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1 Introduction

In the 1960s in the series of pioneering papers V.I.Arnold obtained a number
of fundamental results in the mathematical theory of the dynamics of an ideal
incompressible fluid, especially in the area of hydrodynamic stability (see Arnold
[1965a,b, 1966a,b]).

First, he has developed a new, very effective method in the hydrodynamic
stability theory and proved the theorem on the nonlinear stability of steady two-
dimensional flows that generalizes the well-known linear stability criterion of Rayleigh
(Arnold [1965a,1966a]). Since that time this method, now known as the Arnold
method (or Energy-Casimir method) has been successfully applied to a wide range
of the problems in fluid mechanics, astrophysics, plasma physics etc. (for review
see Holm et al [1985], Marsden and Ratiu [1994], Marchioro and Pulvirenti [1994],
Arnold and Khesin [1998]). Remarkably, the Arnold method have found applica-
tions not only in theoretical sciences but also in such an applied field as geophysical
fluid dynamics (see e.g. McIntyre and Shepherd [1987], Shepherd [1990], Cho et al
[1993], Mu et al [1996]).

Second, V.I.Arnold [1966b] has discovered a close connection between the sta-
bility properties of an ideal incompressible fluid and the geometry of infinite dimen-
sional Lie groups. In Arnold’s theory, the configuration space of ideal incompress-
ible hydrodynamics is identified with the Lie group G = VDif f(D) of volume-
preserving diffeomorphisms of the domain D, and fluid flows represent geodesics on
G with respect to the metric given by the kinetic energy. One of the consequences
of this theory is that any steady flow of an ideal fluid corresponds to a critical
point of the energy functional restricted to the orbit of coajoint representation of
G. In physical terms, this means that, on the set of all isovortical velocity fields, a
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steady flow is a distinguished one: it corresponds to a critical point of the energy
functional (see Arnold [1965b, 1966b]). Another important consequence of the the-
ory is that if the second variation of the energy evaluated in a given steady state
on the same set of isovortical flows is definite in sign, this would imply at least
linear stability of this steady state (see Arnold [1965b], [1966b], Arnold and Khesin
[1998]). As has been shown by Rouchon [1991] and by Sadun and Vishik [1993], for
three-dimensional flows of an ideal incompressible fluid the corresponding second
variation is, in general, indefinite in sign, so that no conclusion about stability can
be drawn. If however only flows with a symmetry (translational, rotational or he-
lical) are considered then there exist non-trivial steady flows for which the second
variation is definite in sign (Arnold [1965a,b]). Moreover, sometimes it is possible
to obtain sufficient conditions for genuine nonlinear stability (see Arnold [1965a,
1966a], Holm et al [1985], Ovsiannikov et al [1985], Moffatt [1985,1986], Vladimirov
[1985, 1986], Marchioro and Pulvirenti [1994], Davidson [1998]).

In this paper, we shall discuss a number of variational principles that are di-
rect and natural generalizations of Arnold’s principle [1965b] to more sophisticated
hydrodynamic systems. These include:

1. a dynamical system ‘rigid body + fluid’, which may be either a body placed
in an inviscid rotational flow or a body with a cavity containing a fluid;

2. flows of an ideal incompressible fluid with contact discontinuities and, in
particular, flows with discontinuities of vorticity;

3. magnetohydrodynamic flows of an ideal, incompressible, perfectly conduct-
ing fluid.

We shall closely follow the original work of Arnold [1965b] (see also the paper
by Sedenko and Yudovich [1978], who extended Arnold’s principle for free-boundary
flows of an ideal incompressible fluid, and the paper by Grinfeld [1984] who consid-
ered compressible barotropic flows). Our analysis will be based on simple physical
arguments rather than on the general but highly abstract geometric theory. We
shall not discuss the underlying Hamiltonian structures of the considered mechani-
cal systems — they are all known and may be found in the literature (see e.g. Arnold
[1966b], Holm et al [1985], Khesin and Chekanov [1989], Marsden and Ratiu [1994],
Arnold and Khesin [1998]).

We believe that the construction of the variational principles, based on phys-
ically understandable ideas (similar to those of Arnold [1965b]) rather than on
abstract machinery of the differential geometry, is interesting and important from
several viewpoints:

1. the proposed theory may shed some light on the physical meaning of the
related abstract theories as, for instance, in the case of ideal magnetohy-
drodynamics where the variational principle formulated in Section 4 of the
present paper (see also Friedlander and Vishik [1994], Vladimirov and Ilin
[1997b], Vladimirov et al [1998]) clarifies the physical meaning of coajoint
orbits in the related semi-direct product theory of Marsden, Ratiu and We-
instein [1984] (see also Khesin and Chekanov [1989]);

2. in a very simple way it may, in some situations (such as ideal magnetohy-
drodynamics, see Friedlander and Vishik [1994], Vladimirov et al [1998]),
result in stability criteria for general three-dimensional steady states;

3. it is applicable to the systems whose configuration space cannot be identified
with any Lie group (the examples are: free-boundary flows of an ideal fluid,



On Arnold’s variational principles in fluid mechanics 3

see Yudovich and Sedenko [1978] and Section 3 of the present paper, and
the system ‘rigid body + fluid’, see Section 2);

4. it may be modified so as to take account of the effects of dissipation (for
example, for the system ‘body + fluid’ one may include dissipation in finite
dimensional degrees of freedom corresponding to the rigid body).

For discussion of further generalizations and applications of the general geo-
metric theory of V.I.Arnold in continuum mechanics we refer to the recent book by
Arnold and Khesin [1998] (see also Holm et al [1985], Simo et al [1991a,b], Marsden
and Ratiu [1994]).

We conclude this introduction with a statement of Arnold’s original variational
principle.

Variational principle for steady three-dimensional flows of an ideal
fluid. Consider an ideal incompressible homogeneous fluid contained in a three-
dimensional domain D with fixed rigid boundary 9D. Let u(x,t) be the velocity
field, p(x,t) the pressure (divided by constant density). Then the governing equa-
tions are the Euler equations:

Du=—-Vp, (1.1)

V-u=0, D=9/ot+u-V. (1.2)

The boundary condition for (1.1), (1.2) is the usual one of no normal flow through
the rigid boundary

n-u=0 on 0D, (1.3)

where n is a unit outward normal to the boundary.
In general, equations (1.1), (1.2) with boundary condition (1.3) have the only
quadratic integral invariant !, the energy, given by

E = %/ wldr, dr =dzideodes. (1.4)
D

Taking curl of equations (1.1) we obtain
wi = [u, w] (1.5)

where w = V x u is the vorticity, subscript ¢ denotes the partial derivative 9/0t
and [u,w] = V x (u x w) denotes a commutator of divergence-free vector fields
u and w. Equation (1.5) implies that vortex lines are frozen in the fluid and, in
particular, that circulation of velocity round any closed material contour v(t) is
conserved (Kelvin’s theorem), i.e.

