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Unit-I

Primes in Certain Arithmetical
Progressions and System of Congruences

Primes in certain arithmetical progressions.

Peano Axioms are

(1) 1e N where N is the set of natural numbers

(2) For every natural number n there exists its successor number (n+1)e N
(3) 1 is not the successor of any natural numberi.e. o ¢ N.

(4) Principle of mathematical Induction : If p(n) is a mathematical statement
which is true for n = 1 and p(n) is true for n = m + 1 whenever it is true for
n = m then p(n) is true for all natural numbers.

Law of well ordering :- Every subset of N has a least element.
Theorem 1.1 Every natural number n > 1 has a prime divisor (factor)
Proof :- We shall prove the lemma by induction on n.

For n =2, lemma is true (® 2 > 1, 2 has a prime divisor 2)

Suppose lemma is true for all natural number <n. Now consider n. If n is
prime. Then the lemma is true because it has a prime divisor n itself. So
assume ‘n’ to be composite. Then n has a positive divisor n;, 1 < n, < n such
that n = n;.n, where 1 <n, <n

Since n; < n by induction hypothesis n; has a prime divisor say p. Then p | n;
andn; I n

= p I n. This proves the theorem.
Theorem 1.2 (Euclid) :- The number of primes are infinite

Proof :- If possible, suppose number of primes are finite. Let these be p;,
P2,.--Pr-
Consider N = p; pa...pr +1

Now N > 1, by above theorem N has a prime divisor say p>1. But only
primes are pi, p2,....pr SO p = p;i for some i

Then p | p1 p2...pr, AlsoOp IN = p | (N = py. p2...p0) or p | 1, which is a
contradiction.

Hence number of primes are infinite

Note :- Let P={2,3,5,7, 11, 13,...} be the set of all primes and let S = {3, 5,
7,...} be the set of odd primes. Then S can be divided into two mutually
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disjoint subsets having primes of the form 4n+1, 4n+3 and the set {5, 7, 11,
13; 17,...} can also be divided into two subsets having prime numbers of the
form 6n+1 and 6n+5,n=0, 1, 2,...

Theorem 1.3 The primes of the form (4n+3) are infinite in number.

Proof :- If possible, suppose primes of the form 4n+3 are finite and let they be
P1-P2,---Pr

Consider N =4 p;.ps...pr—1. Then N> 1
So N can be written as the product of primes. Now N is odd, N # 2.

Thus N can be written as a product of odd primes, so N can be written as a
product of primes of the form (4n+1) and (4n+3). But if N were divisible by
primes of the form (4n+1) then N would also be of the form (4n+1). But N is
of the form (4n+3), so N is divisible by atleast one prime of the form (4n+3)
say p. But only primes of form (4n+3) are pi, p2,..., p» Then p = p; for
some i

Nowp!|Nandplp;...pr = p | [4(p1- p2...p) — N] = p | 1, which is a
contradiction

Hence, Number of primes of the form (4n+3) are infinite in number.

Theorem 1.4 The number of primes of the form (6n+5) are infinite in
number.

Proof :- If possible, let number of primes of the form (6n+5) are finite and let
these be pi, p2...pr-

Let N =6(p;...pr) —1. Then N > 1 so N can be written as a product of primes.

. N can be written as a product of primes of the form (6n+1) and (6n+5). If
N were divisible by primes of the form (6n+1) only, then N would be of the
form (6n+1), so N is divisible by atleast one prime of the form (6n+5) say p.

But only primes of the form (6n+5) are py, p2,..., pr, SO p = pi for some i

Now p IN and p | pi p2...pr» SO p | [6(p1- p2...pr) — N] = p |1, whichis a
contradiction

Hence number of primes of the form (6n+5) are infinite in number.

Note :- If gcd(a, b) = 1 Then every odd prime factor of a’ + b” must be of the
form 4n + 1.

For example ged (4, 3) = 1, 4> + 3% = 25 has an odd prime factor say 5 of the
form 4n+1

Theorem 1.5 Primes of the type (4n+1) are infinite in number.
Proof :- If possible let py, pa,...p:r be the only primes of the type (4n+1).
Consider N = (2p; pa.. .pr)2+1
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Now N is of the type a’+ b’ and gcd(a,b)=1. AlsoNisoddso 2y N and all
the prime factors of N are odd, so all the odd prime factors of N must be of the
form (4n+1) Let p I N. Then p will be of the form (4n+1) But the only primes
of the form (4n+1) are py, p2,...,pr, p = pi for some i

Then p | N and p | (2pi...po)° ie. p | 1, which is a contradiction. Hence
number of primes of the form (4n+1) are infinite in number.

Theorem 1.6 Primes of the type 8n+5 are infinite in number
Proof :- If possible, let py, pa,..., pr be the only primes of the form (8n+5)
Consider N = (p; pz...pr)2 +4 = (p; pz...pr)2 +27

Then N is of the form a” + b” and 2‘1\ pi- p2...pr implies g.c.d(a, b) =1. Also N
is odd, every prime factor of N must be of the form 4n+1. Now we know that
square of every odd number is of the type 8n+1. Since (2n+1)* = 4n” + 4n+1
=4n(n+1)+1 = 8k + 1, and so N is of the form 8k +5.

Now if every prime factor of N is of the type 8n+1 then their product N will
also be of the form 8n+1 since [(8n; + 1) (8np+1) = 64nn, + 8(n; + ny) +1=
8[81’111’12 + (1’11 + 1’12)] +1=8k+1

But N is of the form 8n+5 and so atleast one factor of N must be of the type
8n+5 say p. Therefore  p = p; for some i. Now p I N and p | (pi-pa...P; )’

=  pl[N-(pips... pr)’]
= pld=p<4

But the smallest prime of the form 8n+5. So this is a contradiction and
therefore primes of the type 8n+5 are infinite in number.

Fermat numbers

n
A French mathematician Fermat conjectured that Fn = 2% 41
represents primes for all values of n >0

0
Note that Fo=2% +1=3
ol 22
F,=2% +1=5, Fr=2% +1=17

F; = 223 +1 = 257, F4 = 65537 are all primes. These
numbers are called Fermat numbers. A Fermat number which is a prime is
called a Fermat prime. However no Fermat primes are known beyond Fi. In
1732, Euler proved that Fs is composite. However his proof was very
complicated. We give an easy proof due to Burmet.

5
Theorem 1.7 Fs = 2% +1 is composite
Proof :- Leta=2"=128 andb=5

then a=b>+3ora-b’=3
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Now 1 +ab -b* = 1+b(a-b’)
=1+3b=16=2"
25 23 .22 8.4
and Fs=27 +1=27)% +1=2%*+1

=2'- 2" +1=Qa)'+1=16a"+1=(1+ab-b*a* +1
= (1+ab) a* + (1-a* b*)

= (1+ab) a* + (1 +ab) (1—ab) (1+a’b?)

= (1 +ab) [a* + (1—ab) (1+a’ b?)]

Thus 1 + ab = 1+128-5 = 641 is a divisor of Fs. Clearly f5 > 641 and so Fs is
composite.

Remark :- We have not been able to find any Fermat prime number beyond
F4 and research is still on. However it is conjectured that F, is not a prime for
n > 4. But Fermat’s number have very interesting properties.

Theorem 1.8 All Fermat numbers are relatively prime to each other i.e.,
gcd(Fy, Fy) =1 form#n
Proof :- W. L. O. G., we assume that m > n

Letm=n+k wherek>1

n+k n _»k
Now Fn=Fax= 22 +1=27")% +1
Set x=22"
2k
Then Fn=(x)" +1
E. - 2" 41—
Now =2 _ (07 +1-2
E, x+1
k
B x2 -1
x+1
k-1 k-1
X2 +D(xE -
x+1
2k—1 2k—2 2k—3
CxE DT DT D (x = D(x+1)
x+1
= Fa | (Fu=2)

Let gcd (Fy, Fn) =d, thend | F,, , d | F, and F,, | (F,—2)
= d | (Fy—2) and therefore d | [F,, — (Fn—2)] i.e.,d |2
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= d=1or 2. Butd# 2 since all Fermat’s number are odd.
Hence d =1 and this proves the theorem.
Corollary 1 (Euclid) :- The number of primes is infinite.

Proof :- Let n be any natural number. Consider F;, F,,...F,. Each of F; > 1
and so each F; has a prime factor. Let p; | Fy, po | Fa,...pn | Fy, where py,
P2...pn are primes.

Since all Fermat numbers are relatively prime i.e., (F; , Fj) = 1 so p; # pi
fori#j

So all the p;’s are distinct primes. Thus given any natural number n, there
exists at least n different primes and so the number of primes is infinite.

Corollary 2 :- p,,; < 22n +1 = F,, where p; denotes the i th prime in
ascending order

Proof :- Since each F; is divisible by a different prime and F; < F, < F; <...<
F,, so there exists at least n primes < F,,.

But all Fermat numbers are odd and prime 2 is less than all odd primes so at
least (n+1) primes are less than F,, i.e., pp+1 < Fn

Example :- Prove that forn > 2, 10 | F,—7
or F.=7 (mod 10)

Solution :- We shall prove the exercise by induction on n.

52
Forn=2,F, =2 +1=17
and 101 (17-7)
exercise is true forn =2

Assume that exercise is true forn = k

ie. 10 1 (F=7)
ie. 101 2% +1-7)
k
ie., 101 (2% -6)
. ok
1.e., 2 —6 = 10r, forreZ
(D

k+1 k

Now 22— (22°)2= (10r + 6)?

=100 r* + 120r + 36.

=10(10* + 12r+3) + 6
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=10r' + 6 where r' = 10r* + 12r + 3
k+1 k+1
227 g=10r =101(22 —6)

ok+1
= 1012 +1-7]
= 101 (Fk+1 —7)

Thus by mathematical induction exercise is true for all natural numbers n.

Mersenne Numbers

Let p be any prime then number of the form

M, = 2’1 are called Mersenne numbers. A Mersenne number which
is also a prime is called a Mersenne prime.

Theorem 1.9 Let a > 2 and n > 2 be natural number. Let a"—1 be a prime.
Then a =2 and n = p for some prime number p or Any prime number of the
type a"—1 must be a Mersenne prime

Proof :- Since a"—1 =r is a prime so it cannot have any factor q such that 1 <
q<r

Now a"—1 = (a—1) (@" ' +a"*+...+ 2’ +a +1)
ie., (a—1) | (a"™-1)
Buta>2,n>2
If a> 2 then a —1 >1 is a factor of a"—1 giving a contradiction
= a=2
Again suppose n is composite

= there exists p, q with 1 <p <n, 1 <q <n such that n = pq
Now a"-1=a"-1 = (@Hh*-1°

= (@-1) [@)"" + @) + ..+ at])

Nowsincea=2,1<q<n

. 1 <a%1<a"1, isa factor of a"—1

This implies that a"—1 is composite which is a contradiction. So n must be
prime.

Remark :- Converse of above theorem need not be true
For example.

2'"—1 is not a prime. So 2°—1 need not be a prime for all
primes p
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Remark :- In 1644, Mersenne conjectured that M,, is prime for
p=2,3,57,13,17,19, 31, 67, 127, 257
and composite for all other primes up to 257

Later on it was discovered that he has made some mistakes. In fact,
today, we know that M, is prime for

p=2,3,57,13,17, 19, 31, 61, 89, 107, 257, 521, 607, 1279,
2281.

as and so on and composite for all other primes < 2281

Thus he had made five mistakes i.e., for
p=061,67, 89, 107 and 257, i.e., M, is prime for
61, 89, 107 but composite for
p =067, 257.

Theorem 1.10 If a > 2 and n > 2 and a" + 1 is a prime, then n = 2¥ for some k
> 1 and a is even.

Proof :- If ais odd then a>2 = a >3 and so a" +1 is an even number which
is greater than or equal to 4 and so can not be a prime number. So for a" + 1 to
be a prime, a must be even.

Next we claim that no odd prime divides n, if possible, let an odd prime p
divides n, then n = pq where 1 < q <n and p is an odd prime. Therefore a"+1
=aP +1 = (M)’ +1°.

= @%+1) @7V —a®? +...-1)
Also 1 <a®+1 <a" +1, so that a? +1 is a proper divisor of a" +1
= a" + 1 can not be a prime which is a contradiction.
. n must be a power of 2. [no odd prime dividesn = only2In = n=2"]
Theorem 1.11 Let n >1 be a natural number, then n is composite iff n
contains a prime factor p <+n
Proof :- Let n be composite and p be the smallest prime divisor of n where n
=pq. Then q = p Therefore n =pq = p2
[®q=p]

= p’<n = p <vn

Thus to determine whether n is a prime number or not, it is sufficient

to find out all primes < Jn and check whether any one of these primes
divides n or not. If there is no divisor among these primes then n must be a

prime number itself. In this sieve it is essential to find out all primes < NEY

11
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Farey Series

Let n > 1 be any natural number. For every n, the set of fractions h/k such that
0 <h/k <1, 1 £k < n written in ascending order of magnitude is called Farey
series of order n and will be denoted by Fn.

Construction of Farey Series :-

g0 1
1 1
g0 1 1
1 2 1
g0 112 1
1 3 2 3 1
01 1 1 2 3 1
Fpb, - - - - = = =
1 4 3 2 3 4 1

Theorem 1.12 If %,% are two consecutive members of Fn then

(@ (k+k)>n
(b)kzk'ifn>1
Proof :- W.L.O.G. we assume that

h h
_<_
k k

h_h+h _h
k k+k k

(D

E<h+h (:)hk’<kh’<:>£<E
k k+k k k

and the last inequality is true by assumption. In a similar way,

h+h h

k+k k
so that the inequalities (1) are satisfied.

Proof (a) :- If possible, let (k + k) <n. Sinceh<kandh’<k” ©h+h"<k+
k/

. (h+hje B
k+k

We claim

Now
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= A fraction

. . . hh
lies between two consecutive fractions—,— of Fn
k+k k k

which is a contradiction

So k+Kk)>n

Proof (b) :- If possible, let k = k where h/k and h’/k” are two consecutive
fractions of Fn for some n. We note that % and % are the only two fractions

with denominator 1.

Then E;tl;«t£=E
k k

k
-~ h<h'<k
But h, ', k are integers, soh+ 1 <h’<k-1<k
...(ID
Now we claim
h < h h+1 < h
k k-1 k k
.(11D)
To prove this we note h < h and h+l < h are clear
k k-1 k k
. . h+1
So it remains to prove that <—
k-1 k
or hk < (h+1) (k-1)
or hk < hk + k—h-1
ie., (k=h-1) > 0. i.e., k > h +1 which is true by (II)

All the inequality in (III) are proved thus we have a fraction

) ) ) ) h h C
Fn which lies between two consecutive fractions E and E, which is a

contradiction. So, we can nothavek=k"ifn> 1

Theorem 1.13 Let h/k and h'/k” be two successive members of F,
h h
R < N
k k

Then hk—-hk'=1 ..(D

Proof :- Since h’/k <h’/k’ = % is not the last function of fn

13
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= os%<1 ...(II)

Also gcd(hk)y=1
= Jintegers x & y such that
kx —hy=1 ...(IIT)

Now let (X, yo) be a solution of (III). Then clearly (xo + rh, yo + 1k) is also a
solution of (III) for every integer r. Then taking different values of r, the
entire real line is divided into intervals of length k each

Yotk Yok Yo Yotk  yo+rk
Choose a value of r such that
0<n—-k<y=yp+rk<n ...(IV)
and such that
(x =xo + th, y = yo + 1K) is a solution of (III)
Now dividing (III) by k, we get

x=l+2ys0that0<l <x<l+y
k k k

Thus I1<x<y<n

Further from (III), g.c.d (x, y) =1 so that

e F,
y
Now dividing by ky in (III), we get
x h 1 _h
y k ky k

. In F,, X occur after h/k
y

We claim, X_ E

y

Suppose it is not true. Then x/y must occur after h'/k’, as h/k and h’/k’
are consecutive fraction of F,. So that we must have x/y > h’/k” > h/k
x h kx-hy S 1

Now S = > (V)
y k ky ky

as x/y > h’/k” and so the numerator must be positive

Similarly, h"/k” — h/k = hk-he , 1 ...(VI)
kk kk
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Adding (V) & (VI) we get

o> =T [ By V)]

> (O K <n)

But by (III), X —E = L, which is a contradiction

y k ky
So, we must have X h
y
Since y >0, k" >0, gcd(x,y) =1, ged (b, k") =1
So, we must have
x=h".y=k
But (x, y) satisfies (III). So we must have k h" — hk” = 1, which proves (I)

Remark :- 1. The chice of r gives us an actual method to find next fraction
h'/k’ of F,, if fraction h/k is given

2. h/k <h/K < 1-h'/k" < 1-h/k
Further h/k and h’/k” are consecutive fraction of F,. So 1-h’/k” and 1-h/k are

also consecutive fraction of F,,, in reverse order.

Theorem 1.14 Let %,%be two consecutive terms of F, such that %,E—,% be

consecutive terms of F; such that r > n. Then

h _h+h

kK k+k

h h
Proof :- Since —,— are consecutive terms of F, with — < — and so
k k k k
h”"k—-hk”" =1 ...(D
h
Also —,— are consecutive terms of F, and — < —
k k k k

andsoh’k”"—-h"k'=1 ...(ID)
From (I) and (II), we get

h”k —hk” =h’k” - h"’kK’
= h’(k +k) =k”(h + h")

15
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h h+h
kK  k+k
Now consider (h + h")k — (k + k')h = hk + h’k — kh — kK’h

=h’k-k'h=1 ...(IID)
From (IIT) we conclude that gcd(h + h", k + k") =1

h
Also ged(h”, k") =1 as k—e F, and so

h h+h

=h"=h+h’and k" =k + k.
k k+k

Theorem 1.15 Let Eand%be two consecutive Farey fractions with h < E,

h+h
k+k

then

is the unique fraction with the smallest denominator among all

h
fractions between E and —.

Proof :- Let = be any fraction such that
y

L
“k

R
s

Since ~ <% ’(E —EJ >0 and so (h'y — k’x) > 1 as h', K/, x, y are all integers.
y y

Similarly (kx — hy) =1
h h 1 I k+k

Then

W|:r | =
wl: < |><

k k ky ky kky
h h hk-kh 1 ) h h )
But S , since — and— are consecutive Farey
kK k  kk " kk k k
fractions, ..(2)

From (1) and (2)
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N N T ..(3)
kk kky
Since we know
h h+k h
—< <—, S0
k k+k k

there exist a fraction lying with % and % whose denominator is k + k’

So if x/y is a fraction lying between E and % , we should not have y > (k+k”).

So we must have, y = k + k" in (3). But the equality in (3) will hold only when
equality holds in (I) through out. = We have

hy-k’x=1 and kx—-hy=1

or hy—-k'x=kx —hy= (k+k)x =(h+h")y
= y=k+k
Theorem 1.16 If F,={L %2  9r

by by b,

Then () r=1+3% o)
=

.. I ai _ l n .
(ii) py b_1 = 2£1+J§l(p( _])] and
i) S (b xby =1

=1

Proof:- (i) r=1+3 o)
=l

We shall prove the result by induction on n and we know that % and % are the

only terms in F; so that the result is true for n = 1. Assume that the result is
true for all natural number <n.

Consider F,. Now F, contains all terms of F,_; plus those fractions h/k such
that gcd(h,n)=1,

.. By definition the number of extra terms is ¢(n)

.. Total number of terms on F,, = the number of terms in F,_; + ¢(n)

17
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n—1
=1+Zl 0Q) + ¢(n)
i=

=1+Y ()
=
.. I ai _l n .
(ii) El b_i_ 2{1"'%1([’(])}

We know Ee F, & 1—E e F,
k k

. a; . .
So, we write the terms b—‘ i=1,2,...,r)inarow
i

a, a, a a
S22 5355 and
1 by b r
a a a, . ) a; a.
1- L 1-22 . 1-C in the second row, we write 1——- underneath —-
b, by b, b; b;
a; a4 .
As — runs over terms of F,, I-— must also run over terms of F, in the

i i
opposite order. Now adding the two rows horizontally.

T .
Soif S=3 M then2S=r=S=

i=l Dj

1 _11 no
5T = 5{ +J§1¢(J)}

1 0
(ii1) We know that the last term of function is I and the first term is n so that

A —land 2 =0
br b1

Now 1 = a—r:(a_f_ ar-1 j_,_(ar—l _ ar—zj
br br br—l br_l br_2
{M},%M} a
br—2 _br—3 b2 _bl b1

..h h ) . ,
But we know that if —, — are consecutive terms with E < E’ then h

k—hk =1

Let us calculate,
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i a1 _ ajb;_; —a;b;
by  biy bib;
1 -1
= =(b; bi-1)
bib;

r—1 a
Therefore, 1=3 (b bj+1)—1 +L
= b,

r—1 )
= Zl (bj bj+1)
J:

h h . . .
Definition :- Let T &E be two consecutive Farey fractions of function such

thatE<E
k k

Then h+h
k+k

Note that g.c.d. (h+h’,k+k’)=1and (k+k)>n+1

so the mediant of order n does not belong to F,.

is called a mediant of order n.

Further, we know

h h+h h
k k+k k
The mediant b = 0+l lying between 0 and 1 is called the first mediant
n+l 1+n 1 n
of order n and the mediant
n _(m-D+l lying between n-l &l

n+l  n+l n 1

is called the last mediant of order n. If we represent all Farey fractions of
order n on the unit circle, the totally of all these points on the unit circle is
called Farey Dissection of the unit circle of order n.

Definition :- The arc of the unit circle bounded by mediant of order n of next
mediant of order n is called a Farey arc of order n.

A 4 33 34

Remark :- Let ,—=, ,
b, b, b; by

be consecutive Farey fractions of order n.

19
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a a;+a a a, +a a az +a a
Then _1<¥<_2<g<_3<#< 4

b, b+b, b, by+b; by by+b, by
al+a2 a2+a3
by+b, b, +bs
apta; o azta,

Then the Farey arc bounded by contains a Farey fraction

4 and the Farey arc bounded by

b, b, +b; by+by

contains the Farey

. a
fraction —> and so on.
3

Thus each Farey arc contains one & only one Farey fraction.

The Farey arc bounded by the last mediant n/n+1 and the first mediant 1/n+1

. . .0
contains by convention the Farey fraction n

Theorem 1.17 Let x =%e F.(n>1)

Let x be represented by the point Py on the unit circle. Suppose Py lies on the
Farey arc bounded by the points Py, P, where p and u" are the mediants.
Then the length of each of the arcs Pu Px and Py’ Px lies between
1 & 1
k2n—-1) k(n+1)

Proof :- We shall distinguish two cases

Casel :- x:gorl
1 1
Then x lies on the Farey are bounded by I & . and the length of
n+l n+l

1
P, P, =—— =length of P, P,/
. n+l1 g .

Case 11 xi% &xi%

h . ) ! ) )
Then x = E is neither the first fraction nor the last fraction of F,. So 3 Farey

h h
fractions —- & —2 such that
1 k,
h; h h,

k, k k,



PRIMES IN CERTAIN ARITHMETICAL PROGRESSIONS AND SYSTEM OF CONGRUENCES

Then % lies on the Farey arc bounded by

h;+h h+h
=1 and 2 -

Tk +k k+k,

h,+h h(k,+k)—k(h,+h
Thus PHPXZE_ 1 +h _ h(k, +k)—k(h, +h)
k ky+k k(k; +k)

_hk;-kh; 1
T ok(k,+k)  k(k; +k)

) h h . ) ) .
Since —- & — are consecutive fraction of function with
1
h h
—L <~ andk #k.

T

= maximum value of k + k;is 2n—1 and (k +k;) =>n + 1
1 1

— —  <PuPx<
k(2n-1) k(n+1)

1
k(n+1)

Similarly, - <PxPu <
k(2n —1)

Remark :- We have already proved that given any real number o and an
integer t > 1, there exists integers x & y such that

Iocx—yl<%&O<XSt.

Theorem 1.18 Given any real number o and an integer t > 1, 3 integers x & y
such that 0 < x < tand lox —yl < 1/t+1

Proof :- Theorem is obvious if ﬁ > lox—yl
+

= l(o+n)x — (nx+y)|
So if theorem is true for ., the above expression shows that it is also true for

all real number o + n, where n is any integer.

So w.l.o.g. assume 0 < ot < 1. i.e., we shall consider only the fractional part of
a if 0 < o < 1 is not satisfied. Since t > 1, we consider Farey series F;. For
t = 1, theorem is obvious.

21



22

ANALYTICAL NUMBER THEORY

h h
Now assume t > 1. Since 0 < a < 1, there are two Farey fractions k_l & k—2
1 2
h, h, ) )
such that k_ <o< k_ , and 3 mediants W such that either o € Phl P, or
1 2 kT
o€ Py Py,

K
where Py, Phl , th
k1 ko

represent the points on the unit circle respectively

If a € P, Py, then Py, P“S; and I <k; <t

q 4 ki(t+1)
. h, . .
Since — 1is a Farey fraction of order t.
1
Then o _h < b
ki | ki(t+D
1
or lo k1 - h1| < —
t+1

Similarly, if o € P, th , we can show

ko

Iockz—h2lsL
t+1

Hence the theorem.
Approximation of Irrational numbers by rationals.

Pigeon hole Principle :- This principle states that if (n+1) objects are to be
divided into n classes (may be empty) then at least one class will contain at
least two objects

Definition :- Let o be any real number. Then we define
{a} = Fractional part of o
=o—[o]
where [0] is greatest integer < o . Then by definition
0<{a}<1 Vo

Theorem 1.19 Let o be any given real number, then for every integer t > 0,
there exists integer x, y such that
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Iocx—yl<%and0<x£t

Proof :- Take the interval [0, 1). Divide this interval into t subintervals i.e.

{0,%), F zj{t—_l,lj All these subintervals are mutually

disjoint.
Consider the real numbers,

{0-a}, {1, a},... {to} (%)

These are (t +1) real numbers and we have only t sub-intervals. So at
least one sub-interval consists at least two of (t + 1) real nos given in ()

So there exists two distinct integers 1 & j such that

{j-a}-{i-a}l<l/tand 0<i<j<t

Now by definition {j -a} =j o —y; for some integer y; and {i - o} =it — y»
for some integer y»

%>I{j ca) = {i - o)l =1 o—yy) — (io—y)

=1 —1Do— (yr — )l

Setx=j—iandy=y;—y2 Since0<i<j<t,so00<j—-i<tie.0<x<t
and

lox —yl < 1/t
Remark :- Given real o and integer t > 0, we can find integers x & y such that
lox—yl< 1/t, gcd. (x,y)=1&0<x<t

Proof :- By the theorem, we can find integers x; & y; such that
1
lo x; —yil < I and 0 <x; <t

If gcd (xy, y1) =1, we are through, so let gcd (X1, y;)=d>1and let x; =dx
& y; =dy

Then ged (x,y) =1
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1 1
Now lox—yl= —loax; -y, K —< 1/t.
y d 1~ Y1 d

Combining above theorem with remarks, we have

Theorem 1.20 Let a0 be any given real number and t > 0 be any given integer.
Then there exists integers X and y such that ged (x,y)=1,0<x <tand

lox—yl < 1/t
Corollary :- Given any €>0, however small, there exists integers x and y

such that x > 0

and

(i.e. real number s are dense in rationals)

Proof :- Since € > 0 is given choose an integer t such that t > 1/e Now there
exists integers x & y, x > 0 such that

lox —yl< 1/t< e

WY

X

<e/x<e

Theorem 1.21 Given o > 0, there exists integers x and y such that

a2 <i2&gcd(x,y):1

X X

Proof :- We know that we can find integers x and y such that ged(x,y) =1, 0
< x <t (where t > 0 is any integer) and

lox—yl < 1/t
Then a—l <isisinceXSt
x| tx x?

Theorem 1.22 Let o be any rational number then 3 only a finite number of
pairs of integers (X, y) such that

x>0, ged(x,y)=1.

a—2| < 1/x>

X

and

Proof :- Since « is rational, let o = h/k where k > 0 & gcd (h, k) = 1 then
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0= lok=h | < 1/x>

Thus there exists at least one pair (h, k) satisfying the given condition.

Let (x—l < 1/x* such thatx >0 & (x,y) =1
X
...(D)
Then lox—yl < 1/x
1
= ox ——<y<ox+ 1/x

X

o . 2 )
Here y lies in an interval of length —< 2, and so given X, y can take at most 3
X

values.

Further, setting o = % in (1) we get

y|_lhx—kyl
kx

If hx — ky # 0, then |hx —kyl > 1
1 1

— > =k>x
X kx

Also, x>0

= O<x<k

and so x can take at most (k—1) values.
Thus the pair (X, y) can take at most 3(k—1) values

Theorem 1.23 Let o be any irrational number. Then 3 infinitely many pairs
(x, y) satisfying

WY

X

x>0and ged (x,y)=1 (D

<—,
X2

Proof :- We know that there exists at least one pair (X, y) satisfying (1)

If possible, let there be only a finite number of pairs (X, y) satisfying (1) Let
these pairs be

(Xla YI), (XZ’ y2)9""(xr9 Yr)

Let €i> lox; — il i=1,2,...,0
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Then each €; > 0 since « is irrational. Let € < min (€4, €,...€,). Take t >
1/e. Then there exists integers x, y such that

O<x<tged(x,y)=1&loax-yl<l/t<e

Also <—<— O®0<x<t)

.. This pair (x, y) also satisfies (1) But lax — yl < € and so this pair (x, y) #
(X, yi) for any i which is a contradiction

Combining all these results we get the following theorem
Theorem 1.24 Let o be any given real number then

(1) Given integer t > 0, there exists a pair of integers (X, y) such that 0 < x <,
gcd(x,y) =1 and

lox =yl < 1/t

(2) Let o be any given real no. then 3 pairs (X, y) such that x > 0, ged (X, y) =

a—2| < 1/x% Further the number of above pairs is finite if o i rational

X

1 &

and the number of pairs is infinite if a is irrational.
Hurwitz’s Theorem

Theorem 1.25 Given any irrational number &, there exist infinitely many
pairs (h, k) of integers such that

h 1
E——<—— ...(D
kl V5K?
h 1 nk+h 1
Proof :- Since |{——|<——, & (§+n)—( j‘<
k| Jsk? ‘ k J5k?

So w.l.o.g. we assume that 0 < § < 1. Further § is irrational, so § # 0, so we
assume 0 < § < 1

Let ne N. Consider Farey series of order n.

. C . . a ¢
Since & is irrational, 3 two consecutive Farey fraction ™ & 1 of order n such

that
a c
b . d
Then either &< arce
b+d
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at+c
b+d

or £>

. o . c
First we shall prove that in either case at least one fraction out of a/b, 1 &

re satisfy (1)
c

Suppose none of these fraction satisfy (1). Now to prove Hurtwitz
theorem, we first prove a Lemma.

Lemma :- If x and y are positive integers then the following two inequalities

1 1 1 1
—_— 2| —4— ...(2
Xy \/g(xz—i_sz @

1 1{1 1
d —_— 2| =+ — ..(3
" X(X+y) \E(xz (x+y)2J )

can not hold simultaneously.

Proof of Lemma :- If possible, let both the inequalities (2) and (3) hold.

Then, we get

\/g xny2 +y2 @)
and V5 x(x +y) = x% +(x +y) ..(5)
Adding (4) and (5) we get

x/g(xz +2xy) = 3x% + 2y2 + 2xy
or (3=/5) x> +2y* =2(=1 +4/5) xy <0

Multiplying by 2, we get
(6-2+/5) x> + 4y* —4(\/5-Dxy < 0

= (\5-1) x=2y)* <0

But a square quantity can not be less than zero i.e.

= (\5-1)x —2y)* =0
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= (\/5-1)x -2y =0

= \/g is a rational number which is not so. Thus (2) and (3) can
not hold simultaneously. Hence the lemma.

Now to prove the theorem, we shall distinguish two cases

Case I &<a+c
+d
Then we get f;—— !
J5b?
a a a 1
But —< = |E——|=E——2 ...(6
5 g ‘& 5 b = J5p2 (6)
a+c a+c a+c 1
Also E< = [E- = -&> (7
b+d b+d | b+d J5(b+4d)?
and E< S :»‘z;—— T ! ®)
J5d?
Adding (6) and (8) we get
Ll 1) e _a_be—ad 1 ..(9)
J5\p? g2) d b bd bd
(® a & < are consecutive
b d
Farey fractions)
Adding (6) and (7) we get
1 {1 1 a+c a b(a+c) a(b+d)
—| =+
Jslb? b+d)? ) “brd b b(b+d)
bc—ad_ 1

- = ...(10)
b(b+d) b(b+d)

But we have already proved that not both of the inequalities

and ! >L L+ !
x(x+y) J51x? x+y)?
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can hold simultaneously. So (9) and (10) violate the above Lemma and so in

this case at least one of E,E, a+c must satisfy (1)
b d b+d
Case 11 arte o £
b+d

Since % <i< % . S0 (6), (8) and (9) also holds in this case

However a+z:1 < &, so0
a+c a+c 1
_ =E_ > (11
‘é brd| > brd V5(brd)? o

Adding (8) and (11) we get

1 i+ 1 < C_atc
Y5 d? (b+d)? )" d b+d
_c(b+d)—d(a+c) bc—ad

d(b+d) d(b+d)
= 1 ...(12)
d(b+d)
Now (9) and (12) violate the condition of the Lemma, so at least one
E,E, atce must satisfy (1) in this case also.
b d b+d

Thus 3 at least one fraction % satisfying (1) and % is either equal to

a ¢ _a+c
— or — or
b d b+d

Since i<§<£, SO
b d

h c a c a+c atc a
E——|<|=——|=||=- + ——
k d b d b+d b+d b
_|c a+c atc a|_ 1 4 1
d b+d b+d b| db+d) b(b+d)

. a ¢ ) .
But (b + d) 2 n +1, since 5 & 1 are consecutive Farey fractions.
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< ! + ! < 2 ®b2>1,d=>1)
din+1) b(n+1) n+1

h
O

Now to establish that (1) is satisfied by infinitely many rationals P suppose

there are only a finite number of E satisfying (1)

Let € = min , where minimum ranges over the finitely many

h
E——

k
rational numbers satisfying (1). Since & is irrational this minimum must be
bigger than zero, i.e. € > 0. Choose a rational number n such that

m+]) > 2.
€

. . h e
For this number n, as shown above 3 a rational number k—l satisfying (1) such
1

that
h
LY P T
kl n+l1
h; . . .
and so — must be different from the finitely many rational number

1
considered above, which is a contradiction and so there must exist infinitely
many rational number h/k satisfying (1)

This proves Hurwitz’s theorem.

Theorem 1.26 Prove that /5 occurring in the statement of Hurwitz’s theorem
is best possible in the sense that if V5 s replaced by any larger real number
say m then 3 an irrational number & such that

1

<
mk?

h
E- (D)

does not hold for infinitely many rational number h/k.

1+\/§
2

Proof :- Take & =

then§>1andgz#=§—\/§
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1+\/§

2

We shall prove that if m is any real number with § = and (1) is

. e . h
satisfied by infinitely many rational numbers e the m </5

So we assume that (1) is satisfied by infinitely many rational numbers %

Now (x-£) (x—&) = (x-€) (x-E+/5) =x"=x -1 (2)
Now for all integers h, k, k>0
h h h? h 1, s
——&||=—t+5|=|—=-——1|>— Ih®* —hk-K*
R A el

Now, since any rational number h/k is not a root of x*—x—1 =0 so |h? — hk -k’
>1

h h
g [p-es

1
Zk—2 ...(3)

Since 3 infinitely many rational numbers m satisfying (1), 3 sequence

h;
{—, i= 1,2,3,..}
k;

of rational numbers satisfying (1)

Then h—i < 12
ki mki
1
or |hi—&ki| < ——
mk

i
But we know

[x—al<e =D a—¢e<x<a+¢

1 1
kk—<h<cki+——
. mk: s k

i mK;

Then for each value of k;, there exists a finite number of h;’s

h.
Since (1) is satisfied by all k—‘ s, 0 k; —o0 as i—>oo.
i

Further Lz <
ki

h;
ke

1

h.
_1_ +\/§
.

31
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+4/5

<hié’;
i

< ! {L_H/EJ

mki2 mki2

h, :
k;

h.
(®@— satisfy (1))
k;
Multiply by mk;
;2 +v5 = m< 5, foralli large enough.

i

= m<
mk

Theorem 1.27 e is irrational

Proof :- By definition

1 1 1
e=1l+—+—+—+.....
12 3
If possible let e be rational and let e = %, b >0 ad g.cd. (a, b) =1. Now
consider |ble— 1+1+i+...+i =
- (FRRT

then o is an integer since, e = a/b is rational

Also by definition of e, o > 0.

1 1
a=|b + +.....
—||b+1 |b+2

1 1
b+1 (b+1)(b+2)

1 1
< + 2
b+l (b+1)

/(b+1) 1
= : _E<1 [@b=1]

b+1

Thus 0 < a0 < 1 is a contradiction since no integer lies between 0 and 1, so e is
irrational.
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Theorem 1.28 T is irrational
Let us first prove the following lemma
x"(1-x)"

|n

Lemma :- Let f(x) =

then £(0), f(1) and £(0), f*(1) are all integers for all i > 0. Also 0 < f(x) <
1/ n whenever xe (0, 1).

Proof of Lemma :- Clearly f(0) = f(1) = 0 (By definition of f(x))

We can rewrite f(X) as

1(2n .
f(x) = —(Z c; xlj

0 lisn

Leti> 1. Now in f’(x), for i < n, we do not have any constant degree term
and so

f90)=0fori<n
Further f(x) is of degree 2n, so
f9(x) = 0 fori>2n

So let n<i<2n

. 2 1
Then Moy= 5 2o

i=n |n

which is an integer since n <1< 2n
f9(0) is an integer for all integers i > 0

Also by definition,  f(x) = f(1-x)
f9(1 is also an integer V i > 0.

Proof of Theorem :- To prove the theorem, it is enough to prove that T is
irrational for if 7° is irrational then Tt can not be rational. If possible, let =

% where g.c.d. (a,b)=1,b >0

Define a function

G(x) = b{r™ f(x) - " ’(x) + T V%) +...+ (=D)" ()}

33
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Then by lemma f"(0) & f™(1) are integers V m > 0, so G(0) and G(1) are
integers. Now consider

di (G’(x) sin T x—7 G(X) cos TtX)
X

= G”(x) sin X + T G’(X) cos Tx, — TG'(x) cos T x + T G(X) sin X

= (G”(x) + ©* G(x)) sin Tx (D)
Now

G”(x) = b" {m*" ’(x) =™ 2 fV(x) + 7 fY(x) +...4 (D) {"P(x))

Also
TG(x) = b {™™* f(x) - 7(x) + T2 fV(x) +...+(=1)" 1 f*(x)}
Adding we get

G”(x) + T G(x) = b" {2 f(x) + (=1)" {*™2(x)}

But f(x) is of degree 2n, so f(2n+2)(x) =0 and so

G'(x) + T’G(x) = T b" f(x) .(2)
But = a
b

= 2 bt = 2" ..(3)

. From (1), (2) and (3) we get
a4 (G’(x) sin mx — T G(X) cos T X)
dx
= a" 7* f(x) sin 7x

1
a"m’ [ f(x) sin x dx

0
= [G'(x) sin tx — TG(X) cos X ]f)
=71G(1) cos T+ 1 G(0) cos O
=-1 (G(0) + G(1))
1
G(0) + G(1) = ma" [ f(x) sin 7tx dx @
0

Now
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sin Ttx is positive in (0, 1) and 0 < f(x) <1/|_n in (0, 1)

So by First mean value theorem of integral calculus, we have

1 n_1
. a'nl .
O<a'm| f(x) sin7x < [sinmx dx
0 I o

an 1
=—/|[-cos X ]
| n

n
=22
|n

n
. > a .
for n large enough since Y. — converges to ¢* and to its nth term must tend
n=0 |1

to zero. But L.H.S. of (4) is an integer and so we get contradiction. .-. 7* must
be irrational.

Fibonacci Sequence

Definition :- A sequence in which first two terms are unity and then each
term is the sum of the two that immediately precede it, is called Fibonacci
sequence. Mathematically, this sequence can be formulated as

uy=uw=1;u,=u,1 +u,» for >3. Some initial terms of this
sequence are

1,1,2,3,58,13,21,.ccccccninnnn....
Lucas Sequence

Definition :- A sequence in which first two terms are 1 and 3 respectively
and then each term is the sum of the two that immediately precede it, is called
Lucas sequence. Mathematically, this sequence may be formulated as :

Li=1,L,=3,L,=L,1+L,»,forn>3
i.e. Lucus sequence is,
1,3,4,7,11,18,29,47,...........
Note 1. Fibonacci numbers are sometimes denoted by F, instead of u, etc.

Note 2. Some authors use the term Fibonacci series and Lucas series in place
of Fibonacci sequence and Lucas sequence. One should not get confused in
two.

