three stationary states of the infinitely deep
square well: ground state (full); first excited state (dashed); second excited state (dotted).

Our result that a square well always has a bound state can be extended
to potential wells of any shape: given the potential well U sketched in Fig-
ure 5.3, we consider the square well shown by the dashed line in the figure.
Since this shallower and narrower well has a bound state, we infer that the
potential U also has at least one bound state.

5.1.1 Limiting cases

(a) Infinitely deep well It is worthwhile to investigate the behaviour
of these solutions as Vj — oo with a fixed, when the well becomes infinitely
deep. Then W — oo and the dashed curve in Figure 5.2 moves higher
and higher up the paper and hits the x axis further and further to the
right. Consequently, the values of ka that solve equation (5.8) tend towards
ka = (2r + 1)7/2, so the even-parity energy eigenfunctions become

o= (oot e

This solution has a discontinuity in its gradient at x = a because it is the
limit of solutions in which the curvature K for x > a diverges to infinity. The
odd-parity solutions are obtained by replacing the cosine with sin(swz/a),
where s = 1,2,..., which again vanish at the edge of the well (Figure 5.4).
From this example we infer the principle that wavefunctions vanish at the
edges of regions of infinite potential energy.

The energy of any stationary state of an infinite square potential well
can be obtained from

n? [(hr\’
E,=—|—) , where n=1,2,... (5.10)

T 8m \ a

The particle’s momentum when it is in the ground state (n = 1) is of order
hk = hm/2a and of undetermined sign, so the uncertainty in the momentum
is A, ~ hr/a. The uncertainty in the particle’s position is A, ~ 2a, so
AgA, >~ 2hm, consistent with the uncertainty principle (§2.3.2).

(b) Infinitely narrow well In §11.5.1 we will study a model of covalent
bonding that involves the potential obtained by letting the width of the
square well tend to zero as the well becomes deeper and deeper in such a
way that the product Vpa remains constant. In this limit W o< a4/Vs (eq. 5.8)
tends to zero, so there is only one bound state and it will be an even-parity
state.

Rather than obtaining the wavefunction and energy of this state from
formulae already in hand, it is more convenient to reformulate the problem
using a different normalisation for the energy: we now set V' to zero outside
the well, so V becomes negative at interior points. Then we can write V(z) =
—V50(z), where () is the Dirac delta function and Vs > 0. The TISE now
reads

R d%u
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Figure 5.5 Wavefunction of a particle trapped by a very narrow, deep potential well.

Integrating the equation from z = —e to x = € with € infinitesimal, we find
dul® 2m €

Since w is finite, the integral on the right can be made as small as we please
by letting € — 0. Hence the content of equation (5.12) is that du/dz has a
discontinuity at the origin:

[duyé _ 2V 0). (5.13)

dz 72

Since we know that the solution we seek has even parity, it is of the
form u(xr) = AeTX? where the minus sign applies for z > 0 (Figure 5.5).
Substituting this form of u into (5.13) and dividing through by 2A we have

K=" (5.14)
Inserting u = e~ %% into equation (5.11) at z > 0 we find that £ = —h*K?/2m,

so the energy of a particle that is bound to a é-function potential is

mV32
E=— Zhg : (5.15)

Figure 5.5 shows that [¢)(x)|? is finite in the well, and the well in infinitely
narrow, so the probability of finding the particle in the well is zero — the
particle is certain never to be in the well that traps it! This result is an
extreme case of the phenomenon we discussed apropos the application of the
uncertainty principle to a shallow well of finite depth.

5.2 A pair of square wells

Some important phenomena can be illustrated by considering motion in a
pair of potentials that are separated by a barrier of finite height and width.
Figure 5.6 shows the potential

Vo for|z|<a
V(z) =40 fora<|z|<b (5.16)
oo otherwise.

Since the potential is an even function of x, we may assume that the energy
eigenfunctions that we seek are of well-defined parity.

For simplicity we take the potential to be infinite for |z| > b, and we
assume that the particle is classically forbidden in the region |z| < a. Then
in this region the wavefunction must be of the form u(z) = Acosh(Kx)
or u(x) = Asinh(Kz) depending on parity, and K is given by (5.4). In
the region a < = < b the wavefunction may be taken to be of the form
u(z) = Bsin(kz + ¢), where B, and ¢ are constants to be determined and &
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05 | -

V/Vo

Figure 5.7 Full curves: the left side of equation (5.19) for the case W = 3.5, b = 5a.
Each vertical section is associated with a different value of the integer r. The right side is
shown by the dotted curve for even parity, and the dashed curve for odd parity.

is related to the energy by (5.5). From our study of a single square well we
know that w must vanish at x = b, so

sin(fkb+¢) =0 = ¢=rn—kb with r=0,1,... (5.17)

Again by analogy with the case of a single square well, we require v and its
derivative to be continuous at = a, so (depending on parity)

cosh(Ka) = Bsin(ka + ¢) sinh(Ka) = Bsin(ka + ¢)
K sinh(Ka) = kB cos(ka + ¢) } { K cosh(Ka) = kB cos(ka + ¢).

(5.18)
Once these equations have been solved, the corresponding conditions at
x = —a will be automatically satisfied if for —b < z < —a we take u =

+Bsin(k|z| + ¢), using the plus sign in the even-parity case.
Using (5.17) to eliminate ¢ from equations (5.18) and then proceeding
in close analogy with the working below equations (5.6), we find

2 coth (/W2 — (ka)?) even parity
tan [rm — k(b — a)] L2—1: ( ( ))
(ka) tanh ( w2 — (ka)2) odd parity,
(5.19)

where W is defined by equation (5.8).



5.2 A pair of square wells 81

Figure 5.8 The ground state (full curve) and the associated odd-parity state (dashed
curve) of the double square-well potential (shown dotted).

The left and right sides of equation (5.19) are plotted in Figure 5.7; the
values of ka for stationary states correspond to intersections of the steeply
sloping curves of the left side with the initially horizontal curves of the right
side. The smallest value of ka is associated with the ground state. The values
come in pairs, one for an even-parity state, and one very slightly larger for
an odd-parity state. The difference between the k values in a pair increases
with k.

The closeness of the k values in a given pair ensures that in the right-
hand well (a < z < b) the wavefunctions ue(z) and uq(x) of the even- and
odd-parity states are very similar, and that in the left-hand well u, and u,
differ by little more than sign — see Figure 5.8. Moreover, when the k values
are similar, the amplitude of the wavefunction is small in the classically
forbidden region |z| < a. Hence, the linear combinations

Y () [ue(2) £ uo()] (5.20)

1
=5
are the wavefunctions of a state [11) in which the particle is almost certain
to be in the right-hand well, and a state |¢)_) in which it is equally certain
to be in the left-hand well.

Consider now how the system evolves if at time 0 it is in the state |1 ),
so the particle is in the right-hand well. Then by equation (2.32) at time ¢
its wavefunction is

"/J(xvt) =

1 . .
V2 {“e(iﬂ)eﬂEet/h + Uo(w)e_lEOt/h]
_ L mam [uc(x) n uo(x)e—i(Eo—Ee)t/h] .

V2

After a time T = 7h/(F, — E.) the exponential in the square brackets on the
second line of this equation equals —1, so to within an overall phase factor
the wavefunction has become [ue(x) — uo(x)]/+/2, implying that the particle
is certainly in the left-hand well; we say that in the interval T' the particle has
tunnelled through the barrier that divides the wells. After a further period
T it is certainly in the right-hand well, and so on ad infinitum. In classical
physics the particle would stay in whatever well it was in initially. In fact, the
position of a familiar light switch is governed by a potential that consists of
two similar adjacent potential wells, and such switches most definitely do not
oscillate between their on and off positions. We do not observe tunnelling in
the classical regime because E, — E, decreases with increasing W faster than
e 2" (Problem 5.16), so the time required for tunnelling to occur increases
faster than e and is enormously long for classical systems such as light
switches.

(5.21)

5.2.1 Ammonia

Nature provides us with a beautiful physical realisation of a system with a
double potential well in the ammonia molecule NH3. Ammonia contains four
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Figure 5.9 The two possible relative locations of nitrogen and hydrogen atoms in NHs.

nuclei and ten electrons, so is really a very complicated dynamical system.
However, in §11.5.2 we shall show that a useful way of thinking about the
low-energy behaviour of molecules is to imagine that the electrons provide
light springs, which hold the nuclei together. The nuclei oscillate around the
equilibrium positions defined by the potential energy of these springs. In
the case of NHj3, the potential energy is minimised when the three hydrogen
atoms are arranged at the vertices of an equilateral triangle, while the ni-
trogen atom lies some distance z away from the plane of the triangle, either
‘above’ or ‘below’ it (see Figure 5.9). Hence if we were to plot the molecule’s
potential energy as a function of x, we would obtain a graph that looked like
Figure 5.6 except that the sides of the wells would be sloping rather than
straight. This function would yield eigenenergies that came in pairs, as in
our square-well example.

In many physical situations the molecule would have so little energy that
it could have negligible amplitudes to be found in any but the two lowest-
lying stationary states, and we would obtain an excellent approximation to
the dynamics of ammonia by including only the amplitudes to be found in
these two states. We now use Dirac notation to study this dynamics.

Let |+) be the state whose wavefunction is analogous to the wavefunction
4 (x) defined above in the case of the double square well; then ¢ (z) =
(x]+), and in the state |+) the N atom is certainly above the plane containing
the H atoms. The ket |—) is the complementary state in which the N atom
lies below the plane of the H atoms.

The |+) states are linear combinations of the eigenkets |e) and |o) of the

Hamiltonian: 1

R

In the |+) basis the matrix elements of the Hamiltonian H are

|+) (le) £ |0}). (5.22)

(+|H|+) = L((e| + (o) H(le) + |0)) = 3(Ee + Eo)
(+|H|=) = 3({e| + (o])H(le) — |0)) = 3(Ec — E) (5.23)
(—|H|=) = 3({e| = (o])H(le) — |0)) = 3(Ee + E)

Bearing in mind that H is represented by a Hermitian matrix, we conclude
that it is _
E -A
H_<—A E)’ (5.24)

where E = £ (E. + E,) and A = £(E, — E.) are both positive.

Now the electronic structure of NHg is such that the N atom carries
a small negative charge —q, with a corresponding positive charge +q dis-
tributed among the H atoms. With NHj3 in either the |[+) or |—) state there
is a net separation of charge, so an ammonia molecule in these states pos-
sesses an electric dipole moment of magnitude ¢s directed perpendicular to
the plane of H atoms (see Figure 5.9), where s is a small distance.

Below equation (5.21) we saw that a molecule that is initially in the
state |4+) will subsequently oscillate between this state and the state |—) at
a frequency (E, — E.)/2mh = A/mh. Hence a molecule that starts in the
state |+) is an oscillating dipole and it will emit electromagnetic radiation
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at the frequency A/mh. This proves to be 150 GHz, so the molecule emits
microwave radiation.

The ammonia maser The energy 2A that separates the ground and first
excited states of ammonia in zero electric field is small, 10~%eV. Conse-
quently at room temperature similar numbers of molecules are in these two
states. The principle of an ammonia maser? is to isolate the molecules that
are in the first excited state, and then to harvest the radiation that is emit-
ted as the molecules decay to the ground state. The isolation is achieved
by exploiting the fact that, as we now show, when an electric field is ap-
plied, molecules in the ground and first excited states develop polarisations
of opposite sign.
We define the dipole-moment operator P by

Pl+) =—qs|+) ; Pl=)=+gs|-), (5.25)

so a molecule in the |+) state has dipole moment —gs and a molecule in the
|—) state has dipole moment +g¢s.? To measure this dipole moment, we can
place the molecule in an electric field of magnitude £ parallel to the dipole
axis. Since the energy of interaction between a dipole P and an electric field
£ is — P&, the new Hamiltonian is

_(E+q¢s A
H—( o E_q5$>. (5.26)

This new Hamiltonian has eigenvalues
Ey = E4+ /A2 + (¢€5)2. (5.27)

These are plotted as a function of field £ in Figure 5.10. When £ = 0 the
energy levels are the same as before. As & slowly increases, E increases
quadratically with &, because /A2 + (¢€s)% ~ A + (¢€s)?/2A, but when
& > A/qs the energy eigenvalues change linearly with £. Notice that in this
large-field limit, at lowest order the energy levels do not depend on A.

The physical interpretation of these results is the following. In the
absence of an electric field, the energy eigenstates are the states of well-
defined parity |e) and |o), which have no dipole moment. An electric field
breaks the symmetry between the two potential wells, making it energetically
favourable for the N atom to occupy the well to which the electric field is
pushing it. Consequently, the ground state develops a dipole moment P,
which is proportional to £. Thus at this stage the electric contribution to
the energy of the ground state, which is —PE&, is proportional to £2. Once

2 ‘maser’ is an acronym for “microwave amplification by stimulated emission of radiation”.

3 The N atom is negatively charged so the dipole points away from it.
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this contribution exceeds the separation A between the states of well-defined
parity, the molecule has shifted to the lower-energy state of the pair |£),
and it stays in this state as the electric field is increased further. Thus for
large fields the polarisation of the ground state is independent of £ and the
electric contribution to the energy is simply proportional to £.

While the ground state develops a dipole moment that lowers its energy,
the first excited state develops the opposite polarisation, so the electric field
raises the energy of this state, as shown in Figure 5.10. The response of the
first excited state is anomalous from a classical perspective.

Ehrenfest’s theorem (2.57) tells us that the expectation values of oper-
ators obey classical equations of motion. In particular the momentum of a

molecule obeys
d(pz) _ —<8V> (5.28)

dt Oz
where z is a Cartesian coordinate of the molecule’s centre of mass. The
potential depends on x only through the electric field £, so

oV o€
from which it follows that
d{ps) ,, 9€
e (P) 7 (5.30)

Since the sign of (P) and therefore the force on a molecule depends on
whether the molecule is in the ground or first excited state, when a jet of
ammonia passes through a region of varying £, molecules in the first excited
state can be separated from those in the ground state.

Having gathered the molecules that are in the excited state, we lead
them to a cavity that resonates with the 150 GHz radiation that is emitted
when molecules drop into the ground state. The operation of an ammonia
maser by Charles Townes and colleagues?* was the first demonstration of
stimulated emission and opened up the revolution in science and technology
that lasers have have since wrought.

5.3 Scattering of free particles

We now consider what happens when a particle that is travelling parallel
to the x axis encounters a region of sharply changed potential energy. In
classical physics the outcome depends critically on whether the potential
rises by more than the kinetic energy of the incoming particle: if it does, the
particle is certainly reflected, while it continues moving towards positive x in
the contrary case. We shall find that quantum mechanics predicts that there
are usually non-vanishing probabilities for both reflection and transmission
regardless of whether the rise in potential exceeds the initial kinetic energy.
We assume that each particle has well-defined energy E, so its wave-
function satisfies the TISE (5.2). We take the potential to be (Figure 5.11)

| Vy for|z|<a
V= { 0  otherwise, (5.31)

where Vj is a constant. At |z| > a the relevant solutions of (5.2) are

+ikz sin(kx + ¢) at x> a ) _ [2mE
‘ . {isin(—kx+¢) at < —q [ Vith k= e (5.32a)

4 Gordon, J.P., Zeiger, H.J., & Townes, C.H., 1954, Phys. Rev, 95, 282 (1954)
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Figure 5.11 A square, classically forbidden barrier and the functional forms for stationary
states of even (top) and odd parity.

where ¢ is a constant phase. Since the time dependence of these stationary
states is obtained by introducing the factor e 'F*/" a plus sign in e*F*
implies that the particle is moving to the right, and a minus sign is associated
with movement to the left. A wavefunction that is proportional to sin(kz+¢)
contains both types of wave with amplitudes of equal magnitude, so it makes
motion in either direction equally likely. At |z| < a the relevant solutions of
(5.2) are

KT op c9s(Kx) with K = M when FE >V}
sin(Kx) B2

1Kz cosh(Kx) . _[2m(Vp - E)
e or { sinh(Kz) with K = 7h2 when FE < Vj.

(5.32b)

In every case we have a choice between exponential solutions and solu-
tions of well-defined parity. Since our physical problem is strongly asymmet-
ric in that particles are fired in from negative x rather than equally from both
sides, it is tempting to work with the exponential solutions of the TISE rather
than the solutions of well-defined parity. However, the algebra involved in
solving our problem is much lighter if we use solutions of well-defined parity
because then the conditions that ensure proper behaviour of the solution
at * = a automatically ensure that the solution also behaves properly at

xr = —a; if we use exponential solutions, we have to deal with the cases
x = *+a individually. Therefore we seek solutions of the form
elz) = Bsin(k|x| + ¢) for |x| > a
) cos(Kx) or cosh(Kxz) otherwise;
B’sin(kx + ¢') forz > a (5.33)
Yo(x) = Asin(Kz) or Asinh(Kz) for |z| < a,
—B'sin(k|z| + ¢') otherwise,

where A, B, B, ¢ and ¢’ are constants. B, ¢ and ¢’ will be unambiguously
determined by the conditions at x = Za. These conditions will make B’
proportional to A, which we treat as a free parameter.

In our study of the bound states of potential wells in §5.1, the require-
ment that the wavefunction vanish at infinity could be satisfied only for
discrete values of E. These values of F (and therefore k£ and K) differed
between the even- and odd-parity solutions, so all energy eigenfunctions au-
tomatically had well-defined parity. In the case of a free particle, by contrast,
we will be able to construct both an even-parity and an odd-parity solution
for every given value of E. Linear combinations of these solutions . (z) and
o(x) of well-defined parity are energy eigenfunctions that do not have well-
defined parity. We now show that the sum these solutions of the TISE with
well-defined parity can be made to describe the actual scattering problem.

In the solution we seek, there are no particles approaching from the
right. Adding the even- and odd-parity solutions, we obtain at z > a a
solution of the form

Ye(z) + o (x) = Bsin(kx + ¢) + B sin(kx + ¢')

ikx —ikx
(Be*i‘z5 + B’e*i‘ﬁ,) )

- (Bei“b + B’ei“b/) - (534
2i




86 Chapter 5: Motion in step potentials

The condition that no particles are approaching from the right is
B = —Bel(?'~9), (5.35)

for then at = > a the solution becomes

Ve(x) + o(z) = %Bew(l — 2@ =9 (3> q), (5.36)

which includes only particles moving to the right. At z < —a the solution is
now

Ye(7) + ¢o(z) = Bsin(—kx + ¢) — B sin(—kz + ¢')
eikx . ., efikx . L
= . (_Be*“l5 + B/e*1¢7 ) +— (Bemb _ B/elqb )
2i 2i

. . efikx
_ elkxiB€71¢ +

S Bei¢ (1 + e21<¢’*¢>) .
2

(5.37a)

In the solution given by equations (5.36) and (5.37a) the incoming amplitude
is iBe™'*, while the amplitudes for reflection and transmission are

E,ei¢ (1+ eQiA‘z’) (reflected)

%1 (5.37b)
Eew (1- e?4?)  (transmitted),
i
where
Ap=¢ — ¢ (5.37¢)

is phase difference A¢ between the odd- and even-parity solutions at |x| >
a. From the ratios of the mod-squares of the outgoing amplitudes to that
of the incoming amplitude iB we have that the reflection and transmission
probabilities are

Preg = cos?(Ag) Pirans = sin®(Ag). (5.38)

Thus A¢ determines the reflection and transmission probabilities. Notice
that these formulae for the transmission and reflection probabilities have
been obtained without reference to the form of the wavefunction at |z| < a.
Consequently, they are valid for any scattering potential V' (x) that has even
parity and vanishes outside some finite region, here |z| < a.

The scattering cross section In the case that Vj < 0, so the scattering
potential forms a potential well, the outgoing wave at * > a represents
two physically distinct possibilities: (i) that the incoming particle failed to
interact with the potential well and continued on its way undisturbed, and
(ii) that it was for a while trapped by the well and later broke free towards
the right rather than the left. We isolate the possibility of scattering by
writing the amplitude of the outgoing wave as 1 + T times the amplitude
of the incoming wave. Here the one represents the possibility of passing
through undisturbed and T represents real forward scattering. From our
formulae (5.37) for the amplitudes of the incoming and outgoing waves we
have that

T=1 (eW - e2i¢) ~1 (5.392)

If we similarly write the amplitude of the reflected wave as R times the
amplitude of the incoming wave, then from the formulae above we have

R=-1 (e2i¢" + e2i¢) . (5.39b)
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The total scattering cross section® is defined to be the sum of the prob-
abilities for forward and backward scattering:

o=|R|*+|T* (5.40)

Now |R|? is just the reflection probability Peq, and the transmission proba-
bility is
Poans =1+ T)? =1+ TP+ T +T", (5.41)
S0
U:Prcﬂ+Ptrans_1_T_T*:_(T‘i‘T*). (542)

From equation (5.39a) we have an expression for the total scattering cross
section in terms of the phase angles

o =2 —cos(2¢) + cos(2¢). (5.43a)

The trigonometric identities 1 + cos2¢ = 2cos? ¢ and 1 — cos2¢ = 2sin? ¢
enable us to re-express the cross section as

o =2 (sin® ¢ +cos? ¢). (5.43Db)

5.3.1 Tunnelling through a potential barrier

Now consider the case Vy > E in which classical physics predicts that all
particles are reflected. From equations (5.33), the conditions for both the
wavefunction and its derivative to be continuous at x = a are

cosh(Ka) = Bsin(ka + ¢) Asinh(Ka) = B’ sin(ka + ¢')
K sinh(Ka) = Bk cos(ka + ¢) K Acosh(Ka) = B'kcos(ka + ¢'),
(5.44a)
where
k= 2L k= E) (5.44D)
h h

Dividing the equations of each pair into one another to eliminate the con-
stants A, B and B’, we obtain

tan(ka + ¢) = (k/K)coth(Ka) or tan(ka+ ¢') = (k/K)tanh(Ka).
(5.45)
On account of the fact that for any z, tan(z+7) = tan z, the equations have
infinitely many solutions for ¢ and ¢’ that differ by rm, where r is an integer.
From equations (5.39) and (5.43a) we see that these solutions give identical
amplitudes for reflection and transmission and the same value of the total
scattering cross section 0. Hence we need consider only the unique values of
¢ and ¢ that lie within +m/2 of —ka.
Equations (5.38) show that the transmission and reflection probabilities
are determined by the phase difference A¢p = ¢’ — ¢. From (5.45) we have

A¢ = arctan <% tanh(Ka)) — arctan (% coth(Ka)) . (5.46)

Figure 5.12 shows the transmission probability sin®(A¢) as a function of
the energy of the incident particle for (2mVpa?/h?)Y/? = 0.5,1 and 1.5. We
see that for the most permiable of these barriers the transmission probability
reaches 50% when the energy is less than a third of the energy, Vj, classically
required for passage. On the other hand, the transmission probability is still

5 This definition of the total scattering cross section only applies to one-dimensional
scattering problems. See §12.3 for the definition of the total scattering cross section that
is appropriate for realistic three-dimensional experiments.
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Figure 5.12 The transmission probability for a particle incident on a potential-energy
barrier of height Vj and width 2a as a function of the particle’s energy. The curves are
labelled by the values of the dimensionless parameter (2mVpa?/h%)1/2.

only 80% when E = Vj and classically the particle would be certain to pass.
A barrier of the same height but three times as thick allows the particle to
pass with only 2% probability when E = V4/3, and even when E = V; the
chance of passing this thicker barrier is only a third.

When the barrier is high, Ka > 1 so both ¢t = tanh(Ka) and coth(Ka) =
1/t are close to unity:
effa — e~
eKa + e—Ka

Ka

t = tanh(Ka) = ~ (1 —e 2K0)2, (5.47)

Consequently, the arguments of the two arctan functions in equation (5.46)
are similar and we can obtain an approximate expression for A¢ by writing

arctan (ﬁt) = arctan (i + i(t2 - 1)>

K Kt Kt
~ arctan (i) + _ i(t2 -1)
Kt 14 (k/Kt)? Kt ’

where we have used the standard formula d arctanz/dx = 1/(1 + 2?). Using
equations (5.47) and (5.48) in equation (5.46), and we have

(5.48)

4 —2Ka 4k
© Nem2Ka (g 1). (5.49)

Apr~r —————— ~ —
¢ Kt/k+k/Kt K

Thus the probability of passing the barrier, sin?(A¢), decreases like e 4@

as the barrier gets higher.

5.3.2 Scattering by a classically allowed region

Now consider the case of scattering by the square potential (5.31) when
E > V), so the region of non-zero potential is classically allowed. Physically
that region could be a classically surmountable barrier (Vo > 0) or a potential
well (Vp < 0). At |z|] < a the wavefunctions of well-defined parity are now
either cos(Kx) or Asin(Ka) and from equation (5.33) the conditions for
continuity of the wavefunction and its derivative at © = a are

cos(Ka) = Bsin(ka + ¢) Asin(Ka) = B'sin(ka + ¢')
—K sin(Ka) = Bk cos(ka + ¢) } { KAcos(Ka) = B'kcos(ka + ¢'),
(5.50a)
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Figure 5.13 The probability of reflection by three potential barriers of height Vp and
three half-widths a as functions of E/Vp. The curves are labelled by the dimensionless
parameter (2mVpa?/h2)1/2.

where

2mE and K — 2m(E —Vp)

VTR 2

. (5.50D)

By dividing the second equation of each pair into the first we obtain equations
that uniquely determine the two solutions:

tan(ka+¢) = —(k/K) cot(Ka) or tan(ka+¢') = (k/K)tan(Ka). (5.51)

The points in Figure 5.13 at E' > 1} were obtained by solving these equations®
for ¢ and ¢’ and then calculating the reflection probability cos?(¢’ — ¢), while
the remaining points were obtained from equations (5.46) for E < V,. We
see that for all three barrier widths the reflection probability obtained for
E > Vy joins smoothly onto that for £ < V. The reflection probability
tends to zero with increasing F/Vj as we would expect, but its dependence
on the thickness of the barrier is surprising: for E/Vy = 2 the thickest
barrier has the lowest reflection probability. In fact, the reflection probability
vanishes for E slightly larger than 2V, and then increases at larger energies.
Similarly, the probability for transmission through the next thickest barrier
vanishes near £ = 3.5V. The cause of this unexpected phenomenon is
quantum interference between the amplitudes to be reflected from the front
and back edges of the barrier, which cancel each other when the barrier is of
a particular thickness.

When the constant Vj in the potential (5.31) is negative, there is a po-
tential well around the origin rather than a barrier. In the classical regime
the probability of reflection is zero, but as Figure 5.14 shows, it is in general
non-zero and is large near E/|Vy| < 1. The oscillations in the reflection prob-
ability apparent in Figure 5.14 are caused by quantum interference between
reflections from the two edges of the well.

5.3.3 Resonant scattering

In the limit that a barrier becomes very high, the probability that it reflects
an incoming particle tends to unity. Consequently, a particle that encounters
two high barriers (Figure 5.15) can bounce from one barrier to the other a
great many times before eventually tunnelling through one of the barriers and

6 An explicit expression (5.78) for the reflection probability in terms of ka and Ka and
without reference to ¢ or ¢’ can be derived (Problem 5.10). This formula is useful when
limiting cases need to be examined.
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Figure 5.14 The probability for reflection by square potential wells of depth |[Vp|. The
full curve is for (2m|V|a?/h?)*/? = 3 and the dashed curve is for a well only half as wide.
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Figure 5.15 Schematic of the potential-energy function V(x) experienced by an a-particle
near an atomic nucleus. The short-range ‘strong’ force causes the particle’s potential
energy to rise extremely steeply at the edge of the nucleus. The long-range electrostatic
repulsion between the nucleus and the alpha particle causes V(z) to drop steadily as the
a-particle moves away from the nucleus.

Ye=B sin(—kx+¢) cos(kx) B sin(kx+¢)

Y,=—B’ sin(—kx+¢’') |A sin(kx) B’ sin(kx+¢’)

—a a

Figure 5.16 A pair of é-function potentials form a well within which a particle can be
trapped. The forms taken by the wavefunctions of the stationary states of even (top) and
odd parity are shown.

escaping to infinity. This situation arises in atomic nuclei because the short-
range ‘strong’ force confines charged particles such as protons and helium
nuclei (a-particles) within the nucleus even though it would be energetically
advantageous for them to escape to infinity: the electrostatic energy released
as the positively charged particle recedes from the positively charged nucleus
can more than compensate for the work done on the strong force in moving
beyond its short effective range (Figure 5.15). Some types of radioactivity —
the sudden release of a charged particle by a nucleus — are caused by these
particles tunnelling out of a well that has confined them for up to several
gigayears. We now use a toy model of this physics to demonstrate that there
is an important link between the cross section for scattering by a well and the
existence of long-lived bound states within the well. This connection makes
it possible to probe the internal structure of atomic nuclei and ‘elementary’
particles with scattering experiments.

We model the barriers that form the potential well by d-function poten-
tials, located at z = *+a:

V(z) =Vs{é(x +a)+d(x—a)} with Vs >O0. (5.52)
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Figure 5.17 The total scattering cross sections of double §-function barriers as a function
of the wavenumber of the incoming particle. The barriers are located at = +a. The full
curve is for high barriers (2mVsa/h? = 40) while the dotted curve is for lower barriers
(2mVsa/h? = 10).

By integrating the TISE

h? d2y

for an infinitesimal distance across the location of the §-function barriers
in equation (5.52), we find that a barrier introduces a discontinuity in the
gradient of the wavefunction of magnitude (cf. eq. 5.13)

[%} = Kv, where K =

2mVy
dx '

2 (5.54)
Hence the energy eigenstates that will enable us to calculate scattering by a
double-d-function system take the form of sinusoids at |z| < a and at |z| > a
that join continuously at x = +a in such a way that their gradients there
differ in accordance with equation (5.54) (Figure 5.16).

At 2 = a the requirements on the even-parity solution t.(x) that it be
continuous and have the prescribed change in derivative, read

Bsin(ka + ¢) = cos(ka)

5.55
kB cos(ka + ¢) = —ksin(ka) + K cos(ka). (5.55a)
Similarly the conditions on the odd-parity solution ,(z) are
B'sin(ka + ¢') = Asin(ka) (5.55b)

kB’ cos(ka + ¢') = kA cos(ka) + K Asin(ka).

Dividing one equation in each pair by the other to eliminate A, B and B’ we
obtain
cot(ka + ¢) = K/k — tan(ka)

cot(ka + ¢') = K/k + cot(ka). (5:56)

From these expressions and equations (5.38) we can easily recover the prob-
ability sin?(¢’ — ¢) that an incoming particle gets past both J-function bar-
riers. More interesting is the total scattering cross section, which is related
to the phases by equation (5.43b). Figure 5.17 shows as a function of the
wavenumber of the incoming particle the cross sections for barriers of two
heights. The height of a barrier is best quantified by the dimensionless num-
ber 2mVsa/h? = Ka. The full curve in Figure 5.17 is for the case that
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Ka = 40 and the dotted curve is for the case of a lower barrier such that
Ka =10. In each case the cross section shows a series of peaks. In the case
of the higher barrier, these peaks lie near ka = nr/2, with n = 1,2,.... In
the case of the lower barrier the peaks are less sharp and occur at slightly
smaller values of ka.

If the barriers were so high as to be impenetrable, the particle would have
bound states with ka = nm/2, which is the condition for the wavefunction to
vanish at x = +a. Each peak in the scattering cross section is associated with
one of these bound states. Physically, the scattering cross section is large
near the energy of a bound state because at such an energy the particle can
become temporarily trapped between the barriers, and after a delay escape
either to the right or the left.

When the barriers have only finite height, the state [trap) in which
the particle is initially trapped in the well is not a stationary state, and
its expansion in stationary states will involve states whose energies span a
non-zero range, say (Eo — I'/2, Ey + I'/2). For simplicity we assume that
[trap) has even parity, so it can be expressed as a linear combination of the
even-parity stationary states |e; E):

Eo+T/2
[trap) = / dE a(E)|e; E), (5.57)
Eo—T/2

where a(F) is the amplitude to measure energy E. Outside the well the
wavefunction of this state is

Eo+T/2
Yirap(T) X /E s dE o(E)sin(kz + ¢) (x> a). (5.58)

Below we shall find that when the well is very deep, ¢ becomes a sensitive
function of E in the neighbourhood of particular ‘resonant’ energies. Then
the sines in equation (5.58) cancel essentially perfectly on account of the
rapidly changing phase ¢(E). When the integral is small, there is negligible
probability of finding the particle outside the well.

The evolution of 1)¢rap With time is obtained by adding the usual factors
e 1E/h in the integral of equation (5.58):

E()JrF/Q .
Yirap (T,1) / dE a(E)sin(kx 4+ ¢) e EVR (2 > a). (5.59)
Eo—T/2

After a time of order h/T" the relative phases of the integrand at Ey—I'/2 and
Ey + TI'/2 will have changed by 7 and the originally perfect cancellation of
the sines will have been sabotaged. The growth of the value of the integral,
and therefore the wavefunction outside the well, signals increasing probability
that the particle has escaped from the well. The more rapidly ¢ changes with
FE, the smaller is the value of I at which a negligible value of the integral in
equation (5.58) can be achieved, and the smaller T is, the longer the particle
is trapped. Thus sensitive dependence of the phases on energy is associated
with long-lived trapped states, which are in turn associated with abnormally
large scattering cross sections. Notice that in Figure 5.17 the peaks are
narrower at small values of k because the smaller the particle’s energy is, the
smaller is its probability of tunnelling through one of the barriers.

The Breit—Wigner cross section We have seen that when particles are
scattered by a model potential that contains a well, the total scattering cross
section has narrow peaks. The physical arguments given above suggest that
this behaviour is generic in the sense that it is related to the time it takes
a particle to tunnel out of the well after being placed there. What we have
yet to do is to understand mathematically how the fairly simple formulae
(5.43b) and (5.56) generate sharp peaks in the energy dependence of . An
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Figure 5.18 The values of the phases ¢ (full curve) and ¢’ (dashed curve) from equations
(5.56) as functions of the wavenumber of the incoming particle when the latter is scattered
by the double d-function well (eq. 5.52). These results are for the case 2mVsa/h2 = 40.

understanding of this phenomenon will motivate a simple analytic model of
resonant scattering that is widely used in experimental physics.

Figure 5.18 shows the values of the phases ¢ and ¢’ that solve equation
(5.56). For most values of k (and therefore E), the two angles are equal, so
the sum sin® ¢/ + cos? ¢ in equation (5.43b) is unity. The peaks in o occur
where ¢ and ¢’ briefly diverge from one another at the integral-sign features
in Figure 5.18, which we shall refer to as ‘glitches’.

We are interested in the case K/k > 1. Then for most values of ka
the right sides of equations (5.56) are dominated by the first term, so the
cotangent on the left is equal to some large positive value, and its argument
lies close to zero. However each time ka/m approaches (2r + 1)7w/2 with r
an integer, the tangent in the first equation briefly overwhelms K/k and the
right side changes from a large positive number to a large negative number.
Consequently the argument of the cotangent on the left quickly increases to
a value close to 7. As ka increases through (2r 4+ 1)7/2, the tangent instan-
taneously changes sign, and the argument of the cotangent instantaneously
returns to a small value. Examination of the third glitch in Figure 5.18 con-
firms that ¢ rises rapidly but continuously by almost 7 and then suddenly
drops by exactly 7 as this analysis implies. The abrupt rise in ¢ is centred
on the point at which ka + ¢ = 7/2, at which point ¢ ~ —rm because at a
glitch ka ~ (2r + 1)m/2. Consequently, glitches in ¢ are centred on points
at which cos?(¢) = 1. Meanwhile ¢ ~ —(2r + 1)7/2, so sin*(¢') = 1 and
equation (5.43b) gives 0 = 4. A very similar analysis reveals how the second
of equations (5.56) generates glitches in ¢’.

Putting this argument on a quantitative basis, we Taylor expand tan(ka)
around the resonant value of k, kr, at which tan(kra) = K/kg. Then

K/k — tan(ka) ~ —sec?(kra)adk = —(1 + K?/k3)adk, (5.60)

where 0k = k — kr. We also observe that glitches in ¢ occur where ka ~
(2r 4+ 1)7/2, so

cos(ka) cos(¢) —sin(ka)sing
sin(ka) cos ¢ + cos(ka) sin(¢)

cot(ka + ¢) = —tan¢. (5.61)

With these approximations the first of equations (5.56) reads

tan¢ ~ (14 K*/k3) adk.
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Figure 5.19 The total cross section for the scattering of neutrons by 238U nuclei. (From
data published in L.M. Bollinger, et al., Phys. Rev., 105, 661 (1957))

Equation (5.43b) now gives the cross section as

s (o0 )

1 + tan?
' +tan” ¢ (5.62)
~ 2 (sin? ¢’ .
(Sm Yt ira +K2/k§)2a2(5k)2)
Thus in the vicinity of the resonant energy Eg = EQk% /2m, where
m
0k = ———(FE — ER), 5.63
(B = En) (5.63)
the cross section has the form
2(T/2)?
= tant 5.64
o = constant + T2+ (F—FnE " (5.64a)
where ) 2.3
2h°k 20k
r= R ~ R (5.64b)

14+ K2/k%)am ~ KZ2am’
R

I' has the dimensions of energy and is the characteristic width of the reso-
nance. Experimental data for the energy dependence of cross sections are
often fitted to the functional form defined by equation (5.64a), which is
known as the Breit—Wigner cross section. Figure 5.19 shows a typical
example.

The dependence on energy of the phase ¢ and the total scattering cross
section ¢ in the vicinity of a peak in ¢ is reminiscent of the behaviour near
a resonance of a lightly damped harmonic oscillator (Box 5.1).

By the uncertainty principle, the width I" of the Breit-Wigner cross
section (5.64a) corresponds to a time scale

E _ K2am
I 2nkd

tr (5.65)

A naive calculation confirms that tg is the timescale on which a particle
escapes from the well. When a particle encounters a d-function barrier, it is
easy to show (Problem 5.11) that its probability of tunnelling through the
barrier is

4
> ~4(kg/K)? for K> kg. (5.66)

Pun:7
' 4+ (K/kr)
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Box 5.1: Analogy with a damped oscillator

When a weakly damped harmonic oscillator is driven at some angular
frequency w, the phase of the steady-state response changes sharply in
the vicinity of the oscillator’s resonant frequency wgr. Specifically, if the
oscillator’s equation of motion is

&+ i 4 whz = F cos(wt),
then the steady-state solution is z = X cos(wt — ¢), where

X = r and ¢ = arctan (%) .
\/(W%{ —w?)? £ 20?2 Wwh —w

As the driving frequency approaches the resonant frequency from below,
the phase lag ¢ increases from near zero to 7/2. As the driving frequency
passes through resonance, ¢ drops discontinuously to —m/2, and then in-
creases to near zero as w? — w% becomes large compared to w~y. These
results suggest a picture in which a quantum well is an oscillator that
is being driven by the incoming probability amplitude. The oscillator’s
level of damping is set by the well’s characteristic energy I' of equa-
tion (5.64b), and the form of the Breit—Wigner cross section of equation
(5.64a) mirrors the Lorentzian form of the oscillator’s amplitude X.

