TOPICS IN ANALYTIC NUMBER THEORY

TOM SANDERS

1. ARITHMETIC FUNCTIONS

An arithmetic function is a function f : N — C; there are many interesting and natural
examples in analytic number theory. To begin with we consider what is perhaps the best

known
m(n) = Z 1p(x),
r<n:
the usual counting function of the primes. Various heuristic arguments suggest that one
should expect x to be prime with probability 1/log z, and coupled with a body of numerical
evidence this prompted Gauss to conjecture that

(n) ~ Li(n) = /ln L o

log = ~ logn’

It is the purpose of the first section of the course to prove this result.
As it stands 7 can be a little difficult to evaluate because the indicator function of the

primes is not very smooth. To deal with this we introduce the von Mangoldt function A

defined by

e ok
An) = log p 1fn—}.9
0 otherwise.

It will turn out that A is smoother than the indicator function of the primes and while
the von Mangoldt function is supported on a larger set (namely all powers of primes), in
applications this difference will be negligible. For now we note that our interest lies in the
sum of the von Mangoldt function, defined to be

b(n) = 3" Aw),

and which is closely related to 7 as the next proposition shows. The key idea in the proof of
the proposition is a technique called partial summation or, sometimes, Abel transformation.
This is the observation that

Y f@)g@) = g(x = 1)) = f(n)g(n) = Y g(@)(f(z +1) = f(z)),

r<n r<n—1

and may be thought of as a discrete analogue of integration by parts.
Proposition 1.1. ¥(n) ~ n if and only if m(n) ~ n/logn.
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Proof. First note that power of primes larger than 1 make a negligible contribution to ¥ (n):
= ZA(x) = Zlogp + O(v/nlogn).
x<n p<n

On the other hand by partial summation we have

Zlogp = Z (m(z) —m(x —1))logx

p<n T<n
= 7(n)logn + Z x)(log(z + 1) — log x)
r<n—1
m(x)
= m(n)logn + Z Y + O(logn),
r<n—1
whence
m(x)
(1.1) w(n) = n(n) logn+ZT + O(v/nlogn).
r<n

Now, if w(x) ~ x/log z for all x < n, then

n) Nn—i—Zo(l)

r<n

Conversely, if ¥(z) ~ z for all < n then

r 2 (n(x) — m(2"/2)) log /2 = L (n(x) — O(="?)) log .

2
It follows that 7(z)/z = o(1) which can be inserted into 1) again to get that
n ~(n) ~ logn+z n)logn.
T<n
It follows that 7(n) ~ n/logn. O

In fact this argument leads to explicit error terms — not just asymptotic results — but
this will not concern us since it turns out that the main contribution to the error term
|m(n) — n/logn| comes from approximating Li(n) by n/logn.

There is a natural convolution operation on arithmetic functions. Given two arithmetic
functions f and g we define their convolution f * g point—wise by

frgla }jf

This convolution has an identity § and it turns out that 1, the function that takes the
value 1 everywhere, has an inverse: we define the Mdbius p-function by

(—=1)* if x = py...py for distinct primes py, ...,y
p(x) = :
0 otherwise,

with the usual convention that 1 has a representation as the empty product.
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Theorem 1.2 (Mébius inversion). We have the identity
pxl=0=1%pu.

Proof. Suppose that n is a natural number so that by the fundamental theorem of arith-
metic there are primes py,...,p; and naturals ey, ..., ¢ such that n = p* ... p;". Since p
is only supported on square-free integers, if p(d) # 0 then d|p; ...p;. It follows that

Lepn) =Y u(d) = 3 wld)= 3 (<08 = (1= 1) = d(n).
din d|p1...py scli
The results follows by symmetry of convolution. O
Convolution has the effect of smoothing or concentrating in Fourier space which is de-

sirable because it means that the function is easier to estimate. As an example of this
we shall estimate the average value of the divisor function 7(n) (sometimes denoted d(n))

defined by
T(n) = Z 1=1x%1(n),
dn
that is the number of divisors of n. Before we begin we recall that the Fuler constant is

- [

where |z| is the integer part of x and {z} := x — [z]. There are many open questions
about the Euler constant, although they will not concern us. For our work it is significant
only as the constant in the following elementary proposition.

Proposition 1.3. We have the estimate

1
Z; =logn +7 + O(1/n)

x<n

Proof. Given the definition of v this is essentially immediate:

Siowgn = Y- [ tarroum
. gn = = 1 xx n

TN z<n

_ /f“ (inj - i) dz + O(1/n)

B n+1 {QZ} N ;
= /1 ﬂﬂd +0(1/n)

= v+ /: O(1/x*)dz + O(1/n) = v+ O(1/n).

The result is proved. O

We shall now use Dirichlet’s hyperbola method to estimate the average value of the
divisor function.
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Proposition 1.4. We have the estimate
Z 7(x) =nlogn + (2y — 1)n + O(+v/n).
r<n
Proof. An obvious start is to note that
n n
=S 1= = (— n 0(1)) — nlogn + O(n)

by Proposition [1.3] The weakness of this argument is that the approximation

==+ 00)

is not a strong statement when a is close to n — the error term is of comparable size to the
main term. However, since ab < n we certainly have that at least one of a and b is always
at most y/n. It follows from the inclusion-exclusion principle that

=2y 5= Yt
ab<n a<y/n a,b<y/n

This is called the hyperbola method because it is a way of counting lattice points below
the hyperbola xy = n. Now, as before we have that

_ n _ 2
Sy =2Y (a + 0(1)) (v + O(1))2.
z<n a<y/n
On the other hand by Proposition [1.3| we have that

1
Z g = 5n10gn+7n+0(1),

a<y/n
and the result follows on rearranging. O

Recalling Stirling’s formula (or directly) we have that

Zlogaf; = logn! = nlogn —n+ O(logn),

r<n
thus if we put

A(n) = Z (1(z) —logz — 27),
x<n
then we showed above that A(n) = O(y/n). With additional ideas of a rather different
nature Voroni showed that A(n) = O(n'/?logn) and this has since been improved to O(n®)
for some a < 1/3. In the other directly Hardy and Landau showed that A(n) = Q(n'/*),
but the true order of the error term is not known.
We now return to the von Mangoldt function. By the Fundamental Theorem of Arith-
metic if n € N then n = p{*...p]" for some primes py,...,p, and naturals ey, ..., e. Now,
!
1% A(n) = ZA(n) = Zlogp = Zeilogpi = logn.

dn pk|n =1
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Applying Mébius inversion then gives us an expression for A as a convolution:
A=pux1xA=pxlog.
This expression will allow us to relate 1 to the function M defined by
M(n) =" p(x).
r<n

The Mobius p-function takes the values —1 and 1 (and 0) and so we have the trivial upper
bound | M (n)| < n. Since p does not display any obvious additive patterns we might hope
that u takes the values 1 and —1 in a random way. If it did it would follow from the central
limit theorem that we would have square-root cancellation:

M(n) = O.(n***¢) for all € > 0.

The Riemann hypothesis is the conjecture that this is the case and it is far from being
know. On the other hand we shall be able to show that there is some cancellation so that
M (n) = o(n) and this already implies the prime number theorem.

Proposition 1.5. If M(n) = o(n) then (n) ~ n.