Some identities on Fibonacci and Lucas sequences :-

(D U;+U3+Uus+... + Uy = Upy

(H) Uy +uUg+Ug+...+ Uy, = 112n+1—1

35



36

ANALYTICAL NUMBER THEORY

(HI) Li+L,+L3+...+ Ln:Ln+2—3,1’121

adv) Li+Ls+Ls+...+Lypg=Lyn-2,n21

(V) Lo+L4 + Le+...+ Loy =Lon —1,1121

(VD) Lo=up+upg=uy+2u,,n22

(VH) Lo=up2—up2,n23

Proof :- (1) We have

u; =Uu (both are 1)
Also, U3 = Ug—Uy (Ous=u3+uy)
Similarly, Us = Ug — Uy

u7 = ug — Ug

U2p-3 = U2p-2 — U2p—+4
Upp-1 = U2 — U2p—2

Adding all these equations, we get

Uy + U3 + U5 +...+ Uy 1 = Uy, (all other terms cancel)

(IT) We have

w=u
Also, Us = U5 — U3 (®us=uy +u3)
Similarly, Ug = U7 — Us

Ug = Ug — Uy

U2p—2 = U2p-1 — U2p-3

Uop = U2p+1 — U2p-1

Adding all these equation, we get
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Uy +Ug + Ug +...+ Uy, = Upx+ U3 + Uopyq
= u +ug+ug+...+ Uy =1 -2+ Uspt1

=Up41 —1.

(III) We shall prove the result by induction onn. Forn=1,
LHS.=L;=1

and RHS.=15-3=4-3=1

Thus, the identity holds for n = 1.

Let us assume that, the identity holds for n =k i.e.

Li+L,+..+Ly=Lin -3 (*)
Now for n =k + 1, we have

Li+Lo+.. 4+ L + Ly = o3 + Ly [By (%)]
or Li+Lr+...+ L+ Ly =Lk+3—3
or Li+Lr+.. + L+ L = L(k+1)+2—3

Thus, the identity holds for n = k + 1. Hence by Principle of mathematical

induction, the identity holds for all natural numbers n.

(IV) We have

Li=L
Also, L;=Ls—L, OLs=L3+ Ly
Similarly, Ls=L¢—L4

Ly=Ls—Ls

Lon3 =Lon2— Lon4
Lon-1 = Lon — Lon
Adding all these equations we get

L; +L3+L5 +.. .+l =L L+ Ly,
:1—3+L2n
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=L, -2
(V) Wehave 1,=L,
Also, Ly=Ls—Ls (O Ls=Ls+Ly)
Similarly, L¢=L,—Ls
Lg=Ly—-L,

Lono=Lon1 —Lons

Loy = Lons1 — Lont

Adding all these equations, we get

L+ Ls+...+ Lo =0Lr— L3 + Lonsg
=34 + Lops1 = Lons —1.

(VI) we shall prove the identity by induction on n.
Forn=2, L.HS=1,=3

and R H.S.=us+u; =2+1=3

Thus, the identity holds for n =2
Let us assume that the identity holds for all natural numbers k < n

1.€. Lk = ugs1 + upq Vk<n

Now consider,

L,.=L,.i+L,» (by definition)

= (un +u,0) + (un—l + un—3)

(by induction hypothesis for n — 1 and n -2)

= L,= (un + un—l) + (un—l + un—3)

=Up+] + Up1 = (un + un—l) +Up1 =Up+2 Uy
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Hence the identity is established.
(VII) We shall prove the identity by induction on n.
Forn=3,L.H.S.=1L;=4

R.H. S.ZUS_UI:5—1:4

Thus, the identity holds for n =3

Let us assume, that the identity holds for all natural numbers k < n.
1.e. Li=ww—uyo Vk<n

Now, consider,

Ly =Lyt + Lo =(Upe1 —Up3) + (Un — Ups)

(by induction hypothesis, forn — 1, n — 2)

= (Ups1 + Up) — (Up3 + Upg)

=Ups2 — Uy — 2

Hence the identity is established.

Theorem 1.29. Prove that for the Fibonacci sequence,
gcd (uy, upyg) = 1 foreveryn > 1
Proof :- Let, if possible, gcd (uy, ) =d > 1

= dluy, dlup =dI (U —up)

:dluH_l

Again,d lu,, dlu,y = d 1 (u, —upg)

= d | Un_z

Continuing like this, we can show that

d luy-3,dlupy,... and finally d | u,

But u; = 1 which is certainly not divisible by any d > 1.

39



40

ANALYTICAL NUMBER THEORY

Thus d = 1 and the proof is completed.

Lemma :- Prove that
Um+n = Um—1 Up + Uy Upy
..(D)
Proof :- For fixed m, we shall prove the result (1) by induction on n.
Forn =1, (1) becomes, U1 = Uy Ug + Uy Up
=Up-1 + Up Oui=uw=1)

which is true by definition and the result is true for n = 1. Let us assume that
result is true forn =1, 2,..., k and now we shall prove it forn =k + 1.

By induction hypothesis, we have
Um+k = Um—1 Uk + Uy Uk
and U +(k-1) = Um—] Uk—1 + Up Ug
Adding these two, we get.
Um+k + U + (k-1) = Um—1 (U + Uk-1) + U (Uke1 + Ug)
= Um—1 Uk+1 + Ump Uk42
So that the result holds forn=k + 1

Hence by induction principle the result is true for all the integers n. Now by
changing m and by the above discussion, we conclude that the result (1) holds
for all positive integers m and n.

Remark 1. If b | ¢, then ged (a +c, b) = ged (a, b)
Remark 2. If gcd (a, ¢) = 1, then ged (a, b ¢) = ged (a, b)
Theorem 1.30 Prove that for m > 1, n > 1, uy, is divisible by uy,.

Proof :- We shall prove the result by induction on n. The result is trivial for n
= 1. Let us assume, that the result is true forn = 1, 2,..., k i.e. uy, 1s divisible
by up, for n=1,2,...k. Now we shall prove that upm1 is divisible by up,.

We have,

Um (k+1) = Umk+m = Umk—1 Um + Umk Um+1 .1

Now, by induction hypothesis, uyy is divisible by uy,, so that R.H.S. of (1) and
hence L.H.S. of (1) is divisible by up, i.e. Unx+1) 1 divisible by uy,. The proof
is thus completed using principle of mathematical induction.

Lemma :- If m = gqn+r, then prove that
ged (U, u,) = ged (uy, uy)
Proof :- We have

ng(um, un) = ng (uqn+r, un)
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= ng(uqn—l ur + uqn Uy, un)

..(1)
Now by above theorem u, | ugn = un | ugn U1,
so that by remark 1 stated above, we have
gcd(ugn-1 Ur + Ugn Urs1, Un) = gcd(Ugn-1 Uy, Up)
So that (1) becomes :

ng (U, Up) = ng (uqn—l Uy, Uy)

..(2)
Now, we claim that,
ged(ugn-1, up) =1.
Let gcd (ugn-1, un) =d = dlug,— and d | u,

Now, d | u, and u, lugn = d I ugy, 1.e. d is a common divisor of two successive
Fibonacci numbers namely, ug, and ug,-; but successive Fibonacci number are
coprime. So d = 1, the claim is thus completed. Hence using remark (2) stated
above, we have

ged(ugn-1 Uy, uy) = ged (uy, uy)
So that (2) becomes :

gcd(up, u,) = ged (uy, u,) and proof is completed.
Theorem 1.31 The greatest common divisor of two Fibonacci numbers is
again a Fibonacci number. More specifically,

gcd(uy, up) =ug where d = ged(m, n)

Proof :- W.L.O.G let us assume that m = n. Applying the division algorithm
to m and n, we get the following system of equations.

m=qn+r1 O<r;<n
n=qyr;+n O<nmn<r
IrN=qs1r+13 O<r3<n
rn—2=qn I'n—1 +rn O<1‘n<1‘n_1

In-1 =(Qn+1 In + 0
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Now, by above lemma, we have

ged(um, uy) = ged (u, ,u,) =ged(u, ,u,,)

...,=gcd(urn_l,urn) (D)

Now from the last equation of above system, we have
Iy | 1oy i.€. 14— 1S an integral multiple of r, and hence u, is

divisible by u (we have proved the theorem that uy,, is divisible by u,, V m
>1,n=1)

Hence ged(u, ,,u, ) =u,

So that (1) implies that gcd(uy, u,) = u. ..(2)

But it should be noted that in above system of equations 1, is the last non zero
remainder in the division algorithm for m and n so that

gcd(m, n) =1,

Hence (2) provides that gcd(um, Un) = Uged(m, n)
This completes the proof.

Corollary (1) :- Prove that if gcd(m, n) = 1, then gcd (uy, uy) = 1
Proof :- Taking d = 1 in the above theorem and noting that

u; = 1, we get the result.
Corollary (2) :- In the Fibonacci sequence, uy, | u, if and only if m | n.

Proof :- Firstly, let m | n, then n = mk for any integers k. But we know that

Conversely, let uy, | u, then ged(up, u,) = uy,. But by above theorem, ged(uy,
un) = Ugcd(m, n)

= gcd(m,n)=m = m | n.

Theorem 1.32 Prove that every positive integer can be represented as a finite
sum of Fibonacci numbers, none used more than once. Or Prove that every
positive integer can be written as a sum of distinct Fibonacci numbers.

Proof :- Clearly, we have

l=u;;2=u3;3=1+2=u; +u;setc.



PRIMES IN CERTAIN ARITHMETICAL PROGRESSIONS AND SYSTEM OF CONGRUENCES

To prove the result for every natural number, we shall show that each of the
integers 1, 2, 3,..., u, —1 is a sum of numbers from the set {uy, uy,..., u,—2} and
we shall prove this by induction on n.

Let us assume that the result holds for n = k i.e. each of the integers 1,
2, 3,..., Ux_ is a sum of numbers from the set {u;, us... ux>} Now choose N
such that

Ur—1 <N < ugyg

From this, we have N — ux_; < Ugs1 — Ugq = Uk

= N —ug <ug

= N—uk_lﬁuk—l

So by induction hypothesis N — uy_; is representable as a sum of distinct
numbers from the set {uj, uy,..., ux»}. This implies that N is representable as
a sum of distinct numbers from the set {uy, up,..., ux»}. This implies that N
is representable as a sum of distinct numbers from the set {uj, uy,..., Uk,
ux_1}. Consequently each of the integers 1, 2, 3,... ux; —1 can be expressed
as a sum of numbers from the set {uy, uy, ..., Uk, Ux—1}. This completes the
induction step and hence the theorem.

System of Linear Congruences

Definition :- Let m be a fixed positive integer. Two integers a and b are said
to be congruent modulo m denoted by a =b (mod m) if m divides a—b i.e. a —
b = km for some integer k.

Theorem 1.33 Let a, b, ¢, d, m be integers (m > 0), then
1) If a=b (mod m), b =c(mod m), then a = c(mod m)
(i1) If a=b (mod m), c =d(mod m), thena+c=Db + d (mod m)
@i1i) Ifa=b (mod m), ¢ = d(mod m), then ac = bd (mod m)
@iv) Ifa=b(mod m),d | m (d > 0), thena=b (mod d)
v) If a =b(mod m), then ac = bc(mod cm), ¢ >0
Proof :- (i) Given that a =b(mod m) = m | (a—b)

b=c (mod m) = m/ (b—c)
= m | [(a—b) + (b—c)] = m | (a—c)

= a=c(mod m)
(i1) a=b(mod m) = m | (a—b)
c=d(modm) = ml(c—d)

= m | [(a=b) + (c—d)] = m | [(a+c) — (b+d)]
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= (a+c)=(b+d) (modm)
(iii) a=b(modm) = m |l (a-b)

c=d(mod m) = m | (c-d)

= a—b =mk and c—d = mk” for some integers k, k’
= a=b+mkandc=d+mk’
Multiplying these two,

ac = bd + bm k' + dmk + m” kk’

ac = bd + m(bk” + dk + mkk”)

ac — bd = mk” where k”” = bk” + dk + mkk” is an integer.
m | (ac — bd)

ac = bd(mod m)

uu Ul

(iv) a=b(mod m) = m | (a—b)

Alsod|Imand m | (a—b) = d | (a—b)

Hence a = b(mod d)

V) a = b(mod m)

= m | (a—b) = mc | (a—b) ¢ = mc | (ac—bc)
= ac = bc(mod mc)

Theorem 1.34 Let f(x) be a polynomial with integral coefficients and a = b
(mod m), then

f(a) = f(b) (mod m)

Proof :- Let f(x) = ag X" + a; X" +...+ a,x, where a, aj,..., a, are integers.
Since a=b(mod m), so we must have ..(D)

a’ = b*(mod m) (2

a’ = b’(mod m) ...(3)

Multiplying equation (1) by a,_, (2) by a,,..., (n) by ap we get
a, 1 a = a,_; b(mod m)

Ao a’= Ao bz(mod m)
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an3 & = a,3 b (mod m) ()

apa" =ag b" (mod m)
Also, we know that
a, = a,(mod m)
Adding this with all the congruences in (*), we get
an+aa+..+aga" =a,+a,1 b+...+ayb" (mod m)
= f(a) = f(b) (mod m)
Theorem 1.35 Prove that

()  ax=ay(modm) « x=ymod (LJ
gcd(a, m)

(i) If ax = ay(mod m) and (a, m) = 1 then x =y (mod m)
(i) x=y(mod m;) fori=1,2,..., riff, x =y(mod [m;, my,..., m])
where [m], my,..., m,] denotes the A cm of m;, my,..., m,.
Proof :- (i) Given that, ax = ay (mod m) = m | (ax—ay)
= ax — ay = mz for some integer z
a
” gedam Y T geda m)”
So that, we get that

m

ccd(a.m) (x-y) (1)

gcd(a, m)

m
But we know that, gcd , =1
gcd(a,m) ged(a,m)

. (1) implies that,

gcd(a, m)
(a,b)=1thenalc)

m
= x=ymod| ———
gcd(a, m)

| (x—-vy) (Using the result that if a | bc and
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m
Conversely, let x = y| mod —————
gcd(a, m)
T |(x-y)
= — | (x-
gcd(a, m) Y
= m | gcd(a, m) (x—y)
= m | a(x—y) (O gcd(a, m) | a)
= ax = ay(mod m)

(i1) This is a special case of part (i), by taking gcd(a, m) = 1, we get the result
(iii) Let x = y(mod my) fori=1, 2,...,r
= m;l (x-y) fori=1,2,...,r

i.e., Xx=y is a common multiple of m;, my,..., m; but [m;, my,..., m,] is least
common multiple of m;, my,.., m; so by definition of Acm, [m;, my,..., m,] is a
divisor of (x—y)

1.e. x = y(mod [m;, my,..., m;])
Conversely, let x =y (mod [my, my,..., m;])
Now m;l[my, my,..., m;]

So X = y(mod my;)

This completes the proof.

Definition :- (Complete Residue System)

A set {aj, ap,..., an} of integers is said to be complete residue system
mod m if

) a; # aj(mod m) fori#j
(i1) For each integer n, there exists a unique a; such that n = a; (mod m)
For example,

The set {1, 2,..., m—1, m} is a complete residue system mod m.
Definition :- (Reduced Residue System)

A set {by, by,..., by} of integers is said to be reduced residue system
mod m if

(1) (bi’m)=l,i=l,2,...,k
(i)  b; # bj(mod m) fori#j

(ii1)  If n is any integer which is coprime to m, then there exists a unique b;
such that n = b;(mod m)
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Remark :- It is clear from the two definitions that a reduced residue system
mod m can be obtained by deleting those members from a complete residue
system mod m which are not relatively prime to m.

Theorem 1.36 Let {r, 15,..., r,} be a complete (or reduced) residue system
mod m and let (a, m) = 1 then (ar;, ary,..., ar,} is a complete (or reduced)
residue system mod m.

Proof :- If (r;, m) = 1, then (ar;, m) = 1

Clearly, the number of ary, ar,..., ar, and of r; 1,..., 1y is same. Thus, we
need only to show that ar; # ar; (mod m) if 1 #j.

Let, if possible, ar; = arj (mod m), 1 #j
then ri=rj(modm),i#] ®@m)=1)

a contradiction, since {ry, 12,..., I} is a complete (or reduced) residue system.
This completes the proof

Remark :- In the case of complete residue system, we also have the following
result.

Let {ry, 12,..., 1y} be a complete residue system mod m and let (a, m) =
1, then for any integer b, the set {ar; + b, ar, +b,..., ar,+b} is also a completes
residue system. This result does not hold in case of reduced residue system.

Definition :- (Euler’s ¢-Function)
Let m be any positive integer, then Euler’s ¢ function is defined as :
0(1)=1and

¢0(m) = number of natural number less than m which are relatively
prime to m.

For example,
d2)=1,9(3) =2, ®(4) =2, ¢(10) = 4 etc.

Remark :- From the definitions of Euler’s ¢-function and reduced residue
system, it is clear that reduced residue system mod m contains always ¢(m)
elements.

Theorem 1.37 (Euler’s theorem) Prove that if (a, m) =1
then a®™ =1 (mod m)

Proof :- Let 1y, 1y,..., Tom) be reduced residue system mod m. Since (a, m) =
1. So ary, ary,..., argm) s also a reduced residue system mod m. Hence, by
definition, corresponding to each ri, there is one and only one ar; such that

r; = arj(mod m)

Further, different r; will have different corresponding arj. This implies that the
numbers ary, ary,..., arym) are just the residue modulo m of ry, 1,..., Tom) but
not necessarily in the same order. Thus multiplying these, we obtain :
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¢(m) ¢(m)
IT (arp=1]I ri(modm)
=1 i=1

This implies that

oy W om
a [T r=1]] rj(modm)
j=1 j=1
Now (1j, m) = 1, so cancelling 1, we get
a®™ =1 (mod m)
This completes the proof.

Corollary (Fermat’s theorem) :- Let p be a prime such that p/ a, then prove
that,

a’' = 1(mod p)

Proof :- Since p is prime, so every natural number less than p is coprime to p
so that ¢(p) =p—1. Now given that pis prime andpl a = (p,a) =1

Hence by Euler’s theorem,

a’® = 1(mod p)
= a’' =1 (mod p)
This completes the proof

Remark :- Some time Fermat’s theorem is stated as “Let p be a prime such
that p/ a, then a’ = a (mod p)” which is a trivial conclusion of above.

Theorem 1.38 If (a, m) = 1, then there is an x such that

ax = 1 (mod m) and conversely. Further this X is unique upto congruence i.e.
any two such x are congruent (mod m).

Proof :- If (a, m) = 1, then there exists x and y such that
ax+my=1 = ml(ax-1) = ax = 1(mod m)

Conversely, let ax = 1(mod m), the there is a y such that ax + my = 1 so that
(a,m)=1

Now let ax; = 1(mod m) and ax; = 1(mod m)
= ax; = axp(mod m)
But (a, m) = 1, so it follows that
X1 = Xp(mod m)
This completes the proof.

Theorem 1.39 (The Chinese Remainder Theorem). Let m;, mj,..., m;,
denote r positive integers that are relatively prime in pairs i.e. (m;, m;j) = 1,1 #
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j and let aj, ap,..., a, denote any r integers. Consider the following
congruences :

X =a; (mod my)

X = ax(mod my)

x = a/(mod m,)

then the congruences in (*) have a common solution. Further if X and x; are
two common solutions then x¢ = x;(mod m) where m = m; m,...m, or we can
say that if xo and x; are two common solutions, then x; = Xo + km for some
integer k.

Proof :-Let m=m; my...m;,
m

m
then clearly, —is an integer and | —, m il= 1
m,; m,;

m
Also, we observe that —is divisible by m; for i # j

m;
. m . .
Now, since | —,m; |= 1. So by last theorem, for each j there exists an
m.
]
integer b;
m
such that —Db; = I(mod m;)
m;
m
= — b a; = aj(mod m;) (D)
m.

J

m
Also, since — is divisibly by m; (i # j), so we must have

m;

m
— |b; =0 (mod m;) fori#j ..(2)
m;

r m
Now, Put xg = Y. —bjaj
ER

m m m
=—>bjaj+ —b,a, +..+—Dbra
m

my m, r

then clearly we must have
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m
Xo = — by a;(mod m,) ...(3)
m,

(® all other terms of x( are
divisible by m; by (2)

Putting j =1 in (1),
m

—Db; a; =a;(mod my) @

m,
Combining (3) and (4), we get that

X0 = aj(mod my) i.e. X is the solution of first congruence in ()
Again, we must have

m
X9 = — b, ax(mod my) ...(5

m,

(® all other terms of Xy ax
divisible by m; by (2))

Putting j =2 in (1) and combining with (5), we get
X0 = ap(mod my) i.e. X is the solution of second congruence in ()
Continuing like this, we obtain that
Xo = aj(mod my;) fori=1, 2,.., .

So that x( is common solution of congruences in (*). Now, let Xy and x; be
two solutions of congruences in (), then,

Xo = aj(mod m;) fori=1,2,...,r
and X1 = aj(mod m;) fori=1,2,...,r
combining, X = x;(mod my;)
= m; | (Xo—X1), mp | (Xg—X1),..., m; | (Xg—X1)

But (m;, mj) =1 fori#j so

m; mp...m;| (Xo— X1) [®@Ifalc,blcand(a,b)
=1thenablc]
= m | (Xg—X1)
= Xo = X1(mod m)

This completes the proof.
Remark :- Converse of Fermat’s theorem need not be true.

The converse of Fermat’s theorem is not true i.e. if m a and a}y_l =1(mod m),
the m is not necessarily a prime.
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For example, let m = 561 = 3.11.17 so m is not a prime. Now, let a be any
integer such that ged (a, 561) = 1

= ged (a,3) =1, ged(a, 11) =1, ged(a, 13) =1
1.e. 3,{’ a. 11,{’ a. 13,{’ a, so by Fermat’s theorem,

a” = 1(mod 3) ©6¢(3)=2)
N (az)zso — 250 = (mod 3)
Similarly, a' = 1(mod 11) (© ¢(11) = 10)
= 2 =1 (mod 11)
and a'®=1 (mod 17)
= 2 =1 (mod 17)

using Chinese Remainder Theorem
A’ =1 (mod 561)

Thus, the converse of Fermat’s theorem is not true. In this regard, we prove
the following theorem.

Theorem 1.40 For every odd a > 1, there exists infinitely many composite m
satisfying,
a™ ' =1 (mod m)

Proof :- Let a > 1 be given odd number, choose an odd prime which does not
divide a(a®~1) [we note that there are many such primes]
a’® -1  aP-1alP+1

Take, m= — )
a’ -1 a—1 a+1

So that m is clearly composite.

a’? —1 a’ —a?
Now, m—1 = 5 —1= .

a“ -1 a“ -1
=X (a>~1) (m=1) = a®® —a’ = a(@” '-1) (@” + a)

...(1)

Since a and a® are both odd so a? + a is even.
Also, pl (ap_l—l) (by Fermat’s theorem)
and a’—11 (" '-1) (®p— 1 is even)

Further, by choice of p, ged (p, a>=1) = 1
—p@-1D)I@"'-1) =2p@-1) 1@ "'-1) @ +a) (@ a” + a is even)

= 2p (a’~1) | (a’~1) (m~1) [By (1)]
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= 2p | (m—1) = 3 an integer W such that m =1 + 2p n. Now from (1),
we have

a® = (a>=1) (m=1) + a*

= (az—l)m — (a2—1) +a’

=1 (mod m)
= a®™ =1 (mod m)
= a™ =1 (mod m)

This is true for every choice of p and hence theorem is proved.

Remark :- The following theorem gives the correct converse of Fermat
theorem., and is known as “Limited Converse of Fermat theorem”, or
“Modified Converse of Fermat theorem”. But before that, we make a
definition.

Definition (order of a mod m)

Let m > 2 be an integer and let (a, m) = 1, then by Euler’s theorem we have
a®™ =1 (mod m).

Now, let S = {neN, a" = 1(mod m)}, then S # ¢, since ¢(m) €S. So by Law
of well ordering S has a smallest element, say d. Then we say d is the order of

a mod m and we write ord} = d.
Theorem 1.41 (Limit converse or Modified converse of Fermat theorem)

Ifm>2,a"" =1 (mod m) and a* # 1 (mod m) for any proper divisor x of
m—1, then m is prime.

Proof :- Since 2™ ' = I(mod m) = (a, m) = 1
Now, let ord% =d, then d | (m—1) and al= I(mod m). But no proper divisor x
of m—1 satisfies a* = 1(mod m) = d=m -1
Also, by Euler theorem, %™ =1 (mod m)
= dl¢(m) = (m—1) [ ¢(m) = m-1 < ¢p(m)
Also for m > 2, ¢(m) <m-1
= 0(m) =m—1 = mis a prime.
Here, we give some examples based on Chinese Remainder Theorem
Example :- Find the least positive integer x such that
x=5(mod 7), x =7(mod 11), x =3 (mod 13)
Solution :- We have by comparing with Chinese remainder theorem
aj=5a=7a=3

m1:7,m2:11,m3:13
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Clearly m;, my, mj3 are pairwise coprime and
m=7.11.13=1001
Now, we find the values of by, by, bs using

m
—Db; = I(mod m;)
m;

m
Forj=1, —Db; = 1(mod m;)
m,

1001
= by = 1(mod 7)
= 143 by = 1(mod 7)

= 3b; = 1(mod 7)

which gives b; =5
m
Forj=2, — b, = 1(mod mjy)
m,
= 91 b, =1(mod 11)
= 3by,=1(mod 11)
which gives by =4

m
Forj=3, ——bs = I(mod mj3)
mj
= 77 b3 = 1(mod 13)
= —b3=1 (mod 13)

which gives bz = 12
Hence the common solution is
m m m
Xo= —Db,a; +—Db,a, +— bz as
m, m, m;
=143.5.5+91.4.7+77.12.3 = 8895
If x is another solution of given system of congruences then we must have :

x = 8895(mod 1001)
Also 8895 = 887(mod 1001)

This gives x = 887 (mod 1001)
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Hence the required solution is 887.

Remark :- 1. In the Chinese Remainder Theorem, the hypothesis that m;’s
should be pairwise coprime is absolutely essential. When this hypothesis
fails, the existence of a solution x of the simultaneous system is no longer
guaranteed. Further if such an x does exist, then it is unique modulo [mj,

ma,..., m;] and not modulo m, where [m;, ms,..., m;] denotes the Acm of m;,
my,..., m; 2. In case of no solution of given system, we call the system is
inconsistent.

Example :- Show that there is no x for which both
x =29(mod 52) and x = 19(mod 72) hold simultaneously.
Solution :- We have that, 52 = Acm [13, 4]

Thus the congruence x = 29(mod 52) is equivalent to the simultaneous
congruences,

x =29(mod 4) and x = 29(mod 13)
which reduces to : x = 1(mod 4) and x = 3 (mod 13)
Also, we have that, 72 = Acm [9, 8]
Thus the congruence x = 19 (mod 72) is equivalent to
x = 19(mod 9) and x = 19(mod 8)

By the Chinese Remainder theorem, we know that the constraints (mod 13)
and (mod 9) are independent of those (mod 8), since 8, 9, 13 are pairwise
coprime. We observe that there is no x for which both x = I1(mod 4) and x =
3(mod 8) holds. Thus the given system is inconsistent.

Example :- Determine whether the system
x =3 (mod 10), x = 8(mod 15), x = 5(mod 84)
has a solution and find the solution if exists.
Solution :- We have that the congruence, x = 3 (mod 10) is equivalent to
x =3(mod 5) and x = 3 (mod 2)
which give  x =3 (mod 5) and x = I(mod 2) (D
Again, the congruence, x = 8(mod 15) is equivalent to
x =8 (mod 5) and x = 8(mod 3)
which give :  x =3(mod 5) and x = 2(mod 3) ...(2)
Also we have that the congreunce x =5 (mod 84) is equivalent to
x=5(mod4),x =5 (mod 3), x=5(mod 7)
which give  x =1(mod 4), x =2(mod 3), x =5 (mod 7) ...(3)
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Thus, the given system is equivalent to a system of seven congruences given
by (1), (2) and (3).

Now, we observe that the congruence x = 1 (mod 2) in (1) and the
congruence X = 1(mod 4) in (3) are consistent but the second one implies the
first so that the first one may be dropped. Further, we see that the congruence
x = 3 (mod 5) is common in (1) and (2) and the congruence x = 2 (mod 3) is
common in (2) and (3) so we take them once

Hence, we conclude that the system of seven congruences reduces to system
of four congruences given by

x =1 (mod 4), x =2(mod 3)
x =3(mod 5), x=5(mod 7) (%)

Since the moduli 3, 4, 5, 7 are pairwise coprime so by Chinese Remainder
theorem the given system is consistent. The solution is calculated as follows :

From (*), we have ai=1, aa=2,a3=3, a4 =5
m=4m=3m3=5mu=7

Som=4.3.5.7=420

Now, we find the values of by, b,, bz, bs as under.

m
We know that — b; = 1(mod m;)
m.

j

m

= —b;=1(mod m;) = 105b,=1 (mod 4)
m,

or b; =1 (mod 4)

which gives b; =5
m
Again —b; =1 (mod mp) = 140 b, =1 (mod 3)
m,
= 2by=1 (mod 3)
which gives, b, =2
Similarly we find b3 =4, by =2
Hence the solution is
m m m m
Xo= —Db,a; +—Db,a, +—Dbja; +— bsas
m, m, m; m,
=105.5.1 + 140.2.2 + 84.4.3 + 60.2.5 = 2693
Let x be the another solution then

X = 2693 (mod 420)
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which gives x = 173
This completes the solution.
Congruences with prime power moduli

Theorem 1.42 Let f be a polynomial with integer coefficients, let m;, my,...,
m, be positive integers relatively prime in pairs, and let m = m;ms...m;.

Then the congruence

f(x) =0 (mod m) (D
has a solution if, and only if, each of the congruences
f(x) = 0 (mod m;) i=1,2,..,1 ...(2)

has a solution. Moreover, if v(m) and v(m;) denote the number of solutions of
(1) and (2), respectively, then

v(m) = v(m;) v(imy)...v(m,). ...(3)

Proof :- If f(a) = 0 (mod m) then f(a) = 0 (mod m;) for each i. Hence every
solution of (1) is also a solution of (2).

Conversely, let a; be a solution of (2). Then by the Chinese remainder
theorem there exists an integer a such that

a=a; (mod my) fori=1,2,...,r @
SO
f(a) = f(a;)) = 0 (mod my).

Since the moduli are relatively prime in pairs we also have f(a) = 0 (mod m).
Therefore if each of the congruences in (2) gives rise to a unique integer a
mod m satisfying (4). As each a; runs through the v(m;) solutions of (2) the
number of integers a which satisfy (4) and hence (2) is v(m;)...v(m;). This
proves the theorem.

Theorem 1.42 shows that the problem of solving a polynomial congruence
f(x) = O(mod m)

can be reduced to that of solving a system of congruences
f(x) = 0 (mod p{") i=1,2,..,1),

where m = p;’..pY". Now we show that the problem can be further reduced

to congruences with prime moduli plus a set of linear congruences.

Let f be a polynomial with integer coefficients, and suppose that for some
prime p and some o > 2 the congruence

f(x) = 0O(mod p%) .1

has a solution, say x = a, where a is chosen so that it lies in the interval
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0<a<p”

This solution also satisfies each of the congruences f(x) = 0 (mod pB) for each
B < . In particular, a satisfies the congruence

f(x) = 0 (mod p* ™). (2
Now divide a by p* ' and write
a=qp®' +r1, where 0 <r<p® . ...(3)

The remainder r determined by (3) is said to be generated by a. Sincer =a
(mod p“_l) the number r is also a solution of (2). In other words, every

solution a of congruence (1) in the interval 0 < a < p* generates a solution r of
congruence (2) in the interval 0 <r < p®".

Now suppose we start with a solution r of (2) in the interval 0 < r < p* ' and
ask whether there is a solution a of (1) in the interval 0 < a < p* which
generates r. If so, we say that r can be lifted from p®' to p*. The next
theorem shows that the possibility of r being lifted depends on f(r) mod p® on
the derivative f ’(r) mod p.

Theorem 1.43 Assume o = 2 and let r be a solution of the congruence
f(x) = 0 (mod p*™") NG
lying in the interval 0 <t < p*".

(a) Assume f'(r) # 0 (mod p). Then r can be lifted in a unique way from p°‘_1

to p*. That is, there is a unique a in the interval 0 < a < p* which generates r
and which satisfies the congruence

f(x) = 0 (mod p*). ...(5)
(b) Assume f'(r) =0 (mod p). Then we have two possibilities :
If f(r) = 0 (mod p®), r can be lifted from p*' to p* in p distinct ways.
If f(r) # 0 (mod p®), r cannot be lifted from p*' to p°.
Proof :- If n is the degree of f we have the identity (Taylor’s formula)
f (x) £ (x)
+
21

n!

f(x + h) = f(x) + f'(x)h + h? +

h" ...(6)

for every x and h. We note that each polynomial f*(x)/k ! has integer
coefficients. Now take X =r in (6), where r is a solution of (4) in the interval O
<r<p*’, and let h = qp*' where q is an integer to be specified presently.
Since o = 2 the terms in (6) involving h? and higher powers of h are integer
multiples of p*. Therefore (6) gives us the congruence

f(r + qp*™") = f(r) + f'(r) gp® " (mod p®).
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Since r satisfies (4) we can write f(r) = kpo‘_1 for some integer k, and the last
congruence becomes

fr +qp™™) = {qf (1) + k}p*~' (mod p%).
Now let

a=r+qp* . ..(D

Then a satisfies congruence (5) if, and only if, q satisfies the linear
congruence

gf’ (r) + k=0 (mod p). ...(8)

If £ “(r) # 0 (mod p) this congruence has a unique solution q mod p, and if we
choose q in the interval 0 < q < p then the number a given by (7) will satisfy
(5) and will lie in the interval 0 < a < p*.

On the other hand, if f "(r) = 0 (mod p) then (8) has a solution q if, and only if,
plk, that is, if and only if f(r) = 0 (mod p%). If p! k there is no choice of q to
make a satisfy (5). But if p | k then the p values q =0, 1..., p— 1 give p
solutions a of (5) which generate r and lie in the interval 0 < a < p*. This
completes the proof.
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Unit-2

Quadratic Residues and Non-Residues

Definition :- Let p be an odd prime and let (a, p) = 1. Then a is said to be a

quadratic residue (mod p) if 3 an integer x such that

x*=a (mod p)
otherwise we say that a is a quadratic non-residue (mod p).

Remark :- If a is a quadratic residue (mod p) 3 x (I £ x <p—1) such that x> =
a(mod p)

Definition :- (Legendre symbol)

The Legendre Symbol denoted by (i], where (a, p) = 1 is defined as
p

(i] = 1 if a is a quadratic residue (mod p) and
p

(i] =—1, if a is a quadratic non-residue (mod p).
p

Remark :- If a=b (mod p), clearly (3) = (E) provided (a, b) =1
p p

Theorem 2.1 Let p be an odd prime and let gcd (a, p) = 1 then

Lo
Ip—1= —(E}az (mod p)
p

Proof :- Let S = {1, 2,..., p—1} is a reduced set of residues (mod p).
Consider any x such that
1 <x <p-1 then
xS = {x, 2x,..., (p—1)x}
is also a reduced set of residues (mod p)
So there exists y in S such that xy = a (mod p)

Now distinguish two cases
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Casel :- [EJ =1 then 3 x such that 1 < x < p—1 such that

p
x> = a (mod p)
Let us find out all the solutions of the quadratic congruence

X’=a (mod p)
...(D
Then (I) has at least one solution X = x. We know two solutions X;

and x; are said to be same if x; = x, (mod p). Let x; & x; be two solutions of
(I) then

x>=a (mod p)

and x2” = a (mod p)

= X12 = xz2 (mod p)

= p divides (x 12 — xzz)

= pl(x1+x2) (X1 —x2)

Then pl(x;+x2) orpl(X1—Xp) (® pisaprime)
= either x; + x, =0 (mod p)

or x; — X2 =0 (mod p)

Further X2 = —X| = p—X; (mod p)

or X2 = X1 (mod p)

Thus x and p—x are two solutions of (1) (mod p) since x is a solutions
of (1) (mod p)

Further X #p—X
| ® pisodd

So (I) has exactly two solutions (mod p)
Let us take y; in S such that y; # x & y; # (p—x)

Now consider the set y; S. Then y; S is also a reduced residue system
(mod p). So Iy, in S such that

y1 Y2 = a(mod p)

and further y; # y, since otherwise y; will also be a solution of (1). Thus for
p —

y1 # X, Y1 # p—X, the remaining (p—3) elements in S can be divided into
pairs (yi, y2) such that

y1 Y2 = a(mod p)
So
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1.2.3......... (p—1) = x. (p—x) (y1, y2)

p3
=—x’ a 2 (mod p)

D )
=—a (mod p) (® x” = a(mod p))

_@ 2 (modp (G @ ﬂj

Case 11 (3] =-1
p

Then the congruence (1) has no solutions. So if we take y,€ S, we know 3y,

€ S such that
y1 Y2 =a(mod p) amd y; #y»

Thus we divide S into (p—1)/2 pairs (yj, y2) such that y; y, = a(mod p)

pl a) P!
|(p—1) =a? (modp) = —(—Ja > (mod p) ( (EJ = —1]
p p

Thus theorem is proved completely.
Wilson’s Theorem

Theorem 2.2 If p is any prime, then |p—1 =—1(mod p)

Proof :- If p = 2 or p = 3; theorem is clearly true.

So let p > 5. Taking a = 1 in the last theorem we note (lJ =1 for all
p

prime p.
Then we get
|p—1=-1(modp)

Converse of Wilson’s Theorem :- The converse of Wilson’s theorem is also
true. Given that |n —1=-1 (mod n), they must be a prime.

Proof :- If possible, suppose n is not a prime. Then there exists a divisor d of
n such that

l<d<n, then dl|n-1
In—1 =0 (mod d)
On the other hand
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|In—1 =—-1 (mod n)

= In—1 =-1 (mod d)

= —1 =0 (mod d) = d |1 which contradicts that d>1.
So n must be a prime number.

Theorem 2.3 (Euler’s Criterion) :- Let p be an odd prime and let gcd (a, p) =

1. Then

1

—(p-D

(Ej =a? (mod p).
p

Proof :- We know

1
—(p-D
p-1l= —(EjaZ (mod p)

p
We also know | (p—1) =—1 (mod p)
1
—(p-D
= -1 s—(i)az (mod p)
P

Multiplying by (i] we get
p

2 1 1
(- 5(P-D
(EJ = (EJ a? =a? (mod p)
P P

Theorem 2.4 —1 is a quad reside of primes of the form 4k + 1 & a quad non-
residue of primes of the form 4 k + 3.

Proof :- By Euler’s Criterion

1
(__lj = 12" (mod p)
p

H—lj 1(pl)}
= pl|| = |-c»?
p

The value of the quantity in brackets is either 0 or —2. But p is an odd prime
and it divides the quantity in brackets, so we must have

1
(_ 1 J_(_N(p—l) 0
p
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4K
When p = 4k+1, (— lj =(-)2 =(-n* =1
p

and when p = 4k + 3,
{ 4k+2
(——j =(-) 2 =(D*"=-1
P

Theorem 2.5 Let a & b be integers such that gcd (ab, p) =1, then

360

Proof :- By Euler’s criterian,

ab %(p—l) %(p—l) %(b—l)
? = (ab) =a b (mod p) (D)

But gcd (ab,p)=1 = pl(ab)
= blaandplb.

= gcd(a,p)=1=gecd(b, p)

By Euler’s criterion,

(EJ =a'?*™ (mod p) -.(2)
p
( b] o1
and —|=b2  (modp) ...(3)
p

From (2), (3), we get

(2]
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= p | = | =] —
P AP p

= (&] = (3] (E) ( ® pis an odd prime)
p pP/\P

Corollary :- The product of two quadratic residues (mod p) or two quadratic
non-residues (mod p) is a quadratic residues (mod p) where as the product of a
quadratic residue (mod p) and a quadratic non-residue (mod p) is quadratic
non-residue (mod p)

Theorem 2.6 Let p be an odd prime and let p does not divide product ab

2
where a & b are integers. Then [&J = (i]
p p

Proof :- Sinceplab=bla&plb

= plbz,

ML

o |

o |

[@(+1) =1

Theorem 2.7 Given any odd prime p, there are %(p—l)quadraﬁc residue &
%(p—l) quadratic non-residues.

Proof :- Let a be any quadratic residue then 3 x (1 < x < p—1) such that

x*=a (mod p)
But x> = (p—x)2 (mod p)
Therefore 1% = (p—1)* (mod p)

2% = (p-2)* (mod p)
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p—-1 2 p—1 2 p+1 2( dp)
— | =|lp—| =|— | (mo
2 P 2 2 P
Thus there are a maximum of pT—l quadratic residue (mod p)

Butfor1s1,jsp;1,i¢j

£ % (mod p)
since if i* = (mod p) = p | (i* —j°)
= p 1 (+)i=)) = pl(+)) orpl(-j)
which is not possible under the given condition. So there are exactly % (p—-1)

quadratic residues.

p-1

The remaining numbers must be quadratic non—residues

Theorem 2.8 Given any prime p of the for 4k+1, 3 x and on integers m such
that
1+x2=mpwhere I<m<p

Proof :- Since —1 is a quadratic residue of primes of the form 4k+1, 3 x such
that

x> =-1 (mod p)

.. W.L.O.G, we can assume 1 £x < p_—l

Then 3 an integer m such that

2
mp=x2+131+(p7_1j <p’

= m<p
Clearly m>0
= I<m<p

Theorem 2.9 Given any prime p, there exist x 20, y >0 and m (1 £ m < p)
such that 1 + x* + y2 = mp
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Proof :- If p =2, theorem is trivially true
@1+1°=2=1.2
So let p be an odd prime.