Hence the probability of remaining in the well after bouncing n times off the
walls is

Ptrap = (1 - Ptun)n- (567)

The particle moves from one barrier to the other in a time t¢ = 2am/hkg
and in this time the logarithm of Pi,p changes by In(1 — Pyyyn) ~ —Piyn, SO

Prun 1
SR (5.68)

d
— In(Pirap) = g

dt

where tg is given by equation (5.65). Thus this simple physical argument
confirms that i/T" is the characteristic time for the particle to remain in the
well.

5.4 How applicable are our results?

It seems unlikely that any real system has a discontinuous potential V (), so
our results are of practical interest only if sufficiently steep changes in V' can
be treated as discontinuous. We now investigate how abrupt a change in po-
tential must be for results obtained under the assumption of a discontinuous
potential to be applicable.

When the wavefunction is evanescent (i.e. o e on one side of the
discontinuity, our results carry over to potentials that change continuously:
where E < V(x), the wavefunction is no longer a simple exponential but
its phase remains constant and its amplitude decreases monotonically, while
in the region E > V() the sinusoidal dependence v(z) oc e!** is replaced
by some other oscillatory function of similar amplitude. Qualitatively the
results we have obtained for particles confined by a step potential carry over
to continuously varying potentials when E < V on one side of a region of
varying potential.

The situation is less clear when E > V(z) on both sides of the change
in the potential. The relevance to such cases of our solutions for step po-
tentials can be investigated by solving the TISE numerically for a potential

iK;E)
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Figure 5.20 The full curve shows the probability of reflection when a particle moves from
x = —oo in the potential (5.69) with energy E = h%k2/2m and Vp = 0.7E. The dotted
line is the value obtained for a step change in the potential (Problem 5.4).
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Figure 5.21 Each curve shows the reflection probability when a particle with kinetic
energy E encounters a region in which the potential V(z) smoothly changes to Vp over
a distance 2b, and then smoothly returns to zero; the change in V is given by equation
(5.69) with x replaced by x + a, and the fall is given by the same equation with x replaced
by —(x — a). The full curves are for ka = 30 and the dashed curves for ka = 15. The
left panel is for barriers of height Vo = 0.7F, while the right panel is for potential wells
(Vo = —0.7E).

that changes over a distance that can be varied (Problem 5.15). Consider
for example

0 for z < —b
V(z) =Vo{ 3[1+sin(rz/2b)] for |z <b (5.69)
1 for x > b,

which changes from 0 to Vj over a distance 2b centred on the origin. Fig-
ure 5.20 shows the probability of reflection when a particle with energy
R2 k2 /2m = V;/0.7 encounters this rise in potential energy as it approaches
from x = —oo. For kb < 1, the probability of reflection is close to that ob-
tained for the corresponding step potential (Problem 5.4), but it falls to very
much smaller values for kb 2 2.7 Thus treating a rapid change in potential
energy as a discontinuity can lead to a serious over-estimate of the reflected
amplitude.

Figure 5.21 shows reflection probabilities for particles of energy E that
encounter a finite region of elevated or depressed potential energy as a func-
tion of the sharpness of the region’s sides — the changes in potential energy
occur in a distance 2b as described by equation (5.69). The left panel is for
potential barriers of height 0.7F and the right panel is for potential wells of

7 The ‘WKBJ’ approximation derived in §11.6 provides an analytic approximation to
the solution of the TISE when kb is significantly larger than 27.
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depth 0.7E. The full curves are for the case in which the region’s half-width
a satisfies ka = 30, where k is the wavenumber of the incoming and outgoing
wavefunctions, while the dashed curves are for regions only half as wide. The
left panel shows that when kb = 1, the reflection probability generated by a
smooth barrier is smaller than that for a sharp step by a factor ~ 1.7, and
when kb = 2 it is nearly a factor ten smaller than in the case of an abrupt
barrier. The right panel shows that in the case of a potential well, even
smaller values of kb are required for the assumption of an abrupt change in
V(z) to be useful. Thus these results confirm the implication of Figure 5.20
that modelling a change in potential energy by a sharp step is seriously mis-
leading unless the half width of the transition region b satisfies the condition
kb < 1.

The amplitude to be reflected by a region of varying potential energy
decreases rapidly with increasing half width b of the transition region, but
the amplitudes to be reflected at the leading and trailing edges of a region
of varying potential remain comparable. Consequently, destructive interfer-
ence between these amplitudes is possible for all values of b. Moreover, the
phases of the reflected amplitudes depend on b, so the plots of overall reflec-
tion probability versus b in Figure 5.21 show there are regular nulls in the
probability for reflection like those we see in Figure 5.14 for the probability
for reflection by an abrupt potential well.

We conclude that many qualitative features of results obtained with step
potentials also hold for continuous potentials, but results obtained for step
potentials with no classically forbidden region are quantitatively misleading
when applied to continuous potentials unless the distance over which the
potential changes is small compared to the de Broglie wavelength A = h/p
of the incident particles.

Let’s consider under what circumstances this condition could be satisfied
for a stream of electrons. The de Broglie wavelength of electrons with kinetic

energy F is
B\ V2
A=1.16 (m) nm. (5.70)

For the one-dimensional approximation to apply, we need the beam to be
many A wide, and for the step approximation to be valid, we require the
change in potential to be complete well inside A. In practice these conditions
can be simultaneously satisfied only when the potential change is associated
with a change in the medium through which the electrons are propagating.
If the medium is made of atoms, the change must extend over at least the
characteristic size of atoms 0.1 nm. Hence we require £ S 1eV.

Realistically step potentials are relevant only for less massive particles,
photons and neutrinos. The propensity for some photons to be transmit-
ted and some reflected at an abrupt change in potential, such as that at a
glass/air interface, plays an important role in optics. By contrast, electrons,
neutrons and protons are unlikely to be partially transmitted and partially
reflected by a region of varying potential.

These considerations explain why the phenomenon of partial reflection
and partial transmission is unknown to classical mechanics, which is con-
cerned with massive bodies that have de Broglie wavelengths many orders of
magnitude smaller than an atom at any experimentally accessible energy.
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5.5 Summary

In this chapter we have examined some highly idealised systems and reached
some surprising conclusions.

Any one-dimensional potential well has at least one bound state, and
may have more depending on the size of the value of the dimensionless
parameter W defined by equation (5.8), with V5 and a interpreted as
the well’s characteristic depth and width, respectively.

A particle trapped by a very narrow or shallow well has negligible prob-
ability of being found in the well.

When solving the TISE in the presence of an infinite step in the potential,
we should require the wavefunction to vanish at the base of the step.
When two identical square potential wells are separated by a barrier,
the eigenenergies occur in pairs, and the associated wavefunctions have
either even or odd parity with respect to an origin that is symmetrically
placed between the wells. The even-parity state of a pair lies slightly
lower in energy than the odd-parity state. A sum of the lowest two
eigenstates is a state in which the particle is certainly in one well, while
the difference gives a state in which the particle is certainly in the other
well. A particle that starts in one well oscillates between the wells with a
period inversely proportional to the difference between the eigenenergies.
The particle is said to ‘tunnel’ through the barrier that divides the two
wells at a rate that decreases exponentially with the product of the
barrier’s height and the square of its width.

In an ammonia molecule the nitrogen atom moves in an effective poten-
tial that provides two identical wells and the above model explains how
an ammonia maser works.

A free particle has a non-zero probability to cross a potential barrier
that would be impenetrable according to classical physics. On the other
hand, if the potential changes significantly within one de Broglie wave-
length, a particle generally has a non-zero probability of being reflected
by a low barrier that classical physics predicts will be crossed.

The probabilities for a free particle to be reflected or transmitted by a
potential barrier or a well with very steep sides oscillate as functions of
the particle’s energy on account of quantum interference between the
amplitudes to be reflected at the front and back edges of the barrier or
well.

When a free particle is scattered by a region that contains a potential
well, the total scattering cross section peaks in the vicinity of the energies
of the well’s approximately bound states. Longer-lived bound states are
associated with sharper peaks in a plot of scattering cross section versus
energy because the width in energy of a peak, I', and the lifetime ¢y of
the corresponding bound state are related by the uncertainty relation
tol ~ h.

The Breit—-Wigner formula (5.64a) gives the energy-dependence of a scat-
tering cross-section near a resonance, and the timescale % /T" that appears
in it is the typical time for which a particle is trapped.

The results we have obtained for discontinuous potentials V' (z) are an
accurate guide to what will happen when the potential changes contin-
uously when either (i) the particle is classically forbidden on one side
of the change, or (ii) the change is complete within a fraction of a de
Broglie wavelength. When the potential changes more gradually, the
amplitude to be reflected by the region of changing potential is typically
much smaller than in our idealised examples, but, as in these examples,
the amplitude to be reflected oscillates as a function of energy.
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Problems

5.1 A particle is confined by the potential well

0 forlz|<a
Viz) = 5.71
() { oo otherwise. ( )

Explain (a) why we can assume that there is a complete set of stationary
states with well-defined parity and (b) why to find the stationary states we
solve the TISE subject to the boundary condition t(+a) = 0.

Determine the particle’s energy spectrum and give the wavefunctions of
the first two stationary states.

5.2 At t = 0 the particle of Problem 5.1 has the wavefunction

1/}(x) — {1/\/% for |CL'| <a (5.72)

0 otherwise.

Find the probabilities that a measurement of its energy will yield: (a)
9h2 12 /(8ma?); (b) 16h%72/(8ma?).

5.3 Find the probability distribution of measuring momentum p for the
particle described in Problem 5.2. Sketch and comment on your distribution.
Hint: express (p|z) in the position representation.

5.4 Particles move in the potential

0 forx<O
Viz) = { Vo for z > 0. (5.73)
Particles of mass m and energy E > Vj are incident from z = —oo. Show
that the probability that a particle is reflected is
k—K\?
5.74
(k: + K ) ’ (5.74)

where k = V2mE/h and K = /2m(E — V) /h. Show directly from the

TISE that the probability of transmission is

kK

TR (5.75)

and check that the flux of particles moving away from the origin is equal to
the incident particle flux.

5.5 Show that the energies of bound, odd-parity stationary states of the
square potential well

— O fOI' |I‘| <a
Vie) = {VO >0 otherwise, (5.76)

are governed by

[ W2 2mVpa?
cot(ka) = — )~ 1 where W= mﬁ;a and k% =2mE/h’.

(5.77)
Show that for a bound odd-parity state to exist, we require W > /2.




100 Problems

real()

o
T T T T[T T T[T T T[T

real(y)
=

,L T T[T 7]
|
o
(9]
(@
o
[$))
—

Figure 5.22 The real part of the wavefunction when a free particle of energy FE is scattered
by a classically forbidden square barrier barrier (top) and a potential well (bottom). The
upper panel is for a barrier of height Vo = E/0.7 and half width a such that 2mE'a2/FL2 =1.
The lower panel is for a well of depth Vy = E/0.2 and half width a such that 2mFEa?/h? =
9. In both panels (2mFE/h?)'/2 = 40.

tan(ka-+¢’)

tan(ka-+¢) Figure 5.23 A triangle for Prob-
lem 5.10

5.6 Show that the correctly normalised wavefunction of a particle trapped
by the potential V (z) = —Vsd(z) is ¢(z) = VKe K17l where K = mV;/h*.
Show that although this wavefunction makes it certain that a measurement
of x will find the particle outside the well where its kinetic energy is nega-
tive, the expectation value of its kinetic energy (Fx) = %me /h? is in fact
positive. Reconcile this apparent paradox as follows: (i) show that for a
narrow, deep potential well of depth Vj and half-width a, with 2Vha = V5,
ka ~ W = (2mVya?/h*)*/?, while Ka ~ W?2. (ii) Hence show that the con-
tribution from inside the well to (Ex) is |¢(0)|>Vs regardless of the value of
a. Explain physically what is happening as we send a — 0.

5.7 Reproduce the plots shown in Figure 5.22 of the wavefunctions of par-
ticles that are scattered by a square barrier and a square potential well. Give
physical interpretations of as many features of the plots as you can.

5.8 Give an example of a potential in which there is a complete set of
bound stationary states of well-defined parity, and an alternative complete
set of bound stationary states that are not eigenkets of the parity operator.
Hint: modify the potential discussed apropos NHj.

5.9 A free particle of energy E approaches a square, one-dimensional po-
tential well of depth V{, and width 2a. Show that the probability of being
reflected by the well vanishes when Ka = nm/2, where n is an integer and
K = (2m(E + Vp)/h*)*/2. Explain this phenomenon in physical terms.

5.10 Show that the phase shifts ¢ (for the even-parity stationary state)
and ¢’ (for the odd-parity state) that are associated with scattering by a
classically allowed region of potential Vi and width 2a, satisfy

tan(ka + ¢) = —(k/K)cot(Ka) and tan(ka+ ¢') = (k/K)tan(Ka),
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where k and K are, respectively, the wavenumbers at infinity and in the
scattering potential. Show that

(K/k —k/K)?sin*(2Ka)

(K/k+ k/K)%sin®(2Ka) + 4 cos?(2Ka)’ (5.78)

Preﬂ = COS2 (¢/ - (b) =

Hint: apply the cosine rule for an angle in a triangle in terms of the lengths
of the triangle’s sides to the top triangle in Figure 5.23.

5.11 A particle of energy E approaches from x < 0 a barrier in which the
potential energy is V(z) = Vs6(x). Show that the probability of its passing
the barrier is

1 2mE 2mVi
Pun = h k = —5 =
= TR 2k e n? n?

. (5.79)

5.12 An electron moves along an infinite chain of potential wells. For
sufficiently low energies we can assume that the set {|n)} is complete, where
|n) is the state of definitely being in the n'" well. By analogy with our
analysis of the NH3 molecule we assume that for all n the only non-vanishing
matrix elements of the Hamiltonian are £ = (n|H|n) and A = (n + 1|H|n).
Give physical interpretations of the numbers A and £.

Explain why we can write

H= Z Eny(n| + A(ln)(n+ 1]+ |n+1)(n|). (5.80)

Writing an energy eigenket |E) =Y an|n) show that
am(E — &) — A(am+1 + am—1) = 0. (5.81)

Obtain solutions of these equations in which a,, o ¢*™ and thus find the
corresponding energies Fi. Why is there an upper limit on the values of k
that need be considered?

Initially the electron is in the state

I
Y

where 0 < k < 1 and 0 < A < k. Describe the electron’s subsequent motion
in as much detail as you can.

) (|Ex) + |Exta)) (5.82)

5.13* In this problem you investigate the interaction of ammonia molecules
with electromagnetic waves in an ammonia maser. Let |+) be the state in
which the N atom lies above the plane of the H atoms and |—) be the state in
which the N lies below the plane. Then when there is an oscillating electric
field &€ coswt directed perpendicular to the plane of the hydrogen atoms, the
Hamiltonian in the |£) basis becomes

[ E+q¢€scoswt —A
= < —A E—¢Es coswt) ' (5.83)

Transform this Hamiltonian from the |+) basis to the basis provided by the
states of well-defined parity |e) and |o) (where |e) = (|+) + |=))/V/2, etc).
Writing

[¥) = ac(t)e P!/ e) + ao(t)e "/ o), (5.84)

show that the equations of motion of the expansion coefficients are

da.

dt
da,

dt

= —iQa,(t) (ei(w—wo)t + efi(erwo)t)
(5.85)

= —iQac(t) (eiwm)t + efiw%)t) ,
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where Q = ¢€s/2h and wy = (E, — E,)/h. Explain why in the case of a
maser the exponentials involving w + wg a can be neglected so the equations
of motion become

dae
dt

) d .
= —iQa, (t)e!@ w0t % = —iQac(t)e w0, (5.86)

Solve the equations by multiplying the first equation by e~ (“~«0)t and differ-
entiating the result. Explain how the solution describes the decay of a popu-
lation of molecules that are initially all in the higher energy level. Compare
your solution to the result of setting w = wy in (5.86).

5.14 238U decays by o emission with a mean lifetime of 6.4 Gyr. Take the
nucleus to have a diameter ~ 10~ m and suppose that the « particle has
been bouncing around within it at speed ~ ¢/3. Modelling the potential
barrier that confines the « particle to be a square one of height V; and width
2a, give an order-of-magnitude estimate of W = (2mVpa?/h?)'/2. Given
that the energy released by the decay is ~ 4 MeV and the atomic number
of uranium is Z = 92, estimate the width of the barrier through which the
a particle has to tunnel. Hence give a very rough estimate of the barrier’s
typical height. Outline numerical work that would lead to an improved
estimate of the structure of the barrier.

5.15* Particles of mass m and momentum hk at x < —a move in the
potential

0 for z < —a
V(z) =V { (1 +sin(rz/2a)] for |z] < a (5.87)
1 for z > a,

where Vy < h2k? /2m. Numerically reproduce the reflection probabilities
plotted Figure 5.20 as follows. Let ¢; = ¢ (z;) be the value of the wavefunc-
tion at z; = jA, where A is a small increment in the x coordinate. From
the TISE show that

¥ = (2= AR i1 — 2, (5.88)

where k = \/2m(E — V) /h. Determine t; at the two grid points with the
largest values of x from a suitable boundary condition, and use the recurrence
relation (5.88) to determine 1; at all other grid points. By matching the
values of ¢ at the points with the smallest values of x to a sum of sinusoidal
waves, determine the probabilities required for the figure. Be sure to check
the accuracy of your code when Vy = 0, and in the general case explicitly
check that your results are consistent with equal fluxes of particles towards
and away from the origin.

Equation (11.40) gives an analytical approximation for ¢ in the case
that there is negligible reflection. Compute this approximate form of 1) and
compare it with your numerical results for larger values of a.

5.16* In this problem we obtain an analytic estimate of the energy differ-
ence between the even- and odd-parity states of a double square well. Show
that for large 6, cothf — tanh @ ~ 4e~2%. Next letting 6k be the difference
between the k values that solve

w2 coth ( w2 — (k:a)z) even parity
tan[rm — k(b —a)[/ 75 — 1=
(ka) tanh ( w2 — (k:a)z) odd parity,
(5.89a)
where
2
W= ) 2Ved” (5.89b)

h2
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for given r in the odd- and even-parity cases, deduce that

{ [<%_1)”Z (2 _1>‘“2] - k(1o <f;;;)‘l L

~ —4exp [—2 w2 — (ka)ﬂ .
(5.90)

Hence show that when W > 1 the fractional difference between the energies
of the ground and first excited states is

oE —8a  _ow. /1ZE/v,
W . (5.91)

5.17 We consider the scattering of free particles of mass m that move in
one-dimension in the potential V(z) = —Wd(z), with W > 0. (a) For a well
of finite depth V; and width 2a the condition on the phases ¢ and ¢’ of the
even- and odd-parity wavefunctions ¢ o sin(kz 4 ¢), etc, for free particles
are

tan(ka + ¢) = —% cot(Ka) ; tan(ka+¢') = —% tan(Ka)

Show that in the limit a — 0, Vy = W/2a — oo we have tan ¢ — —h%k/mW
and ¢’ — 0. Hence obtain the scattering cross section by the d-function

potential
2

7T 1+ (hk/mw)2

(b) Re-derive the equation above for ¢ by requiring that ¢ = sin(k|z| + ¢)
satisfy the TISE. Convince yourself that ¢ = sin(kz) is also consistent with
the TISE.

(a) The wavenumber k is constant as we send a — 0 so ka — 0.

(5.92)



6

Composite systems

Systems often consist of more than one part. For example a hydrogen atom
consists of a proton and an electron, and a diamond consists of a very large
number of carbon atoms. In these examples of composite systems there is
significant physical interaction between the component parts of the system
— the electron moves in the electromagnetic field of the proton, and electro-
magnetic forces act between the atoms in a diamond. But in principle there
need be no physical interaction between the parts of a composite system: it is
enough that we consider the sum of the parts to constitute a single system.
For example ‘quantum cryptography’ exploits correlations between widely
separated photons that are not interacting with each other, and in §7.5 we
shall study a system that consists of two completely unconnected gyros that
happen to be in the same box. Even in classical physics specifying the state
of such a system is a complex business because in general there will be cor-
relations between the parts of the system: the probability for obtaining a
certain value for an observable of one subsystem depends on the state of the
other subsystem. In quantum mechanics correlations arise through quantum
interference between various states of the system, with the result that cor-
relations are sometimes associated with unexpected and sometimes puzzling
phenomena.

In §6.1 we extend the formalism of quantum mechanics to composite
systems. We introduce the concept of ‘quantum entanglement’, which is
how correlations between the different parts of a composite system are rep-
resented in quantum mechanics, and we find that subsystems have a propen-
sity to become entangled. In §6.1.4 we discuss a thought experiment with
entangled particles that Einstein believed demonstrated that quantum me-
chanics is merely an incomplete substitute for a deeper theory. Experiments
of this type have since been carried out and the results are inconsistent with
a theory of the type sought by Einstein. In §6.2 we introduce the principal
ideas of quantum computing, which is the focus of much current experimen-
tal work and has the potential to revolutionise computational mathematics
with major implications for the many aspects of our civilisation that rely
on cryptography. In §6.3 we introduce the operator that enables us to drop
unrealistic assumptions about our level of knowledge of the states of quan-
tum systems and introduce the key concept of entropy. In §6.4 we show that
thermodynamics arises naturally from quantum mechanics. In §6.5 we come
clean about the intellectual black hole that lurks at the heart of quantum
mechanics: the still unresolved problem of measurement.
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At several points in the chapter we encounter fundamental questions
about quantum mechanics with which experimental and theoretical physi-
cists are currently wrestling. It is a remarkable feature of quantum mechanics
that already the sixth chapter of an introduction to the subject can bring
students to the frontier of human understanding.

6.1 Composite systems

Once we understand how to combine two systems A and B to make a com-
posite system AB, we will be in a position to build up systems of arbitrary
complexity, because we will be able to combine the system AB with some
other system C to make a system ABC, and so on indefinitely. So we now
consider what is involved in forming AB out of A and B.

Suppose {]A;7)} and {|B;j)} are sets of states of A and B, respectively.
Then the symbolic product |A;4)|B;j) is used to denote that state of the
composite system in which A is in the state |A;¢) and B is in the state |B; j):
clearly this is a well defined state of AB. We express this fact by writing

[AB; 4, 5) = |A;4)[B; j), (6.1a)

where the label of the ket before the semicolon indicates what system is
having its state specified, and the label after the semicolon enumerates the
states. The Hermitian adjoint of equation (6.1a) is

(AB; 1, j| = (Asil(B; jl, (6.1b)
and we define the product of a bra and a ket of AB by the rule
(AB; ', j'|ABy, j) = (A;i'|A;i)(B; §'[Bs ). (6.2)

This rule is well defined because the right side is simply a product of two
complex numbers. It is a physically sensible rule because it implies that the
probability that AB is in the state i’j’ is the product of the probability that
A is in state 7’ and B is in state j':

p(AB;4',5") = [(AB; 7, j'|AB; i, )| = [(Asi'|As 4) | [(B; 5| Bs ) |
=p(A;i")p(B; 5').

Any state of AB that like (6.2) can be written as a product of a state
of A and a state of B is rather special. To see this, we consider the simplest
non-trivial example, in which both A and B are two-state systems. Let |4)
and |—) be the two basis states |A;4) of A and let |1) and ||) be the two
basis states |B;j) of B — we shall call these the ‘up’ and ‘down’ states of B.
We use these basis states to expand the states of the subsystems:

(6.3)

|A) =a_[=)+ar[+) 5 [B)=b{)+bi[1), (6.4)
so the state |AB) = |A)|B) of AB can be written

|AB) = (a—|=) + ay|+)) (b ]}) +04[1),)

= a_by YL + acby ) agb D) T asb D). O

The coefficients in this expansion are the amplitudes for particular events
— for example a_b; is the amplitude that A will be found to be minus and
B will be found to be down. From them we obtain a relation between the
probabilities of finding A to be in its plus state and B to be either up or
down:
b+t _ [b2l* (6.6)
Py by '
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Now by Bayes’ theorem, the probability of finding B to be up given that A
is plus is

P+t P11 1
p(B; A +) = = = - (6.7)
p(As+)  pyr+pry 14piy/per

With equation (6.6) this simplifies to

1
p(B; 1A +) = T /o (6.8)

The key thing is that the right side of this expression makes no reference to
subsystem A. Evidently, when the state |AB) of the composite system can
be written as a product |A)|B) of states of the subsystems, the probability
of finding B to be up is independent of the state of A. That is, the two
subsystems are uncorrelated or statistically independent. Usually the
states of subsystems are correlated and then the state of AB cannot be
expressed as a simple product |A)|B).

For example, suppose we have two vertical gear wheels, A with Ny
teeth and B with Np teeth. Then the state of A is specified by giving the
amplitudes a; that the i*® tooth is on top of the wheel. The state of B is
similarly specified by the amplitudes b; for each of its teeth to be uppermost.
However, if both wheels are members of the same train of gears (as in a
clock), the probability that the j** tooth of B is on top will depend on which
tooth of A is uppermost. When the orientations of the wheels are correlated
in this way, each of the Ny Np configurations of the pair of wheels has an
independent probability, p;;. Specifically, when Ny = Ng, p;; will vanish
except when ¢ = j. If these gear wheels are uncorrelated because they are
not meshed together, we need to specify only the N + Ng amplitudes a; and
bj. Once the wheels become correlated as a result of their teeth meshing, we
have to specify Ny Ng amplitudes, one for each probability p;;.

We now assume that the sets {|A;4)} and {|B;j)} are complete for their
respective systems and show that the set of states given by equation (6.1a)
for all possible values of 4, j is then a complete set of states for the composite
system. That is, any state |[AB; ) of AB can be written

[AB;v) = > cij|ABsd, j) = Y cij|Ai)|Bs j). (6.9)

iJ iJ

The proof involves supposing on the contrary that there is a state |AB; ¢) of
AB that cannot be expressed in the form (6.9). We construct the object

AB; X) = [AB; ¢) — > cij|AB;d,j) where ¢;; = (AB;i, j|AB;¢). (6.10)

j

This object cannot vanish or |AB;¢) would be of the form (6.9). But when
AB is in this state, the amplitude for subsystem A to be in any of the states
|A;¢) vanishes:

> ((Asi|(Bs j]) |AB; x) = 0. (6.11)

J

This conclusion is absurd because the set {|A;)} is by hypothesis complete,
so the hypothesised state |AB; ¢) cannot exist. Thus we have shown that a
general state of AB is specified by Ny Ng amplitudes, just as the argument
about gear wheels suggested.

This result implies that the number of amplitudes required to specify the
state of a composite system grows exceedingly rapidly with the complexity
of the subsystems — for example, if No = Ny = 1000, a million amplitudes
are required to specify a general state of AB. By contrast only 2000 am-
plitudes are required to specify a product state |AB) = |A)|B) because the
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form of such a state automatically sets to zero all correlations between the
subsystems. For a general state a large number of amplitudes are required
to specify these correlations.

Even when a state of AB is given by an expansion of the form (6.9) that
involves Na Ng amplitudes, the states of A and B may not be correlated. To
see this let |A; ) = ZZJ\LAl a;|A;i) be the state of the subsystem A and let

|B; ¢) = Zjvfl b;|B;j) be the state of subsystem B. Then the state of the
composite system AB is

[AB;X) = |A;0)[B; ¢) = > aibj|Asd)[B; ). (6.12)
i

The right side of this equation is identical to the right side of equation (6.9)
except that ¢;; has been replaced with a;b;. Thus equation (6.12) is an
instance of the general expansion (6.9), but it is a very special instance: in
general the expansion coefficients ¢;;, which can be thought of as the entries
in an Na X Ng matrix, cannot be written as the product of an Na-dimensional
vector with entries a; and an Np-dimensional vector b;. To see that this is
so, consider the ratio ¢;j/c;j of the matrix elements in the same row but
different columns. When ¢;; can be expressed as the product of two vectors,
we have

G %ib _ by (6.13)

Cij’ aibj/ bj/ ’

so this ratio is independent of ¢. That is, when the state of AB can be written
as the product of a state of A and a state of B, the expansion coefficients ¢;;
are restricted such that every row of the matrix that they form is a multiple
of the top row. Similarly, in this case every column is a multiple of the
leftmost column (Problem 6.3).

When the state of AB cannot be written as the product of a state of A
and a state of B, we say that the subsystems A and B are entangled. As we
have seen, the observables of entangled systems are correlated, so we could as
well say that the subsystems are correlated. It is remarkable that correlations
between subsystems, which are as evident in classical physics as in quantum
mechanics, arise in quantum mechanics through the quintessentially quantum
phenomenon of the addition of quantum amplitudes: states of AB in which
subsystems A and B are correlated are expressed as linear combinations of
states in which A and B are uncorrelated. The use of the word ‘entanglement’
reminds us that correlations arise through an intertwining of states that is
inherently quantum-mechanical and without classical analogue.

It may help to clarify these ideas if we apply them to a hydrogen atom.
We work in the position representation, so we require the amplitude

(X, Xp) = (Xe, Xp¥) (6.14)

to find the electron near x. and the proton near x,. Suppose that we have
states
ui(Xe) = (Xelu;) and Uj(xp) = (xp|U;) (6.15)

that form complete sets for the electron and the proton, respectively. Then
for any state of the atom, |¢), there are numbers ¢;; such that

) = cijlua)|U;). (6.16)
ij
Multiplying through by (xe,xp| we obtain
DX, Xp) = Y eijtts (%) Uj (%) (6.17)
ij
The product of u; and U; on the right is no longer symbolic: it is an ordinary

product of complex numbers. The quantity c;; is the amplitude to find the
electron in the state |u;) and the proton in the state |Uj).
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Box 6.1: Classical correlations

It’s instructive to consider how we can represent correlations between
two classical systems A and B. Let’s assume that each system has a
finite number N of discrete states — they might be digital counters on an
instrument panel. Then there are N? probabilities c;jx to specify.

We can specify the state of A by giving N probabilities a; and
similarly the state of B can be specified by probabilities b;. We might
choose to express these in terms of their discrete Fourier transforms a,
and bg, so

N-1 N—-1
~  2miaj/N . _ i 2miBk/N
aj; = Z age?mied/ i by = Z bge miBk/
a=0 B=0

If A and B were uncorrelated, so c¢ji = a;by, the state of AB could be

written
ik = Z éaﬁezﬂ'i(ajJrﬁk)/N’ (1)
af
where
Cap = Qabg. (2)

In the presence of correlations we can still represent c;;, as the double
Fourier sum (1) but then é,p will not be given by the product of equation
(2). Thus the mathematical manifestation of classical correlations can
be very similar to quantum entanglement. The big difference is that in
the classical case the expansion coefficients have no physical interpreta-
tion: the basis functions used for expansion (here the circular functions
e?™i/N) and the expansion coefficients dq, etc., will not be non-negative
so they cannot be interpreted as probability distributions. In quantum
mechanics these quantities acquire physical interpretations. Moreover,
the final probabilities, being obtained by mod-squaring a sum like that
of equation (1), involve quantum interference between different terms in
the sum.

6.1.1 Collapse of the wavefunction

Consider again the composite system we introduced above in which both A
and B are two-state systems, with |—) and |+) constituting a basis for A and
[4) and |1) constituting a basis for B. Let AB be in the entangled state

[AB) = alH)[1) +[=) (1) + cl)), (6.18a)

where b and ¢ are given complex numbers. Then if a measurement of sub-
system A is made and it yields +, the state of AB after the system is

|AB) = [+)[1). (6.18Db)

Conversely, if the measurement of A yields —, the state of AB after the
measurement is

B
VI +[ef?

These rules are extensions of the usual collapse hypothesis, which we intro-
duced in §idealmeasuresec: there we had a single system and we stated that
when a measurement is made, the state of the system collapses from a linear
combination of states that are each possible outcomes of the measurement to
the particular state that corresponds to the value of the observable actually
measured. That is

) =D aili) — ) =13), say. (6.19)

|AB) = |=)(011) + ). (6.18¢)
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The new twist in equations (6.18) is that when we expand the state of a
composite system as a linear combination of states of the subsystem we
propose to measure, the coefficients of those states are states of the other
subsystem rather than amplitudes, and these states are the ones the second
system will be in after the first system has been measured. Consequently, the
amplitudes we obtain for a subsequent measurement of the second subsystem
depend on the outcome of the first measurement: if measurement of A yields
+, then from (6.18b), a measurement of B is certain to yield 1, while if the
measurement of A yields —, subsequent measurement of B will yield | with
probability 1/(|b/c|? + 1).

6.1.2 Operators for composite systems

While the law of multiplication of probabilities leads to the kets of subsystems
being multiplied, we add the operators of subsystems. For example, if A and
B are both free particles, then the Hamiltonian operator of the composite
system is

2 2
Pa + PB

Hpyp = Hp + Hp = .
2ma  2mp

(6.20)

In this simple example there is no physical interaction between the parts of
the system, with the consequence that the Hamiltonian splits into a part
that depends only on the operators of A, and a part that depends only on
operators of B. When there is a physical connection between the systems,
there will be an additional part of the Hamiltonian, the interaction Hamil-
tonian that depends on operators belonging to both systems. For example,
if both particles bear electrostatic charge @, the interaction Hamiltonian

Q2

H~ =
mnt 47T60|XA — XB|

(6.21)

should be added to Ha + Hp to form Hap. For the rest of this subsection
we assume for simplicity that there is no dynamical interaction between the
subsystems.

When an operator acts on a ket that is a product of one describing A
and one describing B, kets that belong to the other system stand idly by as
if they were mere complex numbers. For example

palA;)[B;j) = |As i) (pB|B; 4)) (6.22)

(A31"[(Bs j'|(Ha+ Hp)|A; 1) [B; j) = (A4 [Ha|A;4)(B; j'|B; j)
+ (Asd'|As0)(B; j'| Hg|B; j)
= (A;i'[HA|A;0)0550 + 03 (Bs ' | HB[B; j).

(6.23)
When we set ¢/ = 4 and j' = 7 we obtain the expectation value of Hyg when
the system is in the state |A;4)|B; 7). This is easily seen to be just the sum of
the expectation values of the energies of the two free particles, as one would
expect.

We shall several times have to find the eigenvalues and eigenkets of an
operator such as Hap that is the sum of operators Ha and Hg that belong to
completely different subsystems. Every operator of subsystem A commutes
with every operator of subsystem B. Consequently when Hap is given by
equation (6.20),

[Hap,Ha)l = [Ha + Hg, HA] = 0. (6.24)

That is, when there is no physical interaction between the subsystems, so
Hagp is just the sum of the Hamiltonians of the individual systems, Hap
commutes with both individual Hamiltonians. It follows that in this case



110 Chapter 6: Composite systems

there is a complete set of mutual eigenkets of Hap, Ha and Hp. Let {|A;i)}
be a complete set of eigenkets of Ha with eigenvalues E2, and let {|B;i)}
be a complete set of eigenkets of Hg with eigenvalues EF. Then it is trivial
to check that the states |AB;i,j) = |A;i)|B;j) are eigenkets of Hap with
eigenvalues ElA + Ef’. Moreover, we showed above that these product kets
form a complete set. So the states |[AB;ij) form a complete set of mutual
eigenkets of Hap, Hpn and Hp. In the position representation this result
becomes the statement that the wavefunctions

w%B(xA,xB) = (xa,xp|AB;ij) = u?(XA)u?(xB) (6.25)

form a complete set of mutual eigenfunctions for the three operators. That
is, if we have a composite system with a Hamiltonian that is simply the sum
of the Hamiltonians of the parts, we can assume that the eigenfunctions of
the whole system’s Hamiltonian are simply products of eigenfunctions of the
individual component Hamiltonians.

It is instructive to write the TDSE for a composite system formed by two
non-interacting subsystems:

JAB) . 0  (O|A) o[B)
s =i (i) =i (25 B + 170 )

= (Ha|A))[B) + [A)(Hg|B)) = (Ha + Hg)|A)|B)
= Hap|AB).

in
(6.26)

Thus we have been able to derive the TDSE for the composite system from
the TDSE for each subsystem. Notice that the physically evident rule for
adding the Hamiltonians of the subsystem emerges as a consequence of the
ket for the whole system being a product of the kets of the subsystems and
the usual rule for differentiating a product.

6.1.3 Development of entanglement

Entangled is an appropriate name because subsystems are as prone to become
entangled as is the line of a kite. To justify this statement, we consider the
dynamical evolution of a composite system AB. Without loss of generality
we can use basis states that satisfy the TDSEs of the isolated subsystems.
That is, the we may assume that the states |A; ), etc, satisfy

L O|Asd) » L 0|B;j) .
1TLT = Hal|A;i) and iR i Hg|B; 7). (6.27)
A general state of the composite system is
IAB) = " cij|As)[B; ), (6.28)
ij

where the expansion coefficients c¢;; are all functions of time. The Hamilto-
nian of the composite system can be written

Hap = Ha + Hp + Hint, (6.29)

where the interaction Hamiltonian Hj, is the part of Hap that contains
operators belonging to both subsystems (cf eq. 6.21). Substituting this ex-
pression for Hap and the expansion (6.28) into the TDSE for the composite
system (eq. 6.26), we find

., O|AB) . dcij v i, - (OlAsE) o, ., 0IB;4)
lhw—lh;{ﬁf\awwﬂw( B:) + 140 2052

ot ot

= 3 i {(HAIA DB ) + |As i) (Ha[B: ) + Hinn A3 0)[B )}

(6.30)
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After using equations (6.27) to cancel terms, this simplifies to

iny

)

dCi‘ . . . .
dt] |A;4)|B; j) = E cijHin|A; 1) |B; 7Y, (6.31)
ij

which states that the time evolution of the expansion coefficients is entirely
driven by the interaction Hamiltonian. In particular, if there is no coupling
between the systems (Hiny = 0), the ¢;; are constant, so if the systems are
initially unentangled, they remain so.

By multiplying equation (6.31) through by (A;k|(B;l| we obtain an
equation that is most conveniently written

dc

md—fl = %:cij (AB; kl| Hing|AB; ). (6.32)
Let’s suppose that all the matrix elements in this equation vanish except
an element (AB;kolo|Hins|AB; kolp) which lies on the diagonal. Then only
Clkol, Will have non-vanishing time derivative, so the condition for the sub-
systems to be unentangled, namely that ¢;;/c;; is independent of 4, which
is initially satisfied, will soon be violated by the ratio cgyi,/cry; for j # lo.
Careful consideration of what happens when there are several non-vanishing
matrix elements leads to the same conclusion: almost any coupling between
subsystems will cause them to become entangled from an unentangled initial
condition.

This result is not surprising physically: a coupling makes the motion
of one system dependent on the state of the other. So after some time the
state that the second system has reached depends on the state of the first
system, which is just to say that the two systems have become correlated or
entangled.

6.1.4 Einstein—Podolski—Rosen experiment

In 1935 A. Einstein, B. Podolski and N. Rosen (EPR for short) proposed!
an experiment with entangled particles that they argued would demonstrate
that quantum mechanics is an incomplete theory in the sense that to specify
the state of a physical system you need to know the values taken by hidden
variables that quantum mechanics does not consider. In 1964 J.S. Bell
showed? that for a similar experiment quantum mechanics makes predictions
that are incompatible with the existence of hidden variables. In 1972 an
experiment of this type was successfully carried out® and its results were
found to vindicate quantum mechanics. We now describe Bell’s formulation
of the experiment and discuss its implications.

