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Abstract. In this paper, Beta product and Gamma product af fwzzy graphs are
introduced and we proved that the Beta produtivofregular fuzzy graphs need not be
regular and that if @k G, is regular, then gor) G;need not be regular. A necessary and
B
sufficient condition for Gx G, and Gx G, to be a regular fuzzy graph is determined.
B y
The degree of vertices in& G, and Gx G, in terms of those in Gand G are
B y
determined for some particular cases and regulapepty of Gx G, and Gx G, are
B y
studied.
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1. Introduction

Fuzzy graph theory was introduced and develope®dsenfeld in [8] and generalized
standard results in graph theory [1,2]. Thougls iveéry young, it has been growing fast
and has numerous applications in various fieldgiiguhe same time Yeh and Bang [9]
have also introduced various connectedness contefigzy graphs. The operations of
union, join, Cartesian product and composition wo fuzzy graphs were defined by
Mordeson and Peng [3]. Recently, new compositionfuazy graphs are introduced and
studied in [4,6,7]. In this paper, we study abdwe tegular property of th@- product
and the y-product of two fuzzy graphs. We determine necgssard sufficient
conditions for thef3 - product and the/ -product of two fuzzy graphs to be regular under

some restrictions are determined. Throughout thjzep we assume that p is reflexive
and need not consider loops. Also, the underlyetgd/sis assumed to be finite andccan
be chosen in any manner so as to satisfy the defindf a fuzzy graph in all the
examples and all these properties are satisfiedliffwzzy graphs except null graphs.
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2. Preliminaries

A fuzzy graphG: (o, ;)G is a pair of functions :V - [01] and i:V xV - [0]]
where for all u,\JV, we haveu (uv)< g (u) L o (v).Theunderlying crisp graphf G:
(o, u) is denoted by G*:(V, E) where E'VxV.

If g (uv)=0 (u)L o (v) for all uMV, then G is called eomplete fuzzy grapfhe

complemené of a graph Galso has V(G) as its point set ,but two pointsaajacent in

G if and only if they are not adjacent in G. Let(@, i) be a fuzzy graph. Ttdegree
of a vertex us cs(u)= > p(uv) = > £(uv) .Let G* :(V,E) be a graph. Thiegree

uwE u#v

de+(Vv) of a vertex v in G* is the number of edges incidsith v.If all the vertices of G*
have the same degree r, then G* is callezbalar graphof degree r, hereris an
integer.

Let G: (o, u) be a fuzzy graph on G* :(V,E).lfv)=k for all vLJV,that is, if
each vertex has same degree k in G,then G isa&id éregular fuzzy graplof degree k
or a k-regular fuzzy graph,here k need not be &ger[6]. The degree of vertices in
fuzzy graphs have been studied in [5].

3. Beta Product of Fuzzy Graphs
Definition 3.1. The - product of two fuzzy graph&,and Gis defined as a fuzzy graph,
Gi1X G2 =((61X02),(r1XK2) on G*:(V,E) where V=VYx V. and
B B B B
E= ((U,Uz) , (Va,V2))/ Ui Vi, WV [1Ex(0N) U Va5 Uva[Eg(0r)uavi LE;, WV LIE,
With 61 % 62(U1, W) = o1(ur) L ox(Up) , O (U, u) L Vix V)

B B
(Fll X uZ) ((u11 u2)l (VllVZ))
B
Hq (ugvy) Cpap (upvy), if uyvy UE, upv UE;
=4 02(uz) Loa(v2) Ly (ugvy),if up # vy, uyvi UE;
o1(uy) Loy(vy) Lpa(uzvy), ifuy # vy,upvy LE;

Example 3.2.Let Vi={u,w, }and Vo={vy W} such that
G B
1

2
LN ) WD 3
0. % 0.z
LIZ 0 S V200 Ty
Figure 1:
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B -product of two fuzzy graphs ;@nd G is

1wy 0.3
v dHwzy 06

2wy 0.3 Uzwzy 05
Figure 2:
Definition 3.3. The - product of two regular fuzzy graphs,and Gis defined as a
fuzzy graph , @x G; = (61X 62),( 21X 1t2)) on G* :(V,E) where
B B B

V=V;xV, and

B
E= ((Ulp) , (V1,V2))/ Ui# Va, WpVo[ | Ex(ON)We# Va2, Upva[JEs(On) Vi LIE;, WVv2LE;
With 61X 62(U1, W) = o1(Ur) L ox(Up) , U (U, W)U ViX Vo

B B

Hy (ugvy) L pap (upvy), if u;v1UEy, upv, UE,
(21X p2) ((U,Wp) , (Vi,V2)) =4 02(up) Lop(vy) Ly (ugvy), if upy # vp,ugve LE;
p o1(uy) Loy (vy) Lup(upvy), ifuy # vq,upvp LE,

Remark 3.4.1f G, and G are regular fuzzy graphs the¢h -product of two fuzzy graphs
G:and G is need not be regular fuzzy graph.