I‘:j{ u - dl = const. (1.6)
v(?)
Steady flows. We now consider a steady solution of (2.1)-(2.3)
u=U(x), p=Pkx), w=Qx)=VxU. (1.7)
From (1.1), (1.2) we have
QxU=-V(P+1iU%, Vv.U=0. (1.8)

In addition to equation (1.8), U satisfies the boundary condition (1.3).

LFor existence of another invariant, the helicity, one must assume that the vorticity w = curiu
is everywhere tangent to the boundary 0D.
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Arnold’s isovorticity condition. Following Arnold [1965b], we consider a family
of volume-preserving transformations g¢ : x — x of the domain D to itself which
depend on a parameter € and are defined by the solutions X(x, €) of the equations

dx/de = £(%,¢€) (1.9)

with the initial data X|.—o = x. In equation (1.8), £ is a divergence-free vector field
tangent to the boundary 0D:

V-£€=0 in D, £€n=0 on dD.

For small €, the explicit form of the map g€ is X(x,€) = x + €£(x,0) + o(e).

The transformation ¢g¢ may be interpreted as a ‘virtual motion’ of the fluid
with e playing the role of the ‘virtual time’, X(x, €) being the position vector at the
moment of time e of the fluid particle whose position at the initial instant e = 0
was x and £ representing the ‘virtual velocity’ of such a motion.

Let u; and ug be two velocity fields in D that are divergence-free and satisfy
the boundary condition (1.3). Following Arnold [1965b], we say that these fields
are isovortical if there exists a smooth, volume-preserving transformation g¢ of the
domain D which sends every closed contour v to a new one g€y in such a way that
the circulation of u; round the original contour «y is equal to the circulation of us
round its image gy under the transformation g¢:

%ul -dl = % us - dl. (110)
il gy

To find the general form of infinitesimal variations the field u satisfying this con-
dition we introduce family of vector fields a(x, €) such that the value € = 0 corre-
sponds to the steady solution (1.7), i.e. u(X,€)|lc=o = U(x). For any €, G(X,€) is
divergence-free and parallel to D. Assuming that e is small we define the first and
the second variations of the field u as

>
N

e

Il

uEE

N[

e=0 '

For small e the isovorticity condition (1.10) reduces to

f-r:f ﬁ~d1—?{U~dl:ei
gy ¥ de

From this, on using the formula (see e.g. Batchelor [1967])

. d2 .
I+ %62@ . L +o(e?)=0. (1.11)

e=0

we obtain

%{e(&u—{xﬂ) + %62(6211—XXQ
- §><(5w—£><(5w—[€,9]))}-d1+0(62)20,

where x(x) = &,.|c=0. Since 7 is an arbitrary closed material line, we arrive at
conclusion that

dlu = €xQ—-Va o dw=][E 9N, (1.12)
u = Exdw+xxQ-V}j. (1.13)
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where a(x) and f(x) are scalar functions, which, in the case of singly-connected
domain D, are uniquely determined by the conditions

V-ou=V-6’u=0 inD, du-n=56u-n=0 ondD.

Variational principle. Now we shall show that the first variation of energy (1.4)
with respect to variations of the velocity field u of the form (1.12), (1.13) vanishes.
We have

/DU~5udT:/DU-(§><Q—Va)dT

/ 5-(Q><U)d7:—/ £-V(P+1iU%dr=0.
D D
We have thus proved the following.

Proposition 1.1 (Arnold, 1965) On the set of all flows isovortical to a given
steady flow (1.7) the energy functional (1.4) has a stationary value in this steady

flow.

The second variation. Let us now calculate the second variation of the energy
at the stationary point. We have

_1da

PE=-—;
2de? | __

. E = /D<%(§u)2 +U- 52u)d7‘.

After substitution of equation (1.13) and integration by parts, it may be shown
that all the terms containing x vanish due to equations (1.8) and the boundary
conditions on 9D for the fields x, and U, and the second variation takes the form

52E = %/ ((5u)2 +ow- (U x g))dT. (1.14)
D

§?F is a quadratic functional of the field £(x). If for a given steady flow (1.7) this
functional is definite in sign, it would mean that the energy (1.4) has a conditional
extremum in this flow, and this would imply at least linear stability of the flow.
Indeed, in the paper by Arnold [1966b] it has been shown that the second variation
(1.14) is an integral invariant of the corresponding linearized problem, provided
that du is considered as an infinitesimal perturbation to the basic flow (1.7) that
obeys appropriate linearized equations.

Unfortunately, as recently has been shown by Rouchon [1991] and Sadun and
Vishik [1993], the second variation (1.14) is always indefinite in sign. There are
only two exceptions: (i) the basic flow is irrotational, then dw = 0, ju = —Va,
and 62 E is always positive definite; (ii) the basic flow is a rigid rotation of the fluid
around a fixed axis, in this case one should consider a certain linear combination
of the energy and the angular momentum of the fluid whose second variation is
positive definite (see Arnold [1965b]). If however both the basic flow (1.7) and the
perturbation has a symmetry (translational, rotational or helical) then there are
known cases where 62F is of definite sign (see Arnold [1965a,b], Holm et al [1985],
Vladimirov [1986], Marchioro and Pulvirenti [1994], Arnold and Khesin [1998]).

Consider for example two-dimensional problem. Both the basic flow (1.7) and
the perturbation have only two non-zero components and depend on only two co-
ordinates in the plane of motion, i.e. U = (Ui(z,y),Uz(z,y),0), P = P(z,y) etc.
In this case, we may introduce stream function ¥ such that U; = ¥, Uy = =V,
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Then, it follows from (1.8) that Q = Q(¥) where Q = —V2W¥, and (1.14) reduces to

82E = %/D(((Su)Z - %(5 : v\p)2)d7. (1.15)

Evidently, the second variation (1.15) is positive definite provided that dQ2/d¥ < 0.

2 Variational principle and stability of steady states of the dynamical
system ‘rigid body + inviscid fluid’

In this section we shall show how Arnold’s principle can be generalized to the
case of the dynamical system ‘rigid body + inviscid fluid’.

We consider two general situations: (I) the system ‘body + fluid’ represents a
rigid body with a cavity filled with a fluid, (II) it represents a rigid body surrounded
by a fluid. In the first case the fluid is confined to an interior (for the body) domain.
In the second case it occupies an exterior domain, the latter in turn may be bounded
by some fixed rigid boundary or it may extend to infinity.

2.1 Governing equations. Consider a dynamical system consisting of an
incompressible, homogeneous and inviscid fluid and a rigid body. Let D be a
domain in three-dimensional space that contains both a fluid and a rigid body, and
let Dy(t) be a domain (inside D, i.e. Dy(t) C D) occupied by the body. The domain
Dy (t) = D — Dy(t) is completely filled with a fluid; its boundary 0D (t) consist of
two parts: the inner boundary 9D;(t) representing the surface of the rigid body
and the outer boundary 0D which is fixed in the space.

