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This paper begins by describing astudy that showed that when interviewing high-achieving hgh
schod pupls abou their cognitive learning, single pupls can say things that are suppated by
different theories. The paper then discusses how Piaget and Vygatsky commented on each
other’s work. Then the paper continues with a dscusson d the epistemological and ortological
basis of constructivism and activity theory, respedivdy. It is then dscussd if accepting a
learning theory implies an ortological commitment. Then the paper discusses various ways of
overcoming the differences between the theories, and here the concepts of synthesis, grand
theory, and complementarity are discused. It is concluded that in terms of the \arious theories
within the psychdogy of learning mathematics a concept of “ odd complementarity” might be

useful, for now.

1. INTRODUCTION

This paper summarizes sme of the discusgon in arecently finished Ph.D. study in mathematics
educaion (Dahl 2002. The thesis was abou how ten high-aciieving high schod pupls from
Denmark and England explain in their own words how they learn a mathematica concept that is
new to them. The pupls metaagnition made it possble for them to explain their leaning in
their own words and most of the time it was quite eay to identify some theoreticd nations which
refleds what the pupls sid. The study used various and dfferent psychologicd theories of
leaning mathematics. A result of the study was that it seams that the pupls ead have their own

way of leaning, however, there ae dso similarities. Also, seaningly contradictory theories are



often seen referred to within ore single pupl. This latter observation made it necessary to dscuss
to what extent various diff erent leaning theories can complement ead ather or if it is posgble to
make asynthesis among various theories.

| will therefore in Sedion 2 dscussif the basis of the theories of Piaget and Vygotsky are
different and, if so, whether this means that they canna somehow be “united”. Following this,
Sedion 3will discuss if various leaning theories imply an ortologicd commitment and if, in
principle, a synthesis is possble. The subsequent sedions discuss various ways of solving the
problem of mutual exclusive theories and duwdlity between theories. Among other things, the

concepts of complementarity and grand theory will be discussed.

2. PPAGET AND VYGOTSKY ON LANGUAGE AND THE INDIVIDUAL-
SOCIAL RELATION

Piaget (18961980 and Vygotsky (18961934 belong to two dfferent traditions. Briefly stated,
Piaget belongs to the anstructivism perspedive that sees leaning as construction, and Vygotsky
to the adivity theory perspedive that sees leaning as appropriation. Lerman states that
“Vygotsky's and Piaget’ s programs have fundamentally diff erent orientations, the former plaang
the social life a primary and the latter pladng the individual as primary ... the sssumption o
complementarity leads to incoherence” (Lerman, 1996, p. 138 Lerman daes thus not even think
that these theories could be complementary. | agree with Lerman in that if one sees the Piaget
perspedive and the Vygotsky perspedive & two bodes of knowledge that are built up as a
mathematica-logicd formal system with dff erent basis, then the theories are mutuall y exclusive.
But then ore might ask, what is the basis of these theories, and dces it matter if they are
different?

Vygotsky and Piaget’s work is gread ou on a grea number of areas and bools. | will
focus on ore of the main areas, namely the question d language and its importance for thoughts
and leaning. There will also be adiscusson d the relationship between the individual and the
socia. Below are some rather long quaations from both Vygotsky and Piaget when they discuss
eat aher’s argumentation onthistopic. The purpose is, besides telling what they think, to show

the “tone” between them.



2.1 The debate about language and egocentric speech

In ore of his main bools, “Thought and Language” which was pulished posthumously in 1934,
Vygotsky writes abou Piaget “Psychodogy owes a grea ded to Jean Piaget. It is not an
exaggeration to say that he revolutionized the study of child language and thowght” (Vygotsky,
1962, p. 9. However, Vygotsky also has some aiticism of Piaget around the @ncept of
egocentrism* and egocentric speedr. According to Vygotsky (1962, p. 14-15), Piaget's
observations made him conclude that children's gpeed can orly fal into two groups, the
egocentric and the socidized. The difference between them is mainly in their function as in
egocentric speed, the child daes only tak abou himself and hes no interest in ahers and
expeds no answers. Sociali zed speed attempts an exchange with athers. According to Vygotsky,
Piaget’ s experiments showed that most of the talk of preschod children is egocentric but as the
child approadches shod age, egocentric speed atrophies. In contrast to Piaget’s view, Vygotsky
states that his experiments suggest that egocentric speed has avery spedfic function (Vygotsky,
1962, p. 1§ Hewrites:

In order to determine what causes egocentric talk, what circumstances provoke it, we organzed the
children’s activities in much the same way Piaget did, but we added a series of frustrations and
difficulties. For instance, when a child was getting ready to draw, he wuld suddenly find that there was
no paper, or no pencil of the wlor he needed. In ather words, by obstructing his freeactivity we made
him face problems. We foundthat in these diffi cult situations the wefficient of egocentric speed amost
douHled, in comparison with Piaget’s normal figure for the same age and dso in comparison with our
figure for children na facing these problems. The child would try to grasp andto remedy the situation
in talking to himself: “ Where's the pencil ? | need a Hue pencil. Neve mind, I Il draw with the red ore
and wet it with water; it will become dark and look like blue. ... Our findings indicate that egocentric
speed dces not long remain a mere accompanment to the dild’s activity. Besides being a means of
expresson and & release of tension, it soon kecomes an instrument of though in the proper sense - in
seekng and panning the solution d a problem.

