FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 1 - FLUID FLOW THEORY

S.AE.No.1

4eooep

Describe the principle of operation of the following types of viscometers.
Redwood Viscometers.

British Standard 188 glass U tube viscometer.

British Standard 188 Falling Sphere Viscometer.

Any form of Rotational Viscometer

he solutions are contained in part 1 of the tutorial.

S.AE.No.2

1.

3.

il flows in a pipe 80 mm bore diameter with a mean velocity of 0.4 m/s. The density is 890 kg/m3
and the viscosity is 0.075 Ns/m2. Show that the flow is laminar and hence deduce the pressure loss
per metre length.

R — pud _ 890x0.4x0.08
T 0.075
Since this is less than 2000 flow is laminar so Poiseuille’s equation applies.
Ap = 32u2pn  32x0.075x1x0.4 _150 Pa

a2 0.082

=379.7

Oil flows in a pipe 100 mm bore diameter with a Reynolds’ Number of 500. The density is 800
kg/m3. Calculate the velocity of a streamline at a radius of 40 mm. The viscosity p = 0.08 Ns/m2,
R, =500 =PUnmd
M
~500p  500x0.08

"= = =0.5m/s
pd 800x0.1

Since R is less than 2000 flow is laminar so Poiseuille’s equation applies.
32u2u  32x0.08xLx0.5

Ap = - ~ —128L Pa
ST 0.1°
2 .2 2 2
L _ApR?-r?) 1281 (005%-0.047) _ .
ALy 4L x0.08

A liquid of dynamic viscosity 5 x 10-3 Ns/m2 flows through a capillary of diameter 3.0 mm under

a pressure gradient of 1800 N/m3. Evaluate the volumetric flow rate, the mean velocity, the centre
line velocity and the radial position at which the velocity is equal to the mean velocity.

AP _ 1800 = 32H Un
L d?

Umax = 2 Um = 0.2025 m/s
Ap(R?-r?) 1800(0.0015% - 1?)

4Ly 4% 0.005

m =0.10125 m/s

u=0.10125= r=0.0010107m or1.0107 mm



a. Explain the term Stokes flow and terminal velocity.
b. Show that a spherical particle with Stokes flow has a terminal velocity given by

u = d’g(ps - pr)/18p
Go on to show that Cp=24/R.

c. For spherical particles, a useful empirical formula relating the drag coefficient and the Reynold’s

number is

C:D—ﬁ

R, 1+\/_

Given ps = 1000 kg/m®, p= 1 cP and ps= 2630 kg/m® determine the maximum size of spherical

particles that will be lifted upwards by a vertical stream of water moving at 1 m/s.

d. If the water velocity is reduced to 0.5 m/s, show that particles with a diameter of less than 5.95 mm

will fall downwards.
a) For Re<0.2 the flow is called Stokes flow and Stokes showed that R = 3nd p u hence

R =W = volume x density difference x gravity
3 f—
R=W= M = 3nd p u

ps = density of the sphere material pf= density of fluid d = sphere diameter

_nd’glps —ps) _ d°glps —py)
187ndy 1841

nd?’g(ps —Pf) _ 4dg(ps _pf)
(pu2)6md®4  3pu?

b) Cp = R/(projected area x pu’/2) Cp =

4x9.81x (1630-998)d _ 21-38912

3x998xu2 u

CD:E+ +0.4= 21389 d

R. 1+\/_

21. 389i—ﬁ— let 21. 3891—ﬁ—

u? R, 1+\/7 u? R. 1+\/7

Re = pud/p =998 x 1 x d/0.89 x 10° =1.1213 x 10° d

CD:

Make a table

D 0.001 0.003 0.01 0.02 0.03 .
Re  1121.3 3363.9 11213 22426 33639
X -0.174 -0.045 0.156 0.387 0.608

0.4

03

Plot and find that when d = 0.0205 m (20.5 mm) x = 0.4
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c) u=0.5m/s d=5.95mm

Re = pud/p = 998 x 0.5 x 0.00595/0.89 x 10” = 3336

Cp = 21.38912 =0.509

u
24 6

Ch = + +0.4=0.509
P 3336 1++/3336

Since Cp is the same, larger ones will fall.

5. Similar to Q5 1998
A simple fluid coupling consists of two parallel round discs of radius R separated by a a gap h. One
disc is connected to the input shaft and rotates at w; rad/s.
The other disc is connected to the output shaft and rotates
at o, rad/s. The discs are separated by oil of dynamic
viscosity u and it may be assumed that the velocity
gradient is linear at all radii.

300 run dia

Show that the Torque at the input shaft is given by
T = D' o, - w,)

32h
The input shaft rotates at 900 rev/min and transmits 500W
of power. Calculate the output speed, torque and power.
(747 rev/imin, 5.3 Nm and 414 W)

Show by application of max/min theory that the output
speed is half the input speed when maximum output
power is obtained.

SOLUTION |

Assume the velocity varies linearly from u; to dv Uz
over the gap at any radius. Gap ish =1.2 mm

T = pdu/dy = p (ug - up)/h uy

For an elementary ring radius r and width dr u, the

shear force is
Force=tdA =t 2nrdr

dF=pt =200y gr | 1.2 mm
Torque due to this force is dT =rdF = pul;—uzx 27 r2dr

Substitute u = or dT:rdF:u@xzn ridr

Integrate T:u@)(znirs dr =u@x2n%‘1
Rearrange and substitute R =D/2  T= MMX nD—4

h 32



_ 4
PUtD=0.3m, u=05Ns/m’h=0.012m Too5@ @), 03" 0.33(c, ~ @,)

0.012 32
N =900 rev/min P=500W Power =2aNT/60 T = 60P = 60 x500 =5.305 Nm
2r N 27xx900

The torque input and output must be the same.  ®1 = 2xN; /60 = 94.25 rad/s
5.305=0.33(94.25, —~®,) hence w, = 78.22 rad/s and N, = 747 rev/min
P,=2nN,T/60 = w,T = 78.22 x 5.305 = 414 W (Power out)

For maximum power output dp/dw; =0 Py = m,T = 0.33(031032 —mg)

Differentiate 2 — 0.33(0; —2m,)

do,
Equate to zero and it follows that for maximum power output m; = 2 ®;
And it follows N1 = 2 N2 so N> = 450 rev/min

6. Show that for fully developed laminar flow of a fluid of viscosity u between horizontal parallel
plates a distance h apart, the mean velocity um is related to the pressure gradient dp/dx by

um = - (h2/12p)(dp/dx)

A flanged pipe joint of internal diameter dj containing viscous fluid of viscosity u at gauge
pressure p. The flange has an outer diameter dgo and is imperfectly tightened so that there is a
narrow gap of thickness h. Obtain an expression for the leakage rate of the fluid through the flange.

Note that this is a radial flow problem and B in the notes becomes 2zr and dp/dx becomes -dp/dr.
An integration between inner and outer radii will be required to give flow rate Q in terms of
pressure drop p.

The answer is Q = (2rh3p/12p)/{In(do/di)}
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FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 1 - FLUID FLOW THEORY

ASSIGNMENT 3

1. Anpipeis 25 km long and 80 mm bore diameter. The mean surface roughness is 0.03 mm. It carries
oil of density 825 kg/m3 at a rate of 10 kg/s. The dynamic viscosity is 0.025 N s/m2.

Determine the friction coefficient using the Moody Chart and calculate the friction head. (Ans.
3075 m.)

Q = m/p = 10/825 = 0.01212 m%/s

Um = Q/A = 0.01212/(x x 0.04%) = 2.411 m/s

Re = pud/p = 825 x 2.4114 x 0.08/0.025 = 6366

k/D = 0.03/80 = 0.000375

From the Moody chart C; = 0.0083

he = 4 C¢L u*/2gd = 4 x 0.0083 x 25000 x 2.4114%/(2 x 9.91 x 0.08) = 3075 m

2. Water flows in a pipe at 0.015 m3/s. The pipe is 50 mm bore diameter. The pressure drop is 13 420
Pa per metre length. The density is 1000 kg/m3 and the dynamic viscosity is 0.001 N s/m2.

Determine

i. the wall shear stress (167.75 Pa)

ii. the dynamic pressure (29180 Pa).

iii. the friction coefficient (0.00575)

iv. the mean surface roughness (0.0875 mm)

1o, = Ap D/4L = 13420 x 0.05/4 = 167.75 Pa

Um = Q/A = 0.015/( x 0.025%) = 7.64 m/s

Dynamic Pressure = pu?/2 = 1000 x 7.64%/2 = 29180 Pa
Ct = 1o/Dyn Press = 167.75/29180 = 0.00575

From the Moody Chart we can deduce that € = 0.0017 = k/D  k =0.0017 x 50 = 0.085 mm



3. Explain briefly what is meant by fully developed laminar flow. The velocity u at any radius r in
fully developed laminar flow through a straight horizontal pipe of internal radius rq is given by
u = (1/4p)(ro? - r2)dp/dx
dp/dx is the pressure gradient in the direction of flow and p is the dynamic viscosity.
Show that the pressure drop over a length L is given by the following formula.
Ap = 32pLuy/D?
The wall skin friction coefficient is defined as Cr = 21,/( pum?2).
Show that C¢ = 16/Re where Re = pumD/u and p is the density, um is the mean velocity and 1, is

the wall shear stress.
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3. Oil with viscosity 2 x 10-2 Ns/m2 and density 850 kg/m3 is pumped along a straight horizontal
pipe with a flow rate of 5 dm3/s. The static pressure difference between two tapping points 10 m
apart is 80 N/m2. Assuming laminar flow determine the following.

I. The pipe diameter.
ii. The Reynolds number.

Comment on the validity of the assumption that the flow is laminar
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ASSIGNMENT 4
1. Research has shown that tomato ketchup has the following viscous properties at 25°C.

Consistency coefficient K =18.7 Pas"
Power n = 0.27
Shear yield stress = 32 Pa

Calculate the apparent viscosity when the rate of shear is 1, 10, 100 and 1000 s* and conclude on

the effect of the shear rate on the apparent viscosity.

T
This fluid should obey the Herchel-Bulkeley equation so Mopp =—+ K" = 2+18.7y°'27‘1
Y Y

puty =1 and papp = 50.7

put y = 10 and papp = 6.682

put y = 100 and papp = 0.968

put y = 1000 and papp = 0.153

The apparent viscosity reduces as the shear rate increases.

2. A Bingham plastic fluid has a viscosity of 0.05 N s/m? and yield stress of 0.6 N/m?. It flows in a
tube 15 mm bore diameter and 3 m long.

(i) Evaluate the minimum pressure drop required to produce flow.

The actual pressure drop is twice the minimum value. Sketch the velocity profile and calculate the
following.

(if) The radius of the solid core.
(iii) The velocity of the core.
(iv) The volumetric flow rate.

T="Ty +ud—u The minimum value of T is 1y
dy

Balancing forces on the plug t, x 2rrL = Apnr®

Ap=1y 2k and the minimum Ap-isatr=R Ap=0.6 2X3 =480 Pa
r 0.0075
2L
Ap = 2 x 480 = 960 Pa From the force balance Ap =1 -~
r=1, 2L _062%3 _0.00375mor3.75mm
Ap 960

The profile is follows Poiseuille’s equation

=P (R2 y2)=— 0 (500752 _0,00375%)=0.0675m/s
4uL 4x0.05x3

Flow rate of plug =Au = 1(0.00375%)x0.0675 = 2.982 x 10° m%s



dQ =u (2nrdr) = %(RZ _rz)

R

Q=

- —

R
Ap(ZTE)(rRz_rg) Q:Ap(27‘[)|:R2r2 _ﬁ:|
4uL 4pL )

o-_ 960m 0.0075* 0.0075° x0.00375°  0.00375*
2x0.05x3 4 2

} =4.473x10°m?/s
Total Q = (4.473 +2.982) x 10° = 7.46 x 10° m*/s



A non-Newtonian fluid is modelled by the equation 7 = K(?j—uj where n = 0.8 and

r

K = 0.05 N s*8/m? It flows through a tube 6 mm bore diameter under the influence of a pressure
drop of 6400 N/m? per metre length. Obtain an expression for the velocity profile and evaluate the

following.
(i) The centre line velocity. (0.953 m/s)
(i) The mean velocity. (0.5 m/s)
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FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 2 - APPLICATIONS OF BERNOULLI

SELF ASSESSMENT EXERCISE 1

1. A pipe 100 mm bore diameter carries oil of density 900 kg/m3 at a rate of 4 kg/s. The pipe reduces
to 60 mm bore diameter and rises 120 m in altitude. The pressure at this point is atmospheric (zero
gauge). Assuming no frictional losses, determine:

i. The volume/s (4.44 dm3/s)
ii. The velocity at each section (0.566 m/s and 1.57 m/s)
iii. The pressure at the lower end. (1.06 MPa)

Q = m/p = 4/900 = 0.00444 m*/s

u; = Q/A; = 0.00444/(n x 0.05%) = 0.456 m/s U, = Q/A; = 0.00444/(n x 0.03%) = 1.57 m/s
hy + z1 +U:4/2g = h, + z, +U,%/2g h, =0 z; =0

hy + 0 + 0.566%2g = 0 + 120 + 1.57%/2g

hy =120.1 m p = pgh = 900 x 9.81 x 120.1 = 1060 kPa

2. A pipe 120 mm bore diameter carries water with a head of 3 m. The pipe descends 12 m in altitude
and reduces to 80 mm bore diameter. The pressure head at this point is 13 m. The density is 1000

kg/m3. Assuming no losses, determine

i. The velocity in the small pipe (7 m/s) ii. The volume flow rate. (35 dm3/s)
hy + 21 +U1%/2g = hy + 2, + U229 3+ 12 +u;%/2g = 13 + 0 + u?/2g
2= (u? - u?) 129 (U2 - u® ) =39.24

ULA=Q=U A, Uy = U, (80/120)° = 0.444 u,

39.24 = u,? — (0.444 uy)* = 0.802 uy? U, = 6.99 m/s up=3.1mfs

Q = U, Ay=6.99 X 7 x 0.04% = 0.035 m*/s or 35 dm*/s

3. A horizontal nozzle reduces from 100 mm bore diameter at inlet to
50 mm at exit. It carries liquid of density 1000 kg/m3 at a rate of
0.05 m3/s. The pressure at the wide end is 500 kPa (gauge).
Calculate the pressure at the narrow end neglecting friction.

(196 kPa)

A; = D44 =7r(0.1)°/4=7.854 x 10° m?

A, = D,%4 = (0.05)%/4 =1.9635 x 10°° m?

u; = Q/A; = 0.05/7.854 x 10 = 6.366 m/s

U, = Q/A, = 0.05/1.9635 x 10° = 25.46 m/s

P1 +pU12/2 =p2 t pU22/2

500 x 10% + 100 x (6.366)%/2 = p, + 1000 x (25.46)%/2 p, = 196 kPa

4. A pipe carries oil of density 800 kg/m3. At a given point (1) the pipe has a bore area of 0.005 m?
and the oil flows with a mean velocity of 4 m/s with a g;auge pressure of 800 kPa. Point (2) is
further along the pipe and there the bore area is 0.002 m“ and the level is 50 m above point (1).
Calculate the pressure at this point (2). Neglect friction. (374 kPa)

800 x10° + 800x 4%/2 + 0 = p, + 800 10%/2+ 800 x 9.81 x 50
p2 = 374 kPa



5. A horizontal nozzle has an inlet velocity u; and an outlet velocity u, and discharges into the
atmosphere. Show that the velocity at exit is given by the following formulae.
u, ={2Ap/p +u;’}*  and u, ={2gAh + u,%}”

P1 +PU12/2 +pgzi=p2 + puZ2/2+ ols)2) 1= 2,

P1 +pU12/2 =p2t pU22/2

p1- P2 = (p/2)( Up” - ur®) 2(p1- p2)l p = (U2 - urd)
Uz = V(2Ap/p + ui?)

Substitute p = pgh and u; =\V{2gAh + u,%}”

SELF ASSESSMENT EXERCISE 2

1. A pipe carries oil at a mean velocity of 6 m/s. The pipe is 5 km long and 1.5 m diameter. The

surface roughness is 0.8 mm. The density is 890 kg/m3 and the dynamic viscosity is 0.014 N s/m2,
Determine the friction coefficient from the Moody chart and go on to calculate the friction head hf.

L=5000m d=15m k=0.08mm p=890kg/m3 K=0.014Ns/m’ u=6mis

¢ = k/D0.8/1500 = 533 x 10°® Re = puD/p = 890 x 6 x 1.5/0.014 = 572 x 10°
From the Moody Chart C¢ = 0.0045
hi=4 C;Lu(2gd)=110m

2. The diagram shows a tank draining into anc
pressure is both zero on the surface on a larg

the diagram. (Ans. 7.16 dm3/s)

h1+21+U12/292h2+22+U22/29
0+z,+0=04+0+0+h_

h.=20 , _ 50 mm bore, 50 m long
20 =4 C¢ Lu“/(2 g d) + minor losses C¢ =0.007

20 = {4 x 0.007 x 50u%/(2 x 9.81 x 0.05)} + 0.5 u?/(2 x 9.81) + U%/(2 x 9.81) = 29.5 u?/(2 x 9.81)
u=20(2 x 9.81)/ 29.5 = 3.65 m/s

A=0.00196 m* Q= Au=0.00196 x 3.65 = 0.00716 m*/s or 7.16 dm3/s



3. Water flows through the sudden pipe expansion

shown below at a flow rate of 3 dm3/s. I—i—
Upstream of the expansion the pipe diameter is ' |

25 mm and downstream the diameter is 40 mm. b | —*
There are pressure tappings at section (1), about ': l |_
half a diameter upstream, and at section (2), | |
about 5 diameters downstream. At section (1) (1) @)

the gauge pressure is 0.3 bar.
Evaluate the following.