T= {1+y2;y - 0,1,2,....,pT_1}

Here elements of S are mutually incongruent (mod p).

p+1

Similarly elements of T are mutually incongruent. S contains elements

o p+l
and T also contain T elements.

. SUT contains p + 1 district element . But there are only p residue classes
(mod p)

Therefore at least two elements of SUT must be congruent to each other
(mod p). However, no element of S is congruent to another element of S and
no element of T is congruent to another element of T. So atleast one element
of S must be congruent to an element of T i.e.,

3x,ysuchthat0 <x<p-1/2 and 0 <y <p-1/2 such that
—x*=1+y* (mod p)

or 1+ x>+ y*=0 (mod p)

So, 3 an integer m such that

1+x2+y2:mp

Clearly m > p
-1\’ (p-1Y
Now mp = 1+x%+ y2 <1 +(p—j +(p—j
2 2
2 2
<1+ P2 4P 2
4 4
= m< p and so 1 <m < p which proves the theorem

Definition :- Let m > 2 be any given integer and let gcd (a, m) = 1 for some
integer a. Then by Euler Fermat theorem,

a®™ =1 (mod m)
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Now take S = {neN; a" =1 (mod m)}

then S # ¢ since ¢(m)eS. So by L. W. O., S has a smallest element say ‘d’.

Then we say d is the order of a (mod m) and we write d = ord$, (order a mod
m)

Theorem 2.10 Let ord?, =d then
a"=1 (mod m)

= d I'n. In particular d | ¢(m)

Proof :- Since a’ = 1 (mod m), so if d | n, then
a"=1 (mod m)

Now let a" = 1 (mod m). By division algorithm theorem, write
n=dq+r, 0<r<d

then

d d
l=a"=a""=a"-a

=% . a"
= a" (mod m) (® a’=1 (mod m))

So if r # 0, then we get a number r < d such that a" = 1 (mod m) which
contradicts the definition of d
= r=0=dIn
Theorem 2.11 Let ord, = d. Then for any positive integer kK,
k
rdS 4
gcd(d, k)

K
Proof :- Let gcd (d, k) = gand ord;, =r

Then 1= (" = a" (mod m)
= d I kr
d

:> R
g

B,

67



68

ANALYTICAL NUMBER THEORY

But gcd(g,EJ= 1
g g
d .
= —Ir = —<r. Now since gcd (d, k) =q
q q
= qld,qlk
Let k = gk;
d
NOW (ak)q :(aqkl)d/q :akld :(ad)kl
=1 (mod m)
d .
= r<— [By definition of order]
g
So —=r
or r=—

Hence the theorem.

Gauss’s Lemma 2.12 Let p be an odd prime and let ged (a, p) = 1.
Let S= {1, 2,...,p—_1}
2

Let 1 be the number of elements in the set S such that least positive residue of
aS > p/2.

Then [EJ = (-1
p

Proof :- Consider any integer n where gcd (n, p) = 1 Apply division algorithm
ton & p,3q&rsuchthatn=qp +r where 0 <r < (p—1). Since gcd (n, p) =1
=pln=r%0

= I1<r<p-1

Since p is odd, p/2 is not an integer. So eitherr <p/2 orr>p/2. If r <p/2, we
leave it as it is If r > p/2, write r = p—1” where 1 <1’ < p/2,

Thus n=qp + (p—1’) = (q+1) p—1’ = -1’ (mod p).
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Now we consider least positive residues of every element of aS. We are given
that u of those elements have least positive residues > p/2. Let k be the
elements of aS with least positive residues < p/2.

Then k+u:Tl

If the least positive residues <p/2 are ry, 13,..., Iy and the least positive residues

p_
>p/2 are —r1, —r21,...,—r,Ll such that 1 < I, <—— then

{I'l,...,I'k ,—I'l —I'2 ,...,_r“'}

are the residues of elements of aS in some order such that

1<r< Pl adr<r< Pl
2 2

Since S is a subset of a reduced residue set {1, 2,..., p—1} and gcd (a, p) =1,
so {a, 2a,..., (p—1)a} is also a reduced residue set. Then first of all

1y #1; fori#j
If possible, let r; = I for some pair (i, j)
Then 3 x; €S and x; €S such that

ax; =r1; (mod p) & ax; = -1 (mod p)

But I = T;

= ax; = — ax; (mod p)

This means a(x; + X;) = 0(mod p)

= p la(x; + x;)
But gcd (a,p)=1
= plxi+xj)
But 1<x;< p_—l
2
and 1<x< p-l
2

= 2<xi+x;<p-1
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= pl (Xi +Xj)

which is a contradiction and so {ry, »,..., I, 1,151y } are all distinct.

But u+k=pT_1

So there are p-1

distinct numbers lying between 1 & pT—l

So ESTUPITS SIS IR

p—1

are the natural numbers 1 to in some order. Therefore

p—

 STIT NS TR o (mod p)

p_
L2

Then by definition of ry,..., 1y, N

p—

P~1 =, 2a...p—_1. a(—1)" (mod p)
2 2

p-1
= ()" (P_—l}l 2 (mod p)

But gcd(p_l,szl

—

p

= (—1)”a(;js 1 (mod p)

But by Euler’s criterion,
p-l
a? = (3) mod p)
p
a
= =¥ [—J =1(mod p)
p

- [ijs (=1)* (mod p)
|y
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But the value of (Ej — (=1)"is either 2 or 0 or —2 and p is an odd prime
p

- (e
P

Application of Gauss’s Lemma :-

Theorem 2.13 For every odd prime p,

P

where [x] means greatest integer

Proof :- Let S = {1, 2,...,pT_1}
Then 2S=1{2,4,...,p-1}

Let xe S, then the number of elements of 2S with least positive value <% is X

p
<—.
4

But x is an integer = x =[p/4]

.. The number of elements of 2S with least positive value > p/2 is p; —[g}

(1) If p is of the form 4k+1, then

g

=% j M

_ 4k+1—1_[4k+1“
2 4

—1] +1
=2k—k=k={—p :{_p }
4 -
(i1) If p is of the form, 4k + 3 then

"= p—l_[g}_ 4k+3—1_{4k+3}
4 2 4
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—k+1-k=k+ 1= {%}

Thus in both cases, | = [ 1

(p+1)}

So by Gauss’s Lemma
{%pﬂ)}
(3}(—1)“ = (-nl
p

Corollary :- 2 is a quadratic residue of primes of the form 8k + 1 and
quadratic non residues of primes of the form 8k + 3.

Proof :- Letp=8k + 1

Then B(k + 1)} = B (Bk +1)+ 1)} =2k

Therefore, in these two cases

[EJ - (—DKpilﬂ = (- =1

Let p=8kt3
1 1

Then [— (p+ 1)} = [— 8k + 4)} =2k+1
4 4

and if p = 8k-3

Th ! (p+1) ! B8k —-3+1

en —(p+D)|=|—-Bk-3+

4 P 4

1
= [Z (8k — 2)} =2k-1

Therefore in these two cases
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-

Therefore 2 is a quadratic non—residue.

Corollary 2:- For every odd prime p

(z] _ (_D{ng_l]

p

Proof :- We know 2 is a quadratic residue of primes of the form 8k = 1 & a
quadratic non-residue of primes of the form 8k * 3.

Let p=8k=*1
p?—1 @k+D*-1 64k%+16k+1-1
Then = — = -
8 8 8
= 8k* + 2k
= an even number
2
P— 2
= (-1 8 :1:(_J
p
Let p=-8k=*3
2 _ +22 _
Then p’—1_(8k+3)°-1

8 8

64k £48k+9-1
8

64k £48k +8
- 8

=8k*+ 6k + 1

= An odd number.
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2

p-l )
Therefore -1 8 =-1= (_)
p

Thus in all cases

p?-l
3"
p

Quadratic Law of Reciprocity :- For Legendre Symbols
Statement :- Let p & q be distinct odd primes then

plg-l
(B] (ﬂ] — (_1) 2 — (_1)Pq
q/\p

where p' = ,q=

Alternative statements :-

(i) Let p or q be a prime of the form 4k + 1. Then either p” is even or q” is
even

= p’q is even

e =23

(ii) If both p & q are of the form 4k + 3 then both p” & q are odd.

e
-

So sometimes Quadratic Law of Reciprocity is also asked in the following
form.

Theorem 2.14 Let p & q be two distinct odd primes. Then
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[BJ = [EJ if either of p & q is of the form 4k + 1

q p
and (B] = —(ﬂ] if both of p & q are of the form 4k + 3.
q p

Proof :- By Gauss’s Lemma

(s
P

where v is the number of integers x (1 <x< p_—lj such that

gx = py + r where P r<o
q

Sinceq>0,x>0andr<0

= py)>0 =>y=>1
Further

p—-1 p_p
=gqQx—-r<——q+=<—-(q+1
py=q > q > 2(q )

q+1
= < -—
y 2

= ySq—_l

Similarly (Bj = (—1)" where U is the number of integers y (1 <y< q_—lj
q

such that py = gx + s where —%< s<0
Therefore (B] (EJ = (=" (1)
q/\p
p-1

where L + v is the number of pairs of integers (x, y) such that ] <x < ——
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1<y< 9!

and —B<r=qx—py=—s<g
2 2

Now, let us consider the following sets of pairs of integers (X, y)

p-1 q-1
S=<:x,y):1<xL—I<y<—
{( y) > y=— }

S = {(X, y) € S;gx —py) < —g}

p q
S, =4(x,y)eSi——<qgx—-py<—
2 {( y) 5 <ax—py 2}

S| = {(x, y)€ S;(gx —py) 2 %}

Then #(S) = #(S1) + #(S2) + #(S;) ...

Consider a mapping 6 from S defined by

p+1 q+1 j
o((x,y)=|——-x,——
((x,y) (2 5 Y
Since 1<x<Plgcy<cat
- DAY
2 2
and 1Sq+1_ysq—1
2 2

So that 0 is a mapping from S to S. Now, let (x,y) € S;
Then, by definition

+1 +1 ,
p——x,q——y}(x,y)(say)

0((x, y) = [ 5 5
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, , +1 +1
SR GRS

2 2
=q/2
= x,y)e S,
This means
#(S)) <#(S)) ...(IID)
Now, let x,y) €S,
then qx'—py' = q(p—ﬂ - Xj - p(q—ﬂ - yj
2 2
q p
= =—=—(gx —
57> (gx — py)
q p ¢
< ——=—— OxyeS
57575 [O(X,y) €S
=-—p/2
= x,y)e S
= #(S)<#(S) ...(IV)

From (III) & (IV) we get



78

ANALYTICAL NUMBER THEORY

#(S1) =#(S;) (V)
Therefore from (II) & (V) we get
#(S) = #(S») (mod 2)
But #S)=p’.q
= #(Sy)=u+v
=p’q (mod 2)
.. From (D); (B] (EJ =(-1)°9
q/\p
Example :- Evaluate
5
257
or Determine whether 202 is a quadratic residue of 257 or not? or

Determine

x> =202 (mod 257) is solvable or not.

Solution :- 202 =2x101

202) (2 101
257 257 )\ 257
2 .

—— | =1 since

[257}

257 =1 (mod 8)
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202) (101 (257
257) \257) (101

But (ij -
101

and (ij —
101

By Reciprocity law

. 202 -55
Alternative /==
257 257

) (2_517 (2;)(21517)
[557)- () -(5)-5) s -
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202
(Ej—(l) =bH @) =-1

650 26 \( 25
Example :- =
401 401 )\ 401

-

(-
3

Theorem 2.15 If p is an odd prime & gcd (a, 2p) =1

then (i] =(=1)"
P

p=1|
where = {ﬂ}
=L L P
2
) P~
Also == 8
P

Proof :- Let S ={1, 2,...,pT_1}

Let r,..., ) and I.... T,
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be the least positive remainders of the elements of the set aS, which are < p/2
and > p/2 respectively.

Then as shown in the proof of Gauss’s Lemma

Il,.ees T4 P=Tjsees P~y

are all distinct.

) -1 )
Since A+u= pT Therefore 1y,..., 1\, p—17..p — rﬁl are the integers

1,2,..., p;l in some order so that

2 . W
2 ] =Sri+n4.4n+ Y (p—rj)
=1 s=1

A u
=up+ X -3 (D
i=1 j=

Further by definition of ry, ... 1), 1 seoss Ty

p-l p-l
2 . 2 jal| X p
2 (Ja)=2 p—|+X5+ 2T -..(ID
j=I =1 p i=1 j=1
Subtracting (I) from (II), we get
pl p-1
2 . i 2 1ja
(a=1) 2 j=pt+2X I; —pp where t= ) {—} ...(IID)
=l =l L P
p-1
— 2
2 —
But g j=P ~1
! 8
p’ - :
(a-1) 2 =p(t—p)+2 r; ...(IV)
j=1

Since g.c.d. (a, 2p) =1
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= ais odd.

p* -1

= (a—1)iseven. Also is an integers as p is odd

. From (IV), we get
t—w=0 (mod 2) as pis odd
= K=t (mod 2)

By Gauss’s Lemma

o
P

Therefore (i] =(-D"

p
. . . p-1
Now set a =2 in (II) Since forj =1, 2,..., T
ij )
—|=0forallj =>t=0
p

b1

2 u
- From (II), e get > j+pup=2>1j
=1 =1

p-1

2
S j=—up (mod2) 2\RHS .. 2\LHS
=

But p=-1 (mod 2)

-1

o

.=p2—1
1J_ 8

(mod 2)

=
Il

J

. By Gauss’s Lemma

p?-l
(g]=(—D“=(—D :
P
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The Jacobi Symbol :- Let Q > 1 be an odd integer and Q = q; q...q;s its
prime factorization where qi, qa,..., s are odd primes, not necessarily distinct.

P
Then the Jacobi symbol, denoted by (6} , 1s defined as :

Q16 )E)EHE)

Q) = \4g; q; )\ 42 ds
=)

where | — | is the Legendre symbol.

q;

Remarks 1. If Q itself is an odd prime then the Jacob symbol and Legendre
symbol are same

P
(2) If ged(P, Q) > 1, then (6] =0
For, gcd(P,Q)>1 = q; | P forsomei (1 <i<j)

P P
The corresponding Legendre symbol (—j =0 and hence (6} =0
di

P
(3) If ged(P, Q) =1, then (—j =t1
Q
(4) If P is a quadratic residue mod Q, then P is a quadratic residue mod each

P P
prime q; dividing Q, so that (—J=1 for each j and hence (6] = 1.
4;

P
However (6j = 1 does not imply that P is a quadratic residue of Q.

Theorem 2.16 Let Q and Q’ be odd and positive, then
P\(P P
(&)l Hes)
Q)\Q QQ
P\ P PP
»[5)sHT)
Q) Q Q

83
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oo
(3) If ged(P, Q) =1, then 6 =|—|=1

p'p? P
(4) If ged(PP’, QQ’) = 1, then (Qle J — [_j

(5) P’=P (mod Q) (Pj (Pj
=P (mo =|—|=|—
Q Q

Proof :- (1) Since Q and Q” are odd, so QQ” is odd. Let Q =q; q2...q: and Q’
=q"1 q%...q's where q1, q2..., 9, q1..., q’s are all odd primes, not necessarily
distinction then, we have,

QQ =q1 q2---qr 41" Q2.4
Hence, by definition

EHERIEREE

(2) we have :

SHEEHE
A
s3]
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Al
ol

(3) We have

(532

(4) we have
p!p?
[QIQZ J -

(5) We have
P’=P (mod Q) and Q =q; qz...q;
= PP=Pmodq)Vi=1,2,...,r

But in the case of Legendre symbol, we know that

[By part (2)]

[By part (2)]

[By part (1)]

[By part (2)]

[By part (3)]

85
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a b
if a=b (mod p), then (—j = (—j
p p
P P
Hence, (—jz —J fori=1,2,...,r
q; q;

- Al =6

This completes the proof.

Theorem 2.17 If Q is positive and odd, then

(1) —;2 j= (=)@ and
2 2

) = o op@-nk

2) Qj (=1

Proof :- We have

(‘_1}_151 -1 1)
) s

where Q =q; q2...qs, gi’s are prime, not necessarily distinct.

Now in the case of Legendre’s symbol, we had proved that,

p
-1 (gj-D/2 .

= — =D 1<i<s
q;

Hence, (1) becomes:

-1} s (@j-1/2 g(qu)/z
6 :-H1 (-H™ =(-1)’ ...(2)
J:
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Now, if a and b are odd, then

ab—1 a—1+b—1 _(a-D1b-1
2 2 2 | 2

. (a-D(d-1)
Since a and b are odd, so (a—1) and (b—1) are even, hence ——— is a

multiple of 2. This implies that
ab—1 (a -1

b-1
= + (mod 2)
2 2 2

Applying this repeatedly, we obtain

-1 -1 -1 .q, —1
q, +Q2 +m+qs quqZ qs (mod 2)
2 2 2 2
s q]_l Q—l
= =——(mod 2
jgl 5 5 ( )
s q; —1 -1
= 4 Q—+ 2 A for some integer A.
=2 2

Putting in (2), we obtain

This proves part (1)

B
Q) = lq

But in the case of Legendre’s symbol, we had proved that

f%]:(_DQQAMS
P

2 (q2-1)/8
N [—]:(—1)‘*1 / 1<j<s

q;

(2) we have



ANALYTICAL NUMBER THEORY

so that (1) becomes :

S
2
(2-1)/8 2. (qj-D/8

2 s
Bt » SIS P N .2
(Q] jr:11< ) (-1) 2)

Now, if a and b are odd, then

a’b? -1 a2—1+b2—1 _(az—l)(bz—l)_(a—l)(a+1)(b—1)(b+1)
8 8 8 | 8 B 8

Since a, b are odd, so a—1, a + 1, b—1, b + 1 are all even and hence

(@ -=1mb? -1
8

is a multiple of 2

a’-1 b*-1 a’*h*-1
= + = (mod 2)
8 8 8

Applying this repeatedly, we obtain

2 2.2 2
s q7 —1 .qs -1
qu Ech(h ds (mod 2)
=8
2 2
s q7 —1 -1
= 4 = Q (mod 2)
=8
2 2
s q; —1 -1
= 4G Q + 2\ for some integer A.

=1 8

Hence, (2) yields :

Q%1 Q%-1
2 420 —
(6} =(-1) 8 =(-1) 8 and the proof is completed.

Theorem 2.18 If P and Q are odd and positive and if gcd(P, Q) = 1, then :

ol

(This is quadratic law of reciprocity for Jacobi symbol)

Cal
2
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Proof :- Writing P = f[ p;and Q= ]§I q; , we have
i=1

=

(P]—fl P _s r ];)i (1)
Q) q; = q;

By quadratic Law of reciprocity for Legendre Symbol we have

(-
R (&j_(&j_(_l)[wm

q; Pi

Putting this value in (1), we have :

..(2)

But, we have

r pl—l P—
> =——(mod 2)
i=1 2
S qJ_ Q—l
and =—— (mod 2
E > 7 ( )
o « p-1 P-1
which yields that =——+2A

=1 2 2

89
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s q;—1 -1
4, -1_Q-1 +2)
=2 2

and

For some integers A and A

Putting these in (2), we obtain :

P-1 Q-1
G-k
Q) (P

or we can write

P-1 Q-1
lle)-
QJlp

This completes the proof

42
Example :- Find the value of (— a] or

Check whether —42 is a quadratic residue or quadratic no-residue mod 61.

Solution :- We have

R

Now, we have

4 &
—|=(=D2 =
R
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)y e
== 8 =_
e
S
o
p
3 61
2o 22—y @0
[&)-5)

p—
(@ by Law of quadratic reciprocity.(gj = (ﬂj (-1 2
q p

and finally, (%J = (EJ(_D[E}[?]

Putting all these in (*), we have

Pl enmen=1
o) DEDMED=

Hence —42 is quadratic residue mod 61.

Alternatively,

91
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e

Since 19 and 61 are odd primes and 61 is of the form 4k + 1, so by quadratic

Law of recipricity,

19_61_57+4_ 4

61) (19) L 19 | (19
5\ 2 9 0
4@@*“ s

=1

Hence (?j =1, so —42 is quadratic residue mod 61.

The arithmetic in Z,

We know that a linear congruence ax = b mod (n) has a unique solution mod
(n) if gcd(a, n) = 1. Now if n is a prime p, then gcd(a, n) = gcd (a, p) is either
1 or p; in the first case, we have a unique solution mod (p), while in the
second case (where p | a), either every x is a solution (when p | b) or no x is a
solution (when p | b).

One can view this elementary result as saying that if the polynomial ax — b
has degree d = 1 over Z, (that is, if a0 mod (p)), then it has at most one root
in Z,. Now in algebra we learn that a non-trivial polynomial of degree d, with
real or complex coefficients, has at most d distinct roots in R or C; it is
reasonable to ask whether this is also true for the number system Z,, since we
have just seen that it is true when d = 1. Our first main theorem, due to
Lagrange, states that this is indeed the case.

Theorem 2.19 Let p be prime, and let f(x) = adxd +...+ a;x + ag be a
polynomial with integer coefficients, where a; # 0 mod (p) for some i. Then

the congruence f(x) = 0 mod (p) is satisfied by at most d congruence classes
[x] € Z,.

Proof :-We use induction on d. If d = 0 then f(x) = ap with p not dividing a,
so there are no solutions of f(x) = 0, as required. For the inductive step, we
now assume that d > 1, and that all polynomials g¢x) = by x4 by with
some b; = 0 have at most d—1 roots [x] € Z,.
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If the congruence f(x) = 0 has no solutions, there is nothing left to
prove, so suppose that [a] is a solution; thus f(a) = 0, so p divides f(a). Now

d . d Cd o d S
fx)-flay= Y ax'—Yaa =Y a,(x'—a')=> a;(x' —a').
i=0 i=0 i=0 i=0

Foreachi=1,...,d we can put
x'—a = (x —a) (xi_1 fax P4 +aix+ ai_l),
so that by taking out the common factor x—a we have

f(x) — f(a) = (x-a)g(x)

for some polynomial g(x) with integer coefficients, of degree at most d—1.
Now p cannot divide all the coefficients of g(x) : if it did, then since it also
divides f(a), it would have to divide all the coefficients of f(x) = f(a) + (x—a)
g(x), against our assumption. We may therefore apply the induction
hypothesis to g(x), so that at most d—1 classes [x] satisfy g(x) = 0. We now
count classes [x] satisfying f(x) = 0 : if any class [x] = [b] satisfies f(b) = 0,
then p divides both f(a) and f(b), so it divides f(b) — f(a) = (b—a) g(b); since p
is prime, Lemma 2.1(b) implies that p divides b—a or g(b), so either [b] = [a]
or g(b) =0. There are at most d—1 classes [b] satisfying g(b) = 0, and hence at
most 1 + (d—1) = d satisfying f(b) =0, as required.

Remarks :-

1. Note that this theorem allows the possibility that ag = 0, so that f(x) has
degree less than d; if so, then by deleting adXd we see that there are strictly
fewer than d classes [x] satisfying f(x) = 0. The same argument applies if
we merely have ag = 0 mod (p).

2. Even if a4 # 0, f(x) may still have fewer than d roots in Z, : for instance
f(x) = x* + 1 has only one root in Z,, namely the class [1], and it has no
roots in Zs.

3. The condition that a; # O for some i ensures that f(x) yields a non-trivial
polynomial when we reduce it mod (p). If a; =0 for all i then all p classes
[x] € Z, satisfy f(x) =0, so the result will fail if d < p.

4. In the theorem, it is essential to assume that the modulus is prime : for
example, the polynomial f(x) = x* — 1, of degree d = 2, has four roots in
Z3, namely the classes [1], [3], [5] and [7].

A useful equivalent version of Lagrange’s Theorem is the contrapositive :

Let f(x) = adxcl +...+ a;X + ag be a polynomial with integer coefficients, and let
p be prime. If f(x) has more than d roots in Z,, then p divides each of its
coefficients a;.
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Lagrange’s Theorem tells us nothing new about polynomials f(x) of degree d
> p : there are only p classes in Zy, so it is trivial that at most d classes satisfy
f(x) = 0. The following result, useful in studying polynomials of high degree,
is known as Fermat’s Little Theorem though it was also known to Leibniz,
and the first published proof was given by Euler.

Theorem 2.20 If p is prime and a # 0 mod (p), then a”' = 1 (mod p).

Proof :- The integers 1, 2,..., p—1 form a complete set of non-zero residues
(mod p).

If a # 0 (mod p) then xa = ya implies x =y, so that the integers a, 2a,...,
(p—1)a lie in distinct classes (mod p). None of these integers is divisible by p,
so they also form a complete set of non-zero residues. It follows that a, 2a,...,
(p—1)a are congruent to 1, 2,..., p—1 in some order. (For instance, if p =5 and
a = 3 then multiplying the residues 1, 2, 3, 4 by 3 we get 3, 6, 9, 12, which are
respectively congruent to 3, 1, 4, 2.) The products of these two sets of
integers must therefore lie in the same class, that is,

I xX2x...x(p—1)=ax2ax...xX(p—1)a (mod p),

or equivalently

(p-1)!'=(p-1)! 2" (mod p).

Since (p—1)! is coprime to p, divide through by (p—1)! and deduce that 2" = 1
mod (p).

This theorem states that all the classes in Z, except [0] are roots of the
polynomial x”' —1. For a polynomial satisfied by all the classes in Z,, we
simply multiply by x, to get x"—x :

Corollary :- It p is prime then a” = a mod(p) for every integer a.

Proof :- If a # 0 then by above theorem a’' = 1, so multiplying each side by
a gives the result. If a =0 then a” = 0 also, so the result is again true.

Note :- This corollary shows that if f(x) is any polynomial of degree d = p,
then by repeatedly replacing any occurrence of x” with x we can find a
polynomial g(x) of degree less than p with the property that f(x) = g(x) for all
integers x. In other words, when considering polynomials (mod p), it is
sufficient to restrict attention to those of degree d < p. Similarly, the
coefficients can also be simplified by reducing them (mod p).

These two results are very useful in dealing with large powers of integers.

Example :- Let us find the least non-negative residue of 2% (mod 19). Since
19 is prime and 2 is not divisible by 19, we have p = 19 and a = 2, so that 2'®
=1 (mod 19). Now 68 =18 x 3 + 14, so

2% = (2% x 2" = 1’ x 2'* = 2" (mod 19).
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Since 2* =16 = -3 (mod 19), we can write 14 =4 X 3 + 2 and deduce that

M =2 x 2= (3P x2P=27Tx4=-8x4=-32=6
mod(19), so that 2% = 6 (mod 19).

Example :- We will show that a®® — a is divisible by 30 for every integer a.
By factorising 30, we see that it is sufficient to prove that a* — a is divisible
by each of the primes p = 2, 3 and 5. Let us deal with p = 5 first, applying
abve Corollary twice, we have

a” = (315)5 =a’=a (mod 5),
so 5 divides a* — a for all a. Similarly a=a (mod 3), so
a” = (513)8 a=ala=a’= (a3)3 =a’=a (mod 3),
as required. Forp =2 a’=a (mod 2)
= (@) aza?a=@)Pa=aa=(ada
=a’a=a'= (az)2
=a’=a (mod 2).
Example :- Let us find all the roots of the congruence
f(x) = x"7 + 6x'* + 2x° + 1 =0 (mod 5).

Here p = 5, so by replacing x* with x we can replace the leading term x'’ =
(xs)3 x> with x°x* = xs, and hence with x. Similarly x'*is replaced with X2,
and x” with x, so giving the polynomial x + 6x* + 2x + 1. Reducing the
coefficients (mod 5) gives x*> + 3x + 1. Thus f(x) = 0 is equivalent to the
much simpler congruence

g(x) = x>+ 3% + 1 =0 (mod 5).
Here we can simply try all five classes [x] € Zs, or else note that g(x) =

(x—l)z; either way, we find that [x] = [1] is the only root of g(x) = 0, so this
class is the only root of f(x) = 0.

As another application of Fermat’s Little Theorem, we prove a result known
as Wilson’s Theorem, though it was first proved by Lagrange in 1770 :

Corollary :- An integer n is prime if and only if (n—1)! = -1 (mod n)

Proof :- Suppose that n is a prime p. If p =2 then (p—1)! = 1 =—1 (mod p), as
required, so we may assume that p is odd. Define
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f(x) = (1-x) 2—x)...(p—1-x) + 1 =",

a polynomial with integer coefficients. This has degree d < p —1, since when
the product is expanded, the two terms in f(x) involving x"' cancel. If a =1,
2, ..., p—1 then f(a) = 0 mod (p): the product (1-a) (2—a)...(p—1—a) vanishes
since it has a factor equal to 0, and 1-a*' = 0 by Fermat’s Little Theorem.
Thus f(x) has more than d roots (mod p), so its coefficients are all divisible by
p. In particular, p divides the constant term (p—1)! + 1, so (p—1)! =—1.

For the converse, suppose that (n—1)! = -1 (mod n). We then have (n—1)! =
—1 (mod m) for any factor m of n. If m < n then m appears as a factor of
(n—1)!, so (n—1)! =0 (mod m) and hence —1= 0 (mod m). This implies that m
=1, so we conclude that n has no proper factors and is therefore prime.

Theorem 2.21 Let p be an odd prime. Then the quadratic congruence x° + 1 =
0 (mod p) has a solution if and only if p=1 (mod 4).

Proof :- Suppose that p is an odd prime, and let k = (p—1)/2. In the product
(p—D!'=1x2x..xkx((k+1)x.x@p-2)x(p-1),

we have p-1=-1,p-2=-2,..., k+ 1 =p -k =-k (mod p), so by replacing
each of the k factors p—iwith—ifori=1, ..., k we see that

(p—1)! = (=D*.(k!)* (mod p).

Now Wilson’s Theorem gives (p—1)! = —1, so (—1)k (k!)2 = —1 and hence (k!)2
= (-1, If p =1 (mod 4) then k is even, so (k!)* = —1 and
hence x = k! is a solution of x> + 1 =0 (mod p).

On the other hand, suppose that p = 3 (mod p), so that k = (p—1)/2 is odd. If x
is any solution of x* + 1 = 0 (mod p), then x is coprime to p, so Fermat’s Little
Theorem gives X’ T=1 (mod p). Thus 1 = (xz)k = (—1)k = —1 (mod p), which
is impossible since p is odd, so there can be no solution.

Units in Z,,

Definition :- A multiplicative inverse for a class [a] € Z, is a class [b] € Z,
such that [a] [b] = [1]. A class [a] € Z, is a unit if it has a multiplicative
inverse in Z,. (In this case, we sometimes say that the integer a is a unit (mod
n), meaning that ab = 1 (mod n) for some integer b.)

Lemma :-[a] is a unit in Z, if and only if gcd(a, n) = 1.

Proof :- If [a] is a unit then ab = 1 + gn for some integers b and q; any
common factor of a and n would therefore divide 1, so gcd(a, n) = 1.
Conversely, if gcd(a, n) = 1 then 1 = au + nv for some u and v, so [u] is a
multiplicative inverse of [a].

Example :- The units in Zg are [1], [3], [5] and [7] : in fact [1] [1] = [3] [3] =
[5]1 [51 =[7] [7] = [1], so each of these units is its own multiplicative inverse.
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In Zo, the units are [1], [2], [4], [5], [7] and [8]: for instance [2] [5] = [1], so
[2] and [5] are inverses of each other.

The group of units of U,

Theorem 2.22 For each integer n > 1, the set U, forms a group under
multiplication mod (n), with identity element [1].

Proof :- We have to show that U,, satisfies the group axioms, namely closure,
associativity, existence of an identity and of inverses. To prove closure, we
have to show that the product [a] [b] = [ab] of two units [a] and [b] is also a
unit. If [a] and [b] are units, they have inverses [u] and [v] such that [a] [u] =
[au] = [1] and [b] [v] = [bv] = [1]; then [ab] [uv] = [aubv] = [au] [bv] = [1]2 =
[1], so [ab] has inverse [uv], and is therefor a unit. This proves closure.
Associativity asserts that [a] ([b][c]) = ([a] [b]) [c] for all units [a], [b] and [c];
the left-and right-hand sides are the classes [a(bc)] and [(ab)c], so this follows
from the associativity property a(bc) = (ab)c in Z. The identity element of U,
is [1], since [a][1] = [a] = [1][a] for all [a] € U,. Finally, if [a] € U, then by
definition there exists [u] € Z, such that [a] [u] = [1]; now [u] € U, (because
the class [a] satisfies [u][a] = [1]), so [u] is the inverse of [a] in U,,.

Definition :- We say that a group G is abelian if its elements commute, that is,
gh=hgforallg,he G.

Lemma :- U, is an abelian group under multiplication mod (n).

Proof of Lemma :-Let [a], [b] €Z,, then we have to prove that [a] [b] = [b]
[a]
Now [a] [b] =[ab]=[b a] (by commutativity in Z)

= [b] [a]

Definition :- If G is a finite group with an identity element e, the order of an
element ge G is the least integer k > 0 such that g* = e; then the integers [ such
that g’ = e are the multiples of k.

Example :- In Us the element 2 has order 4: its powers are 2'=2, 22 = 4, 23 =
3 and 2* =1 (mod 5), so k = 4 is the least positive exponent such that 2" =
1(the identity element) in Us. Similarly, the element 1 has order 1, while the
elements 3 and 4 have orders 4 and 2 respectively.

Example :- In Usg, the elements, 1, 3, 5, 7 have orders 1, 2, 2, 2 respectively.

Lemma :- If / and m are coprime positive integers, then 2’ — 1 and 2™ —1 are
coprime.

Proof :- Let n be the highest common factor of 2’ =1 and 2™ —1. Clearly n is
odd, so 2 is a unit (mod n). Let k be the order of the element 2 in the group
U,. Since n divides 2! —1 we have 2/ = 1 in U,, so k divides /. Similarly k
divides m, so k divides gcd(/, m) = 1. Thus k = 1, so the element 2 has order 1
in U,. This means that 2l=1 mod(n), so n = 1, as required.
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Corollary :- Distinct Mersenne numbers are coprime.

Proof :- In above lemma if we take / and m to be distinct primes we see that
M, =21 and M, =2"-1 are coprime.

Primitive roots

Definition :- If U, is cyclic then any generator g for U, is called a primitive
root (mod n). This means that g has order equal to the order ¢(n) of U,, so
that the powers of g yield all the elements of U,. For instance, 2 and 3 are
primitive roots (mod 5), but there are no primitive roots (mod 8) since Usg is
not cyclic.

Finding primitive roots in U, (if they exist) is a non-trivial problem, and there
is no simple solution. One obvious but tedious method is to try each of then
O(n) units a € U, in turn, each time computing powers a' (mod n) to find the
order of a in Uy; if we find an element a of order ¢(n) then we know that this
must be a primitive root. The following result is a rather more efficient test
for primitive roots :

Theorem 2.23 An element a € U, is a primitive root if and only if a*™9# [ in
U, for each prime q dividing ¢(n).

Proof :- If a is a primitive root, then it has order |U,| = ¢(n), so a' = 1 for all i
such that 1 <1 < ¢(n); in particular, this applies to 1 = ¢(n)/q for each prime q
dividing n.

Conversly, if a is not a primitive root, then its order k must be a proper factor
of ¢(n), so ¢(n)/k > 1. If q is any prime factor of ¢(n)/k, then k divides ¢(n)/q,
so that a®™ = 1 in U,, against our hypothesis. Thus a must be a primitive
root.

Example :- Let n = 11, and let us see whether a = 2 is a primitive root (mod
11). Now ¢(11) =11-1 = 10, which is divisible by the primes q =2 and q =5,
so we take ¢(n)/q to be 5 and 2 respectively. Now 2°,2% # 1 (mod 11), so
above theorem implies that 2 is a primitive root (mod 11). To verify this, note
that in U;; we have

21=2.22=4,2>=8,2*=5,2° =10,
20-927=7,28=3,2°=6,2"=1;

thus 2 has order 10, and its powers give all the elements of U;;. If we apply
above theorem with a = 3, however, we find that 3P =243=1 (mod 11), so 3
is not a primitive root (mod 11): its powers are 3, 9, 5, 4 and 1.

Example :- Let us find a primitive root (mod 17). We have ¢(17) = 16, which
has only q = 2 as a prime factor. Above theorem therefore implies that an
element a € Uy is a primitive root if and only if a® # 1 in Uj;. Trying a = 2
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first, we have 22 =256=1 (mod 17), so 2 is not a primitive root. However, 3%
= (34)2 = (—4)2 =16 #1 (mod 17), so 3 is a primitive root.

Example :- To demonstrate the above theorem also applies when n is
composite, let us take n = 9. We have ¢(9) = 6, which is divisible by the
primes q = 2 and q = 3, so that ¢(n)/q is 3 and 2 respectively. Thus an element
a € Uy is a primitive root if and only if a2, a®# 1in Uy. Since 22, 2 £ 1
(mod 9), we see that 2 is a primitive root.

Theorem 2.24 If p is prime, then the group U, has ¢(d) elements of order d
for each d dividing p—1. Before proving this, we deduce.

Proof of the Theorem :- For each d dividing p—1 let us define
Q4= {ae Uyl ahas order d} and o(d) = I1Qql,
the number of elements of order d in U,. Our aim is to prove that w(d) = ¢(d)

for all such d. The order of each element of U, divides p—1, so the sets €4
form a partition of U, and hence

o(d) = p-1.
99

Also D o) =p-1,
dlp-1

50 Y. @) - wd) =
dlp-1

If we can show that w(d) < ¢(d) for all d dividing p—1, then each summand in
this expression is non-negative; since their sum is 0, the summands must all be
0, so ®(d) = ¢(d), as required.

The inequality (d) < ¢(d) is obvious if Qq is empty, so assume that Qd
contains an element a. By the deflmtlon of Qq4, the powers a = =a, a2 a (=
1) are all distinct, and they satisfy (a')! = 1, so they are d distinct roots of the
polynomial f(x) = x* —1 in Zy; But f(x) has at most deg(f) = d roots in Z,, so
these are a complete set of roots of f(x). We shall show that Qg4 consists of
those roots a' with gcd(i,d) = 1. If b e Qqthen b is a root of f(x). sob = a' for
somei=1,2,...,d. If weletjdenote gcd(i, d), then

bd/j — ld/_] _ (a )1/_] 11/_] 1

in Up; but d is the order of b, so no lower positive power of b than b can be
equal to 1, and hence j = 1. Thus every element b of order d has the form a'
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where 1 <1<d andiis coprime to d. The number of such integers i is ¢(d), so
the number ®(d) of such elements b is at most ¢(d), and the proof is complete.

Corollary :- If p is prime then the group U, is cyclic.

Proof :- Putting d = p —1 in above therorem we see that there are ¢(p—1)
elements of order p—1 in U,. Since ¢(p—1) = 1, the group contains at least one
element of this order. Now U, has order ¢(p) = p—1, so such an element is a
generator for U, and hence this group is cyclic.

Example :- Letp=7,s0 U,=U;={1,23,4,5,6}. The divisors of p—1 =16
are d = 1, 2, 3 and 6, and the sets of elements of order d in U; are respectively
{1}, {6}, {2,4} and {3, 5}; thus the numbers of elements of order d are 1, 1, 2
and 2 respectively, agreeing with the values of ¢(d). To verify that 3 is a
generator, note that

31=3,32=2,3"=6,3"=4,3=5,3°=1

in U7, so every element of U7 is a power of 3.

The group Upe , where p is an odd prime
Theorem 2.25 If p is an odd prime, then U . is cyclic forall e > 1.
p

Proof :- We have already proved the case e = 1, so we may assume that e > 2.

We use the following strategy to find a primitive root mod p°:

(a) first we pick a primitive root g (mod p)

(b) next we show that either g or g + p is a primitive root mod (pz);

(c¢) finally we show that if h is any primitive root mod p?, then h is a primitive
root mod p° forall e >2.

Since p is prime, so we have a primitive root g (mod p). Thus o !'=1 (mod

p), but g' #1 (mod p) for 1 <i<p—1. We now proceed to step (b).

Since ged(g, p) = 1 we have ged (g, p?) = 1, so we can consider g as an
element of U ,. If d denotes the order of g (mod p2), then Euler’s theorem
p

implies that d divides ¢(p®) = p(p—1). By definition of d, we have g" = 1 (mod
pz), SO g‘]l =1 (mod p); but g has order p—1 (mod p), so p—1 divides d. Since p
is prime, these two facts imply that either d = p(p—1) ord =p —-1. If d =
p(p—1) then g is a primitive root (mod p?), as required, so assume that d = p
—1. Let h=g+ q. Since h =g (mod p), h is a primitive root (mod p), so
arguing as before we see that h has order p(p—1) or p—1 in Upz . Since g"' =

1 (mod pz), the Binomial Theorem gives

WP = (g+p)" " ="'+ (p-1) g p +... = 1-pg"* (mod p?),
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where the dots represent terms divisible by p2. Since g is coprime to p, we

have pg® # 0 (mod p*) and hence h"' #1 (mod p®). Thus h does not have

ordap—1in U ,so it must have order p(p—1) and is therefore a primitive
p

root. This completes step (b).