In general, motion of the rigid body may be restricted by some geometric con-
straints or may be not. The number of degrees of freedom is denoted by N where
necessarily N < 6. Motion of the body is described by its generalized coordi-
nates qo(t) and velocities v4(t) = ¢o = dgo/dt (a = 1,...,N). Fluid motion is
described by velocity field u;(x,t) (i = 1,2,3) and the pressure field p(x,t), here
x = (21, x2,x3) are Cartesian coordinates. From here on we shall use two types of
indices, Greek and Latin. Greek indices take values from 1 to N and correspond
to finite-dimensional degrees of freedom of the system ‘body + fluid’, while Latin
indices take values from 1 to 3 and denote Cartesian components of vectors and
tensors. In the rest of the paper the summation is implied over repeated both Greek
and Latin indices.

We suppose that an external (with respect to the system ‘body + fluid’) force
is applied to the rigid body. This force is characterized by potential energy I1(g,).

The equations of motion for the fluid are the Euler equations (1.1), (1.2). Mo-
tion of the rigid body obeys the standard Lagrange equations of classical mechanics
that may be written in the form
d[”]-”:-‘mw&. 2.1)
dt | Ov, Jqa Jqa
In equation. (2.1), T'(¢a, Vo) is the kinetic energy of the body given by the equation

T = %Mwiwi + %Iikaiak , (2.2)

where I;; is the moment of inertia tensor; the velocity of the centre of mass w =
dr/dt and the angular velocity o are considered as functions of the generalized
velocities v, and coordinates g, (if the constraints on the body are holonomic
and time-independent, as we shall always assume here, then kinetic energy 7T is a



On Arnold’s variational principles in fluid mechanics 7

homogeneous quadratic form in the generalized velocities v, (see e.g. Goldstein
[1980]); F, is given by the equation

Fa/m)b<n~aar+[(xr)xn]-aa:;>pds (2.3)

Qo

and represents the a-component of the generalized force exerted on the body by the
fluid. In eqn. (2.3), n is the unit normal to the surface 9Dy; throughout the paper,
for all boundaries the direction of n is always taken to be outward with respect to
the fluid domain D;.

Remark. An instantaneous angular velocity o of the rigid body is defined by
the equation

dP;,

— 1
0i = —§€ijkwpkl

where e;;1 is the alternating tensor; [H ] is an orthogonal matrix (P Py = Jix)
representing rotation from the axes Oxjzoxs of the coordinate system fixed in the
space to the axes O'z)xbal of the coordinate system fixed in the body (with the
origin in its center of mass), so that the position vector x of a point in the body
relative to the space axes and the position vector x’ of the same point measured
by the body set of axes are related by the formula: z; = r; + Pijx;». The rotation

matrix [Pik] is a function of the generalized coordinates q.; angular velocity o can
therefore be expressed in the form
dP;
o = _%eijkiaqj Prrvg . (2.4)

It is equation (2.4) that allows us to write the generalized force F,, in the form
(2.3).
Boundary condition (1.3) for velocity field u(x,t) is replaced by
u-n=0 on ID, u-n:<w+a'x(x—r))-n on J0Dy. (2.5)

Equations (1.1), (1.2), (2.1)-(2.3) with boundary conditions (2.5) give us the com-
plete set of equations governing the motion of the system ‘body + fluid’.
The conserved total energy of the system is given by

E = FEi+FE,=const, Ey,=T+1I,

E; = %/D wldr, dr =dzideodes. (2.6)
s

Basic state. Steady solutions of the problem (1.1), (1.2), (2.1)-(2.3), (2.5) given
by
Vo = 0, o =Qua, r=R=0, u=U(x), p=P(x),
w = W=0, 0=X=0, Pyj=Py;=0; (2.7)
satisfy the equations

QxU = -VH, H=P+1iU? V.U=0 in Dyg; (2.8)

oIl / < OR 0 )
—-—— + n-—+ [(x—R) xn|-— |PdS =0; 2.9
0Ga S, \* g, TRl G (29)
and boundary conditions

U-n=0 on 9D and on 9Dy. (2.10)
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This solution represents an equilibrium of the body in a steady rotational flow. In
eqns. (2.8)-(2.10) boundary 0Dy corresponds to the equilibrium position of the
rigid body. In obtaining equation (2.9) we used the fact that, according to (2.2),
(2.7), 0T /0Q = 0.

2.2 Variational principle. We shall show that the total energy of the dy-
namical system ‘body + fluid’ has a stationary value at the steady solution (2.7) on
the set of all possible fluid flows that are isovortical to the basic flow. The isovortic-
ity condition is the same as in Arnold’s principle: we admit only such variations of
the velocity field u that preserve the velocity circulation over any material contour.
It is however more convenient to reformulate Arnold’s isovorticity condition in a
form first proposed in Vladimirov [1987b].

Consider a family of transformations

X =%X(X,€), o = Gale). (2.11)

depending on a parameter € > 0 where the functions X(x,¢) and ¢, (¢) are twice
differentiable with respect to € and the value ¢ = 0 corresponds to the steady
solution (2.7):

x(x,0) =x, Ga(0) = Qa- (2.12)

The transformations defined by eqns. (2.11), (2.12) are similar to those introduced
in Section 1 and can be interpreted as a ‘virtual motion’ of the system ‘body +
fluid’ where € plays the role of a ‘virtual time’, X(x, €) is the position vector at the
moment of ‘time’ € of a fluid particle whose position at the initial instant € = 0
was X (in other words, x (x € Dy() serves as a label to identify the fluid particle,
while x(x,€) represents its trajectory) and where the functions ¢, (e) determine
the position and the orientation of the rigid body at the moment of ‘time’ e. In
such a ‘motion’, the domain Dy = Df(0) evolves to a new one Dy (e) which is
completely determined by the position and the orientation of the rigid body, i.e.
by the generalized coordinates gy (€).

Functions X(x,€), ¢a(€) are specified through yet another set of functions
&(x,€), ha(€) by the equations (cf (1.9))

dx/de = €(X,€), dgn/de = hq(e), (2.13)

where h,(€) are arbitrary differentiable functions, while £(X,¢€) is an arbitrary
divergence-free vector field differentiable with respect to € and satisfying the con-
ditions

£n=0 on 9D, & n=[f+@ x(X—1)]-n on IDye). (2.14)
In (2.14),
. OF 5 P =
re = @ho‘, Die = _%eijkﬁpklha- (2.15)

In terms of ‘virtual motions’ the functions &(F,€) and h,(€) entering equations
(2.13) have a natural interpretation as the ‘virtual velocities’ of the fluid and the
rigid body. The conditions (2.14) mean that in the ‘virtual motion’ there is no fluid
flow through the rigid boundaries.

The actual velocity field of the fluid and the actual generalized velocities of
the rigid body in the ‘virtual motion’ are described by twice differentiable (with
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respect to €) functions (X, €) and U4 (€) such that the value e = 0 corresponds to
the steady state (2.7):

u(x, e) T Ux), v4(€) T 0. (2.16)
In addition, the field G(X, €) satisfies the conditions
V-a = 0 in ﬁf, a-n=0 on 9D,
a-n = (x7v+6'><()~(—f'))~n on 9Dy (e), (2.17)

where, as before, W, & are considered as functions of 7, (€¢) and g, (€¢). The evolution
with the ‘time’ € of the generalized velocities ¥, (€) is prescribed by the equation

dv, /de = go(e) (2.18)

with some differentiable function g, (€). Note that the functions g, (€) and hq/(e)
which determine the evolution in the ‘virtual motion’ of the generalized velocities
and coordinates are both arbitrary, so that 94 (¢) and ¢, (€) vary independently.