(i) The gauge pressure at section (2) (0.387 bar)
(i) The total force exerted by the fluid on the expansion. (-23 N)

u; = Q/A; = 0.003/(x x 0.0125%) =6.11 m/s  u, = Q/A; = 0.003/(n x 0.02%) = 2.387 m/s
h, (sudden expansion) = (u:*- u,%)/2g = 0.7067 m

u’/2g + hy = u%/2g + hy + he
hy - ho = 2.387%/2g — 6.11%/2 + 0.7067 = -0.9065

p1 - P2=pg(hy - hy) =997 x 9.81 x (-0.9065) = -8866 kPa
p1 = 0.3 bar p2 = 0.3886 bar
PLA-+pQuUi=pP2Axr-+pQu+F

0.3 x10°x 0.491 x103+ 997 x 0.003 x 6.11 = 0.38866 x10° x 1.257 x107° + 997 x 0.003 x 2.387 + F
F=-23N

If smoothh. =0 h;-hy= -1.613 and p, = 0.45778 bar



4. A tank of water empties by gravity through a siphon into a lower tank. The difference in levels is 6
m and the highest point of the siphon is 2 m above the top surface level. The length of pipe from
the inlet to the highest point is 3 m. The pipe has a bore of 30 mm and length 11 m. The friction
coefficient for the pipe is 0.006.The inlet loss coefficient K is 0.6.

Calculate the volume flow rate and the pressure at the highest point in the pipe.
Total length =11 m C¢=0.006

Bernoulli between (1) and (3)
hy + U12/2g +71= h3 + U32/2g + 273+ h, -

0+6+0=0+0+0+h, h.=6 v (1)
h = Inlet + Exit + pipe

6 = 0.6 U%/2g + U%/2g + (4 x 0.006 x 11/0.03) u?/2g
6 = 0.6 U%/2g + U%/2g + 8.8 u*/2g = 10.4 U%/2g
u=3.364 m/s

Q=Au=(nx0.03%4) x 3.364 Q =0.002378 m*/s
Bernoulli between (1) and (2)

hy + u12/29 +z,=hy + u22/29 +2z,+ he

0+0+0= hy+2+u%2g +h_

h = Inlet + pipe = 0.6 u%/2g + (3/11) x 8.8 u%/2g
h.= 0.6 x 3.364%/2g + (3/11) x 8.8x 3.364/2g

hi= 1.73m

0= hy+2+3.364%2g + 1.73

h2 =-431m




5. (Q5 1989)

A domestic water supply consists of a large tank with a loss free-inlet to a 10 mm diameter pipe of
length 20 m, that contains 9 right angles bends. The pipe discharges to atmosphere 8.0 m below the
free surface level of the water in the tank.

Evaluate the flow rate of water assuming that there is a loss of 0.75 velocity heads in each bend and
that friction in the pipe is given by the Blasius equation Cf=0.079(Re)-0.25

The dynamic viscosity is 0.89 x 10-3 and the density is 997 kg/m3.

(0.118 dm3/s).
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6. A pump A whose characteristics are given in table 1, is used to pump water from an open tank through 40
m of 70 mm diameter pipe of friction factor C§=0.005 to another open tank in which the surface level of the
water is 5.0 m above that in the supply tank.

Determine the flow rate when the pump is operated at 1450 rev/min. (7.8 dm3/s)
It is desired to increase the flow rate and 3 possibilities are under investigation.
0) To install a second identical pump in series with pump A.

(i) To install a second identical pump in parallel with pump A.
(iii) To increase the speed of the pump by 10%.

Predict the flow rate that would occur in each of these situations.
Head-Flow Characteristics of pump A when operating at 1450 rev/min

Head/m 9.75 8.83 7.73 6.90 550 3.83
Flow Rate/(I/s) 4.73 6.22 7.57 8.36 9.55 10.75
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7.

A steel pipe of 0.075 m inside diameter and length 120 m is connected to a large reservoir. Water is
discharged to atmosphere through a gate valve at the free end, which is 6 m below the surface level in the
reservoir. There are four right angle bends in the pipe line. Find the rate of discharge when the valve is fully
open. (ans. 8.3 dm3/s).The kinematic viscosity of the water may be taken to be 1.14 x 10-6 m2/s. Use a
value of the friction factor Ct taken from table 2 which gives Cf as a function of the Reynolds number Re
and allow for other losses as follows.

at entry to the pipe 0.5 velocity heads.

at each right angle bend 0.9 velocity heads.

for a fully open gate valve 0.2 velocity heads.
Re x 109 0.987 1.184 1.382
Cf 0.00448 0.00432 0.00419
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(i) Sketch diagrams showing the relationship between Reynolds number, Re, and friction factor, Cf
, for the head lost when oil flows through pipes of varying degrees of roughness. Discuss the

importance of the information given in the diagrams when specifying the pipework for a particular
system.

(i1) The connection between the supply tank and the suction side of a pump consists of 0.4 m of
horizontal pipe , a gate valve one elbow of equivalent pipe length 0.7 m and a vertical pipe down to
the tank.

If the diameter of the pipes is 25 mm and the flow rate is 30 I/min, estimate the maximum distance

at which the supply tank may be placed below the pump inlet in order that the pressure there is
no less than 0.8 bar absolute. (Ans. 1.78 m)

The fluid has kinematic viscosity 40x10-6 m2/s and density 870 kg/m3.

Assume
(a) for laminar flow Cf=16/(Re) and for turbulent flow Cf = 0.08/(Re)0.25.

(b) head loss due to friction is 4Cf V2L/2gD and due to fittings is K\V2/2g.

where K=0.72 for an elbow and K=0.25 for a gate valve.

What would be a suitable diameter for the delivery pipe ?
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FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 2 - APPLICATIONS OF BERNOULLI

SELF ASSESSMENT EXERCISE 3

Take the density of water to be 997 kg/m3 throughout unless otherwise stated.

A Venturi meter is 50 mm bore diameter at inlet and 10 mm bore diameter at the throat. Oil of
density 900 kg/m3 flows through it and a differential pressure head of 80 mm is produced. Given
Cd = 0.92, determine the flow rate in kg/s.

2Ap

Q=C,A, r=AyA; =25 Ap = pgAh =900 x 9.81 x 0.08 =706.3 x 10° Pa

2
o= 092X 71:4X 0.05% | 920)2) (72%62305) —909.59 x10-°m?%/s m = pQ = 0.0815 kg/s

A Venturi meter is 60 mm bore diameter at inlet and 20 mm bore diameter at the throat. Water of
density 1000 kg/m3 flows through it and a differential pressure head of 150 mm is produced. Given
Cd = 0.95, determine the flow rate in dm3/s.

Q=CoA [ZPIAL =g
pire- -1
2
o 0.95x® x0.06° |2x1000 X 92.81x 0.15 —515%x10°m3/s or 0.515 dm3/s
4 1000(9% -1)

Calculate the differential pressure expected from a Venturi meter when the flow rate is 2 dm3/s of
water. The area ratio is 4 and Cq is 0.94. The inlet c.s.a. is 900 mm?2.

Q=0.002=C,A, ZAp =4
plr -1
0.002 = 0.94 x 900x10°® ZAE 23641= -0 Ap
10004 -1} 7500
Ap = 41916 Pa

Calculate the mass flow rate of water through a Venturi meter when the differential pressure is 980
Pa given Cd = 0.93, the area ratio is 5 and the inlet c.s.a. is 1000 mmZ2.

r=>5

> =1000 x 0.93x1000x10° 2X 9280
plre -1 1000(5° —
Calculate the flow rate of water through an orifice meter with an area ratio of 4 given Cq is 0.62,
the pipe area is 900 mmZ2 and the d.p. is 586 Pa. (ans. 0.156 dm3/3).

m=pC,A, e 0.2658 kg/s

2AP _900x10° x0.62 |—2%280  _155.9x1070 ms

plr? -1 1000(4% -1



6. Water flows at a mass flow rate Of 0.8 kg/s through a pipe of diameter 30 mm fitted with a 15 mm
diameter sharp edged orifice.

There are pressure tappings (a) 60 mm upstream of the orifice, (b) 15 mm downstream of the
orifice and (c) 150 mm downstream of the orifice, recording pressure pa, pp and pc respectively.

Assuming a contraction coefficient Of 0.68, evaluate

(i) the pressure difference (pa - pp) and hence the discharge coefficient.
(if)the pressure difference (pp - pc) and hence the diffuser efficiency.
(iii) the net force on the orifice plate.

do = 15 mm d; = jet diameter Cc = 0.68 = (An/Ao) = (dy /15)? dp = 12.37 mm

No Friction between (a) and (b)

so Cv=10 Cd=CcCv=Cc o
m=pA,C 24P B=15/30=0.5 {“ﬂ}
7N ple-ce?p? '

2
0.8=997 TX 001", 65 LI
4 997(1-0.68x 0.5

AP
6.677=_|— Ap= - =21581Pa
184 p pa pb

Note the same answer may be obtained by applying Bernoulli’s equation between (a) and (b)
Now apply Bernoulli’s equation between (b) and (c)

Pb + p Us2/2= pe + p u/2 + loss loss = p (Up - Ug) % /2
Uy = m _ 08 >—=6.677m/s
pA, 997 x tx0.01237°/4
m 0.8

=1.135m/s loss = 997 (6.677 — 1.135) 2/2 = 15311 Pa

u. = =
© pA, 997 xnx0.03%/4
Pe - Po = (997/2)( 6.677%- 1.1352 ) — 15311 = 6271 Pa

p &

F 3 Fy

l 1531 kPa

h

6.271 kPa
¥

(a) (b) () T
¥ 21581kPa

n =15.31/21.581 = 71% Energy recovered = 6.27/21.58 = 29%

Force = m x 0.03%/4 x 15310 = 10.8 N (on the control section)



7. The figure shows an ejector (or jet pump) which
extracts 2 x 103 m3/s of water from tank A
which is situated 2.0 m below the centre-line of E | Cp—
the ejector. The diameter of the outer pipe of the - —
ejector is 40 mm and water is supplied from a
reservoir to the thin-walled inner pipe which is of
diameter 20 mm. The ejector discharges to
atmosphere at section C. T A

Evaluate the pressure p at section D, just _ - -
downstream of the end of pipe B, the velocity in —
pipe B and the required height of the free water
level in the reservoir supplying pipe B. (-21.8 kPa gauge, 12.9 m/s, 6.3 m).

It may be assumed that both supply pipes are loss free.

Ag =7 x0.02%/4 =314.2 x 10° m? Ac =1 X 0.04%/4 = 1256 x 10° m?
Ap=Ac-Ag =942.48 x 10° m? Up = Qpo/Ap = 0.002 x 10°%/0.94248 x 10°® = 2.122 m/s

2 2
Apply Bernoulli from A to D hA+;_g+ZA :hD+L;_Z+ZD

2 2
h :_l;_D_ZD _ 2422
g 29

Next apply the conservation of momentum between the points where B and D join and the exit at C.
This results in the following.

Q2 1 _ 1 _2QBQD+pBAC+Q2 1 _ 1 :O
° Ag Ac Ac p ° Ap Ac
6 6
a4 1 B 1 _ 10 _10 _ 9386
Ag Ac 314.2 1256
o- 2Qo 2 x2x1072

= —3.1847
A;  1.256x10°°

- -6 6 6
C=pBAC+QZD{ 1 1 }= 21800 x 1256 x 10 +(2X10_3)2{ 10° 10 }

~2=-223m  pp=pghp = -21.8 kPa

Ay, A 1000 942.48 1256

c=-27.38x10"° +1.06 x 10 =-26.32x 107
_b++/h?—
aQ2 +bQ, +¢c=0 Q, =R EVbT —dac
2a E
F 3
o, 31847 +1/3.18472 + 4 X 2386 x 0.02632
B 2 x 2386 z
— + -
Qg = 3A847T£16.17 _ 4 50272 0r 0.00405 mP/s
2 X 2386 DY

Ug = QB/AB =12.922 m/s

Apply Bernoulli between E and point D

z=hg + ug?/2g = 6.282 m



8. Discuss the use of orifice plates and venturi-meters for the measurement of flow rates in pipes.

Water flows with a mean velocity of 0.6 m/s in a 50 mm diameter pipe fitted with a sharp edged
orifice of diameter 30 mm. Assuming the contraction coefficient is 0.64, find the pressure
difference between tappings at the vena contracta and a few diameters upstream of the orifice, and
hence evaluate the discharge coefficient.

Estimate also the overall pressure loss caused by the orifice plate.

It may be assumed that there is no loss of energy upstream of the vena contracta.

do =30 mm d; = jetdiameter =d, Cc = 0.64 = (As/Ao) = (db /30)* dp = 24 mm
Q =0.6 x  x 0.05%4 = 0.001178 m®/s

No Friction between (a) and (b)

so Cv=10 Cd=CcCv=Cc —_““M__‘___L_m}_,ﬂ’“—{’}
[ 2Ap (a) ¢
=A.C =30/50 = 0.6 e
Q ovd 0 1‘CC2[34 B
2
0001178 =229, 0 64 24p
4 997(1-0.642x 0.6*)
Ap
2.06=,/—"  Ap=p,—p, =3200Pa
472 P=Pa —Pp

Note the same answer may be obtained by applying Bernoulli’s equation between (a) and (b)
Now apply Bernoulli’s equation between (b) and (c)

Pb + p Us2/2= pe + p U2 + loss loss = p (Up - Ug) > /2
Q 0.001178
Uy =-—=—"—————=26mls
A, 71x0.024%/4
uo=3 - 00078 _ g6 loss = 997 (2.6 - 0.6) 2/2 = 2000 Pa
A, 7x0.035%/4

P&

2000

(a) (b) (c) T




9. The figure shows an ejector pump BDC designed to lift 2 x 10-3 m3/s of water from an open tank
A, 3.0 m below the level of the centre-line of the D
pump. The pump discharges to atmosphere at C.

The diameter of thin-walled inner pipe 12 mm and —»
the internal diameter of the outer pipe of the is 25
mm. Assuming that there is no energy loss in pipe
AD and there is no shear stress on the wall of pipe
DC, calculate the pressure at point D and the T A
required velocity of the water in pipe BD.

Derive all the equations used and state your assumptions.

Ag =1 x 0.012%/4 =113.1 x 10° m? Ac = 1t x 0.025%4 = 491 x 10° m?
Ap=Ac-Ag=377.8x10°m? Up = Qp/Ap = 0.002 x 10°%/377.8 x 10° = 5.294 m/s
u2 u?
Apply Bernoulli from Ato D hA+2—A+zA:hD+2—D+zD
ho=-Uo_, _ 529 o 1ioom o= pgho = -43.4 kPa
D 29 D 29 : p = pylip :

Next apply the conservation of momentum between the points where B and D join and the exit at C.
This results in the following.

QZB{ 1 _ 1 }_ZQBQD+pBAC+Q2D{ 1 _ 1 }zo
Ag Ac Ac p Ap Ac
6 6
4o 1 1 _ 10 _10 _ 6805
Ag Ac 113.1 491
b_2Qp _ 2 2x1073

= =-8.149
Ac  491x10°°

) -6 6 6
coPefc 2] 1 1] -43400x401x10° o \oap] 20° 10°
p Ap Ac 1000 377.8 491

c=-18.886x10"

—_h+4/h?—
aQ2 +bQg +c=0 Q, = 2% 2b 4ac
a
0. 8.149++/8.1492 + 4 X 6805 x 0.0188
® 2 X 6805

Qg =-0.001172 0or 0.002369 m3/s
Ug = QB/AB =20.95 m/s



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 3-BOUNDARY LAYERS

SELF ASSESSMENT EXERCISE 1

1. A smooth thin plate 5 m long and 1 m wide is placed in an air stream moving at 3 m/s with its
length parallel with the flow. Calculate the drag force on each side of the plate. The density of
the air is 1.2 kg/m® and the kinematic viscosity is 1.6 x 10™ m?/s.

Rex = U L/v=3x5/1.6 x 10° = 937.5 x 10°

Cor = 0.074 Rex ¥® = 4.729 x 107

Dynamic Pressure = pu,”/2 = 1.2 x 3%/2 = 5.4 Pa
Tw = Cpr X dyn press = 0.0255 Pa
R=1,XA=0.0255x5=0.128 N

2. A pipe bore diameter D and length L has fully developed laminar flow throughout the entire
length with a centre line velocity u,. Given that the drag coefficient is given as Cps = 16/Re

where Re =%, show that the drag force on the inside of the pipe is given as R=8ruu,L and
il

hence the pressure loss in the pipe due to skin friction is
pL = 32uu,L/D?

CDF = 16/Re

R = Tw X pUo/2 = Cpr X (pUo/2) X A

R = (16/Re)(puo/2) A

R = (16p/puoD)(pu,/2) ©DL
R=(16pu,nL/2)=8mpuL

pL=R/A =87 U L /(rD%/4) = 32 p u L/D?

SELF ASSESSMENT EXERCISE No. 2

1. Calculate the drag force for a cylindrical chimney 0.9 m diameter and 50 m tall in a wind
blowing at 30 m/s given that the drag coefficient is 0.8.
The density of the air is 1.2 kg/m®.