A nucleus decays from a state that has no spin to another spinless state
by emitting an electron and a positron. The nucleus is at rest both before and
after the decay, so the electron and positron move away in opposite directions
with equal speeds. As we saw in §1.3.5, electrons and positrons are spinning
particles so they each carry some spin angular momentum away from the
nucleus. Since the nucleus is at all times without angular momentum, the
angular momenta of the electron and positron must be equal and opposite.
At some distance from the decaying nucleus Alice detects the electron and
measures the component of its spin in the direction of her choice, a. As
we saw in §1.3.5, the result of this measurement will be either —i—% or —%.
Meanwhile Bob, who sits a similar distance from the nucleus to Alice, detects
the positron and measures its spin in the direction of his choice, b.

After Alice has obtained —l—% on measuring the spin along a she thinks:

“If Bob measures along a too, he must measure —%. But if Bob measures

1 E. Einstein, B. Podolski & N. Rosen, Phys. Rev., 47, 777 (1935)
2J.8. Bell, Phyics, 1, 195 (1964)
38.J. Freedman & J.F. Clauser, Phys. Rev. L., 28, 938 (1972)
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along some other vector b, I cannot be certain what value he will get, but he
isn’t likely to get —I—% if b is only slightly inclined to my vector a, that is, if
1—a-b < 1.” Alice can see that conservation of angular momentum implies
that the results obtained by Bob and herself must be correlated. Let’s put
this argument on a quantitative basis.

In §7.5.1 we shall see that because the system formed by the electron-
positron pair has no net angular momentum, its state can be written

) = % (le-H)p=) — [e=)lp+)) (6.33)

Here |e+) is the state in which the component of the electron’s spin along
the z-axis is certain to be —i—%, and similarly for |p+), etc. We are free to
orient the z-axis parallel to Alice’s choice of direction a, so we do this. When
Alice obtains —i—%, she collapses the system’s state into

[¥') = le+)[p=). (6.34)

Before Alice’s measurement, when the state was given by equation (6.33),
the amplitude for a measurement of the positron’s spin along a to yield —|—%
was 1/4/2, but after the measurement equation (6.34) shows that it vanishes,
just as Alice reasoned it would. To find the amplitude for Bob to measure for
the positron —|—% along another vector b, we recall equation equation (1.34)a
from §1.3.5:

|4, b) = sin(0/2) '?/2|p—) + cos(0/2) e 71%/2|p+), (6.35)

where 6 and ¢ are the polar angles that give the orientation of b in a system
in which a is along the z-axis. In particular

cosf =a-b. (6.36)

Given that after Alice’s measurement the positron is certainly in the state
|[p—), it follows from equation (6.35) that the amplitude for Bob to measure
+3 along his chosen direction is (+, b|p—) = sin(6/2)e*%/2. Mod-squaring
this amplitude we find that the probability that Bob measures —I—% is

Pp(+|A+) =sin?(0/2), (6.37)

which is small when a ~ b as Alice predicted. So quantum mechanics is
consistent with common sense.

We have supposed that Alice measures first, but if the electron and
positron are moving relativistically, a light signal sent to Bob by Alice when
she made her measurement would not have arrived at Bob when he made his
measurement, and vice versa. In these circumstances the theory of relativity
teaches us that the order in which the measurements are made depends on
the velocity of the observer who is judging the matter. Consequently, for
consistency the predictions of quantum mechanics must be independent of
who is supposed to make the first measurement and to collapse the system’s
state. It is easy to see from the discussion above that this condition is
satisfied.

What worried EPR was that after Alice’s measurement there is a di-
rection in which Bob will never find —|—% for the positron’s spin, and this
direction depends on what direction Alice chooses to use. This fact seems
to imply that the positron somehow ‘knows’ what Alice measured for the
electron, and the collapse of the system’s state from (6.33) to (6.34) seems
to confirm this suspicion. Since relativity forbids news of Alice’s work on
the electron from influencing the positron at the time of Bob’s measurement,
EPR argued that the required information must have travelled out with the
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positron in the form of a hidden variable which was correlated at the time
of the nuclear decay with a matching hidden variable in the electron.

The existence of hidden variables would explain the probabilistic nature
of quantum mechanics (which Einstein intensely disliked) because the uncer-
tain outcomes of experiments would reflect our ignorance of the values taken
by the hidden variables; the uncertainty would be banished once a better
theory gave us access to these variables.

Bell’s inequality  Remarkably, Bell was able to show that any hidden
variable theory will yield a weaker correlation than quantum mechanics be-
tween the measurements of Alice and Bob as functions of the angle § between
their chosen directions. Let’s denote the results of Alice’s and Bob’s mea-
surements by op = :I:% and op = :l:% and calculate the expectation value
of the product oaop. There are just four cases to consider, so the desired
expectation value is

(70w) = £ {PACHPa(+A+) + Pa(-)Po(~[A-) 655

— Pa(+)Pe(—|A+) = Pa(—)Pa(+|A-)}, '
where P (+) is the probability that Alice obtains op = +3 and Pg(—|A+)
is the probability that Bob finds og = —% given that Alice has measured
oa = —l—%. Since nothing is known about the orientation of the electron
before Alice makes her measurement

PA(+) = Pa(—) = 3. (6.39)
We showed above (eq. 6.37) that Pg(+|A+) = sin®(0/2), so
Pg(—|A+) =1 — Pg(+|A+) = cos?(0/2). (6.40)
Putting these results into equation (6.38) we have
(oaop) = +{sin*(0/2) — cos®(0/2)} = —Lcos = —1a-b, (6.41)

which agrees with Alice’s simple argument when a ~ +b.

Consider now the case that the result of measuring the electron’s spin
in the direction a is completely determined by the values taken by hidden
variables in addition to a. That is, if we knew the values of these variables,
we could predict with certainty the result of measuring the component of
the electron’s spin in the direction of any unit vector a and Alice is only
uncertain what result she will get because she is ignorant of the values of
the hidden variables. We consider the variables to be the components of
some n-dimensional vector v, and have that the result of measuring the
electron’s spin along a is a function o.(v,a) that takes the values :l:% only.
Similarly, the result of measuring the positron’s spin along a unit vector b
is a function oy, (v, b) that is likewise restricted to the values £3. As Alice
argued, conservation of angular momentum implies that

oe(v,a) = —op(v,a). (6.42)

The outcome of a measurement is uncertain because the value of v is uncer-
tain. We quantify whatever knowledge we do have by assigning a probability
density p(v) to v, which is such that the probability that v lies in the in-
finitesimal n-dimensional volume d"v is dP = p(v)d"v. In terms of p the
expectation value of interest is

(Go(@)op(b)) = / d"v p(v)oe(v,8)op (v, b)

(6.43)
= —/ngp(V)Uc(V,a)Uc(vvb)v
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where the second equality uses equation (6.42).
Now suppose Bob sometimes measures the spin of the positron parallel
to b’ rather than b. Then the fact that ¢2(v,b) = 1 allows us to write

(oc(a)ap (b)) — (oe(a)ap (b')) = —/d"v p(v)oe(v,a){oe(v,b) — oc(v,b)}

= —/d"v p(V)oe(v,a)oe(v,b){1 — 40 (v,b)oe(v,b')}.

(6.44)
We now take the absolute value of each side and note that the curly bracket
in the integral is non-negative, while the product o.(v,a)o.(v, b) in front of
it fluctuates between :I:%. Hence we obtain an upper limit on the value of
the integral by replacing o.(v,a)o.(v, b) by %, and have

[(oe(a)ay (b)) — (o (a)ay (b)) < 4 / d"v p(v){1 — 40o(v, b)oe (v, b))},

(6.45)
We break the right side into two integrals. The first, [d"v p(v), evaluates
to unity because p is a probability density, while changing b — b’ and
a — b in equation (6.43) we see that the the second integral evaluates to
—4(0e(b)op(b’)). Hence we have that

[{oe(a)ap (b)) — (0e(a)ap(b))] < 7 + (oe(b)op (b')). (6.46)

This is Bell’s inequality, which must hold for any three unit vectors a, b
and b’ if hidden variables exist. It can be tested experimentally as follows:
for a large number of trials Alice measures the electron’s spin along a while
Bob measures the positron’s spin along b in half the trials and along b’ in
the other half. From the results of these trials the value of the left side
of equation (6.46) can be estimated. The value of the right side is then
estimated from a new series of trials in which Alice measures the electron’s
spin along b and Bob measures the positron’s spin along b’.

An obvious question is whether Bell’s inequality is consistent with the
quantum-mechanical result (oc(a)o,(b)) = —1a-b (eq. 6.41). When we
substitute this expression into each side we get

LHS = ila-(b—Db')| ; REHS=1(1-Db-Db'). (6.47)
Let’s choose a-b = 0 and b’ = b cos ¢+asin ¢ so as we increase the parameter
¢ from zero to /2 b’ swings continuously from b to a. For this choice of b’
we easily find that

LHS = +[sin¢| ; RHS=1(1-cosg). (6.48)

These expressions for the left and right sides of Bell’s inequality are plotted
in Figure 6.1: we see that the inequality is violated for all values of ¢ other
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than 0 and 7/2. Thus the quantum-mechanical result is inconsistent with
Bell’s inequality and is therefore inconsistent with the existence of hidden
variables.

Inequalities similar to (6.46) can be derived for systems other than spin-
half particles, including pairs of entangled photons. Experiments with pho-
tons have produced results that agree with the predictions of quantum me-
chanics to sufficient precision that they violate the relevant Bell inequalities.*
Consequently, these experiments rule out the possibility that hidden variables
exist.

What general conclusions can we draw from the EPR experiment?

e A measurement both updates our knowledge of a system and disturbs the
system. Alice’s measurement disturbs the electron but not the positron,
and gains her information about both particles.

e Quantum mechanics requires wholistic thinking: when studying the
EPR experiment we must consider the system formed by both parti-
cles together rather than treating the particles in isolation. We shall
encounter a more spectacular example of this requirement below in con-
nection with ideal gases.

e Many discussions of the EPR experiment generate needless confusion
by supposing that after Alice has measured —i—% for the component of
the electron’s spin parallel to a, the spin is aligned with a. We shall
see in §7.4.2 that the electron also has half a unit of angular momentum
in each of the x and y directions, although the signs of these other
components are unknown when we know the value of s,. Hence the
most Alice can know about the orientation of the spin vector is that it
lies in a particular hemisphere. Whatever hemisphere Alice determines,
she can argue that the positron’s spin lies in the opposite hemisphere.
So if Alice finds the electron’s spin to lie in the northern hemisphere,
she concludes that the positron’s spin lies in the southern hemisphere.
This knowledge excludes only one result from the myriad of possibilities
open to Bob: namely he cannot find s, = —|—%. He is unlikely to find —l—%
if he measures the component of spin along a vector b that lies close to
the z axis because the hemisphere associated with this result has a small
overlap with the southern hemisphere, but since there is an overlap, the
result +% is not excluded. Contrary to the claims of EPR, the results of
Bob’s measurements are consistent with the hemisphere containing the
positron’s spin being fixed at the outset and being unaffected by Alice’s
measurement.

e The experimental demonstration that Bell inequalities are violated es-
tablishes that quantum mechanics will not be superseded by a theory
in which the spin vector has a definite direction. In §7.4.1 we shall see
that macroscopic objects only appear to have well defined orientations
because they are not in states of well-defined spin. That is, the idea
that a spin vector points in a well defined direction is a classical notion
and not applicable to objects such as electrons that do have a definite
spin. This idea is an old friend from which we part company as sadly as
after studying relativity we parted company with the concept of univer-
sal time. The world we grew accustomed to in playgroup is not the real
world, but an approximation to it that is useful on macroscopic scales.
The study of physics forces one to move on and let childish things go.

4e.g., W. Tittel et al., PRL, 81, 3563 (1998)
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6.2 Quantum computing

There’s an old story about a mathematician at the court of the Chinese em-
peror. The mathematician had advised the emperor wisely and the emperor,
wishing to express his gratitude in a manner worthy of his greatness, asked
the mathematician to name the reward he would like to receive. “Oh great
Emperor, your offer is too liberal for one who has rendered you such a slight
service. Let a chess board be brought and one grain of rice be placed on the
first square, two on the second, four on the third, eight on the fourth, and
so on till every square of the board has received an allocation of rice.” The
emperor was pleased by the modesty of the mathematician’s proposal and
ordered it be done. Great was his shock and annoyance the next day when it
was reported to him that all the rice in his great silos had proved insufficient
to pay the mathematician his due. For 264 — 1 ~ 10'Y grains of rice would
be needed to supply the 64 squares on the board. That’s ~ 10'2 tons of rice
and vastly more than all the rice on the planet.®

What is the relevance of this old story for quantum mechanics? We have
seen that a system made of two two-state systems has four basis states. If we
add a further two-state system to this four-state composite system, we obtain
a system with 2 x 4 = 8 basis states. By the time we have built a system
from 64 two-state systems, our composite system will have 264 ~ 10'° basis
states. Sixty four two-state systems might be constructed from 64 atoms
or even 64 electrons, so could be physically miniscule. But to calculate the
dynamics of this miniscule system we would have to integrate the equations
of motion of 10" amplitudes! This is seriously bad news for physics.

The idea behind quantum computing is to turn this disappointment
for physics into a boon for mathematics. We may not be able to solve
10'° equations of motion, but Nature can evolve the physical system, and
appropriate measurements made on the system should enable us to discover
what the results of our computations would have been if we had the time to
carry them out. If this approach to computation can be made to work in
practice, calculations will become possible that could never be completed on
a conventional computer.

The first step towards understanding how a quantum computer would
work is to map integers onto the basis states of our system. In this context
we refer to a two-state system as a qubit and call its basis states |0) and
[1). A set of N qubits forms a register, which has a complete set of states
of the form |z)|a’) - - |z""), where x, 2, etc., = 0, 1 indicate the states of the
constituent qubits. Now given a number in binary form, such as 7=4+2+
1 =111, we associate it with the basis state of the register |0)...|0)|1)|1)[1).
In this way we establish a one to one correspondence between the integers
0 to 2¥ — 1 and the basis states of a register that comprises N qubits. We
use this correspondence to establish a more compact notation for the basis
states of the register, writing |7) instead of |0)...]0)|1)|1)|1), etc.

This arrangement mirrors the correspondence in a classical computer
between numbers and the states of a classical register formed by N classical
two-state systems or bits. The crucial difference between quantum and
classical registers is that whereas a classical register is always in a state that
is associated with a definite number, the generic state |[¢)) of a quantum
register is a linear combination of states that are associated with different

numbers:
2N 1

) =" cli)- (6.49)

=0

Thus nearly all states of a quantum register are not associated with individ-
ual numbers but with all representable numbers simultaneously. We shall see
that this ability of a single state of a quantum register to be associated with

5 According to the International Rice Search Institute, in 2007 global rice production
was 650 million tons.
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a huge number of integers enables a quantum computer to conduct massively
parallel computations.

The central processor unit (CPU) of a classical computer is a pro-
grammable mechanism that reads a number n from an input register and
places the number f(n) into the output register, where f is the function
that the CPU is currently programmed to evaluate. By analogy one might
imagine that a quantum computer would consist of a quantum register and
a programmable Hamiltonian H that would cause the state |n) to evolve in
some specified time 7T into the state |f(n)) = e 7H#7/%|n). Unfortunately this
conception is flawed because this machine could not evaluate any function
that took the same value on different arguments, so f(n) = f(m) = F, say,
for some values n # m. To see why the computer could not evaluate such a
function recall that the operator U = e "#7/" i unitary, so it has an inverse
UT. But we have Uln) = Ulm) = |F), and if we apply U' to |F) we must
get both |m) and |n), which is absurd.

We get around this problem by making our quantum computer slightly
more complex: we let it have two registers, a control register X and a
data register Y. The computer then has a basis of states |z)|y), where z is
the number stored in the control register and y is the number stored in the
data register. We conjecture that we can find a Hamiltonian such that for
any function f the state |z)|y) evolves in time 7" into the state |z)|y + f(z)).
Adding the second register solves the problem we encountered above because
applying U to |n})|y) we get |n)|y+ F) which is a different state from what we
get when we apply U to |m)|y), namely |m)|y+ F): adding the extra register
allows the computer to remember the state it was in before the machine
cycle started, and this memory makes it logically possible for UT to restore
the earlier state.

Adding the second register may have demolished an objection to our
original most naive proposal, but is it really possible to construct a time-
evolution operator that would enable us to evaluate any function f(x)? This
question is answered affirmatively in two stages. First one defines a handful
of unitary operators U that perform basic bit manipulations on our registers,
and shows that using a sequence of such operators one can perform any of
the standard arithmetical operations, adding, subtracting, multiplying and
dividing. Second, for each of these operators U one designs an experiment
in which U gives the evolution of a two-state quantum system over some
time interval. Currently many groups use photons as qubits, identifying
|0) and |1) with either right- and left-handed circular polarisation, or with
linear polarisation in two orthogonal directions. Other groups use electrons
as qubits, identifying |0) and |1) as states in which the spin in some given
direction is either % or —%. All such work with real qubits is extremely
challenging and in its infancy, but it has already established that there is no
objection in principle to realising the simple unitary operators that quantum
computing requires. It is too early to tell what physical form qubits will take
when quantum computing becomes a mature technology. Consequently, we
leave to one side the question of how our operators are to be realised and
focus instead on what operators we require and what could be achieved with
them when they have been realised.

The simplest computer has two one-qubit registers, with a basis of states
|0)]0), |0}]1), |1)]0) and |1)|1) — we shall refer to basis states of a register with
any number of qubits ordered thus by increasing value of the stored number
as the computational basis. In the computational basis of our two-qubit
system, the operator Uy that performs addition (|z}|y) — |x)|y+x)) has the
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unitary matrix®

10 00
01 00
Uiy = 00 0 1 (6.50)
0 01 0
To justify this claim we note that
1 0 00 « @
01 o0oo0)|B])_|~
0 0 01 v |9 (6.51)
0 010 ) vy
so Uy causes the state of the computer
1) = [0)|0) + B|0)[1) +~[1)[0) + 4[1)[1) (6.52)
to evolve into
Uyl) = a]0)|0) + B10)[1) +~[1)[1) + 6]1)|0), (6.53)

so the second qubit is indeed incremented by the first modulo 2.

U, is a simple example of an operator in which the state of the data
register is changed in a way that depends on the state of the control register
while the state of the control register stays the same. Such operators are
called controlled-U operators. Another useful operator is the controlled-
phase operator, which in the computational basis has the matrix

1 0 0 O
01 0 O

=10 0 1 o (6.54)
0 0 0 ¢¢

Uy has no effect on the first three states of the computational basis, and it
multiplies the phase of the last state by €l®. It is straightforward to show
that .

Uslz)ly) = e*¥?|z) y) (6.55)

by checking that the two sides match for all four possible values of (z,y).

It can be shown that any unitary transformation of an n-qubit register
can be simulated if we augment Uy and U, with two operators that work
on just one qubit. One of these extra operators is the phase operator Uqlb,
which leaves |0) invariant and increments the phase of |1) by ¢:

U,0) = |0)
Ugll) = €|1)

ipx 1 0
Ué|;v)=e¢|x> = Ué:(O ei¢>' (6.56)

The other single-qubit operator that we need is the Hadamard operator,
which in the computational basis, |0) |1), has the matrix

w_%(}i) (6.57)

The Hadamard operator takes a state that represents a number, such as |0),
and turns it into a state that is a linear combination of the two representable
numbers: Uy|0) = (|0) + [1))/+/2. Conversely, because Uf = I so Uy is

6 Here 4+ y must be understood to mean z + y mod 2 because quantum computers
like classical computers do arithmetic modulo one more than the largest number that they
can store.
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20 +m/2 ;
|0> 7/ cos |0> + e*sind |1>

Figure 6.2 Schematic diagram to show how two Hadamard operators and two phase shift
operators suffice to transform |0) into an arbitrary state of a qubit.

|0> H ]

|0> H 2

0> H L Figure 6.3 Evaluating f on every
argument simultaneously. The top
three qubits form the control reg-
ister, which is initially in the state

o> f |0).-

its own inverse, it turns these linear combinations of numbers into actual
numbers: Ux(|0) + [1))/+/2 = |0).

Complex operations on qubits can be built up by sequences of phase and
Hadamard operators and such sequences are conveniently described using
the graphical notation of Figure 6.2. Each qubit is represented by a line
along which the state of the qubit flows from left to right. In the simple
example shown, the state |0) is converted by the first Hadamard operator to
(10) +11))/+/2, and Us, converts this to

€
V2
After the next Hadamard operator this becomes
% (|O) + 1) + e%(]0) — |1>)) = % {(1 + 6210) [0) + (1 — ew) |1>}
= ¢ {cos 0]0) —isinf[1)}.

(10) +e¥?|1)) . (6.58a)

(6.58b)

Finally, application of the phase-shift operator Uqlb /2 CONVerts this to
1) = e (cos]0) + ¢ sinb|1)) . (6.58c¢)

By choosing the values of § and ¢ appropriately, we can make |¢) any chosen
state of the qubit. Thus the phase-shift and Hadamard operators form a
complete set of single-qubit operators.

If we apply a Hadamard operator to each qubit of an 2-qubit register
that is initially in the state |0)|0), we get

(Un0)) (Un|0)) = 5 (10) + 1)) (10) + 1))
=3 (ID[1) + [1)[0) +10)[1) +10)[0)) (6.59)
=3B +12)+1) +10)).

That is, by setting the register to zero and then applying a Hadamard oper-
ator to each of its qubits, we put the register into a linear superposition of
the states associated with each representable number. It is easy to see that
this result generalises to n-qubit registers.” Using this trick we can simul-
taneously evaluate a function on every representable argument, simply by
evaluating the function on the state of the control register immediately after
it has been processed by the Hadamard operators. Figure 6.3 illustrates this
process, which is described by the equations

1
2
1
2
1

71In fact, applying Hadamard operators to the qubits of an n-qubit register when it is
set to any number will put the register into a linear superposition of states associated with
all representable numbers, but if the initial state of the register differs from |0), exactly
half of the coefficients in the sum will be —27"/2 and half +2~"/2 (Problem 6.6).
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Box 6.2: Deutsch’s algorithm

Given a function f(x) that takes an n-bit argument and returns either 0
or 1, the exercise is to determine whether f is a constant or ‘balanced’
function. To this end we build a computer with an n-qubit control regis-
ter and a single qubit data register. We set the control register to |0) and
the data register to |1) and operate on every qubit with the Hadamard
operator Uyg. Then the computer’s state is

2" —1

1
7 T 0) —[1)). 1
gt (22 1) 09~ 1) )

Now we evaluate the function f in the usual way, after which the com-
puter’s state is

2(%%/2 <Z|x>(|f(x)> - |1+f(af)>)>- (2)

Given that f(z) = 0,
(If (@) =1+ f(2)) =

written
. <Z<—1>f<f>|x>> (10) - ). (3)

1, it is straightforward to convince oneself that
(=1)7@)(J0) — 1)) so the computer’s state can be

xT

We now operate on every qubit with Uy for a second time. The data
register returns to |1) because Uy is its own inverse, while the control
register only returns to |0) if we can take the factor (—1)/®) out of
the sum over x, making the state of the control register a multiple of
>, |[z); if f is ‘balanced’, half of the factors (—1)/(®) are +1 and half —1
and in this case Ug moves the control register to a state |y) for y # 0
(Problem 6.6). Hence by measuring the state of the control register, we
discover whether f is constant or balanced: if the control register is set
to zero, f is constant, and if it holds any other number, f is balanced.

2" —1 2" —1

0105z S 005 S Rf). (6.60)
=0 x=0

After the evaluation of f, the computer’s state depends on every possible
value of f. So the state of a 64-qubit computer will depend on the 264 ~
109 possible values of f. By exploiting this fact, can we conduct massively
parallel computations with just a pair of quantum registers?

The question is, how can we learn about the values that f takes? An
obvious strategy is to read off a numerical value X from the control register
by collapsing each of its qubits into either the state |0) or the state |1).
Once this has been done, the state of the composite system |z}|y) will have
collapsed from that given on the right of (6.60) to |X)|f(X)), so f(X) can
be determined by inspecting each of the qubits of the data register. The
trouble with this strategy is that it only returns one value of f, and that for
a random argument X. Hence if our quantum computer is to outperform a
classical computer, we must avoid collapsing the computer’s state by reading
its registers. Instead we should try to answer questions about f that have
simple answers but ones that involve all the values taken by f.

For example, suppose we know that f(z) only takes the values 0 and 1,
and that it is either a constant function (i.e., either f(x) = 1 for all z, or
f(z) =0 for all x) or it is a ‘balanced function’ in the sense that f(z) = 0 for
half of the possible values of x and 1 for the remaining values. The question
we have to answer is “is f constant or balanced?” With a classical computer
you would have to keep evaluating f on different values of x until either you
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got two different values (which would establish that f was balanced) or more
than half of the possible values of z had been tried (which would establish
that f was constant). In Box 6.2 we show that from (6.60) we can discover
whether f is constant or balanced with only a handful of machine cycles.

The algorithm given in Box 6.2 is an extension of one invented by
Deutsch®, which was an early example of how the parallel-computing po-
tential of a quantum computer could be harnessed. Subsequently algorithms
were developed that dramatically accelerate database searches® and the de-
composition of large numbers into their prime factors. The usefulness of
the internet depends on effective cryptography, which currently relies on
the difficulty of prime-number decomposition. Hence by rendering existing
cryptographic systems ineffective, the successful construction of a quantum
computer would have a big impact on the world economy.

Notwithstanding strenuous efforts around the world, quantum comput-
ing remains a dream that will not be realised very soon. Its central idea is
that the the integers up to 2V — 1 can be mapped into the base states of an
N-qubit quantum register, so a general state of such a register is associated
with all representable integers, and the time evolution of the register involves
massively parallel computing. The field is challenging both experimentally
and theoretically. The challenge for theorists is to devise algorithms that
extract information from a quantum register given that any measurement
of the register collapses its state and thus erases much of the information
that was encoded in it before a measurement was made. Experimentally, the
challenge is to isolate quantum registers from their environment sufficiently
well that they do not become significantly entangled with the environment
during a computation. We discuss the process of becoming entangled with
the environment in the next section.

6.3 The density operator

To this point in this book we have assumed that we know what quantum
state our system is in. For macroscopic objects this assumption is completely
unrealistic, for how can we possibly discover the quantum states of the ~ 1023
carbon atoms in a diamond, or even the ~ 10° atoms in a protein molecule?
To achieve this goal for a diamond, at least 1023 observables would have
to be measured, and the number would in reality be vastly greater because
individual atoms would be entangled with one another, making the state of
the diamond a linear combination of basis states of the form |a1)|az) ... |an),
where |a;) denotes a state of the 't atom. It is time we squared up to the
reality of our ignorance of the quantum states of macro- and meso-scopic
objects.

Actually, we need to be cautious even when asserting that we know the
quantum state of atomic-scale objects. The claim that the state of a system
is known is generally justified by the assertion that a measurement has just
been made, with the result that the system’s state has been collapsed into
a known eigenstate of the operator of the given observable. This procedure
for establishing the quantum state of a system is unrealistic in that it makes
no allowance for experimental error, which we all know to be endemic in real
laboratories: real experiments lead to the conclusion that the value of an
observable is x & y, which is shorthand for “the probability distribution for
the value of the observable is centred on x and has a width of the order y.”
Since the measurement leaves the value of the observable uncertain, it does
not determine the quantum state precisely either.

Let us admit that we don’t know what state our system is in, but conjec-
ture that the system is in one of a complete set of states {|n)}, and for each

8 D. Deutsch, Proc. R. Soc., 400, 97 (1985)
9 L. K. Grover, STOC’96, 212 (1996)
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value of n assign a probability p,, that it’s in the state |n).1 It’s important
to be clear that we are not saying that the system is in the state

|6) =D v/Baln). (6.61)

That is a well-defined quantum state, and we are admitting that we don’t
know the system’s state. What we are saying is that the system may be in
state |1), or in state |2), or state |3), and assigning probabilities p1, po, ...
to each of these possibilities.

Given this incomplete information, the expectation value of measuring
some observable Q will be p; times the expectation value that @ will have
if the system is in the state |1), plus p2 times the expectation value for the
case that the system is in the state |2), etc. That is

Q=Y pa(nl@Qn), (6.62)

where we have introduced a new notation Q to denote the expectation value
of Q when we have incomplete knowledge. When our knowledge of a system
is incomplete, we say that the system is in an impure state, and corre-
spondingly we sometimes refer to a regular state |¢)) as a pure state. This
terminology is unfortunate because a system in an ‘impure state’ is in a per-
fectly good quantum state; the problem is that we are uncertain what state
it is in — it is our knowledge of the system that’s impure, not the system’s
state.

It is instructive to rewrite equation (6.62) by inserting either side of @
identity operators I = ). [q;)(g;| that are made out of the eigenkets of Q.
Then we have

Q= pulnla)(alQla;){g;ln) = qupn|<qj|n>l2v (6.63)

nkj

where the second equality follows from Q|g;) = ¢;|¢;) and the orthonormality
of the kets |¢;). Equation (6.63) states that the expectation value of @ is the
sum of the possible measurement values g; times the probability p,|(g;|n}|?
of obtaining this value, which is the product of the probability of the system
being in the state |n) and the probability of obtaining ¢; in the case that it
is.

Now consider the density operator

p=> paln)(nl, (6.64)

where the p,, are the probabilities introduced above. This definition is rem-
iniscent of the definition

Q= Z ajla;){g;l (6.65)

of the operator associated with an observable (eq. 2.9). In particular, p is
a Hermitian operator because the p, are real. It should not be considered
an observable, however, because the p,, are subjective not objective: they
quantify our state of knowledge rather than hard physical reality. For exam-
ple, if our records of the results of measurements become scrambled, perhaps
through some failure of electronics in the data-acquisition system, our values
of the p,, will change but the system will not. By contrast the spectrum {g; }

10 See Problem 6.9 for a different and more physically plausible physical assumption.
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Box 6.3: Properties of Tr

The trace operator Tr extracts a complex number from an operator. We
now show that although its definition (6.67) is in terms of a particular
basis {|m)}, its value is independent of the basis used. Let {|g;)} be any
other basis. Then we insert identity operators I =3, |q;){g;| either side
of Ain TrA=73" (n|An):

TrA= (nlg;)(a;lAlar) (aeln) =Y (gl Alar) (arln) (nla;)

njk kjn
= (gl Alg;),
J

where we have used I =3 |n)(n| and (qr|g;) = Ox;-
Another useful result is that for any two operators A and B,
Tr(AB) = Tr(BA):

TH(AB) = S (nlABln) = S (n] Alm) | Bln)

(1)

= Z<m|B|n)<n|A|m> = Z(m|BA|m) = Tr(BA).

By making the substitutions B — C and A — AB in this result we infer
that
Tr(ABC) = Tr(CAB). (3)

of @ is determined by the laws of nature and is independent of the complete-
ness of our knowledge. Thus the density operator introduces a qualitatively
new feature into the theory: subjectivity.

To see the point of the density operator, we use equations (6.64) and
(6.65) to rewrite the operator product pQ:

pQ = pugjln)(nlg;)(g;!. (6.66)

nj

When this equation is premultiplied by (m| and postmultiplied by |m) and
the result summed over m, the right side becomes the same as the right side
of equation (6.63) for Q). That is,

TH(pQ) = Y (mlpQlm) = @, (6.67)

m

where ‘Tr’ is short for ‘trace’ because the sum over m is of the diagonal ele-
ments of the matrix for p@ in the basis {|n)}. Box 6.3 derives two important
properties of the trace operator.

Equation (6.64) defines the density operator in terms of the basis {|n)}.
What do we get if we express p in terms of some other basis {|g;)}? To find
out we replace [n) by >_;(g;[n)|q;) and obtain

p = pnlg;In)(nlgr) g;) (x|

njk
= pila)a]  where pix = palg;in)(nlg).
ik

n

(6.68)

This equation shows that whereas p is represented by a diagonal matrix in
the {|n)} basis, in the {|g;)} basis p is represented by a non-diagonal matrix.
This contrast arises because in writing equation (6.64) we assumed that our
system was in one of the states of the set {|n)}, although we were unsure
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which one. In general if the system is in one of these states, it will definitely
not be in any of the states {|g;)} because each |n) will be a non-trivial
linear combination of kets |g;). Thus when p is expanded in this basis, the
expansion does not simply specify a probability to be in each state. Instead
it includes complex off-diagonal terms p;r = >, pn(g;|n)(n|gk) that have no
classical interpretation. When we have incomplete knowledge of the state of
our system, we will generally not know that the system is in some state of a
given complete set, so we should not assume that the off-diagonal elements of
p vanish. Never the less, we may safely use equation (6.64) because whatever
matrix represents p in a given basis, p is a Hermitian operator and will have
a complete set of eigenkets. Equation (6.64) gives the expansion of p in
terms of its eigenkets. In practical applications we may not know what the
eigenkets |n) are, but this need not prevent us using them in calculations.

The importance of p is that through equation (6.67) we can obtain from
it the expectation value of any observable. As the system evolves, these ob-
servables will evolve because p evolves. To find its equation of motion, we
differentiate equation (6.64) with respect to time and use the TDSE. The
differentiation is straightforward because p,, is time-independent: if the sys-
tem was in the state |n) at time ¢, at any later time it will certainly be in
whatever state |n) evolves into. Hence we have

% = (Gt %)

(6.69)
! 1
= =3 po (Hln) (0] = n)(n|H) = —(Hp — pH).
This equation of motion can be written more simply
dp
ih— = [H, p]. 6.70
ihgy = 7] (6.70)

To obtain the equation of motion of an arbitrary expectation value Q =
Tr(pQ), we expand the trace in terms of a time-independent basis {|a)} and
use equation (6.70):

h— = hZ al Qla > (al(Hp — pH)Q|a) = Tr(p[@, H]), (6.71)

a

where the last equality uses equation (3) of Box 6.3. Ehrenfest’s theorem
(2.34) states that the rate of change of the expectation value @ for a given
quantum state is the expectation value of [Q, H] divided by if, so equation
(6.71) states that when the quantum state is uncertain, the expected rate of
change of @) is the appropriately weighted average of the rates of change of
Q@ for each of the possible states of the system.

Notice that the density operator and the operators for the Hamiltonian
and other observables encapsulate a complete, self-contained theory of dy-
namics. If we have incomplete knowledge of our system’s initial state, use
of this theory is mandatory. If we do know the initial state, we can still use
this apparatus by assigning our system the density operator

p =)W (6.72)

rather than using the TDSE and extracting amplitudes for possible outcomes
of measurements. However, when p takes the special form (6.72), the use of
the density operator becomes optional (Problem 6.8).
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6.3.1 Reduced density operators

We have seen that any physical interaction between two quantum systems
is likely to entangle them. No man is an island and no system is truly
isolated (except perhaps the entire Universe!) Consequently, a real system
is constantly entangling itself with its environment. We now show that even
if our system starts in a pure state, once it has entangled itself with its
environment, it will be in an impure state.

We consider a system that is comprised of two subsystems: A, which
will represent our system, and B, which will represent the environment —
the environment consists of anything that is dynamically coupled to our
system but not observed in sufficient detail for its dynamics to be followed.
Let the density operator of the entire system be

paB = > |A53)[B; ) piga (As k| (B; 1. (6.73)
ijkl

Let @ be an observable property of subsystem A. The expectation value of
Q is

Q=TrQp

= (Am|(Bin|Q | Y |A;1)[Bs4) pijr (A k(B3 1| | [A;m)[B; n)
mn ijkl

- Z(A;m|Q|A;i>memm

(6.74)
where the second equality exploits the fact that @ operates only on the
states of subsystem A, and also uses the orthonormality of the states of each
subsystem: (A;k|A;m) = dgm, etc. We now define the reduced density
operator of subsystem A to be

pA = Z<B;H|PAB|B;TL> = Z |A; ) (Z pm;m> (A K|, (6.75)

n

where the second equality uses equation (6.73). In terms of the reduced
density operator, equation (6.74) can be written

Q=> (A;m|QpalA;m) = TrQpa. (6.76)

Thus the reduced density operator enables us to obtain expectation values of
subsystem A’s observables without bothering about the states of subsystem
B. It is formed from the density operator of the entire system by taking the
partial trace over the states of subsystem B (eq. 6.75).

Suppose both subsystems start in well-defined states. Then under the
TDSE the composite system will evolve through a series of pure states |, t),
and at time ¢ the density operator of the composite system will be (cf. 6.72)

paB = |, ) {1, t|. (6.77)

If the two subsystems have not become entangled, so |, t) = |A,)|B,t),
then the reduced density operator for A is

where we have used the fact that the set {|B;4)} is a complete set of states for

subsystem B. Equation (6.78) shows that so long as the subsystems remain
unentangled, the reduced density operator for A has the form expected for
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a system that is in a pure state. To show that entanglement will generally
lead subsystem A into an impure state, we consider the simplest non-trivial
example: that in which both subsystems are qubits. Suppose they have
evolved into the entangled state

1
7

Then evaluating the trace over the two states of B we find

[, t) = — (1A;0)[B; 0) + [A; 1)[B; 1)) (6.79)

pa = 5(B; 0] (|A;0)[B;0) + |A; 1)|B; 1)) ((A; 0[(B; 0] + (A;1[(B; 1]) [B; 0)
+ 5(By 1] (JA; 0)[B; 0) + [A; 1)[B; 1)) ((A; O[(B; 0] + (A; 1[(B; 1]) [B; 1)

= 5 (|A;0)(A; 0] + |A; 1)(As 1)),

(6.80)
which is the density operator of a very impure state. Physically this result
makes perfect sense: in equation (6.80) pa states that subsystem A has
equal probability of being in either |0) or |1), which is consistent with the
state (6.79) of the entire system. In that state these two possibilities were
associated with distinct predictions about the state of subsystem B, but
in passing from pap to pa we have lost track of these correlations: if we
choose to consider system A in isolation, we lose the information carried
by these correlations, with the result that we have incomplete information
about system A. In this case system A is in an impure state. So long as we
recognise that A is part of the larger system AB and we retain the ability
to measure both parts of AB, we have complete information, so AB is in a
pure state.

In this example system A represents the system under study and system
B represents the environment of A, which we defined to be whatever is dy-
namically coupled to A but incompletely instrumented. If, for example, A is
a hydrogen atom, then the electromagnetic field inside the vessel containing
the atom would form part of B because a hydrogen atom, being comprised
of two moving charged particles, is inevitably coupled to the electromagnetic
field. If we start with the atom in its first excited state and the electro-
magnetic field in its ground state, then atom, field and atom-plus-field are
initially all in pure states. After some time the atom-plus-field will evolve
into the state

[, t) = ao(t)|A; 0)|F; 1) + a1 (t)[A; 1)[F; 0), (6.81)

where |A;n) is the n'® excited state of the atom, while |F;n) is the state of
the electromagnetic field when it contains n photons of the frequency asso-
ciated with transitions between the atom’s ground and first-excited states.
In equation (6.81), ag(t) is the amplitude that the atom has decayed to its
ground state while aq(¢) is the amplitude that it is still in its excited state.
When neither amplitude vanishes, the atom is entangled with the electro-
magnetic field. If we fail to monitor the electromagnetic field, we have to
describe the atom by its reduced density operator

pA = |aol?|A; 0)(A; 0 + |a1|*[A; 1) (A; 1. (6.82)

This density operator indicates that the atom is now in an impure state.