Proof. We use the hyperbola method again: let B be a parameter to be optimised later,
and then note that

d(n)—n+2y = Y (M) - 1(z) +296(x))

x<n

= 3" j(a)(logh — 7(5) +27)

ab<n

= ) M(n/b)(logb—7(b) + 27)

b<B
+ Z p(a) Z (logb — 7(b) + 2).
a<n/B B<b<n/a
By hypothesis we have that
> " M(n/b)(logh — 7(b) + 27) = o(n).O(B.(log B + 7(B) + 27)) = o( B’n)
b<B
which covers the first term. For the second we note that

D> @) Y (logb—7(b)+29) < Y |A(n/a) - A(B)|

a<n/B B<b<n/a a<n/B
= Z O(v/nja+VB)
a<n/B

by the bound for A given by Proposition On the other hand by integral comparison

we have e
S anas< [ Geda=0(/u/B)
a<n/B 0 \/a
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whence

Y O(/nfa+VB)=0(n/VB).

a<n/B

Combining what we have shown we see that
Y(n) —n+ 2y = o(B*n) + O(n/VB).

It remains to choose B tending to infinity sufficiently slowly which gives the result. U

2. THE FOURIER TRANSFORM

In this section we shall develop some of the basic ideas of Fourier analysis. There are
many references for this material, with the classic being Rudin’s book ‘Fourier analysis on
groups’.

The Fourier transform on R, Z, T and finite groups is well known and in the 20th Century
some efforts were made to unify the theories and it was discovered that the natural setting
was that of locally compact abelian groups; to begin with let GG be such. Those unfamiliar
with the theory of topological groups may just as well think of G as just being one of the
aforementioned examples.

Fourier analysis is important because of its relationship with convolution: suppose that
w and v are (complex Borel) measures on GG. Then the convolution p % v is the measure
defined by

o (A) = / La(z + y)du(o)du(y).

This form of convolution is a generalisation of convolution of arithmetic functions as we
shall see later. We norm the space of complex Borel measures in the usual way:

Il i= [ dlli=sup { [ gau: £ € Cofc),
and write M (G) for the space of complex Borel measures on G with finite norm. Convo-
lution on this space interacts well with the norm in that we have Young’s inequality:

[+ ]| < [ulll[v]] for all p, v € M(G).

We shall write G for the dual group of G, that is the locally compact abelian group of
continuous homomorphisms v : G — S', where S' := {2 € C : |z| = 1}, and are now in a
position to record the Fourier transform. Given p € M(G) we define its Fourier transform

~

in (*(G) by
w(y) = /Wdu for all v € G.

It is easy to check that
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There is a special measure on G called Haar measure which is the unique (up to scaling)
translation invariant measure on G which we shall denote pg. If f € L'(ug) we may thus
define the Fourier transform of f by

7y = / 5 fduc.

The advantage of this is that we have an inverse theorem.

Theorem 2.1 (The Fourier inversion theorem). Suppose that G is a locally compact abelian
group, f € L'(ug) and f € L'(ug). Then

f@) = [ Fontaldug) for ae. v € G.

We have been deliberately vague about scaling the Haar measure on (G; in all applications
the scaling will be clear.

It may be instructive to consider an example. Suppose that G = Z/pZ for some prime
p. Then the characters on G are just the maps

x — exp(2mirz /p),

and so G is isomorphic to Z/pZ — the natural measure on each of the groups is different

however. We shall think of G as endowed with normalised counting measure and G as
endowed with counting measure so that

el A) == |A]/|G] and pg(T) = |T).
Given a function f : G — C, we may think of it as a sum of canonical basis vectors (;)cq

where
G| ify=ux;
5w(y> = {‘ ‘ Y

0 otherwise.

We then have the decomposition

f(x) = / £ ()8, (2)dpc(v);

the Fourier transform changes this basis to the set of characters. Indeed

oy = / FAdg = (f,7)

and the inversion formula just says that

=S =Y fly = / Fondus().

'yECA? 'yea

Now, given a function f it also induces a convolution operator

My : L*(pe) = L*(ug);g — f *g
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and the Fourier transform serves to diagonalize this operator. Indeed if we decompose g

in the Fourier basis:
9=> (g7
ved

then it is easy to check that

Mg =" F(¥){g. )

veG

Note, of course, that f(v) = (f,7) too but we use the above notation to make things more
suggestive.

Many problems in mathematics involve convolution: in probability theory the law of the
sum of two independent random variables is the convolution of their laws. For enumerative
problems 14 x 15(z) is the (scaled) number of ways of writing x as a sum a+b where a € A
and b € B. Indeed, before the end of the course we shall find ourselves in a position where
we want to examine

1 A X 1 A X 1 A(CC)
for A the set of primes less than or equal to N and so we shall be pleased to have access
to a basis which diagonalizes this expression.

Returning now to the more immediate concern of arithmetic functions we suppose that
G is the reals under addition and f is an arithmetic function. Then we write my for the
atomic measure defined by

my(A) =Y f(n)1a(logn).
neN
Shortly we shall damp our measures so that they are better behaved, but before that it is
easy to see that if f and ¢ are arithmetic functions then
my * mg = er*g.

An important additional class of measures is the class of damped versions of the above.
Indeed, suppose that ¢ > 1, and write my, for the exponentially damped measure defined
by

myso(A) = Zf(n)lA(log n)exp(—ologn).

neN
Usefully (and not entirely coincidentally) we have the identity

Mo *Mgo = Mfigo

for all arithmetic functions f and g.
If|f(n)] = logo(l) n then we see that my , is finite so that, for example, my ,, M, 5, Ma, €
M (R); in particular we may take the Fourier transform and, in fact,

mi,(t) = ((o +it) for all t € R,

is the classical (-function.
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3. THE PRIME NUMBER THEOREM

We now turn to proving the prime number theorem. We should like to examine the inner

product
Z,u(m) = /Iadm,%a

z<n

where

I, (z) exp(oz) if z <logn
o\T) =
0 otherwise.

Unfortunately the function I, is not smooth enough and we are not able to control the
Fourier transform of m, , well enough.
We shall estimate the Fourier transform of m, , through m; , via the usual convolution
identity:
e (t) = 1/ ().
First we note a simple estimate — we shall make further use of the basic method in Lemma
so it is worth becoming familiar now.

Lemma 3.1. We have the estimate

—

Mo (t) = —+ O(log(1 + [¢])).

o—1+41it
Proof. Naturally we proceed by integral comparison: let T' > 1 be a parameter to be
optimised later.

o) = [ a e [ (e = s

_ —o—it __ fofit
_ J_H” /0 d:z:+/ (1] o

1 . A
- - 1 T —o—it __ ,—o—it ]
J_1+t+0(og )+ /T (=] x )dx

To estimate the second integral we just note that
o0 ) ) 1 _I_ 9/” 0+lt 1)
—o—it —o—1it
/T (|z] — Ydx = g / (n o+ )7 o

— S 0( /) = Ot/ T).

The result follows on setting 7' =1 + |t]. O

We encode the Fundamental Theorem of Arithmetic in an analytic way as follows.
Lemma 3.2 (The Euler Product formula). For o > 1, t € R we have the equivalence

mg(t) = [[ (1 —p=) 7

p
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Proof. Write
Py = H (1 _p—o—it)—l _ H (1 +p—l(a+it) +p—2(a+it) + .. )

p<N p<N

By the Fundamental Theorem of Arithmetic if n < N then there are powers eq, ..., e, and
primes pq,...,p, < N such that n = p7* ... pS whence (multiplying out Py) we have

N 00
|PN . Z n—a’—itl < Z n=°.
n=1

n=N+1
On the other hand
N
e (t) = > n 77 < Z n=e,
n=1 n=N+1

SO

Py —mi (0] <2 Y n 7 =0(c—1)"'N")

by the triangle inequality and integral comparison. The lemma is proved on letting N —
Q. Il

We now record the number theoretic content of this section.