Example 3.5.Let Vi={uj,w} and Vo= {vy, Vo, 3} such that

Gy BE
L0 &) Y10 6D os Y2005
06 06 ons o5
VOB 0s Y3062
U207 06 u3m.7)
Figure 3:
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Then S -product of two fuzzy graphs ,@nd G is

W) uiz)05) T30 E) W40 81

WZ 106
05

333110 )
R IR N3N0 5]

Figure 4.

Here both Gand G are regular fuzzy graphs of degree 1.2 andii.0.
G1X Gy ,0s1 % 62U, V1) =3.2.0h1 ¢ c2(U1,V2) =3.0.Hence B -product of two fuzzy graphs

B B B
G:and G is not regular fuzzy graph.

Remark 3.6.1f G1X G, is a regular fuzzy graph ,then, &r) G, need not be regular

B
fuzzy graph.
Example 3.7.Let Vi={ujWw}and Vo={vy, V>, vz} such that
vil) 4)
fung
03 04
& UE'I] 5:' |:|.|j
w20 5) Y205
Figure 5:

G1X G; is shown in Figure 6. Here both &d G are regular fuzzy graphs, since: ¢
B B
c2(W,v) =0.6,i=1,2; j=1,2,3. But, £ is not regular fuzzy graph.

23



A.Nagoor Gani and B.Fathima Kani

(A0 4 il 20000, 4 Gl 230 50

W2 0.4 W) 1Zv3) 0 5)

Figure 6:

4. Regular Properties of Beta Product of two Fuzzraphs
Theorem 4.1.Let G=( a1, 1t1) and G=( o2, o) be two fuzzy graphs such that underlying

crisp graphs G and G,* are complete graphs, then;§ G, is a regular fuzzy graph if
B

and only if G and G are regular fuzzy graphs.
Proof: Suppose that and G are regular fuzzy graphs of degreeard k and G*
and G* are complete graphs dnd d respectively.

By definition for any (4, W) LI ViX V2,

B
de1yx¢ c2 (U1, W) = Z (pax p2)((us, u2) (v, v2))
B (u,u2)(v,v2)IE
= D wa(uave) O pra(uavz) + > 02(u2) Oo2(v2) O pa(uava) +
UtviLIELu2v2E?2 U2£V2,UvILE1
z o1(u) Oo(ve) O pz(u2vz)
UiZVa,U2va E2
= z La(uave) O prz(u2v2) [Since G and G* are complete graphs.]
UviLELu2vAE2
Case 1:f yy <2, then
de1x¢ c2(Ur, W) = z yZ(VAYA
Vi UrviELu2vAIE2
=gd"(U2)ds1(Ur) (4.1.1)

=ki[since &z*(u)= dz, D ullVy, doy(u) =k, LullV4]
This is true for all (b, w) LI ViX V2, .Hence Gx G, is regular fuzzy graph.

B B
Case 2:If y< 41, then
From (4.1.1) dix c2(U1, W) = Z,le(sz)
B uviELu2vdE>
g1t(u1)d(Uy) (4.1.2)

skglsince dg *(u)=di, DullVy, dex(u) =k, OullVy]
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This is also true for all vertices of ¥ V> .
B

Hence [ -product of two fuzzy graphs ;@nd G is regular fuzzy graph.

Conversely assume that; 8 G.is a regular fuzzy graph.
B
Then for any two points () & (Vi,V2) in Vix V>
B

d1x¢ c2(U1, W) = de1x¢ G2 (Va, Vo)

B B
d:*(U2)dea(ur) = dsz*(v2)d Ga(Va) [using (4.1.1)] 148)
Fix ullV; and consider (u,Juand (u, y) in V1 xV,, where 4, W, 1V are arbitrary.
From (4.1.3), €:*(u2)dey(u) = as2*(V2)dei(u)
= de2*(U2) = Os2*(V2)
This is true for all vertices,y v» L1V,. Hence G*is a regular graph. (4.1.4)

Now fix vL1V, and consider @v) and (y, v) in Vi xV, , where

u;, v,V iare arbitrary.