Now we consider step (c). Let h be any primitive root (mod p®). We will
show, by induction on e, that h is a primitive root mod (p°) for all e > 2.

Suppose, then, that h is a primitive root mod (p°) for some e > 2, and let d be

the order of h (mod p*"). An argument similar to that at the beginning of step

(b) shows that d divides ¢(p=*") = p® ((p—1) and is divisible by ¢(p°) = p*’
(p-1), so d = p° (p—1) or d = p°' (p—1). In the first case, h is a primitive root

(mod p**"), as required, so it is sufficient to eliminate the second case by

e—1
showing that h? ™ % 1 (mod p**h).
Since h is a primitive root mod (p°), it has order ¢(p%) = p*' (p~1)in U _, so
p
e—2 e—2
h? “® ™ % 1 (mod p%). However p°2 (p—1) = ¢(p° "), so h? "®? V=1 (mod

p°) by Euler’s Theorem. Combining these two results, we see that

e-2 . . . . .
h? "= 4 kpe_1 where k is coprime to p, so the Binomial Theorem gives

R = (1 4 kptlyP

=1+ () kp" +(2) kpe)2 4.

1
=1+kp"+ Ekz p™ ! (p-1) +...

The dots here represent terms divisible by (pe_l)3 and hence by p=*', since 3(e
—1)>e+1fore>2,5s0

e 1
hp 1(P—1)E 1 + kp3 + §k2p2e—l (p_l) (mOd pe+l).

Now p is odd, so the third term K’ pze_l(p—l)/Z is also divisible by p°*', since
2e—12e+1fore=>2. Thus

L P kp® mod (p=").

Since p does not divide k, we therefore have hpe_l(p_l) £ 1 mod (p"), so step
(c) is complete. (Notice where we need p to be od: if p = 2 then the third term
k? p* ' (p—1)/2 = k*2*7? is not divisible by 2*' when e = 2, so the first step of
the induction argument fails.)

Example :- Let p = 5. We have seen that g = 2 is a primitive root (mod 5),
since it has order ¢(5) = 4 as an element of Us. If we regard g = 2 as an
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element of U , = Uys, then by the above argument its order d in U,s must be
p

either p(p—1) =20 or p—1 =4. Now 2*=16 £1 (mod 25), so d # 4 and hence
d =20. Thus g =2 is a primitive root (mod 25). (One can check this directly
by computing the powers 2, 22,..., 2% (mod 25), using 2'°=1024 = -1 (mod
25) to simplify the calculations.) Suppose instead that we had chosen g = 7;
this is also a primitive root (mod 5), since 7 = 2 (mod 5), but it is not a
primitive root (mod 25): we have 7P =49 =-1 (mod 25), so 7* =1 and hence
7 has order 4 in Ups. Step (b) guarantees that in this case, g + p = 12 must be a
primitive root.

The group U e
Theorem 2.26 The group UZe iscyclicif and only ife=1 ore = 2.

Proof :- The groups U, = {1} and Uy = {1, 3} are cyclic, generated by 1 and
by 3, so it is sufficient to show that Uze has no elements of order ¢(2%) =2°"

by showing that
22 e
a =1 (mod 2%)
..(D)
for all odd a. We prove this by induction on e. For the lowest value e = 3, by
(1) we have that a’=1 (mod 8) for all odd a, and this is true since if

a=2b+ 1 then a* = 4b(b+1) +1 =1 (mod 8). If we assume (1) for some
exponent e > 3, then for each odd a we have

e-2
a®  =1+2%
for some integer k. Squaring, we get

e+l)-2
2T S (2 = 12 K+ 22 = 12 (k4 271

=1 (mod 2°*"),

which is the required form of (1) for exponent e + 1. Thus (1) is true for all
integers e > 3, and the proof is complete.

Lemma: 2" (5% —1)foralln>0.

Proof :- We use induction on n. The result is trivial for n = 0. Suppose it is
true for some n = 0. Now

52" 1= 572 —1= 57 152 +1),
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with 221 (52" —1) by the induction hypothesis, and with 2 | (5% + 1) since

n n+l
52 =1 (mod 4). Combining the powers of 2 we get 23| (52 ' —1) as
required.

Theorem 2.27 If >3 then U = {p 510<i<27%).

Proof :- Let m be the order of the element 5 in U2e . By Euler’s Theorem, m

divides 0(2°) = 2°"!, so m = 2" for some k < e —1. Above theorem implies that
Uze has no elements of order 2°' so k < n—2. Putting n = e-3 in the above

e-3 e-3
theorem we see that 2°7' | (5% " =1),s0 5°  # 1 (mod 2°) and hence k > e —
3. Thus k = e -2, so m = 2°%. This means that 5 has 2° distinct powers 5' (0
<i<2°%in U263 . Since 5 = 1 (mod 4), these are all represented by integers

congruent to 1 mod (4). This accounts for exactly half of the 2°' elements 1,
3,5,..., 2°—1of U2e , and the other half, represented by integers congruent to

—1 (mod 4), must be the elements of the form —5'. This shows that every
element has the form + 5' for some i =0, 1,..., 2°>—1, as required.

The existence of primitive roots

Lemma :- If n = rs where r and s are coprime and are both greater than 2, then
U, is not cyclic.

Proof of Lemma :- Since gcd(r, s) = 1 we have ¢(n) = ¢(r) ¢(s) . Sincer, s >
2, both ¢(r) and ¢(s) are even. So ¢(n) is divisible by 4. It follows that the
integer e = ¢(n)/2 is divisible by both ¢(r) and ¢(s). If a is a unit (mod n), then
a is a unit (mod r) and also a unit (mod s), so a® = 1 (mod r) and a®® =1
(mod s) by Euler’s Theorem. Since ¢(r) and ¢(s) divide e, we therefore have
a° =1 (mod r), that is a° = 1 (mod s). Since r and s are coprime, this implies
that a° = 1 (mod rs), that is a° = 1 (mod n). Thus every element of U, has
order dividing e, and since e < ¢(n), this means that there is no primitive root
(mod n).

Theorem 2.28 The group U, is cyclic if and only if

n=1,2,4,p°or2p°,
where p is an odd prime.

Proof :- The cases n = 1, 2 and 4 are trivial, and we have dealt with the odd
prime-powers, so we may assume that n = 2p° where p is an odd prime. Now
d(n) = ¢(2) ¢(p°) = d(p°). Therefore there is a primitive root g (mod p°). Then
g + p° is also a primitive root (mod p°®), and one of g and g + p° is odd, so there
is an odd primitive root h (mod p®). We will show that h is a primitive root
(mod 2p°%). By its construction, h is coprime to both 2 and p°, so h is a unit
(mod 2p°). If h' =1 (mod 2p°), then certainly h' = 1 (mod p°); since h is a
primitive root (mod p°®), this implies that ¢(p°) divides i. Since ¢(p°) = d(2p°),
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this shows that ¢(2p°) divides i, so h has order ¢(2p°) in U ) and is therefore
P

a primitive root.

Conversely, if n #1, 2, 4, p°© or 2p°, then either

(a) n=2° where e > 3, or

(b) n=2° pf where e 22, f > 1 and p is an odd prime, or
(c) nis divisible by at least two odd primes.

We have already proved that in case (a), U, is not cyclic.

In case (b), in the above lemma, we can taker=2°and s = pf, while in
case (c) we can take r = p° | n for some odd prime p dividing n, and s = n/r. In
either case, n = rs where r and s are coprime and greater than 2, so above
lemma shows that U, is not cyclic.

Example :- We know that g = 2 is a primitive root (mod 5°) for all e > 1.
Now g is even, so h =2 + 5°is an odd primitive root (mod 5°). Using the
above theorem we see that h is also a primitive root (mod 2.5%). For instance,
7 is a primitive root (mod 10), and 27 is a primitive root (mod 50).

The group of quadratic residues

Definition :- An element a € U, is a quadratic residue (mod n) if a = s? for
some s € Uy; the set of such quadratic residues is denoted by Q,. For small n
one can determine Q, simply by squaring all the elements s € U,,.

Example 7.1 Q; = {1, 2, 4} c Uy, while Qs = {1} < Us.
Theorem 2.29 Let n = n;...nx where the integers n; are mutually coprime, and
let f(x) be a polynomaial with integer coefficients. Supose that for each 1 =

1,..., k there are N; congruence classes x € Z,, such f(x) = 0 (mod n;). Then
there are N = Nj...Ni classes x € Z, such that f(x) = 0 (mod n).

Proof :- Since the moduli n; are mutually coprime, we have f(x) = 0 (mod n) if
and only if f(x) = 0 (mod n;) for all i. Thus each class of solutions x € Z, of
f(x) = 0 (mod n) determines a class of solutions x = x; € an, of f(x;) =0 (mod

n;) for each i. Conversely, if for each 1 we have a cass of solutions x; € an, of

f(x;) = 0 (mod n;), then by the Chinese Remainder Theorem there is a unique
class x € Z, satisfying x = x; (mod n;) for all i, and this class satisfies f(x) =0
(mod n). Thus there is a one-to-one correspondence between classes x € Z,
satisfying f(x) = 0 (mod n), and k-tuples of classes x; € Z, satistying

f(x;) = 0 (mod n;) for all i. For each i there are N; choices for the class x; €
an, , so there are Nj...Ni such k-tuples and hence this is the number of classes

X € Z, satisfying f(x) = 0 (mod n).

Example :- Putting f(x) = x*—1, let us find the number N of classes x € Z,
satisfying x* = 1 (mod n). We first count solutions of x* = 1 (mod p%), where p
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is prime. If p is odd, then there are just two classes of solutions: clearly the
classes x = + 1 both satisfy x* = 1, and conversely if x> = 1 then p® divides
x> —1= (x—1) (x+1) and hence (since p > 2) it divides x —1 or x+1, giving
x = x1. If p° = 2 or 4 then there are easily seen to be one or two classes of
solutions, but if p° = 2° > 8 then a similar argument shows that there are four,
given by x =+ 1 and x = 2°"' £1; for any solution x, one of the factors x * 1
must be congruent to 2 (mod 4), so the other factor must be divisible by 2°™".

Now in general let n have prime-power factorization n,...ny, where n; = p;
and each e; > 1. We have just seen that for each odd p; there are N; = 2 classes
in an, of solutions of x° = 1 (mod n;) whereas if p; =2 we may have N; = 1,

2, or 4, depending on e;. By above theorem there are N = Nj...Ni classes in
Z, of solutions of x> =1 (mod n), found by solving the simultaneous
congruences x>=1 (mod n;). Substiutiting the values we have obtained for Nj,
we therefore have

25 if n =0 mod (8),
N={2"" if n =2 mod(4)

2k otherwise.

where k is the number of distinct primes dividing n. For instance, if n = 60 =
22.3.5 then k = 3 and there are 2 = 8 classes of solutions, namely x ==+ 1, 11,
+19, £29 (mod 60).

Theorem 2.30 Let k denote the number of distinct primes dividing n. If a €
Qn, then the number N of elements t € U, such that t* = a is given by

2K if n =0 mod (8),
N={2"" if n =2 mod(4)

2k otherwise.

Proof :- If a € Q, then s? = a for some s € U,. Any element t € U, has the
form t = sx for some unique x € U,, and we have > =aif and only if x}=1in
U,. Thus N is the number of solutions of x> =11in U, the above example
gives the required formula for N.

Theorem 2.31 Q,, is a subgroup of U,

Proof :- We need to show that Q, contains the identity element of U, and is
closed under taking products and inverses. Firstly, 1 € Q, since 1 = 1* with 1
e U, Ifa,be Q,thena= s? and b = t* for some s,te Up, soab = (st)2 with
st e U, giving ab € Q,. Finally, ifa € Q, then a = s? for some s € U,; since
a and s are units (mod n) they have inverses a' and s' in U,, and
a'l= (s_l)zso thata ' e Qu.
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Theorem 2.32 Let n > 2, and suppose that there is a primitive root g (mod n);
then Q, is a cyclic group of order ¢(n)/2, generated by g, consisting of the
even powers of g.

Proof :- Since n > 2, ¢(n) is even. The elements a € U, are the powers g' for i
=1,..., ¢(n), with gq’(“) =1. Ifiis even, thena= gi = (gi/ 2)2 € Q,. Conversely,
ifae Q,thena= (gj)2 for some j, so i = 2j (mod ¢(n)) for some j; since ¢(n) is
even, this implies that i is even. Thus Q, consists of the even powers of g, so
it is the cyclic group of order ¢(n)/2 generated by g°.

Quadratic residues for prime-power moduli

Theorem 2.33 Let p be an odd prime, lete > 1, and letae Z. Thenae Q . if
p

and only if a € Q,.

Proof :- We know that there is a primitive root g (mod p°), so with n = p° we
see that Q _ consists of the even powers of g. Now g, regarded as an element
p

of Uy, is also a primitive root (mod p), and with n = p we know that Q, also
consists of the even powers of g. Thusae Q . ifandonlyif ae Q .. This
p p
completes the proof.
Note :- For odd primes p, we can find square roots in U _, for e > 2 by
P
applying the iterative method to the polynomial f(x) = x> — a: we use a square
root of a mod (p) to find the square roots mod (p‘“) Suppose that a € Qp,
and r is a square root of a mod (p') for some i > 1; thus rf=a mod (p) say r*
=a+pq. If weputs= r+p 'k, where k is as yet unknown, then s* = r* +2rp'k
+pZk? =a + (q + 2rk) p' mod (p™"), since 2i > i+ 1. Now ged (2r, p) = 1, 50
we can choose k to satisty the linear congruence q + 2rk = 0 (mod p), giving s?
= a (mod p'*') as required. An element a € Q .41 has just two square roots in
p

U .., for odd p, so these must be *s. It follows that if we have a square root
p

for a in U, then we can iterate this process to find its square roots in U _ for
p

all e.

Example :- Let us take a =6 and p° = 5%. In Us we have a = 1 = 17, so we can
take r = 1 as a square root (mod 5). Then P=1=6+ 5.(=1),s0q=-1 and we
need to solve the linear congruence —1 + 2k = 0 (mod 5). This has solution k
=3 (mod 5), so we take s =1 + pik =1+ 5.3 =16, and the square roots of 6 in
252 are given by +16, or equivalently +9 (mod 5%). If we want the square

roots of 6 in 253 we repeat the process: we can take r = 9 as a square root

(mod 5%), with r* = 81 = 6 + 5°.3, so q = 3; solving 3 + 18k = 0 (mod 5) we
have k=—1,50s =9 + 5% (1) = —16, giving square roots +16 (mod 5°).



QUADRATIC RESIDUES AND NON-RESIDUES

Theorem 2.34 Let a be an odd integer. Then

(@) ae Qy
(b) ae Qqif and only if a= 1 (mod 4);
(c)ife>3,thenae Q26 if and only if a= 1 (mod 8).

Proof :- Parts (a) and (b) are obvious: squaring the elements of U, = {1} c Z,
and of Uy = {1, 3} < Z4, we see that Q, = {1} and Q4 = {1}. For part (c) we
use the theorem which states that the elements of Uze all have the form +5'

for some 1; squaring, we see that the quadratic residues are the even powers of
5. Since 5° =1 (mod 8), these are all represented by integers a = 1 (mod 8).
Now both the even powers of 5 and the elements a = 1 (mod 8) account for
exactly one quarter of the classes in Qze ; since the first set is contained in the

second, these two sets are equal.

Example :- Qs = {1}, Qis={1,9}, Q32 ={1,9, 17, 25}, and so on.

Note :- One can find square roots in Q2e by adapting the iterative algorithm
given earlier for odd prime-powers. Suppose that a € in for some 1 = 3, say

f=a+2q Ifweputs=r+2""k thens’=r’ + 2tk + 22"k’ =a + (q + k)
2! (mod 2”1), since 2(i—1) 21+ 1. Now ris odd, so we can choose k =0 or 1
to make q + rk even, giving s =a (mod 2™"). Thussisa square root of a in
U2i +1 - There are four square roots of a in U2i .1 > and these have the form t =

sx, where x =+l or2' £ 1 is a square root of 1. Since a =1 (mod 8), we can
start with a square root r = 1 for a in U23, and then by iterating this process

we can find the square roots of a in U263 for any e.

Example :- Let us find the square roots of a = 17 (mod 25); these exist since
17 =1 (mod 8). First we find a square root (mod 24). Taking r = 1 we have r?
=17=17+2° (-2), so q =—2; taking k = 0O makes q + tk =—2 even, sos =1+
2’k=1isa square root of 17 (mod 2%). Now we repeat this process, using r =
1 as a square root (mod 24) to find a square root s (mod 2° ). We have P=1=
17 + 2%, (1), so now q = —1; taking k = 1 makes q + rk =0 even, sos =r +
2’k = 9 is a square root of 17 mod (2°). The remaining square roots t are
found by multiplying s = 9 by —1 and by 2 +1 =+ 15, so we have +7, 39 as
the complete set of square roots of 17 (mod 2%).

Quadratic residues for arbitrary moduli
Theorem 2.35 Let n = nyn,...nx, where the integers n; are mutually coprime.

Then a e Q,ifand onlyifae Qni for each 1.

Proof :- If a € Q, then a = s (mod n) for some s € U,. Clearly a = s (mod
n;) for each i, with s coprime to n;, so a € Qni . Conversely, if a € Qni for
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each 1 then there exist elements s; € Uni such that a == si2 (mod n;). By the

Chinese Remainder Theorem there is an element s € Z, such that s = s;
(mod n;) for all i. Then $?= si2 = a (mod n;) for all i, and hence $=a (mod n)
since the moduli n; are comprime, so a € Q,,.

We can now answer the questionof whether a € Q, for arbitrary moduli n:
Theorem 2.36 Let a € U,. Then a € Q, if and only if

(1) a e Q, for each odd prime p dividing n, and

(2) a=1 (mod 4) if 2*In, and a= 1 (mod 8) if 2° | n.

(Note that condition (2) is relevant only when n is divisible by 4; in all other
cases we can ignore it.)

Proof :- By Theorem 2.36, a € Q, if and only if a € Q . for each prime-
p

power p° in the factorisation of n. For odd primes p this is equivalent to
a € Qp, by Theorem 2.33, giving condition (1); for p = 2 it is equivalent to
condition (2), by Theorem 2.34.

Example :- Let n = 144 = 23 Anelementa € U4 is a quadratic residue if
and only if a € Qs and a = 1 (mod 8); since Q3 = {1} < Z3, this is equivalent
to a=1 (mod 24), so Quua = {1, 25, 49, 73,97, 121} € Ujss. Any a € Qs
must have N = 8 square roots. To find these, we first find its four square roots
(mod 24) and its two square roots (mod 32) by the methods described earlier,
and then we use the Chinese Remainder Theorem to covert each of these eight
pairs of roots into a square root (mod 144). For instance, let a = 73; then a=9
(mod 24), with square roots s = 3, £5 (mod 24), and similarly a= 1 (mod 32),
with square roots s = + 1 (mod 3%); solving these eight pairs of simultaneous
congruences for s, we get the square roots s = +19, £35, £37, £53 (mod 144).



RIEMANN ZETA FUNCTION AND DIRICHLET’S SERIES 109

Unit-3

Riemann Zeta Function and Dirichlet’s Series

Riemann Zeta Function &(s) and its convergence

Definition :- The Riemann zeta function denoted by &(s), is defined as

E(s) = OZo: L=1 +i+i+.... where s > 1.
n=l n® 28 3s

Theorem 3.1 Prove that the function

Es) =3 iszl +is+i+..... (1)

n=l n 2 3S

converges for all real s > 1 and diverges for all real s < 1.

Proof :- Suppose first that s > 1. We group the terms together in blocks of
length, 1, 2, 4, 8,..., giving

&(s):1+(L+LJ+(L+...+LJ+(L+...+ ! j+
2% 3° 4° 7° 8° 15°

Now — b —<—— = =2,

I . e

4S 7S 4S S

i+...+ ! S—+...+=—=£=(21_s)3,andsoon
8° 15 8 g8 8

So we can compare (1) with the geometric series

) ) . . 2
1427+ 272+ 27 +. e 1+is+is+ RS I L B 1
2% 3



110

ANALYTICAL NUMBER THEORY

This converges since 0 < 2'™ < 1 and hence so does (1) by the comparison
test. In fact, this argument shows that 1 < §(s) < f(s) for all s > 1, where

1
1_21—5 ’

fs)= 3 (275)" =
n=0

If s — +oo then 2'°—0 and so f(s) — 1, giving lim &(s) = 1.
§—>+o0

We now show that (1) diverges for s < 1. This is obvious if s < 0, since than

1 . .
—S—>0 as n—oo, so let us assume that s > 0. By grouping the terms of (1) in
n

blocks of length 1, 1, 2, 4,..., we have

E()=1+ i+[L+LJ+(L+.”+LJ+...
25 35 4S SS 85

1 1 1 1 1 1 1
Ifs<1,then —=2—, —t—2>—+—=—
2° 2 3 45 4 4 2
i+ +i21+ +l:l, and so on, so (1) diverges by
5° g% 8 8 2
1

. . . . 1 . .
comparison with the divergent series 1 + 5 + B +... In particular, by taking s

= 1, we see that the harmonic series
1 ..

2.— diverges.
n

Application to prime numbers.

Theorem 3.2 Using Riemann zeta function, prove that are infinitely many
primes.

Proof :- Suppose there are only finitely many primes, say pi, p2,...px.- For

Y

1 1 1 1
1+—+—2+—3+...: R
P p” p l-p

If follows that if we multiply these k different series together, their product

k 1 1 k 1
H{1+—+—2+...]: H{ _lj ..(1)
i=l Pi pj i=1\ 1 -p;

each prime p = p;, we have < 1, so there is a convergent geometric series
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is finite. Now there convergent series all consist of positive terms, so they are
absolutely convergent. It follows that we can multiply out the series in (1)
and rearrange the terms, without changing the product. If we take a typical

1 . ) )
term —— from the first series, from the 2™ series, and so on, where

e e2
P1 | %)
each e; > 0, then their product
1 1 1 1
1T P2 R PP pik

will represent a typical term in the expansion of (1). By the fundamental
theorem of arithmetic, every integer n = 1 has a unique expansion n =

P Py 2..pi K (e = 0) as a product of powers of the primes p;. Since we are
assuming that these are the only primes; notice that we allow e; = 0, in case n
is not divisible by a particular prime p;. This uniqueness implies that each n

. 1 )
contributes exactly one term — to (1), so the expansion takes the form
n

]151(1+L+i2+..}= § 1 ...(2)

i=1 pl Pi n=] N

The right hand side is the harmonic series, which is divergent. However the
LHS is finite, so this contradiction proves that there must be infinitely many
primes.

E(s) as Euler’s product
Theorem 3.3 If s > 1, then

1 . .
E(s) = H( _SJ, where the product is over all primes p.
p \1-p

This is, infact, representation of Riemann zeta function as Euler’s product.
Proof :- The method is to consider the product py(s) of the factors
corresponding to the first k primes, and to show that Pi(s) — &(s) as k—>eo.
Let pi, p2...px be the first k primes. Now if s > 0 (so that the geometric series
all converge) then

K 1 Kk 1 1
Pk(S):H - :H 1+—S+7+...
i=1\ I-p; =\ p; P
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If we expand this product, the general term in the resulting series is

1
— where n = p{'p,”..p;* and each ¢; > 0. The Fundamental Theorem of
n

Arithmetic implies that each such n contributes just one term to Pk(s), so

1
P(s)= ¥ —.
neAg N

where Ay = {n :n=p;'p,..p¥,e, 2 O} is the set of integers n whose

prime factor are among pj, pz...px- Each n & Ay is divisible by same prime p >
Pk, and so n > pg. It follows that if s > 1 Then

1 1 1
Ps)-E0)l= ¥ —< ¥ —=Es)- ¥ —

ngAx N n>pg N n<px N

) ) ) 1 )
Since s > 1, the partial sum of the series Z—s converges to &(s), so in
n

particular Y %%&(s) as k—oo.  Thus IPi(s) — &(s)l=0 as x—»oo, so
nspg N

Pi(s)—&(s) as required.

Evaluation of §(2) and &(2k).

7'52

Theorem 3.4 If §(s) is Riemann zeta function, then &(2) = o

Proof :- We know that the function sin z can be expanded as

2
sinz=z]] (l—ijzzn (1— f 2] (D)

n=0 nw n>1 n'm

The first product in (1) is over all non zero integers n, and the second product
is obtained from the first by pairing the factors corresponding to +n.

Also the Taylor series expansion of sin z is

3 5
Z V4

sinz=z——+—... ...(2
EME ()

Comparing the coefficients of Z}in (1) and (2), we see that
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1 1
— X5 o=

SR |3

Multiplying by -1, we get

2
T
£E2) = ?

Theorem 3.5 If &(s) is a Riemann zeta function, then evaluate §(2k) where k

> 1.

Proof :- We know that sin z can be written as
2
. z
sinz=z[] | 1-——
n>1 nTm

Taking log . of (1), we have

2
logsinz=logz+ 3} log(l— z zj
n°m

n=1
and differentiating term by term

, \!
cotz:l—Z 22 (1— i ZJ .
n

Z n>l 112752

2 2\, 2\

z z z z

Now L R N B
n°m n°m n°m° k0 \ n°7

2k+1 2k-1
zZ z

=2y =2y
50 n2k+2 2k+2 2k .2k

T kI n° T

and then collect powers of z, we get

1 A | E(2k)z !
cotz=——2 ) Y-
Z kzzll nzzll 1’121(71:21( VA kzzll nzk

which is the Laurent series for cot z

..(D)

..(2)
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We will now compare (2) with a second expansion of cot z. The exponential
series

implies that

and the reciprocal of this has a Taylor series expansion which can be written
in the form

-1

2

B
t —(1+i+t—+..} _y Pmym .3)
for certain constants By, B;... known as the Bernoulli numbers.
t t/2 | —t/2

Now t _tje +1_1 _1 $_1

et_l 2 et_l 2 et/2_e—t/2

= %(coth%—lj :%('cot%—l) where i = v—1. Putting z = it/2, we get

t z )
: =zZcot z——=zcotz+1z.
e —1 1

Dividing by z and using (3), we have

B B "
cotz:—i+l > M =it Y —m(gj z™!

Zm>0 | m m=0 | m\ i

By comparing the coefficients of (2), we see that if m = 2k > 2,

2k
then _2@:BA(EJ ,
R 2kl
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k—1~2k-1__2k

so that E(2k) = 2k @
4 6
Thus EQ2)= T’ B,, E4)=- m By , E(6) = 2 Be and so on.
-1 1
We know thatBp=1, Bj=—, B, =—, B; =0
2 6
B =_—,B =0, B, =— and soon.
T30 0 ° T
2 4 6
T T T
Th 2)= —,&4)=—, &E(6) = ——cetc.
us £(2) 6 &4) 90 €(6) 94560

Dirichlet’s Series with simple properties :-

Definition :- If f is an arithmetic function, then its Dirichlet series is the series

® f(n
Fo= 5
n=l n
u(n) 1
Example :- If f(n) = u(n), then F(s) = > — =Z—s =&(s) where u(n) = 1
n n
V ne N is the unit function.
N(n)

Example :- If f(n) = N(n) then F(s) = 2,

nS

n 1
= zn_s ZZF= E(s—1)
where N(n) = n for all n.
Example :- If f(n) = pw(n), then

F(s) = Z& = b where W(n) is Mobius function.
n® &)

Notation. Following Riemann, we let s be a complex variable and write
s = O+it,

where 6 and t are real. Then n® = ¢* ¢ " = @+ Wogn  This shows that
In®l=n°since | e®l = 1 forreal ©.

The set of points s = ¢ + it such that ¢ > a is called a half-plane. We will
show that for each Dirichlet series there is a half-plane ¢ > 6. in which the
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series converges, and another half-plane ¢ > &, in which it converges
absolutely. We will also show that in the half-plane of convergence the series
represents an analytic function of the complex variable s.

The half-plane of absolute convergence of a Dirichlet series
First we note that if 6 > a we have In’l = n° > n® hence

f(n)

nS

[f(n)l

na

<

Therefore, if a Dirichlet series ¥ f(n)n~" converges absolutely for s = a + ib,
then by the comparison test it also converges absolutely for all s with ¢ > a.

Theorem 3.6 Suppose the series X | f(n)n™ | does not converge for all s or
diverge for all s. Then there exists a real number G,, called the abscissa of
absolute convergence, such that the series ¥ f(n)n™* converges absolutely if ¢
> G, but does not converge absolutely if 6 < G, .

Proof. Let D be the set of all real 6 such that X If(n)n™" | diverges. D is not
empty because the series does not converge for all s, and D is bounded above
because the series does not diverge for all s. Therefore D has a least upper
bound which we call 6, . If 6 < 6, then 6 € D , otherwise ¢ would be an
upper bound for D smaller than the least upper bound. If 6 > 6, then 6 ¢ D

since G, 1s an upper bound for D . This proves the theorem.
Note : If X If(n)n"° | converges everywhere we define 6, = —eo . If the series

Y | f(n)n* | converges nowhere we define 6, = + .

Example. Riemann zeta function. The Dirichlet series Y. n" converges
n=l

absolutely for 6 > 1. When s = 1 the series diverges, so 6, = 1. The sum of
this series is denoted by {(s) and is called the Riemann zeta function.

Example. If f is bounded, say | f(n) | < M for all n > 1, then X f(n)n™
converges absolutely for 6>1, sooc,<1. In particular if x is a
Dirichlet character the L-series L(s, %) = X y(n)n"° converges absolutely for ¢
>1.

Example. The series X n"n" diverges for every s so 6, =+ o .
Example. The series ¥ n™" n"° converges absolutely for every s s0 6, = —oo .
The Function Defined by a Dirichlet series

Assume that X f(n)n"° converges absolutely for 6 > ¢, and let F(s) denote the

sum function
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F(s) = im forc>o0,.

n=1 n°

This section derives some properties of F(s). First we prove the following

lemma :

Lemmal. If N>1and 6 >c¢c> G, we have

<N S |fn)InC.
n=N

if(n)n_S

n=N

Proof. We have

if(n)n_s < i [ f(n)In™® = i | f(n) | n™ n~©
n=N n=N

n=N

<N S |fn)In" |
n=N

The next theorem describes the behaviour of F(s) as 6 — + o .

Theorem 3.7 If F(s)= >

n=l N

for o > o, then

lim F(o +it) =1f(1)

G—>+oo

uniformly for —co <t <+ oo,

Proof. Since F(s) =1(1) + i f(n)n™ we need only prove that the second
n=2

term tends to O as 6 —> + . Choose c>0,. Then for ¢ >c the

lemma implies

5 f(n)

n=2 Ils

<20 3 fminc= A
n=2 20

where A is independent of ¢ and t . Since A/2° — 0 as a G — + oo this proves

the theorem.

Examples. { (c+it) > land (G +it, ) > 1lasG —> +.
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We prove next that all the coefficients are uniquely determined by the sum

function.

Theorem 3.8 Uniqueness theorem. Given two Dirichlet series

Fo= 5 andGe= 52
n=l N n=1 N

both absolutely convergent for ¢ > 6, . If F(s) = G(s) for each s in an infinite
sequence {sx} such that 6y — + o0 as k —oo , then f(n) = g(n) for everyn .

Proof. Let h(n) = f(n) — g(n) and let H(s) = F(s) — G(s). Then H(sk) = 0 for
each k. To prove that h(n) = 0 for all n we assume that h(n) # 0 for some no
and obtain a contradiction.

Let N be the smallest integer for which h(n) # 0. Then

= h(n) _ h(N) & h(n)

He= 5 0 Doy M
n=N n- N° n=N+l n°
Hence
h(N) = N°'H(s) = N° 3 h(?).
n=N+l N

Putting s = sy we have H(sx) =0 hence

h(N) = — N°* S h(n)n~k .

n=N+1

Choose k so that oy > ¢ where ¢ > 6, . Then Lemma 1 implies

Th(N)I < N°% (N+1)"°® S |h(n)In° = (lj A
n=N+1 N+1

where A is independent of k. Letting k — oo we find (N/(N+1))* — 0 so
h(N) = 0, a contradiction.
The uniqueness theorem implies the existence of a half-plane in which a

Dirichlet series does not vanish (unless, of course, the series vanishes
identically).

Theorem 3.9 Let F(s) = X f(n)n" and assume that F(s) # 0 for some s with
6 > G, . Then there is a half-plane ¢ > ¢ > 6, in which F(s) is never zero.

Proof. Assume no such half-plane exists. Then for every k = 1,2,... there is
a point sy with ok > k such that F(sy) = 0. Since 6y >+ ask —
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oo the uniqueness theorem shows that f(n) = O for all n, contradicting the
hypothesis that F(s) # 0 for some s .

The half-plane of convergence of a Dirichlet series
To prove the existence of a half-plane of convergence we use the following

lemma :

Lemma 2. Let sy = 0y + ity and assume that the Dirichlet series X f(n)n
has bounded partial sums, say

>f(n)n™0| <M

n<x

for all x =2 1. Then for each s with 6 > 65 we have

>f(n)n™

a<n<x

<2Ma®° (1+w] (D)

Proof. Leta(n) = f(n)n " and let A(x) = Y a(n). Then f(n)n" = a(n)n®0"®
so we can apply Abel’s identity (to be proveci in unit v) : For any arithmetical
function a(n) and let

AX)= 2 a(n),

n<x

Where A(x) =0 if x < 1. Assume f has a continuous derivative on the interval
[y, x], where 0 < y < x. Then we have

2 am) f(n) = A(x) f(x) — A(y) f(y) —)f( A(D) f'(Ddt
y

y<n<x

Theorem (with f(x) = x°°™) to obtain

Yfmn™  =Ab)DOT —A(a)a™™ (s—so) ]I)A(t)tso‘s‘1 dt.

a<n<b

Since | A(x)I <M this gives us

b
<Mb%0™® £ Ma®™® +ls—sol M [t dt

a

>f(m)n™

a<n<b
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bco—c _ aG()—G—l

<2Ma®0 ™ +1s — 5ol M

<2Ma®° (1+'S_SO '] .

Examples. If the partial sums Y. f(n) are bounded, above Lemma 2 implies

n<x
that ¥ f(n)n™" converges for 6 > 0 . In fact, if we take so = 6o = 0 in (1) we
obtain, for >0,

<Ka™"°

>f(n)n™®

a<n<b

where K is independent of a . Let a — +oo we find that X f(n)n™° converges if
6 > 0. In particular, this shows that the Dirichlet series

z( S)
n=l 1N
converges for 6 >0 since | Y (-D"| <1.
n<x

Theorem 3.10 If the series ¥ f(n)n™ converges for s = oy + ity then it also
converges for all s with 6 > 0y . If it diverges for s = Gy + ity then it
diverges for all s with 6 < 5 .

Proof :- The second statement follows from the first. To prove the first
statement, choose any s with 6 > 6p.Above Lemma shows that

o, —O
<Ka?

> f(m)n™

a<n<b

where K is independent of a. Since a’0"° 5 0as o — + oo, the Cauchy
condition shows that > f(n) n”° converges.

Theorem 3.11 If the series X, f(n)n~ does not converge every where or
diverge everywhere, then there exists a real number G, called the abscissa of
convergence, such that the series converges for all s in the half-plane ¢ > G,
and diverges for all s in the half-plane ¢ < G..

Proof :- We argue as in the proof of Theorem 3.6, taking o, to be the least
upper bound of all 6 for which 2 f(n)n™" diverges.
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Note. If the series converges everywhere we define 6. = —oo, and if it
converges nowhere we define 6, = + oo.

Theorem 3.12 For any Dirichlet series with o, finite we have
0<o,—-0.<1.

Proof :- It suffices to show that if 2. f(n)n™° converges for some sy then it
converges absolutely for all s with 6 > 6y + 1. Let A be an upper bound for

the number | f(n) n°°|. Then
f(n)| _|f(n)

n® n*0

1

s=s()

A

6-6(

n n

so 2. | f(n)n"* | converges by comparison with > n®0™°
Example The series

) (_1)1’1
5

n

converges if ¢ > 0, but the convergence is absolute only if ¢ > 1. Therefore in
this example 6. =0 and 6, = 1.

Definition :- If f and g are arithmetic functions, then their Dirichlet product or
convolution, is the arithmetic function f * g given by

fxgn)= ¥ f(d) g(%}

d/n

) . n
equivalently, putting e =E, we have
fxgm= 2 f(d gl
de=n

Theorem 3.13 Suppose that

Fs)= ¥ f(—rs‘) G(s)=% £ an
n=l N n=l N

H(s) = ioj h(—rsl) where h = f * g. Then H(s) = F(s)-G(s) for all s such that F(s)
n=l n

and G(s) both average absolutely.

Proof :- If F(s) and G(s) both converge absolutely, then we can multiply these
series and re arrange their terms to give



122

ANALYTICAL NUMBER THEORY

F(g) G(s)

SIS f(m)g(sn): S f(m)sg(n)
m=1 n=1 (mn) k=l mn=k Kk

5 (f*g)(k)zg h(k)

= H(s)
k=1 k* k=1 k*

Example :- If we take f =, g = u, then

h=f#*g=pn*u=1I1 wherel = identity function and I(1) = 1,
In)=0Vn>1.

Now I(1)=1and I(n) =0 foralln>1
I(n)

—~= =1 for all s.
l,IS

SO HGs) =2

We have F(s) = Z&I:) and

n
u(n) 1

G(s) =X —= Z—S = &(s), both absolutely convergent for s
n n

> 1.

Using above theorem, we have

5 &S‘)g(s) — 1, so that

n=l n
sRm_ T o ass1.
n=l n° &(s)
Example :- Let f = ¢ and g = u. Then G(s) = §(s) is absolutely convergent for
s> 1. Now 1 < ¢(n) < n for all n, so F(s) = % ‘P(‘:) is
n

absolutely convergent by comparison with Zis =&(s—1) for s —1 > 1, that is,
n

fors>?2

Also 0 *u=N, so

Z “’:Z) E(s) = Z 1\:?) - Z =g
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and hence Z ¢(n) F,(s for all s > 2.

Analytic properties of Dircichlet series

Convergence properties of Dirichlet series can be compared with those of
power series. Every power series has a disk of convergence, whereas every
Dirichlet series has a half-plane of convergence. For power series the interior
of the disk of convergence is also the domain of absolute convergence. For
Dirichlet series the domain of absolute convergence may be a proper subset of
the domain of convergence. A power series represents an analytic function
inside its disk of convergence. We show next that a Dirichlet series represents
an analytic function inside its half-plane of convergence.

Analytic properties of Dirichlet series will be deduced from the following
general theorem of complex function theory which we state as a lemma.

Lemma 3. Let {f,} be a sequence of functions analytic on an open subset S of
the complex plane, and assume that {f,} converges uniformly on every
compact subset of S to a limit function f. Then f is analytic on S and the
sequence of derivatives {f ’;} converges uniformly on every compact subset
of S to be derivative f’.

Proof :- Since f, is analytic on S we have Cauchy’s integral formula

n()__ f(Z)

2WivdD z—a

where D is any compact disk in S, dD is its positively oriented boundary, and
a is any interior point of D. Because of uniform convergence we can pass to
the limit under the integral sign and obtain
1 f(z
f(a) =— @ 4

27 ¥ oD z—a

which implies that f is analytic inside D. For the derivatives we have

f ()

dz and
ZmJ.BD (z—a)’

f,(a)=

f (a)=

1 J- f(z) dz

2 I (7—a)?

from which it follows easily that f_ (a) — f (a) uniformly on every compact
subset of S as n—oo,
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To apply the lemma to Dirichlet series we show first that we have
uniform convergence on compact subsets of the half-plane of convergence.

Theorem 3.14 A Dirichlet series X, f(n)n™ converges uniformly on every
compact subset lying interior to the half plane of convergence o > o..

Proof: It is suffice to show that Y f(n)n™° converges uniformly on every

compact rectangle R =[a, B] X [c, d] with &> 6. To do this we use the
estimate ,
s 6p-0 ls—sq |
> f(n)n™ | <2Ma 1+ (D
a<n<b o — 60

where sy = Gy + ity is any point in the half-plane ¢ > 6. and s is any point with
G > 0y. We choose So = Og where 6. < Gy < Q.

Then if s € R we have 6 —0p = o0 — 6y and Isg — sl < C, where C is a constant
depending on sy and R but not on s. Then (1) implies

> f(n)n™*

a<n <b

SZMaGO_O{l+ C szaco_a

where B is independent of s. Since a°0™®

condition for uniform convergence is satisfied.

— 0 as a — +oo the Cauchy

Theorem 3.15 The sum function F(s) = 2f(n)n" of a Dirichlet series is
analytic in its half-plane of convergence 6 > G, and its derivative F ’(s) is
represented in this half-plane by the Dirichlet series

F(s) = - ilm, ()

S

n

obtained by differentiating term by term.