In practice a system under study will sooner or later become entangled
with its environment, and once it has, we will be obliged to treat the system
as one for which we lack complete information. That is, we will have to
predict the results of measurements with a non-trivial density operator. The
transition of systems in this way from pure states to impure ones is called
quantum decoherence. Experimental work directed at realising the possi-
bilities offered by quantum computing is very much concerned with arresting
the decoherence process by weakening all couplings to the environment.
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6.3.2 Shannon entropy

Once we recognise that systems are typically in impure states, it’s natural
to want to quantify the impurity of a state: for example, if in the definition
(6.64) of the density operator, ps = 0.99999999, then the system is almost
certain to be found in the state |3) and predictions made by assuming that
the system is in the pure state |3) will not be much in error, while if the
largest probability occurring in the sum is 10729, the effects of impurity will
be enormous.

A probability distribution {p;} provides a certain amount of information
about the outcome of some investigation. If one probability is close to unity,
the information it provides is nearly complete. Conversely, if all the probabil-
ities are small, no outcome is particularly likely and the missing information
is large. The question we now address is “what is the appropriate measure
of the missing information that remains after a probability distribution {p;}
has been specified?”

Logic dictates that the required measure s(p1, ..., py) of missing infor-
mation must have the following properties:

e s must be a continuous, symmetric function of the p;;
e s should be largest when every outcome is equally likely, i.e., when

p; = 1/n for all .. We define

s(E,..., 1) =s, (6.83)

and require that s,41 > s, (more possibilities implies more missing
information).

e sshall be consistent in the sense that it yields the same missing informa-
tion when there are different ways of enumerating the possible outcomes
of the event.

To grasp the essence of the last requirement, consider an experiment with
three possible outcomes z1, x2 and 3 to which we assign probabilities p1, p2
and ps, yielding missing information s(pi1,p2,ps). We could group the last
two outcomes together into the outcome x93, by which we mean “either zs
or x3”. Then we assign a probability pss = p2 + ps to getting x93, giving
missing information s(p1,p23). To this missing information we have to add
that associated with resolving the outcome w23 into either x5 or x3. The
probability that we will have to resolve this missing information is po3, and
the probability of getting x4 given that we have xa3 is pa/pas, so we argue
that

s(p1,p2,p3) = s(p1,p23) +P23S(p—2, p_g) (6.84)

Pb23 P23

This equation is readily generalised: we have n possible outcomes z1,...,z,
with probabilities p1,...,p,. We gather the outcomes into r groups and let
y1 be the outcome in which one of x1, ..., x, was obtained, ys the outcome in
which one of g, 41 . .., Xk, was obtained etc, and let w; denote the probability
of the outcome y;. Then since the probability that we get x; given that we
have already obtained y; is p1 /w1, we have

s(p1y .. 0n) = s(wr, ..., wp) +wis(pr/wi, ..., P, Jwi)+

6.85
...+wrs(pn_kr/wh...,pn/wr). ( )

Since s is a continuous function of its arguments, it suffices to evaluate
it for rational values of the arguments. So we assume that there are integers
n; such that p; = n;/N, where > ., n; = N by the requirement that the
probabilities sum to unity. Consider a system in which there are N equally
likely outcomes, and from these form n groups, with n; possibilities in the
it™ group. Then the probability of the group is p; and the probability of
getting any possibility in the i*" group given that the i*" group has come up,
is 1/n;. Hence applying equation (6.85) to the whole system we find

s(1/N,...,1/N) =s(p1,....pn) + Zpis(l/ni, 1) (6.86)
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Box 6.4: Solving Equation (6.88)

Let s(n) = s,. Then equation (6.88) is easily extended to
s(mnr---) =s(n) +s(m)+s(r)+---,
so with n =m = r = - we conclude that
s(n*) = ks(n).
Now let u, v be any two integers bigger than 1. Then for arbitrarily large

n we can find m such that

m _ Inv m+1
< < = 4" <ot <umt,

n ~ lnu n

(1)
Since s is monotone increasing,

s(u™) < s(e™) < s(u™) = ms(u) < ns() < (m+1)s(u)
s(v) m+1 (2)

< .
n

= —<

m
n

V2]

~

(u
Comparing equation (1) with equation (2), we see that

1 s(v) _ s(w)

s(v)  Ilnw
Inv Inu

f— )

n

where € = s(u)/(nlnv) is arbitrary small. Thus we have shown that
s(v) < Inw.

or with the definition (6.83) of s,

s(p1,-...pn) = SN—ipiSm (N—zn:m) (6.87)

K2

This equation relates s evaluated on a general argument list to the values
that s takes when all its arguments are equal. Setting all the n;, = m we
obtain a relation that involves only s,:

S (6.88)

Sn = Snm

It is easy to check that this functional equation is solved by s, = Klnn,
where K is an arbitrary constant that we can set to unity. In fact, in Box 6.4
it is shown that this is the only monotone solution of equation (6.88). Hence
from equation (6.87) we have that the unique measure of missing information
is

s(p1y---yPn) =InN — ipilnni = —Zpi(lnni —InN)
Z—Zpilnpi-

Since every probability p; is non-negative and less than or equal to one, s is
inherently positive. Claude Shannon (1916-2001) first demonstrated!! that
the function (6.89) is the only consistent measure of missing information.
Since s(p) turns out to be intimately connected to thermodynamic entropy,
it is called the Shannon entropy of the probability distribution.

The Shannon entropy of a density operator p is defined to be

(6.89)

s(p) = —Trplnp. (6.90)

11 C.E. Shannon, Bell Systems Technical Journal, 27, 379 (1948). For a much fuller
account, see E.T. Jaynes Probability Theory: the Logic of Science Cambridge University
Press, 2003.
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The right side of this expression involves a function, In(z) of the operator
p. We recall from equation (2.20) that f(p) has the same eigenkets as p and
eigenvalues f(\;), where \; are the eigenvalues of p. Hence

s==Tr(plnp) = => (n| Y pili)(il Y n(p;)§)(in) = =Y pnlnpn.
n i 7 n
(6.91)
Hence s is simply the Shannon entropy of the probability distribution {p;}
that appears in the definition (6.64) of p.

6.4 Thermodynamics

Thermodynamics is concerned with macroscopic systems about which we
don’t know very much, certainly vastly less than is required to define a
quantum state. For example, the system might consist of a cylinder full
of fluid and our knowledge be confined to the chemical nature of the fluid
(that it is Oz or COq, or whatever), the mass of fluid, its volume and the
temperature of the environment with which it is in equilibrium. In the
canonical picture we consider that as a result of exchanges of energy with
the environment, the energy of the fluid fluctuates around a mean U. The
pressure also fluctuates around a mean value P, but the volume V is well-
defined and under our control.

Thermodynamics applies to systems that are more complex than bodies
of fluid, for example to a quantity of diamond. In such a case the stress in the
material is not fully described by the pressure, and thermodynamic relations
involve also the shear stress and the shear strain within the crystal. If the
crystal, like quartz, has interesting electrical properties, the thermodynamic
relations will involve the electric field within the material and the polarisation
that it induces. A fluid is the simplest non-trivial thermodynamic system and
therefore the focus of introductory texts, but the principles that it illuminates
are of much wider validity. For simplicity we restrict our discussion to fluids.

To obtain relations between the thermodynamic variables from a knowl-
edge of the system’s microstructure, we need to assign a probability p; to
each of the system’s zillions of quantum states. We argue that the only ratio-
nal way to assign probabilities to the stationary states of a thermodynamic
system is to choose them such that (i) they reproduce any measurements
we have of the system, and (ii) they maximise the Shannon entropy. Re-
quirement (ii) follows because in choosing the {p;} we must not specify any
information beyond that included when we satisfy requirement (i) — our prob-
abilities must “tell the truth, the whole truth and nothing but the truth”.
It is straightforward to show (Problem 6.16) that the p; that maximise the
Shannon entropy for given internal energy

U= Z E;p; (6.92)
are given by .
pi= e ", (6.93a)

where 8 = 1/(kgT) is the inverse temperature and

Z= Y e (6.93D)

stationary
states

The quantity Z defined above is called the partition function; it is man-
ifestly a function of 7" and less obviously a function of the volume V and
whatever other parameters define the spectrum {E;} of the Hamiltonian. In
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equation (6.93a) its role is clearly to ensure that the probabilities satisfy the
normalisation condition ), p; = 1.

Since the probability distribution (6.93a) maximises the Shannon en-
tropy for given internal energy, we take the density operator of a thermody-
namic system to be diagonal in the energy representation and to be given

by
p= % Z e PE:

stationary
states i

il (6.94)

This form of the density operator is called the Gibbs distribution in honour
of J.W. Gibbs (1839-1903), who died before quantum mechanics emerged but
had already established that probabilities should given by equation (6.93a).

The sum in equation (6.94) is over quantum states not energy levels. It
is likely that many energy levels will be highly degenerate and in this case
the sum simplifies to Z =) | gae PEe where a runs over energy levels and
Ja is the number of linearly independent quantum states in level a.

The expectation of the Hamiltonian of a thermodynamic system is

= Te(Hp) = S (nlH Y pli)ln) = 3 puFo = U, (6.95)

where we have used the definition (6.92) of the internal energy. Thus the
internal energy U of thermodynamics is simply the expectation value of the
system’s Hamiltonian. Another important expression for U follows straight-
forwardly from equations (6.92) and (6.93):

0lnZ
B

We obtain an interesting equation using equation (6.93a) to eliminate
the second occurrence of p,, from the extreme right of equation (6.91):

U=-

(6.96)

s== pn(—BE,—InZ)=pU+InZ (6.97)

In terms of the thermodynamic entropy
S =kgs (6.98)
and the Helmholtz free energy
F=—-kgTlhZ (6.99)
equation (6.97) can be written
F=U-TS§, (6.100)

which in classical thermodynamics is considered to be the definition of the
Helmholtz free energy. When we substitute our definition of F' into equation
(6.96), we obtain

 Q(BF) oF _ OF

=——=F F-T—. .101
U a5 +4 a7 5T (6.101)
Comparing this equation with equation (6.100) we conclude that
oF
S=—-——. 6.102
3T (6.102)

The difference of equation (6.92) between two similar thermodynamic
states is

AU = (dpi s + pidEy). (6.103)
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Similarly differencing the definition S = —kg)_, piInp; of the thermody-
namic entropy (eqns 6.91 and 6.98), we obtain

dS =~k (Inp;+1)dpi = —ks Y _ Inp;dp;, (6.104)

K3

where the second equality exploits the fact that {p;} is a probability distri-
bution so ), p; = 1 always. By equation (6.93a), Inp; = —E;/(kgT) —1In Z,
so again using Y, p; = 1, equation (6.104) can be rewritten

TdS = Edp. (6.105)

If we heat our system up at constant volume, the F; stay the same but the
p; change because they depend on T'. In these circumstances the increase in
internal energy, >, F;dp;, is the heat absorbed by the system. Consequently,
equation (6.105) states that T'dS is the heat absorbed when the system is
heated with no work done. This statement coincides with the definition of
entropy in classical thermodynamics.

Substituting equation (6.105) into equation (6.103) yields

dU = TdS — PdV, (6.106a)

where

OF;
= ;pl R (6.106b)
If we isolate our system from heat sources and then slowly change its vol-
ume, the adiabatic principle (§11.1) tells us that the system will stay in
whatever stationary state it started in. That is, the p; will be constant while
the volume of the thermally isolated system is slowly changed. In classical
thermodynamics this is an ‘adiabatic’ change. From equation (6.104) we see
that the entropy S is constant during an adiabatic change, just as classical
thermodynamics teaches.

Since dS = 0 in an adiabatic change, the change in U as V is varied
must be the mechanical work done on the system, —Pd)V, where P is the
pressure the system exerts. This argument establishes that the quantity P
defined by (6.106b) is the pressure.

Differentiating equation (6.100) for the Helmholtz free energy and using
equation (6.106a) to eliminate dU, we find that

dF = —SdT — PdV. (6.107)

From this it immediately follows that

s__(g_f;)V : p__<g_§)T. (6.108)

The first of these equations was obtained above but the second one is new.

Equation (6.106a) is the central equation of thermodynamics since it
embodies both the first and second laws of thermodynamics. This result es-
tablishes that classical thermodynamics is a consequence of applying quan-
tum mechanics to systems of which we know very little. Remarkably, physi-
cists working in the first half of the 19*" century discovered thermodynamics
long before quantum mechanics was thought of, using extremely subtle argu-
ments concerning heat engines. Quantum mechanics makes these arguments
redundant. Notwithstanding this redundancy, they continue to feature in un-
dergraduate syllabuses the world over because they are beautiful. But then
so are copperplate writing and slide rules, which have rightly disappeared
from schools.
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A possible explanation for the survival of thermodynamics as an in-
dependent discipline is as follows. Equations (6.99), (6.100) and (6.108)
establish that any thermodynamic quantity can be obtained from the depen-
dence of the partition function on T" and V. Unfortunately, this dependence
can be calculated for only a very few Hamiltonians. In almost all practical
cases we cannot proceed by evaluating Z. However, once we know that Z
and therefore F' and S exist, we can determine their functional forms from
experimental data. For example, by measuring the heat released on cooling
our system at constant volume to absolute zero, we can determine its entropy
S = f d@/T. Similarly, we can measure the system’s pressure as a function
of T and V. Then by integrating equation (6.107) we can obtain F(T,V)
and thus infer Z(7,V). In none of these operations is the involvement of
quantum mechanics apparent, so engineers and chemists, who make exten-
sive use of thermodynamics, are generally unaware that it is a consequence of
quantum mechanics. Quantum mechanics provides us with relations between
thermodynamics quantities but does not enable us to evaluate the quantities
themselves. Evaluation must still be done with 19t century technology.

Although thermodynamics systems are inherently macroscopic, quan-
tum mechanics plays a central role in determining their thermodynamic
quantities because it defines the stationary states we have to sum over in
(6.93b) to form the partition function. Before quantum mechanics was born,
the thermodynamic properties of an ideal gas — one composed of molecules
that occupy negligible volume and interact only at very short range — were
obtained by summing over the phase-space locations of each molecule inde-
pendently. In this procedure there are six distinct states of a three-molecule
gas in which there are molecules at the phase-space locations x;, x2 and x3:
in one state molecule 1 is at x1, molecule 2 is at x5 and molecule 3 is at
x3, and a distinct state is obtained by swapping the locations of molecule
1 and molecule 2, and so forth. Quantum mechanics teaches that the state
of the gas is completely specified by listing the three occupied states, |1),
|2) and |3) for it is meaningless to say which molecule is in which state.
The classical way of counting states leads to absurd results even for gases at
room temperature (Problem 6.22). At low-temperatures another aspect of
classical physics leads to erroneous results: the low-lying energy levels of a
gas are distributed discretely rather than continuously in E, with the result
that specific heats always vanish in the limit T — 0 (Nernst’s theorem;
Problem 6.23), contrary to the prediction of classical physics.

An important lesson to be learnt from the failure of classical physics to
predict the properties of an ideal gas is the importance in quantum mechan-
ics of thinking wholistically: we have to sum over the quantum states of the
whole cylinder of gas, not over the states of individual molecules. This is
analogous to the importance for understanding EPR phenomena of consid-
ering the quantum system formed by the entangled particles taken together.
In quantum mechanics the whole is generally very much more than the sum
of its parts because there are non-trivial correlations between the parts.'?

6.5 Measurement

In §1.4 we asserted that the state of a system ‘collapses’ into one of the
eigenstates |g;) of the operator @) the instant we measure the observable Q.
Consequently, the result of measuring @ is to leave the system in the well-
defined quantum state |g;). It’s time to examine this collapse hypothesis
critically.

Superficially the collapse hypothesis is merely an assertion that mea-
surements are reproducible in the sense that if we measure something twice
in quick succession, we will obtain the same result: in §2.1 |g;) was defined

12 The origin of these correlations is the subject of §10.1.
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to be the state in which measurement of ) was certain to yield the value
gj, so if the measurement of @) is to be reproducible, the system has to be
in the state |¢;) immediately after the measurement. However, our system’s
quantum state [¢) is supposed to describe the system’s real, physical state,
not just our knowledge of it. So something physical must have happened to
make |¢) shift from the value it had before the measurement to the state
lg;) # |¢) that it had just after the measurement was completed. Notice that
the evolution from |¢) to |g;) has not been derived from the TDSE, which we
have stated to be the equation that governs the time-evolution of |1). So
this Copenhagen interpretation of quantum mechanics implies that every
measurement leads to a momentary suspension of the equations of motion,
so the system can be steered, by forces unspecified, into a randomly chosen
state! This is not serious physics. We need to consider more realistically
what is involved in making a measurement.

A first step from Copenhagen towards the real world can be taken by
recognising that since real measurements are associated with error bars, they
will not leave the system in a state in which the result of a subsequent
measurement is certain. It follows that a real measurement of @ will in
general not leave the system in one of the states |¢;) in which the result of a
subsequent measurement is certain. That is, the collapse hypothesis is false.

The Copenhagen interpretation does, however, contain a crucial insight
into measurement by stressing that any measurement physically disturbs the
system, so the system’s state after a measurement has been made is different
from what it was earlier. In classical physics we may or may not have to
worry about the disturbance of the system by the measuring process — for
example, when we measure the positions of Jupiter’s moons by pointing a
telescope at them, we don’t need to worry about disturbance caused by mea-
surement. But when we measure the voltage across a resistor by connecting
a galvanometer in parallel with it, we change the voltage by increasing the
current through the circuit either side of the resistor. We minimise this dis-
turbance by buying a galvanometer with the highest affordable impedance,
and we estimate the magnitude of the effect and try to correct for it. When
measurements are made on systems small enough for quantum mechanics
to be relevant, the system will be significantly disturbed because we cannot
make instruments of arbitrary sensitivity — quantum mechanics itself makes
this impossible. So the Copenhagen interpretation is right to stress that
post- and pre-measurement states are significantly different.

Where the Copenhagen interpretation slips up is in supposing that the
disturbance caused by a measurement can be taken into account without
knowing anything about the measuring instrument that was used. Physically
it is obvious that since the disturbance is caused by the instrument, we
cannot hope to predict the evolution of the system without knowledge of the
physical principles on which the instrument works, and the configuration it
was in when the measuring process started. In fact, it’s astonishing that
useful predictions can be extracted from a theory that fails to engage with
these key questions!

The Copenhagen interpretation makes progress through two stratagems.
First it assumes that the builder of the measuring instrument has been clever
enough to make an instrument that makes essentially reproducible measure-
ments. This being so, the state in which the measuring instrument leaves
the system must be one of the eigenstates of the observable’s operator. Fo-
cusing on instruments that measure reproducibly is a shrewd move because
instruments that do not yield reproducible readings are regarded as ‘noisy’
and tend not to be used. So the Copenhagen interpretation does make an
assumption about the nature of the measuring instrument — that it is a good
one, so it steers the system’s state to one of the |¢;) — and gets by without
considering the detailed physics that actually does the steering. By declin-
ing to consider the physics of the instrument, the theory remains general and
able to produce results that apply to any instrument rather than a particular
brand of electrometer, or whatever.
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The second stratagem is to abandon causality and assert that the out-
come of a measurement is inherently uncertain. It merely supplies probabili-
ties of the various measurement outcomes. So while a differential equation is
supplied with which to calculate with precision the evolution of the system’s
state between measurements, the consequences of measurement are left to
blind chance. This stratagem circumvents the failure to consider fully the
nature of the measuring equipment, for (as we shall argue) it is the unknown
state of this equipment at the start of the measuring process that makes the
outcome of the measurement uncertain.

A key insight of the Copenhagen interpretation is that the states in
which the outcome of measuring one observable is certain are generally dif-
ferent from the states in which the outcome of measuring a different observ-
able is certain. That is, there are fundamentally incompatible observables
in the sense that if you are certain what value you will measure for one ob-
servable, you cannot be certain what value you will measure for the other
observable. Since the states in which the outcomes of measurements are
the eigenkets of an observable’s operator, and operators that do not have a
complete set of mutual eigenkets do not commute, incompatible observables
have non-commuting operators. There is nothing deeply mysterious about
incompatible observables — it just happens that the act of measuring one
observable drives the system into different states from those into which the
system is driven by measuring the other observable. The key thing is to be
clear that an observable is not an intrinsic property of the system, but a
question we can ask of it. In general my particle has neither a position nor
a momentum, but these are questions I can ask of it, and after the question
has been asked, the particle will be (temporarily) in a special state that does
have a well-defined position / momentum.

The probabilistic outcome of a measurement introduces to physics a
new feature of great consequence: irreversibility. After a measurement, it is
impossible to determine what the state of the system was before the mea-
surement was made. This is so because many different initial states of the
system are consistent with measuring a particular value of the observable @),
and therefore causing the system to finish in a given state |g;).

An instrument is itself a dynamical system, and its dynamics is governed
by quantum mechanics. We make a measurement by putting the instrument
‘into contact’ with our system — that is, we ensure that the instrument and
the system are dynamically coupled by a non-negligible Hamiltonian. Once
in contact, the instrument and our system together form a composite system,
and, like all dynamically coupled subsystems, they soon become entangled.
That is, the state of the instrument becomes correlated with that of the
system. It is as a consequence of this entanglement that the instrument is
able to show a reading that reflects the state of the system being measured.

The instrument must be sufficiently macroscopic that it can be read
by a human being — if it were microscopic, an instrument would be needed
to measure it, and so on until eventually the macroscopic scale is reached.
That is, an instrument that is not macroscopic can be considered part of the
quantum system being studied and evolved with the TDSE; if a measurement
is to be made, at some point the entire quantum system has to interact
with a macroscopic instrument. Anything macroscopic will be in an impure
state (§6.3). Consequently, once interaction with a macroscopic instrument
is established, the outcome of the experiment will be probabilistic, just as
the Copenhagen interpretation asserts.

A measurement will also be irreversible in the sense that one cannot
compute the state that the system was in prior to the interaction because
such a computation would require for the initial conditions complete knowl-
edge of the instrument’s state after the measurement.

This discussion shows that the collapse hypothesis is really a clever way
to circumvent our unwillingness to follow the dynamics of system/instrument
interaction. The failure to follow the interaction enables the theory to make
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general statements that are valid irrespective of which devices are actually
used for measurement, but in specific cases it should be possible to obtain
a more complete understanding by properly considering the dynamics of
the measuring instrument. Unfortunately, we probably need an extension
to quantum mechanics to take this step, because a conventional quantum-
mechanical theory of the measuring instrument will require us at some point
to ‘observe’ the instrument using the collapse hypothesis, from which we are
trying to escape: quantum mechanics is a theoretical arena from which the
only exit to the real world is through the turnstile of the collapse hypothesis.

We expect any extension of quantum mechanics that successfully in-
cludes the act of measurement to be formulated in terms of density opera-
tors, because incomplete knowledge of the state of our instruments certainly
makes a major contribution to the uncertain outcome of measurements, and
may be entirely responsible for it.

Problems

6.1 A system AB consists of two non-interacting parts A and B. The dy-
namical state of A is described by |a), and that of B by |b), so |a) satisfies the
TDSE for A and similarly for |b). What is the ket describing the dynamical
state of AB? In terms of the Hamiltonians Hy and Hp of the subsystems,
write down the TDSE for the evolution of this ket and show that it is au-
tomatically satisfied. Do Ha and Hp commute? How is the TDSE changed
when the subsystems are coupled by a small dynamical interaction Hjn:?
If A and B are harmonic oscillators, write down Ha, Hg. The oscillating
particles are connected by a weak spring. Write down the appropriate form
of the interaction Hamiltonian Hj,. Does Ha commute with Hi,? Explain
the physical significance of your answer.

6.2 Explain what is implied by the statement that “the physical state of
system A is correlated with the state of system B.” Illustrate your answer
by considering the momenta of cars on (i) London’s circular motorway (the
M25) at rush-hour, and (ii) the road over the Nullarbor Plain in southern
Australia in the dead of night.

Explain why the states of A and B must be uncorrelated if it is possible
to write the state of AB as a ket |AB; ) = |A;11)|B; 1) that is a product
of states of A and B. Given a complete set of states for A, {|A;i)} and a
corresponding complete set of states for B, {|B; )}, write down an expression
for a state of AB in which B is possibly correlated with A.

6.3  Given that the state |[AB) of a compound system can be written as
a product |A)|B) of states of the individual systems, show that when |AB)
is written as » ;. ¢;j|A;4)|B;j) in terms of arbitrary basis vectors for the
subsystems, every column of the matrix ¢;; is a multiple of the leftmost
column.

6.4 Consider a system of two particles of mass m that each move in one
dimension along a given rod. Let |1;z) be the state of the first particle when
it’s at « and |2;y) be the state of the second particle when it’s at y. A
complete set of states of the pair of particles is {|zy)} = {|1;x)|2;y)}. Write
down the Hamiltonian of this system given that the particles attract one
another with a force that’s equal to C' times their separation.

Suppose the particles experience an additional potential

V(z,y) = 1C0(z +y)* (6.109)

Show that the dynamics of the two particles is now identical with the dynam-
ics of a single particle that moves in two dimensions in a particular potential
®(z,y), and give the form of ®.
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6.5 In §6.1.4 we derived Bell’s inequality by considering measurements by
Alice and Bob on an entangled electron-positron pair. Bob measures the
component of spin along an axis that is inclined by angle 6 to that used by
Alice. Given the expression

|—, b) = cos(0/2) e'?/2|—) — sin(0/2) e 71¢/2|+), (6.110)

for the state of a spin-half particle in which it has spin —% along the direction
b with polar angles (6, ¢), with |+) the states in which there is spin +1 along
the z-axis, calculate the amplitude Ag(—|A+) that Bob finds the positron’s
spin to be —% given that Alice has found +% for the electron’s spin. Hence
show that Pg(—|A+) = cos?(6/2).

6.6 Show that when the Hadamard operator Uy is applied to every qubit
of an n-qubit register that is initially in a member |m) of the computational
basis, the resulting state is

2m -1

1
) = on2 > al), (6.111)
x=0

where a, = 1 for all z if m = 0, but exactly half the a, = 1 and the other
half the a, = —1 for any other choice of m. Hence show that

1 {10 ifalla, =1
o7z Ut D aal) = { |m) # [0} if half the a, = 1 and the other a, = —1.
(6.112)
6.7 Show that the trace of every Hermitian operator is real.

6.8 Let p be the density operator of a two-state system. Explain why p
can be assumed to have the matrix representation

p= <Ca g) (6.113)

where a and b are real numbers. Let Ey and E; > Ej be the eigenenergies of
this system and |0) and |1) the corresponding stationary states. Show from
the equation of motion of p that in the energy representation a and b are
time-independent while ¢(t) = ¢(0)e'“! with w = (E; — Ep)/h.

Determine the values of a, b and ¢(t) for the case that initially the system
is in the state |¢) = (|0) +|1))/+/2. Given that the parities of |0) and |1) are
even and odd respectively, find the time evolution of the expectation value
T in terms of the matrix element (0|z|1). Interpret your result physically.

6.9 In this problem we consider an alternative interpretation of the density
operator. Any quantum state can be expanded in the energy basis as

N
i) = VP In), (6.114)
n=1

where ¢, is real and p,, is the probability that a measurement of energy will
return E,. Suppose we know the values of the p,, but not the values of the
phases ¢,,. Then the density operator is

e
o= | Gl dlwigl (6115)

Show that this expression reduces to >, pn|n)(n|. Contrast the physical
assumptions made in this derivation of p with those made in §6.3.
Clearly |1); ¢) can be expanded in some other basis {|g.)} as

i) =Y VPregy), (6.116)

where P, is the probability of obtaining ¢, on a measurement of the observ-
able @ and the 7, (¢) are unknown phases. Why does this second expansion
not lead to the erroneous conclusion that p is necessarily diagonal in the
{lgr)} representation?
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6.10 Show that the equation of motion of the density operator p is solved
by
pe =U()poU' (8), (6.117)

where U(t) = e~ "1*/" is the time-evolution operator introduced in §4.3.

6.11* Show that when the density operator takes the form p = |¢)(3],
the expression @ = Tr Qp for the expectation value of an observable can be
reduced to (1|Q|v). Explain the physical significance of this result. For the
given form of the density operator, show that the equation of motion of p

yields
_ _ . 0l)
9] = [} (¢l where |¢) =ih—p= — H|y). (6.118)
Show from this equation that |¢) = aly)), where a is real. Hence determine
the time evolution of |¢) given the at t = 0 |¢)) = |E) is an eigenket of H.
Explain why p does not depend on the phase of |[¢)) and relate this fact to
the presence of a in your solution for |t t).

6.12 The density operator is defined to be p = > pala)(al, where p,
is the probability that the system is in the state «. Given an arbitrary
basis {|7) } and the expansions |a) = >, aq;|i), calculate the matrix elements
pij = (i|p|j) of p. Show that the diagonal elements p;; are non-negative real
numbers and interpret them as probabilities.

6.13 Consider the density operator p = 3", pi;|i)(j| of a system that is in
a pure state. Show that every row of the matrix p;; is a multiple of the first
row and every column is a multiple of the first column. Given that these
relations between the rows and columns of a density matrix hold, show that
the system is in a pure state. Hint: exploit the real, non-negativity of p1;
established in Problem 6.12 and the Hermiticity of p.

6.14 Consider the rate of change of the expectation of the observable @
when the system is in an impure state. This is

dQ d
& = Zpaginialn, (6119)

where p,, is the probability that the system is in the state |n). By using
Ehrenfest’s theorem to evaluate the derivative on the right of (6.119), derive
the equation of motion ihdQ/dt = Tr(p[Q, H]).

6.15 Find the probability distribution (p1,...,py) for n possible outcomes
that maximises the Shannon entropy. Hint: use a Lagrange multiplier.

6.16 Use Lagrange multipliers A and § to extremise the Shannon entropy
of the probability distribution {p;} subject to the constraints (i) >, p; =1
and (ii) Y, piE; = U. Explain the physical significance of your result.

6.17 Explain why if at t = 0 the density operator of a system is given by
the Gibbs distribution, it remains so at later times.

6.18 A composite system is formed from uncorrelated subsystem A and
subsystem B, both in impure states. The numbers {pa;} are the probabilities
of the members of the complete set of states {|A;7)} for subsystem A, while
the numbers {pp;} are the probabilities of the complete set of states {|B;i)}
for subsystem B. Show that the Shannon entropy of the composite system is
the sum of the Shannon entropies of its subsystems. What is the relevance
of this result for thermodynamics?

6.19 The |0) state of a qubit has energy 0, while the |1) state has energy e.
Show that when the qubit is in thermodynamic equilibrium at temperature
T = 1/(kgp) the internal energy of the qubit is

€

R

Show that when fe < 1, U ~ %6, while for Be > 1, U ~ eeP¢. Interpret
these results physically and sketch the specific heat C = 9U /9T as a function

of T.

(6.120)
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6.20 Show that the time-evolution of the density operator leaves the Shan-
non entropy s = — Tr plog p invariant.

6.21 Show that the partition function of a harmonic oscillator of natural
frequency w is
efﬁhw/Q

Zho = 1 _ e_ﬂhw .

(6.121)

Hence show that when the oscillator is at temperature T = 1/(kpf) the
oscillator’s internal energy is

1
Uho = hw <% + m) . (6122)

Interpret the factor (e%™ — 1)~! physically. Show that the specific heat
C =09U/dT is

eBhw )
ey ) (6.123)

Show that limt_,o C = 0 and obtain a simple expression for C when kgT >
hw.

C=ksp

6.22 A classical ideal monatomic gas has internal energy U = %N kgT and
pressure P = NkgT/V, where N is the number of molecules and V is the
volume they occupy. From these relations, and assuming that the entropy
vanishes at zero temperature and volume, show that in general the entropy
is

S(T,V) = Nkg(3InT +1nV). (6.124)

A removable wall divides a cylinder into equal parts of volume V. Initially
the wall is in place and each half contains N molecules of ideal monatomic
gas at temperature 7. The wall is removed. Show that equation (6.124)
implies that the entropy of the entire body of fluid increases by 2In2 Nkg.
Can this result be squared with the principle that dS = dQ/T, where dQ is
the heat absorbed when the change is made reversibly? What conclusion do
you draw from this thought experiment?

6.23 Consider a ‘gas’ formed by M non-interacting, monatomic molecules
of mass m that move in a one-dimensional potential well V' = 0 for |z| < a
and oo otherwise. Assume that at sufficiently low temperatures all molecules
are either in the ground or first-excited states. Show that in this approxima-
tion the partition function is given by

n2h?
8ma?’

InZ = —MBEy + e 3P0 _ g 3(M+1BE Ghere FEy = (6.125)

Show that for M large the internal energy, pressure and specific heat of this
gas are given by

2F 9F?
U = Eo(M+3e_3BE0) ;P = TO (M_|_ 36—3,3E0) : Cy = 0 o—3BEo

~ kpT?
(6.126)
In what respects do these results for a quantum ideal gas differ from the
properties of a classical ideal gas? Explain these differences physically.
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Angular Momentum

In Chapter 4 we introduced the angular-momentum operators J; as the gener-
ators of rotations. We showed that they form a pseudo-vector, so J? = o J?
is a scalar. By considering the effect of rotations on vectors and scalars, we
showed that the the J; commute with all scalar operators, including J2, and
found that commutator of J; with a component of vector operator is given
by equation (4.31). From this result we deduced that the J; do not commute
with one another, but satisfy [J;, J;] =1>, €ijuJk-

Although we have from the outset called the J; ‘angular-momentum
operators’, the only connection we have established between the J; and an-
gular momentum is tenuous and by no means justifies our terminology: we
have simply shown that when the Hamiltonian is invariant under rotations
about some axis &, and the system starts in an eigenstate of the correspond-
ing angular-momentum operator & - J, it will subsequently remain in that
eigenstate. Consequently, the corresponding eigenvalue is then a conserved
quantity. In classical mechanics dynamical symmetry about some axis im-
plies that the component of angular momentum about that axis is conserved,
so it is plausible that the conserved eigenvalue is a measure of angular mo-
mentum. This suggestion will be substantiated in this chapter. Another
important task for the chapter is to explain how the orientation of a system
is encoded in the amplitudes for it to be found in different eigenstates of
appropriate angular-momentum operators. We start by using the angular-
momentum commutation relations to determine the spectrum of the J;.

7.1 Eigenvalues of J, and J?

Since no two components of J commute, we cannot find a complete set of
simultaneous eigenkets of two components of J. We can, however, find a
complete set of mutual eigenkets of J2 and one component of J because
[J2, J;] = 0. Without loss of generality we can orient our coordinates so that
the chosen component of J is J,. Let us label a ket which is simultaneously
an eigenstate of J2 and J, as |3, m), where

JB,m) = BlB,m) 5 J.|B,m) =m|B,m). (7.1)

‘We now define
Jy = Jp £iJy. (7.2)
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These objects clearly commute with J2, while their commutation relations
with J, are

(4, J2] = [T, Jo] + i[Jyv J.| = —iJy —Jo = —Jy

7.3
[J,,Jz] = [Jacvt]z]_i[‘]yvjz] :_IJy+Jz =J_. ( )

Since Ji+ commutes with J2, the kets Ji|3,m) are eigenkets of J? with
eigenvalue . Operating with J, on these kets we find

Lo |B,m) = (J4 o + [, J4]) B, m) = (m+ 1)J4]B,m) (7.4)

JJ_|B,m) = (J_J, + [Js, J_]) |B,m) = (m — 1)J_|3,m).
Thus, J4 |8, m) and J_|3,m) are also members of the complete set of states
that are eigenstates of both J2 and .J,, but their eigenvalues with respect to
J, differ from that of |3, m) by +1. Therefore we may write

Ji|B,m) = ay|B,m+1), (7.5)

where a4 is a constant that we now evaluate. We do this by taking the

length-squared of both sides of equation (7.5). Bearing in mind that J! =
J_, we find

o | = (B.m|J_Jy|B,m) = (B, m|(Js — 1) (Js +1Jy)|B,m)

— (Bom|(J? — I — J)|B.m) = B — m(m +1). (76)

Similarly, |a_[? = 8 —m(m — 1), so
ax =B -m(m=1). (7.7)
The J; are Hermitian operators, so (|J2|y) = ‘Ji|1/)>‘2 > 0. Hence
B = (B, m|J?|B,m) = (B,m|(J7 + Jj + J2)|B,m) =m*.  (T.8)

So notwithstanding equation (7.5), it cannot be possible to create states with
ever larger eigenvalues of J, by repeated application of J,. All that can stop
us doing this is the vanishing of ay when we reach some maximum eigenvalue
Mmax that from equation (7.7) satisfies

ﬂ - mmax(mmax + 1) = 0. (79)
Similarly, c— must vanish for a smallest value of m that satisfies
B - mmin(mmin - 1) =0. (710)

Eliminating S between (7.9) and (7.10) we obtain a relation between mpax
and muyin that we can treat as a quadratic equation for mmpyi,. Solving this
equation we find that

Mmin = 3{1 & (2Mmax + 1)} (7.11)

The plus sign yields a value of mpy, that is incompatible with our require-
ment that mmin < Mmax, SO we must have mpin = —Mmax. 10 simplify the
notation, we define j = mmpax, so that equation (7.9) becomes 8 = j(j + 1)
and —j < m < j. Finally, we note that since an integer number of applica-
tions of J_ will take us from |8, j) to |8, —j), 2§ must be an integer — see
Figure 7.1. In summary, the eigenvalues of J2 are j(j+1) with 25 = 0,1,2,...
and for each value of j the eigenvalues m of J, are (j,5 — 1,...,—j).

At this point we simplify the labelling of kets by defining |j,m) to be
what has hitherto been denoted |3, m) with 8 = j(j + 1) — we clear a great
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m=3/2 —

Figure 7.1 Going from mpyj, to
m:73/2 — Mmax in an integer number of steps

. .3
m—_2 in the cases j = 3,2.

j=3/2  j=2

deal of clutter from the page by replacing |j(j + 1), m) with |j, m). The kets’
eigenvalues with respect to J? are of course unaffected by this relabelling.
Had we known at the outset that the eigenvalues of J? would be of the form
j(5 + 1), we would have used the new notation all along.
In summary, we can find simultaneous eigenstates of J2 and one of the
J;, conventionally taken to be J,. The eigenvalues of J? are j(j + 1) with
2§ =0,1,..., and for any given j the eigenvalues m of J, then run from +j
to —j in integer steps:
ji>m>—j. (7.12)

In order to move from the state |j, m) to the adjacent state |j, m+ 1) we use
the raising or lowering operators J+ which act as

Jiljm) = ax(m)ljm+£1) =/j(j+1) —m(mE£1)[j,m+1). (7.13)

These operators only change the J, eigenvalue, so they just realign a given
amount of total angular momentum, placing more (J;) or less (J_) along
the z-axis. So far, we have not discovered how to alter the J? eigenvalue
G+ 1),

It is sometimes helpful to rewrite the constants ay (m) of equation (7.13)
in the form

ap(m)=/(j—m)(j+m+1)
a_(m)=+/(G+m)(j—m+1).

These equations make it clear that the proportionality constants for different
m satisfy

(7.14)

+(=m=1)  ap(m—1)=a(m)

_(=m+1) a_(m) = ay(—m). (7.15)

@
@
For example, when J_ lowers the highest state |j, ), we obtain the same
proportionality constant as when J; raises the lowest state |j, —j); conse-
quently, we only need to work out half the constants directly, because we can
then infer the others.