Cb=0.8=2R/(pu’A) R =0.8 (pu?/2)A =0.8 (1.2 x 30%/2)(50 x 0.9) = 19440 N

2 Using the graph (fig.1.12) to find the drag coefficient, determine the drag force per metre length
acting on an overhead power line 30 mm diameter when the wind blows at 8 m/s. The density of
air may be taken as 1.25kg/m® and the kinematic viscosity as 1.5 x 10° m%s. (1.8 N).

Re=ud/v=8x0.03/1.5x 10° = 16 x 10°
From the graph
Cp=15

R = Cp (pUc2/2)A = 1.5 (1.25 x 84/2)(0.03 x 1) = 1.8 N



SELF ASSESSMENT EXERCISE No. 3

1. a. Explain the term Stokes flow and terminal velocity.
b. Show that the terminal velocity of a spherical particle with Stokes flow is given by the
formulae = d’g(ps - pr)/18p. Go on to show that Cp=24/R.

Stokes flow —for ideal fluid - no separation - Re <0.2
R = Buoyant weight = (nd®/6)g (ps — pr) = 3w d p U
u = d*g (ps — p)/18 [ R = Cp(p u/2)(n d/4) Co = 26/(p U d) = 24/R.

2. Calculate the largest diameter sphere that can be lifted upwards by a vertical flow of water
moving at 1 m/s. The sphere is made of glass with a density of 2630 kg/m®. The water has a
density of 998 kg/m® and a dynamic viscosity of 1 cP.

Co =(2/p UPA)R = {(2 x 4)/ (p u* nd*)} (=d*/6)g (ps — pr) = 21.38 d
Try Newton Flow first
D =0.44/21.38 = 0.206 m Re =(1998 x 1 x 0.0206)/0.001 = 20530 therefore this is valid.

3. Using the same data for the sphere and water as in Q2, calculate the diameter of the largest
sphere that can be lifted upwards by a vertical flow of water moving at 0.5 m/s. (5.95 mm).

Cp=85.52d Try Newton Flow
D =0.44/85.52 = 0.0051 Re =(998 x 0.5 x 0.0051)/0.001 = 2567 therefore this is valid.

4. Using the graph (fig. 1.12) to obtain the drag coefficient of a sphere, determine the drag on a
totally immersed sphere 0.2 m diameter moving at 0.3 m/s in sea water. The density of the
water is 1025 kg/m* and the dynamic viscosity is 1.05 x 10 Ns/m?.

R. = (pud/p) =(1025 x 0.3 x 0.2/1.05 x 107%) = 58.57 x 10° From the graph Cp = 0.45
R = Cp (pu’/2)A = 0.45(1025 x 0.3%/2)(n x 0.2%/4) = 0.65 N

5. A glass sphere of diameter 1.5 mm and density 2 500 kg/m3 is allowed to fall through water
under the action of gravity. The density of the water is 1000 kg/m* and the dynamic viscosity is
1cP.

Calculate the terminal velocity assuming the drag coefficient is Cp = 24 Re ™ (1+ 0.15Re >°)

Cp = F/(Area x Dynamic Pressure)
n_md9p —pe) o _ md’dlp-pe) o _4d’g(p, —pr)
6 ° (@ dUa)pud2) T ° 3p; u?d?
Arrange the formula into the form Cp R¢? as follows.

2

_4d°g(ps —py ), pelt” _4d%9(ps —pelor , 1®_4d%g(ps —pelpr, 1
D™ 3 242 2 - 312 22d2_ 32 R?2
pr U Pkt M psU H e
3 ~ 15107
CpR%= 4d g(gs : PeJpr and evaluating this we
u ]
get 66217 o
¢pR,? 66216
From C, :§b+ 0.15Re°'687]we may solve by 4
e 510
plotting CpR.” against Re
From the graph R, = 320 hence 320
u=Re U/Pd =0.215 m/s g 100 200 300 400 500



6. A glass sphere of density 2 690 kg/m3 falls freely through water. Find the terminal velocity for
a 4 mm diameter sphere and a 0.4 mm diameter sphere. The drag coefficient is

CD = 8F/{nd2pu2}
This coefficient is related to the Reynolds number as shown for low values of Re.
Re 15 20 25 30 35
Co 3.14 2.61 2.33 2.04 1.87

The density and viscosity of the water is 997 kg/m3 and 0.89 x 10-3 N s/m2.
For Re >1000 Cp = 0.44

For a 4 mm sphere we might guess from the question that R. is greater than 1000 and hence
Cpb=0.44
Rl —pe) o _ mdolps-p) o _4d’g(ps—pr)

6 °mdi)pui2)  ° 3p, u?d?

3 J—
u= Msgf) Putting in values p = 997 1 =0.0089 d=0.004 Cp = 0.44
3ps Cpd

u=0.45m/s Check Re = pud/p = 2013 so this is valid

For the 0.4 mm sphere we might guess from the question that C = %
nd“pu
8F S > 8Fp_ 1
Co=—73 prﬂzz ‘ZX 2u2 2~ gx_z
nd“pu® pu mwp° pud® wp® Rg
3000
CpR3 =8L2= 3.205x10°F
Tl 2000 1784
3 _ A
R= m (The buoyant weight) Cp Ry
For a 0.4 mm sphere F = 556.55 x 10° N oo
CpRZ =3.205x10°F=1784 .
Plot graph for the 0.4 mm sphere 0; - - - - .
The 0.4 mm sphere fits the table Re

u=Re Wpd=0.066 m/s

7. A glass sphere of diameter 1.5 mm and density 2 500 kg/m3 is allowed to fall through water
under the action of gravity. Find the terminal velocity assuming the drag coefficient is

Cp = 24 Re-1(1+ 0.15R¢0.687)

3 f—
R =w (The buoyant weight)
_ mx 0.0015°x 9.81(2500 - 997)
6
8F 8 x 26x10°° 29,578 x10°

R =26.056 x10° N

® " nd%u?  71(0.0015)2x 997 X u? u?
29578 x10°

u2

29.578x10° _ 24x0.00089 |, 15(997 u (0.0015)]"'687
u? 997 u (0.0015) ' 0.00089

2.0709 = uft+24.657u°%% |= u +24.657u" "

Co =§[1+ 0.15R 0¥ |
e

Solve for u and u =0.215 m/s (plotting might be the best way)



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 3-BOUNDARY LAYERS

SELF ASSESSMENT EXERCISE 4

1. The BL over a plate is described by u/ui=sin(ny/28). Show that the momentum thickness is

o~f[ -t J (] ~fan(2{onf2)

We need the trig identity sin®A = % - % cos 2A
)
0= sin{n—y}—lJrl(cos{n—y}] dy
5 2] 2 2 20
)
0= —écos{n—y}—ljtisin{n—y}
T 28] 2 2=m 28] |,
8={—0—%+0}{—§—0+0} =0.1375

T

2. The velocity profile in a laminar boundary layer on a flat plate is to be modelled by the cubic
expression U/ui=apt+ary + ay’+a’y’
where u is the velocity a distance y from the wall and u4 is the main stream velocity.

Explain why ap and a, are zero and evaluate the constants a; and ag in terms of the boundary layer
thickness o.

Define the momentum thickness 6 and show that it equals 395/280
Hence evaluate the constant A in the expression 8/x = A (Rey)*®

where X is the distance from the leading edge of the plate. It may be assumed without proof that the
friction factor Cf = 2 d6/dx

Aty =0,u=0so it follows that a, = 0

d?u/dy?* =0 @ y = 0 50 a, = 0. Show for yourself that this is so.

The law is reduced to uluy = ayy + asy®

Aty =35, U= U SO 1 =a;5 + 3a3 &°

hence a =(1-a38%)/5

Now differentiate and du/dy = u; (a1 + 3azy?)

aty =8, du/dy is zero so 0 =a;+ 3a; 6° 50 a; = -3a38°

Hence by equating a; = 3/28 and a3 = -1/25°
Now we can write the velocity distribution as u/u;=3y/25 - (y/8)*/2
and du/dy = u; {3/25 + 3y*/25°%}

If we let y/5 = u/u={3n/2 + (n)°/2}



The momentum thickness is

0= i}{l—i}dy but dy = &dn

u,

B 3 3
ARSI PR B
_2 2 2 2

Integrating gives: g=g = L Tt 1
: 99 {4 8 12 28 10

Between the limits n = 0 and n =1 this evaluates to 6 = 3956/280

0=

Ot OO
[

Now must first go back to the basic relationship. du/dy = u; {3/28 + 3y?/25°}

At the wall where y = 0 the shear stress is

To =P du/dy = puy {3/28 + 3y%/28°} = (n ui/d) & [(3/28) + 3y?/25°]
Putting y/6=n we get

To = (L Uy /8) & [(3/28) +38%/23]

o= (1 ur /8) [(3/2) +35%/2]
atthewalln=0 To= (LU /8) (3/2).cccs v (2.2)

The friction coefficient Ct is always defined as
Cr=21/(p U2®)oveeen. (2.2)

It has been shown elsewhere that C¢ = 2d0/dx. The student should search out this information from
test books.

Putting 6 = 3956/280 (from the last example) then

Cr=2d0/dx = (2 x 39/280) do/dx ~ ...cevev. (2.3)
Equating (2.2) and (2.3) gives

To=( pul?)(39/280)dd/dx ............. (2.4)

Equating (2.1) and (2.4) gives
(pu1°)(39/280)dd/dx = (pu/d)(3/2)

Hence (3 x 280)/(2 x 39)(u dx)/pu) = 5dd
Integrating 10.77(ux/ pu)) = 8% /2 + C

Since 8 = 0 at x = 0 (the leading edge of the plate) then C=0
Hence 8= {21.54 ux/pu; }*

Dividing both sides by x gives 8/x = 4.64(W/puix) * = 4.64Re™*

NB Rex =puix/Q. and is based on length from the leading edge.



3.(a) The velocity profile in a laminar boundary layer is sometimes expressed in the formula

2 3 4
u y y y y
—=apta;—+a,| = | +az| = | +ta,l =
u 08 Z(SJ 3(6J 4(&]
where uy is the velocity outside the boundary layer and & is the boundary layer thickness. Evaluate
the coefficients ag to a4 for the case when the pressure gradient along the surface is zero.

(b) Assuming a velocity profile u/u;=2(y/8) - (y/8)> obtain an expression for the mass and
momentum fluxes within the boundary layer and hence determine the displacement and momentum
thickness.

Part A

2 3 4
u y y y y
—=ag+a;—+a,| = | +ag| = | +a,| =
u '3 2[6) 3(5j 4(5j

Boundary conditions

Wherey =0,u=0henceay=0

Wherey =06, u=u; l=a;+a8,+a3+8, . ccccrmrurnnnns (A)
Differentiate with respect to y

2 3
id—u:ﬂ+2a (yj+3a3 y +4a, y4
updy 8 52 &° o

Where y =9,du/dy =0

0=-—1+2a (1j+3a3(1j+4a4(1]
d d d d

O=a;+2a, +3a3+48, oo, (B)
Differentiate a second time.

2
id—u—Za (12)+6a3(l3j+12a4 y_4
Uy dy? 0 0 o

Where y = 0, d°u/dy® = 0 hence 0= ZaZ(Sizj Hence a; = 0

(A) becomes l=a,+as;+a,
(B) becomes O0=a,+3a;+4a,
Subtract 1=0-2a5-38, ..c.ccooerurrrn. ©

The second differential becomes

2
id—“—e (3’3)+12a4 .
u, dy? ) )

Where y = §, d?u/dy? =0

2
s e ol e )
0=06a +12a 6a +12a,| — |=6a5;+128, ...cceeuenene. D
3(8 J 4[8 ] 3(6 4 52 3 4 (D)

Divide throughby 3  0=2a5+48, ...ccocvovvviiiiiin (E)
Add (C) and (E) =1
Substitute into (E) 0=2a3+4 az=-2
Substitute into (A) l=a;-2+1 ar=2
Hence



Loy’ i[l——} 5 =6ﬂ1—2n+n2}in
Uy 0 0
3 1
8" = 5{11—112 +n?} 5*:5{1—1+1}1=§
. 3), 3
S )
0 =£Lﬂ{1—uﬂjdy =£[2n—n211—2n+n2]dy

1

0=5[(2n-5n% +4n° ~dn* i 0 =8[n2 ~5n2 /3+1* —n° /5]
0

0=3[1-

5/3+1-1/5] 0 = 25/15

4. When a fluid flows over a flat surface and the flow is laminar, the boundary layer profile may be
represented by the equation

wut= 2(n) - ()% where n = y/8

y is the height within the layer and 3 is the thickness of the layer. u is the velocity within the layer
and u1 is the velocity of the main stream.

Show that this distribution satisfies the boundary conditions for the layer.
Show that the thickness of the layer varies with distance (x) from the leading edge by the equation
5=5.48%(Rey) *°

It may be assumed that tg = pu12 do/dx

Wherey =0, u=0 n = y/d = 0 so the condition is satisfied.

Wherey =3, u=u n=1 u/u1=2(n) - (n)2 = 1 so the condition is satisfied.
Wherey =39, du/dy =0 Ldu_ g+ 2(lj _4
u dy $ 82) 8
Wherey =0, dou/dy? = 0 id_‘; _ [%j
u, dy o

The last two are apparently not satisfactory conditions.
Starting with du_ =u, 2 Q

dy B 52

At the wall where y =0 the shear stress is
To=p du/dy = puy {2/8 + 2y/8°} =(Hui/8) [2 +2y/d]
Putting y/6=n we get to = (1 U/d) 6 [2+ 2n]

at the wall n=0 10 = (2HU1/8)...v (D)

Putting 0 =258/15 (last example) then to= ( puq?) do/dx =( pu;°)(2/15)dd/dX ....(2)
Equating (1) and (2) ( pulz)(2/15)d8/dx = (2pu4/d)

Hence 15 (Wpuq)dx = & dd

Integrating 15(ux/ pu1) = 842 + C

Since d =0atx =0 (the leading edge of the plate) then C=0

Hence 8% = 30(ux/ pu1) 8 = 5.478(ux /pu1) = 5.478Rex 72



5. Define the terms displacement thickness 6* and momentum thickness é.

Find the ratio of these quantities to the boundary layer thickness o if the velocity profile within the
boundary layer is given by u/u1=sin(ry/20)

Show, by means of a momentum balance, that the variation of the boundary layer thickness & with

distance (x) from the leading edge is given by 6 = 4.8(Rex)_0'5

It may be assumed that tg = pu1® do/dx

Estimate the boundary layer thickness at the trailing edge of a plane surface of length 0.1 m when
air at STP is flowing parallel to it with a free stream velocity u1 of 0.8 m/s. It may be assumed

without proof that the friction factor Cf is given by Cf=2do/dx
N.B. standard data = 1.71x 10-5 N s/m2. p = 1.29 kg/m3,

DISPLACEMENT THICKNESS &*
The flow rate within a boundary layer is less than that for a uniform flow of velocity u,. If we had a

uniform flow equal to that in the boundary layer, the surface would have to be displaced a distance
&* in order to produce the reduction. This distance is called the displacement thickness.

MOMENTUM THICKNESS 6
The momentum in a flow with a BL present is less than that in a uniform flow of the same

thickness. The momentum in a uniform layer at velocity u1 and height h is phu12. When a BL

exists this is reduced by pu120. Where 0 is the thickness of the uniform layer that contains the
equivalent to the reduction.

i A ) B

We need the trig identity sin?A = % - ¥ cos 2A

; 11 25 5 °
0= sin{n—y}——+ (cos{ y}J dy ez{——cos{ny} Y, sm{nyH
5 20) 2 2 20 T 20) 2 2n 28] |,

e:{—o—gw}{—@—mo} 0.1375

1

To = M du/dy = p ug sin(my/28) = [ uy(n/28)cos(my/26)

At the wall y = To = KU (T/28) oo 1)
Ct=2tlpui? ... (2
=2d6/dx and 6 =0.1376 C=2 d(0.1378)/dx = 0.2745 dé/dx .......... 3)

Equate (2) and (3) 270/pu1? = 0.2743 dd/dx
T =p U1%(0.1378) d&/dX............... (4)
Equate (1) and (4) W U (n/28) = p u12(0.1378)dd/dx

Hnx/(0.274p u12)=8%2C  but wherex=0,6=0s0C =0
8/ = {(21)/0.274)}”* Rex = 4.8 Rey

x=0.1m u=08m/s p=129kg/m*® p=171x10" (from fluids tables)
Rex = (1.29)(0.8)(0.1)/ 1.71 x10™ = 6035

8/0.1 = 4.8(6035) §=0.006 m

Extra ...

To=H Uyt/28 Ct=2tp Ul 2(Lun/28) / p u1’= prx/(p Uz 8X) = mx/ Rexd
SIX=4.8Rex ™ Ci=(n/Rex) (Rex/4.8) = 0.65 Rey



6. Ina laminar flow of a fluid over a flat plate with zero pressure gradient an approximation to the
velocity profile is u/u1=(3/2)(n) - (1/2)(n)®

n = y/dand u is the velocity at a distance y from the plate and u is the mainstream velocity. 6 is the

boundary layer thickness.
Discuss whether this profile satisfies appropriate boundary conditions.
Show that the local skin-friction coefficient Cf is related to the Reynolds’ number (Rey) based on

distance x from the leading edge by the expression Cf =A (Rex)'o'5
and evaluate the constant A.
It may be assumed without proof that Cf = 2 do/dx

and that 0 is the integral of (u/uq)(1 - u/uq)dy between the limits 0 and &

This is the same as Q2 whence 6 =396/280  C; =2 d6/dx = (78/280)ds/dx
To = puzn/26

Ct = 2 1/pu? = (p up X)/8 p U1>X) = (1 X /8) Rex”

8/x = 4.64 Rey”



SELF ASSESSMENT EXERCISE No. 5

1. Under what circumstances is the velocity profile in a pipe adequately represented by the 1/7 th

17 . : . . . .
power law u/ug=(y/R)  where u is the velocity at distance y from the wall, R is the pipe radius
and u is the centre-line velocity ?