Proof :- We apply above theorem 3.14 and Lemma 3 to the sequence of
partial sums.

Notes :- The derived series in (1) has the same abscissa of convergence and
the same abscissa of absolute convergence as the series for F(s).

Applying Theorem 3.15 repeatedly we find that the kth derivative is
given by

- k
o) = (-D)* f(n)(logn)™

n=1 n

for 6 > o..

Examples For 6 > 1 we have

logn

¢ =

n

..(2)

1 n’

M8
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and
RO
C(s)

A(n)
el ..(3)

=
i1 M8

Equation (2) follows by differentiating the series for the zeta function term by
term, and (3) is obtained by multiplying the two Dirichlet series >, A(n) n™°
and X, n"° and using the identity 2.4, A(d)=log n.

Dirichlet series with nonnegative coefficients

Some functions which are defined by Dirichlet series in their half-plane
of convergence G > G, can be continued analytically beyond the line ¢ =
6.. For example, Riemann zeta function {(s) can be continued analytically
beyond the line 6 = 1 to a function which is analytic for all s except for a
simple pole at s = 1. The singularity for the zeta function is explained by the
following theorem of Landau which deals with Dirichlet series having
nonnegative coefficients.

Theorem 3.16 Let F(s) be represented in the half-plane 6 > ¢ by the Dirichlet
series
= f(n
Fo= 3 10, )

n=1 s

where c is finite, and assume that f(n) = O for all n > ny. If F(s) is analytic in
some disk about the point s = c, then the Dirichlet series converges in the half-
plane ¢ > ¢ — ¢ for some € > 0. Consequently, if the Dirichlet series has a
finite abscissa of convergence G, then F(s) has a singularity on the real axis at
the point s = ..

Proof :- Let a =1 + c. Since F is analytic at a it can be represented by an
absolutely convergent power series expansion about a,

0o (k)
Fo= £

-0 !

(s—a)~, (2

and the radius of convergence of this power series exceeds 1 since F is
analytic at c, (see the figure 3.1 below). By theorem 3.16 the derivatives
F%(a) can be determined by repeated differentiation of (1). This gives us

FYa) = (-1)* 3 f(n) (log n)* n™,

n=1

So (2) can be rewritten as

(a—s)"
k!

F(s) = kio il f(n) (log n)* n™*. ..(3)

125
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Since the radius of convergence exceeds 1, this formula is valid for some real
s = ¢ — € where € > 0 (see figure below). Then a —s = 1 + € for this s and the
double series in (3) has nonnegative terms for n > nyg. Therefore we can
interchange the order of summation to obtain

f(n)
1 n?

i {(1+8)10gn}k _ i me(ug)logn —
k= =

a

F(c—¢) =

n

i1 M8

0 k! n=1 n
f(n)

c—¢

M3

n=1 N

In other words, the Dirchlet series 2. f(n)n" converges for s = ¢ — €, hence it
also converges in the half-plane ¢ > ¢ — €.

Figure 3.1

Definition :- An arithmetic function f is called multiplicative if f(mn) = f(m)
f(n) where gcd (m,n) =1.

Definition :- An arithmetic function f is completely multiplicative if f(mn) =
f(m) f(n) for all positive integers m and n.

Euler Products

The product expansions of a function in which the factors are indexed by the

primes are called Euler products. For example &(s) = H( ! _SJV s> 1,
p\l-p
where the product is over all primes.

Theorem 3.17 (a) If f(n) is multiplicative and OZo)f (n) is absolutely
n=1
convergent, then

Elf(n) [T A+£(p)+f(p3) +...)
n= p

(b) If f(n) is completely multiplicative, and OZo)f (n) is absolutely convergent,
n=1

then
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f = .
Z g(l—f(p)j

Proof :- (a) Let py, p2,..., px be the first k primes, and let

k
P =1 (1 +f(p) + f(pid) +...)
i=1

The general term in the expansion of Py(s) is

f(py")..f(p*) =f(p;'...p;¥ ), because f(n) is multiplicative

Thus Py= Xf(n)
neAg
where Ac={n:n=pi'.p¥.,e 20}.
We have P -Yfm)|=| Sfm)|< It
n=l ng Ay ngAg
< YIf(n)l, since n > px for eachn ¢ Ay.
n>pg

Now > If(n)| converges, so as k—oo we have 3} |f(n)|—0 and hence
n=1 n>py

—0; thus Py — gf(n) as k—oeo,

n=1

P, — Sf(n)

n=1

(b) If f(n) is completely multiplicative, then
f(p%) = f(p)° for each prime power p°, so part (a) gives

Stn) =1 (1 +fp)+f(p?) +...)

n=1 p

=11 (1 +£@p)+fp)*+...)
p

i)
P U=1(p))

Applying Theorem 3.17, to absolutely convergent Dirichlet series we
immediately obtain :
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Theorem 3.18 Assume X f(n)n~" converges absolutely for 6 > 6, . If fis

multiplicative we have

- 2
zf(n) = H{ +m+f(;;s)+”} if6>0,, ~..(D

n=l n° p p’ p
and if f is completely multiplicative we have

sim) _

- — ife>0, . ..(2)
n=l N p 1-f(p)p

It should be noted that the general term of the product in (1) is the Bells series
f,(x) of the function f with x = p~*

Examples. Taking f(n) = 1, w(n), ¢(n), 64(n), respectively, we obtain the
following Euler products :

(®)= S =[]—— ifo>1.
n=in®  pl-p°"
I 2um) P
1- fo>1.

C(S)HZIH H( p’) ifo>

C(S—l) °°¢(n) Hl P’ o2

(s) nln p 1-p* '
((s) Lo = 5 Za) o L it max (L,

n=l n’ p I-p7)—-1-p"™)

1+ Re(a) }

Example :- The mobius function w(n) is multiplicative, with pu(p) = —1 and

w(p®) =0 forall e > 2, so

- 2
Zw:H 1+&+M(_p )+ =11 (l—p_s)zi.fOI‘aHS>1.
n=l n° p P pY P &(s)
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Unit-IV

Diophantine Equations and Quadratic Fields

Diophantine equations

Definition :- A Diaphantine equation is an equation in more than one
variables and with integral coefficients such as

ax +by=c, X +y =2, X +y'=2"

Our problem is to find all the integral solutions of a given Diophantine
equation.
To find solutions of diaphantine equation

)(2+y2=z2 (D

Let x = 0, then the equation becomes y* = z°

>y=*z

Similarly if y =0, then x> = zZand x =+ z. Letz=0 = x*+y’'=0 =x=0
=y

Thus all the solutions are known if either x =0ory=0o0rz =0

So we assume neither of x, y, z is equal to zero.

Further if (X, y, z) is a solution of (1), (x x, £y, £ z) is also a solution
of (1) for all combinations. So we assume x >0,y >0, z> 0. Again if (X, y,
z) 1s a solution of (1), (dx, dy, dz) is also a solution of (1) for all d. So W. L.
O. G. we assume ged (X, y,z) =1

Let gcd(x,y)=d>1

then dix,dly = d*1x% d*ly’
= PIx*+y =>d 2 =dlz
= ged (x,y,z)=2d> 1

Similarly if ged (x, z) = d > 1 then ged(x, y, z) 2 d > 1 and same holds if gcd
x,z)>1

So to consider solutions where gcd(x, y, z) = 1, it is enough to assume that
ged(x,y) =1

Now since gcd(x, y) = 1, so both of x & y can not be even.

Let both x & y be odd, then
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x> =1 (mod 8), y* =1 (mod 8)
=S 2 =x"+y* =2 (mod 8)
But there is no integer z with

z> =2 (mod 8)

So if (x, y, z) satisfies (1) and ged(x, y) = 1 then one of x & y must be odd and
other must be even.

W. L. O. G. we assume that x is even and y is odd

Definition :- A solution (X, y, z) satisfying a Diaphantine equation is called a
primitive solution if ged(x, y, z) = 1

Theorem 4.1 All the positive primitive solutions of

)(2+y2=z2 (D
where x is even, y is odd, is given
by x =2ab,y=a’— b’ z=a’ + b’ (2
where a > b > 0 and a and b are of opposite parity and gcd (a,b ) =1

Proof :- Suppose (x, y, z) are given by (2) where a & b satisfy given
conditions. Then we shall prove X, y, z are positive primitive solutions of (1)

Clearly x>0,y>0,z>0sincea>b >0

Setting x = 2ab, y = a’ — b we get
X +y’ = (2ab)’ + (@-b")’ = (2> + b))’ =2
Thus (x, y, z) satisfy (1)

To prove ged (X, y, z) = 1, it is enough to prove that ged (y, z) = 1 where y &

z are given by (2). Let d=gcd (al2 —b%a’+ b2)
Then d1(a>=b») &dI(a*+b)
= dl@+b)+ @ -b)

= d12a® & d|2b*
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=S d | ged (222, 2b%)
=S d 12 ged (a% b?)

Butged (a,b)=1 = ged(a®,b)=1 = dI2 =d=1or2

Since a & b are of opposite parity, both of a*> — b* & a® + b” are odd
=>d#2 = d=1

Thus if (x, y, z) are given by (2) (X, y, z) is a primitive solution of (1)
Now let (X, y, z) be any positive primitive solution of (1). Then we know

ged(x,y)=1gecd(y,z)=1and ged (x,2z) =1
Now from (1), xzzzz—yzz(z+y) (z-Yy) ...(3)

Since, X is even, y is odd, so from (1) z is also odd

= z +y & z—y are both even
= izy & =y are natural numbers. (Note that z > y)
Writing (3) as

HREs J

Nowweclaimgcd( +y 2= yj d=

2
zZ+ z— zZ+ z—
Now Yad Y ol 2 2
2 2 2 2
= dlz&dly =d=1since gcd(y, z) = 1

) . X . .
Since x is even = 2 1s a integer

. +
So from (4) we see that product of two coprime natural numbers z 2y &

-y

is the square of an integer.
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= Both of HTY & % are squares uof integers.
Let ”Tymﬁ&%zb2 wherea>0&b>0 .5

Sincey>0 =a>b>0

Also gcd[HTy, Z;yJ 1 = ged (a3 b)) =1

= ged(a,b) =1
Now from (5) we get z = a’+b* & y= a’—b’ ...(6)

Substituting these values in (1) and noting that x > 0, we get x = 2ab.
Since y is odd so from (6) we get a & b are of opposite parity.

This proves the theorem.

Example :- Find all the solutions of

x2+y2:z2 where 0 <z <30 ..(D)

Solution :- First we assume x >0,y >0,z >0, gcd(x,y)=1and 2 | x

then we know that all the solution of (I) are given by

x =2ab,y=a’— b’ z=a’ + b’ ...(ID)

where a > b > 0, gcd(a, b) = 1 and a & b are of opposite parity

Now consider
0<a’+b*<30

Then a = 1 is not possible sincea>b>0. Leta=2, Thenb =1, since

a>b>0
Then x=4,y=3,z=51.e. (4, 3,5) is the solution
Leta=3thenb =2 since a>b>0 and a & b are of opposite parity
Then x=232=12, y=5

Then z=131i.e., (12, 5, 13) is the solution
Leta=4thenb=1or3,thenforb=1,x=8,y=15,z=17
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So (8, 15, 7) is the required solution

Now a=4,b=3
Then x=24,y=7,2=25
1.e. (24, 7, 25) is the solution

Now, take a =5 then b =2 since a > b, 0, a & b are of opposite parity
and (a* +b%) <30
Therefore x=20,y=21,z=291.e., .. (20,21,29)is asolution
So, all solutions with x >0,y >0, z> 0, X, even and gcd (x, y) =1 are

4, 3,5), (12,5, 13), (8, 15, 17), (24, 7, 25), (20, 21, 29)
So all solutions of the required type are

(x4,£3,5), (£ 12,£5,13), (£8,£ 15, 17), (£ 24,+ 17, 25), (£
20, £21, 29), (£3, 4, 5), (&5, £12, 13), (15, 18, 17), (£7, £24, 25), (£21,
120, 29), (x16, 8, 10), (8, £16, 10), (+9, £12, 15), (12, £9, 15), (£12, *16,
20), (16, £12, 20), (£15, £20, 25), (20, 15, 25), (£18, 24, 30), (24, £18,
30), (24, £10, 26), (£10, £24, 26)

Example :- Prove that if x, y, z satisfy

X2 + y2 — Z2
then (i) xyz = 0 (mod 60) (D
(i)  xy(x*—y*) =0(mod 84) ...(ID)

Solution :- W. L. O. G., we assume
x>0,y>0,z>0;ged (x,y)=1and 2 I x
Then we assume know
X=2ab,y:a2—b2,Z=a2+b2

where a>b>0; gcd (a,b) =1 & a, b are opposite parity
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Then setting x = 2ab, y = a* — b%, we get

xy = 2ab(a’ — b?)

133

...(IID)

Since a & b are of opposite parity, one of a & b must be even and other must

be odd

Therefore xy =0 (mod 4)

If 31aor3Ib then from (III)
xy = 0(mod 3)

So,assume 3Jaand 3/b

Then by Fermat’s theorem
a’ =1 =b’(mod 3)

= a’— b’ =0 (mod 3)

So in this case also xy = 0 (mod 3) So in all cases,
xy =0 (mod 3)

From (IV) & (V), we get
xy =0 (mod 12)

in all cases

Now xyz = 2ab (a’ — b%) (a’ + b%)
=2ab (a* - b%
If 5/a or 5/b then from (VII)
xyz =0 (mod 5)

Then from (VI) & (VIII), we get
xyz = 0 (mod 60) in this case
So let 5xa and 5xb

By Fermat’s theorem

a*=1=b*mod 5)

From (VII)  xyz =0(mod 5)

{from (1D}  ...(IV)

(V)

...(VD

...(VID)

...(VIII)

...(IX)
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and in this case also from (VI) and (IX)

xyz = 0(mod 60)
This proves (i)
(ii) xy(x* — y%) = 0(mod 84)

Asin (i), take x =2ab,y = a’—b’
xy = 0(mod 12) (%)
Now xy(x°—y) = 2ab (a’ — b?) ((2ab)* — (a> — b%)?)
= 2ab (a> — b’) (4a’b” — a* — b* + 2a’b?)
= 2ab (a’-b?) (62> b* —a* - b%
= 2ab (a’ — b*) (—a’ b* —a* — b*)(mod 7)
= —2ab(a’ — b%) (a* + b* + a’ b%) (mod 7)
= — 2ab(a® — b% = 2ab (b° — a%) (mod 7) ()
If 71aor7Ib, thus from (%) and (*)
xy(x> — y*) = 0(mod 84)
If 7/a and 71b then by Fermat’s theorem
b® =2’ = 1(mod 7)
and again from (),
xy(x2 — y2) =0 (mod 84)

Hence the result

Fermat’s Last Theorem :- This states that x" + y" = z" (n > 3) has no
solutions for which (x,y,z) # 0

We shall give the proof of the result that

x4+y4=z4
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has no solution for which (x, y, z) # 0. In fact we shall prove a little more we

shall prove

Theorem 4.2 x* + y4 = u” has no non-trivial solutions. ..(D)
Proof :- If possible suppose the given equation has solutions.

W.L.O.Gassumex>0,y>0,u>0
Let S ={ueN; x4+y4=u2 for x, ye N}

Then by assumption S # ¢. So by law of well ordering, S has a least element.
Let ug be the least element of S.

Then 3 x0 € N, yoe N, such that x04 + yo4 = u02 ..(2)

Then first we claim that gcd(xo, yo, ug =1

Let gcd(Xo, yo, ug) =d > 1. Thend | xo & d | yp
- dIxe & d*lyet = d*ixet +yo'
=X d*luy? = d*lug

o4 42
Then R O e
d d d?
ie., X—O,y—o,u—o satisfies (1) and so u—OeS
y d ¢? d?
= 9>y, =1>d

=d=1. So gcd(xo, yo, up) =1

Then xo, Yo can not be both even, since then uy is also even & gcd (X, yo, o) =
2.

But x¢ & yo can not be both odd either since in that case

u’ =x0" + yo'=1+ 1 =2(mod 8)

which has no solution. So one of xq, yo is odd & other is even. W.L.O.G.
assume Xg is even. Then yp must be odd. Also

(x(z))2 +(y(2,)2 :u(z) and gcd(x(z),y(z),uo) =1

Then by previous theorem there exists positive integers a & b such that
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X(Z) — 2ab, y(z): a’—b% up=a’+b>wherea>b >0, ged(a,b)=1. ...(3)

and a & b are of opposite parity.
If possible let a be even then b must be odd.
Then from (3)

yg =a’—b*=—1 (mod 4)

but there does not exist any integer n such that n’ = -1 (mod 4)

Then a must be odd & b must be even. Let b =2c. Then from (3)

2

X(Z) :2ab=4ac:>)iTO =ac
)2
0
= — | =ac ...(4
%] @
Since ged(a,b)=1&b=2c
= ged(a, c) =1

Now (4) gives us that square of an integer is equal to product of two positive
integer where both are relatively prime So both a & ¢ must be square of
integers.

Let a=f"&c=¢"

Since gecd(a,b) =1 = gecd (fz, 2g2) = 1. Again from (3)

y%= a2 —bloa?—ac?= (f2)2—4(g2)2=f4—4g4

= y(2)+4g4:f4 ...(5)
But ged(f, 2gh) =1
= ged(yo, 2¢7) = 1

because a & b are of opposite parity, then from (3), yo must be odd.

Now (5) can be written as

(y3)? + &) = ()
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where gcd(2g2, yo) = 1, yp is odd, 2g2 is even. They by previous theorem,
there exists integer r, s, such that Zg2 =218, yo = - f=r+s
...(6)
where r > s > 0, gcd(r, s) = 1 & 1, s are of opposite parity
Now from (6), 2 =2rs = g’ =rs
But gcd(r, s) = 1, so we have product of two relatively prime integers is the

square of an integer. = r & s must themselves be squares.

Letr:vz&s:wzwherev>0,w>0

Now from (6), P=r’+s= (V2)2 + (W2)2 =v*+wh

Then (v, w, )0 is a solution of (1). So feS.

= f>ug

But f<fP=za<a’<a’+b’= up which is a contradiction and
contradiction arose because we assume (1) has a solution. So (1) has no
solution.

The represent of number by two or four squares.
Theorem 4.3 Let n be a natural number of the form 4k+3, then n cannot be
written as a sum of 2 squares.

Proof :- If possible let n = x* + y*. Then
x>=0or 1(mod 4) and y2 =0or 1 (mod4)
Thenn = x> + y2 =0or 1 or 2(mod 4)

Thus if n = 3(mod 4), it cannot be written as a sum of two squares.

Theorem 4.4 Let n = x* + y*. Then primes of the type 4k + 3 can occur in the
prime factorization of n to an even degree only.

In other words if a prime of the type 4k + 3 occurs to an odd degree in the
prime factorization of a natural number n then n can not be written as a sum of
squares of 2 numbers.

Proof :- Let p be a prime of the type 4k + 3.
2k+1

Letn=p~ n, where k 2 0 and ged(n;, p) =1
and let n=p™**n =x*+y
Then n=x’+ y2 =0 (mod p)

Let phx. Then ged (p, x) =1
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Now gcd(p, x) =1

=> 1 an integer q such that x q = 1(mod p)

Now y2 = —x’(mod p)

= q’y* =—q’ x* = —1(mod p)
= (ay)* =~1(mod p)

= —1 is a quadratic residues of p.

But p is a prime of the type 4k + 3 and so —1 must be a quadratic non-residue
of p, which is a contradiction. So p must divide x. Then p must also divide y,
since x* + y2 = 0(mod p)

Let X =px1 &y =pyi

Then n=x>+y =p> x> +y) \=p*

2 2 2k—1
=X +y1 =p n;

If p I x;, we have contradiction as before.

2k-3

Soif X; =pxa, y1 = pya, then X% + y% =p~  n; proceeding as before.

Proceeding like this and decreasing the power of p by 2 at a time, we get
Xﬁ + yﬁ = pn; for some positive integers xx & yx

Also gcd(ny, p) = 1, proceeding as before we get p2 | pny

= p I ny, which contradicts ged(p, ny) =1
Thus n can not be written as a sum of 2 squares.

Theorem 4.5 If all primes of the type 4k + 3 occur to an even degree in the
prime factorization of a natural number n, then n can be written as a sum of 2
squares.

To prove Theorem, we first shall prove the following lemmas

Lemma 1 :- If n; & n, are representable as a sum of 2 squares, then n; n; is
also representable as a sum of 2 squares.

Proof :-Let n;= a> +b’ and n, = 4+ d?

Then nyn; = (a2 + b2) (c2 + d2)



DIOPHANTINE EQUATIONS AND QUADRATIC FIELDS

= (ac + bd)* + (ad — bc)*

and this proves Lemma 1

Lemma 2 :- Given any prime p of the type 4k + 1, 3 natural numbers x & m
such that

x2+1:mpwher60<m<p

Proof :- Since p is a prime of the type 4k + 1, —1 is a quadratic residue of p.

So 3 a natural number x such that x> = —1 (mod p) W. L. O. G. we may

assume 0 < X < p. If p/2 x < p, we note (p—x)2 =x>=—1 (mod p)
and 0 <p —=x<p/2. So W. L. O. G. we assume 0 <x<p/2. Then 3 an
integer m such that m>0

2
and mp:x2+1<1+[gj <p,, = m < p.

Proof of Theorem :- Let m be the least positive integer such that, a> + b> =
mp for some positive integer a & b.

By Lemma 2, suchan mexists &0 <m<p. f m=1,

Then p can be written as a sum of 2 squares. Now we can write n as

n=7pip2...Px m2

where each p; is a prime of the form 4k + 1 and m is a product of primes of the
type 4k + 3. If each p; can be written as a sum of 2 squares, then theorem
follows from Lemma 1. So assume 3 at least one prime p of the form 4k + 1,
such that p can not be written as a sum of 2 squares.

Then 3 integers m, x, y such that X + y2 = mp
We take 2 < m < p and m is the least positive integer

Now mp = x>+ y2 = (0(mod m)

Take integers u & v such that

x =u (mod m), y = v(mod m) (D
and lul <m/2, vl <m/2
Then vHvi=xt+ y2 =0 (mod m) ..(2)
2 2 2

m
Let mr=u’+v>< 1 + = <m

139
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2

Then mr<m- =0<r<m

Letr=0. Thenu’+v’=0 = u=0,v=0

Then x=u=0 (mod m)
y=v=0(mod m)

= mlx,mly. Thenmzlxz,mzly2

= m’l (x*+y?) = m’Imp = mlp.

But 2 <m < p, som | pis not possible

=

Now

Now

and

r#0

mp=x2+y2 and mr = u” + v’

m’ p = (x2 + y2) (u2 + v2) =(xXu+ yv)2 + (xv — yu)2 ...(3)
xu+yvsu2+v25mr50(modm)
xv—yu=uv—uv =0 (mod m).

m | (xu + yv) and m | (xv — yu)

Xu + yv g Y-y
m m

are integers

Dividing on both sides by m? in (3) we get

Xu + yv 2 XV — 2
v
m m

i.e., rp can be written as a sum of 2 squares.

But O < r < m and this contradicts the minimality of m. So 2 < m < p is not

possible

=

m=1.

i.e., every prime of the form 4k + 1 can be written as a sum of 2 squares.
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Remark :- Combining Theorem 1 with Theorem 2 we get that a natural
number n can be written as a sum of 2 square iff all the primes of the type 4k
+ 3 occur to an even degree in the prime factorization of n.

Theorem 4.6 If a prime p = x* + y°, then apart from changes of signs and
interchange of x & vy, this representation of p as sum of two squares is unique.

Proof :- If p =2, then 2 = (+ 1)2 + (£ 1)2 is the only representation of 2 as sum
of two squares.

Let p be an odd prime. Since no number of the form 4k + 3 can be written as
sum of 2 squares sop#3 (mod4). Sop=I1(mod4)

Let p=x2+y2&p=X2+Y2

Since p is of the form 4k + 1, —1 is a quadratic residue of p.

So 3 an integer h such that h?=-1 (mod p)

Nowp=)(2+y2 :>x2+y250(modp)

= X’ = —y2 (mod p)

Since h*=—1 (mod p) = x> =h? y2 (mod p)
= x =1 hy (mod p)

By changing the signs of y if necessary, we can assume

x = hy (mod p)

Similarly we assume X = hY (mod p)

Now pPP=x+y) (X +Y)

= (xX +yY)? + (xY — yX)* (D)
Now xY —yX=hyY-yhY =0 (mod p)
= p ! (xY=yX). Then from (1), p | xX +yY)

Dividing both sides of (1) by p*, we get

2 2
1=[xX+ij +(xY—ij e

P P

The only representation of (2) as sum of two squares are

141
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1=’ +0°=0*+ (1)

So from (2) either xX + yY =0 ...(3)
or xY —yX =0 @
Casel xY-yX=0

= xY =yX ...(5)

Nowp=)(2+y2 = gcd(x,y) =1, and p=X2+Y2 =gd(X,Y)=1

From (5), x | (yX),butged (X, y) =1 =>x1X ...(6)
Again from (5), X | (xY),butged (X, Y)=1 = X Ix ..(7)
Using (6) and (7)

x=1X.

Butx2+y2:X2+Y2:p

= V=Y'=y=tY
So in this case theorem is true.
Case I1 xX+yY=0

In this case, we check that

x=tY&y=%X.

xX=-yY
= xl-yY =xI1Y
and YI—=xX =>YI—=x
= x=1Y

Similarly y = £ X.
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Four Square Theorem

Theorem 4.7 Every natural number n can be written as a sum of four squares.
Proof :- If n= 1, then 1 = 1°+ 0> + 0° + 0°

Soletn>1

Let n=p;! p52..p.X ..(D)

be the prime factorization of n.

If every prime p can be written as a sum of four squares then the above
theorem will follow from (1), if we are able to prove

Lemma 1 :- Product of two numbers, which can be written as sum of 4
squares, is also repreentable as sum of 4 squares.

Proof :- Let
m:f+§+&+f
and n2:><2+y2+z2+u2
The nin; = (al2 +b2+c+ d2) (x2 + y2 +70+ u2) =(ax +by+cz+ du)2

+ (bx—ay +cu —dz)* + (cx + dy —az — bu)?
+(dx—-cy+bz— alu)2

Thus after Lemma 1, it is enough to prove

Lemma 2 :- If p is an odd prime then 3 integers X, y, m such that
1+x2+y2:mpwhere I<m<p.

Proof of Lemma 2:- Let

S = {1+ x2;x = 0,1,2,...,p—_1}
2
2 p-1
and T:{—y ,y=01,2,...,7}

Then each of S & T contains pT-l-l elements. First we claim that elements of S

are mutually incongruent (mod p)

If possible, let
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1+ X12 El+X%(modp)

where OSX1<X2SPT_1.
2 2 _
Then x5 —xj =0 (mod p)
= P|(X3-x7) = plxa+xi) (xax1)
But I1<x;+x2<(p-1)
p—1
and 1< Xy)—X| 2 ——
2
= pl/(xi +x2) and p) (X2—Xy)

So p does not divide X% —Xlz. So elements of S are mutually incongruent
(mod p)

Similarly elements of T are mutually incongruent (mod p).

Now consider SUT. SUT contains (p+1) distinct elements. But there are only
(p—1) residue classes (mod p). So two elements of SUT must be congruent to
each other (mod p). Since elements of S as well as elements of T are mutually
incongruent (mod p), so there must exist an element of S which is congruent
to an element of T

i.e. Jintegers x, y; 0 < x < p_—l’ 0<y< p-l such that
1 + x> = —y*(mod p)
ie. 1 + x>+ y*=0 (mod p) i.e. there exists an integer m such that
1+x*+ y2 = mp
2 2
Then mp:1+x2+y2£1+[p;1j +[p;1j <p2

= m < p.
Proof of Theorem :- Every prime can be written as four squares.

If p=2, then 2 = 12 + 1 + 0” + 0? and we are through.
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By Lemma 2, given any odd prime p, 3 integers a, b, ¢, d, m such that a’ +b?
+c2+d2:mpwhere I<m<p,forwecantakea=1,b=x;c=y,d=0.

Let m be the smallest positive integers such that

a2+b2+cz+d2=mp (D
Then a2 +b*+cP+d’= O(mod m)

Now choose x, y, z , u such that

x = a(mod m)
y = b(mod m)
z = c(mod m)

u = d(mod m)

m m
where - —<X,y,Z,us<—
2 2

Then x2+y2+z2+u25a2+b2+02+d250(m0dm)

This is 3 an integer r such that

x2+y2+z2+u2:mr ...(2)
m)> (m) (m) (m)
Now mr=x’+y +22+0’<|—| +|=| +|=| +|=
2 2 2 2
=m’ =>r<m
Let r=0
= x2+y2+z2+u2=0
= X:y:z:u:()

Then mp = a2+b’+c+d*=0 (mod m2), since m/a, m/b, m/c and m/d

= mzlmp =>mlp
= eitherm=1orm=p

Now m #p, since m < p. If m =1, then

a’ + b> + ¢ + d> = p and p is representable as a sum of 4
squares. So we assume r # ()

Then ISr<mand I <m<p

Let r=m



146 ANALYTICAL NUMBER THEORY

Then x>+ y2 +z272+u’=m’
) m m
Since ——<X,¥,Z,us —
2 2

(3)is possibleonlyifx=y=z=u= %

Then a=s

2| B

,bEE,C E,ds2 (mod m)
2 2 2

= Jintegers a;, ay, a3, a4 such that

...(3)

m m m m
a=—+am,b=— +am,c= — +azm,d= — +asm
2 2 2 2

Now mp:az+b2+c2+d2

2 2 2 2
m m m m
=|—+am| +|—+a,m| +| —+azm| +|—+aum
(2 j (2 j (2 ] (2 ]

2 2
m m

= T+alm2 +a’m? +T+a2m2 +ajm?

2 2
m m

+T+a3m2 +asm? +T+a4m2 +aim?

=m2(1+a1+a2+a3+a4+a12+a%+a§+aﬁ)
_ 2
=0 (mod m")

= m’lmp = mlp

which is not possible since 1 <m < p.
Now multiplying (1) & (2) we get

mzrp=(a2+b2+cz+d2) (X2+y2+z2+u2)
=(ax +by+cz+ du)”+ (bx — ay + cu —dz)*
+ (cx +dy —az — bu)?
+(dx—-cy+bz— alu)2 (By Lemma 1)

But ax+by+cz+duEa2+b2+c2+d250(modm)

..(4)
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bx —ay + cu—dz=ba—ab +cd — dc =0 (mod m)
cx +dy —az — bu = ca +db — ac — bd = O(mod m)
dx —cy + bz —au = da —cb + bc — ad = O(mod m)

-. Dividing (4) by m* we get

B [ax+by+cz+duj2 _|_[bx—ay+cu—dzj2

m m

2 2
+(cx+dy—az—buj +[dx—cy+bz—auj 5

m m

where the expression in the R.H.S. of (5) are integers.
So we can write rp as a sum of 4 squares.
But 1 < r < m and this contradicts the minimality of m.

So m > 1 is impossible
= m=1

Hence the theorem
(It is called Langranges theorem)

Waring Problem :- Waring problem is about the representation of a natural
numbers as a sum of fixed number of squares or cubes, or 4-th powers and so
on.

In 1970, Waring stated without proof that a natural number can be written as a
sum of 4 squares, 9 cubes, 19 biquradratics & 37 5-th powers & on. In 1909,
Hilbert proved that given any natural number n and k = 2, 3 a fixed number
s(k) = s(say) such that n can be written as sum of s k-th powers.

The Waring problem has been established for all k # 5
The numbers g(k) and G(k)

Connected with Waring problem we define natural nos g(k) & G(k) in the
following way:

g(k) : is defined as the smallest nos such that every natural number can be
written as the sum of g(k) k-th power.

G(Kk) : is defined to be as the smallest natural number such that every natural
number (except a finite number) can be written as a sum of G(k) k-th powers.

Theorem 4.8 g(2) =4
Proof ;- By Lagrange Theorem, g(2) <4

147
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Now the most economical representation of 4 as a sum of 4 squares is
4=1P+1>+ 17+ 17

= g2)=24 = g2)=4

Hence the theorem

Theorem 4.9 G(2) =4

Proof :- We know
G2)<g2)=4 ..(D

By definition G(k) is the smallest natural numbers except a finite number that

can be written as a sum of G(k) k-th powers. So to prove G(2) = 4, it is

enough to prove that an infinite number of natural numbers can not be written
as a sum of 3 squares.

For this, we shall prove that no natural number of the form 8k + 7 can be
written as a sum of 3 square.

Let n=a’+b*+c’ ...(ID)

Then we distinguish following cases
(a) All the natural numbers a, b, ¢, are even then

a’=0or 4(mod 8)
b”> =0 or 4(mod 8)

and =0or 4(mod 8)
n=a2+b2+02500r4(m0d8)

(b) Two of the numbers a, b, ¢ are even and one is odd. To be specific let a &
b be even and ¢ be odd.

Then a’=0or4 (mod 8)
b’ =0 or 4(mod 8)
¢*=1 (mod 8)
n=a’+b*+c’=1 or 5 (mod 8)
(c) Two of a, b, ¢ are odd and third is even
Let ‘a’ be even and b, ¢ be odd.

then a’=0or 4(mod 8), b’=1=¢’ (mod 8)
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nEa2+b2+c2520r6(m0d8)
(d) All of a, b, ¢ are odd
then a’=b’=c’= 1(mod 8)
n=a’+b>+c’=3 (mod 8)
Therefore, for no choice of a, b, ¢
n =7(mod 8)
.. No number of the form 8k + 7 can be written as a sum of 3 square
= G(2)>3 ...(ID
= G(2)=4
From (1) & (IIT) we get G(2) =4

Remarks:- It is clear from the proof that

if n=0 (mod 4) and
n=a’+b’+c’ , then a, b, c must be all even.

Example :- Prove that no number of the form 4™ (8k + 7); (m > 0), (k > 0)
can be written as a sum of 3-squares.

Proof:- First we prove, no number of form 8k +7 can be written as a sum of 3
squares.

We shall prove the result by induction on m.

If m =0, then n =4™ (8k + 7) = 8k + 7 and we have proved that no number of
the form 8k+7 can be written as a sum of 3- squares. So assume that no
number of the form 4™ (8k +7) (m = 1) can be written as a sum of 3 squares

Now let n=4"(8k+7) whenm > 1
Then n=0 (mod 4)

If possible, let 3 numbers a, b, ¢ such that n = a> + b + c? then by the remark
made earlier a, b, ¢, must be all even.

2 2 2
Therefore h_a + b— + <
4 4 4 4

(&) (&) ()

149
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. n .
ie. 1 can also be written as a sum of 3-squares.

But %: 4™ (8k +7)

and this contradicts the assumption that no number of the form 4m_1(8k +7)
can be written as a sum of 3-squares which proves the exercise.

Lower bounds for g(k) and G(k)

k
3
Theorem 4.10 g(k) > KEJ ]+ 2k -2

3\
Proof :- Letq = [(EJ }

Let N = 2% g—1, then by definition, N < 3*.

So if we want to represent N as a sum of kth powers, the 3* cannot occur in
this representation. Further N < 2q.  So for the most economical
representation of N as a sum of kth powers we must take q—1 powers of 2" in
its representation.

N=2q-1=2q-1+2"-2"
=25q-1) + 2" -1
=(q-1) 2"+ 2*~1). 1*

Thus we need exactly g—1 + 2"~1 = q + 2"~2 kth powers to represent N as a
sum of k-th powers in the most economical representation.

k
gk)zq+2"-2= !@J }+2k—2

Theorem 4.11 G(k) >k + 1
Proof :- To prove the theorem we first prove a lemma.

Lemma :- For every integerk > 1 and r > 1
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b (a+D(a+2)...(a+r-1) B (b+1(b+2)...,b+1)

a=0 jr—1 |T

..(D)

Proof :- We shall prove the lemma by induction on b. However first we note
that (Jn) divides the product of n consecutive integers. So fractions

appearing on both sides of (1) are integers.
Take b =1, then L.H.S. of (1) for b =1, is equal to

|[r=1+r |r—=1 r [r+1
— == +——=l4+r=—
[r—1 [r—1 |r—1 | T

So assume that (1) holds for (b—1), where b > 2 and we shall prove its for b.
Now L.H.S. of (1) is equal to

b (a+1)(a+2)...(a+r—1
Z(a Ya+2)..(a+r—1)

a=0 |I'—l

bz—:l(a +1(@a+2)...(a+r—-1) N (b+D)(b+2)...,b+r—-1)

a=0 |r—1 [r—1

_ bb+D..(b+r-1) N (b+D)(b+2)...,b+r—1)

| [r—1

B (b+1)(b+2).. (b+r—-1)(b+r)

| T

=R.H.S. of (1)

Thus lemma is true for b.
So by induction principle, lemma is true for every b > 1.

Proof of theorem :- For any given natural number N, let A(N) be the number
of those natural numbers n such that 0 <n < N and n can be written as sum of
k k-th powers i.e. A(N) is the number of natural numbers n such that

n:x1k+...+xkkandOSnSN (D

is solvable

By interchanging xi, Xp,..., Xk if necessary, we assume 0 < x; < Xp <...< xi
and x; < N' ..(2)

Since n < N, then to every solution of (1), we must have a solution of (2), so
that
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A(N) <B(N) ...(3)

where B(N) is the number of solutions of (2). Now, we have
NIk

Xk X4 X2
BN)= >~ 2 .. X 21

Xk=0 xk—1=0 x3=0x5=0x7=0

X3

INUAY
Xk X4 X3
= > w2 2 (xotl)
xk=0 xk_1=0 x3=0x2=0

Now applying the above lemma witha=x,,b=x3and r =2,

Nk (X2 +1)(x+ +2)
Xk x4 (X X
BN)= ¥ Y ..y = s

xk=0 xg_1=0 x3=0 |2

Again, applying the Lemma with a = x3, b = x4, r = 3 and then continuing like
this we obtain

N (X, +D(x +2).(x, +k—1)
BN)= X
Xk =0 |k—1

INY*1+1) (N9)+2) (N5 ]+ k)

= i ..(4)

Now, if possible, let G(k) <k, so that all but a finite number can be written as
a sum of k kth powers, so there exists a finite number C such that

A(N) =2 N-C
But we have

A(N) <B(N)
Combining, we have

A—C < A(N) <B(N) ...(5)
Now we know that

N1 < [N < N

So that, we have from (4),
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NYENYE £1). . (NVF + k-1 NYE + DINYE +2). (NVK + k
( )k( )SB(N)S( X . )-.( )
I LS

(6)
Then, we observe that for large N, L.H.S and R.H.S. of (6) tend to N/ & .

Hence for large N, B(N) ~ N/ | k. Thus it follows that from (5), we have for
sufficiently large N,

N< N/ &, a contradiction for k > 2.

Thus, our assumption that G(I) < k is not possible and hence, we must have :

Gk) =k + 1.
Theorem 4.12 Prove that,
G(2% > 2% for0>2
Proof :- Firstly, let 6 = 2, then we have to show that
G4) =16
Let x be any integer, then
x* =0 or 1(mod 16) (1)

Thus, if we consider the numbers of the form 16m + 15, then any such number
require at least 15 biquadrates. It follows that,
G4) =15

From (1), it follows that if 16n is the sum of 15 or fewer biquadrates, then
each biquadrate must be a multiple of 16. Hence, we can write :

15, 15 4
Ién= % x, =2 (2y;)
i=1

i=1
so that
15
4
n= vy
i=1

Hence, if 16n is the sum of 15 or fewer biquadrates, so is n. But, we observe
that 31 is not the sum of 15 or fewer biquadrates. In fact the most economical
representation contains 16 biquadrates given by, 31 = 2* + 15.1°.

So we must have
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G@4) =16
Now, let 8 > 2, then we have k = 2°>0+2
) ) 0 0
If x is even, then x> = (2y)2 =2? y2

0
Since, 0 + 2 < 2% s0 2%?| 22

So that we must have

)

x? =0 (mod 2%).
) ,9 -8

If x is odd, then x~ =(2m+1)

) )
=S x> =(1+2m)? =1+2"" m+ 2 2°—1) m?

=1-2""m@m-1)=1 (mod 2*?)

Thus, we have obtained that,

0
x2 =0 or 1(mod 2% .(2)

Now, let n be any odd number and suppose that 2%2 1 is written as a sum of
2%1_1 or fewer k th powers where k = 2

842 Ny _ ok, o Kk k
27 N=x; +x2 +...+ X o+2_, -

then from (2), we get that each x; must be even and hence divisible by 2k,
Hence, we obtain that 25921 1 which implies that n is even, a contradiction.

Hence, we must have

G(2% > 2% for 9 > 2.

This completes the proof
Theorem 4.13 Let p be a prime such that p > 2 (i.e. p is an odd prime), then

Glp® (p-1)] 2 p™’
Proof :- Let k = p°(p—1).

Sincep>2,sowehave9+1£3e<k

Hence, if p | x, then we have
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x* = 0(mod p**")

and if p.} x, then we have

k= xP D= (mod p**")

0+1

[Using the fact that o(p**') = p®(p—1) and applying Euler’s theorem]

Thus we obtain that

x*=0 or 1(mod p**")

Let n be a natural number such that (p, n) = 1 and suppose that p9+1.n is the
sum of p9+1—1 or fewer kth powers i.e.