By expressing J, = %(JJr + J_) in terms of the ladder operators, we
observe that when we apply J, to a state |j,m) for j > 0 we obtain a ket
that differs from |j,m), so |j,m) is never an eigenket of J,. Hence for j >0
it is impossible to be certain what will be the result of measuring both J,
and J;. It is trivial to see that this argument extends to the pair (J, Jy),
so for j > 0 it is impossible to be certain of the outcome of more than one of
the J;. If j = 0 the outcome measuring of any component of J is certainly
0, but a null vector has no direction. Consequently, there are no states in
which the vector J has a well-defined direction. This situation contrasts with
the case of the momentum vector p, which can have a well defined direction
because its components commute with one another.

In §4.1.2 we discovered that when the system is rotated through an
angle o around the z axis, its ket |¢) transforms to |¢)') = U(a)|y), where
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the unitary operator U(«a) = exp(—iaJ,). If [¢)) = |j,m) is an eigenket of
J., U(a) simply changes its phase:

U(a)lj.m) = e [j,m) = 71" |j,m). (7.16)

Since 27 is an integer, j (and hence m) must be either an integer or a half in-
teger. Using this information in equation (7.16), we see that, after a rotation
through 27 around the z-axis, we have either

|7, m) — |j,m) for m even (7.17a)

or
|[7,m) = —|j,m) for m odd. (7.17b)

Equation (7.17a) is as expected; under a 27 rotation, the system returns to
its original state. However, equation (7.17b) says that a system with half
integer angular momentum does not return to its original state after a 27
rotation — the initial and final states are minus one another! This difference of
behaviour between systems with integer and half-integer angular momentum
is of fundamental importance, and determines many other characteristics of
these systems. A result of quantum field theory is that ‘spin-half’ fields
never attain macroscopic values: the quantum uncertainty in the value of
a spin-half field is always on the same order as the value of the field itself.
Integer-spin fields, by contrast, can attain macroscopic values: values that
are vastly greater than their quantum uncertainties. Consequently, classical
physics — physics in the absence of quantum uncertainty — involves integer-
spin fields (the electromagnetic and gravitational fields are examples) but no
spin-half field. Our intuition about what happens when a system is rotated
has grown out of our experience of classical physics, so we consider that
things return to their original state after rotation by 2. If we had hands-on
experience of spin-half objects, we would recognise that this is not generally
true.

7.1.1 Rotation spectra of diatomic molecules

Knowledge of the spectrum of the angular momentum operators enables us
to understand an important part of the dynamics of a diatomic molecule such
as carbon monoxide. For some purposes a CO molecule can be considered
to consist of two point masses, the nuclei of the oxygen and carbon atoms,
joined by a ‘light rod’ provided by the electrons. In this model the molecule’s
moment of inertia around the axis that joins the nuclei is negligible, while
the same moment of inertia I applies to any perpendicular axis.
In classical mechanics the rotational energy of a rigid body is

2 j2 2
E_%(%+I—y+f—z>, (7.18)
T Yy z

where the I; are the moments of inertia about the body’s three principal
axes and J is the body’s angular-momentum vector. We conjecture that
the equivalent formula links the Hamiltonian and the angular momentum
operators in quantum mechanics:

R /Jz  J: g2
H="(2=4v 2] 1
2<II+Iy+IZ> (7.19)

The best justification for adopting this formula is that it leads us to results
that are confirmed by experiments.

In the case of an axisymmetric body, we orient our body such that
the symmetry axis is parallel to the z axis. Then I = I, = I, and the
Hamiltonian can be written

R (J2 (1 1
T2 (L), 720
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From this formula and our knowledge of the eigenvalues of J? and J,, we
can immediately write down the energies that form the spectrum of H:

Ejm_%z{j(j%l)erQ <Ii—%)} (7.21)

where j is the total angular-momentum quantum number and |m| < j. In
the case of a diatomic molecule such as CO, I, < I so the coefficient of m? is
very much larger than the coefficient of j(j + 1) and states with |m| > 0 will
occur only far above the ground state. Consequently, the states of interest
have energies of the form

72
E; =34+ 1)5 (7.22)
For reasons that will emerge in §7.2.2, only integer values of j are allowed.
CO is a significantly dipolar molecule. The carbon atom has a smaller
share of the binding electrons than the oxygen atom, with the result that it
is positively charged and the oxygen atom is negatively charged. A rotating
electric dipole would be expected to emit electromagnetic radiation. Because
we are in the quantum regime, the radiation emerges as photons which, as
we shall see, can add or carry away only one unit & of angular momentum.
It follows that the energies of the photons that can be emitted or absorbed
by a rotating dipolar molecule are

1

E,=+x(E;—E;_1)= :th. (7.23)
Using the relation E = hv between the energy of a photon and the frequency
v of its radiation, the frequencies in the rotation spectrum of the molecule

are
h

EAREETY S
In the case of 2CO, the coefficient of j evaluates to 113.1724 GHz and spec-
tral lines occur at multiples of this frequency (Figure 7.2).

In the classical limit of large j, J = jh is the molecule’s angular mo-
mentum, and this is related to the angular frequency w at which the molecule
rotates by J = Iw. When in equation (7.24) we replace jh by Tw, we dis-
cover that the frequency of the emitted radiation v is simply the frequency
w/2m at which the molecule rotates around its axis. This conclusion makes
perfect sense physically. Now, because of the form of the Hamiltonian, the
energy eigenstates are also the eigenstates of J, and J2?. Therefore in any
energy eigenstate, <J2> = j(j + 1) and for low-lying states with m = 0 and
j ~ OQ), j(j + 1) is significantly larger than j2. Therefore v; in (7.24)
is smaller than the frequency at which the molecule rotates when it is in
the upper state of the transition. On the other hand, v; is larger than the
rotation frequency +/(j — 1) j% of the lower state. Hence the frequency at
which radiation emerges lies between the rotation frequencies of the upper
and lower states. Again this makes sense physically. As we approach the
classical regime, j becomes large so j(j+1) =~ 52 ~ (j — 1) and the rotation
frequencies of the upper and lower states converge, from above and below,
on the frequency of the emitted radiation.

Measurements of radiation from 115 GHz and the first few multiples of
this frequency provide one of the two most important probes of interstel-
lar gas.! In denser, cooler regions, hydrogen atoms combine to form Hs
molecules, which are bisymmetric and do not have an electric dipole mo-
ment when they are simply rotating. Consequently, these molecules, which

(7.24)

1 The other key probe is the hyperfine line of atomic hydrogen that will be discussed
in Chapter 8.
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Figure 7.2 The rotation spectrum of CO. The full lines show the measured frequencies
for transitions up to j = 38 — 37, while the dotted lines show integer multiples of the
lowest measured frequency. Up to the line for 7 = 22 — 21 the dotted lines are obscured
by the full lines except at one frequency for which measurements are not available. For
7 > 22 the separation between the dotted and full lines increases steadily as a consequence
of the centrifugal stretching of the bond between the molecule’s atoms. Measurements are
lacking for several of the higher-frequency lines.

together with similarly uncommunicative helium atoms make up the great
majority of the mass of cold interstellar gas, lack readily observable spectral
lines. Hence astronomers are obliged to study the cold interstellar medium
through the rotation spectrum of the few parts in 106 of CO that it contains.

Important information can be gleaned from the relative intensities of
lines associated with different values of j in equation (7.24). The rate at
which molecules emit radiation and thus the intensity of the line? is propor-
tional to the number n; of molecules in the upper state. As we shall deduce
in §7.5.3, all states have equal a priori probability, so n; is proportional to
the number of states that have the given energy — the degeneracy or sta-
tistical weight ¢ of the energy level. From §7.1 we know that g = 25 4+ 1
because this is the number of possible orientations of the angular momentum
for quantum number j.

In §6.4 we saw that when a gas is in thermal equilibrium at temper-
ature 7', the probability p; that a given molecule is in a state of energy
E; is proportional to the Boltzmann factor exp(—FE;/kgT'), where kg is the
Boltzmann constant (eq. 6.93a). Combining this proportionality with the
dependence on the degeneracy 25 + 1 just discussed leads us to expect that
the intensity of the line at frequency v; will be

Z; x (2j + 1) exp(—E; /ksT) (7 >0). (7.25)

For By < kT, Z; increases at small j before declining as the Boltzmann
factor begins to overwhelm the degeneracy factor. Fitting this formula, which
has only one free parameter (T'), to observed line intensities enables one both
to measure the temperature of the gas, and to check the correctness of the
degeneracy factor.

Figure 7.2 shows that for large values of the quantum number j, the
spacing between lines in the spectrum diminishes in apparent violation of the
prediction of equation (7.24). Lines with large j are generated by molecules
that are spinning very rapidly. The bond between the nuclei is stretched like
a spring by the centripetal acceleration of the nuclei. Stretching of the bond
increases the moment of inertia I, and from equation (7.24) this decreases
the frequency of the spectral lines (Problem 7.2).

2 We neglect the absorption of photons after emission, which can actually be an im-
portant process, especially for 12CO.
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7.2 Orbital angular momentum

Let x and p be the position and momentum operators of the system. Then,
inspired by classical mechanics, we define the dimensionless orbital angular
momentum operators by?

. 1
L=-xxp, thatis L;= 7 Z €ijkTjDk- (7.26)

Jk

St o=

From the rules of Table 2.1 and the Hermitian nature of x and p, the Her-
mitian adjoint of L; is

1 1
L} = agpkal = = > ejpapr = Li (7.27)
ik jk

where we have used the fact that [z;,pg] = 0 for j # k. Thus the L; are
Hermitian and are likely to correspond to observables. We also define the
total orbital angular momentum operator by

LP=L-L=L,+L+L2, (7.28)

which is again Hermitian, and calculate a number of commutators. First,
bearing in mind the canonical commutation relation (2.54), we have

[Luxl h E €ijk %pk,wl h E Ez]kxj[pkuxl _1§ €ijlTj
=i E €iljLj-

(7.29)

Similarly

1 1 .
[Li,pi] = % Z €ijk[ipr, pi] = % Z €ijk (), ilpr = 1Z€iljpj- (7.30)

Jk Jk J

Notice that these commutation relations differ from the corresponding ones
for J; [equations (4.30) and (4.32)] only by the substitution of L for J. From
these relations we can show that L; commutes with the scalars x2, p? and
x - p. For example

[Li,p?] = > [Li,p}] =1 €iju(prps + pjpr) =0, (7.31)

J jk

where the last equality follows because the € symbol is antisymmetric in jk
while the bracket is symmetrical in these indices (see also Problem 7.3). We
can now also calculate the commutator of one component of L with another.
We have

[Lw7 LU] = [Lﬂca (Zpac - xpz)] = i(_ypm + Zpr) =1iL,. (732)

St =

Clearly each L; commutes with itself, and the other non-zero commutators
can be obtained from equation (7.32) by permuting indices. These commu-
tators mirror the commutators (7.104) of the J;.

L is a vector operator by virtue of the way it is constructed out of the
vectors x and p. It follows that L? is a scalar operator. Hence the way these

3 In many texts L is defined without the factor A~'. By making L dimensionless, this
factor simplifies many subsequent formulae.
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operators commute with the total angular momentum operators J; follows
from the work of §4.2:

[Ji, LJ] = lz EijkLk y [Jl, L2] = 0. (733)
k

Although p? and 2? commute with L;, the total angular momentum
operator J2 does not:

[, L) = [J7, Ll =1 _ ejir(LiJ; + J; Li). (7.34)
J jk

The right side does not vanish because the final bracket is not symmetric in
jk. The physical significance of [J?2, L;] being non-zero is that if our system
is in a state of well-defined total angular momentum, in general there will
be uncertainty in the amount of orbital angular momentum it has about any

axis. We shall explore the consequences of this fact in §7.5.

7.2.1 L as the generator of circular translations
In §4.1.1 we saw that when the system is displaced along a vector a, its ket

is transformed by the unitary operator U(a) = e~1@P/h We now imagine
successively performing n translations through vectors {a;,as ..., a,}. Since
each translation will cause [1)) to be acted on by a unitary operator, the final
state will be

) U ao) = {[[ew (o) i

= exp {% (zj; ai> -p}lw,

where the second equality follows because the components of p commute
with one another. Since the exponent in the last line is proportional to the
overall displacement vector A = Y7 | a;, the change in [¢) is independent
of the path that the system takes. In particular, if the path is closed, A =0
and |¢) is unchanged.

Now consider the effect of moving the system in a circle centred on the
origin and in the plane with unit normal n. When we increment the rotation
angle a by da, we move the system through

da = dan x x. (7.36)

(7.35)

The associated unitary operator is

U(da) = exp (—%504 (n x x) -p) = exp (—%6an- (x x p))

. efuioc n-L'

(7.37)

The unitary operator corresponding to rotation through a finite angle « is a
high power of this operator. Since the exponent contains only one operator,
n- L, which inevitably commutes with itself, the product of the exponentials
is simply .

U(a) =e ok, (7.38)
where a = an.

The difference between the total and orbital angular momentum oper-
ators is now apparent. When we rotate the system on a turntable through
an angle «, the system’s ket is updated by e™*®J. When we move the sys-
tem around a circle without modifying its orientation, the ket is updated
by ei®L The crucial insight is that the turntable both moves the system
around a circle and reorientates it. The transformations of which J is the
generator reflects both of these actions. The transformations of which L is
the generator reflects only the translation.
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J L S

Figure 7.3 J both swings the particle around the origin and rotates its spin (left), while
L moves the particle, but leaves the direction of the spin invariant (right).

7.2.2 Spectra of L? and L,

We have shown that the L; commute with one another in exactly the same
way that the J; do. In §7.1 we found the possible eigenvalues of J? and J,
from the commutation relations and nothing else. Hence we can without
further ado conclude that the possible eigenvalues of L? and L, are [(I + 1)
and m, respectively, with —l < m < [, where [ is a member of the set
(0,3,1,3,...).

In the last subsection we saw that L is the generator of translations
on circles around the origin, and we demonstrated that when a complete
rotation through 27 is made, the unitary operator that L generates is simply
the identity. Consider the case in which we move the system right around the
2z axis when it is in the eigenstate |I,m) of L? and L,. The unitary operator
is then e =27 and the transformed ket is

|l,m) = e 2™L= |1 m) = ™2™ |1 m). (7.39)

Since the exponential on the right side is equal to unity only for integer m,
we conclude that L, unlike J, has only integer eigenvalues. Since for given
[, m runs from —I to [, it follows that [ also takes only integer values. Thus
the spectrum of L? is I(I + 1) with [ = 0,1,2, ..., and for given [ the possible
values of L, are the integers in the range (—I,1).

7.2.3 Orbital angular momentum eigenfunctions

We already know the possible eigenvalues of the operators L? and L,. Now
we find the corresponding eigenfunctions.
In the position representation, the L; become differential operators. For

example
1 0 0
L,=—- —ypg) = —ile— —y— 4
7 (@py = yps) = i <I oy Y ax> (7.40)

Let (r,0,¢) be standard spherical polar coordinates. Then the chain rule
states that
0 w0 o 020

— = . 41
96 060z 960y | 9002 (741)
Using © = rsinf cos ¢, y = rsinfsin ¢ and z = r cos 8 we find
0 0 0 0 0
p—— 1 9 —qj RN _— = _— _— :.LZ' 42
9 rsin < s1n¢ax+cos¢ay> (Iay y8110> i (7.42)
That is
L= i (7.43)
:="igg .

Let |I,m) be a simultaneous eigenket of L? and m for the eigenvalues [(I + 1
and m, respectively. Then L,|l,m) = m|l, m) and the wavefunction ¢, (x) =
(x|I, m) must satisfy the eigenvalue equation

adnm
¢

= MWl (7.44)

—i
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The solution of this equation is
Vi (1,0, 8) = Kim (r, 0)e™?, (7.45)

where Kj, is an arbitrary function of r and #. Since m is an integer, 1, is
a single-valued function of position.

In our determination of the spectra of J2 and J, in §7.1, important roles
were played by the ladder operators Ji = (J, £1iJy). If we define

Ly=L,+iL,, (7.46)
then by analogy with equation (7.5) we will have that
Lijl,m) = ax|l,m+1), (7.47a)
where
az(m)=+I11+1)—m(m=+1). (7.47D)

It will be helpful to express L4 in terms of partial derivatives with re-
spect to spherical polar coordinates. We start by deriving a relation between
partial derivatives that we will subsequently require. From the chain rule we
have that

o 0 ., 0 ., 0
5= rcos@(cos qﬁa—x + sm¢8—y) - rsm@a. (7.48a)

Multiplying the corresponding expression (7.42) for ¢ by cot 6 yields
0 0 0
cot 98_¢ =rcosf (— sin (ba—x + cos (ba_y) . (7.48b)
Adding or subtracting i times (7.48b) to (7.48a) we obtain

% + iCOtH% =rcosf {(cos¢ F isin(b)a% + (sing + icos¢)(%} - rsin@%
= rcosfeT? (% + 1(%) — rsin 9%.
. (7.49)

Multiplying through by e*¢, we obtain the needed relation:

i 0 0 0 i O
+ig . _ : _ : +i¢
e (_(96‘ + 1cot9—a¢> rcos@(—ax + 1_(93/) rsinfe 5 (7.50)

With this expression in hand we set to work on L. In the position repre-

sentation it is
Ly =-i g — z2 + z2 — xi
T Yoz dy Ox 0z

0 0 0
= =4+i=) - i) — 7.51
Z(ax _Hay) (I_Hy)@z ( )
0 0 i O
_ e i 2 _ . 1¢_
_Tcoso(6x+18y) rsinfe P
so with equation (7.50) we can write
w( 0 0
— o 2 1 —
Li=e (89+1C0t98¢)' (7.52a)
Similarly
L_=-i 2 — zi — 23 - xﬁ
- Yoz y ox 0z
0 0
(5 ~igy) -
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Table 7.1 The first six spherical harmonics

m
0 +1 49
Yy A /ﬁ
VP | /& coss £/ sin et
Yety A= (3cos?f — 1) Fy/72 sin20eF? | /A5 gin? fete

The state |I,1) with the largest permissible value of m for given I must
satisfy the equation L|l,1) = 0. Using equations (7.45) and (7.52a), in the
position representation this reads

0K
afo” —lcot 0Ky = 0. (7.53)

This is a first-order linear differential equation. Its integrating factor is
exp(—1 [df cotf) = sin~' @, so its solution is Kj; = R(r)sin'#, where R is
an arbitrary function. Substituting this form of Kj; into equation (7.45), we
conclude that

Yu(r,0,¢) = R(r)sin' § el (7.54)

From equation (7.54) we can obtain the wavefunctions ), of states with
smaller values of m simply by applying the differential operator L_. For
example

Yi1—1)(r, 0, ¢) = constant x R(r)e*i‘ﬁ( — % + icot@%) sin' g e''®

= constant x R(r)sin' ™! cos fe!=1)%,

(7.55)

Hence, the eigenfunctions of L? and L, for given [ all have the same radial
dependence, R(r). The function of 6, ¢ that multiplies R in ¢, is conven-
tionally denoted Y;* and called a spherical harmonic. The normalisation
of Y] is chosen such that

/dQQ Y"? =1 with d?Q =sinfdfde (7.56)

the element of solid angle. We have shown that
Y! ocsin' Bel'®  and  YIT! ocsin' ! 6 cos gl D2 (7.57)

The normalising constants can be determined by first evaluating the integral

d?Q sin? 0 = 4x 221& (7.58)
B (20 +1)! '

involved in the normalisation of Y!, and then dividing by the factor a_ of
equation (7.47b) each time L_ is applied.

The spherical harmonics Y} for [ < 2 are listed in Table 7.1. Figures 7.4
and 7.5 show contour plots of several spherical harmonics. Since spherical
harmonics are functions on the unit sphere, the figures show a series of
balls with contours drawn on them. Since spherical harmonics are complex
functions we had to decide whether to show the real part, the imaginary
part, the modulus or the phase of the function. We decided it was most
instructive to plot contours on which the real part is constant; when the real
part is positive, the contour is full, and when it is negative, the contour is
dotted.
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Figure 7.4 Contours of R(Y7T%) on the unit sphere for m = 15 (left), m = 7 (centre) and
m = 2 (right). The contours on which R(Y7%) = 0 are the heavy curves, while contours
on which R(YT%) < 0 are dotted. Contours of the imaginary part of Y;* would look the
same except shifted in azimuth by half the distance between the heavy curves of constant
azimuth.

Figure 7.5 Top row: contours of R(YT*) for m = 1 (left) and 0 (right) with line styles
having the same meaning as in Figure 7.4. Contours of the imaginary part of Yl:l would
look the same as the left panel but with the circles centred on the y axis. Bottom row:
contours of R(Y5") for m = 2 (left), m = 1 (centre) and m = 0 (right).

For large [, Yf is significantly non-zero only where sinf ~ 1, i.e., around
the equator, § = /2 — the leftmost panel of Figure 7.4 illustrates this case.
The first [ applications of L_ each introduce a term that contains one less
power of sinf and an extra power of cosf. Consequently, as m diminishes
from [ to zero, the region of the sphere in which Y;" is significantly non-zero
gradually spreads from the equator toward the poles — compare the leftmost
and rightmost panels of Figure 7.4. These facts make good sense physically:
Yf is the wavefunction of a particle that has essentially all its orbital angular
momentum parallel to the z axis, so the particle should not stray far from the
zy plane. Hence Y!, the amplitude to find the particle at 6, should be small
for 6 significantly different from /2. As m diminishes the orbital plane is
becoming more inclined to the zy plane, so we are likely to find the particle
further and further from the plane. This is why Y;" increases away from the
equator as m decreases.

For large [ the phase of Y! changes rapidly with ¢ (leftmost panel of
Figure 7.4). This is to be expected, because the particle’s large orbital
angular momentum, A, implies that the particle has a substantial tangential
motion within the xy plane. From classical physics we estimate its tangential
momentum at p = [A/r, and from quantum mechanics we know that this
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implies that the wavefunction must change its phase at a rate p/h = I/r
radians per unit distance. This estimate agrees precisely with the rate of
change of phase with distance around the equator arising from the factor ei*®
in Y. When m is significantly smaller than [ (rightmost panel of Figure 7.4),
the rate of change of the wavefunction’s phase with increasing ¢ is smaller
because the particle’s tangential momentum is not all in the direction of
increasing ¢. Hence Y oc el™?.

For any value of m, L, and L, both have zero expectation values, as
follows immediately from the relation L, = (L4 + L_). So the orientation
of the component of the angular momentum vector that lies in the zy plane
is completely uncertain. Because of this uncertainty, the modulus of Y"
is independent of ¢, so there is no trace of an inclined orbital plane when
m < [. An orbital plane becomes defined if there is some uncertainty in L.,
with the result that there are non-zero amplitudes ,,, = (I, m|¢) for several
values of m. In this case quantum interference between states of well-defined
L, can generate a peak in |(x|¢)|? along a great circle that is inclined to the
equator.

7.2.4 Orbital angular momentum and parity

In §4.1.4 we defined the parity operator P, which turns a state with wave-
function ¥ (x) into the state that has wavefunction ¢’(x) = ¢(—x). We now
show that wavefunctions that are proportional to a spherical harmonic Y;"
are eigenfunctions of P with eigenvalue (—1)".

In polar coordinates the transformation x — —x is effected by § — 7—0,
¢ — ¢-+m. Under this mapping, sin§ = sin(m — ) is unchanged, while el!® —
ellmelld = (—1)lel. By equation (7.57), Y! o sin’ #e'®, so Y! — (=1)'Y}.
That is, Yf has even parity if [ is an even number and odd parity otherwise.

In §4.1.4 we saw that x and p are odd-parity operators: Px = —xP.
From this and the fact that the orbital angular momentum operators L;
are sums of products of a component of x and a component of p, it follows
that both the L; and the ladder operators L4+ = L, +iL, are even-parity
operators. Now anfl = L_Y"/a_, where o_ is a constant, so applying
the parity operator

1 1
PY["'=—L PY)=(-1)'—L.Y;=(-1)'Y;"".  (7.59)
o_ (6%

That is, Yf_l has the same parity as Y{. Since all the Y/ for a given [ can
be obtained by repeated application of L_ to Y%, it follows that they all have
the same parity, (—1)".

7.2.5 Orbital angular momentum and kinetic energy

We now derive a very useful decomposition of the kinetic energy operator
Hx = p?/2m into a sum of operators for the radial and tangential kinetic
energies. First we show that L? is intimately related to the Laplacian opera-
tor V2. From the definition (7.46) of the ladder operators for orbital angular
momentum, we have

LiL_ = (Ly+iLy)(Ly —iLy) = L3 + L} +i[Ly, L]

7.60
=L2+L+L.. (760)

Hence with equations (7.52) we may write

I*=L,L_ —L,+1L?

/0 o . 0 0 0 0?
p— l¢ _— 1 _— 71¢ _— i 1 -
e (89+1C0t98¢){e ( 89+1C0t93¢)}+18¢ —8¢2'
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Differentiating out the right side

0? 0? 0 0 0 o 092

2_ 9 2,9 _9 . Y _ 299 9 9
L® = 502 cot 98¢2—|—c0t9( ae+1cot96¢) icsc 98¢+18¢ 952"
The first-order terms in 9/0¢ cancel because cot?f — csc?f = —1. This

identity also enables us to combine the double derivatives in ¢. Finally the
single and double derivatives in # can be combined so that the equation

becomes 5 5 o2
1 1
2 Y [enp D =
L* = {sin989 (Sln939)+sin293¢2}7 (7.61)

which we recognise as —r2 times the angular part of the Laplacian operator
V2.

Now we ask “what is the operator associated with radial momentum?”.
The obvious candidate is r+p, where r is the unit vector in the radial direction.
Unfortunately this operator is not Hermitian:

(F-p)f=p-E#%-p, (7.62)
so it is not an observable. This is a particular case of a general phenomenon:

the product AB of two non-commuting observables A and B is never Her-
mitian. But it is easy to see that 1(AB + BA) is Hermitian. So we define

pr=3@FE-p+p-E), (7.63)

which is manifestly Hermitian. We will need an expression for p, in the
position representation. Replacing p by —iAV we have

Dy = _% (%r ViV (r/r)) . (7.64)

From the chain rule it is straightforward to show that

0 0 0 0
rg—xg—l—ya—y—l—z&—r-v. (7.65)

Moreover, V - r = 3, so equation (7.64) can be rewritten

__hfo 3 _ 1, 9
br= 2\0r r 12 Or

7.66
(o] (760
N or r)’
This expression enables us to find the commutator
[r,pr] = —if |r 9 =ih (7.67)
yPr] = van | T .
Squaring both sides of equation (7.66) yields
g 1 o 1 9 290 1 1
2 g2 (9 N (S )\ (2922
Pr 8r+r 8r+r 8r2+r8r 7°2+7°2
(7.68)

_ Mo (,0
29y or)’

We recognise this operator as —k? times the radial part of the Laplacian op-
erator V2. Since we have shown that L? is —r? times the angular part of the
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Table 7.2 The first five Legendre polynomials

l
01 2 3 4

Pi(p) | 1 p 53u=1) 5(54° —3p) (350" — 304> +3)

Laplacian (eq. 7.61), it follows that V2 = —(p?/h? + L?/r?). Consequently,
the kinetic-energy operator Hx = p?/2m = —(h*/2m)V? can be written

1 R2L?
Hg = — (pi +— ) . (7.69)

2m

The physical interpretation of this equation is clear: classically, the orbital
angular momentum AL is mr X v = mrv;, where v; is the tangential speed,
so the term h*L?/2mr? = imu? is the kinetic energy associated with the

2
tangential motion. On the other hand p?/2m = L1mwv?2, so this term repre-

2
sents the kinetic energy due to radial motion, as we would expect. For future

reference we note that the kinetic-energy operator can be also written
R (10 0 L?
Hg=——< —=— (=) - =7}. 7.70
K 2m{r2 or <T 8r> r2} (7.70)

7.2.6 Legendre polynomials

The spherical harmonic Y} is special in that it is a function of 6 only. We
now show that it is, in fact, a polynomial in cosf. In the interval 0 < 6 <
7 of interest, 6 is a monotone function of y = cosf, so without any loss
of generality we may take Y? to be proportional to a function P;(u). On
this understanding, P, is an eigenfunction of L? with eigenvalue [(I + 1).
Transforming the independent variable from 6 to p in our expression (7.61)
for L2, we find that P, must satisfy Legendre’s equation:

d P
m ((1 - ,ﬁ)@) +I(I+1)P =0. (7.71)

We look for polynomial solutions of this equation. Putting in the trial solu-
tion P, =% b,u", we find

an {n(n—1)p" 2 —nn+ )" +1(1+u"} = 0. (7.72)

This equation must be valid for any value of y in the interval (—1,1), which
will be possible only if the coefficient of each and every power of 1 individually
vanishes. The coefficient of p* is

0=bpro(k+2)(k+1) = be {k(k+1) — (1 +1)}. (7.73)

For k = 0 the expression connects bs to by, while for & = 2 it relates by to bs,
and so on. Thus from this equation we can express b,, as a multiple of by for
even n, and as a multiple of b; for odd n. Moreover, if [ is an even number,
we know from our discussion of parity that P, must be an even function
of p, so in this case b, must vanish for n odd. Finally, b, will vanish for
n even and greater than [ on account of the vanishing of the curly bracket
in equation (7.73) when k = [. This completes the proof that for even I,
Pi(p) is a polynomial or order I. An extremely similar argument shows that
Py(p) is also a polynomial of order [ when [ is odd. The first five Legendre
polynomials are listed in Table 7.2.
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The conventional normalisation of the Legendre polynomial P; is the
requirement that P;(1) = 1. With this property, the P, are not orthonormal.
In fact

1
2
/ PP () = b (7.74)

From this result it easily follows that the proportionality constant between
Py(cosf) and the orthonormal functions Y () is such that

YP(0) =4/ % Pi(cos ). (7.75)

7.3 Three-dimensional harmonic oscillator

In this section we discuss the dynamics of a particle that moves in three
dimensions subject to a central force that is proportional to the particle’s
distance from the origin. So the Hamiltonian is

2
H= ;—m + Tmw?r?. (7.76)

If we use Cartesian coordinates, this Hamiltonian becomes the sum of three
copies of the Hamiltonian of the one-dimensional harmonic oscillator that
was the subject of §3.1:

H=H,+H,+H., (7.77)

where, for example, H, = (p2/ 2m)+%mw2:62. These one-dimensional Hamil-
tonians commute with one another. So there is a complete set of mutual
eigenkets. Let |ng,ny,n,) be the state that is an eigenket of H, with eigen-
value (ng + 3)hw eq. 3.12, etc. Then |ng,ny,n.) will be an eigenket of the
three-dimensional Hamiltonian (7.76) with eigenvalue

E = (ng +ny +n. + 2)hw. (7.78)
Moreover, in the position representation the wavefunction of this state is just
a product of three of the wavefunctions we derived for stationary states of a
one-dimensional oscillator

(%) = tn, (2)un, (Y)un. (2). (7.79)

In view of these considerations it might be thought that there is nothing
we do not know about the Hamiltonian (7.76). However, it is instructive
to reanalyse the system from a more physical point of view, that recognises
that the system is spherically symmetric. We have seen that [L;,p?] = 0,
and [L;,7?] =0, so [L;, H] = 0 and [L?, H] = 0. From this result it follows
that there is a complete set of mutual eigenstates of H, L? and L,. Very
few of the eigenstates obtained from the one-dimensional Hamiltonians are
eigenstates of either L? or L,. We now show how the eigenvalue problem
associated with (7.76) can be solved in a way that yields mutual eigenkets of
H, L? and L,. This exercise is instructive in itself, and some technology that
we will develop along the way will prove extremely useful when we analyse
the hydrogen atom in Chapter 8.
We use equation (7.69) to eliminate p? from equation (7.76)

+ gmw’r?. (7.80)
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We can assume that our energy eigenstates are also eigenstates of L?, so in
this Hamiltonian we can replace L? by an eigenvalue [(I + 1). Hence we wish
to find the eigenvalues of the radial Hamiltonian

2 (1 +1)h?
=P 4D

1,22
=5 53 + gmwre. (7.81)

This is the Hamiltonian for a particle that moves in a one-dimensional ef-
fective potential

I(1+ 1)K
2mr?

Vet (1) + tmw?r?. (7.82)

H; governs the oscillations of the mass about the minima of this potential,
which is plotted in Figure 7.6. The eigenkets |E,l,m) of H are products of
the eigenkets |E,[) of H; and the eigenkets |I,m) of L? and L,:

|E,l,m) = |E,)|l,m). (7.83)
Our determination of the allowed energies of a one-dimensional har-

monic oscillator exploited the dimensionless operators A and A, which
rather nearly factorise H/fiw. So here we define the operator

1 . I+ 1) )
A= ——|ip, — ——— +mwr | . 7.84
= o (- (7.84)

The product of A and its Hermitian adjoint A}L is

AIAl = 1 (—ipr — @ + mwr) (ipr — @ + mwr)

2mhw

1 ) (I+1)h [ (+Dn
=—3p, +t|————+nmwr ) +1|— + mwr, pr
2mhw r T

1 (14 1)R°
=5 {pf + % +m2w?r? — (20 + 3)hmw} .

(7.85)
Comparing the right side with equation (7.81), we see that

Hy =t {4l 4+ 1+ 3}, (7.86)

which bears a strong similarity to equation (3.3) for the one-dimensional
harmonic oscillator.
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The commutator of A; and A}L is

[AlvAzT] S [(ipr _ (4 Dn + mwr) ) (—ipr - w + mwr)]

2mhw r
()
mhw r
I+ 1Dh
_ (DR
mwr

(7.87)
where we have used equation (7.67) to reach the last line. This result can be
written more usefully in the form

Hi —H
41 Ly

1. .
— (7.88)

(A1, A]] =

From this expression and equation (7.86) we can easily calculate the com-
mutator of H; with A;:

[Al, Hl] = hw[Al, AIA[] = Tuu[Al, AI]A[ = (HlJrl —H; + hw)Al. (789)
Now let |E,l) be an eigenket of H; with eigenvalue E:
H)|E,l) = E|E,1). (7.90)

We multiply both sides of the equation by A; and use equation (7.89) to
reverse the order of A; and H;:

EA1|E,Z> = A1H1|E,l> = (H A + [Al,Hl])|E,l>

7.91
On rearrangement this yields
Hip 1 (Al|E, 1) = (E — Tw) (Al E, 1)), (7.92)

which says that A;|E,l) is an eigenket of H;y; for the eigenvalue F — hiw, so
AEl) = a_|E — hw,l + 1), (7.93)

where a_ is a normalising constant.

A; creates the radial wavefunction for a state that has more orbital
angular momentum and less energy than the state with which it started.
That is, A; diminishes the radial kinetic energy by some amount and adds a
smaller quantity of energy to the tangential motion. If we repeat this process
a sufficient number of times, by following A; with A;41 and A;4; with A;4o,
and so on, there will come a point at which no radial kinetic energy remains
— we will have reached the quantum equivalent of a circular orbit. The next
application of A; must annihilate the wavefunction. Hence Ap|E, L) = 0,
where L(E) is the largest allowed value of [ for energy E. If we operate on
|E, L) with H., we find with equation (7.86) that

E|E,L) = H.|E, L) = hw(L + 2)|E, L), (7.94)
SO E
E=(L+3%hw and L(E)= %—%

Since L is a non-negative integer, it follows that the ground-state energy is

%hw and that the ground state has no angular momentum. In general E/hiw
is any integer plus % These values of the allowed energies agree perfectly
with what we could have deduced by treating H as a sum of three one-

dimensional harmonic-oscillator Hamiltonians.
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Figure 7.7 Radial probability distributions of circular orbits in the three-dimensional
harmonic oscillator potential for £ =1 and £ = 8. The scale radius £ = y/h/2mw.

We shall define a circular orbit to be one that has the maximum an-
gular momentum possible at its energy. We obtain the radial wavefunctions
of these by writing the equation Az |E, £) = 0 in the position representation.
With equations (7.84) and (7.66) this equation becomes

0 1 L+1 mw
(E + P + TT> ug(r) =0. (7.95)

This is a first-order linear differential equation. Its integrating factor is

L mw  r mw o
exp {/dr <—? + Tr)} =7r *exp (%r ) , (7.96)

so the solution of equation (7.95) is
ur(r) = constant x rEe /A Where (= VI/2mw. (7.97)

Notice that the exponential factor is simply the product of three exponential
factors from equation (3.15), one in x, one in y and one in z. The wavefunc-
tion varies with r, so a circular orbit does have some radial kinetic energy.
In the limit of large £ in which classical mechanics applies, the radial kinetic
energy is negligible compared to the tangential kinetic energy, and we neglect
it. But it never really vanishes.

Equation (7.97) gives the radial wavefunction for a circular orbit. The
complete wavefunction is ¢ (x) = uz(r)YZ (0, ), and since [d?QY]" = 1,
the radial probability density is P(r) = r2u% o r2£+2e_T2/252, where the
factor r2 arises from the expression for the volume element dx in spherical
polar coordinates. This density is plotted in Figure 7.7 for £L =1 and £ = 8.
For 7/¢ < /2L + 2, P rises as r?*2, For /¢ > /2L + 2 it falls rapidly as
the Gaussian factor takes over. Figure 7.7 shows that the uncertainty in r is
~ {, which is a small fraction of r when £ is not small.

We may obtain the radial wavefunctions of more eccentric orbits by
showing that A}L is a raising operator. Equation (7.89) yields

A H, = Hl+1Al + hw Ay (7.98)
Daggering both sides we have

HA] = AJHp 1 + hwA]. (7.99)
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We now multiply both sides of Hy41|E,l+1) = E|E,1 +1) by Al
EA|E, 1 +1) = AlH 1 |E, 1 +1) = (H, — hw) Al |E,1 +1).  (7.100)
Rearranging
Hi(AJ|E,1+1)) = (E + hw)(A]|E, 1+ 1)). (7.101)
Thus, we have shown that
Al|E, 1 +1) = ay |E + hw, 1), (7.102)

where a is a normalising constant. By writing A;‘ in the position repre-
sentation, we can generate the wavefunctions of all non-circular orbits by
repeatedly applying A}L to the current wavefunction, starting with that of
a circular orbit. We start with the product of r* and a Gaussian factor
[equation (7.97)]. From this Az_l generates terms proportional to r“*! and

r£~1 times the Gaussian (Problem 7.25). From these two terms ATL_2 then

generates three terms, r“+2, v and r“~2 times the Gaussian, and so on.
Consequently the number of radial nodes — radii at which the wavefunction
vanishes — increases by one with each application of A}L, and the wavefunc-

tion oscillates more and more rapidly in radius as A}L invests a larger and
larger fraction of the particle’s kinetic energy in radial motion.

Figure 7.8 helps to organise the generation of radial wavefunctions. Each
dot represents a radial wavefunction. From the dot at (E,1), operating with
Aj carries one to the next dot up and to the left, while operating with A;‘_l
carries one to the next dot down and to the right. At half the energies
only even values of [ occur, and only odd values of [ occur at the other
half of the energies. In Problem 7.22 you can show that, when one bears in
mind that each dot gives rise to 2[ + 1 complete wavefunctions, the number
of wavefunction with energy FE that we obtain in this way agrees with the
number that we would obtain using wavefunctions of the one-dimensional
harmonic oscillator via equation (7.79).