Lemma 3.3. There is an absolute constant ¢ > 0 such that if o € (1,1 + ¢) then we have
the estimates

Iyl = (o = 1)~ + O(1)
and
Mo ()] = O((0 = 1) *1og! (2 + [t])).
Proof. First we note that
1Myl = Il = (0 =)™+ O(1)
by integral comparison. The second is where we have the main idea: begin by noting that
L < (T+@+p™" +p")%p77)
= 1 4 3p—cr 4 2p—it—cr 4 2pit—a +p—2it—o +p2it—a
L+O0@™* )AL =p )L =p "L = p 77|

It should be remarked that this is, perhaps, the most mysterious part of the proof of the

prime number theorem and has defied good explanation.
Thus

1 = O(H (1 _ pfo)f:}ll _ pfitfo"f4‘1 _ p72itfo|72)

p
= Ollmae|P’lmae(®)[*ma - (20)]%),



TOPICS IN ANALYTIC NUMBER THEORY 11

since all the products are absolutely convergent and

[[a+p>)=00).

p
the result now follows from Lemma [3.1|for |¢| > 1/100 say. On the other hand, by Lemma
B1]if [¢| < 1/100 then

1 -1
alt) =00 = (= +OW) =0,
provided o — 1 is sufficiently small. The result is proved. O

The above lemma shows us that we have cancellation in m,, compared with its possible
maximum — there is no real ¢ such that p(n) ~ exp(itlogn). To see this, suppose that
there was such. Then by the first part of the lemma

_ = 1 ——
Mue(t) = Zﬁ.u(n)exp(ztlogn)

n=1

1

na

=(c—-1""+0(1).

2
NE

n=1

However, by the second part of the lemma we know that |m,,(¢)| is much smaller than
this maximum if o — 1 is small (and [¢| is not too large).

On its own the above cancellation isn’t enough for what we want, but it can be boot-
strapped by differentiating.

Lemma 3.4. We have the estimate
k —
d"my, o

dtk

Before embarking on the proof proper it will be useful (in light of Lemma to define
an auxiliary function:

(t) = (0 = 1) 72" D10k log (2 + [t])) ).

f(@t) := (o — 14 it)my(t).
The following calculation is straightforward.

Lemma 3.5. We have the estimate
F(#) = O(log(2 + [¢))" (1 + [¢]).
Proof. We proceed as before:

ft) = (oc—1+it) /100 27 " dx
o —1+it) /1 T (] — g

= 1+ (c—1+1t) /100 (]~ " — 277 ")dx.
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Differentiating this we see that the first term is just O(1); to estimate the second we
introduce an additional auxiliary function

o) = [ (L) = e
1
By the product rule and linearity of differentiation
(3.1) FO(#) = 0(1) + O(rg" V(1) + O(tlg"" (¢)).
Now, suppose that ¢ > 1 is a natural. Since ¢ > 1 we have that
g (t) = / (—ilog|la])?|x| 77" — (—ilogx)%z ™7 "dx.
1

As before we split the integral in two according to whether or not x is larger or smaller
than some parameter 7' > 1. In the first instance

/1 (—ilogla])?|x| 77" — (—ilogx)la™ 7 "dx = O(/1 (log )9z~ dx)
= O(log"™'T).

In the second instance
[ Citoglalyla) o~ (itogayiatas
is equal to '
f: /1 (—ilogn)tn " — (—ilog(n + 0))%(n + 0) 7 ~de.
n=T"0

Each summand in this expression is then

0 (logq”) /0 ((1+0/n)7" — (1 + 0 exp(O(q))/nlogn))dd,

nO’

which is O(logn)?|t|/nT!. Setting T' = 2 + |¢| and combining this we conclude that
9(t) = O(log(2 + [t])**,

and the lemma follows on inserting this into (3.1)) with ¢ =r and ¢ =r — 1. ]
Corollary 3.6. We have the estimate
FO(t) —3/4 3/2
=(c—1 O(log(2 + |t]))3/2.
10 (0 —1) (log(2 + [¢]))
Proof. This is immediate from Lemma [3.3| and Lemma [3.5 U

This corollary will be used in conjunction with the following easy fact.

Lemma 3.7. Suppose that f : R — C is a k-fold differentiable function. Then
1 e ! (1 * (1) 4
UG (af-eta)t (SN SOV
f ai!. .. ag! 1f i f

a1+2az2+-+kap=k
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Proof. The proof is left as an exercise — it is an easy induction. O

Proof of Lemmal[3.4 Now we can leverage our knowledge of the auxiliary function f to
provide the estimate that we are looking for. First note that

d* 1, . . _
2R (1) = (o — 1 i) (1/1)(2) + i1/ ) 1)
On the other hand by the previous corollary and lemma we get immediately that
A1y
dtk
as claimed. O

(t) = O(k?*(o — 1) DA0(log (2 + [¢])) 7))

The last ingredient we require is a smoothed version of .

Lemma 3.8 (Smoothed Perron inversion). For z € R and 0 > 1 we have

1 [ exp(x(o +it)) _ {x ifx >0

omi ) o (0 +it)? 0  otherwise.

Proof. This is a simple contour integral and we shall split into two cases. To begin with
we suppose that > 0 and let C be the rectangle with sides S, = [0 — iT,0 + T},
Sy =[-8 —iT, =S +iT], S3 = [-S —iT,0 —iT| and Sy = [-S + iT,0 +iT], so that S;
and S, are parallel and S3 and S, are parallel. The integral in which we are interested is
lim exp(zs)s2ds.
T—00 S1

First we note that f(s) := exp(zs)s~? is holomorphic in and on C except at s = 0. The

Laurant expansion around that point is given by
fx)=s+as ' +22/2 +2%s/3 + .. |

whence the residue is z, and it follows from Cauchy’s integral theorem that

/f(s)ds = 2mix.
c

It remains to show that the integrals along Sy, S3 and S, are negligible. By the ML-Lemma
we see that

SES2

| [ f(s)ds| < sup|exp(s)||s| %[5
Sa
< sup |exp(x(=S +it))||S +it|2.2T.
te[~T,T]

Since x > 0 we see that |exp(z(—S + it))| = |exp(—2S)| < 1. Additionally |S + it|™2 <
|S|72, whence

| [ f(s)ds| <2T/S>.
Sa
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Turning to the contributions along S5 and S, we have, by similar arguments, that
| [ f(s)ds| < exp(oz)(o+S)/T? and | | f(s)ds| < exp(ox)(o +S)/T
Sg 54
Thus
Sy = 2miz + O(T/S?) + Oy.(S/T?).
Setting 7' = S and letting it tend to infinity gives us that

/ exp(x(a.—l— Zt))dt = 2mix
oo (o Fit)?

when x > 0.

The case x < 0 is covered similarly except that this time C is taken to be the rectangle
with sides Sy = [0 —iT,0 + T, Sy =[S —i[,S +iT|, S3 = [0 —iT,S —iT] and
Sy = [o+4T,S +iT], and the integral in Cauchy’s theorem is 0 because f is holomorphic
in and on C. The result is proved. Il

Finally we can prove the main result of this section.

Theorem 3.9. We have the estimate

F(n):= Z () logh zlog™ (n/z) = Op(nlog®*+V/4 )
T<n
Proof. Start by noting from Lemma that

oo

F(n) = Zu(x) logkx/ n? ity =T (5 i) 2t
0 gk, o+it

i " / @My ()t
o dtr V(o tit)?