The table shows the measured velocity profile in a pipe radius 30 mm. Show that these data
satisfy the 1/7 th power law and hence evaluate

(i) the centre-line velocity
(ii) the mean velocity um

(iii) the distance from the wall at which the velocity equals um.

1.0 2.0 5.0 10.0 15.0 20.0 y (mm)
154 170 1.94 2.14 2.26 2.36 u (m/s)

Limitations are that the flow must be turbulent, with R >10" and the velocity gradient must be
the same at the junction between laminar sub layer and the turbulent layer.
u/u; = (y/R)Y" a = radius = 30 mm

Evaluate at various values of y

y 1 2 5} 10 15 20 mm
u 1540 1700 1940 2140 2260 2350 mm/s
u 2503 2503 2506 2504 2495 2500 mm/s

Since u; is constant the law is true. Take u; = 2502 mm/s

R 7 R
Q=2¢KR—y{%J = 2nx 2502 (RS"y" —y*"R 7 hy
0 0
49R?
120

QzZnXZﬂR{

2
Mean velocity un = Q/A = 2n X 2502 {49R

=2403
nR? 120

2043/2502 = (y/30)Y" y = 7.261 mm. Note this fits with u, = (49/60) u; and if this was the
starting point the question would be simple.



2.

(a) Discuss the limitations of the 1/7th power law u/ulz(y/R)1/7 for the velocity profile in a
circular pipe of radius R, indicating the range of Reynolds numbers for which this law is applicable.
(b) Show that the mean velocity is given by 49u4/60.

(c) Water flows at a volumetric flow rate of 1.1 x 10-3 m3/s in a tube of diameter 25 mm. Calculate
the centre-line velocity and the distance from the wall at which the velocity is equal to the mean
velocity.

(d) Assuming that Cf:O.079(Re)_O'25 evaluate the wall shear stress and hence estimate the
laminar sub-layer thickness.
1 =0.89 x 10-3 N s/m2. p = 998 kg/m3.

undisturbed flow
Ug
ug —* —— mean graph boundary layer
skin dra;
— 3
T laminar sub layer
regarded as straight
™ = = x line
‘lamjnar boundary layerh _ |, turbulent boundary layer
|

transition zone

Limitations are that the flow must be turbulent with R.>10" and the velocity gradient must be the
same at the junction between the laminar sub layer and the turbulent level.

Flow through an elementary cylinder. For a pipe, the B.L.
extends to the centre so 6 = radius = R. Consider an dr=-dy
elementary ring of flow.

The velocity through the ring is u.
The volume flow rate through the ring is 2xrudr
The volume flow rate in the pipe is Q = 2x/rudr

Since 6 =R then u= ul(y/R)l/7

also r=R-y
Q = 2nf (R-y)udr = 2nfu1R_1/7 (R-y)y1/7dy
1/7__ 1/7 8/7
vl
15/7

Q=2mu;R ~ ' [Ry
Q :2nu1R‘1/ 7[(7/8)Ry8/ [ (7/115)y ]
Q =(49/60)nR2u1.
The mean velocity is defined by um:Q/nRZhence Um=(49/60)uq
Q=11x10%m% R=0.0252=00125M  Upen =2.241m/s u;=2.744 m/s

u=u; (y/R)Y" y=23.0285m when u = Unpean



At the junction, the gradients are the same.

tarbulent

lamnar

Laminar sub layer t, = p du/dy

Re = p u D/ = 2.241 x 0.025 x 998/0.89 x 10°° = 62820
Cr=0.005 = 215/pu®  1,=0.005 x 998 x 2.241%/(2 x 0.005) = 12.5 N/m?

For the turbulent layer 1, = p du/dy

dy
Yo 7 x 14045 x 0.0125"7
2.744

12.5=0.89x1073

=52.196 x10°°

y =10.09 x 10°m
Some text uses the following method.

y=5p/pu’ where u"= V(to/p) = V(12.7/998) = 0/112
In this case y = 39.81 x 10° m (the thickness of the laminar sub-layer)



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 4 - FLOW THROUGH POROUS PASSAGES

SELF ASSESSMENT EXERCISE No.1

Q.1

Outline briefly the derivation of the Carman-Kozeny equation.

dp  180pu(l-ef

T d
dp/dl is the pressure gradient, p is the fluid viscosity, u is the superficial velocity, ds is the particle
diameter and ¢ is the void fraction.

A cartridge filter consists of an annular piece of material of length 150 mm and internal diameter
and external diameters 10 mm and 20 mm. Water at 250C flows radially inwards under the
influence of a pressure difference of 0.1 bar. Determine the volumetric flow rate. (21.53 cm3/s)

For the filter material take d = 0.05 mm and ¢ = 0.35.
1=0.89 x 10-3 N s/m2 and p= 997 kg/m3.

The solution for part 1 is as given in the tutorial.

dp 180 u(l—e)®

For radial flow we change dltodr —= >3
dr dse

The surface area of the annulus is 2znrL L=0.15mandd=0.05x10°m
The velocity is u = Q/2nrL

dp  180p (1-¢) . Q

dr dZe® 2nrL

dp _ 180x0.89x10° (1-0.35)° «_ Q

dr (0_05 %1073 )20_353 27 rx0.15

dp =-670 xlO'GQ%

Integrate  Ap=-670x10°Q In[r—lj =-670x10°QIn(2)
P!

Ap =-0.1x 10° = -464.4 x 10° Q

Q=21.53x10°m%s



Q.2

(a) Discuss the assumptions leading to the equation of horizontal viscous flow through a packed bed
dp  180u(l-e)?
d dze
Ap is the pressure drop across a bed of depth L, void fraction € and effective particle diameter d. u is
the approach velocity and p is the viscosity of the fluid.

(b) Water percolates downwards through a sand filter of thickness 15 mm, consisting of sand grains
of effective diameter 0.3 mm and void fraction 0.45. The depth of the effectively stagnant clear
water above the filter is 20 mm and the pressure at the base of the filter is atmospheric. Calculate

the volumetric flow rate per m2 of filter. (2.2 dm3/s)

(Note the density and viscosity of water are given in the instructions on all exams papers)
1=0.89 x 10-3 N s/m2 and p= 997 kg/m3

Part (a) is as stated in the tutorial.

[

Water h =20 mm

Sand L=15mm
L 2

Ap =pgh=997 x 9.81 x 0.02 = 195.61 Pa

dp 19561 180x 0.89x10 u(1-0.45)°
dL  0.015 (0.3x107%)20.45°

u=0.0022 m/s
Q = u A =0.022 m*/s per unit area




Q3.

Oil is extracted from a horizontal oil-bearing stratum of thickness 15 m into a vertical bore hole of
radius 0.18 m. Find the rate of extraction of the oil if the pressure in the bore-hole is 250 bar and the

pressure 300 m from the bore hole is 350 bar.

Take d=0.05 mm, &= 0.30 and p = 5.0 x 10 N s/m2.
dp _ 180p u(l-¢)’

dr dszg3

dp  180p (1-¢) . Q

dr ds%g3 2nrlL

The surface area of the annulus is 2xrL L=15mandd=0.05x10°m

The velocity is u = Q/2rrL
dp  180p (1-¢) . Q

dr dZe® 2nrL
dp _ 180x5x10° (1-0.3)° (. Q
dr - (005x10°%f03® 27 rx15
olp:—69.32x106Qﬂ

r

6 n 6 300 6
Integrate Ap=-69.32x10°Q In| = |=-69.32x10°Q In 018 =514.3x10°Q
r2 .

Ap =250 — 350 = -100bar

Q =100 x 10°/514.3 x 10° = 0.01944 m®/s



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 5-POTENTIAL FLOW

SELF ASSESSMENT EXERCISE No.1

1.a. Show that the potential function ¢ = A(r + B/r)cos6 represents the flow of an ideal fluid around
a long cylinder. Evaluate the constants A and B if the cylinder is 40 mm radius and the velocity of
the main flow is 3 m/s.

b. Obtain expressions for the tangential and radial velocities and hence the stream function .
c. Evaluate the largest velocity in the directions parallel and perpendicular to the flow direction.
(6 m/s for tangential velocity)

d. A small neutrally buoyant particle is released into the stream at r = 100 mm and 6 = 1500.
Determine the distance at the closest approach to the cylinder. (66.18 mm)

Part (a) is as given in the tutorial. Normally this equation is given as ¢ = (A r + B/r)cos6 but both
are the same but the constants represent different values.

Part (b)
The values of the constants depend upon the quadrant selected to solve the boundary conditions.
This is because the sign of the tangential velocity and radial velocity are different in each quadrant.

Which ever one is used, the final result is the same. Let us select the quadrant from 900 to 180°.

At a large distance from the cylinder and at the 900 position the velocity is from left to right so at
this point v; = -u. From equation 4 we have

do B —> 1
Vy=—0 =AJr+—}coso T
T rdo i { r}

DEI
\Y} :—é r+E sing =—-A 1+E sind
T r 2

r r
Vg = do = A(l—%)cose

Cdr r

Putting r = infinity and 6 = 900 and remembering that +v is anticlockwise +u is left to right, we
have vt = -3 m/s. B/r* -0

Vo :—A{1+r52}sine =-3=-A{+0} Hence A=3
At angle 1800 withr =0.04, vg =0
Vg = A(l—%jcose =0= 3(1— B > J(—l) Hence B =0.0016
r 0.04
Vi = —3{1+ 0'?216}sin6 Vg = 3(1— 0'?216)0039
0.0016 0.0016

5 Jcosede W:S(r-
r r

Part (c) The maximum velocity is 2u = 6 m/s (proof is in the tutorial)
Part (d) R=01m 0=150°

Y= S(r - 0'0016] sinf = 3(0.1- 0'0016j sin150 = 3(0.1- 0'0016) sin150=0.244
r 0.1 0.1
The closest approach is at 6 = 90°

y=0.244 = S(r : 0'0016J sin90  0.0813r =(r2-0.0016)
r

dy =vg rd6=3[1-

jrcos@d@ :S(r- OOOlstinO

r-0.0813r—0.0016 = 0 solve the quadratic and r = 0.098 m or 98 mm



2.a. Show that the potential function ¢ = (Ar + B/r)cos6 gives the flow of an ideal fluid around a
cylinder. Determine the constants A and B if the velocity of the main stream is u and the cylinder is
radius R.

b. Find the pressure distribution around the cylinder expressed in the form

(p - p)/(pu2/2) as a function of angle.
c. Sketch the relationship derived above and compare it with the actual pressure profiles that occur

up to a Reynolds number of 5 x 109.

Part (a) is in the tutorial.

do 1(B . B .
Part (b Ve =—+ Vo =—=<—+Ar;sind Vo =——+A?sind
(®) T rdo T r{r } T {rz }

Putting r = infinity and 6 = 900 and remembering that +v is anticlockwise +u is left to right, we
have

Vy=-U= —{%+A}sin 0=-{0+Axl
r

Hence v; = -A = -u so A = u as expected from earlier work.
At angle 1800 with r = R, the velocity is only radial in directions and is zero because it is arrested.

From equation 3 we have Vg = do _ [—%+Ajcose

dr r
Putting r = R and v, = 0 and 6 = 180 we have

0:(—%+AJ(—1):[R;BZ—AJ

PutA=u O:%—u B=uR?
R

Substituting for B = uR? and A = u we have

2
Q= {? + Ar}cose = {% + ur}cos@

At the surface of the cylinder r = R the velocity potential is
@ = {UR + UR Jcos = 2uRcos0
The tangential velocity on the surface of the cylinder is then

do B . ur? . .
Vi=——=—<{—+A}SIN0 VvV =— +U $SIinO V-, =-2UsIn0
T rdo {rz } T {rz } T

This is a maximum at 6 = 900 where the streamlines are closest together so the maximum velocity
iS 2u on the top and bottom of the cylinder.

The velocity of the main stream flow is u and the pressure is p'. When it flows over the surface of
the cylinder the pressure is p because of the change in velocity. The pressure change isp - p'.

The dynamic pressure for a stream is defined as  pu2/2
The pressure distribution is usually shown in the dimensionless form

2(p - p' )(pu?)

For an infinitely long cylinder placed in a stream of mean velocity u we apply Bernoulli's equation
between a point well away from the stream and a point on the surface. At the surface the velocity is
entirely tangential so :

p'+ pu2/2=p+ pv 2/2
From the work previous this becomes

p'+ pu2/2=p+ p(2using)2/2



p-p = pui2 - (p/2)(4uZsin20) = (pu2/2)(1 - 4sin26)
(p - p)(pu2/2) =1 - 4 sin20

If this function is plotted against angle we find that the distribution has a maximum value of 1.0 at
the front and back, and a minimum value of -3 at the sides.

(p-p¥tau2)

1.0

B

H

Research shows that the drag coefficient reduces with increased stream velocity and then remains
constant when the boundary layer achieves separation. If the mainstream velocity is further
increased, turbulent flow sets in around the cylinder and this produces a marked drop in the drag.
This is shown below on the graph of Cp against Reynolds’s number. The point where the sudden

drop occurs is at a critical value of Reynolds’s number of 5 x109.
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¥
A
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104 5% 107



3.Show that in the region y>0 the potential function ¢ = a In[x2 + (y-c)2 ] + a In [x2 + (y+c)2 ]
gives the 2 dimensional flow pattern associated with a source distance ¢ above a solid flat plane at
y=0.

b. Obtain expressions for the velocity adjacent to the plane at y = 0. Find the pressure distribution
along this plane.
c. Derive an expression for the stream function ¢.

The key to this problem is knowing that two identical
sources of strength m equal distance above and below
the origin produces the pattern required.

da =-(M/2n)In 1,

ds = -(M/2m)In r;  Now use pythagoras fy
r={¢+ (-0} *r=0¢ + (y +0)} ¢
bp=9at b8 —X B X
®p :—zm[ln{x2 +(y+c) }1/2 + In{x2 +(y+c) }UZ}
T

¢y = —4—n;[In{x2 +(y+c) }+ In{x2 +(y+c) }]

(Pp=a[|n{x2+(y+c)2}+ln{x2+(y+c)2}] a=-m2n
Aty=0 ¢ =2aln(x’+c?)

v = -d¢/dy = 0 at all values of x so it is the same as an impervious plane. u = -d¢/dx = — 24ax 5
X +C
At very large values of x, u=0andp=po
dax 2
Apply Bernoulli and p, = p + pu?/2 = P, +R( > 2)
2\ x“+c

4.  Auniform flow has a sink placed in it at the origin of the Cartesian co-ordinates. The stream
function of the uniform flow and sink are

yi1= Uy and y,=B6O !

[}

Write out the combined stream function in - T
Cartesian co-ordinates. sneaminge%\

S T=10

P X

t -

Given U=0.001 m/s and B= -0.04 m%3 per m s 7
thickness, derive the velocity potential. Diiding - % /é/ﬂ
Determine the width of the flux into the sink at 752" +J/'//

a large distance upstream.

yi=uy wy,=BO wy=uy +B6 B=Q/2xr forasink
_ v __urcost+B d¢=(—ucos@+%)dr

rdo r
¢=(-urcosd+BInr) ¢=(-ux+Blnr) ¢:[—UX+BIn{x2+y2}mJ
u=0.001 B=-0.04
p=(-0001xr00ampe +y2 ") p=(-0001x+0.02Inc +y2)

Q=ut t=Q/u Q=21x0.04 u=0.001 t=(2n x 0.04)/0.001 = 80x metres






SELF ASSESSMENT EXERCISE No.2

1. Define the following terms.

Stream function.

Velocity potential function.
Streamline

Stream tube

Circulation

Vorticity.

All these definitions are in the tutorial.

2.A free vortex of with circulation K = 2nvTR is placed in a uniform flow of velocity u.
Derive the stream function and velocity potential for the combined flow.

The circulation is 7 m2/s and it is placed in a uniform flow of 3 m/s in the x direction. Calculate the
pressure difference between a pointatx =0.5and y =0.5.
The density of the fluid is 1000 kg/m3.