7.4 Spin angular momentum

In §7.2.1 we saw that the difference between J and L is that J is the gener-
ator for complete rotations of the system, while L is the generator for dis-
placements of the system around circles, while leaving its orientation fixed
(Figure 7.3). Consequently the difference

S=J-1L (7.103)

is the generator for changes of orientation that are not accompanied by any
motion of the system as a whole. Since J and L are vector operators, S is
also a vector operator. Its components are called the spin operators.
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We saw in §7.2 that L has exactly the same commutation relations as
J with any function of the position and momentum operators only. From
this fact and the definition (7.103), it follows that S commutes with all such
functions. In particular [S,x] = [S,p] = [S,L] = 0. This essentially tells us
that S has nothing to do with a system’s location, nor the way in which it
may or may not be moving. S is associated with intrinsic properties of the
system.

The components S; of the spin operator inherit the usual angular mo-
mentum commutation rules from J; and L;:

[Si, 851 = [Ji — Liy Jj — Lj]
= [Ji, Jj] = [Li, Jj] = [Jis Lj] + L, L]

=i €iju(Je — L — Ly + L) (7.104)
k

=1 Zeiijk.

k

We define S? =S - S and then equation (7.104) ensures that
S, 5% = 0. (7.105)

Because the S; have exactly the same form of commutation relations as the
J;, we know that the possible eigenvalues of S? are the numbers 0, %, 1, %, .
and that for given s the eigenvalues m of the S; move in integer steps from —s
to s. Can s take half-integer values? This question is answered affirmatively
by equation (7.103); since [J,, L,] = 0 we can find a complete set of states
that simultaneously have well-defined values of both J, and L,. In general,
the J, eigenvalue could be either an integer or half-integer, whereas the L,
eigenvalue must be an integer. The difference S, = J, — L, must then be
either an integer or half-integer.

In the rest of this book we will make extensive use of commutation
relations involving angular momentum operators. In Table 7.3 these have
been gathered for later reference.

7.4.1 Spin and orientation

We have several times stated without proof that the orientation of the system
is encoded in the amplitudes a;,, for the system to be found in states of well
defined angular momentum, |j,m). We now begin to justify this claim. For
simplicity we consider spin angular momentum because we want to focus on
the orientation of our system without concerning ourselves with its location.
However, what we refer to as ‘spin’ is the total intrinsic angular momentum
of the system. If the latter is a hydrogen atom, for example, it may contain a
contribution from the orbital angular momentum of the electron in addition
to the contributions from the intrinsic spins of the electron and the proton.

Since the S; are Hermitian operators, any state |¢)) may be expanded
in terms of the complete set of eigenstates |s,m) of, say, S, and S2. We
have seen that these states are labelled by an integer or half integer s, with
—s < m < s, so the complete expansion is

= Y (smlw)ls.m). (7.106)

5=0,5,1,... "7 7°

Fortunately, systems for which quantum mechanical effects are significant
rarely have more than a handful of non-zero amplitudes (s, m|t) in the sum
of equation (7.106). In the simplest case we have an object with s = 0, a
spin-zero object, such a pion. The sum in equation (7.106) contains only
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Table 7.3 Commutators involving angular momentum

[Jisv;] =1), €ijrvr  where v is any vector or pseudovector
[Ji,s] =0 where s is any scalar or pseudoscalar

[Li,wj] =1), €jrwy where w is any vector or pseudovector function
of only x, p and constant scalars and pseudoscalars

[Li, f]1=0 where f is any scalar or pseudoscalar function
of only x, p and constant scalars and pseudoscalars

[Si,w] =0 where w is any function of spatial operators

The following are important special cases of the above results
[Jis i) =10 g €igide i Lj] =1 €igwln [Ji, S =13, €3Sk

[Li, Ljl =1 il [Si,Sj] =1 €Sk [Li, Sj1 =0

i, J2] = 0 i, L2 = 0 17,52 = 0
[LivLQ] =0 [Lla 52] =0 [SMLQ] =0
[S:,S%] =0 [L2,J%] =0 [S2,J2] =0

Since J = L 4+ S and therefore J2 = L2 4+ 52 + 2L - S we also have

[Li, J2] =2i ij 61'ijij [SZ, J2] =2i ij €ijijSk

one eigenstate with s = 0, the state |0,0) because an object with no spin
cannot have any spin angular momentum around the z axis.

When we rotate an object about the direction o without translating
it, its state is updated by the operator U(a) = e™*'S (cf. equation 4.13).
When we apply this operator to a state of a spin-zero object, the state
emerges unchanged:

U(a)|0,0) = exp (—iax - S) |0,0) = |0, 0). (7.107)

Hence, a spin-zero object, like a perfect sphere, is completely unchanged by
an arbitrary rotation. In view of their invariance under rotations, spin zero
particles are sometimes known as scalar particles.*

Some very important systems require just the two terms in equation
(7.106) that are associated with s = % These systems are called spin-half
objects. Electrons, quarks, protons and neutrons fall into this category. For
example, by equation (7.106) the state of an electron can be written

1
le) = Y (3.mle)|5,m). (7.108)
__1

no

4 Since both J and S commute with the parity operator P, behaviour under rotations
does not tell us about behaviour under reflection, so spin zero particles could also be
pseudoscalars. In fact, pions are pseudoscalar particles.
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Because there are only two terms in this expansion, the quantum uncertainty
in the orientation of a spin-half system is very great. We shall see that the
most precise information we can have is that the end of the system’s angular
momentum vector lies in a given hemisphere — for example, we could state
that it lies within the northern rather than the southern hemisphere, or the
western rather than the eastern hemisphere. Where it lies in the hemisphere
is shrouded in quantum uncertainty.

Another important class of systems contains those that have total spin
quantum number s = 1. These systems are called spin-one objects. The W
and Z bosons fall in this class. For a spin-one system, the expansion (7.106)
reduces to just (2s+ 1) = 3 terms. For example, the state of a Z boson can

be written .

Z) = Y (1,m|Z)[1,m). (7.109)
m=—1
We will see that we can constrain the end of the angular-momentum vector
of a spin-one system to lie within a chosen polar cap, or in the equatorial
band that lies between opposite polar caps.

The larger a system’s spin s, the more precisely we can constrain the
end of its angular momentum vector. It is rather as if systems were subject
to random torques of a certain magnitude, and the faster it is spinning,
the more stable its orientation can be in the face of the random torques.
The same physical principle underlies the use of rifling in guns to stabilise
the orientation of the projectile by imparting angular momentum to it as
it flies down the barrel. A few concrete examples will clarify the physical
interpretation of the quantum states |s, m).

7.4.2 Spin-half systems

As in equation (7.108), the state of any spin-half system may be expanded

in terms of just two S, eigenstates |1,+1) and |1, —1) which we will call
|+) and |—) respectively. Equation (7.108) then reads |[¢)) = a|+) + b|—). In

this basis we can write the operators as (cf. equation 2.16)°

_ (Sl (S =) _ (((FHISul+) (FISyl=)
Sx_(<—|SII+> <—|Sx|—>) ’ Sy_<<—|3y|+> <—|Sy|—>>

(IS (S5
SZ‘(<—|SZ|+> <—|sz|—>>' (7.110)

The elements of the matrix S, are trivially evaluated because |+) are the
eigenkets of S, with eigenvalues :I:%. To evaluate the other two matrices we
notice that S, = 1(S 4+ S_), and S, = & (54 — S_), then use the relations
Si]=) = |+) and S_|+) = |—) which follow from equations (7.5) and (7.7)
for the spin operator. The result of these operations is

0 1 0 —i 1 0

The matrices appearing here are the Pauli matrices,

(0 1\ _ (0 =i\ _ (1 0
az:(l O),O'y:(i 0),UZ_<O _1>, (7.112)

so we can write S = %o-. It is straightforward to verify that the square of

any Pauli matrix is the identity matrix:

o2 =1. (7.113)
This result implies that for any state <S§> = <S§> = <Sf> = %, which is
consistent with the fact that the measurement of any component of S can
produce only :l:%.

The Stern—Gerlach experiment In 1922, Stern and Gerlach® conducted

5 Here we are again slightly abusing the notation; S; are taken to be both the spin
operators and their matrix representations.
6 Gerlach, W. & Stern, O., 1922, Zeit. f. Physik, 9, 349
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Figure 7.9 Schematic of a Stern—
Gerlach filter. The atomic beam en-
ters from the left. Between the pole
pieces the magnetic field increases
in intensity upwards, so atoms that
have their spins aligned with B are
deflected upwards and the other
atoms are deflected downwards.

_| | Figure 7.10 Beam split by an SG
| \{ filter and then up beam hits a sec-

ond filter.
oven F1 F2

some experiments with silver atoms that most beautifully illustrate the de-
gree to which one can know the orientation of a spin-half object. In addi-
tion to this interest, these experiments provide clear examples of the stan-
dard procedure for extracting experimental predictions from the formalism
of quantum mechanics.

A silver atom is a spin-half object and has a magnetic dipole moment
. which can be used to track the atom’s orientation. In a magnetic field
B, a magnetic dipole experiences a force V(u - B). Consequently, in a field
that varies in strength with position, a dipole that is oriented parallel to B
is drawn in to the region of enhanced |B|, whereas one that is antiparallel
to B is repelled from this region. Stern and Gerlach exploited this effect to
construct filters along the lines sketched in Figure 7.9. A powerful magnet
has one pole sharpened to a knife edge while the other forms either a flat
surface (as shown) or is slightly concave. With this geometry the magnetic
field lines are close packed as they stream out of the knife edge, and then
fan out as they approach the flat pole-piece. Consequently the intensity of
the magnetic field increases towards the knife edge and the Stern—Gerlach
filter sorts particles according to the orientation of their magnetic moments
with respect to B.

The experiments all start with a beam of sliver atoms moving in vacuo,
which is produced by allowing vapourised silver to escape from an oven
through a suitable arrangement of holes — see Figure 7.10. When the beam
passes into a filter, F1, it splits into just two beams of equal intensity. We
explain this phenomenon by arguing that the operator p; associated with
the i*" component of an atom’s magnetic moment is proportional to S;:
u; = gS;. Hence the filter has ‘measured’ n - S, where n is the unit vector in
the direction of B; we are at liberty to orient our coordinate system so that
n=e,, and n-S =5,. We know that for a spin-half system, a measurement
of S, can yield only :I:%, so the splitting of the beam into two is explained.
Given that there was nothing in the apparatus for producing the beam that
favoured up over down as a direction for pu, it is to be expected that half of
the atoms return —i—% and half —%, so the two sub-beams have equal intensity.
We block the sub-beam associated with S, = —% so that only particles with
S, = % emerge from the filter.

We now place a second Stern-Gerlach filter, F2, in the path of the |+)
sub-beam, as shown in Figure 7.10, and investigate the effect of rotating the
filter’'s magnetic axis n in the plane perpendicular to the incoming beam’s
direction. Let this be the yz plane. The incoming particles are definitely in
the state” |+, z) because they’ve just reported +% on a measurement of S, .

7 We relabel |+) — |+,2) to make clear that this is a state with spin up along the
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F2 measures n - S, where n = (0,sin6, cosf) with 6 the direction between
n and the z-axis. If |[+,6) is the eigenket of n - S with eigenvalue +3,
the amplitude that the measurement yields +3 is (+,6|+,z). The defining
equation of |+, 6) is in-o|+,0) = 3|+, 6) or, using the matrix representation

(7.111)
cosf) —isiné a a
(isin6‘ —cos@) (b) = (b)’ (7.114)

where a = (4, z|+,6) and b = (—, 2|+, 60). We have to solve this equation
subject to the normalisation condition |a|? 4 |b|?> = 1. From the first row of
the matrix we deduce that

b 1 —cosf
— =i 7.115
a ! sin 0 ( )

From the trigonometric double-angle formulae we have 1 — cos = 2sin? %9

and sin f# = 2sin %6‘ cos %9, SO

Q ,Sin%@

7.116
a cos %9. ( )

(5) = (im3)) )

satisfy both equation (7.116) and the normalisation condition. The ampli-
tude that a particle with spin up along the z-axis also has spin up along the
n-axis is a* = (+, 0|+, z), so the probability that an atom will pass F2 is

Py = |a|* = cos”® 36. (7.118)

The choices

Thus, as 6 is increased from 0 to m, the fraction of atoms that get through
F2 declines from unity to zero, becoming % when 6 = /2 and the magnetic
axes of F1 and F2 are at right angles. Physically it would be surprising if
the fraction that passed F2 when § = 7/2 were not a half since, when the
magnetic moments of incoming atoms are perpendicular to the magnetic axis
of a filter, there is nothing in the geometry of the experiment to favour the
outgoing particles being parallel to the magnetic axis, rather than antipar-
allel. When 6 = 7 the magnetic axes of the filters are antiparallel and it is
obvious that every atom passed by F1 must be blocked by F2. This agrees
with what we found out about a spin-half object’s orientation in the previous
section; if it is pointing somewhere in the upper z hemisphere, then there is
some chance it is also pointing in any other hemisphere apart from the —z
one.

We now place a third filter, F3, in the atomic beam that emerges from
F2. Let ¢ denote the angle between the magnetic axis of this filter and
the z-axis. The atoms that emerge from F2 are in the state |+,6) because
they’ve just returned % on a measurement of n - S, so the amplitude that
these atoms get through F3 is (+, ¢|+,6). The amplitudes o’ = (+, z|+, ¢)
and b = (—, z|+, ¢) can be obtained directly from the formula we already
have for (a,b) with ¢ substituted for §. Hence

a' cosig
=1.. 3 ) (7.119)
<b’) <1sm§
and the amplitude to pass F3 is
<+7¢|+79> = E <+7¢|872><872|+79>

s==+
. cos 20 7.120
= (cos 1, —isini¢) (isin%@ ( )
= cos 1(¢ — 0).

z-axis.
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Thus the amplitude to pass F3 depends only on the angle ¢ — 6 between
the magnetic axes of the filters, and the probability of passing F3 could
have been obtained simply by substituting this angle into equation (7.118).
This conclusion is obvious physically, but it is satisfying to see it emerge
automatically from the formalism.

An especially interesting case is when § = /2 and ¢ = 7. In the absence
of F2, F3 would now block every atom that passed F1. But with F2 present
both F2 and F3 allow through half of the atoms that reach them, so a quarter
of the atoms that leave F1 with S, = +% pass both filters. These atoms exit
from F3 with S, = —%. Introducing F2 changes the fraction of atoms that
pass F3 because the measurement that F2 makes changes the states of the
atoms. This is a recurring theme in quantum mechanics. No measurement
can be made without slightly disturbing the system that is being measured,
and if the system is small enough, the disturbance caused by a measurement
can significantly affect the system’s dynamics.

7.4.3 Spin-one systems

In the case that s = 1, three values of m are possible, —1,0, 1, and so the
S; may be represented by 3 x 3 matrices. The calculation of these matrices
proceeds exactly as for spin half, the main difference being that (7.5) and
(7.7) now yield

St —1) =v2[0) 5 54|0) = V2[1) 5

(7.121)
S_11) = y210) 5 5[0) = /2|~ 1)
The result is
L S RS B
T = 5 5 Yy = o -
vZ\p 1 0 V2 0
(7.122)
10 0
s.=|o 0o o
00 —1

Consider the effect of using Stern-Gerlach filters on a beam of spin-
one atoms. In the experiment depicted in Figure 7.10 each filter now splits
the incoming beam into three sub-beams, and we block all but the beam
associated with m = 41 along the magnetic axis. One third of the atoms
that emerge from the collimating slits get through the first filter F1 because
each value of m is equally probable at this stage.® To calculate the fraction
of atoms which then pass through F2, the magnetic axis of which is inclined
at angle 6 to that of F1, we must calculate the amplitude (1,0|1,z). The
defining equation of |1, ) is n - S|1,0) = |1,0), which with equations (7.122)
can be written

cos —ﬁ sin 0 0 a a
Ty sind 0 — g sind bl =1|b], (7.123)
0 ﬁsin@ —cosf c

where a = (1, 2|1,0), b = (0, 2|1, 0), and ¢ = (—1, 2|1, 0). The first and third
equations, respectively, yield

(cos® — 1)a = ﬁ sinfb and ﬁ sinfb = (1 + cosf)c. (7.124)

8 The atoms emerge from the slits in an impure state (§6.3) and we set the probabilities
for each value of m to % in order to maximise the Shannon entropy of that state (§6.3.2).
The equality of the probabilities is an instance of the general principle that every quantum

state has equal a priori probability.
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Eliminating a and c in favour of b yields

. sind
a VZcosf — 1 —% cot(0/2)
b ) v 1 . (7.125)
c . sing —5 tan(6/2)
V2cosf + 1
The normalisation condition |a|? + [b]?> + |c|*> = 1 now implies that b =

V2sin($6) cos(16). The coefficient that we need is therefore
(1,0/1,2) = a =icos®(16) = 1(1+ cos®). (7.126)

Hence the probability that an atom passes F2 after passing F1 falls from unity
when 6 = 0 to zero when 6 = 7 as we would expect. When § = 7/2 the
probability is P35 = %, which is substantially smaller than the corresponding
probability of % found in (7.118) for the case of spin-half atoms.

From a classical point of view it is surprising that after F1 has selected
atoms that have their angular momentum oriented parallel to the z-axis
(in the sense that S, takes the largest allowed value) there is a non-zero
probability Ps; that the angular momentum is subsequently found to be, in
the same sense, aligned with the y axis. The explanation of this phenomenon
is that for this system, the value of S? is s(s+1) = 2 which is twice the largest
allowed value of S,. Hence, even in the state |1, z) a significant component
of the angular momentum lies in the xy plane. Ps is the probability that
this component is found to be parallel to the y axis. Once the measurement
of S, has been made by F3, the atom is no longer in the state |1, z) and we
are no longer certain to obtain 1 if we remeasure S, .

7.4.4 The classical limit

An electric motor that is, say, 1cm in diameter and weighs about 10 gm
might spin at 100 revolutions per second. Its angular momentum would then
be ~ 1073 kgm?s~!, which is ~ 103'A. Thus classical physics works with
extremely large values of the integers s, m. It is interesting to understand
how familiar phenomena emerge from the quantum formalism when s is no
longer small.

For any value of s we can construct matrices that represent the angular
momentum operators. The matrix for S, is diagonal with the eigenvalues
s,(s—1),...,—s down the diagonal. The matrices for S, and S, are evaluated
in the usual way from S; and S_ and so are zero apart from strips one
place above and below the diagonal. Using the relations (7.15) between the
coefficients a1 (m) of the raising and lowering operators S; we then find

0 a(s—1) 0 0 0
a(s—1) 0 a(s —2) 0 0
0 a(s—2) 0
Sz:1
2
: : 0 a(s—2) 0
0 0 a(s—2) 0 a(s—1)
0 0 0 a(s—1) 0

1
= 5 [a(m)&m,nfl + a(m - 1)5m,n+1]
(7.127a)
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Figure 7.11 The points show the absolute values of the amplitudes am = (s, m, z|s, s, 6)

for s = 40 and, from left to right, 6 = 120°,80°,30°. For each value of 6, the vertical line
shows the value of cos 6.

0 a(s—1) 0 e ... 0 0
—a(s—1) 0 a(s—2) 0 0
0 —a(s —2) 0
1
Sy = 5
: : 0 a(s —2) 0
0 0 ... —a(s —2) 0 a(s—1)
0 0 .. o 0 —a(s—1) 0
= % [— a(m)dm,n—1 + a(m — 1)6m’n+1]
(7.127b)
0 ... 0
0 s—1
S.=10 m 0
. (7.127¢)
0 0 : 1-s 0
0 0 o0 L 0 —s

=m 5mn7

where the «(m) are what were called oy (m) in (7.15), and the rows and
columns of the matrix are labelled from +s at the top left to —s at the
bottom right. In the same way as for spins s = % and s = 1, it is straight-
forward (for a computer) to determine the amplitudes a,, = (s, m, z|s, s, 6)
for measuring S, to have value m, given that n - S certainly returns value s
when n = (0,sinf, cosf) is inclined at angle 6 to the z-axis. The points in
Figure 7.11 show the results of this calculation with s = 40 and three values
of 8. The amplitudes peak around the values of the ordinate, m = scos#,
that are marked with vertical lines. The larger the spin, the more sharply the
amplitudes are peaked around these lines, so for the extremely large values of
s that are characteristic of macroscopic systems, a,, is significantly non-zero
only when m differs negligibly from scosf. Hence, in the classical limit the
only values of S, that have non-negligible probabilities of occurring lie in
a narrow range around scosf, which is just the projection of the classical
angular-momentum vector (S) = sn onto the z-axis. That is, in the classical
limit the probability of measuring any individual value of S, is small, but we
are certain to find a value that lies close to the value predicted by classical
physics.



7.4 Spin 167

The classical picture implies that when the angular-momentum vector is
tipped in the yz plane at angle 6 to the z axis, the value of S, should be ssin §.
So now for the eigenstate of n-S just described, we evaluate the expectation
value (S,) by first multiplying the matrix for S, on the column vector of
the amplitudes plotted in Figure 7.11, and then multiplying the resulting
vector by the row vector of the complex conjugates of the amplitudes. The
expectation value of Sy in this state is

<Sy> = ap, (Sy)mnan

S

1
Z ay, (a(m)dm.n—1+ a(m — 1) nt1) an

2 m,n=—s (7.128)
1< . i
= 2% (a(m)ay,am+1 + a(m —1)a),am—1),

bearing in mind that a(s) = a(—s — 1) = 0. For a given value of 6, the
amplitudes plotted in Figure 7.11 lie on smooth curves so we can use the
approximation |am,—1| = |am| = |am+1]|- The phases of the a,, increase by
m/2 with successive values of m, so (S,) is real and the two terms (7.128)
add. Finally, we exploit the fact that |a,,| is small unless m ~ scosf and
use the approximation for large s, m that

a(m) =/s(s+1) —m(m+ 1) ~ \/s2 — m?2 ~ ssiné. (7.129)

Combining these approximations with the normalisation condition on the a,,
gives
(Sy) =~ ssin@ > |am|* = ssin6 (7.130)
m

exactly as classical physics leads us to expect.
To determine the uncertainty in S, we evaluate the expectation of S;.

From equation (7.127b) we find that the matrix S; has elements

- i Z (a(m)émm—l + a(m — 1)6m,p+1) (a(p)ép,n—l +alp — 1)6p,n+1)
p=—s
~ —L{a(m)a(m +1)8m n—2 + a(m — 1)a(m — 3)6m ni2
— (@®(m) + a*(m — 1)) 6 }
(7.131)
where in going to the second line we have ignored corrections when m = +s

because the amplitudes for these are negligible anyway. Using the same
approximations as before, we now find

<SS> = Za:n(sg)mnan =~ 2042(m)|am|2 ~ (S Sin9)2 Z |am|2

= ?sin?0 ~ (S,)°.

(7.132)

The uncertainty in Sy, being ~ (<S§> — (Sy>2)1/2 is therefore negligible. A
similar calculation shows that both (S, ) and <S§> vanish to good accuracy.
Thus in the classical limit it is normal for all three components of S to have
small uncertainties. However, it should be noted that Sy can be accurately
determined precisely because there is some uncertainty in .S,: our calculation
on (S,) depends crucially on there being several non-zero amplitudes ay,.
Quantum interference between states with different values of S, is responsible
for confining the likely values of S, to a narrow range.

This is the third time we have found that the familiar world re-emerges
through quantum interference between states in which some observable has
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well-defined values: in §2.3.3 we found that bullets can be assigned posi-
tions and momenta simultaneously through interference between states of
well-defined momentum, in §3.2 we saw that an excited oscillator moves as
a result of quantum interference between states of well-defined energy, and
now we find that a gyro has a well defined orientation through quantum
interference between states of well-defined angular momentum. In the clas-
sical regime a tiny fractional uncertainty in the value of an observable allows
the vast numbers of states to have non-negligible amplitudes, and interfer-
ence between these states narrowly defines the value of the variable that is
canonically conjugate to the observable (§2.3.1).

7.4.5 Precession in a magnetic field

A compass needle swings to the Earth’s magnetic north pole because a mag-
netic dipole such as a compass needle experiences a torque when placed in a
magnetic field. Similarly, a proton that is in a magnetic field experiences a
torque because it is a magnetic dipole. However, its response to this torque
differs from that of a compass needle because it is a spinning body; instead of
aligning with the magnetic field, it precesses around the field. This precession
forms the basis for nuclear magnetic resonance (NMR) imaging, which has
become an enormously important diagnostic tool for chemistry and medicine.
The theory of NMR is a fine example of the practical application of quantum
mechanics in general and spin operators in particular.
Classically, the potential energy of a magnetic dipole p in a magnetic
field B is
H=—-u-B, (7.133)

where the minus sign ensures that a dipole aligns with the field because this
is its lowest-energy configuration. We align our coordinate system such that
the z axis lies along B and assume that the magnetic moment operator
is a constant 2y, times the spin operator s. Then the Hamiltonian operator
can be written

H = —24,Bs,. (7.134)

The stationary states of this Hamiltonian are the eigenstates of s, , which for a
spin-half particle such as a proton are the states |£) in which a measurement
of s, is certain to yield :l:%; the energies of these states are

Ey =Fu,B. (7.135)
The evolution in time of any spin state is
[, t) = a_e E-VR|) 4 g eTIER/P|L), (7.136)
where the constant amplitudes ai specify the initial condition [¢,0) =
ac|=) +ay|+).
Suppose that initially a measurement of the spin parallel to n = (sin 6, 0, cos )

was certain to yield 3. Then from Problem 7.6 we have that a_ = sin(6/2)
and ay = cos(6/2). Hence at time ¢ the proton’s state is

[, t) = sin(0/2)e ™ F-1/"|—) + cos(0/2)e /N |+)

. . 7.137a
_ sin(6/2)c"/%|—) + cos(8/2)e” 2| +), (7137

where -~ -
o(t) = th =wt where w=— 'LL;Z . (7.137b)

But from Problem 7.6 this is just the state |[+,n’) in which a measurement
of the spin parallel to n’ = (sin 6 cos ¢, sin 8 sin ¢ cos ) is certain to yield %
Consequently, the direction in which a measurement of the spin is certain to
yield % rotates around the direction of B at the frequency w. This mirrors
the behaviour expected in classical physics of a magnetic dipole of magnitude
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tp that has spin angular momentum %h; its spin axis would precess around
B at angular frequency w (Problem 7.12).

When material that contains chemically bound hydrogen atoms is im-
mersed in a powerful magnetic field, most of the protons align their spins
with B in order to minimise their energy. Radiation of frequency w has
just the energy required kick a proton into the higher-energy state in which
its spin is anti-aligned with B. Consequently, such radiation is readily ab-
sorbed by a sample, whereas radiation of neighbouring frequencies is not.
As the analysis above shows, quantum interference between the aligned and
anti-aligned states causes the expectation value of the magnetic moment to
precesses at angular frequency w, and the precessing magnetic moment cou-
ples resonantly to the imposed radiation field.

The magnetic field at the location of a proton in a molecule has a con-
tribution from the spins of the electrons that bind the proton, and this
contribution varies slightly from one location to another. For example, in
methanol, CH3OH, the magnetic field experienced by the proton that is at-
tached to the oxygen atom differs from those experienced by the protons that
are attached to the carbon atom, and the proton that is on the other side
of the carbon atom from the oxygen atom experiences a different field from
the protons that are adjacent to the oxygen atom. Since the frequency w of
the resonant radiation is proportional to the magnitude of magnetic field at
the location of the proton, methanol has three different resonant frequencies
for a given magnitude of the imposed magnetic field. Consequently, clues to
the chemical structure of a substance can be obtained by determining the
frequencies at which magnetic resonance occurs in a given imposed field.

7.5 Addition of angular momenta

In practical applications of quantum mechanics we can often identify two
or more components of the system that each carry a well defined amount
of angular momentum. For example, in a hydrogen atom both the proton
and the electron carry angular momentum %T“L by virtue of their spins, and
a further quantity of angular momentum may be present in the orbit of the
electron around the proton. The total angular momentum of the atom is
the sum of these three contributions, so it is important to understand how
to add angular momenta in quantum mechanics. Once we understand how
to add two contributions, we’ll be able to add any number of contributions,
because we can add the third contribution to the result of adding the first
two, and so on. Therefore in this section we focus the problem of adding the
angular momenta of two ‘gyros’, that is two systems that have unvarying total
angular momentum quantum number j but several possible orientations.

Imagine that we have two gyros in a box and that we know that the first
gyro has total angular-momentum quantum number j;, while the second gyro
has total quantum number jo. Without loss of generality we may assume
j1 > jo. A ket describing the state of the first gyro is of the form

J1
lth1) = Z Cmljt, m), (7.138a)
m=—ji
while the state of the second is
J2
o) = > dmlja,m), (7.138b)
m=—jaz

and from the discussion in §6.1 it follows that the state of the box is

) = 1) [2). (7.139)
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The coefficients ¢, and d,, are the amplitudes to find the individual gyros
in particular orientations with respect to the z axis. For example, if both
gyros are maximally aligned with the z axis, we will have |¢;, | = |d;,| =1
and ¢, = dim, = 0 for m1 # j1 and ma # jo.

The operators of interest are the operators J2, J;, and J;+ of the ith
gyro and the corresponding operators of the box. The operators J, and Ji
for the box are simply sums of the corresponding operators for the gyros

J,=Ji.+Je, 5 Jr=Ji++ Jor. (7140)

Operators belonging to different systems always commute, so [J1;, J2;] = 0
for any values of i,j. The operator for the square of the box’s angular
momentum is

=0+ I =T+ JE+27,.T,. (7.141)
Now

Jitdom = (Jigp +1J1y) (J2g — 1J2y) (7.142)

= (Jli2x + leJ2y) + I(leJ2x - leJQy)- '

The expression for J;_Jo4 can be obtained by swapping the labels 1 and 2,
so?

Jig oo +Ji_Jop +2J1, 02, = 2T1.J2. (7.143)

Using this expression to eliminate J;.J2 from (7.141) we obtain
=T+ T3+ Sy Jo + JioJog +2J1. 0, (7.144)

While the total angular momenta of the individual gyros are fixed, that
of the box is variable because it depends on the mutual orientation of the
two gyros: if the latter are parallel, the squared angular momentum in the
box might be expected to have quantum number j; + ja, while if they are
antiparallel, the box’s angular momentum might be expected to have quan-
tum number j; — jo. We shall show that this conjecture is true by explicitly
calculating the values of the coefficients ¢, and d,, for which the box is in an
eigenstate of both J2 and J,. We start by examining the state |j1, j1)|j2, j2)
in which both gyros are maximally aligned with the z axis. It is easy to see
that this object is an eigenket of J, with eigenvalue j; + jo. We use (7.144)
to show that it is also an eigenket of J2:

PPljv gi)ldze do) = (JF + 3 + Jipdoe + JimJag + 2012 022) 1, 1), o)
= {5101+ 1) + 42052 + 1) + 251752}, 41) G2, Jo),

(7.145)
where we have used the equation J; |j;, j;) = 0, which follows from equation
(7.7). Tt is straightforward to show that the expression in curly brackets in
equation (7.145) equals j(j+1) with j = j1+jo. Hence |j1, j1)|J2, jo) satisfies
both the defining equations of the state |j; + jo, j1 + j2) and we may write

l71 + j2, 1 + J2) = |71, J1)|d2, 2)- (7.146)

Now that we have found one mutual eigenket for the box of J2 and J,
we can easily find others by applying J_ to reorient the angular momentum
of the box away from the z axis. Again setting j = ji + j2 we evaluate the
two sides of the equation

J_|7,79) = (Ji— + Jo) |1, J1)|d2: Jo)- (7.147)

Equation (7.7) enables us to rewrite the left side

I3, 5y =i+ D) =G =1 jj— 1) = /25 15,5 — 1). (7.148)

9 Recall that Ji; commutes with Joj for all ij.
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=1 2=1/2, j=3/2

=2, =1, j=3

Figure 7.12 The left panel shows states obtained by adding a system of angular momen-
tum jo = 1 to one with j; = 2, while the right panel is for j; = 1 and j2 = =

The right side of (7.147) becomes

VG +1) = j1G1 — Dlj1, g1 — 1)]ge, g2)
+Vi2(j2 + 1) — j2(jo — Dj1, 41) g2, j2 — 1) (7.149)

= V21 |71, 51 — Vlje, j2) + V272 141, J1)|j2, 2 — 1).

Putting the two sides back together, we have

. g1 o J2 . . .
lj,j—1) = \/71|]1a11 — 1)|j2, jo2) + \/7.2 71, J1) g2, jo — 1). (7.150)

A further application of J_ to the left side of this equation and of J;_ + Ja—
to the right side would produce an expression for |j,j — 2) and so on.

Figure 7.12 helps to organise the results of this calculation. States of the
box with well defined angular momentum are marked by dots. The radius
of each semi-circle is proportional to j', where j'(j' + 1) is the eigenvalue of
the kets with respect to J2. The height of each ket above the centre of the
circles is proportional to m. The left panel shows the case j; = 2, jo = 1,
while the right panel is for j; = 1, jo = % The scheme for constructing
eigenstates J2 and J, that we have developed so far starts with the state at
the top and then uses J_ to successively generate the states that lie on the
outermost semi-circle.

We now seek an expression for the state |j — 1,7 — 1) that lies at the top
of the first semicircle inwards. It is trivial to verify that |j1,m1)|j2, m2) is an
eigenket of J, with eigenvalue (m1 +msz). We require mq +ms = j1 + jo — 1,
so either my = j;1 — 1 and mg = jo, or my; = j1 and mo = jo — 1. Equation
(7.150) shows that |7,j — 1) involves precisely these two cases, and must be
orthogonal to |j — 1,7 — 1) because it has a different eigenvalue with respect
to J2. So the ket we seek is the unique (up to an overall phase factor) linear
combination of the kets appearing in (7.150) that is orthogonal to the linear
combination that appears there. That is,

lj—1,j—-1)= \/ 2 i1y g1 — 1)l si2) — H S g1, i) lgas g — 1), (7.151)

All the kets |[j — 1,m) for m = j — , which in Figure 7.12 lie on the first
semicircle in, can be constructed by applylng J_ to this equation.

Similarly, |j—2,j—2), which in Figure 7.12 lies at the top of the smallest
semicircle, will be a linear combination of |j1, j1 —2)|j2, j2), |71, 71 —1)|Jj2, jo —
1) and [j1, j1)|j2, j2 — 2) and must be orthogonal to |j, j—2) and |j —1, j —2),
which are known linear combinations of these states. Hence we can determine
which linear combination is required for |j — 2, j — 2), and then generate the
remaining kets of the series |j — 2,m) by applying J_ to it.

On physical grounds we would expect the box’s smallest total angular
momentum quantum number to be j; — j2, corresponding to the case in
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Table 7.4 Total numbers of states

J Number of states
Ji1+ j2 2(j1 +j2) +1
Jitije—1 2(j1+j2)+1-2
Ji1— J2 2(j1 + j2) + 1 — 4jo
Total 2j1 + 1)(2j2 + 1)

Figure 7.13 Interpretation of Clebsch—
Gordan coefficients in terms of vec-
tors. The full line has length /3(3 + 1)
and its vertical component has length
2. The dotted lines labelled j; have
length 1/2(2 4+ 1) and vertical com-

ponents of length 2 and 1.

which the two gyros are antiparallel (recall that we have labelled the gyros
such that j; > j2). Does this conjectured smallest value of j allow for the
correct number of basis states for the box? That is, will there be as many
basis states of the box as there are of the contents of the box? We can easily
evaluate the latter: there are 2j; + 1 orientations of the first gyro, and for
each of these orientations, the second gyro can be oriented in 252 + 1 ways.
So the box’s contents can be in (2j; + 1)(2j2 + 1) basis states of the form
|71, m1)|42, m2). The predicted number of basis states of the box is worked
out in Table 7.4. In the main part of the table, the number of states in each
row is two less than in the row above and there are 2j5 + 1 rows. The sum
at the bottom can be obtained by making a third column that is just the
second column in reverse order and noting that the sum of the numbers in
the second and third columns of a given row is then always 4j; + 2. Hence
twice the sum of the numbers in the second column is 2j; + 1 times 4j; + 2.
Thus we do get the correct number of basis states if the smallest value of j
is jl - jQ.
The numbers

C(3,m; j1, jo, m1, mz2) = (4, m|j1, m1)|j2, m2) (7.152)

that we have been evaluating are called Clebsch—Gordan coefficients. They
have a simple physical interpretation: C(j, m; j1, j2,m1, ma) is the amplitude
that, on opening the box when it’s in a state of well defined angular momen-
tum, we will find the first and second gyros to be oriented with amounts m,
and mg of their spins parallel to the z axis. For example, equation (7.151)
implies that C'(3,2;2,1,1,1) = 1/2/3, so if a box that contains a spin-two
gyro and a spin-one gyro has spin-three, there is a probability 2/3 that on
opening the box the second gyro will be maximally aligned with the z axis
and the second significantly inclined, and only a probability 1/3 of finding
the reverse arrangement. These two possibilities are depicted by the lower
and upper dotted lines in Figure 7.13. The classical interpretation is that
the two gyros precess around the fixed angular-momentum vector of the box,
and that the two configurations for which the Clebsch—Gordan coefficients
give amplitudes are two of the states through which the precession carries the
system. This picture is intuitive and of some value, but should not be taken
too seriously. For one thing, the rules for adding angular momentum are
independent of any statement about the Hamiltonian, and therefore carry
no implication about the time evolution of the system. The gyros may or
may not precess, depending on whether they are dynamically coupled.
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In §6.1 we saw that the physical significance of the state of a composite
system, such as that formed by two gyros, being a linear combination of
product states such as |j1,m1)|j2, m2) is that the subsystems are correlated.
The Clebsch—Gordan coefficients encode the correlations between the gyros
required for the box to have well-defined angular momentum. If there is any
uncertainty in the orientation of either gyro, such correlations are essential
if the angular momentum of the box is to be well defined: the angular mo-
mentum of the second gyro has to make up a pre-defined total with whatever
value is measured for the first gyro. This consideration explains why the only
states of the box that are simple products of states of the individual gyros are
lj1 4 J2. J1 + J2) = |1, 41)lJ2, J2) and [j1 + j2, —(j1 + j2)) = |41, —j1) |2, —J2)
— so much angular momentum can be aligned with the z-axis only by each
gyro individually straining to align with the axis, and there is then no need
for the gyros to coordinate their efforts.

7.5.1 Case of two spin-half systems

The general analysis we have just given will be clarified by working out some
particular cases. We consider first the case j; = j» = %, which is relevant, for
example, to a hydrogen atom in its ground state, when all angular momentum
is contributed by the spins of the proton and the electron. The electron has
base states |+,e) in which J, returns the value :I:%, while the proton has
corresponding base states |+, p). Hence there are four states in all and j
takes just two values, 1 and 0.