[e.e]

Inserting the bound from Lemma [3.4] we conclude that
F(n) = (0 — 1)73®D/4 0 (n?),
and this can be optimized by choosing o = 1 + 1/log N. The result is proved. U
As a corollary of this we have the following estimate for M (n).

Corollary 3.10. We have the estimate

Proof. First we define an auxiliary function

H(n) = Z p(z)log" =

r<n
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to estimate. Let m < n/2 be a parameter to be optimized later and note that

n+m

Fn+m)—F(n) = Z () log" z log

r=n+1

n-—+m n-—+m
+ log

" H(n)

n-+m n-+m

= O(mlog’nlog ) + log H(n).

Of course by Theorem [3.9] we have
F(n+m) — F(n) = Og(nlog®* 1/ p).
Since log 2™ = Q(m/n) (as m < n/2) it follows that

2
H(n) = Ox(m logk n+ n logg(kﬂ)/4 n)).
m
By judicious choice of m this means that

H(n) = O(nlog"™+V/8 p),

Crucially, if £ > 7 then the above represents genuine cancellation in H(n). It is now a
short exercise in partial summation to get an estimate for M:

Hn) = 3 ple)log' s

r<n
= ) (M(x) - M(z —1))log"
r<n
= M(n)logFn + Z M(x)(log" z — log®(z + 1))
r<n—1
= M(n)log"n + Z O(x).0(kz™ ' log" ™" z)
r<n—1

= M(n)log"n + Op(nlog" ' n).
It follows for k = 8 that we have
M(n) = O(n/log"® n)
and the result is proved. O

We should remark that with a little more care the error term can be made quite explicit
and, in particular, larger than any power of log, that is

M(n) = O4(n/log*n) for all A > 0.

Combining this last result with Propositions [I.1] and [L.5] we get the Prime Number Theo-
rem.

Theorem 3.11 (The Prime Number Theorem). 7(n) ~ n/logn.
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4. DIRICHLET’S THEOREM; PRIMES IN ARITHMETIC PROGRESSIONS

In this section we shall introduce so called L-functions. In the end we shall use these to
prove a version of the prime number theorem in arithmetic progressions, but to motivate
their introduction we shall begin by proving Dirichlet’s theorem on primes in arithmetic
progressions.

It had been conjectured for some time before Dirichlet proved his result that if (a,q) = 1
then there are infinitely many primes p with p = a (mod ¢); the hypothesis (a,q) = 1
is clearly necessary since (a,q) divides all integers of the form a (mod ¢). We make the
assumption (a,q) = 1 for the remainder of this section.

Dirichlet’s starting point was Euler’s proof of this infinitude of primes which we now
record. First we recall the Euler product formula of Lemma [3.2} for s = o + it with o > 1

we have
C(s) =g (t) = [[(1—p7") 7"
p
If the number of primes were finite then

[Ja-p)

would be bounded above by an absolute constant. However this product is equal to m1 ,(0),
and

(o) = s (0) = = + O(1)

by Lemma Letting 0 — 1 leads to a contradiction which gives the proof.

To pick out the primes of the form a (mod ¢) we shall use the Fourier transform on
Z/qZ*. To assist with understanding we shall describe the characters on finite abelian
groups. By the (weak) structure theorem for finite abelian groups, any such group G may
be decomposed into a product of cyclic groups

k
¢=]]a:
i=1

where G; = Z/q;,Z for some ¢; € Z. As usual we write Og for the identity of a group G,
but the reader should be warned that, for example, 0g1 = 1.

Now, if v : G — S! is a homomorphism then,
’%ZGZ‘—>51;ZL"—>’7(OGI,...,OG ZL’,OGHI,...)

is also a homomorphism. Since G; is cyclic there is a ¢;th root of unity w; such that

i—17

%(x) = wy,
which the reader may care to check is well-defined. Since 7 is a homomorphism it follows
that
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Moreover, any sequence wq, . . .,w, with w; a ¢;th root of unity defines a unique homomor-
phism as above so that, in particular, |G| = |G|.
Finally we assign counting measure to GG so that

o) =>" flan(@),

zeG

and therefore endow G with normalized counting measure so that the inversion formula
becomes

1 .
flz) = @ % F)(z)

for all z € G. R
Now, returning to our group G = Z/qZ*, given a character x € G we extend it to Z in
the obvious way:

X(@) == {X(f (mod q))  if (z,9) = 1

0 otherwise;

such a function is sometimes called a Dirichlet character. Crucially they inherit their
orthogonality properties from characters on Z/qZ*. In particular if x and x’ are (Dirichlet)
characters then

0 otherwise.

1 < 1 ify=y
) ZX(I’)X'@) = (X)) 2 @/qzr) = {
q rx=1
By the inversion formula, A := {z € Z: x = a (mod ¢)}, we have the important relation

1
La(z) = @ ZA x(@)x(a)

XEZ/qL*

since |Z/qZ*| = |Z/qZ] = ¢(q). -
In anticipation of the above we consider m, ,(t) — an L-function. For s = o + it and
o > 1 we shall write

Lsx) = () = 30 A

For o > 1 is follows that L(s, x) is a uniform limit of analytic functions and hence analytic
itself. Moreover we have an Euler-product formula as in Lemma [3.2}

Lemma 4.1. For o > 1 we have the equivalence

L(s,) =[] (1 = xp~) "

p
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The proof is left as an exercise following from the fact that y is induced by a homomor-
phism. Now, it is easy enough to check from the above that

log L(s, x) = ZZﬁpms.

p m=1

Note that we fixed a branch of log here which we can do since L(s, x) is non-zero when
o > 1. This follows from the fact that the product formula for L(s, x) converges absolutely
in this range and the prodands (the terms in the product) are never zero.

Now, by the inversion formula we then have

1 1
(4.1) w;x( log L(s, x) Z Z ot

p m:p™=a (mod q)

We are going to consider this expression with s — 17.

In the first instance we consider the term corresponding to the so called principal char-
acter xo, that is the character induced by the identity character on Z/qZ*. It takes 1 at
all integers coprime to ¢ and is 0 elsewhere.

Lemma 4.2. We have the equivalence

L(s,xo) = () [J(1 = 7).

plg

The proof of this is left as an exercise. Crucially, on combination with Lemma we
see that

log L(s, x0) — 0o as s — 1.
We should like to show that the remaining contributions in (4.1)) are bounded; doing this
will lead to the Dirichlet’s theorem. We shall split into two cases according to whether or

not the character y is complex valued. Before that, however, we have an analytic extension
of L(s,x).

Lemma 4.3. For all non-principal characters x, the function L(s,x) can be extended
analytically in the range o > 0 and satisfies

L(s,x) = s/ S(z)z~CHdx
1

in that range, where S(x) =%, . x(n).
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Proof. As usual we proceed by partial summation: suppose that ¢ > 1. Then

L(37X) = %

o0

= > (S(n) = Sn-1)n*

n=1

= > Sm)(n~* = (n+1)7")

= s/ S(z)z= D dy.
1

Thus L(s, x) satisfies the equality for o > 1. However, by orthogonality of characters we
see that S(z) = O(q) since x is non-principal. Thus the right hand side is analytic in the
range o > 0 and so L(s, x) may be continued to this range and the result is proved. U

It will be similarly convenient to have a meromorphic extension for the ¢ function.