From (4.1.3), 2*(v)dea(ur) = ds*(V)d ca(Va)

= doi(un) = dsa(va)

This is true for all vertices,y v, L1V;. Hence Gis a regular fuzzy graph. (4.1.5)

Similarly using (4.1.2) @1%¢c2(U1, W) = de1x c2(V1, Vo)

B B
e (u1)deaU) =dsr*(v1)d coV2) (4.1.6)
Fix ullV; and consider (u,Juand (u, y) in V1xV,, where 4, w,[ 1V are arbitrary.
cdf(u)dea(Uz) = der*(u)d (Vo)
= de2(U2) = ds2V2). This is true for all verticesy vo L1Vo.
Hence Gis aregular fuzzy graph. (4.12.7)

Now fix vl V, and consider @v) and (v, v) in V1 XV, , where y, v;[1Vjare
arbitrary.

cf(u1)dea(V) =d c1*(vV1)d c(V)
= der*(U1)= de1*(Va)
This is true for all vertices,y v; L1V;. Hence G*is a regular graph. (4.1.8)
From (4.1.5) and (4.1.7) ,if & G, is a regular fuzzy graph,then ; @nd G are

B

regular fuzzy graphs of degree &nd k.

Theorem 4.2.Let G=( o1, 11) and G=( o>, 1) be two fuzzy graphs and its underlying
crisp graphs @ is complete graph and &is regular graph .If 61> u,, 02> u;and
= o, then Gx G, is a regular fuzzy graph if and only if; @& a regular fuzzy graph.

B
Proof: Let G* is a regular graph of degregadd G* is complete graph .Lety=p, =C
for all E; and & ,where c is a constant.We hawg> u, ando>> p; Suppose that 3s a
regular fuzzy graph of degree k
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By definition for any (gu,) LIV XV, .

B
do1x c2 (U, b)= Z (% pr2)((Uz, U2) (v, v2))
B (us,u2)(vi,v2)JE

= D pauave) O pr2(Uav2) + > 02(uz) Oo2(v2) O pa(uavi) +
v Esu2vdJE2 U27£V2,uiviLIE1

Z o1(u) Oo(vy) O pz(u2vz)
UV, U2v2LE?2

= D pausva) + D wa(uava) + D ma(u2v2)  [sincep=p; |
UvlELu2vdE2  u2zve,ivillEL UzVL,U2v2LE2

= > pausva) + > m(uv)  [since G* is complete graph]
UV Eruzvd]E2  U2#V2,uivilEL

= dos(u)doz(u2)*+ [E2] ds(u)
= des(u)] doz*(u)+ [E2]]
Where |E_2| is the degree of a vertex of complement gragh G

de1x¢ c2(U1, W) = [ de2*(u2)+ ‘E_Z‘] de1(us) (4.2.1)
)

= Bal-|E_2| Tka[since &, (U)= db, 0 ULIVo& der(U)= ke, T ullVi]

This is true for all vertices of ¢ G, Hence [ -product of two fuzzy graphs ;@nd
B
G, is regular fuzzy graph.

Conversely assume that 8 G, is a regular fuzzy graph and’Gis a regular graph of

degree ¢and G* is complefe graph.Then for any two points, () & (v1,v2) in
Vix Vs, @1x¢c2(Ur, W) = deixca(Vi, Vo)
B B B
From (4.2.1)[ @(u2)+ [E2] das(u) = [ cb*(va)+ [E2T d ca(va)
= [0+ [E2 ] dexlu) = [+ [EZ T d sa(v2)
= dei(uy) = dsy(v4) This is true for all yv;L1V,.

Hence Gis a regular fuzzy graph.

Theorem 4.3.Let G=( o1, 11) and G=( o>, 1) be two fuzzy graphs and its underlying
crisp graphs @ is complete graph and &is regular graph .Ifo 1> u,, o> uand

= uz, then Gx G, is a regular fuzzy graph if and only if, @& regular fuzzy graph.
B
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Proof: Let G* is a regular graph of degreeahd G* is complete graph .Lety=p, =C
for all E; and B ,where c is a constant. We hawe> 1, ando>> ;. Suppose that Gs a
regular fuzzy graph of degree k

By definition for any (4u) LViX Vo .
B

do1x 62 (U1, W)= Z(,le L12)((ug, u2) (v, v2))
B (us,uz) (v, v2)JE

= D wa(uave) O pra(uavz) + > 02(u2) Oo2(v2) O pa(uavi) +
UtviLIELu2v2E?2 U2£V2,UrviILE:

D" ox(uw) Ooa(vr) O pr2(uave)
UzVL U2V E?