(Ans. 6695 Pascal)

K dr
r
1
ay: a
\\//j \‘r T
Free Vortex vr=k/2ar  dy = vy dr = (k/2zr) dr
0 0
—dr——l ( j ¢='[vTrd9=erd6=Le
S 21 5 5 2T 2n
Unlform flow
y=-uy=-ursin6 d=urcoso
Combined Flow
k r . k
y=—1In|—|-ursin® ¢p=—=~0+urcoso
2n \a 21
¢
Y4 / > ¥
Al ]
] ¥




Vo= V(vi? +VgY) k=7 u=3

Vg = d¢/dr = u cos 6 vt =dy/dr = k/2ar - usin 6

Point A vr=7/(270.5) -3sin90° =-0.7718 m/s

VR=0 Vo = V(vr? + vg9)= 0.7718 m/s

PontB 0=0° VR=UCOSO =3 vr=7/(2m0.5) -3sin0° =2.228m/s

Vo = V(v° + Vg9)=3.74 m/s
Bernoulli between streamand A p = pa + p Vo 42

Pa — Po = (p/2)(Veg” - Voa® ) = (1000/2)(3.74% - 0.7718%) = 6695 Pa



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 6 - DIMENSIONAL ANALYSIS

SELF ASSESSMENT EXERCISE No. 1

1. It is observed that the velocity 'v' of a liquid leaving a nozzle depends upon the pressure drop 'p’
and the density 'p".
1
Show that the relationship between them is of the formv = C{EJZ
p
v=C{p"p’} M=LT" [p]=ML'T? [p] = ML”

MOL].T-]. - (M L-lT-Z)a( ML-3)b

(T) -1=-2a a="%
(M) O=a+b b=-%
1

v=C {pl/Z p-l/Z} V= C(Ejz
p

2. It is observed that the speed of a sound in 'a" in a liquid depends upon the density 'p' and the bulk
modulus 'K'.
1
N : K \2
Show that the relationship between them is a = C(—j
p
a=C{K*p"} [a] = LT [K] = ML™T? [p] = ML

MOLlT-l - (M L—lT—Z)a( ML_S)b

(M -1=-2a a=%
(M) O=a+hb =1
1
v=C{K" ;2 Ve C(Ejz
p

3. It is observed that the frequency of oscillation of a guitar string 'f' depends upon the mass 'm’, the
length 'I' and tension 'F'.

Show that the relationship between them is f= C(%jz

f=C{FPm’I°}

[fl=T" [F]=MLT? Mml=M []=L
Tt = (MLT?*(M)°( L)

(M -1=-2a a=%

(M) O0=a+b =-1%

(L) O=a+c c=-%

f: C {Fl/Z m-l/2 I-l/Z} f _ C(iljz
m



SELF ASSESSMENT EXERCISE No.2

1. The resistance to motion 'R’ for a
sphere of diameter 'D' moving at constant
velocity 'v' on the surface of a liquid is due
to the density 'p' and the surface waves
produced by the acceleration of gravity 'g'.
Show that the dimensionless equation
linking these quantities is Ne = function(Fr)

Fr is the Froude number and is given by
Fo v
gb
R = function(Dv pg) = C Da vb pC gd
There are 3 dimensions and 5 quantities so there will be 5 -3 = 2 dimensionless numbers. Identify
that the one dimensionless group will be formed with R and the other with K.
I11 is the group formed betweengand D v p

IT2 is the group formed between Rand D v p

g =11, Da vb pc R = II; Da vb pcC
[g]=L T [R] = MLT-2
[D]=L [D]=L
[M=LT" M=LT"
[p] = ML [p] :_Ml_3
LT —L(LT) (ML) MLT —L()T) (ML)
LT? =" M 1° ML'T? =L
Time -2=-b b=2 Time -2—-b b:2
Mass c=0 Mass c=1
Length 1=a+b-3c Length l1=a+b-3c
l=a+2 -0 a=-1 l=a+2 -3 a=2
g=TII» D'Vv* p? R=TII1 D*V? p*

D _ R
H2 ?/2 F 2 Hl :pVZT: Ne
H1:¢H2 Ne = (I)(Fr)

2. The Torque 'T' required to rotate a disc in a viscous fluid depends upon the diameter ‘D', the
speed of rotation 'N' the density 'p' and the dynamic viscosity 'W'. Show that the dimensionless
equation linking these quantities is {T D° N p'} = function {p ND* p™}

Use the other method here. Identify d as the unknown power.

T=f(DNpp)=CD*N°p°
MLZT-Z — (L)a (T-l)b (M L-3)C (M L-lT-l)d

(T) -2=-b-d b=2-d
(M) l=c+d c=1-d
(L) 2 a- 30 d a-— 3(1 d) - d a:5—2d

T D-5 N-2 p-l — f(D -2 N-l p-l ul )

T ¢ D°Np
D°N?%p
P H




SELF ASSESSMENT EXERCISE No.3

1.The resistance to motion 'R' of a sphere travelling through a fluid which is both viscous and
compressible, depends upon the diameter ‘D', the velocity 'v', the density 'p', the dynamic viscosity
‘W and the bulk modulus 'K'. Show that the complete relationship between these quantities is :

Ne = function{Re } {Ma}

where Ne=Rp v:D? Re=pvDu Mg=via and a=(Kp)>

This may be solved with Buckingham’s method but the traditional method is given here.
R =function(Dv puK) = C Davb pc pd K*
First write out the MLT dimensions.

[R]= ML'T?
[B]=L

M =LT"

[p] =ML’
[W=ML'T"
[K]=ML'T™

ML T' =La(LT-1)b (ML )c% LlT‘l)d (ML T e
a+b-3c-d-e c+d+e

ML'T? =L

Viscosity and Bulk Modulus are the quantities which causes resistance so the unsolved indexes are
dande.

TIME -2=-b—-d-2e hence b=2-d-2e isas far as we can resolve b

MASS l=c+d+e hencec=1-d -e

LENGTH 1=a +b-3c -d-e 1l=a+(2-d-e)-3(1-d-e)-d-e
l=a-1-d a=2-d

Next put these back into the original formula.

R=C D2-d y2-d-2e pl-d-e pd Ke
R=CD2v2pl (D-1v-1p1lp)d (v2plK)e

d e
R (U K
pv2D?  (pvD ) | pv?

Ne = f(Re)(Ma)




SELF ASSESSMENT EXERCISE No.4

1.(a) The viscous torque produced on a disc rotating in a liquid depends upon the characteristic
dimension D, the speed of rotation N, the density p andzthg dynamic vziscosity p. Show that :
{T/(pN D)} =f(pND /p)

(b) In order to predict the torque on a disc 0.5 m diameter which rotates in oil at 200 rev/min, a
model is made to a scale of 1/5. The model is rotated in water. Calculate the speed of rotation for
the model which produces dynamic similarity.

For the oil the density is 750 kg/m3 and the dynamic viscosity is 0.2 Ns/m”.

For water the density is 1000 kg/m3 and the dynamic viscosity is 0.001 Ns/mZ2.

(c) When the model is tested at 18.75 rev/min the torque was 0.02 Nm. Predict the torque on the
full size disc at 200 rev/min.

T ¢ D*Np
Part (a) is the same as in SAE 2 whence D°N2p 1

Part (b) For dynamic similarity

(DZNpJ _(Dsz] {(o.zD)Zmelooo] _[02200x750j
H model H object 0.001 model 0.2 object

Nm = 18.75 rev/min

T (T T - T.DoNZp, | _(0.02x5°200%x 750
D°N®p Jioger \D'NP )i * [ DENZp, 1°x18.75*x 1000

T, =5333N

2. The resistance to motion of a submarine due to viscous resistance is given by :

d
? 5= f(pVD) where D is the characteristic dimension.
pv°D u

The submarine moves at 8 m/s through sea water. In order to predict its resistance, a model is made
to a scale of 1/100 and tested in fresh water. Determine the velocity at which the model should be
tested. (690.7 m/s)

The density of sea water is 1036 kg/m3
The density of fresh water is 1000 kg/m3
The viscosity of sea water is 0.0012 N s/m’.

The viscosity of fresh water is 0.001 N s/m’.
When run at the calculated speed, the model resistance was 200 N. Predict the resistance of the
submarine. (278 N).

pvD) (pvD [lOOOxvmemj_(1036x8xD}
w) o Ln ) 0.001 100 x 0.0012
Vm = 690.7 m/s

R ([ R 200 _( R, j
pv?D? )~ (pv?D? )~ (1036x8?(D,,/100)* ) (1000x690.7>D?

R, =278 N




3. The resistance of an aeroplane is due to, viscosity and compressibility of the fluid. Show that:
R
(PVZTJ =f(M,)R.)

An aeroplane is to fly at an altitude of 30 km at Mach 2.0. A model is to be made to a suitable scale
and tested at a suitable velocity at ground level. Determine the velocity of the model that gives
dynamic similarity for the Mach number and then using this velocity determine the scale which
makes dynamic similarity in the Reynolds number. (680.6 m/s and 1/61.86)

The properties of air are

sealevel  a=340.3 m/s u=1.7897 x 10° p = 1.225 kgim’
30 km a= 301.7 m/s u= 1.4745x 10° 0 =0.0184 kg/m"

When built and tested at the correct speed, the resistance of the model was 50 N. Predict the
resistance of the aeroplane.

For dynamic similarity (Ma)m = (Ma)o (V/a)m = (v/a)o=2 Vi = 340.3 = 680.6 m/s

and (Re)m = (Re)o
(vaJ _(va] (& ]_(pmvmpoj_ 1.225x 680.6 X 1.4745 x10°® _eLg7
m 0 m

u u D PoVoll, ) 0.0184x 603.4 x1.7897 x 10
212 2
and Iz? | - Iz? : R, - R pozvolzi)0 _50x0.0184 x 603.4 « 61.872
pv2D? ) | pv?D p. ViD2 1.225 x 680.6
0= 2259 N

4. The force on a body of length 3 m placed in an air stream at 1 bar and moving at 60 m/s is to be
found by testing a scale model. The model is 0.3 m long and placed in high pressure air moving at
30 m/s. Assuming the same temperature and viscosity, determine the air pressure which produced
dynamic similarity.

The force on the model is found to be 500 N. Predict the force on the actual body.

. F
The relevant equation is [T] =f(R,)
pv°D

For dynamic similarity (Re)m = (Re)o [@j = (@J Ho = Um
m 0

W u
(pvD),, = (pvD),

Foragas p=pRT The temperature T is constantsopcp=cp

Pm X 30 X 0.3 =p, X 60 x 3= 1bar x 60 x 3 Pm = 20 bar

F B F 500 B F,
pv’D? ) | pv’D? ) cp,x30°x0.3% | |cp,x60°x3?

Fo =10 000N




5. Show by dimensional analysis that the velocity profile near the wall of a pipe containing
turbulent flow is of the form u'= f(y+)

u"=u(plo) and  y" =y(pro)" n

When water flows through a smooth walled pipe 60 mm bore diameter at 0.8 m/s, the velocity
profile is u = 2.5In(y+) +55

Find the velocity 10 mm from the wall.
The friction coefficient is C, = 0.079 Re'o'zs.

This is best solved by Buckingham’s Pi method.

To=¢(yupH)

Form a dimensionless group with p and leave out u that means the group (yxluylpzlul)has no
dimensions

MOLOTO = (L)Xl (LT—l )Y1 (|V| L3 )21 (M LT .1)1

Time 0=1-227; Z1- 2
Mass O=y;+z;+1 yi=-%
Length O:X1-3y1 -7: -1 X1=-1

: - Yo - H
The groupispy™tp 1 " or —
y(pr, )

Form a dimensionless group with u and leave out p that means the group (yx2uy2p22u1)has no
dimensions

T )

Time 0=22-1 Zo- %
Mass O=y,+2, Yo =%
Length O:X2-3y2 -2, +1 X=0

1/2
The groupisuy®p “1, " or u(ﬂj

To

1/2
p _ u +_ +
Hence u—| =fl———= | or u =1(y)
(T0] (y(pto)llz]

Ct = 210/(pu®)= Wall Shear Stress/Dynamic Pressure
Cr=0.079 R %% 0.079 (p u D/p) ** =5.1879 x 10
5.1879 x 10° = 21,/(997 x 0.8°)  1,= 1.655 Pa

UW=25Iny" +55  u(plo) = 2.5 In {(y/)(pto)"} + 5.5

1(997/1.6551)" = 2.5 In {(0.01/0.89x10°%)(1.655 x 997)"7} + 5.5

24.543u=251In45142+55

u=0.85m/s



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 7-FLUID FORCES

SELF ASSESSMENT EXERCISE No. 1

1. A pipe bends through an angle of 900 in the vertical plane. At the inlet it has a cross sectional

area of 0.003 m2 and a gauge pressure of 500 kPa. At exit it has an area of 0.001 m2 and a gauge
pressure of 200 kPa.
Calculate the vertical and horizontal forces due to the pressure only.

Fh =500 000 x 0.003 = 1500 N—  Fv =200 000 x 0.001 = 200 Ny

2. A pipe bends through an angle of 450 in the vertical plane. At the inlet it has a cross sectional

area of 0.002 m2 and a gauge pressure of 800 kPa. At exit it has an area of 0.0008 m2 and a gauge
pressure of 300 kPa.
Calculate the vertical and horizontal forces due to the pressure only.

Fpl =800 000 x 0.002 = 1600 N Fpx1=1600 N Fpyl =0
Fp2 = 300 000 x 0.0008 = 240 N

7]

Fpy2 = 240 sin 45° = 169.7 N Fpx2 = 240 cos 45°=169.7 N

Totals F,=1600-169.7=1430N F,=0-169.7=-169.7 N

3. Calculate the momentum force acting on a bend of 1300 that carries 2 kg/s of water at 16m/s
velocity.
Determine the vertical and horizontal components.

; 130° a
16 i 130° - S8
Av
250 A
/ 250

AVv=16sin130/sin25=29m/s F=mAv=2x29=58N
Fv=58sin25=245N Fh=58cos25=5257N

—»

4. Calculate the momentum force on a 1800 bend that carries 5 kg/s of water. The pipe is 50 mm
bore diameter throughout. The density is 1000 kg/m3.

v1 = Q/A = m/pA = 5/(1000 X rt x 0.025%) =2.546 m/s "1
V, = -2.546 m/s
Av = 2.546 — (-2.546) =5.093m/s F=mAv=5x5.093=2525N

V2



5. A horizontal pipe bend reduces from 300 mm bore diameter at inlet to 150 mm diameter at
outlet. The bend is swept through 500 from its initial direction.

The flow rate is 0.05 m3/s and the density is 1000 kg/m3. Calculate the momentum force on the
bend and resolve it into two perpendicular directions relative to the initial direction.

0.707 m/'s

V]. AV
\ 2.829 s

N

AV = /(2.825in50)% + (2.825sin50 — 0.707)2 = 2.4359m/s

0 = tan'l( 2.825sin50 j _ 62.8°
2.82c0s50 — .707

F=mAv=50x243=1215N
Fv=1215sin6.84=108.1 N Fh=121.5co0s 62.84 =55.46 N

SELF ASSESSMENT EXERCISE No. 2

Assume the density of water is 1000 kg/m3 throughout.

1. A pipe bends through 900 from its initial direction as shown in fig.13. The pipe reduces in
diameter such that the velocity at point (2) is 1.5 times the velocity at point (1). The pipe is 200
mm diameter at point (1) and the static pressure is 100 kPa. The volume flow rate is 0.2 m3/s.
Assume there is no friction. Calculate the following.

a) The static pressure at (2).

b) The velocity at (2).

¢) The horizontal and vertical forces on the bend Fy and Fy.

d) The total resultant force on the bend. T

U,=15u; D;=200mm p;=100kPa Q=0.02m%s
m =200 kg/s A; = nD:%/4 = 0.0314 m?
Uy =Q/A;=6.37m/s u, =1.5u; =9.55m/s

F
Bernoulli p1 +pui?/2 = p; +pus’/2 | H
Gauge pressures assumed. —_—
100 000 + 1000 x 6.37%/2 = p, + 1000 x 9.55%/2
P, = 7459 kPa A, = Q/u, = 0.0209 m?

For = P1 A1 = 3140 N - Fp2 = P2 A2 = 1560 N {

Fmi = mAv (hor) = 200 (0 — 6.37) =-1274 N on water and 1274 N on bend —
Fm2 = MAV (vert) = 200 (9.55 - 0) = 1910 N on water and -1910 N on bend
Total horizontal force on bend = 3140 + 1274 = 4414—

Total vertical force on bend = 15604 + 1910 = 3470 N { il

b
F =(4414% +3470%) =561 N ¢ = tan™(3470/4414) = 38.1° 3470
F



2. A nozzle produces a jet of water. The gauge pressure behind the nozzle is 2 MPa. The exit
diameter is 100 mm. The coefficient of velocity is 0.97 and there is no contraction of the jet. The
approach velocity is negligible. The jet of water is deflected 1650 from its initial direction by a
stationary vane. Calculate the resultant force on the nozzle and on the vane due to momentum
changes only.

c,=0.97 Ap= 2MPa p =1000 kg/m*

$ 100 ram
f 61.35 mis
61.35 mis
Av
2 T

vi = ¢y V(2Ap/p) = 0.97V(2 x 2 x 10%/1000) = 61.35 m/s

m = pAy v; = 1000 x 7t x 0.1%/4 x 61.35 = 481.8 kg/s

Force on Nozzle =m Av =481.8 x (61.35 - 0) = 29.56 kN
Forceonvane=mAv  Av = 61.35V{2(1 — cos165°)} = 121.6 m/s
Force on vane = m Av = 481.8 x 121.6 = 58.6 kN

3. A stationary vane deflects 5 kg/s of water 500 from its initial direction. The jet velocity is 13
m/s. Draw the vector diagram to scale showing the velocity change. Deduce by either scaling or
calculation the change in velocity and go on to calculate the force on the vane in the original
direction of the jet.