The evolution of the field u(x,¢) is defined through the evolution of vorticity
w(X,€) = V x 1 by the equation

@ =[¢,]. (2.19)

Equation (2.19) means that the vorticity field @ is considered as a passive vector
advected by the ‘virtual flow’ rather than as a field related with the ‘virtual velocity’
& by curl-operator; in other words, the evolution of @ is the same as that of a
material line element 0l or as the evolution of a frozen-in magnetic field in ideal
MHD. Yet another meaning of the equation (2.19) is that the circulation of the
velocity field (%, €) round any closed material curve is conserved in the ‘virtual
motion’, this, in turn, implies that equation (2.19) is equivalent to Arnold’s original
isovorticity condition (see Section 1).
On integrating equation (2.19) we obtain (cf (1.12))

. =€&xo—Va (2.20)

with a certain function a(x,e€) which can be found from the conditions on . that
follows from (2.17).

Remark. Though equation (2.20) also could be used as a primary condition for
defining the evolution of the field u(x, €), from a view-point of physical interpreta-
tion equation (2.19) seems preferable.

Assuming that e is small we define the first and the second variations of the
velocity field of the fluid u and the generalized velocities and coordinates of the
rigid body va, g as follows

0x = €le—g, OU=1|e—o, O*u= %ﬁ66|6:0 , OVq = Vacle=o etc. (2.21)

In (2.21), dx is the Lagrangian displacement of the fluid element whose position at
time ¢ in the undisturbed flow was x. The first and the second variations of the
energy (2.6) considered as a functional of Q(X, €), U4(€), Go(€) are, by definition,
0FE = dE/de , §’E=1L1d’E/de
e=0 e=

The first variation of E is

SE = 6E; +6E,.
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From (2.2) it follows that

11
0E, = MW;6w; + %5Iik2izk + I;p. 200 + %(Sqa s (222)
where
oW oW ox ox 0Ly
W =—-0q¢y + =00y, OO0 = 0o + =0vo, 0Lk = ——09qq -
Y0 T v 7T g T gt M T 5,
Since in the basic state (2.7) W = X = 0, we obtain
ol
0E, = ——68qq - 2.23
b= 50,0 (2.23)

To calculate 0E; we first note that

i/ F(f{,e)dT:/ FEdT+/~ F(¢-n)dS
de Jp,(e) Dy (e) oD (€)

for any function F(X,¢€) (see e.g. Batchelor [1967]). With help of this formula we
obtain

% . Ef-—/Df0{£~(Q><U)+U~Va}d7+/mjbo 1U2(¢ - n)ds.

By using (2.8), Green’s theorem and the boundary conditions (2.14), this can be
transformed to

d
P 70Ef:f/~ P[or+dp x (x —1)] -ndS. (2.24)
€= 9Dy (0)
Finally, from (2.23), (2.24) we have
ol
6E:—§a—/ Plér+dp x (x—r)) -ndS. 2.25
o . ( @ x ( )) (2:25)

The comparison of (2.25) with (2.9) then shows that E' = 0. Thus, we have proved
the following.

Proposition 2.1 The energy of the system ‘body + fluid’ has a stationary
value at any steady solution of the form (2.7) provided that we take account only of
“tsovortical’ fluid flows.

This result is a natural generalization of Arnold’s variational principle to the
dynamical system ‘body + fluid’.
2.3 The second variation. The second variation of the energy (2.6) evalu-
ated at the stationary point is given by the expression Vladimirov and Ilin [1997a]
6’E = 0°FE4+6°E, + 6°Ey,
’E4 = %/ {(5u)2 +U- (5x X (5w)}d7',
D

f0

g/ {2U-5u—5y.VP}(5y.n)ds+§/
9Dyo

9Dyo

5%E.,

(5y . n) (5x . VH)dS
7%/ P{n. (61 % 5] + Aapdgadys + Ba55qa§q5}d5,
ODyo

5%E,

011
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where dy = Jdr + dp x x is the displacement of a point on the body surface and
where

Aaﬁ = Il-Ra@, BaﬁEn-[EQBXX},
O’R 0?x
— Y= 0 - 2.2
ot = 90,00, T av.0a; (220

In (2.26) 62E 4 is precisely Arnold’s second variation of the energy of the fluid in the
fixed domain Dyg; 2 E} involves only the variations of the generalized coordinates
and velocities of the rigid body; 62E. depend on the variations of fluid variables
and rigid body variables, so it may be interpreted as the part of §2F appearing due
to interaction between the body and the flow.

The remarkable fact about the second variation 62E is that if we consider
the variations dx, du and dq, as the infinitesimal disturbances, whose evolution
is governed by appropriate linearized equations, then §2F is an invariant of these
equations (see Arnold [1966b]). From this fact it immediately follows that the
basic state (2.7) is linearly stable provided that 62E is positive definite. The linear
stability problem thus reduces to the analysis of the second variation.

Euler angles. Now consider the situation when no constraints are imposed on
the motion of the rigid body. In this case it is natural to take as the generalized
coordinates three Cartesian components of the radius-vector of the centre of mass
of the body and three Euler angles ¢, 6, 1) that characterize the orientation of the
body in space. In defining the Euler angles we shall use the zyz-convention (as it
described in the book by Goldstein [1980]), so that they are specified by an initial
rotation about the original z axis through an angle ¢, a second rotation about the
intermediate y axis through an angle 6, and a third rotation about the final = axis
through an angle 1. With this choice the components of the angular velocity o
along the space axis are (see Goldstein [1980], p. 610)

o1 =1cosfcos—Osing, oo =1)cosfsing+0cosp, o3=¢—sind.
(2.28)

Now g = (r, @), vo = (I, @) where we use the notation ¢ = (é1, P2, ¢3) = (¥, 6, ¢).
The expression for the second variation given by eqns. (2.26) remains almost un-

changed except that now d¢ = d¢p, dw = 6F, 6o = d¢p = (01, 60, 0¢), Anp =0 and
Bo3qa0qs = Bipd¢;0¢y, where matrix [Byy] is given by

. 0 —e,-(xxmn) e, (xxn)
[Bik] = | —e. (xxn) 0 —e,; - (x x n)
e, - (xxmn) —e, (xxn) 0

Moreover, with help of the equilibrium condition (2.9) it can be shown that
-1 /8 . PBi10¢i06xdS = T,,605¢ — Mgdhd¢ + 456156
b0

where Iy, = 0I1/0¢; at r =0, ¢ = 0.