Our construction of the states in which the atom has well-defined angular
momentum starts with the state

[1,1) = |+, e)|+, p) (7.153)

in which both the electron and the proton have their spins maximally aligned
with the z axis. So the atom has maximum angular momentum, and its
angular momentum is maximally aligned with the z axis. Applying J_ =
Je + JP to this ket we obtain
1
=7
The right side of this equation states that with the atom in this state, mea-
surements of J, for the electron and proton are certain to find that they
are ‘antiparallel’. This fact is surprising given that the left side states that
the atom has maximum angular momentum, so you would think that the
two particles had parallel angular momenta. The resolution of this paradox
is that the z components of the two spins are antiparallel, but the compo-
nents in the xy plane are parallel, although their direction is unknown to
us. Similarly, when the atom is in the state |1,1) of equation (7.153), the
z components of the electron and proton angular momenta are parallel, but
the components in the zy plane are not well aligned. The poor alignment in
the xy plane explains why v/J2 = /2 for the atom is less than /3, which is
the sum of v.J2 = \/3/4 for the electron and the proton.
When we apply J_ to |1,0) we obtain

[1,-1) = |—,e)|—,p). (7.155)

I1,0) (I=e)l+,p) + [+,€)|=:p)) - (7.154)

This equation confirms the physically obvious fact that if we want to have
h of angular momentum pointing along the negative z axis, we need to have
the angular momenta of both the proton and the electron maximally aligned
with the negative z axis.

The remaining state of the atom is |0, 0) in which the atom has no angu-
lar momentum. This is the unique linear combination of the two compound
states on the right of equation (7.154) that is orthogonal to |1,0):

1

|Oa O> = \/2

(I= )+ p) = [+,¢)|=p))- (7.156)
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The change of sign on the right of this equation from the right of equation
(7.154) for |1, 0) ensures that the spins of the electron and proton are antipar-
allel in the zy plane as well as along the z axis. We show this by rewriting
|1,0) and |0,0) in terms of the states in which the electron and proton have
well-defined spin parallel to the x-axis. These states are

1 1
|‘T+7e>: _(|+7e>+|_7e>) |x—,e)= _(|+7e>_|_7e>)
¢12 *{2 (7.157)
So

|0,0) = |z+,e)(x+,e|0,0) + |z—, e){z—, |0, 0)
= Jlot,) (=1=B) + 1,) = Blr=) (= B) + 14,0 (7158,

= ——= (Jz+, e)lz—,p) + |z—, e)|z+,Dp)) .

The last line states that when the atom is in the state |0,0) we are indeed
guaranteed to find the components of the spins of the electron and proton
parallel to x have opposite signs. An analogous calculation starting from
equation (7.154) yields (Problem 7.27)

1
V2

so when the atom is in the |1,0) state the two particles have identical com-
ponents of spin along x .

Notice that all three states in which the atom has j = 1 are unchanged
if we swap the m values of the particles — that is, if we map |£,e) — |F,e)
and the same for the proton states. The atomic atomic state with j = 0,
by contrast, changes sign under this interchange. This fact will prove to be
important when we consider systems with two electrons (such a helium) or
two protons (such as an Ho molecule).

|170> = (|£C+,€>|.’L‘+,p> - |x—,e>|x—,p>) ) (7'159)

7.5.2 Case of spin one and spin half

In the first excited state of hydrogen, the electron can have total orbital
angular momentum quantum number [ = 1. So we now consider how to
combine angular momentum j = 1 with the electron’s spin, j = % The total

angular momentum quantum number takes two values, j = % and j = % (see
Figure 7.12). We start with the state

12,2) = |+)[1,1) (7.160)

in which the spin and orbital angular momenta are both maximally oriented
along the z axis. Applying J_ = L_ 4+ S_ to this equation, we obtain

5:3) = \/§|—>|1,1>+ \/§|+>|1,0>. (7.161)

The right side of this equation says that in this state of the atom, the electron
is twice as likely to be found with its spin up as down. A second application

of J_ yields
3. -3) = £|—>|1,o>+£|+>|1,—1> (7.162)

as we would expect from the symmetry between up and down. A final
application of J_ yields %, —%> = |=)|1, —1) as it must on physical grounds.
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Figure 7.14 Classically the sum
vector J1 + J2 can line anywhere on
the sphere of radius |J2| around the
end of J1.

The state |%, %) is the linear combination of the states that appear in

the right of equation (7.161) that is orthogonal to |2, ). Hence,

3.5 = /21900 — /3110, (7.163)

In this atomic state, the electron’s spin is twice as likely to be down as up.
The last remaining state can be found by applying J_ to equation (7.163).

It is
1, -2) = /E9L,0) — 2 [, -1). (7.164)

7.5.3 The classical limit

In classical physics we identify angular momentum with the vector J = ki (J),
and the angular momentum of the whole system is obtained by vectorially
adding the angular momenta J; and J> of the component parts. If 8 is the
angle between these vectors, then

T?* = T2+ T3+ 201 Tz cosb. (7.165)

If nothing is known about the direction of J5 relative to Ji, all points on a
sphere of radius [J> and centred on the end of J; are equally likely locations
for the end of J» (Figure 7.14). Consequently, the probability dP that 6 lies
in the range (6,60 + df) is proportional to the area of the band shown in the
figure. Quantitatively

dP = % sin 6 d6, (7.166)

where the factor % ensures that [ dP = 1. From equation (7.165) the change

in J when 0 changes by df is given by
JdT = —J1J2sin 0d6. (7.167)

Combining equations (7.166) and (7.167), we find that the probability that
the total angular momentum lies in the interval (7,7 + d.J) is'©

Jd4g

dP = .
20172

(7.168)

10 We discarded the minus sign in equation (7.167) because we require dP > 0 regardless
of whether J increases or decreases.
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In quantum mechanics the fraction of states that have total angular-
momentum quantum number j is

2541
= G ea (7.169)

which in the classical limit of large quantum numbers becomes approximately
J/(24142). If all states were equally likely, this fraction would equal the
classical probability that J =~ jh lay within & of jh. It is easy to check
from (7.167) that dP does indeed take the value f when we insert J; = hij;
and dJ = h. Thus from consistency with classical mechanics we are led
to the principle of equal a priori probability, namely that when we
have no information relevant to an upcoming measurement, we assign equal
probabilities to the system being in each state of whatever basis we have
decided to work in. This principle is the foundation of all statistical physics.

Problems

7.1 Show that (j, j|Jz|7, j) = (j, j|Jyl7, j) = 0and that (j, j|(JZ+J;)[7, 5) =
j. Discuss the implications of these results for the uncertainty in the orien-
tation of the classical angular momentum vector J for both small and large
values of j.

7.2 In the rotation spectrum of 2C160 the line arising from the transition
I =4 — 3 is at 461.04077 GHz, while that arising from [ = 36 — 35 is at
4115.6055 GHz. Show from these data that in a non-rotating CO molecule
the intra-nuclear distance is s ~ 0.113nm, and that the electrons provide
a spring between the nuclei that has force constant ~ 1904 Nm~!. Hence
show that the vibrational frequency of CO should lie near 6.47 x 10'3 Hz
(measured value is 6.43 x 10'3Hz). Hint: show from classical mechanics

that the distance of O from the centre of mass is %s and that the molecule’s

48

moment of inertia is 2myps?. Recall also the classical relation L = Jw.

7.3 Show that L; commutes with x - p and thus also with scalar functions
of x and p.

7.4 Write down the expression for the commutator [o;,0;] of two Pauli
matrices. Show that the anticommutator of two Pauli matrices is

{oi, 05} = 204. (7.170)

7.5 Let n be any unit vector and o = (04,0,,0,) be the vector whose
components are the Pauli matrices. Why is it physically necessary that n- o
satisfy (n - o) = I, where I is the 2 x 2 identity matrix? Let m be a
unit vector such that m-n = 0. Why do we require that the commutator
[m-o,n-0] =2i(m xn)-o? Prove that that these relations follow from the
algebraic properties of the Pauli matrices. You should be able to show that
[m-o,n-o] =2i(m x n) - o for any two vectors n and m.

7.6 Let n be the unit vector in the direction with polar coordinates (6, ¢).
Write down the matrix n - o and find its eigenvectors. Hence show that the
state of a spin-half particle in which a measurement of the component of spin
along n is certain to yield %h is

|+, n) = sin(6/2) e'/2|—) + cos(6/2) e71¢/2|4), (7.171)

where |+) are the states in which :I:% is obtained when s, is measured.
Obtain the corresponding expression for |[—, n). Explain physically why the
amplitudes in (7.171) have modulus 2-'/? when § = 7/2 and why one of the
amplitudes vanishes when 6 = .
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7.7 For a spin-half particle at rest, the rotation operator J is equal to the
spin operator S. Use the result of Problem 7.4 to show that in this case the
rotation operator U(a) = exp(—ia - J) is

Ule) = I cos (%) —i& - osin (%) : (7.172)

where & is the unit vector parallel to a. Comment on the value this gives
for U(a) when o = 2.

7.8 Write down the 3 x 3 matrix that represents S, for a spin-one system
in the basis in which S, is diagonal (i.e., the basis states are |0) and |+) with
S.|+) = |+), etc.)

A beam of spin-one particles emerges from an oven and enters a Stern—
Gerlach filter that passes only particles with J, = h. On exiting this filter,
the beam enters a second filter that passes only particles with J, = h, and
then finally it encounters a filter that passes only particles with J, = —h.
What fraction of the particles stagger right through?

7.9 Repeat the analysis of Problem 7.8 for spin-one particles coming on
filters aligned successively along +z, 45° from z towards z [i.e. along (1,0,1)],
and along x.

Use classical electromagnetic theory to determine the outcome in the
case that the spin-one particles were photons and the filters were polaroid.
Why do you get a different answer?

7.10 A system that has spin momentum /6% is rotated through an angle ¢
around the z axis. Write down the 5 x 5 matrix that updates the amplitudes
a,, that S, will take the value m.

7.11 Justify physically the claim that the Hamiltonian of a particle that
precesses in a magnetic field B can be written

H = —-2us-B. (7.173)

In a coordinate system oriented such that the z axis is parallel to B, a
proton is initially in the eigenstate |+, x) of s,. Obtain expressions for the
expectation values of s, and s, at later times. Explain the physical content
of your expressions.

Bearing in mind that a rotating magnetic field must be a source of
radiation, do you expect your expressions to remain valid to arbitrarily late
times? What really happens in the long run?

7.12 Show that a classical top with spin angular momentum S which is
subject to a torque G = uS xB/|S| precesses at angular velocity w = uB/|S].
Explain the relevance of this calculation to magnetic resonance imaging in
general and equation (7.137b) in particular.

7.13* Write a computer programme that determines the amplitudes a,, in

S

|Il;$,$>: Z am|85m>

m=—s

where n = (sin 6, 0, cos §) with 6 any angle and |n; s, s) is the ket that solves
the equation (n-S)|n; s, s) = s|n; s, s). Explain physically the nature of this
state.

Use your a,, to evaluate the expectation values (S;) and (S2) for this
state and hence show that the RMS fluctuation in measurements of S, will

be \/s/2cosb.
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7.14* We have that

oy O 0
Ly=Ly+iL, = e@(% + icot@a—). (7.174)
From the Hermitian nature of L, = —id/d¢ we infer that derivative operators

are anti-Hermitian. So using the rule (AB)" = BTAT on equation (7.174),
we infer that

L_= LL = ( — cot G)e*i‘ﬁ.

0 i 0
— = +i

00  0¢
This argument and the result it leads to is wrong. Obtain the correct result

by integrating by parts [ df sinf [ d¢ (f*L.g), where f and g are arbitrary
functions of 6 and ¢. What is the fallacy in the given argument?

7.15* By writing i’L? = (xx p)- (xx p) = > ijkim €ijkT Pk €ilmT1Pm Show
that
, RL? 1

p*=—5+ 5 {(r-p)*—ihr-p}. (7.175)

r

By showing that p-# — - p = —2iA/r, obtain r - p = rp,. + ihi. Hence obtain

h*L?
PP=pt 5 (7.176)
Give a physical interpretation of one over 2m times this equation.
7.16 The angular part of a system’s wavefunction is
(0, plb) o (/2 cos B + sinfe™'? — sin fe'?).
What are the possible results of measurement of (a) L2, and (b) L., and
their probabilities? What is the expectation value of L,?

7.17 A system’s wavefunction is proportional to sin? # e?*. What are the
possible results of measurements of (a) L, and (b) L??

7.18 A system’s wavefunction is proportional to sin? #. What are the pos-
sible results of measurements of (a) L, and (b) L?? Give the probabilities of
each possible outcome.

7.19 Consider a stationary state |E, 1) of a free particle of mass m that has
angular-momentum quantum number [. Show that H;|E,l) = E|FE, 1), where

1, I+ 1)R?

Give a physical interpretation of the two terms in the big bracket. Show that

H, = AjAl, where
1 . (l—i—l)h)
A= —|ip, — . 7.178
== (i - (7.178)

Show that [A;, A}L] = H;+1 — H;. What is the state A;|F,[)? Show that for
E > 0 there is no upper bound on the angular momentum. Interpret this
result physically.

7.20*  Show that [J;,L;] =1, €k Ly and [J;, L?] = 0 by eliminating L;
using its definition L = A~ 'x x p, and then using the commutators of J;
with x and p.
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7.21* In this problem you show that many matrix elements of the position
operator x vanish when states of well defined [, m are used as basis states.
These results will lead to selection rules for electric dipole radiation. First
show that [L?,z;] = 1> 5% €jik(Lyjzk + 2k Ly;). Then show that L-x = 0 and
using this result derive

(L2, (L%, ai]) =1 i (L (L2, 2] + [L2, ] L) = 2(LPw; + 2;L%). (7.179)
ik

By squeezing this equation between angular-momentum eigenstates (I, m|
and |/, m') show that

0={(8—8)° =28+ 8) (I, mlai|l',m),

where § = (I + 1) and 8/ = I'/(l' + 1). By equating the factor in front of
(I,m]z;|l";m') to zero, and treating the resulting equation as a quadratic
equation for 3 given /', show that (I, m|z;|l’, m') must vanish unless [ +1' =
0 or Il =1’ & 1. Explain why the matrix element must also vanish when
l=0=0.

7.22* Show that [ excitations can be divided amongst the x, y or z oscilla-
tors of a three-dimensional harmonic oscillator in (314 1)(I+1) ways. Verify
in the case | = 4 that this agrees with the number of states of well defined
angular momentum and the given energy.

7.23* Let
1 . I+ 1) )
A= —— | ip, — + mwr | . 7.180
= o (i - (7.150)

be the ladder operator of the three-dimensional harmonic oscillator and | E, [
be the oscillator’s stationary state of energy F and angular-momentum quan-
tum number . Show that if we write 4;|E,l) = a_|E — hw,l + 1), then
a_ = +/L — 1, where L is the angular-momentum quantum number of a cir-
cular orbit of energy E. Show similarly that if ALI |E,l) = oy |E+Tw,l—1),

then ay =L -1+ 2.

7.24* Show that the probability distribution in radius of a particle that
orbits in the three-dimensional harmonic-oscillator potential on a circular
orbit with angular-momentum quantum number [ peaks at r/¢ = \/2(1 + 1),
where

h
_— 7.181
2mw ( )

~
Il

Derive the corresponding classical result.

7.25* A particle moves in the three-dimensional harmonic oscillator poten-
tial with the second largest angular-momentum quantum number possible at
its energy. Show that the radial wavefunction is

20+1 h
uy o< (:1: A ) e~%°/* where = r/¢ with (=4/—.
x 2mw

(7.182)

How many radial nodes does this wavefunction have?

7.26 A box containing two spin-one gyros A and B is found to have angular-
momentum quantum numbers j = 2, m = 1. Determine the probabilities
that when J, is measured for gyro A, the values m = £1 and 0 will be
obtained.

What is the value of the Clebsch—Gordan coefficient C(2,1;1,1,1,0)?
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7.27 The angular momentum of a hydrogen atom in its ground state is
entirely due to the spins of the electron and proton. The atom is in the state
|1,0) in which it has one unit of angular momentum but none of it is parallel
to the z-axis. Express this state as a linear combination of products of the
spin states |+, e) and |+, p) of the proton and electron. Show that the states
|z+, e) in which the electron has well-defined spin along the z-axis are

1
|z, e) = 7 (I e) £ = e). (7.183)
By writing
I1,0) = |z+,e)(x+,e|1,0) + |z—, e){z—, |1, 0), (7.184)

express |1,0) as a linear combination of the products |z+, e)|z+, p). Explain
the physical significance of your result.

7.28* The interaction between neighbouring spin-half atoms in a crystal is
described by the Hamiltonian

1) .g(2) 1) . (2) .
He K st.s _3(S a)(S'# - a) 7
a a?

(7.185)

where K is a constant, a is the separation of the atoms and S™) is the first
atom’s spin operator. Explain what physical idea underlies this form of H.

Show that S$V58% +5Vs{? = (51 5% 4 5 5 Show that the mutual
eigenkets of the total spin operators S2 and S, are also eigenstates of H and
find the corresponding eigenvalues.

At time ¢t = 0 particle 1 has its spin parallel to a, while the other
particle’s spin is antiparallel to a. Find the time required for both spins to

reverse their orientations.
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Hydrogen

Wherever we look, down at ourselves or up into the vastness of the Uni-
verse, what we see are atoms. The way atoms interact with themselves and
with electromagnetic radiation structures the world about us, giving colour,
texture, solidity or fluidity to all things, both alive and inanimate. In the
wider Universe the way visible matter has aggregated into stars and galaxies
is determined by the interplay between atoms and radiation. In the last two
decades of the twentieth century it emerged that atoms do not really domi-
nate the Universe; on large scales they are rather like icing on the cake. But
they certainly dominate planet Earth, and, like the icing, they are all we can
see of the cosmic cake.

Besides the inherent interest of atomic structure, there is the histori-
cal fact that the formative years of quantum mechanics were dominated by
experimental investigations of atomic structure. Most of the principles of
the subject were developed to explain atomic phenomena, and the stature of
these phenomena in the minds of physicists was greatly enhanced through
the role they played in revolutionising physics.

It is an unfortunate fact that atoms are complex systems that are not
easily modelled to a precision as good as that with which they are commonly
measured. The complexity of an atom increases with the number of electrons
that it contains, both because the electrons interact with one another as well
as with the nucleus, and because the more electrons there are, the higher
the nuclear charge and the faster electrons can move. By the middle of the
periodic table the speeds of the fastest electrons are approaching the speed
of light and relativistic effects are important.

In this chapter we develop a model of the simplest atom, hydrogen,
that accounts for most, but not all, measurements. In Chapter 10 we will
take the first steps towards a model of the second most complex atom, he-
lium, and indicate general trends in atomic properties as one proceeds down
the periodic table. The ideas we use will depend heavily on the model of
hydrogen-like systems that is developed in this chapter. With these appli-
cations in view, we generalise from hydrogen to a hydrogen-like ion, in
which a single electron is bound to a nucleus of charge Ze.
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8.1 Gross structure of hydrogen

We start with a rather crude model of a hydrogen-like ion. In this model
neither the electron nor the nucleus has a spin, and the electron moves non-
relativistically under purely electrostatic forces. The structure of an atom or
ion that is obtained using these approximations is called its gross structure.
The approximations make it easy to write down the model Hamiltonian be-
cause they include just three contributions to the energy: the kinetic energies
of the nucleus and the electron, and the bodies’ electrostatic binding energy:

pﬁ pg Ze?

= - 8.1
2my,  2me  4meg|xe — Xpl|’ (8.1)

where x, and x, are the position operators of the electron and the nucleus,
respectively, and p, and p,, are the corresponding momentum operators. We
wish to solve the eigenvalue equation H|E) = E|E) for this Hamiltonian.
In the position representation, the momentum operators become derivative
operators, and the eigenvalue equation becomes a partial differential equation
in six variables

h? h? Ze?
By, %) = —5 Vi — 5 V-

(8.2)

2Me dmeg|xe — Xnl|’
where a subscript e or n on V implies the use of derivatives with respect to the
components of x, or x,. Remarkably, we can solve this frightening equation
exactly. The key step is to introduce six new variables, the components of

MeXe + MnXn
X - -

and r=x.— X,. (8.3)
Me + My

X is the location of the ion’s centre of mass, and r is the vector from the
nucleus to the electron. The chain rule yields

00X 0 o 0w 0 0
ox. Ox. 0X 0Ox. Or me +my 0X - Or
When we take the dot product of each side with itself, we find
9 Me 2 9 9 2me 0?
Ve_<me+mn> VX+vr+me+mn5X-ar’ (8.50)

where the subscripts X and r imply that the operator is to be made up of
derivatives with respect to the components of X or r. Similarly

vie (o 2v2+v2— 2, O (8.5b)
2\ me + my X Y me+my, 0X 0r '

We now add m_ ! times equation (8.5a) to m, ! times equation (8.5b). The
mixed derivatives cancel leaving

1 1
mg'VZi4m V2 = ——— V% + —VZ (8.6a)
Me + My 0]
where -
=_—° 1 8.6b
hE (8.6b)

is called the reduced mass of the electron. In the case of hydrogen, when
mn = mp = 1836me, the reduced mass differs very little from me (p =
0.99945m.), and in heavier hydrogen-like ions the value of y lies even closer
to M.
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Figure 8.1 The effective potential
(8.13) for Z = 1 and (from bottom
0 10 20 30 to top) 1 =0,1,2,3,4.

r/a,

When we use equation (8.6a) to replace X, and x, in equation (8.2) by
r and X, we obtain

Ze?
dmeqr

Ey = n Vi ﬁzv%/)
T 2me4my) % 2u *

. (8.7)

The right side breaks into two parts: the first term is the Hamiltonian Hk of
a free particle of mass me 4+ my, while the second and third terms make up
the Hamiltonian H, of a particle of mass u that is attracted to the origin by
an inverse-square law force. Since Hx and H, commute with one another,
there is a complete set of mutual eigenkets. In §6.1.2 we showed (page 109)
that in these circumstances we can assume that ¢ is a product

(X, Xn) = K(X)thp(r), (8.8)
where
h? )
and ) )
h Ze“Py
qurwr Ireor By, (8.10)

Here Fx and E, are two distinct eigenvalues and their sum is the ion’s total
energy, ' = EFx + E.

From §2.3.3 we know all about the dynamics of a free particle, so equa-
tion (8.9) need not detain us. We have to solve equation (8.10). In the
interests of simplicity we henceforth omit the subscript E,.

Equation (7.69) enables us to write the kinetic energy term in equation
(8.10) in terms of the radial momentum operator p, and the total orbital
angular momentum operator L. Equation (8.10) is then the eigenvalue
equation of the Hamiltonian

_p? h2L? Ze?

= . 8.11
2u  2ur?  Adwegr (8.11)

L? commutes with H since the only occurrence in H of the angles 6 and ¢
is in L? itself. So there is a complete set of mutual eigenstates |E,l,m) of
H, L? and L, such that L?|E,l,m) = [(l + 1)|E,l,m). For these kets the
operator H of equation (8.11) is equivalent to the radial Hamiltonian

H = ﬁ+ 1+ 1)h*  Ze?
T 2u 2ur? dmegr’

(8.12)
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The operator (8.12) is the Hamiltonian for a particle that moves in one
dimension in the effective potential

I+ 1R Ze?

Ve - .
i(r) 212 4megr

(8.13)

The first term in this expression is the kinetic energy that conservation of
angular momentum requires in tangential motion, while the second term is
the electrostatic potential energy. Veg is plotted in Figure 8.1 for [ =0, ..., 4.
The radial Hamiltonian H; governs the oscillations of the reduced mass
around the minimum for Veg. By astute exploitation of natural coordinates
and symmetry we have reduced our original intimidating Hamiltonian (8.1),
which contained twelve operators, to a Hamiltonian H; that contains only
two operators. The eigenkets of the Hamiltonian H, for the internal struc-
ture of the ion are products of the eigenkets |E, ) of H; and eigenkets |I, m)
of L? and L,:

|E,l,m) = |E,D|l,m). (8.14)

H, is strikingly similar to the radial Hamiltonian defined by equation
(7.81) for which we solved the eigenvalue problem in the course of our study
of the three-dimensional harmonic oscillator. We use essentially the same
technique now, defining the dimensionless ladder operator

_ Qo i l+ 1 7
A = (hpT " + i 1)a0> ; (8.15a)

where we have identified the Bohr radius!

_ dmegh?
a0=— 5 (8.15b)
The product of A; with A}L is
AR Z I+1Y\ (i Z I+1
Afp, =% (_1 ; _ o, _
N N L (s s I L s PR
a2 [ p? Z I+1\* i I+1
=59372 7T - + 5 |Pr—— | (-
2 | h (I+ Dao r h r
(8.16)

Equations (2.25) and (7.67) enable us to evaluate the commutator in this
expression, so we have

2 (p? 72 (I+1)%* 22 il+1
At = % ) Pr T T,
) h2+(l+1)2a3+ r2 apr  h 12 lpr 7]
2 (2 2
_ a5 p_r+l(l+1)_ 27Z Z (8.17)
2 | A2 72 aor  (I+1)%a3
2 2
agi Z
A T (e

If we evaluated the product AZAI, the sign in front of the commutator in the
first line of equation (8.17) would be reversed, so we would find

a2 A
AAf = h%“Hm 5

TP (8.18)

1 The physical significance of ag is clarified by rewriting equation (8.15b) in the form
e?/(4repag) = (h/ap)?/u. The left side is the electrostatic potential energy at ag and
the right side is twice the kinetic energy of zero-point motion (§3.1) of a particle whose
position has uncertainty ~ ag. For hydrogen ag = 5.29177 x 10~ m.
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Taking equation (8.17) from equation (8.18) we obtain the commutator
2
a
[A, A]] = HLQM(HH-I — Hy), (8.19)

a result that recalls equation (7.88) for the three-dimensional harmonic os-
cillator.
It is useful to rewrite equation (8.17) in the form

R z?

Commuting each side of this equation with A; and using equation (8.19), we
obtain an expression for the commutator of H; with A;:
n’ R’
(A, H) = —5 A, ATA)] = —[Ai, AJ|Ay = (Hien — H) AL (8.21)
Hag )
This equation simplifies to
AH, = Hl-',—lAl- (8.22)

We show that A; is a ladder operator by multiplying it into both sides
of the eigenvalue equation H;|E,l) = E|E,l) and using equation (8.22):

EA|E,l) = AJH||E, 1) = Hi A E, D). (8.23)

This equation states that A;|E,!) is an eigenket of H;11 with eigenvalue E.
That is, A; transfers energy from the electron’s radial motion to its tangential
motion. If we repeat this process by multiplying A;|F, ) by A;+1, and so on,
we will eventually arrive at a circular orbit. Let £(F) denote the [ value of
this orbit. Then A, must annihilate |E, £) because, if it did not, we would
have a state with even greater angular momentum. Thus with equation
(8.17) we can write

0=|Az|E,L)|? = (E,L|ALAL|E £)=(I‘%—ME+Z72 (8.24)
L ) ) L£L ’ h2 2(£ T 1)2 . .
That is,
Z2h2 7262 72 4
p=-21l -__Z¢ __ He (8.25)
2pagn? megagn? 2n?(4megh)?

where we have defined the principal quantum number n = £+ 1 and the
second equality uses the definition (8.15b) of the Bohr radius. The Rydberg
constant R is

n? e? 1 2\’
= =—— -1 = 13.6056923 eV 8.26

2,ua3 8mepag el (47reoh> v ( )
where 1 = memyp/(me+mp) is the reduced mass in the case of hydrogen. The
Rydberg constant enables us to give a compact expression for the permitted
values of F and [ in hydrogen

E:—% (n=1,2.) : 0<i<n—1. (8.27)
Henceforth we use n rather than E to label kets and wavefunctions. Thus
[n,l,m) = |n,1)|l,m) (cf. eq. 8.14) is the stationary state of a hydrogen-like
ion for the energy given by (8.25) and the stated angular-momentum quan-
tum numbers. The ground state is |1,0,0). The energy level immediately
above the ground state is four-fold degenerate, being spanned by the states
[2,0,0), |2,1,0) and |2,1,41). The second excited energy level is 9-fold de-
generate, and so on.

This property of our model hydrogen atom, that it has states with dif-
ferent [ but the same energy, is unusual and reflects a hidden symmetry of
our model — see Appendix F for details. Atoms with more than one electron
have energy levels that depend explicitly on [ even when spin and relativity
are neglected. When our model of hydrogen is upgraded to include spin and
relativity, £ becomes weakly dependent on .
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8.1.1 Emission-line spectra

A hydrogen atom may change its value of n to a smaller value n’, releasing
the liberated energy as a photon of frequency v = (E,, — E,)/h. Hence the
emission spectrum of hydrogen contains lines at the frequencies

R (1 1

The lines associated with a given lower level n’ form a series of lines of
increasing frequency and decreasing wavelength. The series associated with
n’ = 1is called the Lyman series, the longest-wavelength member of which
is the Lyman « line at 121.5nm, followed by the LygB line at 102.5nm,
and so on up to the series limit at 91.2nm. The series associated with
n’ = 2 is called the Balmer series and starts with a line called Ha at
656.2nm and continues with HfS at 486.1 nm towards the series limit at
364.6 nm. The series associated with n’ = 3 is the Paschen series, and
that associated with n’ = 4 is the Brackett series. Figure 8.2 shows the
first three series schematically. Historically the discovery in 1885 by Johann
Balmer (1825-1898), a Swiss schoolmaster, that the principal lines in the
optical spectrum of hydrogen could be fitted by equation (8.28), was crucial
for the development of Niels Bohr’s model atom of 1913, which was the
precursor of the current quantum theory (Problem 8.3).

Equation (8.25) states that, for given n, the energy of an electron scales
as Z2. For a many—electron atom electromagnetic interactions between the
electrons invalidate this scaling. However, it holds to a fair approximation
for electrons that have the smallest values of n because these electrons are
trapped in the immediate vicinity of the nucleus and their dynamics is largely
unaffected by the presence of electrons at larger radii. Henry Moseley (1887—
1915) studied the frequencies of X-rays given off when atoms were bombarded
by free electrons. He showed? that the frequencies of similar spectral lines
from different elements seemed to scale with the square of the atomic number.
At that time the periodic table was something constructed by chemists that
lacked a solid physical foundation. In particular, the atomic numbers of some
elements were incorrectly assigned. Moseley’s experiments led to the order
of cobalt and nickel being reversed, and correctly predicted that elements
with atomic numbers 43, 61, 72, 75, 87 and 91 would be discovered.

8.1.2 Radial eigenfunctions

The wavefunctions of hydrogen-like ions are not only important for exper-
iments with atoms and ions that have only one electron, but are also the
building blocks from which models of many-electron atoms are built.

The first step in finding any radial eigenfunction for a hydrogen-like ion
is to write the equation A,,_1|n,n—1) = 0 (eq. 8.24) as a differential equation
for the radial wavefunction of the circular orbit with angular-momentum

2 Moseley, H.G.J., 1913, Phil. Mag., 27, 703. The lines studied by Moseley were
associated with transitions n =2 — 1.
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Figure 8.3 The radial wavefunctions ulfl(r) of “circular” orbits for n = 1,2 and 3.

quantum number [ = n — 1. From equations (8.15a) and (7.66) we need to
solve

0 .1 n—1 Z 1
arun + ( ; + nao) Uy, 0, (8 9)
where
ul (r) = (rn,1). (8.30)

Equation (8.29) is a first-order linear differential equation. Its integrating

factor is ) P
o {/ a <_n T _)} = et/ (8.:31)
r nag

so the required eigenfunction is

’U,n_l(’f’) _ Cr‘"_le_ZT/naO, (8.32)

n

where C' is a normalising constant. This wavefunction is very similar to
our expression (7.97) for the wavefunction of a circular orbit in the three-
dimensional harmonic oscillator potential — the only difference is that the
Gaussian function has been replaced by a simple exponential. The scale-
length in the exponential is (n/Z)ay, so it increases with energy and decreases
with the nuclear charge. This makes perfect sense physically because it states
that more energetic electrons can go further from a given nucleus, and that
nuclei with higher electric charge will bind their (innermost) electrons more
tightly.

We choose the normalising constant C' in equation (8.32) to ensure that
the complete wavefunction (eq. 8.14)

(r,0,6|(|1B, DIL,m)) = (r|n, 1){8, $|1,m) = uj, (r)Y[" (6, 6) (8.33)

is correctly normalised. Bearing in mind that d3x = 72drd?Q and that
[d*Q|Y]"|? =1, we find that C' must satisfy

1= 02/ dr T,Qne—QZr/nao — 02 (@)2”4’1/ dpp2ne—/7
0 0

27
—? (%)er (2n)!,

where we have evaluated the integral with the aid of Box 8.1. The correctly
normalised radial wavefunction is therefore

1 927 \*/? (2zr\"?
w ) = — (== Z2T) e Zrinao, (8.35)
(2n)! \ nag nao

These functions are plotted for n = 1 — 3 in Figure 8.3. For n > 1 the
wavefunction rises from zero at the origin to a peak at r = n(n—1)ag/Z and
from there falls exponentially with increasing r.

(8.34)
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Box 8.1: The factorial function

We often encounter the integral I'(aw + 1) = fooo dtt@e~*. Integrating by
parts we find that

MNa+1)=- [to‘e_t]go + a/ dttote™?
0

= al'(«).

It is easy to check that I'(1) = 1. Putting @ = 1 in the last equation it
follows that I'(2) = 1. Setting o = 2 we find T'(3) = 2, and repeating
this process we see that for any integer n, I'(n+1) = n!. We can use this
result to define the factorial function by

o0

21=T(241) :/ dtt?e™". (1)
0

This definition yields a well defined value for z! for any complex number

that is not a negative integer, and it coincides with the usual definition

of a factorial if z happens to be a non-negative integer.

We obtain the ground-state radial wavefunction by setting n = 1 in
equation (8.35):

3/2
0y =2 (Z / —2Zr/ao 8.36
ui(r) = e . (8.36)

ao

The complete wavefunction is obtained by multiplying this by YJ = (4m)~1/2.
Figure 8.4 shows the probability of finding the electron at a radius greater
than r. This reaches 13/e* ~ 0.24 at r = 2a9/Z, where the potential energy
is equal to the total energy. In classical physics the probability of finding the
electron at these radii is zero.

It is interesting to calculate the expectation value of r for circular orbits.
We have

1 27 3 oo 27 2(n—1)
(n,n—1,m|rln,n—1,m) = T (_) / dr 73 (_T) o—2Zr/nag
n 0

(2 nag nag

nap 1 = 2n+1,— 1420
= —_— d P = =) —.

27 (2n)! /0 ppet =nlnt3)7

(8.37)
In the classical limit of large n, (r) ~ n2ag/Z, so E x 1/n? < 1/{r) as
classical physics predicts. (One can easily show that classical physics yields
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the correct proportionality constant.) A very similar calculation shows that

n+1

2
n+% (r)y”, (8.38)

(r*) =n’(n+1)(n+ 3)ad/2% =

so the rms uncertainty in r is \/(r2) — (> = (r) /v2n + 1. Consequently,

3/2 but the fractional

as n increases, the uncertainty in r increases as n
uncertainty in r decreases as n~ /2.

Our conclusion that the radius of an atom scales as n? implies that an
atom with n ~ 100 occupies 102 times as much volume as an atom in the
ground state. Consequently, only at high-vacuum densities can such highly
excited atoms be considered isolated systems. Radio telescopes detect line
radiation emitted by hydrogen atoms in the interstellar medium that are
reducing their value of n by én from n ~ 100. The frequency of such a

transition is

Episn—FE, R [1 1 100\°
= T 2 — ) ~6. — Hz. (8.
v - - (n2 (n+5n)2> 658( - ) 6n GHz. (8.39)

Our analysis of the three-dimensional harmonic oscillator suggests that
applications of A;r, to u~! should generate the wavefunctions u!, for I < n—1.
We show that this is indeed the case by daggering both sides of equation
(8.22) to obtain

HAl = ATH,, . (8.40)

Consequently, applying AlT to both sides of E|E,l + 1) = Hi11|E,l + 1) we
have
E(AJ|E,1+1) = Al H 1 |E, 14+ 1) = H(A]|E, 1+ 1))

which establishes that AHE,Z + 1) is an eigenket of H; as we hoped. Using
a result proved in Problem getA Adaggerprob, we have, in fact, that

—1/2
In, 1) = g ((l +1 5 %) Al 1+ 1). (8.41)




190 Chapter 8: Hydrogen

Table 8.1 The first six radial eigenfunctions u!,(r) for hydrogen with
az = ap/Z. The full wavefunction is ul, (r)Y" (6, ¢).

n
l 1 2 3
0 2e—r/az 2e—r/2az - L 2e—r/3az - E N 2T2
a%ﬂ (2a7)3/? 2az (3az)3/? 3az = 27a%
) e—r/2az r 25/26—7‘/3(12 r r
V3Razp” az 9327 az < B 6_>
23/26—7‘/3(12 r 2
2 N (U
V27,/5(3az)%/2 (GZ)
From equations (8.15a) and (7.66) we can write
ao 0 l +2 7
Al =1 = - : 42
=G ) (842)
Setting [ = n — 2 we can apply this operator to u”~! to obtain
Z
u”"2(r) = constant x (1 — L — S (8.43)
n(n — 1)ag

This wavefunction has a node at r = n(n —1)ag/Z. When we apply A;L3 to
this wavefunction to generate u~3, the lowest power of r in the factor that
multiplies the exponential will be 7”3, so the exponential will be multiplied
by a quadratic in 7 and the wavefunction will have two nodes. In our study of
the three-dimensional harmonic oscillator we encountered the same pattern:
the number of nodes in the radial wavefunction increased by one every time
A" decrements the angular momentum and increases the energy of radial
motion. The radial eigenfunctions for states with n < 3 are listed in Table 8.1
and plotted in Figure 8.5.

Notice that because u”~1(r) is a real function and A}L is a real operator,
all the radial eigenfunctions are real. Because the probability current J is
proportional to the gradient of the phase of the wavefunction (eq. 2.87), the
reality of u! (r) implies that the probability current inside the atom has no
radial component. This makes perfectly good sense physically: the electron
moves both inwards and outwards and (unlike in the classical case) at any
given point the electron is as likely to be moving out as in.

8.1.3 Shielding

The electrostatic potential in which a bound electron moves is never ex-
actly proportional to 1/r as we have hitherto assumed. In hydrogen or
a single-electron ion the deviations from 1/r proportionality are small but
measurable. In many-electron systems the deviations are large. In all cases
the deviations arise because the charge distribution that binds the electron
is not confined to a point as we have assumed. First, protons and neu-
trons have non-zero radii — after all there has to be room for three quarks
to move about in there at mildly relativistic speed! Second, even if the nu-
clear charge were confined to a point, the field it generates would not be an
inverse-square field because in the intense electric field that surrounds the
nucleus, a non-negligible charge density arises in the vacuum. This charge
density is predicted by quantum electrodynamics, the theory of the interac-
tion of the Dirac field, whose excitations constitute electrons and positrons,
and the electromagnetic field, whose excitations are photons. In a vacuum
the zero-point motions (§3.1) of these fields cause electron-positron pairs to
be constantly created, only to annihilate an extremely short time later. In
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the strong field near the nucleus, the positrons tend to spend their brief
lives further from the nucleus, which repels them, than do the electrons. In
consequence the charge inside a sphere drawn around the nucleus is slightly
smaller than the charge on the nucleus, the charge deficit being small for
both very small and very large spheres. That is, quantum electrodynamics
predicts that the vacuum is a polarisable dielectric medium, just like an or-
dinary insulator, in which the electrons and ions move in opposite directions
when a field is applied, giving rise to a net charge density within the medium.