= Z H2(u2v2) + z La(uiva) + Z H2(U2v2) [since=p, ]
UaviLEs,Uuz2vA IE2 U2ZVe,uiviLIE1 Uz, U2vd IE2

= D t2(uav2) + D t2(uav2)  [since G*is complete graph]
v Eyuzvd B2 uiFv,uzvdE2

= Oox(Up) dor*(ug)+ |E]1 do(Uy)
= deo(u)] dor(uy)+ [E1]
Where ‘a is the degree of a vertex of complement graph G

de1x¢ G2(Ur, W) = [ der*(us)+ |E]1] deo(Uy) (4.3.1)
B

= w‘ﬂ]kz[since &1 (U)= dy, O ULIV4& deo(U)= ke, CTULIV)]

This is true for all vertices of & G, Hence £ -product of two fuzzy graphs ;@nd
B
G; is regular fuzzy graph.

Conversely assume that 8 G, is a regular fuzzy graph and"Gis a regular graph of

degree ¢hnd G* is complefe graph .Then for any two points, @) & (v1,V,) in
VixVa, i) c2(Ur, W) = deixc2(Vi, Vo)
B B B
From (4.31)  [(un+ [E1] dou) = [der(va)+ [E] dokv2)
= feEl] dos) = [oh*{ET] d cofva)
= doa(Uz) =dexAVvo) This is true for all 4 v,[1V,.

Hence Gis a regular fuzzy graph.

Theorem 4.4.Let G=( o1, 11) and G=( o, u») be two regular fuzzy graphs and its
underlying crisp graphs & and G,* are regular but not complete graphs .df> u,,
o 2> w,then B -product of two fuzzy graphs ;@nd G is regular fuzzy graph,but

converse is not true.
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Proof: Since Gand G are regular fuzzy graphs, we have,@) =k, ,for every WV,
and @(v) =k, for every \L ] V,and G* and G* are regular graphs of degregahd g.
Suppose that and G* are not complete graphs.
Forany (y4,uy) VXV,

B

do1x G2 (U1, W)= Z(,le L12)((ug, u2) (v, v2))
B (us,uz) (v, v2)JE

= D wa(uave) O pra(uavz) + > 02(u2) Oo2(v2) O pa(uavi) +
UtviLIELu2v2E?2 U2£V2,UrviILE:
D" ox(u) Ooa(vr) O pr2(uave)
UzVL, U2V E?
Case(i):underlying crisp graphs &and G* are isomorphic graphs and
W= {2, Say C.
Then we haves;> p,ando>> ;.

Therefore d; x c2(U1,U)= Z H2(U2v2) + z Ha(uawa) +
V4 UV, U2vaAE2 U2£V2,UvILE:

> wa(uave) O pr2(uave)
UviLEgu2vAE>

= Yo+ Y m(uv)+ Y pa(u)

UizVvi,U2vd JE2 U2ZV2,UuiviLE1 uviLELu2vd JE2
Bl do(y) +[EZ des(u)+ cs(l) c(u2)
where‘a and ‘E_Z‘ is the degree of a vertex of a complement graphtand G*

de1x c2(U1, W)= [de2*(u2)+ |E_2|] de1(Ur) +|E]1 de(Uy)
B
=feb(u2+ [E2 ] ka +[ET ko
[since gi(ur)=ks, O us[1V4, dsa(U2)=ka, U1V 5]
=w—|E2|] k1+|E]1 ks
Since G*and G* are regular graphs of degreeahd 4. G;* and G* are isomorphic

then |E]1 =|E_2| .This is true for all vertices of \k V..
B

Hence [ -product of two fuzzy graphs;@nd G is regular fuzzy graph.
Case (ii): Underlying crisp graphs &and G*are not isomorphic and & Gy*are
regular graphs of degreesathd d.We haveoc;> y,ando>> p;.

Therefore @i c2(U1, W)= Z (g x p2)((ug, u2) (v, v2))
B (u,u2)(v,v2)IE

= > pa(uave) O pra(Uav2) + > 02(u2) Oo2(v2) O pa(uavi) +
UviLELu2vAE> U2£V2,UrviILE:

28



Beta and Gamma Product of Fuzzy Graphs

D" ou(u) Ooy(vi) O prz(uzve)
UV, U2V E?