0%E for a spherical body. Consider a particular case of the spherical body of
radius a. Evidently, no torque is exerted on the spherical body by an inviscid fluid.
We suppose that the potential II = II(r) is independent of the Euler angles (i.e.
no external moment of force is applied to the body). Then the Euler angles of the
body are cyclic coordinates and can therefore be ignored. This means that in (2.26)
all terms with the variations of the Euler angles can be discarded and the second
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variation simplifies to

0%2E = 6%2Es+ 6%E, + 6°E),

20°E,4 = / {(6u)2 +U- ((5x X (5w)}d7',
ng

262 [, :/ {2U~6u—5r-VP}(5ron)dS+/
ODyo

- (51‘ . n) (5x : VH) ds,

0211

OR;0Ry,
If, in addition, the basic flow is such that €2 - n = 0 on 0Dy, then it can be shown
from eqn. (2.8) that H = const on Dy, and §2E,. in (2.29) reduces to the equation

20°E, = M670r; + 5107}, . (2.29)

2025, = [ {2Usut e V(30 | (or n)as.
9Dyo

Rigid body with fluid-filled cavities. All the results described above were ob-
tained for a rigid body placed in an arbitrary rotational inviscid flow. However it
is easy to see that these results are equally valid for a rigid body with a cavity
containing an ideal fluid. The only difference between these two problems lies in
interpreting the boundary 0Dy, namely, for a body with a fluid-filled cavity we con-
sider the surface 0D, as an internal (for the body) boundary which represents the
boundary of the cavity, i.e. 9Dy is an outer boundary of the fluid domain Dy which
is completely filled with a fluid. With this interpretation the basic state given
by equations (2.7)-(2.9) represents an equilibrium of a rigid body with a cavity
containing a fluid which in turn is in a steady motion with velocity field U(x).

Remark. Evidently, the theory developed in the previous sections can be easily
modified to cover the situation when there are n rigid bodies in a fluid or the
situation when a cavity in the rigid body contains fluid and other rigid bodies.

For a general three-dimensional basic state (2.7) the second variation given
by (2.26) (and by (2.29) for a spherical body) is indefinite in sign. Nevertheless,
for some particular situations (such as a body in an irrotational flow, a force-free
rotation of a body with fluid-filled cavity and some two-dimensional problems), it
is possible to find sufficient conditions for sign-definiteness of 62F and, hence, to
prove the linear stability of corresponding steady states (see Vladimirov and Ilin
[1994], Vladimirov and Ilin [1997a]).

3 Flows with contact discontinuities

In this section we shall discuss variational principles for steady flows of an ideal
incompressible fluid with contact discontinuities. We shall consider two examples
of such flows: steady flows of two-layer fluid and steady flows with discontinuities
of vorticity.

3.1 Basic equations. Let D be a fixed in space three-dimensional domain
containing two immiscible homogeneous fluids with (constant) densities p™ and
p~,andlet DT(t) C D and D~ (t) C D (D = D*UD™) be the domains occupied by
each fluid and a smooth surface S(t) be the surface of contact of these two fluids.

The velocity u*(x,t) of each fluid and the pressure p*(x,t) obey the Euler
equations

,oi(uti + w® x ui) = -VH*,

Vout =0, H"=3p [u™P+p* +p*® in D*(t), (3.1)



On Arnold’s variational principles in fluid mechanics 13

where ®(x) is a given potential of an external body force.
Boundary conditions for equations (3.1) are

ut-n=0 on ST =0D*NoD; (3.2)

[u-n] =0, [p]=0 on S(t). (3.3)
In (3.2), n is a unit outward normal to the fixed boundary 0D; in (3.3), n is
a unit normal to the moving boundary S(¢), its direction being taken so that n
is an outward normal for the domain D™; square bracket denotes a jump of the
corresponding quantity on S(t), e.g. [p] = p™ — p~ on S(t). Boundary condition
(3.2) is the usual one of no normal flow through a fixed boundary and conditions

(3.3) are the standard kinematic and dynamic conditions on a moving boundary.
We shall assume that the contact surface can be described by the equation

F(x,t)=0, |VF(x,t)]#0.
Then the evolution of this surface is governed by the equation
(0/ot +u*-V)F =0 at F(x,t)=0. (3.4)

Note that the condition [u-n] =0 on S(t) is a direct consequence of (3.4).
Steady flows of two-layer fluid. Consider a steady solution of the problem (3.1)-
(3.3), given by

ut =U*(x), p*=P*(x), w*=92%x),

H* = Hf (x) = LpX U2 + P+ p* @, F(x,t) = Fy(x). (3.5)

In the steady flow (3.5),
pPFQE XUt = VHE, V.- U*=0 in DF; (3.6)
Uf n=0 on S, [U-n]=0, [P]=0 on So. (3.7)

Since in the steady flow (3.5) the contact surface is not moving (F = Fp(x)), it
follows from (3.4) that

Ut n=0 on Sp. (3.8)

3.2 Variational principle. Consider a one-parameter family of transforma-
tions of D defined via corresponding transformations of the domains D+

xt - %t =xF(x,¢), DF—DY, S5, (3.9)

such that
%o =%, D¥|mo=DF, S|c=o=So,. (3.10)

Functions X*(x, €) are the solutions of ordinary differential equations

dx* /de = £ (x*, €) (3.11)

with initial data given by (3.10). In equation (3.11), £€(XF,€) are arbitrary
divergence-free vector fields satisfying the following boundary conditions:

£ n=0 on ST, [€-n] =0 on S. (3.12)

As before (see Sections 1, 2), such a transformation may be viewed as a virtual
motion of a two-layer fluid.

For the considered problem Arnold’s isovorticity condition (1.10) remains al-
most the same. Only one correction is necessary, namely: we consider only such
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closed curves v (see (1.10)) that do not intersect the contact surface S, or, in other
words, that entirely lie either in D or in D~. Then, from (1.12), (1.13), we have

sut = £ExQF —Vat o st =gt 0F], (3.13)

S2ut = £ xdwT +xT x QF —vpt. (3.14)
Scalar functions a(x) and B(x) are determined by the conditions that V - ju* =
V- 6%ut =0in DSE, sut -n = 6%u® -n = 0 on S* and and by the boundary
conditions on Sy that may be obtained by differentiating the condition [ﬁ . n] =0

on S with respect to € at e = 0.
Variational principle. Let us show that the first variation of the energy

E :/ p+(%\u+|2 +<I>)d7+/ p*(g|u*|2 +<1>)dT (3.15)
D+ D-
with respect to variations of the form (3.13), (3.14) vanishes in the steady state
(3.5).
We have

515:Z/Di piUi-5uidr+/so(g-n)[;pU2+p¢>]ds.

Here Y denotes the sum of the corresponding integrals over the domains D*.
Substitution of (3.13) in this equation results in

5E:Z/ ptUt. (gi xni—v@>dr+/ (& n)[3pU% + pd]dS
D+ So

:—Z/Di pigi-VHidT+/SO(§~n)[;pU2+pcp]dS

:—/S(g-n)([H]+[%pU2—|—p(I>]>dS:—/ (¢-n)[P] =0.

So
Thus, the following assertion is valid.