When an atom has more than one electron, the deviation of the elec-
trostatic potential from 1/r proportionality is much larger than in hydrogen
since the charge on any electron other than the one whose dynamics we are
studying is distributed by quantum uncertainty through the space around
the nucleus, so the charge inside a sphere around the nucleus is comparable
to the charge on the nucleus when the sphere is very small, but falls to e
when the sphere is large.

Phenomena of this type, in which there is a tendency for a charged
body to gather oppositely charged bodies around it, are often referred to as
‘shielding’. A complete treatment of the action of shielding in even single-
electron systems involves quantum field theory and is extremely complex.
In this section we modify the results we have obtained so far to explore an
idealised model of shielding, which makes it clear how shielding modifies the
energy spectrum, and thus the dynamics of atomic species.

The key idea is to replace the atomic number Z in the Hamiltonian with
a decreasing function of radius. We adopt

2(r) = Z (1 + g) , (8.44)

where Zy and a are adjustable parameters. For r > a, the nuclear charge
tends to a maximally shielded value Zpe. For r ~ a, the charge is larger
by ~ Zge. At very small r, the charge diverges, but we anticipate that
this unphysical divergence will not have important consequences because the
electron is very unlikely to be found at r < ag/Z. With this choice for Z(r),
the radial Hamiltonian (8.12) becomes

o {ll+1) = BIR Zge?

H| = 8.45
P o + 2ur? dmeqr’ (8.452)
where )
Z
= 2o (8.45b)
2meoh

Because we chose to take the radial dependence of Z to be proportional to
1/r, we have in the end simply reduced the repulsive centrifugal potential
term in the radial Hamiltonian. Let I’(l) be the positive root of the quadratic
equation

'i’'+1)=11+1)-p. (8.46)

In general I’ will not be an integer. With this definition, H] is identical with
the Hamiltonian (8.12) of the unshielded case with I’ substituted for I and
Zy replacing Z, that is

H) = Hy . (8.47)
Consequently, the operator Ay that is defined by equation (8.15a) with the
same substitutions satisfies (cf. eq. 8.17)

i

m. (8.48)

2
a,
AI/Al’ = hLQNHz/ +
Moreover by analogy with equation (8.19) we have

A, Al 7@3_;1 _
[ Uy [/]_ h2 (Hl'+1 Hl/)- (849)
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It follows that A; is a ladder operator
EAZ/ |E’7 l/> = (Hl/Al/ + [Al/, Hl/])|E, l/> = Hl'+1Al' |E’7 l/>, (850)

so Ap|E,l'Y = o|E,l" + 1) is an (unnormalised) eigenket of Hy 41 just as in
the unshielded case. Applying Ay 41 to |E,l’ + 1) we argue that eventually
some maximum value £’ of I’ will be reached, at which point Az/|E, L") = 0.
From the mod square of this equation we conclude that

2.2
Zie

E=——r—"->
8mepan (L +1)2’

where L' =1"(1) + k, (8.51)

where k is the number of times we have to apply A to achieve annihilation.
Since for a # 0, I’(l) is not an integer, E is given by the formula (8.25)
for the unshielded case with n replaced by a number that is not an integer.
Moreover, the energy now depends on [ as well as on n, where n is defined
to be 1+ [ plus the number of nodes in the radial wavefunction at r < oco.
To see this, consider the effect of increasing our initial value of [ by one, and
correspondingly decreasing by one the number of times we have to apply Ay
to achieve annihilation. In an unshielded atom I’ = [, so E is unchanged
when [ is increased and k decreased by unity; we have moved between states
with the same value of n. In the shielded case, increasing [ by unity does
not increment !’(I) by unity, so in equation (8.51) the changes in I’ and k do
not conspire to hold constant £’. In fact one can show from equation (8.46)
that when [ increases by one, I’ increases by more than one (Problem 8.13),
so among states with a given principal quantum number, those with the
largest [ values have the smallest binding energies. This makes perfect sense
physically because it is the eccentric orbits that take the electron close to
the nucleus, where the nuclear charge appears greatest.

In 1947 Lamb & Retherford showed? that in hydrogen the state |2, 0, 0)
lies 4.4 x 107%eV below the states |2,1,m), contrary to naive predictions
from the Dirac equation. This Lamb shift is due to shielding of the proton
by electron-positron pairs in the surrounding vacuum.

8.1.4 Expectation values for r—*

It will prove expedient to have formulae for the expectation value of —* with
hydrogenic wavefunctions and the first three values of k.
The value of <7°_1> can be obtained from the virial theorem (2.93) since
in hydrogen the potential energy is oc r~1. With o = —1, equation (2.93)
implies that
»?
2(E| 2m|E> = —(E|V|E). (8.52)

On the other hand the expectation of the Hamiltonian yields

2

D
FE|l—|F FE\V|E)=F 8.53
(BI2—|E) + (E|V|E) = E, (8.53)

so we have
Ze2 722

E|V|E) = — Er Y\Ey=2F=——"_. 54
(EWVIE) =~ —(Elr|E) Trerar (8.54)

It follows that (r—') = Z/(nao).

To obtain <7°_2> we anticipate a result that we shall prove in §9.1. This
relates to what happens when we add a term SH; to a system’s Hamiltonian,
where 8 is a number and H; is an operator. The n'® eigenenergy of the

3 W.E. Lamb & R.C. Retherford, Phys. Rev. 72, 241



8.2 Fine structure and beyond 193

complete Hamiltonian then becomes a function of 8, and in §9.1 we show
that

dE
— = (E|H1|E). (8.55)
dg 5=0
We apply this result to a hydrogen-like system with the additional Hamilto-
nian
h2
H =——-. 8.56
1 2‘u,r_2 ( )

In the last subsection we showed that the exact eigenvalues of this system
are given by equation (8.51). Differentiating the eigenvalues with respect to
B and using equation (8.55) we find

h? d Z2e? Z2e? dr
—(E|r?|E) = — = — (857
2Bl = 35 g0 Bmeoao(l T k)2 dmegao(l + k)P dB (8:57)

From equation (8.46) we have dI’/d8 = —1/(20 + 1), so

Z2 2 Z2
B 2B = e = g (8
2repaoh“n3 (2l +1)  agn®(l + 3)

where the last equality uses the definition (8.15b) of the Bohr radius.

We determine <r*3> by considering the expectation value of the com-
mutator [H,p,]. As we saw in §2.2.1, in a stationary state the commutator
with H of any observable vanishes. Hence with equation (8.12) we can write

I(L+1)R° L Ze? .
0= (E|[H,p,]|E) = 2 g1r=2 p,IE) — ZE(E|[r", p,]|E) (8.59
el E) = B i) - 2Bl ) (559
Using the canonical commutation relation [r,p,] = il [equation (7.67)] to

evaluate the commutators in this expression, and the value of <r*2> that we
have just established, we find

Z3

ErIE) = T Dar D

(8.60)

The three values of <r*k> that we have calculated conform to a pattern.
First the basic atomic scale ag/Z is raised to the —k*" power. Then there is
a product of 2k quantum numbers on the bottom, reflecting the tendency for
the atom’s size to grow as n2. Finally, as k increases, the number of factors
of [ increases from zero to three, reflecting the growing sensitivity of <7°_3>
to orbital eccentricity.

8.2 Fine structure and beyond

The model of hydrogen-like ions that we developed in the last section is
satisfying and useful, but it is far from complete. We now consider some of
the physics that is neglected by this model.

In §2.3.5 we saw that when a particle that moves in an inverse-square
force field is in a stationary state, the expectation value of its kinetic energy,
classically %mv2, is equal in magnitude but opposite in sign to its total
energy. Equation (8.25) is an expression for the ground-state energy of an
electron in a hydrogen-like ion. When we equate the absolute value of this
expression to %mev2, we find that the ratio of v to the speed of light ¢ is

v

~=aZ, (8.61)
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where the dimensionless fine structure constant is defined to be

e? 1

@ 4drreghc =137

(8.62)

Since relativistic corrections tend to be O(v?/c?), it follows that in hydrogen
relativistic corrections to the results we have derived may be expected to
be several parts in 10, but these corrections, being proportional to Z2, will
exceed 10% by the middle of the periodic table.

For future reference we note that with the reduced mass p approximated
by m., equation (8.15b) for the Bohr radius can be written

h _ )\Compton
amecC 2T

ap = : (8.63)

where we have identified the electron’s Compton wavelength h/mecc (the
wavelength of a photon that has energy mec?). When we use this expression
to eliminate ag from equation (8.25), we find that the energy levels of a
hydrogen-like ion are

Z2 2
FE = —2—7:;77],6027 so R = %a2mec2, (864)

8.2.1 Spin-orbit coupling

Magnetism is a relativistic correction to electrostatics in the sense that a
particle that is moving with velocity v in an electric field E experiences a
magnetic field

1

B= 2V x E. (8.65)
If the particle has a magnetic dipole moment w, it experiences a torque
G = p x B that will cause its spin S to precess. In the particle’s rest frame
the classical equation of motion of S is

ds 1

— =—-uxB 8.66

T - pHxB (8.66)
where T appears only because S is the dimensionless spin obtained by divid-
ing the angular momentum by . We assume that the magnetic moment p is
proportional to the dimensionless spin vector S and write the proportionality

_ 9@

=505 (8.67)

where ¢ is the dimensionless gyromagnetic ratio, and @ and mg are the
particle’s charge and rest mass. In the case of an electron g = 2.002, a value
which is correctly predicted by relativistic quantum electrodynamics, and
the dimensional factor is defined to be the Bohr magneton

=927 x 107 JT L (8.68)

HB = 2me

With this notation, our rest-frame equation of motion (8.66) becomes

S _ 994, B (8.69)

E - 2m0
The non-zero value of the right side of this classical equation of motion
for S implies that there is a spin-dependent term in the particle’s Hamiltonian
since the operator S commutes with all spatial operators (§7.4) and the
right side of the classical equation of motion (8.69) is proportional to the
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expectation of [S, H] (cf. eq. 2.57). We want to determine what this term in
H is.

Energy is not a relativistic invariant — it is physically obvious that ob-
servers who move relative to one another assign different energies to a given
system. Consequently, when they do quantum mechanics they use different
Hamiltonians. We need the Hamiltonian that governs the dynamics of the
reduced particle in the rest frame of the atom’s centre of mass. So we have
to transform the equation of motion (8.69) to this frame. This is a tricky
business because the reduced particle is accelerating, so the required Lorentz
transformation is time-dependent. Given the delicacy of the required trans-
formation, it is advisable to work throughout with explicitly Lorentz ‘covari-
ant’ quantities, which are explained in Appendix G. In Appendix H these
are used to show that in a frame of reference in which the electron is moving,
equation (8.69) becomes

s  Q < hodd ) (870)

DY (L2 s L1228 xB
dt  2mgc? mor drSX +2¢°5

It is straightforward to demonstrate (Problem 8.14) from equation (2.34) that
this classical equation of motion of the spin S of an electron (which has charge
@ = —e) arises if we introduce into the quantum-mechanical Hamiltonian
(8.1) two spin-dependent terms, namely the spin-orbit Hamiltonian

dd  eh®
Hso=———--S- 8.71
50 dr 2rm2c? ’ (8.71)
and the Zeeman spin Hamiltonian
h
Hys =S B. (8.72)

(5]

The Zeeman spin Hamiltonian is just g - B with equation (8.67) used to
replace the magnetic moment operator by the spin operator. Interestingly,
the spin-orbit Hamiltonian is a factor two smaller than - B with p replaced
in the same way and equation (8.65) used to relate B to the electric field
in which the electron is moving. In the 1920s the experimental data clearly
required this factor of two difference in the spin Hamiltonians, but its origin
puzzled the pioneers of the subject until, in 1927, L.T. Thomas* showed that
it is a consequence of the fact that the electron’s rest frame is accelerating
(Appendix H). If no torque is applied to a gyro, it does not precess in its
instantaneous rest frame. But if the direction of the gyro’s motion is chang-
ing relative to some inertial frame, the sequence of Lorentz transformations
that are required to transform the spin vector into the inertial frame causes
the spin to precess in the inertial frame. This apparent precession of an
accelerated gyro is called Thomas precession.
In a single-electron system such as hydrogen, ® = Ze/(4meor), so

Zah?

2mZer3

Hso L, (8.73)

where the fine-structure constant (8.62) has been used to absorb the 4meg.
Since the coefficient in front of the operator S - L is positive, spin-orbit
coupling lowers the energy when the spin and orbital angular momenta are
antiparallel.

The operator S - L in equation (8.73) is most conveniently written

S L= 3(L4S-LP- 8= P Lo 8Y, (8T

4 Phil. Mag. 3, 1 (1927)
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Figure 8.6 The fine structure of

a hydrogen-like ion with Z = 200
that is predicted by equation (8.76a).
The dotted line denotes a break in
the energy scale so that the ground
state can be included.

2P, s

n=1 —— 1%,

so Hgo is diagonal in a basis made up of mutual eigenkets of J2, L? and S2.
In §7.5 we constructed such mutual eigenkets from the eigenkets of S2, S,
L? and L,. S-L annihilates states with quantum number [ = 0 because
then j = s. Hence, there is no spin-orbit coupling in the ground state of
hydrogen. In any excited state, [ > 0 is permitted, and from §7.5.2 we know
that the possible values of j are [ £ % The associated eigenvalues of the
operator on the right of equation (8.74) are readily found to be

. 1] for j=1+2
1 - R U ’
LG +1) =11 +1) =3 {_%(Hl) forj 11 (8.75)

Although S - L commutes with the gross-structure Hamiltonian Hgg
(eq. 8.1), the other operator in Hso, namely —3, does not. So the eigenkets
of Hgs + Hgo will differ (subtly) from the eigenkets we have found. In
89.1 we shall show that in these circumstances the change in the energy of a
stationary state can be estimated by replacing the operator by its expectation
value. Equation (8.60) gives this value, and, inserting this with our results
for the spin operators, yields energy shifts

(I+1)(1+3) forj=1+1%
AE:<n,l,m|Hso|n,l,m>2Kn/{_l(l+%) for j— 11 (i >0),
(8.76a)
where s "
K,=_Z0on _Zao o (8.76b)

4agm2end  4nd

and the second equality uses equation (8.63) for ag. The difference between
the energies of states with j =1+ % is

2K,
E —FE_1/0= . 8.76
14+1/2 1-1/2 0+ 1) (8.76¢)
For n = 1 the fine-structure energy scale K, is smaller than the gross-

structure energy (8.64) by a factor Z2/2a? that rises from parts in 10° for
hydrogen to more than 10% by the middle of the periodic table.5 In hydrogen
fine-structure is largest in the n = 2, [ = 1 level, which is split into j = % and
j= % sublevels. According to equations (8.76¢), these sublevels are separated
by Ko = 4.53 x 107% eV, while the measured shift is 4.54 x 107 °eV.

Figure 8.6 shows the prediction of equation (8.76a) for the energy levels
of a hydrogen-like ion with Z = 200. With this unrealistically large value

5 Naturally, the fine-structure constant owes its name to its appearance in this ratio
of the fine-structure and gross energies.
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of Z the fine structure for n = 2 has comparable magnitude to the gross-
structure difference between the n = 2 and n = 3 levels. The levels in
this figure are labelled in an obscure notation that is traditional in atomic
physics and more fully explaine in Box 10.2. The value of n appears first,
followed by one of the letters S, P, D, F to denote [ = 0,1, 2, 3, respectively.®
The value of j appears as a subscript to the letter, and the value of 2s +
1 (here always 2) appears before the letter as a superscript. So the level
22P3p hasn = 2, s = 1/2, 1 = 1, and j = 2. From Figure 8.6 we see
that states in which j is less than [ (because the electron’s spin and orbital
angular momenta are antiparallel) are predicted to have lower energies than
the corresponding states in which the two angular momenta are aligned. The
spin—orbit interaction vanishes by symmetry for s = 0 but otherwise at fixed
n the magnitude of the effect decreases with increasing angular momentum
because the electron’s top speed on a nearly circular orbit is smaller than on
an eccentric orbit, so relativistic effects are largest on eccentric orbits.

Equation (8.76a) suggests that states that differ in [ but not j should
have different energies, whereas they do in fact have extremely similar en-
ergies. For example, the 225’1/2 state lies 4.383 x 10~ %eV above the 22P1/2
state, while equation (8.76a) implies that this energy difference should be
%KQ = 6.79 x 10~®eV. This discrepancy arises because the spin-orbit Hamil-
tonian does not provide a complete description to order a* of relativistic
corrections to the electrostatic Hamiltonian. Actually, additional corrections
shift the energy of the 225, /2 states into close alignment with the energy of
the 22P; /2 states.” However, in atoms with more than one electron, the
electrostatic repulsion between the electrons shifts the energy of the 225, /2
states downwards by much larger amounts. These electrostatic corrections
are hard to calculate accurately, so the much smaller relativistic corrections
are not interesting, experimentally, and the quantities of interest are differ-
ence in energy between states with the same values of [ but different j. These
difference are correctly given by equation (8.76a).

Relativistic quantum electrodynamics is in perfect agreement with mea-
surements of hydrogen. It uses the Dirac equation rather than classically-
inspired corrections to the electrostatic Hamiltonian. We have devoted sig-
nificant space to deriving the spin-orbit Hamiltonian not because it plays a
role in hydrogen, but because it becomes important as one proceeds down
the periodic table. The other relativistic corrections also become large by the
middle of the periodic table, but outside hydrogen their effects are so masked
by electron-electron interactions that they are of little practical importance
and we shall not discuss them in this book.

8.2.2 Hyperfine structure

A proton is a charged spin-half particle, so like an electron it has a magnetic
moment. By analogy with the definition of the Bohr magneton (eq. 8.68),
we define the nuclear magneton to be

eh
=_— =505x10"2"JT L 8.78
/’Lp 2mp X ( )

6 These letters are a shorthand for a description of spectral lines that later were found
to involve the various [ values: sharp, principal, diffuse, faint.

7 In the lowest order of relativistic quantum electrodynamics, the energy of a hydrogen
atom depends on only n and j: the Dirac equation predicts

R a?Z? n
E=-211- S —— ). 8.77
n2{ n2 (4 j+%>} (8.77)

Thus the 225'1/2 states are predicted to have the same energy as the 22P1/2 states. The
measured Lamb shift between these states arises in the next order as a consequence of
polarisation of the vacuum, as described in §8.1.3.
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In terms of pp,, the magnetic-moment operator of the proton is

K= gphipSp, (8.79)

where g, = 5.58 and S;, is proton’s spin operator, so the proton’s magnetic
moment is smaller than that of an electron by a factor 2.79me/my, ~ 1.5 x
1073,

The electron in a hydrogen atom can create a magnetic field at the
location of the proton in two ways: as a moving charge, it generates a cur-
rent, and it has its intrinsic magnetic moment, so its probability distribution
|(x)|? is a distribution of magnetic dipoles that will generate a magnetic
field just as iron does in a bar magnet.

The ground level of hydrogen is a particularly simple case because in
this state the electron has no orbital angular momentum, so it generates a
magnetic field exclusively through its dipole moment. The magnetic vector
potential distance r from a magnetic dipole p, is

A:ﬂ“exr—@vX(&). (8.80)

dr 3 Arx r

The magnetic field is B = Vx A, so the hyperfine-structure Hamiltonian
for the ground state is

Hrs = - B =04, v {vx (B2) ] (8.81)
Until Hypg is included in the atom’s Hamiltonian, the atom’s lowest
energy level is degenerate because the spins of the electron and the proton
can be combined in a number of different ways. To proceed further we need
to evaluate the matrix elements obtained by squeezing Hurs between states
that form a basis for the ground-level states. The natural basis to use is
made up of the states [j = 0) and |j = 1,m) for m = —1,0,1 that can be
constructed by adding two spin-half systems (§7.5.1). In Appendix I we show
that the resulting matrix elements are

20 0) sl 1))

2p
_?0 |¢(O)|29pﬂp2ﬂB<3|Sp : Se|3l>a

(¥, s|Hurs |1, s')

(8.82)

where we have replaced the magnetic moment operators by the appropri-
ate multiples of the spin operators. From our discussion of the spin-orbit
Hamiltonian (8.73), which is also proportional to the dot product of two
angular-momentum operators, we know that the eigenstates of the total an-
gular momentum operators are simultaneously eigenstates of S, - S, with
eigenvalues 1{j(j + 1) — 2 — 2}, so in this basis the off-diagonal matrix
elements vanish and the diagonal ones are

2
(gl Hiaws [, m) = =52 6(0) Papriprn (G +1) ~ ). (3:83)

In §9.1 we shall show that the diagonal matrix elements provide a good
estimates of the amount by which Hypg shifts the energies of the stationary
states of the gross-structure Hamiltonian.

The total angular-momentum quantum number of the atom can be j = 0
or 7 = 1 and the two possible values of the curly bracket above differ by two.
Equation (8.36) gives |¢(0)|> = 1/(7ad), so the energies of these levels differ
by

4
AE = 05 58, 1p = 5.88 x 109 eV. (8.84)
3rag

The lower level, having 7 = 0, is non-degenerate, while the excited state is
three-fold degenerate. Transitions between these levels give rise to radiation
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of frequency 1.420405 7518 GHz. To obtain perfect agreement between this
most accurately measured frequency and equation (8.84), it is necessary to
change the gyromagnetic ratio of the electron from the value of 2 that we
have adopted to the value 2.002319 ... that is predicted by quantum electro-
dynamics. The agreement between theory and experiment is then impressive.

The hyperfine line of hydrogen provides the most powerful way of tracing
diffuse gas in interstellar and intergalactic space. Radiation at this frequency
can propagate with little absorption right through clouds of dust and gas
that absorb optical radiation. Consequently it was in radiation at 1.4 GHz
that the large-scale structure of our own galaxy was first revealed in the
1950s. The line is intrinsically very narrow with the consequence that the
temperature and radial velocity of the hydrogen that emits the radiation
can be accurately measured from the Doppler shift and broadening in the
observed spectral line. The existence of 1.4 GHz line radiation from our
galaxy was predicted theoretically by H.C. van de Hulst as part of his doctoral
work in Nazi-occupied Utrecht. In 1951 groups in the USA and Australia
and the Netherlands, detected the line almost simultaneously. The Dutch
group used a German radar antenna left over from the war.

Problems

8.1 Some things about hydrogen’s gross structure that it’s important to
know (ignore spin throughout):

a) What quantum numbers characterise stationary states of hydrogen?

b) What combinations of values of these numbers are permitted?

c¢) Give the formula for the energy of a stationary state in terms of the
Rydberg R. What is the value of R in eV?

d) How many stationary states are there in the first excited level and in
the second excited level?

e) What is the wavefunction of the ground state?

f) Write down an expression for the mass of the reduced particle.

g) The wavefunction (x|n) of any state with principal quantum number n
contains an exponential in r = |x|. Write down the scale length of this
exponential in terms of the Bohr radius ag.

h) We can apply hydrogenic formulae to any two charged particles that are
electrostatically bound. How does the ground-state energy then scale
with (i) the mass of the reduced particle, and (ii) the charge Ze on the
nucleus? (iii) How does the radial scale of the system scale with Z?

8.2 Show, by induction or otherwise, that there are n? stationary states of
hydrogen with energy E = —R/n?.

8.3 In the Bohr atom, electrons move on classical circular orbits that have
angular momenta [%, where [ = 1,2,.... Show that the radius of the first
Bohr orbit is ag and that the model predicts the correct energy spectrum.
In fact the ground state of hydrogen has zero angular momentum. Why did
Bohr get correct answers from an incorrect hypothesis?

8.4 Show that the speed of a classical electron in the lowest Bohr orbit
(Problem 8.3) is v = ac, where a = e?/4meghc is the fine-structure constant.
What is the corresponding speed for a hydrogen-like Fe ion (atomic number
Z = 26)? Given these results, what fractional errors must we expect in the
energies of states that we derive from non-relativistic quantum mechanics.

8.5 Show that Bohr’s hypothesis (that a particle’s angular momentum must
be an integer multiple of 72), when applied to the three-dimensional harmonic
oscillator, predicts energy levels E = lhw with [ = 1,2,.... Is there an
experiment that would falsify this prediction?

8.6 Show that the electric field experienced by an electron in the ground
state of hydrogen is of order 5x 10" Vm~™'. Why is it impossible to generate
comparable macroscopic fields using charged electrodes. Lasers are available
that can generate beam fluxes as big as 1022 Wm™2. Show that the electric
field in such a beam is of comparable magnitude.
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8.7 Positronium consists of an electron and a positron (both spin-half and
of equal mass) in orbit around one another. What are its energy levels? By
what factor is a positronium atom bigger than a hydrogen atom?

8.8 The emission spectrum of the He™ ion contains the Pickering series of
spectral lines that is analogous to the Lyman, Balmer and Paschen series in
the spectrum of hydrogen.

Balmer 7 = 1,2,... 0.456806 0.616682 0.690685 0.730884
Pickering + = 2,4,... 0.456987 0.616933 0.690967 0.731183

The table gives the frequencies (in 10'° Hz) of the first four lines of the Balmer
series and the first four even-numbered lines of the Pickering series. The
frequencies of these lines in the Pickering series are almost coincident with
the frequencies of lines of the Balmer series. Explain this finding. Provide a
quantitative explanation of the small offset between these nearly coincident
lines in terms of the reduced mass of the electron in the two systems. (In 1896
E.C. Pickering identified the odd-numbered lines in his series in the spectrum
of the star ¢ Puppis. Helium had yet to be discovered and he believed that
the lines were being produced by hydrogen. Naturally he confused the even-
numbered lines of his series with ordinary Balmer lines.)

8.9 Tritium, H, is highly radioactive and decays with a half-life of 12.3
years to 3He by the emission of an electron from its nucleus. The electron
departs with 16 keV of kinetic energy. Explain why its departure can be
treated as sudden in the sense that the electron of the original tritium atom
barely moves while the ejected electron leaves.

Calculate the probability that the newly-formed *He atom is in an ex-
cited state. Hint: evaluate (1,0,0; Z = 2|1,0,0; Z = 1).

8.10* A spherical potential well is defined by

0 forr<a
Vir) = { Vo otherwise, (8.85)

where V) > 0. Consider a stationary state with angular-momentum quantum
number [. By writing the wavefunction ¢(x) = R(r)Y]"(0,¢) and using
p? = p? + h®L?/r?, show that the state’s radial wavefunction R(r) must
satisfy

2 2 2
_h (d +l> R+ WV o vR=—ER (8:56)
T

2m \ dr 2mr?

Show that in terms of S(r) = rR(r), this can be reduced to

d2s S

+ %(E -V)S=0. (8.87)
Assume that Vo > E > 0. For the case [ = 0 write down solutions to this
equation valid at (a) r < a and (b) 7 > a. Ensure that R does not diverge
at the origin. What conditions must S satisfy at = a7 Show that these
conditions can be simultaneously satisfied if and only if a solution can be
found to kcotka = —K, where h*k? = 2mE and h’K? = 2m(V, — E).
Show graphically that the equation can only be solved when /2mVpa/h >
/2. Compare this result with that obtained for the corresponding one-
dimensional potential well.

The deuteron is a bound state of a proton and a neutron with zero
angular momentum. Assume that the strong force that binds them produces
a sharp potential step of height V; at interparticle distance a = 2 x 10~1°m
Determine in MeV the minimum value of Vj for the deuteron to exist. Hint:
remember to consider the dynamics of the reduced particle.
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8.11 Let the wavefunction of the stationary states of the gross-structure
Hamiltonian of hydrogen be (x|n,l,m) = ul ()Y (6, $). Show that

/ dr r2ul, (r)yul, (r) = 6. (8.88)
0

By considering an appropriate Sturm-Liouville equation, or otherwise, show
further that

/ drul, (r)ul, (r) = Cidu. (8.89)
0

8.12 Show that for hydrogen the matrix element (2,0,0|z|2,1,0) = —3ay.
On account of the non-zero value of this matrix element, when an electric
field is applied to a hydrogen atom in its first excited state, the atom’s energy
is linear in the field strength (§9.1.2).

8.13* From equation (8.46) show that I’ + 3 = /(I + 3)? — 8 and that the

increment A in I’ when [ is increased by one satisfies A2+A(20'+1) = 2(I+1).
By considering the amount by which the solution of this equation changes
when I’ changes from [ as a result of 3 increasing from zero to a small number,
show that

26

412 -1
Explain the physical significance of this result.

8.14 Show that Ehrenfest’s theorem yields equation (8.70) with B = 0
as the classical equation of motion of the vector S that is implied by the
spin-orbit Hamiltonian (8.71).

A=1+

+0(5?). (8.90)

8.15* (a) A particle of mass m moves in a spherical potential V(r). Show
that according to classical mechanics

d ,dV de,
g P Le) =mrig g

(8.91)

where L, = r X p is the classical angular-momentum vector and e, is the
unit vector in the radial direction. Hence show that when V(r) = —K/r,
with K a constant, the Runge-Lenz vector M. = p x L. — mKe, is a
constant of motion. Deduce that M, lies in the orbital plane, and that for
an elliptical orbit it points from the centre of attraction to the pericentre of
the orbit, while it vanishes for a circular orbit.

(b) Show that in quantum mechanics (p x L)T — p x L = —2ip. Hence
explain why in quantum mechanics we take the Runge-Lenz vector operator
to be

M = 1iN — mKe, where N=pxL-Lxp. (8.92)

Explain why we can write down the commutation relation [L;, M;| =1, €1 M.
(c) Explain why [p?, N] = 0 and why [1/r,p x L] = [1/r, p] x L. Hence
show that

[1/T=N]=i{ri3(r2p—xx-p)—(pr2—p-xx)T—1?)}. (8.93)
(d) Show that
w£4=m{—G%+;0+§:@%5+x%mnn (8.94)

(e) Hence show that [H,M] = 0. What is the physical significance of
this result?
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(f) Show that (1) [Ml, L2] = iij Eijk(Mij +Lij), (ll) [Li, Mz] = 0,
where M? = M? + M; + M?. What are the physical implications of these

results?
(g) Show that

[Ni, Nj] = —4iZGijup2Lu (8.95)
and that
4ih
[Ni, (er);] — [Nj, (er)i] = S €ijeLt (8.96)
t
and hence that
[M;, M;] = =2ih®mH Y _ €;jx L. (8.97)
k

What physical implication does this equation have?
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Perturbation theory

It is rarely possible to solve exactly for the dynamics of a system of experi-
mental interest. In these circumstances we use some kind of approximation
to tweak the solution to some model system that is as close as possible to
the system of interest and yet is simple enough to have analytically solvable
dynamics. That is, we treat the difference between the experimental system
and the model system as a ‘perturbation’ of the model. Perturbation theory
in this sense was an important part of mathematical physics before quantum
mechanics appeared on the scene — in fact the development of Hamiltonian
mechanics was driven by people who were using perturbation theory to un-
derstand the dynamics of the solar system. Interestingly, while perturbation
theory in classical mechanics remains an eclectic branch of knowledge that is
understood only by a select few, perturbation theory in quantum mechanics
is a part of main-stream undergraduate syllabuses. There are two reasons
for this. First, analytically soluble models are even rarer in quantum than in
classical physics, so more systems have to be modelled approximately. Sec-
ond, in quantum mechanics perturbation theory is a good deal simpler and
works rather better than in classical mechanics.

9.1 Time-independent perturbations

Let H be the Hamiltonian of the experimental system and Hy the Hamil-
tonian of the model system for which we have already solved the eigenvalue
problem. We hope that A = H — Hj is small and define

Hy = Hy + BA. (9.1)

We can think of Hg as the Hamiltonian of an apparatus that has a knob on
it labelled ‘5’; when the knob is turned to 8 = 0, the apparatus is the model
system, and as the knob is turned round to 8 = 1, the apparatus is gradually
deformed into the system of experimental interest.

We seck the eigenkets |E) and eigenvalues E of Hg as functions of S.
Since the Hamiltonian of the apparatus is a continuous function of 3, we
conjecture that the |F) and E are continuous functions of § too. In fact, we
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conjecture that they are analytic functions! of 8 so they can be expanded as
power series

|E) =|a) + BIb) + B%lc) + -+ 1 E=Ea+fEy+ B+, (9.2)

where |a), |b), etc., are states to be determined and E,, Ey, etc., are appropri-
ate numbers. When we plug our conjectured forms (9.2) into the eigenvalue
equation H|y) = Ey), we have

(Ho+BA)(Ja)+BIb)+ B|c)+) = (Eq+BEy+ B Ec+) (|a)+6|b>+ﬁ2|c>(+)).
9.3

Since we require the equality to hold for any value of 3, we can equate the
coeflicient of every power of 8 on either side of the equation.

B8O : Hola) = Eqla)
Bl Holb) + Ala) = E.|b) + Eyla) (9.4)
B Hylc) + Alb) = Ey|c) + Ey|b) + E.|a).

The first equation simply states that E, and |a) are an eigenvalue and eigen-
ket of Hy. Physically, |a) is the state that we will find the system in if we
slowly turn the knob back to zero after making a measurement of the energy.
Henceforth we shall relabel E, with Ey and relabel |a) with |Ep), the zero
reminding us of the association with § = 0 rather than implying that |Ep)
is the ground state of the unperturbed system.

To determine Fj, we multiply the second equation through by (FEy|:

(Eo|Ho|b) + (Eo|A|Eo) = Eo(Eo|b) + Eb. (9.5)

Now from Table 2.1, (Eg|Hp|b) = ((b|Ho|Ep))* = Eo(Ep|b). Cancelling this
with the identical term on the right, we are left with

Ey = (Eo|A|Ey). (9.6)

Thus the first-order change in the energy is just the expectation value of
the change in the Hamiltonian when the system is in its unperturbed state,
which makes good sense intuitively. This is the result that we anticipated in
§68.2.1 and 8.2.2 to estimate the effects on the allowed energies of hydrogen
of the spin-orbit and hyperfine Hamiltonians.

To extract the second-order change in E we multiply the third of equa-
tions (9.4) by (Ep|. Cancelling (Ey|Ho|c) on Eg(Ep|c) by strict analogy with
what we just did, we obtain

E. = (Eo|Alb) — Ey(Eolb). (0.7)

To proceed further we have to determine |b), the first-order change in the
state vector. Since the eigenkets |E,) of Hy form a complete set of states,
we can write |b) as the sum

b) = > bi|Ex). (9.8)
k
In the second of equations (9.4) we replace |b) by this expansion and multiply
through by (E,,| # (Eo| to find

(Em|AlEo)
b = ———7—. .
B E. (9.9)

I Much interesting physics is associated with phenomena in which a small change in
one variable can produce a large change in another (phase changes, narrow resonances,
caustics, ...). In classical physics perturbation theory is bedevilled by such phenomena.
In quantum mechanics this conjecture is more successful, but still untrustworthy as we
shall see in §9.1.2.



9.1 Time-independent perturbations 205

Box 9.1: Ensuring that (alb) = 0

Since the perturbed eigenket should be properly normalised, we have
1= (E|E) = ((Eo| + B{b[ + - --) (|E0) + Blb) +--+)
=1+ B ({Eolb) + (b| Eo)) + O(5%).

Equating the coefficient of 5 on each side of the equation we conclude
that (Eg|b) + (b|Ep) = 0, from which it follows that (Fy|b) is pure imagi-
nary. The phase of |E) is arbitrary, and we are free to choose this phase
independently for each model Hamiltonian Hg. In particular, instead of
using |E) we can use |E') = e'*|E), where « is any real constant: |E’)
is our original eigenket but with its phase shifted by a linear function of
B. When we expand |E’) in powers of 3 we have

|E) = |Eo) + BIV) +

where |b') is the derivative of |E’) with respect to 8 evaluated at 8 = 0.
This is
d|E") . d

|bl>: dﬁ ,8:0_ dﬁ (

dP|E)) | =ialEp) +|b).

B=0
Consequently,

(Eolt'y = ia + (Eg|b).

Since (Ey|b) is known to be pure imaginary, it is clear that we can choose
a such that (Ey|b’) = 0. This analysis shows that the phases of the
perturbed eigenkets can be chosen such that the first order perturbation
|b) is orthogonal to the unperturbed state |Ep) and one generally assumes
that this choice has been made.

This expression determines the coefficient of all kets in (9.8) that have en-
ergies that differ from the unperturbed value Ey. For the moment we as-
sume that Fy is a non-degenerate eigenvalue of Hy, so there is only one
undetermined coefficient, namely that of |Ep). Fortunately we can argue
that this coefficient can be taken to be zero from the requirement that
|E) = |Eo) + B]b) + O(5?) remains correctly normalised. The complete ar-
gument is given in Box 9.1 but we can draw a useful analogy with changing
a three-dimensional vector so that the condition |r| =1 is preserved; clearly
we have to move r on the unit sphere and the first-order change in r is nec-
essarily perpendicular to the original value of r. The quantum-mechanical
normalisation condition implies that as 8 increases |E) moves on a hyper-
sphere in state space and (Ey|b) = 0. So we exclude |Ep) from the sum in
(9.8) and have that the first-order change to the stationary state is

DEDS %Iﬂny (9.10)
m#0 m

When this expression for |b) is inserted into equation (9.7), we have that the
second-order change in F is

o EO_Ek

9.1.1 Quadratic Stark effect

Let’s apply the theory we’ve developed so far to a hydrogen atom that has
been placed in an electric field E = —V®. An externally imposed electric
field is small compared to that inside an atom for field strengths up to & ~
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5 x 1011 Vm~! (Problem 8.6) so perturbation theory should yield a good
estimate of the shifts in energy level that ordinary fields effect. By the
definition of the electrostatic potential ®, the field changes the energy of the

atom b
Y O0F = e{®(xp) — P(xe)}, (9.12)

where x;, and x. are the position vectors of the proton and electron, respec-
tively. We assume that the field changes very little on the scale of the atom,
and, as in §8.1, we define r = X, — x,. Then we may write

dE ~ —er-V® =er-E. (9.13)

We orient our coordinate system so that E is parallel to the z axis and use
the notation £ = |E|. Then it is clear that the effect of imposing an external
electric field is to add to the unperturbed Hamiltonian a term

A =e&z. (9.14)

Suppose the atom is in its ground state |100), where the digits indicate the
values of n,l and m. Then from equation (9.6) the first-order energy change
in E is

E, = e£(100|z|100). (9.15)
In §4.1.4 we saw that the expectation value of any component of x vanishes
in a state of well-defined parity. Since the ground-state ket |100) has well
defined (even) parity, E, = 0, and the change in E is dominated by the
second-order term E.. For our perturbation to the ground state of hydrogen,
equation (9.11) becomes

_ 2e2 Z Z 100|z|nlm <7Zm|z|100> (9.16)

n=2 I<n
Iml<t
Symmetry considerations make it possible to simplify this sum dramatically.
First, since [L.,z] = 0 (Table 7.3), z|nlm) is an eigenfunction of L, with
eigenvalue m, and therefore orthogonal to |100) unless m = 0. Therefore
in equation (9.16) only the terms with m = 0 contribute. Second, we can
delete from th