13 m/s
vi=13m/s m=5Kg/s — 50"
Av = 13 sin 50%sin 65° = 10.99 m/s 1 P Av
Forceonvane=mAv =5x 10.99=549 N 500 6550
2

Horizontal component is Fcos 65° = 23.2 N

4. A jet of water travelling with a velocity of 25 m/s and flow rate 0.4 kg/s is deflected 1500 from
its initial direction by a stationary vane. Calculate the force on the vane acting parallel to and
perpendicular to the initial direction.

vi =25 m/s m=0.4Kkg/s

25 mis
—1 o 25 mis
0.4 kgfs 25mis 150°
o Av
15
2 A '

Av = 25 V{2(1 - c0s150°)} =48.3m/s F=mAv=0.4x48.3=19.32N
Fy=19.32sin15°=5N
Frn=19.32 cos15° = 18.66 N



5. A jet of water discharges from a nozzle 30 mm diameter with a flow rate of 15 dm3/s into the
atmosphere. The inlet to the nozzle is 100 mm diameter. There is no friction nor contraction of the
jet. Calculate the following.

i. the jet velocity. ii. the gauge pressure at inlet. iii. the force on the nozzle.

The jet strikes a flat stationary plate normal to it. Determine the force on the plate.
Q=0.015m%s p =1000 kg/m* m = 15 kg/s

¢ 100 mm
A= 1t X 0.1%/4 = 0.00785 m? | —
vi = Q/A;=0.015 + 0.00785 = 1.901 m/s |

¢ 30 mun T

A, = 1 x 0.0344 = 0.0007068 m? —1 -1 =
Vs = Q/A,= 0.015 -+ 0.0007068 = 21.22 m/s T |
Bernoulli p1 + pvi?/2 = pa + pvoil2

Gauge pressures assumed.
p1 + 1000 x 1.901%/2 = 0 + 1000 x 21.22%/2
p1 = 223.2 kPa

Force on nozzle = (p1Ai- p2A2) + m(v2 — V1) Vi IS approximately zero.
=(223.2 x 10° x 0.00785 - 0) + 15(21.22 — 0) = 2039 N«

Force on Plate = m Av  Av in horizontal direction is 21.22

Force on Plate = 15 x 21.22 =311.8 N —

Some common sense is needed determining the directions.

SELF ASSESSMENT EXERCISE No.3

1. A vane moving at 30 m/s has a deflection angle of 900. The water jet moves at 50 m/s with a
flow of 2.5 kg/s. Calculate the diagram power assuming that all the mass strikes the vane.

p =100 kg/m®* m=25kg/s u=30m/sv=50m/s

50 mv/'s 20 mfs

—-  ——

'

Diagram Power = mu (v — u) = 2.5x 30 (50 — 30) = 1500 Watts

2. Figure 10 shows a jet of water 40 mm diameter flowing at 45 m/s onto a curved fixed vane. The

deflection angle is 1500. There is no friction. Determine the magnitude and direction of the
resultant force on the vane.

The vane is allowed to move away from the nozzle in the same direction as the jet at a velocity
of 18 m/s. Draw the vector diagram for the velocity at exit from the vane and determine the
magnitude and direction of the velocity at exit from the vane.



45

¥

45 15009

STATIONARY VANE

AV = 45V{2(1-c0s150°)} = 86.93 m/s m = pAv = 1000 x 7t x 0.04%/4 x 45 = 56.54 kg/s
F=mAv=4916 N

MOVING VANE

23.38 — 18
=5.38
Rl 0=V -u
u =18 mls =17 =45 mis

27 2in 30 =135 mfs

I
27 cos 30 45 - 2d3.35
=23 3% mfs = 2161 mfs

The relative velocity at exit is o, = 27 m/s
The absolute velocity v, = V(13.5? + 5.38%) = 14.53 m/s



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 8A -TURBINES

SELF ASSESSMENT EXERCISE No. 1

1. The buckets of a Pelton wheel revolve on a mean diameter of 1.5 m at 1500 rev/min. The jet
velocity is 1.8 times the bucket velocity. Calculate the water flow rate required to produce a power
output of 2MW. The mechanical efficiency is 80% and the blade friction coefficient is 0.97. The

deflection angle is 1650.
D=15m N=1500rev/min v=18u n=80% k=097 6=165°

Diagram Power = 2MW/0.8 = 2.5 MW
u=nND/60 = 117.8 m/s
v=18x117.8=212m/s

DP = mu (v-u) (1- kcosB) = 2.5 x 10°

m x 117.8 (94.24)(1- 0.97cos 165) = 2.5 x 10°
m = 2.5 x 10%/21503 = 116.26 kg/s

2. Calculate the diagram power for a Pelton Wheel 2m mean diameter revolving at 3000 rev/min

with a deflection angle of 1700 under the action of two nozzles , each supplying 10 kg/s of water
with a velocity twice the bucket velocity. The blade friction coefficient is 0.98.

If the coefficient of velocity is 0.97, calculate the pressure behind the nozzles.
(Ans 209.8 MPa)

D=2m N=3000rev/min 6=170° v=2u k= 0.98 ¢,=0.97 m=2x10=20kg/s
u=nND/60 = 314.16 m/s

DP =mu (v-u) (1- kcosB) = 20 x 314.16 x 314.16(1- 0.98 cos170°) = 3.879 MW

Vv = ¢y V2Ap/p

Ap = (314.16 x 2/0.97)? x 1000/2 = 209.8 MPa

3. A Pelton Wheel is 1.7 m mean diameter and runs at maximum power. It is supplied from two
nozzles. The gauge pressure head behind each nozzle is 180 metres of water. Other data for the
wheel is :

Coefficient of Discharge Cg= 0.99
Coefficient of velocity Cy=0.995

Deflection angle = 1650.

Blade friction coefficient = 0.98
Mechanical efficiency = 87%
Nozzle diameters = 30 mm

Calculate the following.

i. The jet velocity (59.13 m/s)

ii. The mass flow rate (41.586 kg/s)

iii The water power ( 73.432 kW)

iv. The diagram power ( 70.759 kW)

v. The diagram efficiency (96.36%)

vi. The overall efficiency (83.8%)

vii. The wheel speed in rev/min (332 rev/min)

D=17m AH=180m c4=0.99 c,=0.995 c.=cd/c, =0.995 p = 1000 kg/m®



Power is maximum sov =2u 2 nozzles

Vv = ¢y V29 AH = 0.995 (29 x 180) = 59.13 m/s

m=ccp Av=0.995 x 1000 (r x 0.03%/4) x 59.13 = 41.587 kg/s per nozzle
Water Power = mg AH = 41.587 x 9.81 x 180 = 73.43 kKW per nozzle.
u=v/2 =29.565 m/s

Diagram Power = m u (v-u) (1- kcos6)

DP =41.587 x 29.565 (29.565)(1 — 0.98c0s165) = 70.76 kKW per nozzle

Na = 70.76/73.43 = 83.8%

Mechanical Power = 70.76 x 87% = 61.56 kW per nozzle.

Noa = 61.56/73.43 = 83.8%

N = 60u/xD = 29.565 x 60/(n x 1.7) = 332.1 rev/min

12
4. Explain the significance and use of 'specific speed Ns= %
p g

Calculate the specific speed of a Pelton Wheel given the following.
d = nozzle diameter. D = Wheel diameter.
u = optimum blade speed = 0.46 v1 V1= jet speed.
n=88% Cv = coefficient of velocity = 0.98
Vj=C,+/2gH =0.98,/2gH = 4.34H"” u =0.46 v; = tND/60

0.46 v, x 60 12 12
N = i _046x 4.34H" x60 _ 38.128H—

nD nD

Q= Ajv; = (nd’/4) x 4.34 H”* =3.41 H" ¢

P=numgH=1xpgQH=0.88 x 1000 x 9.81 x 3.41 x H”* d*= 29438 H" d* H
H2 (28438 H*2d2]*  38.128x 284382  HU2H% d

Ns=38.128 p1/2(gH)5/4 ~ 7 1000Y29 g1°/4 X D H* =11'9B

5 A ?t’urbine is to run at 150 rev/min under a head difference of 22 m and an expected flow rate of
85 m/s.

A scale model is made and tested with a flow rate of 0.1 m’/s and a head difference of 5 m.
Determine the scale and speed of the model in order to obtain valid results.

When tested at the speed calculated, the power was 4.5 kW. Predict the power and efficiency of the
full size turbine.

Ni =150 rev/min ~ Q;=85m°/s AH; =22 m
Q2=0.1m%s AH,=55m
For similarity of Head Coefficient we have
AH,  AH, D3 _ 5x150° 5114 D, [5114 7151
NDI NIDI D 2N3 N3 D, K TN,
For similarity of Flow Coefficient we have
Q.  Q, D_g_ 0.1x150 0.176 &_3 7151 _0.560
N,D} N,D3 D 85N, N, D, | N, N2
Equate D, _7151_0.560 NZ3 _ 1ol N = 1443 rev/min
D, N, N} 0.56
D



1/2 1/2
N,Q¥2  N,Q!
H:ZL%/4 H3/4

Note if we use we get the same result.

Power Coefficient
1

5

4.5x 1503x(j
P _ P p:Pz(prDf):Pszsz 205/ _16.2mw
pNIDf pN3DS T pN3D3  N3Dj 1443

Water Power = mgAH = (85 x 1000) x 9.81 x 22 = 18.3 MW
H =16.2/18.3 = 88%

SELF ASSESSMENT EXERCISE No.2

1. The following data is for a Francis Wheel
Radial velocity is constant
No whirl at exit.
Flow rate=0.4 m3/s D1=0.4 m D2=0.15m k=0.95  «1=900 N=1000 rev/min
Head at inlet =56 m head at entry to rotor = 26 m head atexit=0m
Entry is shock less.

Calculate i. the inlet velocity v1  (24.26 m/s)

ii. the guide vane angle (30.30)

iii. the vane height at inlet and outlet (27.3 mm, 72.9 mm)
iv. the diagram power (175.4 MW)

v. the hydraulic efficiency (80%)

vi = (2gh)”* = {2 x 9.81 x (56 — 26)} * = 24.26 m/s 20,94

Uy = tND/60 = 7 x 1000 x 0.4/60 = 20.94 m/s .

B1 = cost (20.94/24.26) = 30.3° By

®1 = Vyr = 12.25 m/s O,
Q=04=nDtky 24.26

t; =0.4/(r x 0.4 x 0.95 x 12.25) =0.0273 m

to = 0.4/(m x 0.15 x 0.95 x 12.25) =0.0729 m

Vw1 = 20.94 Vw2 =0

P = muy viyp =400 x 20.94 x 20.94 = 174.4 KW
Water Power =m g H =400 x 9.81 x 56 = 219.7 kW
n =174.4/219.7 = 80%

2. A radial flow turbine has a rotor 400 mm diameter and runs at 600 rev/min. The vanes are 30
mm high at the outer edge. The vanes are inclined at 420 to the tangent to the inner edge. The flow
rate is 0.5 m3/s and leaves the rotor radially. Determine

i. the inlet velocity as it leaves the guide vanes. (19.81 m/s)

ii. the inlet vane angle. (80.80)
iii. the power developed. (92.5 kW)

Radial Flow Turbine Inlet is the outer edge.
=nND/60 =t X 600 x 0.4/60 = 12.57 m/s
Vi1 = Q/nDt = 0.5/(n x 0.4 x 0.03) = 13.26 m/s

Uz

13.26/vy; = tan 42°
Vw1 = 14.72 m/s
vi = (13.26% + 14.72%) * = 19.81 m/s




13.26/(14.72 — 12.57) = tan oy

o1= 80.8°

Vw2 = 0

DP=mu =vy

DP =500 x 12.57 x 14.72 = 92.5 kKW

3. The runner (rotor) of a Francis turbine has a blade configuration as shown. The outer diameter
is 0.45 m and the inner diameter is 0.3 m. The vanes are 62.5 mm high at inlet and 100 mm at
outlet. The supply head is 18 m and the losses in the guide vanes and runner are equivalent to 0.36
m. The water exhausts from the middle at atmospheric pressure. Entry is shock less and there is no
whirl at exit. Neglecting the blade thickness, determine :

i. The speed of rotation.

ii. The flow rate.

iii. The output power given a mechanical efficiency of 90%.
iv. The overall efficiency.

v. The outlet vane angle.

INLET
Useful head is 18 — 0.36 = 17.64 m

_ 111
M U1 Vw1 = M U2 V2 4 -
U1 Vw1 = U2 Vw2 60° 20° )

o 100° V] I‘r rl
(u1 vwa/g) = AH = 17.64
‘ Vwl
sine rule (vi/sin 60) = (uy /sin 100)
Vi = 0.879 Uy
(Ve1/ v1) =sin 20 v1=2.923 vy
Equate 0.879 u3=2.923 v;1 vin=0.3u;
Vw1 = Vn/tan 20 = 0.824 u;
17.64 = uy x 0.824 uy /g u?= 210 u = 14.5m/s
Vi1 =0.3u; =4.35m/s
112

EXIT .
u=aND N=uy/nDi=u,/nD; B,
U, = Uy D1/ Dy =14.4 x 300/450 = 9.67 m/s -
N = uy/ n Dy = 14.5 x 60/(n x 0.45) = 615 rev/min Y12 =V
V; = Q/nDh 4
Vi1 =4.35 = Q/nD1h;= Q/(m x 0.45 x 0.0625)
Q= 0.384m’/s

Viz = Q/aDzh;= Q/(m x 0.3 x0.1) = 10.61 Q =4.08 m/s
4.08/9.67 = tan B

Br=22.8°

P=mgAH =384 x9.81 x 17.64 = 66.45 kW

Output Power = 66.45 x 90% = 59.8 kW

Overall efficiency = 59800/(m g AH) =58805/(384 x 9.81 x 18) = 88.2 %



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 8B - CENTRIFUGAL PUMPS

SELF ASSESSMENT EXERCISE No. 1

1. A centrifugal pump must produce a head of 15 m with a flow rate of 40 dm3/s and shaft speed of
725 rev/min. The pump must be geometrically similar to either pump A or pump B whose
characteristics are shown in the table below.

Which of the two designs will give the highest efficiency and what impeller diameter should be
used ?

PumpA D=0.25m N =1 000 rev/min
Q (dm3/s) 8 11 15 19
H (m) 8.1 7.9 7.3 6.1
n% 48 55 62 56
PumpB D=0.55m N =900 rev/min
Q (dm3/s) 6 8 9 11
H (m) 42 36 33 27
n% 55 65 66 58

Ns NQ'? 725x0.042 19

5= H3/4 - 153/4 -

PUMP A
Q (m3/s) 0.008 0.011
H (m) 8.1 7.9
n% 48 55
Ns 18.6 22.26
Q (m3/s) 0.06 0.008 0.009
H (m) 42 36 33
n% 55 65 66
Ns 13.36 17.32 19.6

Pump B gives the greater efficiency when Ns =19

Drawing a graph or interpolating we find Q = 0.085 m3/s H = 34.5 m, j = 65.5% when Ns=19

Q, - Q, : 0.043 __0.085 : D=046m
N,D; N,D3 725D; 900 x 0.55
or using the head coefficient
AH AH 0.15 345
212: 222 212 2 2 D=045m
N;D; N3D3 725°D; 19002 x0.55

Take the mean D = 0.455 m for the new pump

. 60,/2g x15
To commence pumping /2gH =aND/60 D = —%25
X

Hence D = 0.452 m This seems to give the right answer more simply.



2. Define the Head and flow Coefficients for a pump.

Oil is pumped through a pipe 750 m long and 0.15 bore diameter. The outlet is 4 m below the oil
level in the supply tank. The pump has an impeller diameter of 508 mm which runs at 600 rev/min.
Calculate the flow rate of oil and the power consumed by the pump. It may be assumed

Cf=0.079(Re) "*°. The density of the oil is 950 kg/m’ and the dynamic viscosity is 5 x 10" N s/m2.