Proposition 3.1 With respect to variations isovortical to a given steady state
(3.5) the energy functional (3.15) has a critical point in this steady state.

The second variation. It can be shown that the second variation of the energy
evaluated in the steady state (3.5) is given by the equation

PE=3Y [ (0w 1 st (0% ) )ar
D+
3 [ (€ (20U u] + [ VGO p0)])as. (310

In general, this second variation is indefinite in sign. There are however certain
particular situations (including particular classes of variations) for which it is def-
inite in sign. We shall not discuss all of them here. Instead, we shall concentrate
our efforts on one important subclass of flows with contact discontinuities - on flows
with discontinuous vorticity.

3.3 Flows with vorticity discontinuities. Consider a special subclass of
flows with contact discontinuities, namely, flows with continuous density, pressure,
and velocity and with contact discontinuities of vorticity. Evolution with time of
such flows is governed by equations (3.1) with p™ = p~ = p. Boundary conditions
(3.2) on the fixed boundary D remains the same. The only difference from the
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general situation considered above is that, in addition to (3.3), we impose one more
restriction: tangent to S(¢) components of velocity are also continuous, i.e.
[u-o,] =0 (a=1,2) on S(t), (3.17)

where o, (o =1,2) are independent unit vectors tangent to S(¢).
Steady flows. Consider now a steady solution (3.5) of the problem (3.1)-(3.3),
(3.17) that satisfy (3.6)-(3.8) and, in addition, the following conditions

(U.-0,] =0 (a=1,2), on Sp. (3.18)

Boundary conditions (3.8) and (3.18) impose a certain restriction on possible dis-
continuities of vorticity. Note first that, in view of (3.7), (3.8) and (3.18), [Hg] =0
on Sy, and therefore [0, - VHp] = 0 on Sy. On taking scalar product of equation
(3.6) with o, and using (3.8), we obtain
(U . 0'5),09i . (o'g X UQ) = —0, 'VHSE .
whence, with help of the formula
Capn = Oq X0

|0'1 X 0'2‘
(where eqp is a unit alternating tensor), we find that

esa(U-03)p[Q-n]/|loy x 02| = =00 VHy] =0. (3.19)

Therefore, in the steady flow (3.5) the vorticity field can have only tangent discon-
tinuity on Sp:

[Q-n]=0, [0, #0 (a=1,2) on Sp. (3.20)
Similarly, it can be shown that another consequence of (3.7), (3.8) and (3.18) is
n-VP]=0 on S. (3.21)
One more formula useful formula
[n-VHy| = —ploy x o2leap[Q-0.](U-0p) (3.22)

is obtained by taking scalar product of equation (3.6) with n.

The second variation of the energy. Variational principle of previous subsection
still holds for steady flows with vorticity discontinuities. But now we do not need
to consider discontinuous fields £(X, €) and (X, ¢€), so that we assume that they are
continuous

6 n]=[¢- 0. =[0n]=[a-0,] =0 on 5,
and, hence,

[5 . n} |E:0: [S-Ua] |6:0: [5u~n] = [5u~0'a] =0 on Sy. (3.23)

In view of (3.18), (3.20)-(3.23), the second variation (3.16) simplifies to
§°E =3 / su)? + dw® - (U d
22 Dip((u)—i—w ( XS))T
- %/ p(&-n)*lo1 x 02]eas[R- 0] (U-045)dS. (3.24)
So

If there is no discontinuity of vorticity then, evidently, (3.24) reduces to Arnold’s
second variation (1.14). The second variation (3.24) is, in general, indefinite in sign
because of the volume integrals in (3.26). As in Arnold’s case, if both the basic
flow and the perturbation have a symmetry then there are situations when §%2F is
definite in sign.
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Two-dimensional problem. Let both the basic steady flow and the variations
be two-dimensional, i.e. the fields U, &, have only two non-zero components and
depend only on two coordinates on the plane of motion, then

U:(Ul(w7y)7U2(xay)aO)7 Qi:QOieza F0:F0($79)7
o1=e,, oa=nxe, n=VF/|VF| at F;, =0. (3.25)

Let W be stream function for U such that U; = ¥, Uy = —¥,,. Then, the vorticity
QF = —V2¥ and stream function ¥ are functionally dependent QF = Q*(¥) and
the second variation (3.24) takes the form

#E=33 [ ot - 9 6. vup)ar

1] /S p(€-n)2[UdS . (3.26)

0

It is clear that 62F is positive definite provided that
dQF/d¥ <0 in DF, [Q] <0 on Sp. (3.27)

Thus, we can formulate the following.

Proposition 3.2 A two dimensional steady flow with discontinuity of vorticity
along a contact line Sy is linearly stable to two-dimensional isovortical perturbations
provided that the conditions (3.27) are satisfied.

In a particular case of a flow with piecewise constant vorticity (Qg = const in
DT, Q, = const in D7), these sufficient conditions for stability reduce to only one
condition on the sign of the vorticity jump across Sy: [Qo] < 0.

More examples of stable two-dimensional flows with discontinuous vorticity,
can be found in Vladimirov [1988].

4 Ideal magnetohydrodynamics

Here we discuss a variational principle for a steady three-dimensional magne-
tohydrodynamic flow of an ideal incompressible fluid which is a generalization of
Arnold’ principle for a steady three-dimensional inviscid flow. We formulate a cer-
tain ‘generalized isovorticity condition’ and then show that on the set of all possible
velocity fields and magnetic fields satisfying this condition the energy has a critical
point in a steady solution of the governing equations. The second variation of the
energy is calculated. The ‘modified vorticity field’ introduced by Vladimirov and
Moffatt [1995] and its connection with present analysis is also discussed.

4.1 Basic equations. Consider an incompressible, inviscid and perfectly con-
ducting fluid contained in a domain D with fixed boundary 0D. Let u(x,t) be the
velocity field, h(x,t) the magnetic field (in Alfven velocity units), p(x,t) the pres-
sure (divided by density), and j = V x h the current density. Then the governing
equations are

Du = (8/8t+UoV>u:—Vp+j x h, (4.1)
h; =[u,h] =V x (ux h), (4.2)
V-u=V-h=0. (4.3)

Equation (4.2) implies that h is frozen in the fluid, its flux through any material
surface is conserved. We suppose that the boundary 90D is perfectly conducting
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and therefore the magnetic field h does not penetrate through dD. The boundary
conditions are then

n-u=0, n-h=0 on 9D. (4.4)

We suppose further that at ¢ = 0, the fields u and h are smooth and satisfy (4.3)
and (4.4), but are otherwise arbitrary.