= D wa(uave) O pra(uavz) + D wa(uava) + D t2(uave) (4.4.1)
UViLEsUzvA IE2 U2ZV2,viLE1 UiEV,U2vd JE2

Suppose thaty< p,, then

de1x¢ c2(Ur, W) = Z La(uiva) + Z La(uiva) + z H2(U2v2)
Vi UivLIEruzvAE2  Uz2#ve,UvilE: UzVy,UuzvAE2

= 8i(un) de(u2)+ [E2 des(u) +[ET o)
=) [E2 + dort(ua)}+ [ET degfur)
SK[E2|+ der(ual+ [El ke
-+ 21+
Clearly G* and G* are not isomorphic, the#ua;&‘E_Z‘ ,for each vertex.

Even though @x G is regular fuzzy graph. Suppose< ui,
B

Then, des1x c2(Ur, W) = Z(/Ax 12)((ug, u2) (v, v2))
B (us,u2) (v, v2)OE

= D ws(uave) O pr2(uavz) + > 02(uz) Oo2(v2) O pa(uavi) +
uviLEgu2vd JE2 U27£V2,uiviLIE1

Z o1(ur) doi(va) O p2(u2ve)
UAvy,U2v2LE?2

= D" wa(uave) O pra(uavz) + D wa(uava) + D t2(Uave)
uiviLJELu2v4d JE2 U27£V2,uiviL IE1 WizVvi,U2vd E2

= > pra(uzvz) + > pa(uava) + > p2(uave)

uvitlEguav]E2  U2#ve,UivilEs UV, U2V JE>
= di(l) do*(uUn)+[EZ dsi(u)+[Ell dlur)

= deW)] [Ed+ dor(ual+ [EZ desuy)

=K[[EY+ derr(ual+ [E2ks

= ‘a+ ch]+ ‘E_Z ke

Hence Gx G, is a regular fuzzy graph.
B
5. Gamma Product of Fuzzy Graphs
Definition 5.1. The y- product of two fuzzy graphs ;@nd G is defined as a fuzzy
graph GX G2=(01X 02 juX 1) on G*:(V,E) where
y y y
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V=V,;%xV, and
14
E = (W), (v1,V2)) L= V1, V2 JEx(Or) W= V2 , WVi[]Es(Or)Wi# Vi, U2 Ex(Or)
U Vo, wvi[JEi(onwviLE;, wv,UE,
with 61X 62(U1,Uz) = 61(Us) L o2(Uz) , 0 (U, ) Vi X V2

v y
(ng X pz) ((ug,uz), (v4,v2))
y
( 01(u) L pp(uzvy), ifu; = vy, upv UE,;
I 02(uz) L pl(uyvy), if u; = vy, uy v UE;
= { 01(up) Loy (vq) Lup(uzvy), ifu; # vy, upvy UE,
| 05 (uy) Coy(vy) Cpy(ugvy), if u, # vy, u,vq OE;

Hq (ugvy) L pp (upvy), if uyvy U Ey, uzv, LE,;
Example 5.2.The y —product of two fuzzy graphs ;@&nd G have the vertex set
V1={ U]_,Ug} and \V/ = {V]_, Vo, V3, V4} such that

il 4)
D 4)
4 Yalm.g
k.
Bj = 04 BE = neg y/'
1205 & -
s 04 Vi
Figure 7:
Then GX G, is
y
M A0 4 0 11 W20 5 K] H BI04 04 M 4 4
ro
0.4 0.z 0.4 0.4
0.3 0.3
0.4 0.4
" 0 0.4
04 0.4 . 04
02
0%
21D 4 0 12 Y21 51 03 W2 W31 4 D& W2 WD 4
Figure 8:

6. Regular Properties of Gamma Product of Two Fuzzgraphs
Theorem 6.1.Let G=( o1, 111) and G=( o2, 2) be two fuzzy graphs such that 4, and

o1 is a constant. Then & G, is a regular fuzzy graph iff Gis a regular fuzzy graph
14
and G* is a regular graph.
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Proof: Since 6, is a constant say.dGiven o<, ,then we haves>> ;.
Suppose that s a regular fuzzy graph of degreednd G* is a regular graph of

degree d.By definition, for any (Uu)Ll Vix V.