Lemma 4.4. The function ((s) can be meromorphically extended to the plane o > 0 with
a simple pole at s =1 so that

C(s) = —2 — s /100{x}x_s_1dx.

s—1

The proof is left as an exercise which can be done by the method in Lemma |3.1]

It follows from Lemma that L(1,x) = O(1) for all non-principal x. As it happens
it turns out to be harder to show that it is non-zero. If y is complex valued it is a little
easier because it has a companion character .

Lemma 4.5. For all complex valued characters x we have

L(1,x) # 0.
Proof. Non-negativity of the right hand side of (4.1)) when s = o > 1 and a = 1 gives

> log Lo, x') = 0.
Xl

It follows that

[T x> 1,
Xl

whenever ¢ > 1. On the other hand for all non-principal x’ we have L(1,x’) = O(1).
Furthermore, by Lemma we have lim, 1+ L(s, x0)(s — 1) = 1. However, if L(1,x) =0
then so does L(1,Y) whence

lim L(s,x)L(s,X)(s —1)72 = O(1).

s—1t

This combines to contradict the lower bound proving the lemma. O
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We now turn our attention to the harder job of dealing with real characters. The rather
mysterious proof below is due to de la Vallée Poussin.

Proposition 4.6. For all real valued characters x we have

L(1,x) # 0.

Proof. We assume that L(1, x) = 0 so that L(s, x) has a zero at s = 1 and then we see that
L(s,x)L(s, xo) is analytic in the region ¢ > 0. Moreover, since L(2s,xo) # 0 if ¢ > 1/2

we have that
L(S7X)L(87 XO)

U(s) =

L(287 XO)
is analytic in that region. Additionally L(2s, xo) — 0o as s — 1/27 so
4.2 li
(1.2) Jim () =

Now, if o > 1 then we see that

B (1—=x@p®)'A—p)"!
@/)(5) = lpg (1 _p72s)71

_ H 1+p°

1 _ —S
o x(p)p

14+p~°
- 11 5

px(p)=1

Since we know the product is absolutely convergent we can expand it out and we see that

we get
[o¢]
= E ann
n=1

for coefficients (a,), with a, > 0 and a; = 1. It particular we have
M (2) = Zan logn)™n"% =: (—=1)™byy,
for some coefficients (b, )., with b,, > 0.

On the other hand we know that ¢ (s) is regular for o > 1/2 whence it has an expansion
around 2 of radius at least 3/2:

=1 > bm

whenever |s — 2| < 3/2. Thus for 1/2 < ¢ < 2 we have

V(o) =2 by = a1 > 1.
This contradicts (4.2), and the proof is complete. [l
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It now remains to prove Dirichlet’s theorem as promised.

Theorem 4.7. Suppose that a and q are coprime naturals. Then there are infinitely many
primes p with p = a (mod q).

Proof. We examine (4.1). The left hand side tends to infinity since L(1, ) is finite and
non-zero for all non-principle y and L(s, xo) — oo as s — 1. However the right hand side

is just
1
S~ o).

p=a (mod q)

The result follows. U

The above sort of arguments coupled with partial summation techniques yield asymp-

totics for
>

p=a (mod q),p<N

These do not tend to be terribly useful though and we should much prefer to have an
analogue of the prime number theorem. We write

U(z;q,a) = > A(n)
n<z,n=a (mod q)
for the weighted counting function of primes in arithmetic progressions.

Theorem 4.8 (Siegel-Walfisz). Suppose that A > 0, x is a natural, a and q are coprime
naturals and q < logA x. Then we have the estimate

(x5 q,a) = @ + Oa(x log™4 x).

5. WEYL’S INEQUALITY

In this section we shall introduce an approach due to Weyl for estimating the Fourier
transform of certain sequences. Our starting point is the following easy fact: if & € R then
{na} can be made arbitrarily close to 0. In particular, for all @ € N there is some ¢ < @
such that

min{|ag — 2| : 2 € Z} = ||ag|]| < Q7.
We shall use the proof of this fact later in a different context and so record it formally now.

Lemma 5.1 (Dirichlet’s pigeon-hole principle). Suppose that « € R and Q) € N. Then
there is ¢ € N with ¢ < Q and a € Z with (a,q) = 1 such that

a
a__
q

< —.

qQ
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Proof. We can clearly achieve the hypothesis (a, ¢) = 1 by cancellation so it will be sufficient
to prove the conclusion without this hypothesis.

We consider the fractional parts 0,{a}, ..., {Qa}. There are clearly two that are within
1/Q of each other by the pigeon-hole principle, say {ra} and {sa} with r < s. We put
q := s — r so that

ga = a+ {ra} — {sa}
for some integer a. Thus
lga —al <1/Q
and the result follows. O

Now, what happens with {n?a}? The situation is much less clear. Weyl introduced an
approach for dealing with this sort of problem which will inform our work with represen-
tation functions later on.

The basic question will boil down to estimating terms of the form

N
| Z exp(2min®a)|
n=0

If «v is rational then the non-uniformity of quadratic residues in congruence classes will mean
that we cannot expect much cancellation in this term. Indeed, suppose that o« = 1/3. Then
it is easy to see that

N
| Zexp(Qm’nQ/?)H = |N/3+2wN/3+ O(1)|
n=0
where w is a primitive cube root of unity. If « is irrational or, rather, not close to a rational
with small denominator then we shall see that we do get cancellation in this quantity. To
estimate it we consider its square:

N 2 N
Z exp(2mian?)| = Z exp(2mic(n? —m?))
n=0 n,m=0
N
= Z exp(2mic(n —m)(n 4+ m))
n,m=0
N U
= Z Z exp(2miauv)
u=0 vzuvz(x_x:éd 2)

2N —u

2N
+ Z Z exp(2miauv).

u=N+1 v=u—2N

v=u (mod 2)

We shall estimate this through the inner sums. To this end we record the following decay
estimate for the Fourier transform.
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Lemma 5.2. Suppose that 8 € R and s,t € Z. Then we have the estimate

t
1
| Zexp@m@nﬂ < min{t — s+ 1, M}
Proof. Without loss of generality s = 0. There are t + 1 terms in the sum and each term
has modulus 1 so it follows that the sum is at most the ¢ + 1. For the second estimate we
sum the geometric progression:
t

Z exp(2mifn) =

n=0

exp(2mif(t +1)) — 1
exp(2mif) — 1

provided ||0]| # 0; if it is then we certainly have the estimate. However
|exp(2mif) — 1| = | exp(wi||f) — exp(—mil|@)| = 2sin7||0|| = 4|0]|,
whence we have the result. U

Returning to our earlier calculations we have

N 2 N u
Z exp(2mian?)| < | Z exp(2miaquv)|
n=0 u=0 vEuU:(?n’L:)d 2)

2N —u

2N
+ Z | Z exp(2micuv)],

u=N+1 v=u—2N

v=u (mod 2)

but this is at most

N 1 2N 1
i 1, — in{2N — 1, —
;mln{u+ ’2||2au||}+u2]\,;1mm{ “r 72“2&““}’

which is, in turn, at most
AN 1
min{N + 1, —}.
uz% 2||evul]

The next lemma will let us show that ||aul|| stays away from 0 enough to provide some
cancellation in the preceding.