6+ _ _ k k K
p .1’1—X1 +X2 +...+Xpe+1_1

then each x; must be divisible by p and hence each factor on R.H.S. must be
divisible by p* which implies that
p<1p> " n,
a contradiction, since k >0 + 1 and (p, n) = 1
Hence, we must have

ie.  G°(p-1)>p*

This completes the proof.
Theorem 4.14 Let p be a prime such that p > 2 and 6 > 0 then

1 1
G{—p®(p-D==(p*' -1
{zp (p )} 2(p )
Proof :- Let

k 1"( 1)
_pr

1
then we have 8 + 1 < p® < 5 p®(p—1) = k (except in the trivial case, p =3, 0 =
Oandk=1)
Hence we must have if p/x, then x* = 0 (mod p®*")

and if p ,{/ X, then we have

0
x*=xP ® D=1 (mod p™') (By Euler’s theorem)
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Hence, 1 (x*-1)
= 1 (xM+1) (x*-1).

Since p > 2, so p can not divide both x* +1 and x"~1 and so one of x*~1 and
x“+1 is divisible by p®*'. Thus, we have :

x*=0, 1 or —1(mod p®*")

0+1

1
If follows that number of the form p*'m + E(p —1), requires at least

1
5 (p**'-1) k th powers

1
= Gk) 2 5 (pe”—l) and the proof is completed.
Theorem 4.15 If 6 > 2, the n,

G(3.2%) > 2%
Proof :- We have that, G(3.2°) > G(2°%)

> 2% (proved earlier)

This completes the proof.
Algebraic Number and integers
Definition :- (Rational Integers)

The numbers ..., =3, =2, -1, 0, 1, 2, 3,... are called the “rational integers” or
simply the “integers”. The set of rational integers {..., -3, =2, -1, 0, 1, 2,
3,...} is denoted by Q(1).

Definition :- An algebraic number is a number x which satisfies an algebraic
equation, i.e. an equation

ap X" +a; X" +...+a,=0, a, # 0, where ag, ai,..., are integers
a . . . .
Ifx= P then bx — a = 0, so that any rational x is algebraic. Any quadratic

surd is algebraic; thus i = +/—1 is algebraic.

Definition :- If ap = 1 in the above definition, then x is called an algebraic
integer .

Definition (Gaussian Integers)

Gaussian integer (or complex integer) is the number of the form, & = a + bi,
where a and b are rational integers. The set of Gaussian integers, namely
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{a+bi: a, b are rational integers }
is denoted by Q(i) and Gaussian integers are also called as integers of Q(i)
Definition :- (Divisibility in Q(i))
An Gaussian integer  is said to be divisible by an Gaussian integer 1( 0) if

there exists an Gaussian integer 6 such that § =1 6. Then, we say that 1 is a
divisor of § and write 1 | €.

Remark :- 1. Any Gaussian integer & has eight trivial divisors namely, 1, —1,
i, -, &, =€, i§ and —i&.

2. Basic properties of divisibility are satisfied in k(i), such as

alB,Bly =>aly

oly, ol ye,..., ol v = ol (Biyr + BoYz +...+ PuYa) for all Gaussian integers.
Definition :- (Unity)
The integer € in Q(i) is said to be unity of Q(i) if € | § for every & of Q(i)

Alternatively, we may define a unity of Q(i) as any Gaussian integer which is
a divisor of 1. The two definitions are equivalent, since 1 is a divisor of every
Gaussian integer and €11, 1 1§ = € | &,

Definition (Norm of an Gaussian integer)
Let & = a + ib is an Gaussian integer. The norm of & is defined as :
NE) =N +ib)=a’ +b’
Remark :- It can be easily verified that N(§) N(1) = N(&n) for all Gaussian
integers & and 1.

Theorem 4.16 In Q(i), the norm of a unity is 1 and any integer whose norm is
1 is a unity.

Proof :- If € is a unity, then, by definition, € | 1

= there exists an Gaussian integer 1| such that

l=en
= N(1) =N(em) =N(e) N(n)
= I=N(e)NM) =N(e)Il =N(e)=1
On the other hand,
Let N(a+ib)=1

= a+b’>=1 = (a+ib) (a—ib) = 1
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= (a+ib) |1
= a + 1b is a unity and proof is completed.

Theorem 4.17 The unities of Q(i) are € =1’ where S=0,1,2,3 or
Show that + 1 and * i are the only unities of Q(i).
Proof :- Let € = a + ib be a unity of Q(i), then by above theorem,

N(e)=a’+b’=1
But the only solutions of a’+b’=1are
a=*1,b=0anda=0,b==%1

So that, only choices of € are 1, -1, 1, —i
Hence the unities of Q(i) are of the form i’ (s =0, 1, 2, 3)
Definition (Associate)

Let & be any Gaussian integer and € be unity of Q(i), then €& is said to be
associate of &, or we say that € & is associated with &.

Remark :- (I) By above theorem, it is clear that the associates of & are &, ig,
&, —iE.

(IT) The associates of 1 are the unities.

Definition (Primes in Q(i))

An integer in Q(i), neither zero nor unity, is said to be a prime in Q(i) if it is
divisible only by associates of itself or by associates of I i.e. if 7 is a prime in
Q(@), then it has no divisors except the eight trivial divisors 1, -1, i, —i, 7, iT,
—iT, —T.

Theorem 4.18 A Gaussian integer whose norm is a rational prime (2, 3, 5, 7,
11...) is a prime in Q(i).

Proof :- Let £ be any Gaussian integer such that

N(&) = p where p is any rational prime. We have to show that & is a prime in

Q(@).
Let &=m0c wheremn, c e Q@) then N(no)=N(&) =p

= Nm) N(o) =p

But p is a prime so either N(n) = 1 or N(n) = 1. Hence either 1 or G is a unity
and therefore & is a prime in Q(i).
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Remark :- Converse of above theorem is not true i.e. norm of a prime of Q(i)
may not be a rational prime. For example, 3 =3 + 0i, €k(i) such that N(3) =9
i.e. Norm of 3 is not a rational prime, but we show that 3 is a prime of Q(i)

Let 3 = (a + bi) (¢ +id)
= N(3) = N(a + bi) N(c + id)
= 9=>+b%) (A +d)

But, it is impossible that, a+b’=c?+d*=3 (since 31 is not the sum of two
squares) and hence either a* + b> = 1 or ¢* + d* = 1 i.e. either a + ib or ¢ + id is
a unity. It follows that 3 is a prime of Q(1).

Theorem 4.19 Any Gaussian integer, neither zero nor unity, is divisible by a
prime of Q@)

Proof :- Let § be any Gaussian integer which is not equal to zero or unity. If
€ is a prime in Q(i), we have nothing to prove.

Let & be not a prime, then we must have & = o3 for some o; B; € Q(i) such
that, N (o) > 1 and N(B;) > 1 and so we have

1 <N (o) <N(§) ...(D
If oy (or By) is a prime, the proof is completed. If o is not a prime, then
oy = o B, for some o, B2 € Q(i) such that,

N(o,) > 1 an N(B) > 1
then we have

1 <N(0p) < N(0o) ...(ID
Combining (1) and (II), we obtain
1 < N(0) < N(oiy) < N(&).

We may continue this process as long as o is not a prime. Since, N(§) >
N(ay) > N(op)... is a decreasing sequence of positive rational integers, we
must come to a prime o, and then we have

E=ouPi=B2Pi=... =0 Br...p1

Thus, o is a divisors of & and o, is a prime in Q(i).

Theorem 4.20 Any Gaussian integer, neither zero nor unity, can be written as
product of finite number of primes of Q(i)
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Proof :- Let £ be any Gaussian integer, not equal to zero or unity. If § itself is
a prime, then the result is true.

We shall prove the result by induction on norm. We assume that result is true
for all Gaussian integers (neither zero nor unity) with norm < N(§).

Now, if & is not a prime, then, by last theorem, there exists a prime 7 such that
Tl

or € = o for some ae Q(i) ..(1)
and we have N(a) < N(§)

Now if N(at) = 1, then o is a unity and hence § is an associate of a prime 7 and
hence, itself, is a prime, a contradiction. So N(o) > 1, i.e. we have obtained
N(a) < N(§) and « is neither zero nor unity. So by induction hypothesis, o
can be written as a, product of primes of Q(i), say 7, T,..., X

i.e. o=Tm M...T;
Hence, from (1), we obtain
£ =7 m M... T where T, Ty, My, ..., T, are primes of Q(i)

Theorem 4.21 Given any two integers 7Y, Vi (Y1 # 0) of Q(i), there exists
integers p and ¥ such that

Y= pY:1 Y2 where N(y2) < N(y1)

Proof :- Since y; # 0, we have :

l= R + Si where R and S are real (in fact R and S are
Y1
rational). Then, we can find two rational integers x and y such that
1 1
IR-xI1< — and IS-yl < —
2 2
and then we have
Y . . .
——(x+1y)| =R +1S) = x + 1yl
Y1

1

5

= (R_X) + l(S —Y)l = [(R_X)2 + (S_y)z] 1/2 <

Now, if we take

p=x+iyandn=7-pn
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Thus, we have

¥
— P

1

Iy —pyil = Iyl

1
< — |’Y1|
V2
This implies that

1 1
N(p) =N@y-py) =ly-pynl < 3 mi° = > N <New)

Thus, we have obtained that

Y=pY1+ (Y —PV1)
=p Y1 +¥» where N(y2) < N(71)

Remark :- (I) The above theorem is known as “Division Algorithm in Q(i)”.
(II) Like the rational integers, the following result holds in Q(1).

“Let B and v be Gaussian integers and 7 be prime of Q(i) such that 7 | By, then
nlBormly.

The Fundamental Theorem of Arithmetic in Q(i)

Theorem 4.22 Every Gaussian integer (neither zero nor unity) is expressible
as a product of finite numbers of primes of Q(i). This representation is unique
apart from the order of the primes, the presence of unities and ambiguities
between associated primes.

Proof :- Let § be any Gaussian integer, then & can be expressed as product of
finite number of primes of Q(i).

LetF,:Th .. T =Y1Y2...Ys (D

be two representations of § where @y, T,..., @r, Y1, Y2,..., Vs are all primes of
Q).
Now, by (1), we have

T Y Y. Ys

Since w; is a prime element of Q(i), so T, must divide some ¥; (1 <1 < s).
Since 7v; is also a prime of Q(i), so we can say that 7; and 7; are associates of
each other

Yi = €17 for some unity € € Q(1)
Thus, (1) becomes :

T T... T =Y1Y2...Yi-1 (E 1T) Yi+1---Ys

which implies that
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T (... — Y1 Ya...Yic1 €1 Yis1---Ys) =0

But m, is a prime, so ; # 0

= ... =€1Y1 Y2...Yie1 Yit1---Vs

Let, if possible, r < s, then continuing like above r times, we get :
Il =€ €e2.e Y Y. Vi

Since v; is a prime and we get y; | 1 which is a contradiction. Thus our
supposition r < s is wrong. Thus r« s. Similarly, we can prove that s« r. So
we have r=s

By the process, we adopted, it also follows that ; is associate of some 7y; and
conversely.

Integers and fundamental Theorem in Q(w) where w =1.
Definition :-
The number of the form
E = a + bw where a and b are rational integers and w is given

by

2 .

—Ti 21 2n —1+.4/31

W = 637c =cosS— +isin— = ——
3 3 2

are called integers of Q(w).

2
Remark :- (1) If w = e3m: cos 27/3 + i sin 27/3

_—1+\/§
=—F

then, we have

2__1_@
)

w
(ID) w+w=—landww’ =1
1.e. l+w+w’=0andw’ =1

Definition :- (Norm in Q(w)).
Let = a + bw be any integer in Q(w), then norm of § is defined as :
N() = (a + bw) (a + bw?) = a> —ab + b’
3

2
b
Note (1) we have N(€) = a’—ab + b* = (a —5] +Zb2

= N(&) = 0 for § = 0 and N(§) > 0 otherwise
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(I’ We have :

N(a + bw) = a> —ab + b = la + bwl*

(IIT) It can be easily verified that
N(af) = N(o) N(B)

For all o, B € Q(w).

Remark :- Definitions of divisor, unity, associate and prime in Q(w) are same
as those in k(i).

Theorem 4.23 The unities of Q(w) are given by *1, *w, +w?

Proof :- Let a + bw be any unity of Q(w), hen

N(a +bw)=1
= a?—ab+b’=1
= (2a=b)* +3b* =4

The only solutions of this equation are
a=*1,b=0;a=0,b=xl;a=1,b=1;a=-1,b=-1

so that the unities are
1, xw, (1 +w)
or +1, tw, +w?
Theorem 4.24 (1) The norm of a unity in Q(w) is 1 and any integer of Q(w)
whose norm is 1 is unity.
(2) An integer whose norm is a rational prime is a prime in Q(w).
(3) Any integer in Q(w), not zero or a unity s divisible by a prime of Q(w).
(4) Any integer in Q(w), not zero or a unity, is a product of primes in Q(w).

Proof :- The proofs of these theorems are same as those given in the case of
k(i), except for the difference in the form of the norm.

Remark :- Consider 1-w € Q(w)
then by definition of norm, N(1-w) =3

So by theorem (2) given above, 1-w is a prime of Q(w)
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2. Converse of theorem (2) may not be true i.e. norm of a prime of Q(w) may
not be rational prime. For example, consider 2 =2 + 0.w € Q(w) then N(2) =
3 which is not a rational prime.

But, we show that 2 is a prime of Q(w)

Let 2=(a+bw) (c+dw)
= N(a+bw). N(c+dw)=4
Let, if possible
N(a+bw)=%2
= a’—ab+b’= 12 = (2a—b)’+3b°=+8
which is impossible i.e N(a + bw) #+ 2
Similarly N(c +dw) #X2

Hence one of these must be 1 and other is 4 i.e. one of (a + bw) and (c + dw)
is unity and hence 2 is a prime of Q(w).

Theorem 4.25 Given any two integers 7, ¥ of Q(w) and y; # 0, there exists
two integers K and v, in Q(w) such that

Y= Ky, + ¥» where N(2) < N(y1)

(This is known as Division Algorith in Q(w))

Proof :- Let y=a + bw and 7y; = ¢ + dw then consider,

Y _a+bw  (a+bw)c+dw?)

Y Cc+dw (c+dw)(c+dw2)

ac+bd—ad+ (bc —ad)w
= > > =R+Sw(s&y)
c”—cd+d

ac+bd —ad bc—ad
where, R= - and S =

c”—cd+d ¢ —cd+d
= R and S are rational numbers.

We can find two rational integers x and y such that

IR—x| < %2 and IS—yl < V2

and then, we have
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2
Yl —(x+yw)| =IR—x)+ (S—y)wl
1

= N[(R—x) + (s—y) W]

= (R—x)* = (R—x) (S-y) + (S—y)’ <

Al W

Hence, if we take
K=x+ywandy,=y-K
then we obtain

Y=Kn+7
3
where N(y2) =N (y—Ky) < 1 N(y1) <N(71)

This completes the proof.

Fundamental Theorem of arithmetic in Q(w) :- The integer of Q(w) can be
expressed as a product of primes of Q(w) and this expression is unique apart
from the order of the primes, the presence of unities and ambiguities between
associated primes.

Proof :- Same as given in the case of k(i)
Theorem 4.26 Show that A = 1-w is a prime and 3 is associated with A>

Proof :- It has been already proved (in a remark) that A = 1—w is a prime of

Q(w).

Now A= (1-w) = 12w + w*
=1-2w + (-1 =w)
=-3w

Hence 3 is associated with A%,
Algebraic fields

An algebraic field is the aggregate of al numbers

R() = 20

P (9)
Where O is a given algebraic number, P(%) and P’(%) are polynomials in &
with rational coefficients, and P’(3) # 0. We denote this field by Q(¥). It is
plain that sums and products of numbers of Q(1%) belong to Q(¥) and that o/3
belongs to Q(9) if o and B belong to Q(¥) and  # 0.

165
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We defined an algebraic number & as any root of an algebraic equation
ao X" +a; X" +...+a,=0,

where a, aj,... are rational integers, not all zero. If § satisfies an algebraic
equation of degree n, but none of lower degree, we say that  is of degree n.

If n = 1, then & is rational and Q(§) is the aggregate of rationals. Hence, for
every rational &, Q(§) denotes the same aggregate, the field of rationals, which
we denote by Q(1). This field is part of every algebraic field.

If n =2, we say that & is ‘quadratic’. Then & is a root of a quadratic equation
aox2+a1x+a2=0

a+b\/m’ N c—a

and so €=

C b

for some rational integers a, b, c, m. Without loss of generality we may take
m to have no squared factor. It is then easily verified that the field Q(§) is the
same aggregate as Q (¥m). Hence it will be enough for us to consider the
quadratic fields Q(\m) for every rational integer m, positive or negative
(apart fromm = 1).

Any member & of Q(\'m) has the form

_ P(\/m) B t+uVvm _(t+u\/m)(v—W\/m):a+b\/m

_P(\/m)_v+W\/m_ v —w’m c

g

for rational integers t, u, v, w, a, b, c. We have (c§ —a)2 = mbz, and so & is a
root of

c*x* = 2acx + 2> —mb> = 0. (D)

Hence & is either rational or quadratic; i.e. every member of a quadratic field
is either a rational or a quadratic number.

The field Q(\m) includes a sub-class formed by all the algebraic integers of
the field. We defined an algebraic integer as any root of an equation

X +o x4 ¢i=0, 2)
where cy,...,cj are rational integers. We appear then to have a choice in
defining the integers of Q(\/m). We may say that a number § of Q(\/m) is an

integer of Q(\/m) (i) if € satisfies an equation of the form (2) for some j, or (ii)
if € satisfies an equation of the form (2) with j = 2.

Primitive polynomials
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We say that the integral polynomial

f(x)=aox"+a; x" ' +...+a,
is a primitive polynomial if
ap >0, ged(ay, aj,...,ay) =1

Theorem 4.27 An algebraic number & of degree n satisfies a unique primitive
equation of degree n. If § is an algebraic integer, the coefficient of x" in this
primitive equation is unity.

We first prove the following theorem :

Theorem 4.28 Let £ be an algebraic number of degree n and let f(x) = 0 be a
primitive equation of degree n satisfied by §. Let g(x) = 0 be any primitive
equation satisfied by & Then g(x) = f(x) h(x) for some primitive polynomial
h(x) and all x.

By the definition of & and n there must be at least one polynomial f(x) of
degree n such that f(§) = 0. We may clearly suppose f(x) primitive. Again the
degree of g(x) cannot be less than n. Hence we can divide g(x) by f(x) by
means of the division algorithm of elementary algebra and obtain a quotient
H(x) and a remainder K(x), such that

g(x) = f(x) H(x) + K(x), ..(D)

H(x) and K(x) are polynomials with rational coefficients, and K(x) is of
degree less than n.

If we put x = & in (1), we have K(§) = 0. But this is impossible, since & is of
degree n, unless K(x) has all its coefficients zero. Hence

g(x) = f(x) H(x).

If we multiply this throughout by an appropriate rational integer, we obtain
cg(x) = fOh(x), (2)

where c is a positive integer and h(x) is an integral polynomial. Let d be the
highest common divisor of the coefficients of h(x). Since g is primitive, we
must have d | c. Hence, if d > 1, we may remove the factor d; that is, we may
take h(x) primitive in (2). Now suppose that p | ¢, where p is prime. It
follows that f(x) h(x) = O(mod p) and so, either f(x) = 0 or h(x) = 0 (mod p).
Both are impossible for primitive f and h and so ¢ = 1. This proves the
theorem.

Proof of the theorem 4.27 The proof of Theorem 4.27 is now simple. If g(x)
= 0 is a primitive equation of degree n satisfied by &, then h(x) is a primitive
polynomial of degree 0O; i.e. h(x) = 1 and g(x) = f(x) for all x. Hence f(x) is
unique.

167
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If € is an algebraic integer, then & satisfies an equation of the form
X+ x4 =0, (1)

where c; ¢,...c; are rational integers, for some j 2 n. We write g(x) for the
left-hand side of (1) and, by Theorem 4.28, we have

g(x) = f(x) h(x),
where h(x) is of degree j—n. If f(x) = ap x" +... and h(x) = hg X' + ..., we
have 1 = ap hy, and so ap = 1. This completes the proof of Theorem 4.27.

Definition :- A complex number « is called an algebraic number if 3 integers
ao, aj,...3, (ap # 0) such that a satisfies a polynomial of the form

f(x) = an X7 + apy X" ...+ 41X + a9

Further if a, = 1 in above, then a is called on algebraic integer

Definition :- A monic polynomial p(x) in Q[x] is called a minimal polynomial
of avif p(x) is a polynomial of minimal degree which is satisfied by a.

Remark :- In modern algebra we have proved that if o is an algebraic integer
then Q[a] = Q(o) where Q[ is the set of all polynomials in o with
coefficient, from Q and Q(a) is the smallest field containing Q & .

Remark :- We know Q(a) is a vector space over Q and degree [Q(a). Q] is
the degree of minimal polynomial satisfied by o.

Theorem 4.29 Given an algebraic number o, 3 a non-zero integer t such that t
o is an algebraic integer.

Proof :- Since a is an algebraic number, 3 integers a,, a,_i,..., aj, ag, a, # 0
such that

an o+, 0"+ +a atag=0 (D

Multiplying (1) by a"™, we get

1

alo" +a, 0"+ +a,0a" +aga! =0

Then (a, o) satisfies

n—1

f(x) =x"+a,1 X" +...+ a ag_zx +agy a,

= (ap @) is an algebraic integer. If we take t = a,, we get the result.
The general quadratic field
Definition :- A field k of complex number is called a quadratic field if

[ K: Q] =2and K is a vector space over Q.
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Theorem 4.30 If K is a quadratic field, 3 a non-zero square free integer m
such that

K=Q(+/m)

Proof :- Since [K : Q] = 2, take any ¢ €K, ¢ ¢ Q. Now consider 1, c, 2.
These are three elements of K, so these must be linearly dependent over Q.
So. d ay, a;, a, in Q, not all zero, such that

2
apgc +ac+a=0

Now ag can not be equal to zero since otherwise ce Q

a a
2 1 _2=O

= c+ —c+
a9 a9
a a
= A+ Le=-22
a9 a9

Completing squares we get

2, A a12 a12 i) a12—4a0a2
c + —C+—2:—2——: —2
a() 430 430 aO 4'3.0
2
a, al2 —4aga,
Then c+ = 5
2a, 4a;

Taking the square root we get

[.2
al _+ al —43.03.2

C+

23.0 23.0
2

e C:_ali\/al —4aga,
o 23.0

—a i\/a2—4a a
Then Q(c)=Q| —! 2; 072

0

But 2a0€Q

Q(c) = Q(—a; £+/af —4aya, )

:Q(i 312 —43.032 )
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=Q( alz —4aga, )

= Q(bvm) = Q(Wm)
where m is a square free integer.
Now we claim K = Q (vm ) = Q(c)
Suppose K # Q(vm )

Then3daekK, ag Q (JE ). Then 1, \/; , a are linearly dependent over Q since
[K:Q]=2andsoacQm).

Remark :- Since m is square free

m#0 (mod 4)
So either m=1 (mod 4) or m =2 (mod 4)
or m = 3(mod 4).

Theorem 4.31 Let K = Q (+/m ) be a quadratic field and let ae K. Then o is
an algebraic integer of K.

& o can be written as

oa=a+brt
where a,beZ
and 7= +/m if m=2 or 3 (mod 4)
and T= 1+\/Eifmsl(mod4)

2

Proof :- Let o = a + bt, where 7T is given as above

Let m =2 or 3(mod 4)
Then o=a+bm
= a-a=byvm
= (0—a)* = b’m

= o —2a0+a>—bm=0
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= o satisfies x> —2ax +a>— b’ m =0

. ouis an algebraic integer by definition. Now let m = I1(mod 4). Then

1+JEJ

a=a+b(
2

b bJm

1.e. o=a+—+
2 2

a_(2a+bJ: bvm

2 2

Squaring, we get
2 B2

o’ —a(2a+b) +a’ +ab+—=—m
4 4

2
or o —(2a +b)a + a° + ab _bT (m—=1)=0
Thus o satisfies
2

x’—x(2a +b) + a* + ab _bT (m—1)=0

m—lez

which has integral coefficients since

= ol is a algebraic integer.
Conversely, let o be an algebraic integer. Since ae K = Q(\/E ) then we can

write

,wherea,b,ceZ,c#0

a+ b\/a
C
W. L. O. G. we assume

c¢>0and ged(a, b, c) =1

a+b\/a

C

Now o=

= COC—a=b\/E
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Squaring we get
(ca—a)’ = b’m
c*o? = 2aca+ a>—b'm =0

, 2a a?-b’m
C C

Then o satisfies

2 2
x2—§x+$=o (D
C C

Since « is an algebraic integer, so the coefficient in (1) must be integers.

Then
() ¢ 12a and ¢*1 (a’-b’m) .(2)

Ifb=0thenc’la’ =cla

In this case (1) becomes

2
2 2a a
X - —x —2=0
Y C
2
a a
= X——| =0 =>x=—
C C
1.e. o =alc
a . )
But cla =— is an integer
C

a+0.\/a

a . . .
Then o0 = — and it is of the required form. i.e. a0 =

C C
So let b#0
let gcd(a,c)=d
Then dla,dlc = d*la% d*1¢?
But c?1 (a’~b’*m) and d*| ¢

— d’l (> - b’m)
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But d*la®> = d*Ib’m
= d*I1b?
= dib

Alsodla,dIb,dlc =dlgcd(a,b,c)=1

= d=1
= gcd(a, c) =1
But cl(a) =cl2 =c=1or2

Ifc=1,then o= a+bx/5 where a, b €Z.
m=2orm=3 (mod 4)
Then o is of the required form

Now let c=2

a+b\/a

2

Then o=

Since ged (a,c)=1&c=2

= a must be odd.
From (2), ¢*| (a* — b’m)

= a’—b’m= O(mod 4)
Then a’=b’m (mod 4)
But ais odd and m =1 (mod 4)

= b”>=1 (mod 4)

= b is odd.

The b can not be even.

= d=1

= bdc (a,c) =1

(® m is square free)

...(3)

173
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Butc/(2a) =>c/2=>c=10r2

Ifc:l,thenoc:a+b\/5 where a,be Z
and m=2orm= 3 (mod 4)

Then o of the required form
Now let c=2
a+by/m
2
Since ged(a,c)=1& c=2

Then o=

= a must be odd.

From (2), ¢*/c*~b’m)

= a’ — b* = 0(mod 4)

Then a” = b’m (mod 4) .(4)
But a is odd and m = 1(mod 4)

= b’ = 1(mod 4)

= b is odd.

Then b can not be even.

a+bvm I+vm | a-b
Now o= =b +
2 2 2
: . a-=b
Then o is of the form x + y T where X, yeZ & 7= since 1s an

integer.

Hence, this proves the theorem

Remark :- If m = 1(mod 4), then o is an algebraic integer of Q (JE )

a+b\/a
2

= o= , where a, b € Z and of same parity.

Proof of remark :- If both a & b are even then

(x=x+y\/a where x, yeZ
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’ F+JEJ
=2y 2 + Xy,

and if both a & b are odd,

_atbym _b+vm) a-b
2 2 2

and in either case, they can be written as a + bt, where a, b are integers and so
they are algebraic integers

Conversely, if o is an algebraic integer

1+x/5j

Let (x=a+b1:=a+b( 5

_ (2a+b)+bvm
2

Then b & 2a + b are of the same parity and this prove the result.
Theorem 4.32 The algebraic integers of a quadratic field form a ring.

To prove this we shall prove that the product of two algebraic integers is an
algebraic integer.

Proof :- If m =2 (mod 4) or m = 3 (mod 4), the result is trivially true.
So let m = 1 (mod 4).

Let Xi=aj+bjtand xo =a, + by tT
x/EH
where T=
2
Now X1 X2=(a;+b; 7) (a2 + by 7)

=a1a2+1:(a1b2+a2b1)

+b1 b2 ’Cz

Jm +1 1 Jm
T= =T

2 2 2

But
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Thenx1 Xy = Q1 a2+’c(a1 b2+a2b1)
m-—1
+by by | T+——
1 2[ 4 J

=1(a; by + a; b; + b;by)

m-—1
+ ajap + b1b2

which is of the form x + y T where x, yeZ.
= X X, is an algebraic integer.

Definition :- Let o and B be two algebraic integers, § # 0. We say B | o if 3
an algebraic integer y such that o = By

Definition :- An algebraic integer o # 0 is said to be a unity if & I1 i.e.if 3 an
algebraic integer [ such that off = 1.

Theorem 4.33 The product of two unities is a unity

Proof :- Let o, and o, be two unities, then 3 algebraic integers 3; & B, such
that oy B1=0p B2=1 Then (o B1) (02 B2) = 1 i.e. (a1 02) (B1 B2) =1

Also B; B, is an algebraic integer (since 3; & 3, are algebraic integer)
= o] O 1s a unity

Theorem 4.34 The inverse of a unity is a unity

Proof :- of=1 = Pa=1 = Pis also a unity

Remark :- The above two theorems prove that the unities of a quadratic field
form a multiplicative group.

Definition :- Let . = x + y\/E eK= Q(\/E).
Then X,y €Q.

We define norm of o as N(at) = N(x + y\/a) =x"— my2
Clearly if m < O; (x> — myz) >0

Remark :- Also N() , # 0 if(x, y) #(0, 0), i.e.if ov#0
Proof :- If possible, let N(a) =0

= _— my2 =0

N x2 = my? (D
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If (x, y) # (0, 0) then (1) is not possible since m is square free.

Theorem 4.35 Norm is multiplicative i.e. if a, fe K; N(af) = N(a) - N(B)
Proof :- Let a, f €K

Let(x=x1+y1\/; and[‘5=xz+y2\/;

Then N(o) = x{-my} and N(B) = x3 —my}
Now of = (x; + y;Vm) (x3 + y2+/m )
= (X1 X2+ my; y2 + Vm (X1 y2 + X2 y1)) and
N(@B) = (x1 X2 + my; y2)* —m(x; y2 + X2 y1)*
= xlzx% +rr12y12 y% +2mx X2y y2—m Xlz y%— mx% y12
-2m X X2 y1 Y2

2.2, .2 2 2 2 2 2.2
X{ X +m"yp y; —mXj y; —MXj3 yj

= (x{ —my;)(x3 —my3) = N(c)- N(B)

Theorem 4.36 The norm of a algebraic integer is an integer

Proof :- To prove this we have to distinguish two cases when K = Q( \/; )
Casel:-m=2orm=3 (mod4)

Let o be an algebraic integer of K. Then 3 integers x & y such that o = x +
yvm

Then N(at) = x* —my” is clearly an integer since x, y, m are integers
Case II :- m = 1(mod 4)

If o is an algebraic integer, then 3 integers x and y such that

1+\/EJ

oc:x+y( 5
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m-—1

=x’+xy—y (mTj which is clearly an integer since e”Z

Theorem 4.37 The norm of a unity is £ 1

Proof :- Let o be a unity. Then 3 an algebraic integer 3 such that 1 = of

Then 1 =N(1) =N(a B) = N(a) N(B)
But N(a) and N(P) are integers = N(o) | 1
= N(o) =+ 1.

Definition :- Let o & 3 be algebraic integers. We say o is an associate of [3 if
3 a unity € of K such that B = ea.

Remark :- We can check that the relation of associate ship is an equivalence
relation in the set of all algebraic integers.

Definition :- An algebraic integer o is a said to be a prime of K if only divisor
of o are associates of a.

Theorem 4.38 If IN(a)l = p where p is a prime no, then o is a prime of K.

Proof :- If possible let o be not a prime element of K. Then 3 algebraic
integers B, v such that o = By and 3, ¥ are not unities of K.

Now N(a) = N(By) = N(B) - N(V)

s p=IN()I=INQP) - N(p)l = INB)I - IN(p)l
But both of B & 7y are not unities of K.

Then IN(B)I> 1, IN(pI > 1

But only positive divisors of pare 1 & p

= INB)=p=IN¥Y)I = p=pp = p =1, which is not possible, since p is

a prime number

= Either B or Y must be a unity = Divisors of a are associates of o.. =
o is a prime element of K.

Theorem 4.39 If IN(a)l = 1; then o must be a unity.
Proof :- We know if o = x + y\/a
Then N(o) =x>—my’ = ((x + yvm) (x -y+/m ) = a.@
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where a denotes the algebraic conjugate of o.

Note that if o is an algebraic integer then o is also an algebraic integer since
o & a are roots of same polynomial.

Now IN()l=1 = N(@)=x1,then £t 1 =N(ow)=aa =all
=> OLiS a unity .

Theorem 4.40 Every non-zero non-unity algebraic integer of K can be written
as product of prime elements of K.

Proof :- Let a0 be a non-zero, non-unity algebraic integer of K. Then IN(o)l >
1

Now we shall prove the theorem by induction of IN(o)!

If IN(o)l = 2, then IN(o)!l is a prime number and so ¢ is a prime number of K.
Now assume the theorem is true for all o where IN(o)l < n wheren €N, n > 2.
Now let IN(o)l = n. If o is a prime element of K, we are through.

So let a be not a prime element of K

Then 3 algebraic integer B & Y of K such that. o = By where B & 7y are not

unities of K.

Then IN(B)I> 1, IN(p)l > 1. But IN(a)l = IN(B)I - IN(p)I =IN(B)I < IN(a)| = n.
and IN(pI < IN(a)l =n

Then by induction hypothesis, both B & ¥ can be written as product of prime

elements of K.

= o, = By can be written as product of prime elements of K.

Theorem 4.41 Prove that the unities of the field K = Q( \/5 ) are
+e*"(n=0,1,2,..)and € = 1++/2.

Proof :- Let € be a unity of K = Q( \/5 ). Now the algebraic integers of K are
of the form x + y\/E where x, y €Z

Since € is a unity of K, N(e) =+ 1, i.e. x> -2y’ =1 (D)

Now by inspection, x = 1, y = 1 is a solution of (1)

e, e =1 +4/2 is a solution of (1). Since product of two unities is a unity

and inverse of a unity is a unity and negative of a unity is a unity, so + €*" (n
=0, 1, 2,...) are all unities of K.

Let n be any unity of K. By taking —, if necessary , we assume 1n > 0.
Further by taking ", if necessary, we assume 1 > 1.
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Then we first find all unities of K, which are bigger than 1.

First we shall prove that there exists no unity 1 of K such that

1<n<1+\/§
Let T]:X+y\/§, then —1SX2—2y2S1
But 1<x+y\/5 <1++42 ...(2)

So “l<x—y4/2 <1 ..3)
Adding (2) & (3), we get

O<2x<2+\/§

= O<x<1+i<2 =x=1

5

Now from (2), 1 <1+ y\/a <1+ /2 and this has no solutions in y.
So 3 no unity n such that 1 <n <1 ++/2 . Thus if 1 is any unity such that n >
I,thenn=e€.

Let n # €" for any n. Since €"—o as n—oo, 3 a unique natural number n
such that

n+l

e"<n<e = l<e"n<e ...(4)

Since € is a unity & 1 is a unity, € ' is also a unity.

Thus we have a unity of K lying between 1 & €, which is a contradiction. So
we must have

N = €" for some < n.

By taking negative or inverse we see that all unities of K are of the form + £
Remark :- Similarly we can proves that unities of Q( V3 ) are infinite in
number.

4.42 Fields in which the fundamental theorem is false. The fundamental
theorem of arithmetic is true in Q(1), Q(1),Q(p), and in Q(\/Z). It is important
to show by examples, that it is not true in every Q(m). The simplest
examples are m = -5 and (among real fields) m = 10.

(i) Since —5 = 3(mod 4), the integers of Q{\(=5)} are a + b V(=5).
Now the four numbers

2,3, 1+V(=5), 1-V(=5)
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are prime. Thus
1 +(=5) = {a+ bV(=5)} {c+dV(=5)}
implies 6= (a2 + 5b2) (c2 + 5d2);

and a* + 5b% must be 2 or 3, if neither factor is a unity. Since neither 2 nor 3 is
of this form, 1 +V(=5)is prime; and the other numbers may be
proved prime similar. But

6=2.3={1+V(=5)} {1V(=5)},

and 6 has two distinct decompositions into primes.

(i1) Since 10 =2 (mod 4), the integers of Q(\/ 10) are a + bV10. In this case
6=2.3 = (4+V10) (4-10),

and it is again easy to prove that all four factors are prime. Thus, for example,

2 = (a+bV10) (c +dV10)
implies 4 = (a® —10b%)(c*~10d?),
and a® — 10b> must be * 2 if neither factor is a unity. This is impossible
because neither of 12 is a quadratic residue of 10.

Real and complex Euclidean fields

Let us find the unities of a quadratic field.

Theorem 4.43 Let K = Q(+/m ) be a quadratic field & let m < 0. Then the
number of unities of K is

4 ifm=-1
4 ifm=-3
2 ifm#-1, m=#-3.

Proof :- we shall distinguish two cases
Casel :- m=2orm=3 (mod 4)

Let € be any unity of K. Then € is also an algebraic integer of K. So € =x +
y\/a for some integers x and y.

Since m < 0, norm of every norm-zero element of K is positive.
Since € is a unity, so N(e) =1, or I =N(e) =N(x + y\/a) =x’ —my2 (D
Let m # -1
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Then |—my*l>2ify#0
Sofor(l)toholdwemusthavey:0:>x2:1:> x=x1

€ =X+ y\/g =t1
So form # -1, m =2 or 3(mod 4), £ 1 are the only unities of K.
Now let m = —1. Then from (1), x> +y* = 1
But its only solutions are x =*1,y=0& x =0, y =*1
Soform=-1,%+1 & \/—_: t i are the only unities of K.

Case II :- m = 1(mod 4)
Let € be any unity of K. Then as above N(e) =1
Also, 3 integers x & y such that

{H_\/Ej_ y yx/a
€E=X+Yy > =X+=+—

+
2 2

Thenl:N(e):N(Hzﬂ_m)
2 2
2 2
=(x+%) —Ty (2

Sincem<Oandm= 1(mod4) = m=-3,-7,-11,......

2
Y J>1f0ry;t0

For m < -3, [

So for (2) to hold, we must have y = 0 and then as before
x=%1
2 3.2
Now let m = —3 Then (2) becomes 1 = (x +%) + % ..(3)

2
If lyl>2, % > 3, so for (3) to hold, we must have

lyl < 1.
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If y =0, then as before x =*1
1Y 3
Ify=1,thenfr0m(3),1=(X+§j +Z=X2+X+l

= x*+x=0 =>x=0o0r-1 ()

If y =—1, then from (3), x>—x=0 =>x=0o0r1 ...(5

Thus in this case there are six unities of K

1++4=-3 —-1-+=3 1++=-3 1--3
2 2 7 2 2

—1++-3
W= ——

2

These unities are = 1,

b

If we set

Then these unities are 1, = w, w?
In all the cases the unities form a cyclic group.

Remark :- The above theorem shows that the number of unities in all
complex quadratic fields is finite. However this is not true for real quadratic
fields. In fact the number of unities in each real quadratic field is infinite.

Definition :- A quadratic field is called a simple quadratic field if every
algebraic integer can be expressed as a product of prime element uniquely up
to change of order and multiplication by units.

Definition :- We say Euclidean Algorithm holds in a quadratic field K if
given o, B in K, B # 0, 3 integers y and d such that

o =Py+9d whereeither =0 or IN(O) < INQP)I

Definition :- Let o, B be algebraic integers of a quadratic field K and
(ar, B) = (0, 0),

an algebraic integer 7 is said to be greatest common divisor of o and [ if
(1) yla,ylBin K

(i1) If v 1 awand v, | B in K then y; | yin K where 7, is any algebraic integer
of K.

Theorem 4.44 If Euclidean algorithm holds in a quadratic field K then it must
be a simple field.

Proof :- To prove the theorem, we first prove

Lemma 1 :- If § is greatest common divisor of two algebraic integer y and 7,
then 3 algebraic integers 1 and 1; such that

E=m+vymi: (1. 7)#(0,0)



184

ANALYTICAL NUMBER THEORY

where y and 7; are algebraic integers of quadratic field in which Euclidean
algorithm holds.

Proof :- W. L. O. G. take y; # 0. Given yand v, €K and 7y, # 0 and Euclidean
algorithm holds in K, there exists algebraic integers k; and 7y, such that

Y=k V1 + 72 where either y, = 0 or IN(y2) < IN(y)I

Ify,=0,Y =k; vy, and v, is gcd of yand v,
If v, # 0 we apply Euclidean condition to y; and y, and we get
n=kaV2+7v

for some algebraic integers k, and y; and either y; = 0 or

IN(ys)l < IN(2)

If y; # 0, we continue as before and get a decreasing sequence

IN(Y)I < IN(3)I <...< IN(yp)I

But we can not get an infinite bounded sequence of positive integers and so
the sequence of y’s must stop at some point say Yo+ = 1. Then as in the
corresponding proof for natural numbers, we can show that v, is the gcd of y
and ;.