The data for a geometrically similar pump is shown below. D =0.552m N =900 rev/min
Q (m3/min) 0 1.14 2.27 341 455 568 6.86
H (m) 34.1 37.2 39.9 40.5 38.1 329 259
n% 0 22 41 56 67 72 65

AH = Head Added to the system by the pump. A

This may be put into Bernoulli’s equation.

ha + za + UA2/2g +AH=hg+ 2z + UBZ/ZQ + h.
0+4+0+AH=0+0+ug¥2g+h,

4+ AH = ug®/2g +h_

ug = Q/A = Q/(n x 0.075%) = 56.588 Q

4m
T30 mx ¢15U min

h, = 4 C¢ Lu/2gD Re = puD/p = 950 x

(56.588 Q)0.15/0.005 = 1612758Q —
C = 0079 R.® = 0.079 (1612758Q)°% = B
0.002217 Q%2°

h. = 4 (0.002217 Q%) x 750 (56.588 Q)%(2g x 0.15) = 7236 Q"
4 + AH = (56.588 Q)%/2g + 7236 Q*"°

AH=163.2 Q%+ 7236 Q" - 4

If Q is given in m¥min this becomes

AH = 0.0453 Q* + 5.594 Q" - 4 ow create a table for the system.
Q(m3/min) 0 1 2 3 4 5
AH (m) 4 164 15 347 60 90.6

N,D3Q, N3D3AH,

Now compile a table for a similar pump using Q, = AH, =

N,D; NiD;
N, =600 D, =508 N;=900 D;=552produces Q,=0.52Q, AH,=0.38A. ,

Q:(M3/min) 0 114 227 3.41 4.55 568  6.86

AH; (m) 341 372 399 40.5 38.1 329 259

n% 0 22 41 56 67 72 65

Q2 (m3/min) 0 0.59 1.18 1.8 2.4 2.9 3,6

AH; (m) 12.83 14 15 15.2 14.3 124 9.8

Plotting AH for the system 3

against Q and n produces a % 3%

matching point AH=15m = %o

Q =2 (m3/min) and b - = e

n =59% % so
2] fo

P = mgAH/m = 2 x (950/60)

x 9.81x15/0.59 =7.89 kW  * *
20 e
o /0

O P . ‘ & v b@éf‘;’_\




SELF ASSESSMENT EXERCISE No. 2

1. The rotor of a centrifugal pump is 100 mm diameter and runs at 1 450 rev/min. It is 10 mm

deep at the outer edge and swept back at 300. The inlet flow is radial. the vanes take up 10% of the
outlet area. 25% of the outlet velocity head is lost in the volute chamber. Estimate the shut off head

and developed head when 8 dm3/s is pumped. (5.87 m and 1.89 m)

Vr2 = Q/Az
=0.008/(m x 0.1 x 0.01 x 0.9) = 2.829 m/s

OUTLET

U, = tND»

=71 X (450/60) x 0.1 = 7.592 m/s

Ve = 7.592 — 2.829/tan 30° = 2.692 m/s
Vo = (2.6922 + 2.829%)” = 3.905 m/s
Kinetic Head = v,°/2g

=3.905%2g = 0.777 m

Loss in chamber = 25% x 0.777 = 0.194 m
Manometric Head = u vy,2/g

=7.592 x 2.692/9.81 = 2.08 m
Developed Head =2.08 - 0.194 = 1.89 m

Ah = Uo szlg = (U2 - Q/Aztan()tz)
When there is no flow Q = 0 so Ah = u, vy/g - U, = (7.592/9.81) x 7.592 = 5.875 m

2. The rotor of a centrifugal pump is 170 mm diameter and runs at 1 450 rev/min. It is 15 mm

deep at the outer edge and swept back at 300. The inlet flow is radial. the vanes take up 10% of the
outlet area. 65% of the outlet velocity head is lost in the volute chamber. The pump delivers 15

dm3/s of water.
Calculate
i. The head produced. (9.23 m)
ii. The efficiency. (75.4%)
iii. The power consumed. (1.8 kW)

Uz = tND; = 7 X (1450/60) x 0.17 = 12.906 m/s
Vr2 = Q/A; 5
Vga = 0.015/( x 0.17 x 0.015 X 0.9) = 2.08 m/s 30

OUTLET
Vw2 = 12.906 — 2.08/tan 30° = 9.3 m/s Vig 2
V2 = (9.3% +2.08%)% =9.53 m/s

Kinetic Head = v,%/2g = 9.53%/2g = 4.628 m v
Head Recovered = 35% x 4.628 = 1.62 m 2 VR2
Head Loss =3 m 30° “

Manometric Head = u; Vu/g . "
=12.906 x 9.3/9.81 =12.23 m -
Developed Head 12.23 - 3=9.23 m

F 3
L 4

N man = 9.23/12.23 = 75.3%

DP =muzVwe =15x12.906 x 9.3 = 1.8 kW
WP =mg Ah =15x9.81 x 9.23 = 1.358 kW
n =1.358/1.8 = 75.4%



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 8C —PUMPED PIPED SYSTEMS

SELF ASSESSMENT EXERCISE No. 1

1. A pump has a suction pipe and a delivery pipe. The head required to pass water through them
varies with flow rate as shown.

head m

16 — hy

12

0 | | flowm3{s

suc

The pump must deliver 3 m3/s at 2 000 rev/min. Determine the specific speed.

The vapour pressure is 0.025 bar and atmospheric pressure is 1.025 bar. Calculate the NPSH and
the cavitation parameter.

From the graph at 3m/s hg =13 m hs=-6m

NPSH = {1.025 x 10°/(9.81 x 1000) — 6 } — 0.025 x 10°/(9.81 x 1000)
NPSH =4.448 - 0.2548 =4.19 m

o = NPSH/hg = 4.19/13 = 0.323

Specific speed Ns = NQ” / H** = 2000 x 3*/19%* = 380.6

2. Define the term "Net Positive Suction Head" and explain its significance in pump operation.

1.2 kg/s of acetone is to be pumped from a tank at 1 bar pressure. The acetone is at 400C and the
pump is 1.5 m below the surface. The suction pipe is 25 mm bore diameter. Calculate the NPSH at
the pump inlet.

Losses in the suction pipe are equal to three velocity heads.
The vapour pressure of acetone is 55 kPa. The density is 780 kg/m3.

The Net Positive Suction Head is the amount by
which the absolute pressure on the suction side is A
larger than the vapour pressure (saturation pressure)
of the liquid.

u=m/pA = 1.2/(780 x & x 0.025%) = 3.134 m/s

hA +Za t UA2/29 = hB + 7+ uBZ/Zg + h|_



h|_ =3 UBZ/ZQ
0+1.5+0=hg+0+3.134%2g + 3 ug’/2g
hg = 1.5 - 4 ug®/2g = -0.5 m gauge

Atmospheric pressure = 1.0 bar p = 780 kg/m®
Convert to pressure head h = p/pg = 13.06 m
Absolute head at pump = 13.06 — 0.5 =12.56 m
Vapour pressure head = 55 x 10° /pg = 7.19 m
NPSH =1256-7.19=5.37m

3. A centrifugal pump delivers fluid from one vessel to another distant vessel. The flow is
controlled with a valve. Sketch and justify appropriate positions for the pump and valve when the
fluid is a) a liquid and b) a gas.

(a) Minimum suction is required to avoid cavitation so put the valve on the pump outlet and this
will also keep the pump primed when closed. The pump should be as close to the tank as possible.

(b) With gas cavitation is not a problem but for minimal friction the velocity must be kept low. If
the gas is kept under pressure by putting the valve at the end of the pipe, it will be more dense and
so the velocity will be lower for any given mass flow rate. The pump should be close to the supply
tank.

SELF ASSESSMENT EXERCISE No. 2

The density of water is 1000 kg/m3 and the bulk modulus is 4 GPa throughout.

1. A pipe 50 m long carries water at 1.5 m/s. Calculate the pressure rise produced when
a) the valve is closed uniformly in 3 seconds.
b) when it is shut suddenly.

@ Ap = pLu/t = 1000x 50 x1.5/3 = 25 kPa

(b) Ap = u(Kp)*® = 1.5 x (4 x 10° x 1000) ®° = 3 MPa

2. A pipe 2000 m long carries water at 0.8 m/s. A valve is closed. Calculate the pressure
rise when

a) it is closed uniformly in 10 seconds. a)
b) it is suddenly closed.

(a) Ap = pLu/t = 1000 x 2000 x 0.8/10 = 160 kPa
(b) Ap = u(Kp)*®> = 0.8 x (4 x 10° x 1000) °®° = 1.6 MPa



SELF ASSESSMENT EXERCISE No. 3

1. Derive the water hammer equation for a long elastic pipe carrying water from a large upstream
reservoir with a constant water level to a lower downstream reservoir. Flow is controlled by a valve
at the downstream end.

Sketch the variation in pressure with time for both ends and the middle of the pipe following sudden
closure of the valve. Sketch these variations for when friction is negligible and for when both
friction and cavitation occur.

Assuming the effective bulk modulus is given by K' = {(D/IE) + 1/K}-1 and that the maximum

stress in the pipe is o, derive a formula for the maximum allowable discharge.
Part (a) is given in the tutorial. Part (b) below — no friction on left.

C B A c B A
L I >
1] & 1] &
1Lic 2Lic
A mitial presswe A static pressure
2Lic
time tine
P A - &
L/e : .
B Lic Lic mitial presst 3= S R N S _____I — 1 l“StE'lﬁ(‘ pressure
L/e
time tune
l] & 1] &
|_| H mitial presst . _ staticpressure
‘ i I '
2Lic |

o tine

When cavitation occurs the minimum pressure is the vapour pressure so the bottom part of the cycle
will be at this pressure.

Part (c)
For a thin walled cylinder ¢ = % p =%G u = Q/A = 4Q/nD?

2a. Explain the purpose and features of a surge tank used to protect hydroelectric installations.

b. Derive an expression for the amplitude of oscillation of the water surface in a surge tank of cross
sectional area At connected to a pipe of cross sectional area A, and length L following a complete
stoppage of the flow. The normal mean velocity in the pipe is u, and friction may be ignored.

The general solution to the standard second order differential equation
2 2
%+ m?z =c?isz = Esin(mt) + Fcos(mt) +C—2
m



Part (a)

On hydroelectric schemes or large pumped systems, a surge tank is used. This is an elevated
reservoir attached as close to the equipment needing protection as possible. When the valve is
closed, the large quantity of water in the main system is diverted upwards into the surge tank. The
pressure surge is converted into a raised level and hence potential energy. The level drops again as
the surge passes and an oscillatory trend sets in with the water level rising and falling. A damping
orifice in the pipe to the surge tank will help to dissipate the energy as friction and the oscillation
dies away quickly.

Part (b)
o dz Q dz
Mean velocity insurgetank u; =—=——- Q=A;—
y 9 TTd A Q=A; at
Mean velocity in the pipe u, = A& Substitute forQ  u, = 3—?% ........... (1)

p
The diversion of the flow into the surge tank raises the level by z. This produces an increased
pressure at the junction point of Ap = pgz
The pressure force produced F= ApAp= ApAgz
The inertia force required to decelerate the water in the pipe is
F = mass x deceleration = - mass x acceleration = - pApL du/dt
Equating forces we have the following.

du du L du
A pgz=-pA L— Z=-L— Z=-——. i, 2
pPIZ=-pA L G ot g dt (2)
Putting (1) into (2) we get
2 2 A
LA d% CIT i F 3)
g A, dt dt>  LA;

By definition this is simple harmonic motion since the displacement z is directly proportional to the
acceleration and opposite in sense. It follows that the frequency of the resulting oscillation is

1 [gA, o : _
f =—_.|=—— The periodic time will be T=1/f
2n L A,

The amplitude and periodic time are referred to as the APO (amplitude and period of oscillation).

Equation (3) maybe re-written as follows. . N

14T
d’z  9A, ) Rt
=— Z=-0°2 2

dt’ LA, / /
1 d?z
wide 270 \ / \

dZZ 0 tiee
—2+(,022=0 \

dt




The standard solution to this equation is z = z, sin(wt)

Z, is the amplitude, that is, the amount by which the height in the tank will move up and down from

the mean level. The following is a direct way of finding the amplitude.

The mean change in height = Z?"

The weight of water entering the surge tank = pgA+z,

2
The potential energy stored in the tank = pgA;z, 270 =poA+ 270
u? u?
The kinetic energy lost = Mass x = = pLA, -
Equate th ies. pLA, U pga, 2o Ay
uate the energies. —= =2 z,=uU
q g PLAp 5 POAT ) 0 ) gA;

The equation for the motion in full'is 7z =y | LA sin(ot)
9AT

The peak of the surge occurs at T/4 seconds from the disturbance.




3.a. A hydroelectric turbine is supplied with 0.76 m*/s of water from a dam with the level 51 m
above the inlet valve. The pipe is 0.5 m bore diameter and 650 m long.

Calculate the pressure at inlet to the turbine given that the head loss in the pipe is 8.1 m.

Calculate the maximum pressure on the inlet valve if it is closed suddenly. The speed of sound in
the pipe is 1200 m/s.

b. The pipe is protected by a surge tank positioned close to the inlet valve.

Calculate the maximum change in level in the surge tank when the valve is closed suddenly (ignore
friction).

Calculate the periodic time of the resulting oscillation.

A=nx0574=0.1963m*>  “=Q/A=0.76/0.1963 = 3.87 m/s

hA +Za t UAZ/ZQ = hB + 7 + UBZ/ZQ + h|_

0+ 189 +0=hg + 138 + 3.87%/2g + 8.4

hg =41.83m pg=pghs=0.41x10°Pa

Sudden closure Ap=pua a =1200m/s Ap = 998x 3.87 x1200 = 4.635 x 10°Pa
The maximum pressure is 0.41 + 4.635 = 5.045 MPa

This will occur at T/4 seconds

alr

Part (b) Z mean

Uo = Q/A, dz/dt = Q/Ar Uo = (Ar/Ap)dz/dt .............. (1) L A,

Ap=pgz AF=A,pgz =+ g
This force decelerates the fluid and the mass decelerated ism =p A, L AF=ma

Acceleration is —du,/dt
Appgz=-pA,L du/dt

gz=-L duy/dt
z =-(L/g) duy/dt ........... (2)
: _ LA;dz
Put (1) into (2) z= 0 A, R 3)
A L 1/2
Simple Harmonic Motion so ®? :Lﬁ and the amplitude is uo{—p—}
Ap AT g

Ar = 4%/4 = 12.566 m?
Ap =4.635x 10°Pa Ah = Ap/pg = 473.4m

12
01963, B0l =3.987m
12566~ 9.81

Amplitude = 3.87{



4. A pipe 2 m bore diameter and 420 m long supplies water from a dam to a turbine. The turbine is
located 80 m below the dam level. The pipe friction coefficient f is 0.01 (f = 4Cx).

Calculate the pressure at inlet to the turbine when 10 m*/s of water is supplied.

Calculate the pressure that would result on the inlet valve if it was closed suddenly. The speed of
sound in the pipe is 1432 m/s.

Calculate the fastest time the valve could be closed normally if the pressure rise must not exceed
0.772 MPa).

10 m3/5 S0 m

¢O2m x420m
A=n2%4=3.142 m? u=Q/A=10/3.142 = 3.18 m/s

Sudden closure Ap=p ua’ =998 x 3.18 x 1432 = 4.55 MPa

Gradual closure Ap = pLu/t =998 x 420 x 3.18/t = 1.333/t MPa

hB =80 - h|_

Loss in pipe = 4C; Lu?/2gD = f Lu?/2gD = 0.01 x 420 x 3.18%/(2 x 9.81 x 2) = 1.082 m
hg =78.92 m

p =pg hg =0.772 MPa

To avoid cavitation Ap is about 0.772 MPa

T =1.333/0.772 = 1.72 seconds

5.
a) Sketch the main features of a high-head hydro-electric scheme.

b) Deduce from Newton's laws the amplitude and period of oscillation (APQ) in a cylindrical surge
tank after a sudden stoppage of flow to the turbine. Assume there is no friction.

c) State the approximate effect of friction on the oscillation.

d) An orifice of one half the tunnel diameter is added in the surge pipe near to the junction with the
tunnel. What effect does this have on the APO ?

All the answers to this question are contained in the tutorial.



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIALY9 - COMPRESSIBLE FLOW

SELF ASSESSMENT EXERCISE No. 1

1. Calculate the specific entropy change when a perfect gas undergoes a reversible isothermal
expansion from 500 kPa to 100 kPa. R = 287 J/kg K.

T is constant so As = mRIn(p./p2) =1 x 287 x In(5/1) = 462 J/kg K

2. Calculate the total entropy change when 2 kg of perfect gas is compressed reversibly and
isothermally from 9 dm3 to 1 dm3. R=300 J/kg K.

As = mRIn(V2/V1) =1 x 300 x In(1/9) = 470 J/kg K

3. Calculate the change in entropy when 2.5 kg of perfect gas is heated from 200C to 1000C at
constant volume. Take cy= 780 J/kg K (Answer 470 J/K)

As=mcyIn(T2/Ty) = 2.5 x 780 x In(373/293) = -1318 J/kg K

4. Calculate the total entropy change when 5 kg of gas is expanded at constant pressure from 300C
to 2000C. R =300 J/kg K cy=800 J/kg K (Answer 2.45 kJ/K)

As=mcyIn(To/T1) ¢, =R +cy=1100J/kg K
As ==5x1100 x In(473/303) = 2450 J/kg K

5. Derive the formula for the specific change in entropy during a polytropic process using a constant
volume process from (A) to (2).

$2-51 = (SA-S1) - (SA-S2) LLromatyy
$2-S1 = (SA-S1) + (S2-5A) T - “,Qﬂ; 2

For the constant temperature process >

(sa-s1) = R In(pa/pa) . K ,_;7’[3}

For the constant volume process 2)

(s2-sa) = (cy/R) In(T2/Ta)
Hence ..
Sa-8 Si-58 > 8
As=RIn— Py +CpInT—2+52-51 Tao=T1 —2 1 A2
pA TA
Py T,
Then AS=8p-S1 =AsS= Rln[ j+cvln(_]
pA TA

Divide through by R As/R = In( Py ] Sv In[ T j
Pa) R (T

From the relationship between cp, ¢y, R and y we have cp/R =y /(y-1)

From the gas laws we have pa/Ta =p2/T2 pa=p2 TalT=p2 T1 /T,

Hence

1+i i
] ]
R pz Y y-1 T1 pz T P, ATy



6. A perfect gas is expanded from 5 bar to 1 bar by the law pV *° = C. The initial temperature is
200°C. Calculate the change in specific entropy.
R =287 J/kg K y=1.4.

1-1/n
T, = T{p—zj —ar3(l{ " <2887k

Py

. 1.4
1 i
As=Rin| 2| T2 |" :287|n(5)(@j°'4 = -144J/K
p, \ Ty 473

7. A perfect gas is expanded reversibly and adiabatically from 5 bar to 1 bar by the law pV' = C.
The initial temperature is 2000C. Calculate the change in specific entropy using the formula for a
polytropic process. R =287 J/kg K y=1.4.

T, =473 ] = 2086 K
1.4

.
-1 -
As=Rin| P | T2 | :287|n(5)(298.6Jo.4 .
P2 AT 473



SELF ASSESSMENT EXERCISE No. 2

Take y=1.4and R =283 J/kg K in all the following questions.