Lemma 5.3. Suppose that 61, ... ,0; are 0-separated, i.e. ||0; —8;|| = 6 for alli # j. Then
k
. 1 _
me{Qa M} = 0((Q+ 4671 1og Q).
i=1 ¢

Proof. We may certainly assume that 0; € [—1/2,1/2], that at least half the sum comes
from 6; with 6, > 0 and that 0 < 0y <0y < --- < 6;. Thus

k I
1 1
= i s S &, -5 1
S izlmln{Q, 3101 } <2 ;mln{@ 201}
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Of course, in this case the sum is clearly maximised by taking 6; = (i — 1)d so that
l
S <2 Z min{Q, 5" /2(i — 1)} < 2QR+ § '(logl — log R + O(1))
i=1

for any R > 1 by Proposition . Now [ < k < 67! and we may certainly assume that
§ < 1/Q and thus put R = 6~'/Q. We conclude that

S <06 logQ),
and the result is proved. O

Combining what we have done we can prove the following.

Proposition 5.4 (Weyl’s inequality). Suppose that o € R is such that |« — a/q| < 1/qQ
for some naturals ¢ < @ and an integer a coprime to q. Then

1> " exp(2rmian?)| = O((N//q + VN + \/g) log N

Proof. We begin by recalling that
2

N AN 1
exp(2mian?)| <Y min{N +1, ——}.
2 < 2o

Split the range of u up into 1+ O(N/q) intervals of length at most |¢/2], so that I :=
{0,1,...,¢/2] -1}, I, ={|q/2],...,2[q/2] —1} etc. with a possibly shorter final interval.
Now, suppose that u, v’ € I; are distinct. Then

lo(u = u)]| = [lau — u')/ql| = Ju— | /qQ > 1/2q

by the triangle inequality whence {au : u € I;} is a 1/2¢-separated set. It follows from
Lemma (.3 that

] Zexp(27rian2)\2 =(1+O(N/q)).O((N + q)log N).

The result follows on taking square roots. O

We now turn to the question of how we use this information. The basic idea is that if
|an?|| is never small for n < N then there is a large interval around the origin which it
misses. This, in turn, implies that it must have a large Fourier coefficient which we know
is not so if ¢ is large; if ¢ is small the result is easy.

To begin with we recall that if P is a large prime then the characters on Z/PZ are just
the maps

x +— exp(2mizr/P),

so we identify Z//\PZ with Z/pZ in the obvious way. Thus if f : Z/PZ — C then
Fr) = / f(x)oxp(@rizr PP (x).
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The following lemma encodes the Fourier space localisation of an interval.

Lemma 5.5. Suppose that P is a prime, A C G := Z/PZ is a set of density o and
AN[—-L,L] =0. Then

sup  |1a(r)| = aL/2P.
0F#|r|<(P/L)?

Proof. We write I :={1,..., L} so that supp1l;*1_; C [-L, L} Thus
0= (14,1;%1_ ZlA )1 (r)

by Plancherel’s theorem. We isolate the trivial mode (r = 0) where

L4(0)|T1(0)” = a(L/ P’
and apply the triangle inequality so that
aL?/P? <Y [Ta(r)]|Li(r)
r#0
On the other hand by Lemma we have

1 .
Tr(r)| < 5 min{L, 1/2[|r/ P} < min{L/P,1/2]r[}
if r is taken to lie in (—P/2, P/2]. Thus we see that
al’/P* < sup [Ta(r) > [LPFa Y 14
OAIrIS(P/L rl<(P/L)? rl>(P/1)?

< suwp [TA(r)[(L/P) + o(P/L)/2
0[r|<(P/L)”

by Parseval’s theorem and the fact that
-2
> e |2 < / dr < 2/X.
|r|>X
The result follows on some rearrangement. O
Finally we can prove our approximation theorem.

Theorem 5.6. For all « € R and N € N there is a positive integer n < N such that
Homzn < N—1/5+0(1)

Proof. By rational approximation it suffices to prove the above result for « = b/ P where
P is prime with P > 2N. Note that the elements {bn? : 1 < n < N} are all distinct
(mod P) — call this set A — and so we can apply the previous lemma to get that either

lbn*/P|| < L/P

for some 1 < n < N whence we shall be done on optimizing for L; or else

N
1> exp(2mirbn®/P)| > NL/2P
=1
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for some r # 0 with |r| < (P/L)%.
By Dirichlet’s pigeon-hole principle there is some ¢ < N such that (a,q) = 1 and

1
< —.
qN

rb  a

P q

If ¢ < M then

lar?®|| < P?M/L?N
and we shall be done on optimising for M. Thus we shall take ¢ > M from hereon. In this
case we apply Weyl’s inequality so that

NL/2P = O((N/Y'M + VM + vV'N)log N).
Putting L = P/N¢ and M = N'7% we get that
inf |an?|| < max{N "¢, N>}

1<n<N
or else
Nl*é — O<N1/2+6/2+O(1)).
Putting § = 3¢ tells us that we can take e = 1/5 — o(1) giving the result. O

6. VINOGRADOV’S THREE-PRIMES THEOREM

In this section we shall begin our work on proving Vinogradov’s three-primes theorem.
To begin with we sketch the plan. We write

An(n) = A(z)  wheneverr < N
M0 otherwise.

The quantity
Ry(z) := An x Ay x Ay (2)

is a sort of weighted representation of x as a sum of powers of primes. In particular if we
write Py for the set of primes less than or equal to N then, as in §I], we have that

D Ipy(@)An(a)1py (0)An(b).1py ()Ax(c)

a+b+c=x

1PN*1PN*1PN($) 2 10g3N

WV

! ( S Aw(@)Ay(B)Ax(c)

10g3 N a+b+c=x

-3 Z (log p)An(b)An(c)

k>2,pk+-b+c=x
> (Rn(z) — O(N*?log N))/log® N,

where we have implicitly used = O(N) and are only really interested in x N. Of course
1p, * 1p, * 1p,(x) is the number of ways of representing x as a sum of three primes so if
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we can show that Ry (x) is large then we shall have that = has a representation as the sum
of three primes.

Hardy and Littlewood introduced the idea of using the Fourier transform to study Ry (z)
noting that

Ry(z) = /O An(0)? exp(—2miz6)do

by the inversion formula. They then split the range of integration into two sets: the major
arcs, denoted

M:={0ecT:|0—a/ql <1/qQ for some ¢ < Qp and (a,q) = 1},
and the minor arcs
m:={0eT:|0—a/ql <1/qQ for some ¢ > Qy and (a,q) = 1}.

By Dirichlet’s pigeon-hole principle these sets cover T. On 91 we shall estimate EV(Q)
using the Siegel-Walfisz theorem; on m we shall need to develop a Weyl type estimate due

to Vaughn to show that X]\V(Q) is small.
The reason for the names major and minor is that the major arcs contribute the main
term to the integral form of Ry(z) and the minor arcs an error term.

6.1. The minor arcs. As stated we shall estimate the minor arcs using a technique de-
veloped by Vaughn simplifying an earlier approach of Vinogradov quite considerably. In
the first instance we want to introduce long intervals because we can estimate their Fourier
transform using Lemma [5.2] To do this we need a trick of the form we used in Weyl’s
inequality to generate long intervals to sum over. In this instance we have the convolution
identities of §l] to fall back on. In particular

A(z) = p+log(x),
so that
/L\V(H) = Z A(n) exp(2mifn) = Z p(a)logbexp(2miabh).

n<N ab<N

Since log is smooth long exponential sums involving log have a lot of cancellation which we
shall exploit. We shall let X = N?/° be a parameter and naturally split into two ranges:

Sy = Z p(a) Z log bexp(2miabh).

a<X b<N/a

and

Sy = Z w(a) Z log bexp(2miabh).