The equations (4.1)-(4.3) with boundary conditions (4.4) have three quadratic
integral invariants: the energy

E= %/ (u2 + hz)dr, (4.5)
D

the magnetic helicity

Ha = / (h - curl”'h)dr, (4.6)
D

and the cross-helicity

He = / (u-h)dr (4.7
D

(Woltjer 1958). By arguments of Moffatt [1969], the helicities Hj; and He are both
topological in character.
Taking curl of equation (4.1) we obtain

Wy = [11, “"’] + [j h] ) (48)

where w = V X u is the vorticity field. Equation (4.8) implies that vortex lines
are not frozen in the fluid unless the Lorentz force j x h is irrotational. However,
the flux of vorticity through any material surface bounded by a closed magnetic
line (which, according to (4.2), is also a material line) is conserved. This fact has a
consequence that the circulation of the velocity round any closed h-line is conserved:

Ty = jlé u-dl = const. (4.9)
Yn(t)

In (4.9), y4(t) is a closed h-line. The invariants I'j, will play the key role in the
subsequent analysis.
Steady MHD flows. We now consider a steady solution of (4.1)-(4.4)

u=U(x), h=H(x), p=Px), (4.10)
and the associated fields
w=0x)=VxU, j=Jx)=VxH. (4.11)
From (4.1), (4.2), we have
OxU-JxH=-VK, UxH=-VI, (4.12)

where K = P+ %U2 and [ is an arbitrary scalar function. Note that, according to
(4.4),(4.12), the function I is constant on the boundary 0D provided that U is not
parallel to H on D.
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4.2 Variational principle. We shall establish a variational principle for a
steady MHD flow which is similar to Arnold’s variational principle for a steady
three-dimensional flow of an ideal incompressible fluid (see Section 1). First we
shall define a set of MHD flows that are subject to a certain ‘generalized isovorticity
condition’. And then we shall show that the energy (4.5) restricted on such a set
has a stationary value in the steady solution (4.10).

As in formulation of Arnold’s principle (see Section 1), we introduce the family
of volume-preserving transformations g¢ : x — x of the domain D to itself which
depend on a parameter € and are defined by the solutions X(x, €) of the equations
(1.9) with the same initial data X|.—o = x.

Generalized isovorticity condition. Let (uy, hy) and (ug, hy) be two pairs of
velocity fields and magnetic fields. We say that these pairs of the fields are isovorti-
cal in generalized sense if there is a transformation g¢ of the domain D which sends
every closed contour v to a new one gy in such a way that

1. the flux of the magnetic field hy through the new contour is the same as the
flux of the field hy through the original one:

/hl-dS:/ h, - dS, (4.13)
S gcsS

where S is any surface bounded by the curve v and ¢S is its image under
the transformation ¢°¢;

2. the circulation of the velocity u; round the original closed h-line =}, is equal
to the circulation of us round its image ¢y, under the transformation g¢:

% u1-d1:7{ UQ~dl. (414)
Yh 9Vn

To find the general form of infinitesimal variations of the fields u and h that satisfy
the ‘generalized isovorticity condition’ (expressed by (4.13), (4.14)) we introduce

another family of transformations 0(X, ¢€), h(X, €) such that the value € = 0 corre-
sponds to the steady solution (4.10):

ik | =Uk), h(x,€) _~HX).

The fields a(X%,€), h(x, €) satisfy the following conditions:

V-a=0, V-h=0inD, a-n=0, h-n=0 ondD.

The first and the second variations of the fields u and h are given by

, oh=h,

du=u, , 6*h= %hes
e=0

e=0

For small e the generalized isovorticity conditions (4.13), (4.14) reduce to (cf (1.11))

edi / h-dS+ 1 — / h-dS +o(e?) =0, (4.15)
€ le=0 gesS e=0 Jgs
d 2
e— / u-dl+ §€— / @-dl4o(e?) = 0. (4.16)
de e=0 Y 9Vh d e=0 Y9Vn

From (4.15), using the formula (see e.g. Batchelor [1967])
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we obtain
[{etn—tem) + g (m-pem
— [£,6h] — [€,0h — [g,H]])} -dS + o(¢?) = 0.

Whence, using the fact that S is an arbitrary material surface, we deduce that

= [£7H] ) 52h = [£7§h} + [X»H] s

(4.17)

Note that the variations éh, §%h satisfy the conditions
V-6h=V-6h=0 inD, dh-n=6h-n=0 ondD.
From (4.16), we obtain

7{ {e(éu—{ X Q) + %ez<62u—x x
Yh
€ x w — € % (dw — [5,9}))} dl4o(2)=0. (4.18)
Since 7;, is an arbitrary closed h-line we conclude that
u=&xQ+nxH-Va or, equivalently, dw = [, Q]+ [n,H], (4.19)

where 7) is an arbitrary divergence-free, tangent to the boundary vector field that
appears in (4.19) due to the fact that v is a closed h-line, not an arbitrary material
line 2; and where the scalar function « is uniquely (in the case of singly-connected
domain) determined by the fact that du is a divergence-free and tangent to the
boundary field.

Derivation of the formula for the second variation of u is somewhat more tricky.
From (4.18), we obtain

200 =xx Q+Exdw+E€x (bw—[£,Q)+fxH-V}3, (4.20)

where f is an arbitrary divergence-free, tangent to the boundary vector field.
Further, we have

J = f ( x (6w — [€, ﬂ])) ﬁ{, (gx[n,H])-dl by (4.19)

h

/ ( x (& x [n, ])) -dS :/ (€, [n, H]| -dS by Stokes’ formula
Sh

= —/ [H, £, n]] + [0, [H, €] -dS by Jacobi identity
Sh
- / (n x 8h + [€, 7] x H) -dl by Stokes’ formula
Yh
(4.21)

Noting that the last term in (4.21) vanishes since H is parallel to dl on 43 (or, in
other words, it can be absorbed in term f x H entering (4.20)), we find that

20Pu=xxQ+E€xéw+fxH+nxdh-V}g, (4.22)
2To satisfy the condition (4.18) it is not necessary for i to be a divergence-free field, so that

this property is our assumption. We shall use it below while calculating the first variation of the
energy functional.
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Variational principle. Now we shall show that the first variation of the energy
(4.5) vanishes with respect to variations of the fields h, u of the form (4.17), (4.19).
We have

:/ (U-6u+H-6h)dT
e=0 D

:/D(U~(EXQ+7]XH7V04)+H~(V><(£><H))>d7
:/D(g.(ﬂ><H7J><H)fn~(U><H))dT
:/D<—£-VK+7]-VI)dT:O. (4.23)

We have thus proved the following.

Proposition 4.1 On the set of all possible fields h and u satisfying the gen-
eralized isovorticity conditions (4.13), (4.14) the energy functional (4.5) has a sta-
tionary value in the steady state (4.10).

4.3 The second variation. . Let us now calculate the second variation of
the energy at the stationary point. We have

_1d°E

PE=-—
2 de? | _

= /D<%(5u)2 +3(6h)>+U-6*u+H- 62h)d7.
0

After substitution of the equations (4.17), (4.22) and integration by parts, it may
be shown that all the terms containing x and f vanish due to the equations (4.12)
and the boundary conditions on 9D for the fields x, U and H and the second
variation takes the form

52E:%/((5u)2+(5h)2+5w-(ng)wh.(anHxg))dT. (4.24)
D

Suppose now that du and éh are identified with infinitesimal perturbations to the
basic steady state (4.10) whose evolution is governed by the appropriate linearized
equations. Then the following statement holds.