y
de1y¢ 62 (U1, W)= Z:(/Jl>< L12)((ug, u2) (v, v2))
y (us,uz) (v, v2)JE
= D" ox(uy) O pra(uzve) + D" o2(uz) O ga(uvs) +
U=V, U2v2LE2 U2=Vz,uvi]E1
> pa(uavr) O pa2uavz) + > o2(uz) Oo2(v2) O pauavi) +
uviLIEs,U2va JE2 U2#V2,uiviLIE1
D" ox(u) Ooa(vr) O pr2(uave)
UzvVL,U2vAL E?
= > ou(un) + D wa(uava) + > ou(ur) Oox(ve) + D tauavi) +
Ui=vyUu2vAE2  u2=ve,uvilE: UzVL,U2vAE2 U2£V2,uviLE:
z La(unw)
UviLELu2vAIE>
= 61(U1) d 2" (U2)+ dea(Un)+ o1(Un) dez(U2) ‘E:q +dci(U) ‘E_Z‘ + da(ur)d 62*(u2)
= dey(W)] 1+‘E_2‘ +d g2 (U2)]+ o1(uy) d Gz*(Uz)[l""a] (6.1.1)

= kqf 1+‘E_2‘ +d]+ ¢ d2[1+‘a],since QG is a regular fuzzy graph of degre&IG, is a
regular fuzzy graph of degreg &ndo; is a constant say.c
wherqfiq and‘E_Z‘ is the degree of the vertex of complement graptisatd G* .

So y —product of fuzzy graphs@nd G is regular fuzzy graph.

Conversely assume that 188G, is regular fuzzy graph. Then for any two points
14

(Upw)and (M,vo)in VixXVa, deixez(Ui, W) =deixc2(Vi, Vo)
v 1% v

dos(u)l 1+E2 + d o (Ul oa(u) d o (Ul 1+[EY)]

=)l 1+[E2 + do(valtou(v)de (VL [E]]  (6.1.2)
Now fix vLIV, and consider @uv) and (v, v) in VXV, , where y, v;[1Vare arbitrary.
From (6.1.2), cka(u) 1+[E2|+ d e (WI+ ox(ur) deg(v)[1+[ET]

= dei(vy)l 1+‘E_2‘ +d e (V)]+ 01(va) de*(V)[1+ ‘E]“

dea(Un)[ 1+‘E_2‘ +d e (V)][+C1 de*(V)[1+ ‘E]“
= dea(va)[ 1+‘E_2‘ +d 2" (V)]+c1 d e2*(V)[1+ ‘E]“
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[sinegu)=c, ,JullV4]
= deW)[ 14EZ+ d A (W)]= d i) 1+[EZ + d (V)]

= offur)= dga(va)
G, is regular fuzzy graph of degree k
Fix ull V; and consider (u,;uand (u, y) in V1xV,, where u, 1V, are arbitrary.

doa(U)[ 1+{E2+ cor (U} 01(u) de(uz)[1+[EA]

= ()] 14E2 + d o (Vall+ox(U)de (v L+ EL]
(6.1.3)
Equation (6.1.3) can be modified in to the form,

do2*(U2){d Ga(u)+ Gl(U)[l""El“}"‘ d ea(u)[ 1+‘E_2‘ I=
(oW ox(u) [14{EL D+ dex(u)] 1+[E2]

= doz*(U){dax(U)+ oW1+ EL 1= dex*(vHd sx(u)+ ox(u) [1+]EL D

= de2*(U2)= d c2*(V2).
This is true for all vertices. Hence'Gis a regular graph of degree d
Hence vy —product of two fuzzy graphs,@nd G are regular fuzzy graph.

Theorem 6.2.Let G=( a1, 11) and G=( a2, u2) be two fuzzy graphs and its underlying

crisp graphs @ and G* are completegraphs.lb> u, andox> iy ,then Gx G, is a
14

regular fuzzy graph if and only if ;@nd G are regular fuzzy graphs
Proof: Given o> p, ando>> p, .Suppose that &and G are regular fuzzy graphs of
degree kand k respectively.
For any vertex (U W) in VixV,,
y

do1x G2 (U1, W)= Z(,le L12)((ug, u2) (v, Vv2))
y (us,uz) (v, v2)JE

= z o1(ur) O p2(uav2) + z o2(uz2) O ga(uavi) +
U=V, U2Vl E> U2=Vz,uiviLE1

D wa(uave) O pra(uavz) + > 02(u2) Oo2(v2) O pa(uavi) +
UtviLIEu2v2E?2 U2£V2,UrtviILE:
z o1(u) Oo(ve) O pz(u2vz)
Uiz va,U2va E2
= z H2(u2vz) + z La(uave) + z a(uivi) O fr2(u2vz)
U=vi,u2vd E2 U2=V2,UaVviILEx vl ELu2va E2
[since @ and G* are complete graphs]
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Case (i):p< po

de1x¢ G2 (U1, W)= Z H2(U2v2) + z La(uave) + Z Hi(uave)
y U=v1,U2vd JE2 U2=V2,uiviLE: Wi EsU2vA IE 2
de1 c2(U1, W)= daUp)+ dei(Un)+ da2*(U2) dgi(Uh)
y
= do(Up)+ dea(ug)[1+ d 2" (uy)] (6.2.1)