X<a<N b<N/a
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In this sum Sy we shall decompose log as 1 % A (in the sense of Dirichlet convolution):

Sy = Zlogb Z a) exp(2mwabl)

b<X X<a<N/b
= ZA(d) Z p(a) exp(2racdd)
cd<N X<a<N/cd
= ZA(d) Z p(a) exp(2racdd)
cd<N X<a<N/cd
= ZA(d) Z exp(2miudh) Z p(a)
d<N X<u<N/d alu,X<a
= > Ad) ) exp(2miudd)(5(u) — Y pla)).
d<N X<u<N/d alu,a<X
Thus
Sy = =Y Ad) > exp(2miudd) > p(a)
d<N X<u<N/d alu,a<X
= — Z Z Z A(d) exp(2miudd).
X<u<N alu,a<X d<N/u

If d is not too large then we get a long range of u over which to sum exp(2miud) which
will, again, lead to good cancellation. Thus we write Sy = S3 + .Sy, where

S>> wa) D> Ad)exp(2miud)

X<u<N alu,a<X d<min{X,N/u}
and
E E w(a E A(d) exp(2miudd).
X<u<N al|u,a<X X<d<N/u

The sum in S35 can be rearranged ever so slightly to give

Sy = —Z Z p(a) Z A(d) exp(2miudd) + Ax (6)

u<N alu,a<X d<min{X,N/u}

= — Z w(a) Z Z A(d) exp(2miavdd) + O(N??).

a<X v<N/a d<min{X,N/av}

- Z p(a) Z Z A(d) exp(2miavdd)

a<X v<N/a d<min{X,N/av}

Writing

we have shown Vaughn’s identity that
An(0) = Si + Sy + S5+ O(N?/5),

Moreover, we expect that Sy and S5 will be relatively easy to estimate; Sy is considerably
harder.
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To proceed with estimating these terms we shall use the following variant of Lemma

Lemma 6.2. Suppose that @ € R has |0 —a/q| < 1/qQ with ¢ < Q and R € N. Then

me{ aTE H} O((g+ R+ N/q)log N log R).

Proof. We consider the sum in two parts. In the first instance we address the case when x

is small:
la/2] lg/2]

S 2 min 5 ) € 2 ol =

As in the proof of Weyl’s 1nequahty the numbers 096 are 1/2¢-separated as = ranges

{0,...,[q/2]} so
22 o
< 2 — O(qlog q).
S ;I O(qlogq)

Now we dyadically decompose the remaining range:

2itl_1

N 1
Li = 1 T S
Z mln{ 22+1 HQI.H}

x=2?
As before we split the zs into intervals of length |¢/2] so that by Lemma [5.3| we get
Li=0(2"/q).0(N/2" + q)log N = O(N/q + 2") log N.
Summing over the range of ¢ with ¢/2 < 2! < R we get the result. O

We shall now use this lemma to estimate the three terms Sy, S, and Sj.

Lemma 6.3. With conditions as in Lemma 6.9 we have
= Z w(a) Z log bexp(2miabl) = O((q + N/q) log® N).

a<X b<N/a

Proof. We begin by differentiating log through partial summation:
Z log bexp(2miabd) = Z log b(1y) p(al) — 1y 1](a9))

b<M b<M
= 1/[]\;]((19) log M + Z (log(b+ 1) — log b)l/[;](ae)
b<M—1
= 0<1ogM§35 g (ad))) + > Ty (ad)/b.

b<M—1
Now, by Lemma we get that
> logbexp(2miabd) = O(log M min{M,1/||af]||})
b<M

+O(min{ M, (log M)/||ab||}).
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Thus
S1] <> O(log N min{N/a, 1/|[af]|}).
<X
The result then follows from Lemma [6.2] O

Next we estimate S5 which we also expect to be fairly straightforward.

Lemma 6.4. With conditions as in Lemma [6.3 we have

Ss = —Z,u(a) Z Z A(d) exp(2miavdd)

a<X v<N/a d<min{X,N/av}
= O((g+ N>+ N/qg)log N).

Proof. Of course we start by reordering the summation:

S5 = — Z p(a) Z A(d) Z exp(2miavdd).

a<X d<X v<N/ad

Now the fact that X2 is significantly smaller than N comes in to ensure that N/ad is large:
by Lemma [5.2| we get that

1S5] <> > A(d) min{N/ad, 1/||adf]|}.

a<X d<X

But by grouping the terms where ad = u and noting non-negativity of the summand we
get

Sl < 37 37 Ad) min{ N/u, 1/ [0}

u<X? ad=u

Since 1 * A = log we conclude that

S5 = O(log N >~ min{N/u, 1/|[uf]|}).

u<X?

The result follows by Lemma [6.2] again. g

Finally we turn to Sy. It will be useful to have a trivial estimate for the second moment
of 7 from {I]

Lemma 6.5. We have the estimate

Z 7(x)* = O(Nlog® N).

<N
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Proof. 1t is easy to check that 7 is sub-multiplicative so that 7(ab) < 7(a)7(b). Then

ZT(ZE)2 = ZT(ab)

<N ab<N

< Do) Yo T

a<N b<N/a

Z T(CZ)O(% log N)

a<N

= O(NlogN).) 7(a)/a)

a<N

= O(NlogN). ) b—lc — O(Nlog® N),

be< N
by Propositions [I.4] and then [I.3] O

Lemma 6.6. With conditions as in Lemma[6.3 we have

Sy = — Z Z w(a Z A(d) exp(2miud)

X<u<N alu,a<X X<d<N/u

= O(log" N(N/\/g+ N/VX +/Nq)).

Proof. We put w(u) :=3_,, ,«x #(a) and note that

w) <> 1=r1(u)

alu

N

Rewrite the main sum as

Sy = — Z Z A(d) exp(2miudf),

X<usN X<d<N/u

ready for splitting up the range of u. Dyadically decompose the range of values of u via
the numbers

R:={X,2X,...,2"X}
where k is maximal such that 2871 X < N/X. Thus
|S4] < Z Tr
RER
where

TR = Z |w(u)] Z A(d) exp(2miudd)|.

R<u<2R X<d<N/u
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Apply Cauchy-Schwarz to each to the inner sums to get that

Tr* < ( > \w(U)|2>

R<u<2R

<[> > A(di)A(dy) exp(2miu(dy — dy)0)

R<u<2R X <d1,d2<N/u

The first sum here is O(R10g3 N) by the previous lemma,; it is the second that we hope to
get some cancellation from. Reordering summation and the trivial logarithmic bound on
A gives

Tr|* = O(Rlog” N) ) > exp(2mu(dy — ds)0)|.

X<d1,d2§N/R R<u<min{2R,N/d1,N/d2}
Thus, by Lemma [5.2] we get
Tr|> = O(Rlog N) ) min{R, 1/||(d, — dp)}}.
X<d1,d2<N/R
Now the number of representation of a number r in the form d; —dy is at most N/ R whence
N
ITz|*> = O(Rlog’ N>§ Z min{ R, 1/||0r||}
r<N/R
= O(Nlog’ N).(1+ O(N/qR)).(R + q)log N,

where the last line is by Lemma [5.3 applied in the usual. Combining all this we get that

ITr|* = O(N1og® N).(N/qg+ R+ q+ N/R).
Inserting these back into our expression for Sy and noting that X < R < N/X we get

1S4| = O((N/\/q + N/VX + \/Nq)log" N).
The result is proved. U

Combining the three previous lemmas with Vaughn’s identity we get the following.