Proof of Theorem :- Proceeding in the some manner as for natural numbers
we can establish that the decomposition as a product of prime elements of K is
unique up to change of order and multiplication by unities.

Theorem 4.45 The Euclidean algorithm is equivalent to the following
hypothesis. Given any element 0 of Q( Jm ), there is an algebraic integer k of
Q( \/E) such that

IN(-k) <1

Proof :- Suppose, given hypothesis hold’s i.e. let Y and y; be two algebraic
integers of Q( \/E) and lety; # 0. Take 6 Q (\/E)

Then by hypothesis 3 an algebraic integer k such that

—v,k
Mo s e (5
Y1 Y1

Multiply both sides by IN(y;)l, then

<lie., <1
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—v.k
N( Y—"1 ]
Y

But norm is multiplicative and so, IN(y—v;k)l < IN(yp)I

INCYDI

< IN(yI

Take, M =7- 7k, then y=n + vk where IN(n)I < IN(y;)l and so Euclidean
algorithm holds.

Now conversely suppose Euclidean algorithm holds. Let & be any element of
Q(vm). If 8 = 0, take k = 0 and we are through. So let & # 0 then we know

that O is an algebraic number of Q(\/E ). Then 3 a non-zero integer t such
that t § is an algebraic integer.

Now t d and t are two algebraic integers of Q( \/E ) where t #0
By Euclidean algorithm, 3 an algebraic integer k & 7y such that
t & =tk + Y where Y= 0 or IN(y)l < IN(t)l

Then N(—] IN(t)l = IN(p)I < IN(3)I

Now t8=tk+y,8=k+% :>ES—k=z

t
t
Remark :- Thus to prove that a quadratic field is a simple field it is enough to
prove that given any element d of the field 3 an algebraic integer k such that
IN(O-k)I<1

Theorem 4.46. Euclidean algorithm holds in the quadratic field
K= Q(\/E ) where

m=-1,-2,-3,-7,-11, 2,3, 5, 13.

and IN(6—k)I = < 1, this proves equivalence.

Proof. Now any element d of K = (\/E ) can be written as
§=r+s Vm where re Q, seqQ.

Let m #1 (mod 4). Then any algebraic integer of K = Q(\/E ) can be written
as x + y\/E where X, ye Z

185
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Now given s as above, select integers x & y such that | r — x| < %,
1
ls—yl < 5
Let k=x+ y\/;
Then d—k=(—x)+(s—y) Jm
N (3-k) = (t=0)" + (-m) (=)’
Firstletm =—1 orm = -2
Now (r— x)2 < l , (s—y)2 < l
4 4
Then IN(0—k)I < 1. Now if m = 2 or 3, again we have, IN(3—k)l < 1

Now let m =1(mod 4)

Then we know that algebraic integers of K can be written as a + b T where a, b
e’

T= Jm +1

2

In this case select y such that

and

1
[2s —yl < —
y 2

Having selected y, select an integer x such that

1
< —

r-—y-—x 5

2

Now considerk =x +y + %y(\/;—l)

1 1
cx+Lyilydm
2 Y 2 Y
Then k is an algebraic integer of K and

d-k= (r—x—%y}+ﬁ(s—%y}

2 1)
For m<0, IN(&—Kk)I = (r —X - %] + (—m)(s - 5 Yj

1 m

416

< <1, form=-3,-3,-11,




DIOPHANTINE EQUATIONS AND QUADRATIC FIELDS 187

m

form > 0, IN(O—k)I < <1 form=5and 13.

Remark :- There are exactly nine imaginary quadratic fields in which
Euclidean algorithm holds

(m=-1,-2,-3,-7,-11, =19, -43,-67 and —163)

Theorem 4.47 The number of real Euclidean fields Q( \/E) where m=2 or m
=3 (mod 4) is finite.

Proof :- Let us suppose that Q(\/E ) is Euclidean and let m = 2 or 3(mod 4).
The algebraic integers of K are of the form x + y\/a where X, ye Z

Take care, o = t Jm, then ae Q(+/m)
m

Since the field is Euclidean, there exists

k =x +y+/m such that IN(a—k)l < 1

But ok = —x +(i—yJ Jm

m
2
et
m

<1l = Imx*- (my—t)zl <m, = Il(my— t)2 —mx’l<m

N(o-k)l<1 =

2_(my—t)2
m

= X

But  (my —t)2 —mx’= tz(mod m),

So J integers x & z such that

22 —mx’=¢t (mod m) (D

2_mxil<m .(2)

Now let m = 3 (mod 4).

and Iz

It possible suppose 3 infinitely many reals quadratic fields for which
Euclidean algorithm holds in K.

Now select an odd integer t such that S5m < t* < 6m, such a choice if t
is possible.

But 2 —mx’= t2(mod m)
and Iz — mx?l < m
— Either IZ>

2 2

—mx’l-t*=-5m
2
or Z—mx —t =

—6m
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= t# — 5m = z* — mx*
or t* — 6m = z* — mx*
= - 7z* = m(5-x") ..(3)
or - 7%= m(6—x2) @

But tis odd = t* =1 (mod 8) and x>=0or 1 or 4(mod 8) and Z2=0or1or
4(mod 8)

= tz—zzzOorlorS(modS)

and 5-x*=1lordor5 (mod 8)

and 6-x>=2or5o0r6 (mod 8)

m(5-x>) =3 or 4 or 7(mod 8) ()
m = 3(mod 8)

and m(6-x>) =2 or 6 or 7 (mod 8)

.. Neither (3) nor (4) can hold.

Now let m = 2(mod 4). If possible suppose there are infinitely many
real quadratic fields for which Euclidean algorithm holds. In this case, choose
an odd integer t such that 2m <  <3m

Then t°= 1(mod 8) and m = 2 or 6(mod 8)

Further = 2m = 7> — mx* ...(5
or £ -3m=27"—mx’ ...(6)
1.e. -7 = m(2—x2) ort’—z° = m(3—x2)

Now m(2—x2) =2 or 4 or 6(mod 8)

and m(3—x?) =2 or 4 or 6(mod 8)

whereas t?—z*=0orlor5 (mod 8)

so neither (5) or (6) can hold

Theorem 4.48 Let K = Q(\/E ) be a simple field and let ® be a prime of K
then 7 divides one and only one rational prime

Proof :-Let IN(m)l=n = N(m)==*n
But  N(m) =7 ® where T denotes the algebraic conjugate of 7.

Since 1 is a prime = n > 1. Let n = p; p,...p: be the decomposition of n into
primes.

Then tw =% p; p2...pr

But K is a simple field and so © must occur when we decompose n into prime
elements of K and so ® must divide at least one of py, pa,..., P
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If possible let 7 divides two different rational primes say p and q. Now in Z,
ged (p, @) =1

= Jintegers x & y such that

px+qy=1
But 7 | p and 7/q in K.
= nl1in K = mis a unit which contradicts that 7 is a prime so

7 divides exactly one of p & q.

Theorem 4.49 The primes in Q(i) = K can be divided into 3 classes
(1) The prime 1 + i and its associates

(2) The rational primes of the form 4n+3 and their associates

(3) The prime factors a + bi of the rational primes of the form 4n+1 and their
associates.

Proof :- Let ® be any prime element of K. Then 7 divides exactly one
rational prime say T | p.

Then we distinguish the following cases
Case I. p=2

We know 2 = (1 +1) (1-1)
Further we know 1, —1, 1, —i are unities of K and

(1-1) = —i(1+i) and 1 + i is not a unity of K
So  2=-i(1+i)

Since we know that every rational prime can decomposed into at least
of most 2 primes of a quadratic field and so 1 + i must be a prime number. So
we get T = 1+i or an associate of 1 +1

CaseII :- p =3(mod 4)

Since 7 is an element of K so 7 is an algebraic integer of K i.e. T =x +
yi for some integers x and y.

Now 7 divides p = p = (x + yi)a for some algebraic integer o of K.
i.e. p=(x +yi) (a+ bi) for some integers a & b.
Further gcd (a,b)=1=gcd (X, y)

But the product of two complex numbers is a real number

= a+bi=x-yi
= p =X +yi) (x—yi) = X%+ y2
But p =3(mod 4)

= x> +y* = 3(mod 4)
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which is not possible as no number of the form 4n + 3 can be written as a sum
of 2 squares.

So either T = p or T is an associate of p.
Case IIl :- p=1 (mod 4)

Now we know —1 is a quadratic residue of primes of the form 4n +1,
so J an integer x such that

x> = —1(mod p)orp | (x2 +1)

If possible, let  be an associate of p. Then p is also a prime element
of K.

But x> +1 = (x + i) (x—i) and both x + i and x—i are algebraic integers of K.
Now K is a simple fieldand p I (x +1) or pl(x—1)
x 1. x 1. .. D
= —+4—1or———1i must be on algebraic integer of K, which is not so
P P P P

since algebraic integers of K are of the form a + bi where a, b € Z.

So p can not be a prime element of K and so ® must be a divisor of p. This
gives rise to 3 classes of primes in K according to the nature of rational prime
which they divide.

Definition :- Let o B, 7 be algebraic integer in Q(\/a ), where m is square
free. Then we say

o = B(mod y) if Y1 (0-B) in Q(+/m)

Fermat’s theorem in the ring of Gaussian integers Q(i).

Theorem 4.50 Let 7 be a prime in Q(i) such that 7 is not an associate of 1 + 1.
Let a0 be an algebraic integer of Q(i) such that gcd(a, ©) = 1, Then

o’™ =1 (mod m)
Proof :- since 7 is not an associate of 1 + i so either 7 | p, where p is a rational
prime of the form
4n + 1 or © = q where q is a rational prime of the form 4n + 3.
Since o is an algebraic integer of Q(i),
o = A+ im, where A €Z, meZ.
Now suppose 7 | p

Then A +im)’ = A" + (i m) (mod p)
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= A + i” m(mod p)
But =@ =i"i=G""i=1i
Therefore, (A + im)° = (A + im)(mod p)
= o = omod p) in Q(i)

But Tlp = o = a(mod T)

But Q(i) is a simple field and ged(a, ) =1

= o™ ! =1 (mod m), i.e., 0®™ =1(mod T) in this case
Let 7= q, then §(7) = 9(q) | (-1
Now od= (A +im)? = A + i m%(mod q)

ol =\ —im(mod q) =1
Then ad” = (a9 =(a)?= (a)= o(mod q)

2
But ged (o, q) = 1 & Q(i) is a simple field, = a4 1= I(mod q)

ie., o®™ = 1(mod T) in this are also

Remark :- Q (\/—_3) = Q(w) since w = _1+—£/__3

and the algebraic integers
of Q(+/—3) are of the form a + bw since a, b €Z the units of Q(w) are =1, T,
+o'’.

Note :- -3 is a quadratic residue of primes of the form 6n + 1 and quadratic
non-residue of primes of the form 6n—1

Theorem 4.51 The primes of Q(w) can be decomposed into 3 classes.

(1) 1 — w and its associates

(2) The rational primes of the form 3n + 2 and their associates.

(3) The prime factor of the rational primes of the form 3n + 1 and their
associates.

Proof :- Let 7 be prime of Q(w)

Since Q(w) = Q(\/g ) is a simple field, 7 divides exactly one rational prime
(say p)

191
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Then we distinguish the following cases

Casel :- p=3

Now we know 1 + w + w? =0

So 3=(1-w) (I-w") = (1-w = w* + W)
But w'=1and -w —w” = 1, so

3 =(1-w) (1-w?)
=(1+w) (1-w)?
=—w’ (1-w)?

Since Q(w) is a simple field, every rational prime can be decomposed
into at most two primes of Q(w)

Now —w” is a unity and (1-w) is not a unity. So (1-w) must be prime

of Q(w).
Case II :- p = 2(mod 3)
If possible, let p be not a prime of Q(w)

Since every rational prime in Q(w) can be decomposed into atmost two primes

in Q(w).
3 primes 7 & M of Q(w) such that

p=mn

Then p’ =N(p) =N(z 1)
= N(m) N(n)

Consider N(T)

Now, only positive factor of p* are 1, p, p°
= N(r)=1orporp’

If N(w) = 1 then 7 is a unity of Q(w), contradicting T is a prime of
Q(w)

If N(m) = p2 then N(n) = 1, then 7 is a unity of Q(w), contradicting M
is a prime of Q(w). So we must have

N(m) =p

Let Tc:a+bw:a+b(

J=3-1
2
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b)> b2
Then p=N(m) = (a—zj +37
= 4p = (2a— b)* + 3b” = (2a —b)*(mod 3) (D)
Since p = 2(mod 3)
= 4p =2(mod 3)
But (2a —b)* =0 or 1(mod 3)

So (1) is not possible for any value of a and b, which is a contradiction. So p
must be prime of Q(w).

CaseIll :- p=1(mod3)

Here we claim that p can not be a prime of Q(w). If possible let p be a prime
of Q(w)
Let p=3n+l

If n is odd then p becomes an even number, greater than equal to 4.

p can not be a prime
So n must be even
= p=6m+1forsomem>0, meZ
Then —3 is a quadratic residue of p.
= J an integer x such that

x> = -3(mod p)
or pl(x*+3)
Butin Q(w), x>+ 3 — (x +/3 ) (x=+/=3)
= pl(x+v=3) (x=+=3)in Q(w)
But Q(w) is a simple field

N pl(x +v=3) or (x=v/=3) in Q(w)
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= Either £+l -3 ori—l«/—S
p p p p

must be an algebraic integer of Q(w), which is not so. So p can not be a prime
of Q(w). So p must be divisible by a prime of Q(w).

Primes of Q(\/E )
Theorem 4.52 The prime of Q( \/E ) can be divided into 3 classes
(D) The prime V2 and its associates

2) The rational primes of the form 8n + 3 and their associates

3) The prime factor a + h\/a of the rational primes of the form 8n £ 1 and
their associates.

Proof :- Let ® be any prime of Q(\/E ). Since, Q(\/E ) is a simple field, ©
divides exactly one prime say p.

Now we distinguish the three classes
Casel :- p=2
Now 2 = (\/5 )* and V2 is an algebraic integer of Q(\/E ). But V2 is not a
unity of Q(\/E ) and every rational prime can be decomposed into at most 2
primes of Q( V2 )

So \/E must be a prime of Q(\/E ).

Case II :- p is a rational prime of the form 8n £ 3. Then we claim that p must
also be a prime of Q(\/E ). If possible, let p be not a prime of Q(\/E ), then
we know that there exists a prime 7 of Q( \/E ) such that

N =p

Since T is a prime of Q( \/5 ), it is also an algebraic integer of Q( \/5 )

So Tc:a+b\/5,for some integer a,b € Z

Then p=N(m) =N(a+b+2)=a>-2b (D)
Now a’=0or 1 or 4(mod 8)

and b*=0or 1 or 4(mod 8)

p=0or1or2or4or6or7(mod 8)
But p =3 or 5(mod 8)

So (1) does not hold for any value of a and b. So p must be a prime of Q( \/E )
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Case III :- p is a rational prime of the form 8n *£1.

We know 2 is a quadratic residue of primes of the form 8n = 1. So there
exists an integer x such that

x? = 2(mod P)
ie. pl(x2—2), orpl(x—\/i)(x+\/§)
If p were a prime of Q(\/E ), then since Q(\/E ) is a simple field, p
would divide either x =2 orx +4/2.
i.e. either %—éﬁ or %+é 2 must be an algebraic integer of Q(\/E ),

which is a contradiction since algebraic integer of Q(\/E ) are of the form

J5-1
N

a+bp where abeZ, p =

Theorem 4.53 5 is a quadratic residue of prime of the form 5Sn £ 1 & a
quadratic non-residue of primes of the form 5n * 2.

5 p +1
Proof :- Letp=5ntl. Then | —|=|=|=|—|=1.
p 5 5

o e EHEHE

Prime in Q(~/5)
Theorem 4.54 The primes of Q( \/g ) can be divided into three classes
(D \/g and its associates

2) The rational primes of the form 5n + 2 & their associates

3) The prime factors a + h A of rational primes of the form 5n * 1.

Proof :- Let © be a prime of Q( \/g ). Since Q( \/5 ) is a simple field, 7 divides
exactly one prime of Q( J5 ) say p. Then we distinguish three cases

Casel :- p=35

Now 5 = (\/g )2 and \/g is algebraic integer of Q(\/g ) and it is not a unity of

Q(\/g ). But every rational prime can be written as a product of at most two
primes of Q( \/g ) SO \/g must be a prime of Q(\/g )

Case :- p=5n*2

If possible, suppose p is not a prime of Q( J5 )
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Then there must exist a prime

T=a+bLofQ(+/5),abeZ

such that p =N(m) = N(a + bA)

=N(a+b\/§+lj =a’+ab-b’

2
Then 4p = 4a” + dab — 4b’

= (2a + b)> — 5b> = (2a + b)* (mod 5) (1)
But p=5nt2
= 4p = x3(mod 5)

where as (2a + b)2 =0 or 1 or 4(mod 5) So (1) is not possible for any value a
and b.

. p must be a prime of Q( \/g).
Caselll:- p=5ntl.

Then proceeding as in the last theorem, we can check that p is not a prime of
Q( \/g ) and so its factors a + b A must be primes of Q( \/g ).

Notation :- Let p denote a rational primes of the form 5n = 1 and q denote a
rational prime of the form 5n * 2.

Let 7 be any prime of Q( \/g ) such that 7 is not an associate of \/g .
Then o(m)=p-1 ifmlp

and oM =q-1 ift=q

Theorem 4.55 Let p and q be as denoted. Let © be any prime of Q( J5 ), TS

not an associate of +/5 and let o be any algebra integer of Q(\/g ) such that
gcd(ae ) = 1. Then

a®™ = 1(mod T) (D)
o’ '=1(modm)ifmlp ..(2)
o' = N(o) (mod q) ..(3)

Further if T denotes the conjugate of  and
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g.c.d. (0,7) = 1 then o' = 1(mod p) NG

Proof :- Since « is a algebraic integer of Q( \/g ),

let o= "L +;1\/§ where ¢ & d are integers of the same parity.
Now o= %(\/g) = 2a=c+d5

= 207 = Qo) = (c +d/5)° = ¢? + d°(+/5)P(mod p) (O(a + b = a° +
b’(mod p).)
Yo
=c?+d’52 /5 (modp) ...(5)

Since p is of the form 5n £ 1, 5 is a quadratic residue of p.

By Euler’s criterion

1
—(p-D)
52 U (%J = 1(mod p)

20 = c? ++/5 d°(mod p) ...(6)
But c? = ¢ (mod p) and d” = d(mod p)
=N 20° = ¢ + d+/5=20(mod p)
== o = au(mod p), since ged(2, p) =1

Butmlp = of = omod )
= of ' = 1(mod 7) as ged (a, ) = 1

Now let gcd(a ) = 1 then (@, p) = 1 since T =p
. From (6), o' = 1(mod p), which proves (4)
Now let T =q where q is a rational prime of the form 5n + 2.

Firstletq > 2
Now 2a=c+d+/5

20" = (¢ +d/5 )¢

= 9 + d%(+/5 )%mod q) (7
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Now 29=2(mod q),

c!=c(mod q), d* = d(mod q)

1
(D
and (V5)1=52" "5 (8
But 5 is a quadratic non —residue of primes of the form 5n £ 2, so
5 l(p—l)
-1= (—jESZ (mod q) ...(9)
q

Using (8) and (9) in (7)we get
200 = c—d+/5 (mod q)

But c—d\/_:ZG,sinceoc: C+(21\/§
20 =20 (mod q)
But gecd (g, 2) = 1 since q is odd
= o= o (mod q) ...(10)

= a?*! = ool (mod q)

But ava =N(o) = adt! = N(o)(mod q) which proves (3) for q > 2
From (10) we get

0f’ = (@)= & = o(mod Q)

But ged(a, q) = 1 and so

(xqz_l = 1(mod q)
ie. a®@ = 1(mod q)
which proves (1) for q > 2.
Now let T = 2. Then we write
o=e+fAwhene, feZ
and we are given that gcd (o, ®) = 1. Then one of e and f must be odd.
Now o = A* + > p* = e + fe*(mod q) (11)

Now p:@:p+%=\/5/2

2
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2 1 5 2

= +p+—=— =>p +p-1=0
p-+p 17 p-+p

= pP=1-p

Then form (11) we get

o’ =e + f(1-A)(mod 2)

Js5-1 3 V5 1 45 _
Nowbut1-A=1- — =2 _ " Y (mod2)=12
2 2 2 2 2

o=e+f(1-M)=e+fA(mod2)=a
= o’ =aa =N(o)(mod 2)

This proves (3) for q = 2.

ﬁ—l}

But N(o) = N(a+bA) = N(a + bT

=a’—ab—b’= 1(mod 2) [©
one of a & b is odd]

This proves (2) forq =2

Definition :- Let

\/§+1

9

2
then W—lZﬁ
2 2
= w-—w-l1=0ie.w=w+1

Let its roots be w and w .

2m

. __om
Define Im=W"~ +W

Since ry, is a symmetric function in the roots of the polynomial, w> — w —1 =
0, ry,’s are integers.

In fact m=1{3,7,....... }.
Further ww=-1 = W:_i
w
2= w2 =wd e w ™ o
=TIme + 2 )
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= Imel = ré -2

Lucas Test for Primality of the Mersenne Number :-

Theorem 4.56 Let p = 4n + 3 be a prime and Let M = M, = 21 be the
corresponding Mersenne number.

Then M is prime & 1,1 = 0(mod M)

Proof :- Suppose M is prime.

Now M =2P—1 =2**_1 =8.16" -1 = 2(mod 5)
Then M is a prime of the form 5n + 2

\/§+1

2

Now W=

= N(w) =1

= w is a unity of Q(\/g ). So if atis any algebraic integer of Q(\/g ) then

ged(a, w) =1
Now we apply the last theorem with aa=w,q=M
Then w’*! = N(w)(mod M)
But M =2P-1
Therefore ~ w” = —1(mod M) (1)
)

By definition 1, =w +Ww

2p-1
(p-D
-t {(gj +1J
w

But W= —i
w
__op-l 5 op-1
= Ip-1= W (=w?) +1)
__op-l 2P
=W (I+w” ) =0(mod M) [From (1)]
Conversely

let rp-1 = 0(mod M)

2P

p-1
Now w2 +1=w?

. Tp-1 = 0(mod M)

ie. w2 = —1(mod M) .2
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2p+l
= w° = 1(mod M) ...(3)
Let T be any divisor of M then (2) and (3) are also true for Y instead of M.
Now by definition, M=2(mod5) = 5IM

So if M is composite then only divisor of M are either of the form 5k = 1 or Sk
+2.

But M is of the form 5n + 2 so M must have at least one prime divisor of the
form 5k * 2 say k.

Let M =p p2...q1 Q2. --..

where p;’s are primes of the form 5k + 1 and g;’s are prime divisor of the form
Sk 2.

Let T be any divisor of M.

Consider S = {xeN; w* = 1(mod 1)}

Then S # ¢ since on the observation made above 2°"'eS.

Now divisor of 2°*! are 2P, 27!, 2. 1 and since, w2p = —1(mod 1)
SO 2P¢ S

= ord? = 2r*!

By last theorem,

wPil= 1(mod py)

and wqj+1 = N(w) =-1(mod g;)

= W2(qj+l) = 1(mod q;)

= pi — 1 and 2(q; + 1) are multiplies of 2P*' since, ord? = 2P*' =
pi=2""h+1

and q=2"hj—1

for some h; & h;. The first hypothesis is impossible since

pi > M = 2P —1 and the second hypothesis is possible only if k;
=1

= M = g; is prime.



202

ANALYTICAL NUMBER THEORY
°
Unit-V

Arithmetical Functions and Prime Number
Theory

Arithmatical Functions :-

Definition :- A function f defined for all natural numbers n is called an
arithmetic function and generally we shall write an arithmatical function as
f(n).

Definition :- An arithmatical function f(n) is called a multiplicative function
if
f(n; np) = f(n) f(ny) for n;, n,eN & ged (ng, np) =1
Definition :- An arithmatical function is called strongly multiplicative if
f(ny ny) = f(ny) f(nz) V n;, npeN.
Mobius Function

Mobius function denoted by i(n) is defined as

1 if n=1
w(n) =4 (=1)"if n = pyp,...p: where p;’s are distinct primes

0 otherwise, In this case n will be divisible by
square of a prime number

For example

=1, n) = pn3) = -1, u4) = 0, u(5) = -1 w©6) = 1

Theorem 5.1 p(n) is a multiplicative function
Proof :- Let n;, n,eN, ged (ng, np) =1
It either n; = 1 or np = 1, clearlyu(n; ny) = w(n;) p(ny)

Soletn;>1&ny,>1

If any one of n;, n; is not-square free then n; n; is also not square and then
u(n n2) =0 = p(ny)-p(ny)
So assume both n; & n; are square free.

Let n; = p; p2...pr, Where py, pa,...pr are distinct primes

& n; =qi-qQa... qs where qi, qa,...,qs are distinct primes.
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Then by definition

uny) = (1" & u(ny) = (=1)°
Since ged(ny, np) = 1, so no p; is equal to a g; or vice-versa
Now nj;ny=p;p2...pPrq1-q2---qs
and Pis> P2---» Pr> 91> q2,- - -,gs are distinct primes
= Hn; np) ==D™ = (=D (=1)" = p(n)) - P(ny)
Thus in all cases

W(n; nz) = Wny)- Wny)

whenever ged(ng, np) =1

= W is multiplicative

Theorem 5.2 If f(n) is a multiplicative function & 1” =0. Thenf(1)=1
Proof :- Since f L 0, 3 ne N such that f(n) # 0.

Now f(n) = f(n-1)

= f(n) - f(1), since gcd(n, 1) =1
= f(1) = 1 since f(n) # 0.

Theorem 5.3 If f(n) is a multiplicative function so is . f(d)
din

Proof :- Set g(n) = . f(d)
din
If f =0 then so is g and so g(n) is multiplicative

Let f # 0. Then f(1) = 1. So by definition g(1) = f(1) = 1. Let n;, n,eN, gcd
(n, mp) =1

Ifn; =1o0rny;=1. Then clearly g(n; ny) = g(n;)- g(ny)
Soletn;>1,n,>1
Letd | (n; ny). Then we can write d = d; d, where d;/n; & d>/n,

If d; # 1 or d, # 1 then d; # d; since (n;, np) = 1. Now by definition

gn,m)= 3 f(d)
dli(ny.np)

= 2 f(didy)

dplng
dplnp
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= > f(dy) f(dy) [f is multiplicative]
dqing
dslnp

Since (ny, np) =1 = gecd(dy, dp) = 1.
= gnyny) = 3 f(dy) f(d2)

dqing
dslnp

= ( 2 f(dl)J( 2 f(d2)J
dpIng dpInp

= g(n) g(ny)

Hence g(n) is multiplicative

Theorem 5.4 Y ¢(d)=n

din

Proof :- Set g(n) = X ¢(d)

din

Since ¢(n) is a multiplicative function of n, so by previous theorem g(n) is

also multiplicative. If n=1 thed=1, .. g(l)=0¢(1)=1
Soletn>1
Let n=p,! py%..py be the prime factorization of n.  ...(1)
Then gm) = g(py! p3%..pi)

=g(p;") g(py?)--g(py?) ..(2)

since g(n) is multiplicative.

If we are able to prove g(p*) = p* for every prime p & o > 1. Then clearly
using (1) & (2), we are through.
Now only divisors of p* are 1, p, p°,....p"

. By definition gpH= Y o)

deOc
= o(1) + 0(p) +...+0(p")
=1 (p=1) + (p—p)+..+ (" - p*™

=p” @ oM =p"-p" "
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Hence the theorem.

1 if n=1
Theorem 5.5 > u(d) = )
din 0 if n>1

Proof :- Clearly for n = 1, we have

Sud)=1

d/1

Soletn>1

Letn= p?l p2 ..p; be the prime factorization of n.

Let gn)= Y n(d)
d/n

Now divisors of n are of the form
plBl ,pEZ ..pPr where 0 < B; < oy

B1 B2

205

If any Bi = 2, w( p1 p2 p?r) = 0, since in this case p;" p5°. pBr is not

square free. So while considering the divisors of n we leave out all those

divisors which are divisible by a square.

So the only divisors to be considered are 1, pi, p2,.--» Pr» P1 P2> P1

P3;--- P1 Pr» P1 P2 Ps3... P1 P2 P3Pr

T
gm)=u()+Xup;))+ > Wpipj) +...+U(Pp1 p2...pr)
i=1 1<i, j<r
i#]

= 1 - rC1 + rC2 _rC3...+ (_1)r

= (1-1)" = 0. Hence Proved.

Example :- Let n>1 & let n have r distinct prime divisors. Then Y| u(d) | =

din

Proof :- From above theorem, we see that

Zlu(d)l—u(1)+zlu(pl)l+ > Tu(pipy) I+...+ I(p1 p2-..po)l

din 1<1 J<r
=1+Ci+'Cr+...+Cs

=(1+1)"=2" Hence Proved.
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Divisor Function :- d(n)

Definition :- Let n > 1. We define divisor function of n(to be denoted by
d(n)) as

> 1=Number of divisors of n (including 1 & n)
din

Clearly d(1) = 1 & d(p) = 2 for every prime p.

Theorem 5.6 Prove that d(n) is a multiplicative function. Find a formula for
d(n)

Proof :- The function f(n) = 1 is a multiplicative function and so

> f(d) = > 1=d(n) is a multiplicative function.
din din

Ifn=1, Clearlyd(1)=1. Soletn>1.

Let n=p;! p52..p,X be the prime power decomposition of n.

Since d is a multiplicative function, so

d(n) = d(p;’..py%) =d(p;")d(p5?)..d(p¥)

So to find d(n), it is enough to find d(p*) where p is any prime & o > 1
By definition
dpH= XI1
dip®
Now only divisors of p* are 1, p, p’,...p% which are o + 1 in number

dp®) =a+1

k
d(n) = [T (o4 +1)
i=1
Sum function :- 6(n)
Definition :- Let n > 1 be any natural number we define

o(n) = >, d =sum of all divisors of n (including 1 & n)
din

Clearly o(l)=1and o(p)=p+1
Further 6(n) > n V n > 1 since there are at least 2 divisors of n namely 1 and
n.

Theorem 5.7 Prove that 6(n) is a multiplicative function of n. Find a formula
for o(n).
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Proof :- Since f(n) = n is a multiplicative function of n, so

> f(d) = > d=o(n) is a multiplicative function.
din din

To find a formula for 6(n), we not

o6(l)=1. Letn>1

Let n = p?l...pik be the prime power decomposition of n. Since G is

multiplicative function, so
o) = o(p;!..py*) = o(p;)o(ps?)..o(p*)
So to find 6(n) it is enough to find 6(p*) where p is any prime and o > 1,

o

Now 6(p*) = ¥ d. The only divisors of p*an 1, p, ... p
dip®

o(p®)=1+p+...+p*

K qi+l -1
o =1 *——
i=1 pi—1

Example :- Evaluate io) p(l )

n=1

Solution:- 3 () = WD + (2 + 113+t L D)+

n=l
=1-1+14+0=1.

Example :- Prove that i(n) p(n+1) w(n+2) w(n+3) =0V n=1

Solution :- Since n, n +1, n + 2, n + 3 are four consecutive integers and so at
least one of them is divisible by 4 and consequently p of that number is equal
to zero and so

wn) (n+1) w(n+2) w(n+3) = 0. Definition Euler function ¢(n)
Theorem 5.8 Prove that ¢(n) is a multiplicative function of n.
i.e. o(m n) = ¢(m) ¢(n) whenever gcd (m, n) = 1

Proof :- If m =1 orn =1, clearly

¢(m n) = ¢(m)-¢(n)
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Soletm>1,n>1

Now ¢(n) by definition is the number of natural numbers which are < n and
coprime to n. So to find out ¢(m n), we write first mn natural numbers in n
rows and m columns as

1 2 R F m
m+ 1 m+2 m+3...... 2m
(n—1)m+1 (n—1)m+2 (n—1)m+3............ nm

Now consider any natural number ‘a’ such that 1 <a < mn
Now gcd (a, mn) =1 < ged (a, m) =1 = ged(a, n)

So let (a, m) = 1, Then there exists r (1 <r <m) such that gcd(r, m)=1 & a
= r(mod m), with 1 <r < m. Then this r is in the first row of the configuration
such that gcd(r, m) = 1.

But {1, 2,...,m} is the set of all natural numbers < m and so by definition, the
first row contains ¢(m) natural numbers which are coprime to m.

So by what we have proved above, ‘a’ can occur in those and only columns
which are headed by a natural number r (1 <r < m) such that gcd(r, m) = 1

Now consider r where a = r(mod m) ged(r, m) =1 & 1 <r<m.

Consider all the natural numbers headed by r. These are of the form mx + r
where 0 < x <n—1. Now the set {0, 1, 2, ..., n—1} is a complete set of residues
(mod n) and so {mx + r; 0 < x < n-1} is also a complete and so it contains a
reduced set of residues (mod n) which contains exactly ¢(n) numbers and all
these numbers are co-prime to n.

But these are also coprime to m. So these ¢(n) numbers are coprime to mn.
But there are ¢(m) choices for r and so there are ¢(m) ¢(n) elements in this
configuration which are relatively coprime to mn and so by definition

¢(m n) = ¢(m) - ¢(n).

Mobius Inversion Formula

Theorem 5.9 Let F(n) = > f(d)

din

Then fn) = ¥ F(d)u(gj =3 u@ F(%J

din din
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Also prove its converse.

din

n
Proof :- Clearly > F(d) M(Ej

din

n n
= d)F — | si din & —|
> ud) (dj sinced | n 3 n

So let us prove

din

fn) = ¥ u(d) F(%J

n
By definition, F(aj = > f(c)

d

2ZUdH EJ= 2ud) Xf(©)= % f(o)| Zud)

din d din cln d n

n
cl =
d c

= f(n) ((%:l“(d)J—i_ 2 f(o) Zud

cln n
c<n di—
c

Now > wWd)=0ifn>c

and Y ud=1 o 2=1 on=c
C

So inner sum Y W(d) vanishes unlessn=candincasen=c, > Wwd) =1

n n
dl— dl—
c c

S u(d) F(%J ~f(n)

din

Conversely

Let f(n) = 3 u(d).F(E] Vn
din d
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Now Yfd)=Y ( Y u(S)F[%B (By definition)

din din \ 3ld

d
=2 X M(5)F(gj

din 38ln

d d
=2 2 !-{—JF(Y) (Set—:YJ
dim yin \ Y )

Since yld,setd=p7, So

X=X > wP Fw

din yin Byln

=X Fy)| Z nP)

YIn B'E
Y
=F(n)

since > W(P) =0 for E> 1
i Y

d n
Theorem 5.10 Prove that >’ % = &
din n

Proof :- We know Y ¢(d)=n

din
n
Then oO(n) = u(d).g (By Mobius Inversion formula)
din
d
‘e, o) _ Zu( )
n dm d

For n =1 exercise is true. Solet n> 1

and > &d) = f(n)
dn d
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Since W(n) is a multiplicative function of n.

d
= Z&) = f(n) 1s a multiplicative function of n.

din

Letn = p;!.p52..py¥ be the prime power factorization of n.
then f(n) = f(p;! p52..ppx)

=f(p;1) f(p32)..£(pX).
Let us compute f(p*) where p is any prime & o, > 1

Now only divisors of p* are 1, p, p°,..,.p%

d
= 3 1@

ape d

:u(1)+@+o O upH=0fori>2)
p

k
fn) =Tl o—
i=1 pi1

_9(y" Py’ p) _ o)

o] (03 Ok
Py Py Py n

Hence the result.

Example :- prove

1. ne(n)
Ell )

ged(i,n)=l1
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n
Solution :-Let S= i =a;+a+...+ aym Where 1 <a;<n, gcd(a;, n) =1
i=1
gcdéi,n)zl
But gcd(aj, n) =1 < ged(n—aj, n) =1

S =(n—a;) + (n—ay) +...+ (n—a¢(n))

and 2S=n¢(n) =S =

“("2(“) (n>1)

Now is always an integer V n > 1

ne(n)
2

= 0(n) is even for all odd n- > 1

A General Principle :- Let there be N objects. Suppose N, of these have
property o, Np have property f3 .... Suppose Ngg have both of these property o
& B; ...Nggy have the property o, B, ... and so on. Then the number of
objects which do not have any of the properties o, B, v;....... is

N_NG+ZNGB_ZN(XB’Y+"-" .(1)

and consequently the number of objects having at least one property is

>No— ZNQB + ZNQBY ........ ..(2)

Proof :- If is enough to prove (1) since (2) can be obtained by subtracting (1)
from N. Let A be any one of these N objects. Then A contributes 1 to the
term N of (1). Let A possess exactly k of these properties. If k = 0, then A
does not contribute to any of the terms >Ny, >Nog, 2Nggy...and so A
contributes exactly one 1 to (1). Now let k > 1(k is finite).

Then A contributes 1 to N, 1 to exactly k of the terms in 2.Ng, 1 to exactly k/2
of the terms > Nyg and so on.

So the total contribution of A to (1) is

sl ()

=(1-1)"=0
and this proves the theorem.
Application of General Principle

Theorem 5.11 Let n > 1 and let n = p;’.p5%..p,X where pi, pa,...,px are
distinct prime then
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i

Proof :- To find out ¢(n), by definition, we have to find the natural numbers <
n which are not divisible by any of py, pa,..., Pk

Let Ng(i = 1, 2,...k) be the number of integers < n divisible by p;i = 1, 2,
...k) N, o] be the number of natural numbers < n divisible by p; p; (1 <1, j <

k,1+#j) and so on.

Clearly
n
Noy =—. Infact the natural numbers < n divisible by p; are
Pi
n
Pi>2Pis—DPi (-
Pi
o n
Similarly No; oj =—— and so on

PiPj

. By General principle number of natural numbers < n and not divisible by
any of py, p2,..., px 1S

om=n-Y - +y-1 .
Pi PiP;

)
i=1 Pi

Example :- The sum of the squares of the integers which are < n and
. ) | 1

relatively coprime to n is gnzq)(n) +gn (1-p1) (1-p2)...(1—px) where n > 1

and py, p2,...,px are the only distinct prime dividing n.

Solution :- To find out the required sum we shall find the sum of squares < n
and not coprime to n i.e. sum of squares < n of those natural numbers which
are divisible by at least one p;.

By General principle, this sum is equal to

ZNoc - ZNOCB + ZNOCB'Y .. (1)

Now sum of squares of numbers < n and divisible by p; is

2
(0)* + 2’ +...+(£.pi]

Pi
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The sum of squares of numbers < n and divisible by p; p; is

2
n
(pi Py’ + 2pi Py’ +...+| ——P; P
PiP;
and so on

So the sum (1) is equal to

2
K
a (pi)” +(2p;)° +---+[§'Pij

2
n
— X | Pipp)P+@pip)° Het| ——pipj | [+
1< o pip;
1#]

2
k-1 2 2 n
+(D (Pi P2--P)” +(2pi PoePi)” +oot| ———— P P2 Pr | |- (D)
P1P2--Pxk

Now let d be any divisor of n. Then the sum of squares of natural numbers <
n & divisible by d is

2 2
&+ (2d)’ +...+[g-dj =d2{12 +22 **(3) ]

=—+—+— ...(3)

3
n 1 1 _ 1
— == Y — 4.+
31 P 1< <k PiP; P1P2--Pk

1#]
112 k kel

+ —|21= > 1+..+(1

2 li=l 1<, jk

i#]
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+ %[z pi— X pipi+..t D pipa...pil @)

But the sum of squares of natural numbers < n is

3 n? n

1 n
-n(n+1)2n+1)= —+—+—
p (m+1)( ) 3 T2t

.. Sum of squares of natural numbers < n & coprime to n is

3
L S I |\ S S
3 Pi  PiDPj P1P2--Pk

n
+ g[l—Z Pi+ 2 pipj-.+ (=D pipa...pil
3 2 K
e I B RS | F )
2 6 i=l

3 pi
-3
n-[I|1-—|= o)
i b;

Example :- Find the sum of the cubes of the integers < n and relatively
coprime ton. (n > 1)

o~

_ §n2¢(n)+ %i]ill(l—pi)

Il
—

Solution :- Let x be any natural number < n and coprime to n.

Let S =¥x*=Y(n—x)’

=Y (0’ - 3n°x + 3nx* — x°

2S =23x” = ¥n’ - 3n® Ix + 3n Xx* = n’¢(n) — 3n %(n)

+ 3nen2<p(n)+%n(1—pi)j

=1’ ¢(n) —% n’ ¢(n) + n’ o(n) + %nz I1 (1-py)
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= %n3¢(n) +%n2H(1—pi)

Perfect Numbers
Definition :- A natural number n is called a perfect number if 6(n) = 2n
For example 6 & 28 are perfect numbers.

as 0(6)=1+2+34+6=12=2.6
0(28)=1+2+4+7+14+28=56=2.28
Theorem 5.12 If 2"'—1 is a prime number then

m = 2"(2™"'-1) is perfect.