=K+ ki [1+ dez*(uz_)]
r[se %1([]1):'(1, O U1DV1, d(;z(Uz):kz, O U2|:|V2]

=&+ k; [1+ &, ],since G*is complete graph of degree d

Thus Gx G, is regular fuzzy graph.
14
Case (ii):p<
de1x¢ G2 (U1, W)= Z H2(U2v2) + z La(uava) + z M2(u2v2)
y Ui=va,uzvaA IE2 U2=Vz,UrviLIE1 Ui ELu2vd E>

o1 62 (Ur, W)= dsa(Uz)+ doa(Un)+ dor*(U1) do2(Ue)

14

=& (un)+ doa(Up)[1+ dor*(u1)] (6.2.2)

=k+ k [1+d, ] [since G*is complete graph of degreg]d
Thus Gx G, is regular fuzzy graph.

y
Conversely assume that 8 G, is a regular fuzzy graph.
y
For any two vertices (U W) and (\{, V») in ViXV, ,we have
y

de1x c2(U1, ) = 1 c2(Va, Vo)

14 y
For ui< py, from (6.2.1)
doa(Uz)+ do1(Ur)[1+ do2*(U2)] = doAV2)+ dea(Va)[1+ ds2*(V2)]
Fix ull Viand consider (u,.uand (u, y) in V1 XV, , where 4, v,[1V,are arbitrary.
do(Uz)+ dey(U)[1+ dsr*(U2)] = deaV2)+ dea(U)[1+ ds2*(V2)]
Since G* and G* are complete graphs,we have,qu)=d, , for every W1V, and
de1*(u)=dy, for every WV,.
Thus @&x(Uz)+ dey(U)[1+ db] = dax(V2)+ dea(U)[1+ ]
= dox(Uz)= d 6V2)
This is true for all vertices,y w.[1V,. Thus G is a regular fuzzy graph.
Now fix vl V, and consider @uv) and (v, v) in V. XV, , where y, v;[1V, are arbitrary.
From (6.2.1), d(V)+ dea(Un)[1+ d 62*(V)] = d coAV)+ d ga(va)[1+ d ¥ (V)]

= de1(Un)[1+ d c2*(V)]= d ca(vo)[1+ de2*(V)]
= do1(Un)[1+ do]= d Ga(ve)[1+ dy]

[sincesgf(u)=d, , for every wlV]
— dea(ur)= d ca(va)

This is true for all vertices ¥V Thus G is a regular fuzzy graph.
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For p.<py: For any two vertices (Uw) and (¥, V) in VixV,,we have
y

619 G2(U1, U) = teax c2(Vi, Vo)

14 14
From (6.2.2) ,di(u1)+ doa(U)[1+ d gr*(U1)] = daa(Va)+ doz(V2)[1+ d gr*(V1)]
Fix uJV; and consider (u,,uand (u, y) in VyxV, , where 9, v,V are arbitrary.
&(u)+ dox(Up)[1+ d er*(U)] = dea(U)+ daV2)[1+ der*(U)]

= doo(Up)[1+ dh] = ds(Vv2)[1+ dy
[since gg*(u)=d, , for every WV, ]
= dox(Up) = ds2(V2)

This is true for all vertices ¥Thus G is a regular fuzzy graph.
Now fix vLI V, and consider @uv) and (v, v) in Vi1 xV,, where y, v;[1Vare arbitrary
Then From (6.2.2) ,we have

di(U)+ deo(V)[1+ der*(ua)] = dea(va)+ deoAV)[1+ der*(V4)]
= dei(u)+ de(V)[1+ di] = dgi(ve)+ deaAV)[1+ df], since G* is complete
graph of degree,d
Henceds1(U1)= dei(v1). Thus G isa regular fuzzy graph.

Theorem 6.3.Let G=( o1, 1) and G=( a2, 12) be two fuzzy graphs such thai< 4, and

o, is a constant. Then ;& G, is a regular fuzzy graph iff Gis a regular fuzzy graph
14

and G* is a regular graph.