Lemma 6.7. Suppose that 6 € R has |6 — a/q| < 1/qQ for some 1 < g < Q < N and
(a,q) =1. Then

[An(8)] = O(log* N(N/\/q + N*/* + \/Nqg)).

Notice that this motivated our choice of X: we wanted X? ~ N/v/ X, hence X N?/°,
Having got our Weyl-type inequality we can see what () and () are going to be. Let
A, Ay > 0 be fixed to be thought of as large and put

Q := N/log®™° N and Qq := log™ N.

We now give the so called ‘minor arcs’ estimate.
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Theorem 6.8. We have the estimate

/ AN (0)d6 = O(N?log® /% N).
geme
Proof. By Parseval’s theorem and the prime number theorem we have

| ES©Fd0 = 3 oz = O(V10g V).

p<N

Then by Holder’s inequality and Lemma we get the result.
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6.9. The major arcs. These are conceptually easier to work with although they will still
take time. Our main tool is the Siegel-Walfisz theorem which we leverage though the
Fourier transform. It will be convenient to write e(v) := exp(2mir) and to begin with we

estimate JL\V(a/q) for a/q a rational in lowest terms with small denominator. First, we

record a short calculation.

Lemma 6.10. For a and q integers such that (a,q) = 1 we have
Y elra/q) = p(g).
1<r<q,(r,q9)=1
Proof. Without loss of generality a = 1. Now, writing

c(d):= > e(r/d),

1<r<d,(r,d)=1

> eld) =" e(r/q) = d(q).

d|q 1<r<q

we see that

The result then follows by the Mobius inversion formula.

Lemma 6.11. For q < Q9 and B > 0 we have

K(a/q) = %N + Oy (N logho~8 ).

Proof. We do the obvious thing and group the terms into congruence classes:

Av(a/a) = > An(n)e(an/q)

n<N

- > > An(n)e(ar/q).

r=1 n<Nmn=r (mod q)

Of course if (7,q) # 1 then
Z Any(n)e(ar/q) = O(log N),

n<N:n=r (mod q)
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thus

An(afg) = Y. An(n)e(ar/q) + O(glog N)

1<r<q,(r,q9)=1 n<N:n=r (mod q)

= > elar/9e(Nig.r) + O(qlog N).

1<r<g,(r,q)=1
In this situation we apply the Siegel-Walfisz theorem to see that
— N _
D= X (arfo s+ OnaNlog 7 ).
1<r< - ¢(q)
\r\q,(ﬁq)fl

The result follows by the previous lemma. O

As a corollary we get the major arcs estimate for /(]\V(G) We write

a 1 a 1
M(a,q) = {———,——i——].
(@9) g 9Q q qQ
Corollary 6.12. Suppose that 0 € M(a, q) for some q < Qy. Then for any B > 0 we have
that

An(6) — ;EZ; In)(0 — a/q) = Oany,5(Nlog?t240~F N).

Proof. We examine the difference which we denote by D:

D = 3 (Anmeta/a) — “Dyeino — afg)

n<N (b(Q)
B Au(a _Mn ~ (A1 (a _MH— e(n(f —a
= 3 (tala) = i) = (Ramiafa) = G050 = D))elald — ofa)
— (Aula _@ . .
= (An(a/q) = ZEN)e(N( — a/q)
B e 16 o) et o
+; (/) = Gesm)e((n +1)(6 - a/@)) — e(n(® — a/a)))
Since
(e((n+ 1)(0 — a/q)) — e(n(f — a/q))) = O(|6 — a/q])
we are done by the previous lemma. .

It follows immediately from the above estimate that

A (o)’ ggg; Ti(60 — a/)* = Ony 5( NP log #2475 )

whenever 6 € M(a, q).
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At this point we have the crucial fact that the sets 91(a, q) are disjoint since ¢ < @y and
N is large so that 2Q)y < ). Thus integrating the above shows us that

/ An(0)3e(=N6)do =
u(q) — Be(—
S Y B[ e - oo

q<Qo (a,9)=1
1<a<q

+ Z Z M(a, q))Oa n,.8(N>log 2408 N),

q<Qo (a,9)=1
1<a<q

The second integral is rather easy to estimate by Lemma and Parseval’s theorem:

- 1/¢Q
/ Lin (0 — a/q)*e(—NO)d§ = e(—Na/q) / 1[N](6’)3e(—N6’)d9’
M(a,q) -1/4Q

— e(~Na/) / (0 e(—NO') o

©oswp [T(0 \/|1[N]
10]1>1/4Q

~ e(=Nafq) [ T e(~No)a0
+0O(N?log ™ N).

Of course
T /o3 / / N -1
1[N](0) 6(—N§ )dQ = 1[N] * 1[]\” * 1[N](N) = 9 s
T

SO

/ An(0)2e(—NO)do =
> 5 U (V)

q
< a 1
q<Qo (1 <qa)< q

+ 373 uM(a,q)Ou,n,5(N? log 24P N) + O(N?log™* N).

q<Qo (a,9)=1
1<a<q

Since @ = N/ log™ N and Q, = log™® N the second double sum in the error term is of
size at most

2
Z ;bé? ) O A Ao.B (N3 1OgA+2A0_B N) — OA,AQ,B<N2 10g2A+4A0—B N)
q<Qo
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Of course ¢(q) = Q(¢**) (and, in fact, a much stronger estimate is true) so that by integral
comparison we have shown

/AN (—NO)d) = ( _1) 3 “Z ~Na/q)

q<Qo (a,q)=1
1<a<q

+OA7AoyB(N2(log2A+4A°_B N + 1og_A N)).

The truncation error in the double sum is also small:

D Z “ (-Nejol < 3 o (b 0(Qy”).

¢>Qo (a,9)= q7>Qo
1<a<q

In light of this we have

/mATV(e)?’e(—Ne)de _ ( _1)2 ”Z ~Na/q)

q=1 (a,q)=1
1<a<q

+O04408(N?(log?AH 44078 N 4 1og™ N + log™0/2)).
Finally we combine this with Theorem - to get that Ry (V) equals

(" ‘1)2 > Lie(-Nafa)

q=1 (a,q)=1
1<a<q

+0440.8(N*(log? 140~ B N 4 Jog™ N + log=4/2 4 log® /2 N)).
By suitable choice of A, Ag and B we have proved the following proposition.
Proposition 6.13. For all C > 0 we have

—1
Ry(N) ( ) 3 ” a)° (=Na/q) + Oc(N?log° N).
= o

It is possible to simplify this expression slightly more in the style of Lemma [6.10]

Lemma 6.14. For integers n and q we have

_ ulgq/(n,q))o(q)
e )

Proof. This follows immediately from Lemma [6.10[ on noting that

6 nf(,0)
K,g%q):l( 0= Sty 2 ol i a)
(r',q/(gq,n))=1

1<r<q,(r,q)=1
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We conclude that

(N =1\ = nulq)ule/(g,N)) 21, -C
RN(N)‘( 2 )2¢<q>2 (g 7)) T OeW g™ N).

However, since ¢ and p are multiplicative we get that

ra ) = (Y5 IO+ 2 TT0 - o) + Oe?hog € ),

ptN p|N

Vinogradov’s theorem is an immediate corollary.

Theorem 6.15 (Vinogradov’s theorem). Every sufficiently large odd number is a sum of
three primes.

Proof. All we need to note is that

1 1 1
gl = 10525

ptN p|N

since 1/(p —1)2 < 1/4 if p is not 2. O
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