Proof :- we have

o(2" 2"'-1) =o(2") 6(2"'-1)
=(1+2+...42% (1+2""-1) [ @ ged(2", 2™'-1) = 1]
_ (2n+1_1) on+l
=2.2"2""-1)=2m

Remark :- All the known perfect numbers are even. We don’t know any odd
perfect number and neither it has been proved that all perfect numbers. must
be even.

Theorem 5.13 Every even perfect number must be of the form 2°(2"1-1)
where 2"'—1 is a prime number.

Proof :- To prove the theorem, we first prove a lemma.

Lemma :-let c(m)=m A where | <A<m&AIm. ThenA=1and misa
prime number.

Proof of Lemma :- If possible, let A > 1, then since A Im & 1 <A <m, so m
has at least three divisors 1, A & m

o(m) = A + m + 1, which contradicts the hypothesis that 6(m) = A + m

So A =1, then 6(m) =m + 1. Then m can have only two divisors 1 &
m and so m must be a prime number.

Proof of Theorem :- Let k be a given even perfect number. Then k is of the
form

k =2". m where n > 1 & m is odd (we can not have k = 2" since 6(2") =
"1 %2.2% (D)
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Let o(m)=m + A where A > 1
Now k is perfect, so

2" m =2-(2"m) = 2k = 5(k)
=6(2"m) = 6(2") o(m)
=2"-1) (m+ 1)

=2""'m—m+ A Q2"-1).

= m = A2™'-1) ..(2)
= A= I? =Alm
2

Alson>1 =>A<m = 1<A<m&AIm.

So by the lemma, A = 1 & m is a prime number. Setting A = 1 in (2) we get
m=2"1

and from (1)
k = 2°(2"1_1)

Example :- Prove that -(24m—1) =0 (mod 24) Vm > 1

Solution :- we know 24 =3.8

To prove the result, we shall in fact prove a little more. To be precise, we
shall prove

1) 6(3m~-1)=0 (mod 3)
(1)  o(8m-1) =0 (mod 8).

(i) Let n =3m—1. Then n=-1=2(mod 3)

So n can not be a perfect square since k’= 0 or 1(mod 3) for any natural
number k.

n n
Sodlne —In &d#—
d d

Also 3In

.. We write
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2
63m-1)= Y (d+£ _ [d +HJ

din d din d
dig 1Sdn<&
1<d<vn d*3

Since 3/n =31d =>d’= 1(mod 3)

= d* + n=0(mod 3)

d?> +n

n
Since 3/d, (d +E] =0 (mod 3) = =0 (mod 3) for every divisor d of

n, where 1 <d <\/H

= 63m—1) = 0(mod 3)

(i) Letn=8m—-1 = n=-1=7 (mod 8)

Then 2 | n and so every divisor d of n must be odd

— d* = 1(mod 8) for every divisor d of n. Further n is not a perfect square
since every odd square number must be = 1(mod 8)

n d?>+n
Now cn)=c@m-1)= > |d+—|= X
din d d/n d
e 1=d<Vn
1de<&

Since 2/ d = d*=1(mod 8)

2
- @ +n=0(mod8) and L1

=0 (mod 8)

= 6(n) =0 (mod 8)
Combining (i) & (ii) we get
6(24m—1) = 0 (mod 24)

By similar methods we can prove
6(4m—1) = 0(mod 4)
and 6(12m—-1)=0 (mod 12)

ie. 0(48m—1) = 0(mod 48)

2
Example :- Y d*(m) { Zd(m)}

m|n ml|n
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Solution :- Let f(n) = Y d*(m)

min

2
and g(n) = { Zd(m)}

ml|n

Clearly exercise is true forn=1. Soletn> 1

Let n=p;! p3?..p\¥ be the prime power decomposition of n.
Since d(n) is a multiplicative function of n.

So d3(n) = (d(n))3 is also a multiplicative function of n and so

fn)= X d3(m) is also a multiplicative function.
min

Further Y d(m)is also a multiplicative function since d(n) is a multiplicative
m|n

function and so
2
gn) = { Zld(m)}
is also a multiplicative function of n
So to prove f(n) = g(n), it is enough to prove
f(p*) = g(p*) for every prime p & o> 1
Now f(p”) = Xd’(m)

mlp(x

o

The only divisors of p* are 1, p, p*..., p
f(p*) = d’(1) + d’(p) + ' (p)+...+d°(p%)

=1°+2°+3 +.. .+ (a+1)’ @d@i) =i+1

_ [(a+1)(a+2)T
B 2

= square of the sum of first (o + 1) natural numbers

ie. [1+2+...+ (o+1)]°
= [d(D) +d(p) +...+ d(pPH]*

= g(p”).

Example :- For every natural number n > 1,
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where pi, p2s..., px are the only prime divisors of n and f(n) is a multiplicative
function of n.

Solution :- Let n = p;! p3%...p\¥ be the prime power decomposition of n

Since W(n) is a multiplication of n and f(n) is a multiplicative function of n
= W(n) f(n) is a multiplicative function of n.

= > Ww(d)f(d)is a multiplicative function of n
din

So to evaluate ). p(d)f(d), we evaluate > u(d)f(d)where pis a prime &
dln dl pa

oa=>1

Now only divisors of p* are 1, p, p°,..., p*

s Y ) =p) £(1) + uip) f(p) + u(p?) f(p?) +...+ u(p™) & (p%)
d/pa

=1-1(p) O u(p)=0Vvix2)

k

2 Wdf(d)= [T Ad-f(p;)

din i=1

Corollary :- If f(n) = d(n). Then d(p;) =2
= Y wdd)=(D*

din

S u@do@ =11 (1-o@p))

din i=1

= (—1)k P1 P2.--Pk-

Example :- Prove that 6(n) is odd < n = m” or 2m”

Proof :-Letn=1. Theno(l)=1

Letn>1andn=2" p;” pgz ...pﬁk where r > 0 & p1, pa,..., pk are distinct odd

primes.

Now &(n) =06(2) 6 (p;1)o(p32)..o(px)
=Q2™'=1) (1 +pi+pi +..+pi) .. 1+ pe+pi ot pF) (D)

Now o(n) is odd < Each factor on R.H. S of (1) is odd. But (2”1—1) isodd V
r=0
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However if @; is odd for some i (1 <i<k)then 1 + p; + piz +...+pi0‘i 18 even,

since number of terms in the sum is even while each term is odd.

. . . 2
6(n) is odd < each @; is even. If r is also even, n = m”~ for some m and
ris odd n = 2m? for some m.

din

n
Example :- Prove that 3 (1) q)(aj =n or 0 according as n is odd or n is

cven.

Solution :- Let n be odd. Then each divisor d of n is odd and so d—1 is even

n n
= D" =land ¥ (D" q{—j =3 ¢(—j = >0 =n
din d) dam \d) din
So let n be even and n = 2"p" p52..p;X be the prime power decomposition of
n.
X D 4{3} > 4{3} 5 q{ﬂj = To(d)- To(d) =n-n=0
din d din \d din \d din din

dis odd diseven d odd d even

Order of Magnitude and Average Order :- d(n), 6(n) & ¢(n).

Order of magnitude is simply how Large or how small is the magnitude of the
function

Weknowd(l)=1&dn)=>2Vn=>2.

Further d(p) = 2 for all primes p

Definition :- Let f(n) & g(n) be two functions of n.
(1) Wesay  f(n) = o(g(n))

if fim ) _
n—e g(n)

0

(2) Wesay  f(n) = O (g(n))
if 3 a positive constant A such that If(n)l < A g(n)
(3) Wesay  f(n) ~ g(n)

if im 1) _
n—e g(n)

1

Remark :- If f(n) = 0 (g(n))
then f(n) = O (g(n))
and if f(n) ~ g(n) even then
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f(n) = O(g(n))
Some rules for addition

(1)  om+o0®m =0 )
2)  O@)+ O(n) = O(n)

(3)  o(n)+0(m)=O0(n)

4)  O(f(n)) + O(g(n)) = O[f(n) + g(n)]

Theorem 5.14 d(n) = O(n®) for all positive &, (8 however small)

Proof :- We know if n= p;! p32..p.¥

Then d(n) = ﬁ (a+1)
i=l

d(n) r (a,+1

§?=E[_mJ

Now for p > 2", p52 2, S0
a+l a+1 a+l1
= <

= < <1 VYV a
pa6 (pS)a a

Also for all p,
adlog2< e®le?= 00 < pid ©2<p)

a+1 1 a 1

+ <1+
paS paS paS 810g2

1
<ex
P (SlogZJ

Using the above estimate for p; < 2V 5,

d(n) a; +1 1
We get —=< I < JI exp
pi<al/8

n® s pi® dlog2
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H1/8
=0(1
= xp [SIOgZJ W

d(n) = O(nd).

Definition :- If f(n) and g(n) are two arithmetic functions of n, then we say
f(n) is a average order of g(n) if f(1) + f(2) +...+ f(n) ~ g(1) + g(2) +...+g(n)

Example :- Let us see when f(n) is of average order of n.

nm+h) 1,
2

Nowl+2+3+..n=

Thus if f(n) ~ %nz, then f(n) is of average order of n

Theorem 5.15 d(n) is of average order of log n. In fact d(1) + d(2) +...+ d(n)
~nlogn

Proof :- First we prove

log (1) + log (2) +...+logn ~nlogn
Now log (1) + log (2) +...+ logn
=1-logl+1-log2+...+1-logn

n+l

2 3
~ [logt dt+[log t dt +...4+ [log t dt
1 2 n

+1
n n+1

= [ log t dt =[tlogt—t]’
1

=(m+1)log (n+l)—n
~nlogn

Now to prove the theorem it is enough to prove
d(1) +d(2) +...+d(n) ~ n log n.

Y

Xy=n
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Consider the lattice whose vertices (X, y) are the points in the xy-plane with
integral co-ordinates. Denote by D the region in the upper right hand corner
contained between the rectangular axes & the rectangular hyperbola

Xy = n leaving out the coordinate axes and counting the lattice points on the
rectangular hyperbola.

We count the lattice point in this region in two different ways.

Let (x, y) be any lattice point in this region. Then x y < n and Xy is a natural
number and so this lattice point lies on one of the rectangular hyperbolas xy =
8, where 1 <8 <n. Then total number of lattice points in this region will be

d(1) +d(2) +...4d(n)

Also the number of lattice points in this region with x-coordinate equal to 1

will be a = n ,
L1
the number of lattice points in this region with x-coordinate equal to 2
willbea= |~
2]

.. Total number of lattice points in this region will be

o+ [35

sod() +d@2) +...+dn)
= [n] + B}{ﬂ
n n n
=n+—+AD+—+AD+..+—+ 0(1)
2 3 n

=n(1+l+l+...+1j+ O(n)
2 3 n

1
= n[log n+7y+ O(—D + O(n) (by Sterling formula)
n
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=nlogn+ny+ O(1) + O(n)
=nlogn+ O(n) ~nlogn

Theorem 5.16 Prove that
d(I)+d2)+...+dn)=nlogn+ (2y-1)n + O(+/n)

where 7 is the Sterlings constant.
Proof :- Let D denote the region as defined in the previous theorem. Then we
have already prove in previous then that the number of lattice points in this
region is

d(1) +d(2) +...+ d(n)
Set u=[Vn]=+n +00)

C=(n+01))Y=n+0(n)+0 1) =n+0(Vn)

=n+ 0 (u)

So log u = log (v/n +0(1):10g[\/ﬁ 1+0(LJD

vn
=log(~/n) + log 1+C{—1
=log(+/n) +1lo
vn

=log(\/H)+O[%j

1 1 1
=—logn+0Q — [=logu+Q —
2 ¢ @H : ({J

We know that the lattice points (x, y) with x # 0 & y # 0 is equal to
d(1) + d(2) +...+ d(n)

N——

Since x # 0 and y # 0, the lattice points (X, y) be on the line x = 1, x = 2,...
andy=1,y=2,....

Let A B C D be the square determined by the vertices (1, 1), (1, u), (u, u) &
(u, 1). By symmetry the number of lattice points in the region ABCHGDA =
number of lattice points in the region ADEFGBA

Since [\/H ] = u, there is no lattice point in the small triangle FGH.
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Further (square ABCD) < Region (ABCHGDA) and Square
(ABCD) < Region (ABEFGDA).

.. If we count the points on the linesx =1, x=2,... &y=1,y=2,..., the
lattice points in the square ABCD are counted twice.

The number of lattice points in the square ABCD including on the boundary is
equal to u’

.. Number of lattice points in the region under consideration = 2(number of
Lattice points in the region ABCHGDA)- u”

But as in the first part of the proof number of Lattice points in the region
ABCHGDA

(33
S = Z(EH%}{%D "

But n + n +..+ n :3+£+...+£+ O(u)
1 2 u 1 2 u

no ( 1 1] 5
> d(@i)=2n 1+5+...+— —u

i=1 u

preesredi )
=2n|logu+y+Q —||-u
u

=2nlogu+2ny+ O(u) —n + O(u)

=2n [1 logn + 0(1B + (2y-1)n + O(uv)
2 u
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=nlogn+ O(u) + 2y-1)n + O(u)
=nlogn+ (1) n+0(/n)
Magnitude and average order of 6(n).

We know o(p) = p+1 and number of primes is infinite so all we can say about
magnitude of 6(n) is 6(n) > n for n > 2.

Theorem 5.17 The average order of 6(n) is %nzn, More precisely

6(l)+062)+...+o(n) = énzn2 + O(n log n)

Proof :- Let as before, D be the region bounded by x-axis, y-axis & the
rectangular hyperbola xy =n.

If x 1s a divisor of n, then 3 a lattice point (X, y) lying in this region. Then this
point will lie on one of the lines y = 1, y =2, and xy < n.

Yo=Y 3y

i=1 x=1 ISySE
10 |n n
"2 H(H ' l]
But P} -2, o0
X X

x=1{ X

n 1 n(n n
o)== (— + O(DJ (— + al)J
i=l 2 X

But i 1 S 1 1\ =« 1
u —_— = —+ — |=—++ —
x> xax? n 6 n

LI 1
and > —:logn+0(—j.
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w 12(# Om] O[( O(lm
Yo(@)=—n?|—+0 — ||+ n| logn + +Qn)
i=1 2 6 n
1 2.2
=E7t n” + O(n) + O(n log n) + O(n)

I 5 5
=—mn n"+O0O(nlogn
T (nlog n)

Magnitude and Average order of ¢(n).
We know if n > 1, ¢(n) < n On the other hand if n = p™ and p > 1/€ where € >

0 1is given
1
then 0(n) = n(l ——J >n(1-¢)
P
(p(n) >1—g = lim ——~ () =1
n n

Theorem 5.18 There exists a constant A, such that

A < SMmom)
n

<lforalln>1

Proof :- Letn= [] p*, then we know
p

p(x+1{1_ 1 J
s = T 10"‘“—1:H p*) _ P Ip™T)
pln p—l pln 1 pln (1— _l)
p|l-— P
p
1_ a—1
=n H p |
pln 1—p_

Also we know 0(n)=n [T 1-p ")

pln

o) ¢(m)=n> I 1-p*"

pln

—G(n)?(n) =11 d-p*H<L

n pln
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Now for o> 1, p> < p**!

SR .
P P
1 1
= 1= o+l 21__2
p p
o(n)(n) e
-5 = ITI (I—P(“)2 I1
n pln

We know that the series 2 a, and the infinite product IT(1-a,) converge or

diverge together

1 .
But 2—2 is convergent =

k k=1

So there exists a constant A such that

A <—G(n)q)(n) <1.

Il2

[

[1

[

- L
k2

Theorem 5.19 The average order of ¢(n) is 6—121

In fact

D) = (1) + 0(2) +...+0(n) =

{ 1
pln p2

j is also convergent]

3n?

TT

Proof :- We have already prove > ¢&(d)=n

din

So by Mobius inversion formula,

dm)= 3 om= ¥ d p(d

m=1 dd <n

n d
= Yud- Y d
d=1 d=1

——+ O(nlogn)

2

229
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w2 [%D-aw (5vomf 3]
1 gpol ol

1 5 b },L(d) n 1
=—n +0/n) —
M d’ ( Eldj

But we know that

Z nd )converges to 6/

d=1 d

PR} n 1) 1,6 (1
d(n)=—n +0 =—n"|—+0|—||Omnlogn
W=7 d§1 d? (dzldj 2 |n° Y

2
= 3%+ O(n log n)
T

Remark :- We know that the number of terms in Farey series function of
order n is

1+ 6G) = 1+d(n)
i=1

We get the number of terms in the Farey series of order n is
2

. 3n
approximately — for large n.
T

Thus an alternative statement of the last theorem is that the number of terms in
Farey series of order n is approximately 3n*/7’.

Theorem 5.20 The probability that the two given integers should be coprime

. 6
to each other is — -
T

Proof :- Consider the pair of integers (p, q). Let ] <p<q<n.

Now also consider the corresponding fraction P For every n, there are

almost n fractions. £ with 1 < p<q<n.

q
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Total number of such fractions with all B(1 Sp<qg<nis
q

Si=Lnm+1)~1n
=1 2 2

But the number of fractions B, where | <p<q<nandged(p,q)=11is 3n? |
q
7* for large n.
2/ 2
. Probability = " /m -5
—n
2

The Mangoldt function A(n)

We introduce next Mangoldt’s function A which plays a central role in the
distribution of primes.

Definition :- For every integer n > 1 we define

e _ m _ .
A(n) = {IOg p if n=p" fosome prime p andsomem 1.

0 otherwise

Here is a short table of values of A(n) :

n: 1 2 3 4 5 6 7 8 9
A(n): 0 log2 log3 log2 log5 0 log7 log2 log3
Theorem 5.21 If n > 1 we have
logn= > A(). ..(D
din

Proof :- The theorem is true if n = 1 since both members are 0. Therefore,
assume that n > 1 and write

T
n=I] p;~.
k=1
Taking logarithms we have

T
logn= } a, logpy.
k=1
Now consider the sum on the right of (1). The only nonzero terms in the sum
come from those divisors d of the form py" form =1, 2,...,a,and k=1, 2,...,
r. Hence
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a

=t

ag r

A(p,™) =) > logp, =) a,log p, =logn,

1 k=1 m=1 k=1

> AW =Y

din k=1

3
[

which proves (1).
Now we use Mobius inversion to express A(n) in terms of the logarithm.
Theorem 5.22 If n > 1 we have

A=Y u(d)log% =-Y wd)logd.

din din

Proof :- We know logn= > A(d) ..(D

din

Inverting (1) by the Mobius inversion formula we obtain

Am = Y u@log- =logn ) u(d)= Y u(d)logd

din dlin dlin

= [1} logn— % w(d)logd.
n d/n

Since [1} log n = 0 for all n the proof is complete.
n

Chebyshev’s functions y(x) and ¥ (x)

Definition :- For x > 0 we define Chebyshev’s y-function by the formula

Y= 3 AM).

n<x

Since A(n) = 0 unless n is a prime power we can write the definition of y(x)
as follows :

W@=ZM®=§ZMWP§I

n<x m=1 p =1 p<

> logp.
Xl/m
pme
The sum on m is actually a finite sum. In fact, the sum on p is empty if x'"™ <
2, that is, if
(1/m)log x < log 2, or if
log x
log?2

m >

= log, x.

Therefore we have
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vx)= D, Y logp.

m<log, x prl/m

This can be written in a slightly different form by introducing another function
of Chebyshev.

Definition :- If x > 0 we define Chebyshev’s ¥-function by the equation
¥(x)= X logp,

p<x
where p runs over all primes < x.

The last formula for Y(x) can now be restated as follows :

v = ), 8™,

InSlog2 X

The next theorem relates the two quotients Y(x)/x and B(x)/x.

Theorem 5.23 For x > 0 we have

0< Y& D) _ (logx)*
X X 2x/;10g2

Note :- This inequality implies that

i (Y_20)_p

X—>00 X X

In other words, if one of Y(x)/x or B(x)/x tends to a limit then so does the
other, and the two limits are equal.

Proof :- we have y(x) = Z B(x'"™), so

m < log) x

0<Syx) -dx)= Y oM.

2Sm£log2 X

But from the definition of ¥(x) we have the trivial inequality

Vx)< Y logx<xlogx

pP<x
SO

0 < yx) —0(x) < z x™log(x"™) < (log, X)\/;log\/;

2Sm£log2 X

2
log2 2 2log?2

Now divide by x to obtain the theorem.
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Relations connecting 3(x) and m(x)

In this section we obtain two formulas relating 0(x) and m(x). where T (x) is
the number of primes < x. These will be used to show that the prime
number theorem is equivalent to the limit relation

lim 2% _

X—oo X

1.

Both functions 7(x) and ¥(x) are step functions with jumps at the primes; 7(x)
has a jump 1 at each prime p, whereas ¥(x) has a jump of log p at p. Sums
involving step functions of this type can be expressed as integrals by means of
the following theorem.

Theorem 5.24 Abel’s identity. For any arithmetical function a(n) let

Ax)= 2 a(),

n<x

Where A(x) =0if x < 1. Assume f has a continuous derivative on the interval
[y, x], where 0 <y <x. Then we have

2 a(n) f(n) = A(x) f(x) - A(y) f(y)—)f AOf@®d. .1

y<n<x y

Proof :- Let k = [x] and m = [y], so that A(x) = A(k) and A(y) = A(m).

Then 2 a(mf(n)= ia(n)f(n)= i {A() —A(n=1)} f(n)

y<n<x n=m+1 n=m+1

k k-1
2 Amf(n)- 2 A()f(n+l)

n=m+1 n=m

k-1
Z A(n) {f(n) —fn+D} + Ak f(k)

n=m+1
—A(m)f(m +1)
k-1 n+l
=— Y A() | f’(dt+ Ak) f(k) —A(m)f(m + 1)
n=m-+l n
k—1 n+l
=— > [ A®f’ () dt+ Ak) f(k) — A(m) f(m + 1)
n=m+l n

k X
=— [ A®) ') dt+A®X) f(x)-] A®) " (t)dt
k

m+1
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m+1
—Ay) fy) - [ A@® T’ (Ddt
y

= AR f(x) — A fy) — [ AW £/
y

Theorem 5.25 For x > 2 we have

B(x) = 1(x) log x— @dt ()

2

and
8 X B
+ 2
logx 3 tlog”t

n(x) = dt. .(2)

Proof :- Let a(n) denote the characteristic function of the primes; that is,

1 if nis prime,
a(n) = .
0 otherwise.

Then we have

nx)= Y 1= ) a(n) and 3(x)= Y logp= Y a(n)logn.

p<x I<n<x psx I<n<x
Taking f(x) = log x in Abel’s identity with y =1 we obtain
X n(t)
9(x)= Y a(n)logn =m(x)log x — n(1) log 1- — dt,

l<n<x 1

which proves (1) since m(t) = 0 for t < 2.

Next, let b(n) = a(n) log n and write

mx)= X b(n) » )= X b(n).

1
3/2<n<x 10gn n<x

Taking f(x) = 1/log x in Abel’s identity with y = 3/2 we obtain

ﬁ(x)_ﬁ(3/2)+j ﬁ(tz dt
logx log3/2 , tlog~t

T(x) =

b

which proves (2) since 9(t) = 0 if t < 2.
Some equivalent forms of the prime number theorem

Theorem 5.26 The following relations are logically equivalent :
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Jim T)108X _ (1)
X—»00 X
Jim 20 _ Q)
X—oo X

v _y 3)
lim = .

Proof :- From above theorem we obtain, respectively,

B(x) _ n(x)logx _lx it)dt

X

and

]

X Xp t

n(x)logx B(x) logxX V(t)dt

X

To show that (1) implies

lim

X— X 9

But (1) implies % =0

1%

X X 3 tlog2 t
(2) we need only show that (1) implies
dt=0.
t

L fort>2so
logt

M g—of L] 4|
x5 logt

fthdt\/_ x —/x
2

logt j; logt log2 logx/_
— 0 as x—oo.

es (2).
(1) we need only show that (2) implies

=0.

1 J‘ m(t)
Now

X dt

J 1

2 l0g t

X dt
SO —| —

X, logt
This shows that (1) impli
To show that (2) implies

Jim 198X

X—oo X

X 9(t)dt
—
2 tlog~t
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But (2) implies %(t) = O(t) so

logx X B(H)dt O[logxx dt j

X 2 tlogzt X 2 logzt
Now
x dt o Vxoodt o x i Jx o x=+x
J = >t T ST oot
2 log®t 2 log”t Jx log”t log~2 log\/;
hence
X
long dt2 —0 asx — oo.
X 2 log”t

This proves that (2) implies (1), so (1) and (2) are equivalent. We know
already, that (2) and (3) are equivalent.

Theorem 5.27 Bertrand’s Postulate. If x is a real number, x > 1, then there
exists at least one prime number in the open interval (x, 2x).

Proof :- Suppose that the interval (x, 2x) contains no prime number. If p is
prime then there is at most one value of k for which pk € (x, 2x), since pk“/pk
=p = 2. Furthermore, k > 1, since the interval contains no primes. Hence

YO -yx) = Y. logp<wy(v2x)+log 2x.

X < kaZX

Here the last term on the right is required because 2x may be a prime number.
We use y(x) = apx — 5 log ex for x = 6, to provide a lower bound for y(2x),
and use Y(x) < bpx + 5 (log ex)2 to provide upper bounds for y(x) and

Y(~+/2x ). Thus we find that
(2ap — bp) x — 5 log 2 ex — 5 (log ex)*

<bov2x + 5(log ev/2x )* + log 2x. (D)

Here the left side is comparable to x as x —oo, while the right side is

comparable to VX . Hence the set of x for which this holds is bounded. In
fact, we show that if (1) holds then x < 1600. That is, if x > 1600 hen

2ap — by = 5(log 2ex)/x + 5(log ex)z/x
+ 5(log e~/2x )/x + (log 2X)/x + bo+/2 //x -..(2)
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To this end let f(x) be a function of the form f(x) = (log axb)C/ X where a, b, ¢
are positive real constants. Then log f(x) = ¢ log log ax” — log x, and by
differentiating it follows that

£®) _ (bef(log ax®)y—1Yx.
X)

Thus if ax® > ebc, then f(x) > 0 and the above expression is negative, so that f
’(x) < 0. In other words, f(x) is decreasing in the interval X, ) where X( =
¢‘/a"™. Thus in particular the first term on the right side of (2) is decreasing
for x > x; = 2, the second is decreasing for x > X, = e, the third is decreasing
for x > x3 = V2, and the fourth is decreasing for x > x4 = e/2. Since the last
term on the right side of (2) is decreasing for all positive values of x, we
conclude that the right side is decreasing for x > x, = 2.71828---. By direct
calculation we discover that the right side of (2) is less than 3/8 when x =
1600, while the left side is > 3/8. Since the right side is decreasing, it follows
that (2) holds for all x > 1600.

We have shown that Bertrand’s postulate is true for x = 1600. To
verify it for 1 < x < 1600 we note that the following thirteen numbers are
prime : 2, 3,5, 7, 13, 23, 43, 83, 163, 317, 631, 1259, 2503. As each term of
this sequence is less than twice the preceding member, Bertrand’s postulate is
valid for 1 < x <2503, and the proof is complete.

An asymptotic formula for the partial sums ¥, <«(1/p)

Theorem 5.28 There is a constant A such that

> l=loglogx+A+0 forallx>2. ...(1)
Proof :- Let
lo
A= 3 2P
p<x P
and let
1 if nisprime,
a(n) = .
0 otherwise.
Then
> l: > w and A(x)= > wlogn.
p<x P n<x 1 n<x I

Therefore if we take f(t) = 1/log t in Abel’s identity we find, since A(t) = 0 for
t<2,
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1_A® ¥ A®

= 5 dt. ..(2)
p<sx P logx 5 tlog

t

But we know that Z loﬁ: log + O(1), so we have A(x) = log x + R(x),

p<x

where R(x) = O(1). Using this on the right of (2) we find

X
5 lzlogx+0(l)_|_j 10gt+§(t)dt
p<x P log > tlog~t
X X
:1+o( ! J+ Y UG
logx ) 5 tlogt 5 tlog~t
Now
X
) dt =log log x — log log 2
5 tlogt
and

*  R(t) dt=T R(t) dt_"f R(t)

tlogzt 2 tlogzt X tlogzt

dt,

N —

the existence of the improper integral being assured by the condition R(t) =

O(1). But
[ R(tz) at=0| | dt2 =o( 1 J
x tlog”t x tlog”t log x

Hence Equation (3) can be written as follow :

1 o)
Y —=loglogx+1—loglog2+ | R dt+0( ! J
p<x P 2 tlog~t logx

This proves the theorem with

A=1-loglog2+ [ —W

dt.
2 tlog2 t

Theorem 5.29 For x > 2,

m<x m d<x

> W(ij = A(d){%} =X log x—x + O(log x).

Proof :- To prove this theorem, we use the following identity “Let f(n) be an
arithmetic function and
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Fx)= Y f(n).
X X
Then mgx F[Ej - dgx f(d)|:g}

= > D .

n<x din

With f(n) = A(n) in Theorem 6.15, we have

Fx)= 2 AM)=yX),

n<x

X X
)y \l{—jZ > A(d){—}
m<x m d<x d

2 2 Ad)

n<x dlx

and so

>, logn

n<x
=x log x — x + O(log x).

The last identity comes from the estimate Z logn =x log x — x + O(log x)

n <x

Theorem 5.30 (Merten’s formula) There exists a constant Yy such that for x >
2,

-1
H (l—l) =¢e'log x + O(1).

p<x p

Proof:- We begin with two observations. First, the series zp z:: 5 p_k/k

converges, since

ZiL<Zp:iik:Zp: L+ L oo

p(p-D ;5 n(n-1)

Let
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Second, for x > 2,

. <
p>x k=2 kp p>x p(P_l) n>x Il(Il—l)

From the Taylor series

oo

k
~log (1-)= Y, ~—forltI<1

k=1

. . 1 .
and using the estimate of Z — for x =2, we obtain
psx P

1 |
:loglogx+b1+0( ]+b - —
logx )’ g‘ Z& kp*

:loglogx+b1+b2+0( ! ]+0[1j
log x X

:loglogx+b1+b2+0( ! ]
log x

Lety=Db; + b,. Then

-1
H (1 - lj =e’logx exp(O( ! D
p<x p log X
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Since exp(t) = 1 + O(t) for t in any bounded interval [0, ty], and since O(1/log
x) is bounded for x >2, we have

exp (0( ! D =1+ O( ! j
log x log x
1Y 1
H (1 ——] =¢e'log x exp (0( J
p<x p 10g X

=¢e'log ){1+O( ! ]
log x

=¢e'log x + O(1).

Therefore,

This is Merten’s formula.

Theorem 5.31 (Mertens Theorem) For x > 1,

s A e x+0(1) (D)
n<x n
and
logp
) =log x + O(1). (2)
psx P

Proof :- Since y(x) = O(x) by Chebyshev’s theorem, we have

xlogx —x + O(log x) = ¥ A(d) —}

d<x d

A(d)
=X 2 T+ O(y(x))

d<x
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A
=X Y — +0(X).

d<x

We obtain equation (1) by dividing by x.

Next, we observe that

A(n) 1 1
> mm-y =Ry ;gkp

n<x n p<x p _kax
k22
S |
< X logpX —
p<x k=2 p
logp
~psx p(p—1)
=0 ().

This proves (1).
Selberg’s asymptotic formula

We deduce Selberg’s formula by a method given by Tatuzawa and Iseki. It is
based on the following theorem which has the nature of an inversion formula.

Theorem 5.32 Let F be a real or complex-valued function defined on (0, ),
and let

Gx)=logx 3 F(fj
n

Then F(x) logx + F[ijA(n) =3 u(d)G(EJ.
n<x n d<x d

Proof :- First we write F(x)log x as a sum,

Fx)logx= ¥ [l}l:(ijlogiz Y F(fjlogi Y u(d).
n n

n<x n n<x N d/n

Then we use the identity,

Am)= ¥ p(d)log™
d/n d

to write

X X n
Z F[HJA(n) —Z F(lel“ u(d)loga.
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Adding these equations we find

F(olog x + Y F(EJA(n) -y F(sz u(d){logfﬂog%}
n n

n<x n<x din

X X
=y > F[Hju(d)loga.

n<x dlin

In the last sum we write n = qd to obtain

X X X X X
F = udlog—= > u(d)log— F(—J = M(d)G[—j,
which proves the theorem.

Theorem 5.33 Selberg’s asymptotic formula. For x >0 we have

y(x)log x + z A(n)w(ij = 2x log x + O(x).

n<x

Proof :- We apply above theorem to the function F;(x) = y(x) and also to
F>(x) =x — C — 1, where C is Euler’s constant. Corresponding to F; we have

Gix)=logx X \y[ij =X log2 x —x log x + O(log2 X),
n

n<x

X

where we have used the relation Z \u( j: x log x = x + O(log x).

n<x

n

Corresponding to F, we have
n<x n n<x \1I

Ga(x)=logx ¥ Fz(szlogx 5 (E—C—lj

=xlogx X l—(C+1)10gx > 1

n<x I n<x
=x log x (log x+C+ O(ljj— (C+1) log x(x+ O(1))
X

=X log2 x — X log x + O(log x).
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Comparing the formulas for Gi(x) and Gy(x) we see that Gi(x) — Ga(x) =
O(log” x). Actually, we shall only use the weaker estimate

Gi(x) — Ga(x) = O(Vx ).

Now we apply above Theorem to each of F; and F, and subtract the two
relations so obtained. The difference of the two right members is

2 M(d){Gl(gj - Gz(%j} = o(dszx \/%J - 0(& 5 %j _0x)

Therefore the difference of the two left members is also O(x). In other words,

we have

(Wx) - x-C-D} log x + ¥ {\y(fj - (% —C- 1}} A(n) = O(x).

n<x n

Rearranging terms and using Z &: log x + O(1) we find that
n

n <x

yx)logx + ¥ w(iJ A() = (x - C - Dlog x
n

n<x

+ 3 (E—C—IJA(n) + 0(x)

n<x \11
=2x log x + O(x).

The Prime Number Theorem

The function 7(x) counts the number of prime numbers not exceeding x. The
prime number theorem (conjectured independently around 1800 by Gauss and
Legendre), states that 7(x) is asymptotic to x/log X, that is,

Jim TOl0gX _

X—>00 X
We define the remainder term R(x) for Chebyshev’s function ¥(x) by

R(x) =9(x) — x.
We shall prove the prime number theorem in the form ¥(x) ~ x, or,

equivalently, R(x) = o(x) as we have already proved in theorem 5.26 that ¥(x)
~ x and 7(x) ~x are equivalent. More precisely, we shall prove that there exist
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sequences of positive real numbers {0y };._; and {un}; _, such that limy s
O, =0 and

[R(x)l < 8,x  for x = up,.
We need the following lemmas [cf: Melvin B. Nathanson, Elementary
Methods in Number Theory, Springer-Verlag, New York 1999].
Lemma 1. For every positive integer n,

H p<4"

p<n

Equivalently, for every real number k > 1

v(x) < x log 4.
Lemma 2 :- There exists positive constants A and B such that

AX) £v(x) Sy(x)=m(x)logx <B forx >2.

oL v(x .
Moreover lim inf (—) = lim
X—>o0 X X—>00 X X —>o0 X

infM: 1iminfm >0

and

lim supLX) = lim supM = lim supM <log 4

X—>00 X X—>00 X X—>00
Lemma 3 Forx > e,

1
z %P __p (log log x).
pEx p(1+long
p
Lemma 4 Forx > 1
RG0! < > R(fj +o| Xloglogx
logx /= n log x

Lemma 5 Let 0 < 0 < 1. There exist numbers ¢y = 1 and x;(0) > 4 such that if
X 2 x1(0), then there exists an integer n such that

X <n<e®’%

and R(n)l < on.

The constant ¢ does not depend on 9.
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Lemma 6 Let ¢y > 1 be the number constructed in Lemma 3 and let 0 < 6 < 1.
There exists a number x»(8) such that if x > x, (8), then the interval (x,e0’®

contains a subinterval (y, e 2y] such that

IR(t)l < 43t

x|

forall t e (y, e¥?y].

Theorem 5.34 (Prime number theorem) For Chebyshev’s function %(x),
B(X) ~ X
as X — oo,

Proof :- By lemma 1,

: R(x) . X)
lim sup = lim sup —-1<log4-1<04.
X —o0 X X —oo
By lemma 2,
.. R B(x)
lim inf = lim inf —1>log2—-1>-04.
X —00 X X —yo0 X

It follows that there exist numbers M and u; such that

Rx)I<Mx forallx >1,
and R(x)I< 0;x forall x >uy,

where 46, =04.

We shall construct sequences of positive real numbers {8}, _; and

{€m ). _; » such that

81 >82>83 >...

and
lim €, =0. (D
m—soo

Let m > 1, and suppose that we have constructed the number d,. Let co > 1 be
the number defined in Lemma 5. Choose €, such that

O<egn<1l/m

and
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82
(I+en)|1-———|< 1.
256¢,,

We define

82
it =(1 + &) | 1 ——— |8y (2
1=(+¢ )[ 2560()} (2)

oo

Then O < Om+1 < Om. This determines the sequences {Om};, _; and {€m}; _,

inductively.
We shall prove that for every m there exists a number u,, such that

R(x)l < Ox for all x > uy,. 3)

Let us show that this suffices to prove the prime number theorem. The
sequence {On},, _, is a strictly decreasing sequence of positive real numbers,

so the sequence converges to some non negative number 6 < 1. Then (1) and
(2) imply that

82
o=|1- 0=0.
356¢,

Inequality (3) implies that R(x) = o(x), which is equivalent to the prime
number theorem.

We construct the numbers u,, inductively. There exists u; such that
IR(x)l < &; x for x > u;. Suppose that u,, has been determined. We shall prove
that there exists a number up,; such that IR(X)l < Om.1x for all X > .

. [
Define Om= 5

and p=e0/dm

Let x,(9,, ) be the number constructed in Lemma 6, and let
X3(m) = max (x2(d,, ), Um).
If
X 2 x3(m) 2 x2(3,,),
Sm /2

then by Lemma 6, every interval (x, px] contains a subinterval (y,e
such that

yl

ot
IR(t) <48, t= -
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for all t € (y,esm/ ?y]. Let k be the greatest integer such that pk < x/x3(m).
Then

» log x /x5 (m)

s <k+1,
logp
and so
log(x/x,(m
k= M +0(1)
logp
_ d,, log(x/x5(m)) + o)
Co
d,, logx
=——— +0(1).
8¢,
By lemma 4,
X
R(x)I < Y R(_J +0(x)
10gX n<x n
1 X 1 X
= Rl — I+ R| = || + Ox)
logx , < ok n logx ok 27 < n
1 X Mx 1
: X R+ S — +0(x)
1OanSpk n IOgka<nSX n
1 X
< > (R — || + o(x),
logx , < ok n
since
1 1
2. S D>, — =log (px3(m)) + O(1/x) = O(1).
pk <n <x n x /(px3(m))<n<x

If1<n< pk, then

X _ X
—2—2x3(m) 2 uy,
n k

Y

and

o, X
<—,

n
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by the definition of uy,.

Forj=1,... .k, we have

> x3(m) = x2(9,,),

8 /2

X
and so each interval (—,J—} contains a subinterval I; = (y;,e y;l

o, t
such that IR()I <43, t= % forall te I

Therefore,
X X X
ne(pj_l,pj] n ne(pj_l,pj]\lj n nelj n
I d,x 1
< OmX 3 2y -
ne(pj_l,pj]\lj n 2 nel; N
1 §,x 1
= OmX Z 0 _
ne@ pip 1 2 nel; N
Then
k X
> R(—J =Rx)+Y Y R(_J
n<pk Floneei™ pj) n
k 1 6,x 1
=0Xx+ > [O,x X ——n —
=1 ne(p-] 1 pil n 2 ne IJ n
1 6,x k 1
= OmX ——ay .
nSpk n 2 j=1neIJIl
We have
1 1
OmXx —=38,x klogp+Q —
ngpk 1 Y
= dnx log x + O(x).

Moreover,



ARITHMETICAL FUNCTIONS AND PRIME NUMBER THEORY 251

and so
K 1 3§,k K p’
> ¥ —=—14Qy —
=l nelj N 2 =1 X
S, (9, logx van| +om
= — +
2 8¢
o 1
= Sm %2R, o,
128c,
since
K p K 2pk
5 P__P(P ) P < — o()
A ox x(p-1D)  x  x3(m)
Therefore,

X k 1 8 xlogx
UL S S +0(x)
2 j=tnepn 256¢,

Combining these results, we obtain, for x = x3(m),

X 52 xlogx
> |R|— || £(Buxlog x + O(x)) -| ——— +QAx)
n<pk n 256¢,,
82
=|1-— |8ux1 + O(x),
[ 2560()} x log x (x)
and
1 X
R(x)I < > R(—j + 0(x)
logx , < ok n

82
=|1-—— | 8uX + 0(x).
256¢,,
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We choose up,,; sufficiently large that for all x > u,,; we have

82
o(x)<sm[1— l ]Smx.
256¢,

2

Then Rx)I < (1+€) [1 - J OmX = Ops1X.

S6¢,

This completes the proof of the prime number theorem.
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