1. An aeroplane flies at Mach 0.8 in air at 150 C and 100 kPa pressure. Calculate the stagnation
pressure and temperature. (Answers 324.9 K and 152.4 kPa)

A_I_—T = MZ%: 0.82% =0.128 AT =0.128 x 288 = 36.86 K

k
P2 :(M2%+ jk‘l ~1.128%°=15243  p,= 100 x 15243 = 152.43 kPa
Py

2. Repeat problem 1 if the aeroplane flies at Mach 2.

gzmz%zzz%:os AT =0.8x 288 = 230.4 K

T,=288 +230.4=518.4K
k

P2 _ (MZ %+1Jk_l ~1.8%5=7.824 D, = 100 x 7.824 = 782.4 kPa
P1

3. The pressure on the leading edges of an aircraft is 4.52 kPa more than the surrounding
atmosphere. The aeroplane flies at an altitude of 5 000 metres. Calculate the speed of the
aeroplane.( Answer 109.186 m/s)

From fluids tables, find that a =320.5m/s p; =54.05kPa y =14

k

p—2:58i:1.0836=(M2E+1JH
p, 5405 2

1.4

1.0836 = (M 2 iz_luj“” ~(02M? 41

1.0232=02M?>+1 M =0.3407 = v/a v =109.2 m/s

4. An air compressor delivers air with a stagnation temperature 5 K above the ambient
temperature. Determine the velocity of the air. (Answer 100.2 m/s)

2(), _ 2 —
A_T:M AT:M:SK vi1 =100.2 m/s
T, 2)RT, 2x1.4x287



SELF ASSESSMENT EXERCISE No. 3

1. A Venturi Meter must pass 300g/s of air. The inlet pressure is 2 bar and the inlet temperature is
1200C. Ignoring the inlet velocity, determine the throat area. Take Cq as 0.97.
Take y=1.4 and R =287 J/kg K (assume choked flow)

Y
2 2 gt 2 Yt (2)*®
m = CdAZ\/|:Y__Y:Jp1p1{(rC)Y -(r) v} e = (m] = (ﬁ} =0.528

p1 = p1/RTy =2 x 10° /(287 x 393) = 1.773 kg/m®

0.3=0.97A,/7 x 2x10° x1.773 {0.528)® —(0.528)-™ | = 0.97A,,/166307

A, = 758 x10° m? and the diameter = 31.07 mm

2. Repeat problem 1 given that the inlet is 60 mm diameter and the inlet velocity must not be

neglected.
2y } { 2 1
S pypy (e )y — (rc)l Y
y—1 166307
d 2 A 2 Z/Y 03 = CdA2 A 2
A Py A

1 - (A2/A1)* x 0.4 = 1738882A,° As? = (n x 0.06%/4)? = 7.99 x10° m?
1 - 50062 A% = 1738882A,° A% =559 x 107 A, = 747.6 x10° m?

The diameter is 30.8 mm. Neglecting the inlet velocity made very little difference.

3. A nozzle must pass 0.5 kg/s of steam with inlet conditions of 10 bar and 4000C. Calculate the
throat diameter that causes choking at this condition. The density of the steam at inlet is 3.263
kg/m®. Take y for steam as 1.3 and C as 0.98.

Y
2 2t 2 Y1 (2
m= CdAZ \/|:y__yl:|p1pl{(rc)“/ - (rc )1 Y } re = (mj = (2—3j = 0.5457

0.5=0.98A,,/8.667 x 3.2626 x 10X 10° {(0.5457)°® —(0.5457)°® | = 0.98A,,/1.4526 x 10°

A, = 423 x 10° m? and the diameter =23.2 mm

4. A Venturi Meter has a throat area of 500 mm2. Steam flows through it, and the inlet pressure is 7
bar and the throat pressure is 5 bar. The inlet temperature is 4000C. Calculate the flow rate. The

density of the steam at inlet is 2.274 kg/m®.  Take y=1.3. R =462 J/kg K. C4=0.97.
From the steam tables v; = 0.4397 m® kg so p; = 1/0.4397 = 2.274 kg/m®

m- chZJ{%}plpl{m -]

m=0.97 x 500 x 10 \/E ’; 1ﬂ7 x10°x 2.274{(5/7)1-538 - (5/7)”64}

m = 485x10°° x 783 m = 0.379 kg/s



5. A pitot tube is pointed into an air stream which has an ambient pressure of 100 kPa and

temperature of 200C. The pressure rise measured is 23 kPa. Calculate the air velocity. Take vy =
1.4 and R =287 J/kg K.

e

p—zz%:lzs:(l\ﬂ”—_lﬂj“ 1.23=(0.2M2 +1)°
p, 100 2
1.0609=0.2M?+1  0.0609 = 0.2M? M 0.5519

a=yRTY? = (1.4 x 287 x 293) ¥ = 343.1 m/s
v =0.5519 x 343.1 = 189.4 m/s

6. A fast moving stream of gas has a temperature of 250C. A thermometer is placed into it in front
of a small barrier to record the stagnation temperature. The stagnation temperature is 280C.
Calculate the velocity of the gas. Take y=1.5and R =300 J/kg K. (Answer 73.5 m/s)

AT =3K AT/T1=V*hRT ¢p = YR/(y-1)
AT =3=V%2¢,=V(y- 1)/(2yR) = v¥(1.5 - 1)/(2 x 1.5 x 300)

v2=5400 v=73.48m/s



FLUID MECHANICS D203
SAE SOLUTIONS TUTORIAL 9 - COMPRESSIBLE FLOW

SELF ASSESSMENT EXERCISE No. 4

1. Air discharges from a pipe into the atmosphere through an orifice. The stagnation pressure and
temperature immediately upstream of the orifice is 10 bar and 287 K at all times.

Determine the diameter of the orifice which regulates the flow rate to 0.03 kg/s.
Determine the diameter of the orifice which regulates the flow rate to 0.0675 kg/s.

Atmospheric pressure is 1 bar, the flow is isentropic and the air should be treated as a perfect gas.
The following formulae are given to you.
To=T{L+M2(y-1)/2} p1/pz = (T1/T2) """

The relationship between areas for the flow of air through a convergent- divergent nozzle is given
by A/A* = (1/M){(M2 + 5)/6}3

where A and A* are cross sectional areas at which the Mach Numbers are M and 1.0 respectively.
Determine the ratio of exit to throat areas of the nozzle when the Mach number is 2.44 at exit.

Confirm that an exit Mach number of 0.24 also gives the same area ratio.

Pressure ratio is 10/1 so it is clearly choked. |
t:% M =1 at throat ) 1 bar
1+0.2M 10 bar 287K L
T, =287 _ 939k ‘
1.2
35 t
Po _ (&) —1.893 p. = 10/1.893 = 5.28 bar
p; \239
pt = p/RT = 5.28 x 10° /(287 x 239) = 7.7 kg/m® a=(yRT)? =310 m/s

m=003=pAa=77Ax310 A=1257x10°m?  Diameter = V(4A/x) = 4 mm
m=0.0675=pAa=77Ax310 A=28278x10°m? Diameter = V(4A/r) = 6 mm

A 1(M2+5) 1 (2442:5)
=2.49

AT Ml 6 | 244 6
T
_ _ - A
With M = 0.24;- ; A* M=1244
ﬂ
A_1(24245) et
A" 24l 6

Hence this is a correct solution and this is the theoretical result when m = 0.24 at inlet and 1.0 at the
throat.



2. Air discharges from a vessel in which the stagnation temperature and pressure are 350 K and 1.3
bar into the atmosphere through a convergent-divergent nozzle. The throat area is 1 x 10-3 m2. The
exit area is 1.2 x 10-3 m2. Assuming isentropic flow and no friction and starting with the equations
a=(YRT)12 Cp To=CpT +v2/2 pp” = constant

Determine the mass flow rate through the nozzle , the pressure at the throat and the exit velocity.

TdT1 = (p/p)™™" hence Ty=291.7 K

pt = 0.528 p1 = 0.686 bar if chocked.

a = (y R T)” =342.35m/s

pt = p/RT; = 0.686 x 10° /(287 x 291.7) = 0.82 kg/m®
m=pAa=0.82x1x107x342=0.28 kg/s

TolTo={1+M2(y-1)/2} hence To =350 K

To = To (p2/p) ™" = 350(1.013/1.3) 7" = 325.9 K
p2 = P2/RT, = 1.013 x 10° /(287 x 325.9) = 1.083 kg/m®

c2=m/ (p2 Az) = 0.28/(1.083 x 1.2 x 10%) = 215.4 m/s

3. Show that the velocity of sound in a perfect gas is given by a= (yRT)"

Show that the relationship between stagnation pressure, pressure and Mach number for the
isentropic flow of a perfect gasis  po/p={1+ (y-l)M2/2}Y/(Y'1)
It may be assumed that ds = Cp d(l,v) + Cy d(Inp) where v is the specific volume.

A convergent - divergent nozzle is to be designed to produce a Mach number of 3 when the absolute
pressure is 1 bar. Calculate the required supply pressure and the ratio of the throat and exit areas.

The solution for part 1 requires the derivations contained in the tutorial.

v 35
P, = p(MZYT_l_{_ljy_l :1x(320—:+1j =36.73 bar

For chocked flow p; = 0.528 p, = 19.39 bar

G=1M=(yRT)" Ce=3M.=3(yR T, )" M=prAiCt=pe Ae Ce
1 1 1
- = 1-=

Ac_peCy p_e:(&]v i:(&jvm JYRT, L[&J Y

Ae PG Pt Pt A Pt VYRT, T, Pt

I+y

1 11y = 2.412.8
; 412.
i:[&]YXBX [&j :3(&j ! :3(ij =0.236
Ae P: P P 19.39



SELF ASSESSMENT EXERCISE No. 5

1. An air storage vessel contains air at 6.5 bar and 150C. Air is supplied from the vessel to a
machine through a pipe 90 m long and 50 mm diameter. The flow rate is 2.25 m3/min at the pipe
inlet. The friction coefficient C¢ is 0.005. Neglecting kinetic energy, calculate the pressure at the
machine assuming isothermal flow.

m = pV/RT = 6.5 x 10 > x 2.25/(60 x 288 x 287) = 0.295 kg/s

(1-p22/p12)= (64 m2RT Cs L)/( 72 D5 p12)

=0.1589

1_(p_2j2 _ 64x0.2952x 287 x 288 x 0.005 x 90
6.5 7?x 0.05°x (6.5 % 10° |

2
1-0.1589 = 0.841=(p—2j
6.5
p>-355 p,=5.96 bar

SELF ASSESSMENT EXERCISE No. 6

1. A natural gas pipeline is 1000 m long and 100 mm bore diameter. It carries 0.7 kg/s of gas at a
constant temperature of 00 C. The viscosity is 10.3 x 10-6 N s/m2 and the gas constant R = 519.6
J/kg K. The outlet pressure is 105 kPa. Calculate the inlet pressure. Using the Blazius formula to
find f. (Answer 357 kPa.)

_4m 4x0.7
muD  71x10.3x107°x0.1
C; =0.079R ;%% =0.00259

R =865x10°

e

1_( P, jz 64 0.72x519.6 X 273 x 0.00269 x 1000
P 7°x 0.1°x (p, ¥
_116.7x10° +11.025x 10°

(p, )2

2. A pipeline is 20 km long and 500 mm bore diameter. 3 kg/s of natural gas must be pumped
through it at a constant temperature of 200C. The outlet pressure is 200 kPa. Calculate the inlet
pressure using the same gas constants as Q.1.

1

p1= 357 kPa

_4m 4x3
D 7x10.3x107°x0.5
C; =0.079R %% =0.00269

R =741693

e

2
1_(200 xloj _ 64x3°x519.6 x 293x 0.00269 x 20000 _ 15.296 x 10°

Py n°x 0.5°x (p; )’ p
p:? = 15.296 x10° + 40 x 10°

pi= 235 kPa



3. Air flows at a mass flow rate of 9.0 kg/s isothermally at 300 K through a straight rough duct of
constant cross sectional area of 1.5 x 10-3 m2. At end A the pressure is 6.5 bar and at end B it is 8.5
bar. Determine

a. the velocities at each end. (Answers 794.8m/s and 607.7 m/s)

b. the force on the duct. (Answer 1 380 N)

c. the rate of heat transfer through the walls. (Answer 1.18 MJ)

d. the entropy change due to heat transfer. (Answer 3.935 KJ/k)

e. the total entropy change. (Answer 0.693 kJ/K)

It may be assumed that ds = Cp dT/T + R dp/p

V2 = MRT/p,A = 9 x 287 x 300/(6.5 x 10° x 1.5 x 10°”%) = 794.8 m/s
vi = mRT/p:A = 9 x 287 x 300/(8.5 x 10° x 1.5 x 10%) = 607.7 m/s

S5har —» —* 6.5 bar
T —* ag i
607.7 m's 7948 m's

p1A1+mv1:p2A2+mv2+F
F=15x107(2x 10°) + 9 (607.76 — 794.48) =300 — 1680 = -1380 N
The force to accelerate the gas IS greater than the pressure force.
cI>+P mcpAT+(m/2)(v2—v1 ) AT =0 P=0

= CcpAT + (M/2)( Vo2 = vi?)
cp 0+ (9/2)( 794.8* - 607.7%) =1.18 MJ
® = IT ds=TAs As = ®/T =1180/300 = 3.935 kJ/k

As = mRIn(p1/p2) = 9 x 287 In(8.5/6.5) = 693 J/IK

4. A gas flows along a pipe of diameter D at a rate of m kg/s.

2
Show that the pressure gradient is —% =—32C2f m SRT
d n°pD

Methane gas is passed through a pipe 500 mm diameter and 40 km long at 13 kg/s. The supply
pressure is 11 bar. The flow is isothermal at 150C. Given that the molecular mass is 16 kg/kmol
and the friction coefficient Cs is 0.005 determine

a. the exit pressure.

b. the inlet and exit velocities.

c. the rate of heat transfer to the gas.

d. the entropy change resulting from the heat transfer.

e. the total entropy change calculated from the formula ds = C In(T2/T1) - R In(p2/p1)
The derivation is given in the tutorial.

P, 2 .2 2
R :&: 8314.4 _520J/kgK - dep— 32(3f m RTIdL P2—Pr |_ 32C; m“RTL
N 16 2 2D°
2 2
2): 64C; 2rn 5RTL —[pg —(11X105) }= 64XO.005X132X 5205X 288 x 40000
n°D n° x0.5

_[pg —(11x105)2]: 1.05x10? [(11x105)2}-1.05x1012 ~p?  p,=3.99 bar

_(pg_

vi = mRT/p1A; = 13 x 520 x 288/(11 x 10° x 7 x 0.25%) = 9.014 m/s
Vo = MRT2/p2A, = 13 X 520 X 288/(3.99 X 10° x 7t X 0.25%) = 24.85 m/s
O+P= mcpAT+(m/2)(v2—v1 ) AT=0 P=0

@ = cpAT + (M/2)( Vo2 —vi?)

® =0 + (13/2)(24.85* — 9.014% ) =3.484 kW

As = O/T = 3484/288 = 12.09 J/k

As = -RIn(p2/p1) = -520 In(3.99/11) = 526 J/K



SELF ASSESSMENT EXERCISE No. 7

1. Write down the equations representing the conservation of mass, energy and momentum across a
normal shock wave.

Carbon dioxide gas enters a normal shock wave at 300 K and 1.5 bar with a velocity of 450 m/s.
Calculate the pressure, temperature and velocity after the shock wave. The molecular mass is 44
kg/kmol and the adiabatic index is 1.3.

R=8314/44=188.95Jkg K  a;= V(yRT1) = V(1.3 x 188.95 x 300) = 271.5 m/s
M, = vy/a; = 450/271.5 = 1.6577

, 2
it 1 Lesrrte2i03
Y T =0.4126 My = 0.643
2yM; _, (2x1.3x1657°)-1
vy-1
2 2
P _ 1+yMi Py 2HLIXLOSTTL 5076 py=1.5x10°x 2976 = 446 kPa
D, [1+yM2) p, (1+1.3x0.643%)
2 2
)M 1)t
?2=—N2|2 == - 6132 =1.329  T,=300x 1329 =398.8 K
! 1+(y—1)72 ! 1+(o.3)'T
a,= V(yRT2) = V(1.3 x 188.95 x 398.8) = 313 m/s V= a, M, =201 m/s

2. Air discharges from a large container through a convergent - divergent nozzle into another large
container at 1 bar. the exit mach number is 2.0. Determine the pressure in the container and at the
throat.

When the pressure is increased in the outlet container to 6 bar, a normal shock wave occurs in the
divergent section of the nozzle. Sketch the variation of pressure, stagnation pressure, stagnation
temperature and Mach number through the nozzle.

Assume isentropic flow except through the shock. The following equations may be used.

Energy Balance from o to e o0 is the stagnation condition u, =0 .

vI(y-1)RT, + 0 = y/(y-1)RTe + /2 U= 2\(YRTe)

3.5 RT, + 0 = 3.5RT, + 2yRT, f
y-1 y-1

2 ! j&!
1
p_o:(ijy L:[p_o] " 35RT, :(&J " Z35RT, +217R,

e

Pe Te Te Pe e
L-l
Po |7 _(35+28) =1.8 pe=1bar po = 1.81/0289) = 7 82 phar
Pe 3.5
N
1
The throat is chocked (&j = (in =0.528
Po 4 -1
loss of
stagnation
p " pressure To ,
o m shock wave
1 bhar constant through shock wave

*
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