Proposition 4.2 The second variation (4.24) is an integral invariant of the
corresponding linearized problem.

This proposition is an MHD counterpart of the corresponding result by Arnold
[1966]. It follows from the general geometric theory of Khesin and Chekanov [1989)].
For the direct proof which is nothing but the calculation of the time derivative of
§2E on a solution of the linearized problem we refer to Vladimirov and Ilin [1997b],
Vladimirov, Moffatt and Ilin [1998].

It follows from this proposition that the steady state (4.10) is linearly stable
provided that the second variation (4.24) is definite in sign. In contrast with ideal
hydrodynamics, there are steady three-dimensional MHD flows for which 62F is
positive definite, and which, therefore, are linearly stable to small three-dimensional
perturbations satisfying the generalized isovorticity condition. Examples of stable
MHD flows may be found in Friedlander and Vishik [1995], Vladimirov, Moffatt
and Tlin [1998].
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4.4 Another form of variational principle for steady MHD flows. The
theory developed above heavily uses the fact that the circulation of velocity round
any closed h-line is conserved. It is known, however, that the situation when
magnetic lines are all closed is very particular, usually even in steady MHD flows
almost all magnetic lines are not closed. It is necessary therefore to modify our
theory so as to cover such situations.

The field 17 turns out to be closely related with a certain generalization of the
vorticity for MHD flows, namely with the ‘modified vorticity field” w introduced by
Vladimirov and Moffatt [1995]. We therefore start with a new approach (different
from that of Vladimirov and Moffatt [1995]) to introducing the field w.

Modified vorticity field. The variational principle of section 4.2 was based on
the fact that the circulation I'j, of velocity round any closed h-line is conserved. It
is easy to see that I'j, is invariant with respect to transformations of the form

u—v=u+hxm+ Ve (4.25)

where m is an arbitrary divergence-free, tangent to the boundary vector field and
c is an arbitrary single-valued function. In what follows ¢ will not play any role, so
that we simply take ¢ = 0.

It is natural to ask a question whether it is possible to find a field m such
that the circulation of the ‘modified velocity field’ v (v = u+ h x m) round any
material contour (not only round those ones which coincide with closed h-lines) is
conserved. The answer to this question is affirmative. To show this, we define a
‘modified vorticity field’” w:

w=Vxv=w+[hm|. (4.26)

The conservation of the circulation of v round any material contour is equivalent
to the following equation for w:

w, = [u,w]. (4.27)
According to (4.26), this implies that
w; + [hy, m] + [h, my] = [u,w] + [u, [h, m]]. (4.28)
On substituting w; from equation (4.8) and using the Jacobi identity we obtain
[, h] + [hy, m] + [h, m;] = [h, [u, m]] — [m, [u, h]},
whence, in view of (4.2),
[h, m] = [h,j + [u, m]].

This means that up to an arbitrary field commuting with h the field m satisfies the
equation

m; = [u,m] +j, (4.29)

which is exactly the same as that of Vladimirov and Moffatt [1995]. Thus, in our
approach m appeared as a generator of transformations that leave the circulations
I}, unchanged, while the equation (4.29) is a consequence of the requirement that
the circulation of the ‘modified velocity’ v round any material contour is conserved.
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Another form of the generalized isovorticity condition. Let, as in Section 4.2
(ug, hy) and (ug, hy) be two pairs of velocity field and magnetic field, and let my,
m; be (associated with these pairs) fields satisfying (4.29). We say that the triplets
of the fields (u1, hy, m;) and (ug, hy, my) are isovortical in generalized sense if
there is a transformation ¢¢ of the domain D which sends every closed contour ~y
to a new one g%y in such a way that

1. the flux of the magnetic field hy through the new contour is the same as the
flux of the field h; through the original one, i.e. (4.13) holds;

2. the circulation of the modified velocity vi = u; +h; X m; round any closed
material line « is equal to the circulation of vo = us + hy x ms round its
image gy under the transformation g¢:

%vl-dIZ]{ vy - dl. (4.30)
vy gy

Now the generalized isovorticity condition given by (4.14) can be formulated
precisely in the same way as it was done by Arnold [1965b]. This results in the
replacement of (4.19), (4.22) by the equations (cf (1.12), (1.13))

dv=€6Xx W —Va or, equivalently, ow = [£, W],
§2V:€X(5W+X><W_vﬁv (431)

where W = Q + [H, M] is the ‘modified vorticity field’ in the basic state (4.10);
M is a time-independent solution of (4.29) corresponding to the basic state. Note
that in the basic state

UxW=VG, J=[M,U], (4.32)
with some function G. It follows from (4.26) that
ov=6u+dhxM+H x dm,
whence, in view of (4.31),
bu=-0hxM-HxXxdm+&Xx W —Va. (4.33)
Similarly, we obtain
6*u=—6?h x M — 6h x dm
—Hx&m+ 3 (x x W€ xdw—Vj). (4.34)

Here h, §2h are given by (4.17) and dw by (4.31).
4.4.1 Variational principle. Let us calculate the first variation of the energy
(4.5) on the set of all possible flows satisfying (4.13) and (4.30). We nave

5E:/D(U-(M><[E,H]+5mxH+£><W—Va)+H~[£,H]>d7
:/D((ng)~([U,M]+J)+6m-(H><U)+£-(W><U))d7-:0.

Here we used integration by parts and equations (4.12), (4.32).
Thus, we have proved the following.

Proposition 4.3 The energy (4.5) has a critical point in a steady MHD flow
(4.10) on the set of all possible flows satisfying the generalized isovorticity condition
given by (4.13) and (4.30).
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The second variation. It can be shown by standard calculations that the second
variation of the energy evaluated in the steady state (4.10) is given by

6’F = %/ ((5u)2 + (0h)? 4+ dw - (U x &)
oD

+0h- (U x (6m — [¢&,M]) + J x S))dT. (4.35)

Comparing this formula with equation (4.24), we conclude that they coincide pro-
vided that

n=4dm — [£,M]. (4.36)

The relation between the fields 17 given by (4.36) is the same as obtained in
Vladimirov and Ilin [1997b] from the analysis of corresponding linearized equations.
Note that if we identify variations du, dh, dm with infinitesimal perturbations to
the basic state (4.10) that obey the corresponding linearized equations, then the
relation (4.36) gives us an evolution equation for the field 1 (see Vladimirov and
Tlin [1997D]).

5 Conclusion

We started with formulation of Arnold’s variational principle for steady three-
dimensional flows of an ideal incompressible fluid. Then we established the analo-
gous variational principles for steady states of a system ‘body + fluid’, for steady
flows of an ideal incompressible fluid with contact discontinuities and for steady
magnetohydrodynamic flows of ideal, perfectly conducting fluid.

We should note that all these variational principles can be generalized so as
to cover the situations when the basic state is unsteady provided that it is steady
relative to coordinate system which either moves along a fixed axis with constant
velocity or rotates around a fixed axis with constant angular velocity. For a system
‘body + fluid’ such principles have been established and exploited for obtaining
stability conditions in Vladimirov and Ilin [1997a].
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