Proof: Giveno; is a constant say ando,< p; ,then we haves;> p,.

By definition, for any (4W)L ViX V2

do1 G2 (U1, W)= Z(,le L12)((ug, u2) (v, v2))
y (us,uz) (v, v2)E

= D" ox(uy) O pr2(uzvz) + D" o2(uz) O ga(uvs) +
u=vy,u2vALE? U2=Vz,uvi]E1

> pa(uave) O pa2uavz) + > 02(uz) Oo2(v2) O pauavi) +
uviLELu2va E2 U27£V2,uiviLIE1
D" ox(u) Ooa(vr) O pr2(uave)
UV, U2V E?

= > pa(uavz) + > o2(uz) + > pa(uav2) + D" o2(uz) Ooz(v2) +

U=vy,u2vaL1E? u2=ve,uwvillE:r  uzvyu2vLlE> U2£V2,uviLIEL

z La(uava) O prz(u2ve)
uvillEgu2va JE>

Clearly p<p; ,we have

o1 G2(Un, )= z H2(u2v2) + z o2(uz) + Z L2(U2vz) +
1% U=V, U2vaAE?2 U2=ve,uatviE1r  uAve,u2vlE?
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D" o2(uz) Ooz(v2) + > p2(uave)

U2£V2,uviE1 uviELu2vAdE>
= Oox(Up)+ 62(U2) der*(Ug)+ doz(Ua) ‘Eq +‘E_2‘ 02(Uz) d 61" (U1)+ dea(U2)d 61*(U1)
= deaU)[L+{EL+ dar(unl+ d ei*(us) ox(u)(1+[E2] (6.3.1)

Assume that &is a regular fuzzy graph of degregdnd G* is a regular graph of
degree d.

Then (6.3.1) becomesds 2 (Us u2)=k2[1+‘ﬂ + ]+ dy c2[1+‘E_2( 1 (6.3.2)
14

where o, is a constant ,say, @nd ‘a and ‘E_Z‘ are the degree of a vertex of

complement graphs;&and G* .
Thus from (6.3.2) y —product of two fuzzy graphs.@nd G is a regular fuzzy graph.

Conversely assume that 8 G, is a regular fuzzy graph.
y

Then for any two points (Wwy)and (\,v»)in VXV, ,we have
14
e g _
o)1+ [ET +e(unldes(unox(u[1+[E2]
2AV)[L+ El+dor (vl dor(vioAvIIL+[E2]  (6.3.3)

Now fix vL1 V, and consider (uv) and (v, v) in V1 xV,, where y, v,[1Vare arbitrary.
From (6.3.3), div)[L+ Bl +der(unl+dei*(unoav)[1+[E2]

81+ El+der (v o)+ dor*(v doa([L+E2)]
The above equation can be modified in to
dei*(un)[deov) +ox(V)1+[E2|T+dedv)[1+] EL1=
or (v )[deolv) +ox(V[1+ EZ I+ dev)[1+] EX]

N o *(u)[dev) +ox(V)[1+E2 1= dor*(v )ldealv) +or(V)[L+E2 ]

= der*(U1)=dei*(v)

This is true for all vertices of ;uv;[1V;. Hence & is a regular graph of degree.d
Now fix ull V; and consider (u,2u and (u, y) in V1xV, , where o, w1V, are
arbitrary.

From (6.3.3), dAu)[1+|EL +dsr*(W]+dei*(W)ox(u)[1+]EZ]
=21+ BT +dor*()}+ dor(Won(va[1+[E2 ]
deo(u)[1+ |ET +dor* (W)l +dor*(u)ca1+ [E2 |

dixc2(Ur, W) =deixca(V, Vo)
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=d(vo)[1+ ‘a +dgr*(U)]+der*(u)c[1+ ‘E_Z‘ ]
(singgv)=c,, LIvIVy)
o)1+ B+ ()] deo v 1+ B +dor*(u)]
do2(U)= d g2(V2)

This is true for all vertices of ¥Hence Gis a regular fuzzy graph of degree k

7. Conclusion

It is convenient to consider large fuzzy graph asmbination of small fuzzy graphs and
to derive its properties from those of the smak®orOperation on fuzzy graph is a great
tool that can be used for this purpose. We madefais that direction through this paper.
Much more work can be done to investigate the stracof Beta and Gamma product
which would have applications in communication rats, Information technology and
SO on.

10.
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