(Vygotsky, 1962 p. 16)

Thus, to Vygotsky egocentric speed, besides its communicdive role, has an important role as a
thinking-tod and as a tod to solve problems. According to Vygotsky, Piaget sees the
development of thought as “gradual socialization d deeply intimate, personal, autistic mental

! The nation o egocentrismin Piaget’swork is “ quite unrelated to the mnon meaning o the term, hypertrophy of
the consciousnessof self. Cognitive gyocentrism, as | have tried to make dear, stems from a lack of differentiation
between ore's own pant of view and the other possble ones, and nd at all from an individudism that preceales
relationswith athers” (Piaget, 1962 p. 4).



states. Even socia speed is represented as following, na precaling, egocentric speed’
(Vygotsky, 1962, p. 18 But foll owing Vygotsky, the order is diff erent:

Thus our schema of devdopment - first social, then egocentric, then inner speed - contrast both with
the traditiond behaviorist schema - vocal speed, whisper, inner speed - and with Piaget’'s squence -
from nonverbal autistic though throughegocentric though and speed to sociali zed speed andlogical
thinking. In our conception, the true diredion d the devdopment of thinking is nat from the individud
to the sociali zed, but from the social to theindividud.

(Vygotsky, 1962 p. 19-20)

To Vygotsky, inner speed “is not the interior asped of externa speed - it isafunctionin itself.
It still remains eed, i.e., thought conreded with words. But while in external speed thouwght
isemboded in words, in inner speed words die & they bring forth thought. Inner speedisto a
large extent thinking in pue meanings’ (Vygotsky, 1962, p. 149 Thus to Vygotsky a main and
basic aiticism of Piaget is that thinking develops from the socia level to the individual, while it
isoppasite for Piaget. Furthermore egocentric speed hasamain rolein problem-solving.

Vygotsky's book “Thought and Language” was first puldished in 1934in Russan bu the
bookwas sippressed in the Soviet Union from 193619567 It was not until 1957that an English
trandation was begun on Luria's initiative (Vygotsky, 1962, p.xi). This trandation was
pulished in 1962 and it was nat until then that Piaget adually read Vygotsky's critique of
Piaget’s work from 192324. Foll owing this Piaget wrote in 1962a “Comment” on Vygotsky’s
critique of him. Piaget begins by stating:

It is not without sadnessthat an auhor discovers, twenty-five yars after its pulication, the work of a
colleague who has died in the meantime, when that work contains 5 many points of imnediate interest
to him which shoud have been discussed persondly andin detail. Althoughmy friend A. Luria kept me
up to dae mncerning Vygotsky' s gympathetic and yet critical position with resped to my work, | was
neve able to read his writings or to med him in person, andin reading his bodk today, | regret this
profoundy, for we could have ®me to an undrstandng on a nmber of points. ... on certain pants |
find myself more in ageament with VVygotsky that | would have been in 1934 while on aher paints |
believel now have better arguments for answering hm.

(Piaget, 1962 p. 1)

2 The reason for the surpresson was that “ he would nat brook dther materialist reductionism or mentalism, nor the
easy Cartesian dudism” (Vygotsky, 1962 p. vi). The fact, that Vygotsky s work was forbidden seam to be owing to
him not being a“real” Marxist, howeve: “ From the Marxist ideological perspedive, he is cdebrated as the man
who reaognized the historical determination d man's consciousnessand intelled. But looking & Vygotsky's place
in world psychology, his paosition transcends either the usual functiondism of the Dewey-James variety or the
conventiond historical materialism of Marxist ideology. Vygotsky is an aiginal. It isa disserviceto hm ... to find
his ggnificancesolely in devdoping Swiet conceptions of man” (Vygotsky, 1962 p. vi).



As aresporse to Vygotsky's critique of Piaget’s previous view of egocentric speed, Piaget has a

rather long preamble, bu then continues:

This long peamble has semed necessary to bring ou how much | resped Vygotsky s position onthe
issle of egocentric speed, even though| canna agree with him on dl points. First, Vygotsky did
realize that a real problem was involved, and nd merely a question d statistics. Second, he himself
verified the facts in question, instead d suppresdng them throughthe artifices of measuring; and his
observations on the frequency of egocentric speed in children when their activity is blocked and onthe
deaease of such speed during the period when inner speed begins to form are of very great interest.
In the third place, he proposed a rew hypothesis: that egocentric speed isthe point of departure for the
devdopment of inner speed, which is found d a later stage of devdopment, andthat this intercrossed
languag @n serve both auistic ends and logical thinking. | find myself in complete agreement with
these hypatheses. On the other hand what | think Vygotsky <till failed to appredate fully is egocentrism
itself as the main obstacle to the @-ordination d viewpoints and to co-operation. ... In brief, when
Vygotsky ancludes that the erly function d languag must be that of globa communication andthat
later speet becomes differentiated into egocentric and comrrunicative proper, | believel agree with
him. But when he maintains that these two lingustic forms are equdly socialized and differ only in
function, | canna go dongwith him because the word socialization becomes ambiguousin this contex:
if anindividud A mistakenly believes that an individud B thinks the way A does, and if he does not
manage to uncerstand the difference between the two pants of view, thisis, to be sure, social behavior
in the sense that there is contact between the two, but | call such behavior unadaped from the point of
view of intelledua co-operation. ... As far as | know | have neve spoken of speed ‘not meant for
others’; thiswould have been misleading, for | have always recognized that the dild thinks he istalking
to athers andis making hmself understood My view is Smply that in egocentric speed the dild talks
for himself.

(Piaget, 1962 pp. 7-8)

Abowe, Piaget dedares that he agrees completely with Vygotsky in that for instance eyocentric
speed is the paint of departure for the development of inner speed and that it is this inner
speed that can serve logicd thinking. Vygotsky emphasises that language is not just a means of
expresson; it is an instrument of thought. Whether Piaget’s expresson “serve logicd thinking”
is the same & Vygotsky's “instrument of thought” is, however, na cetain since Piaget's
expresson seam to grant language slightly less sgnificance for the development of thought than
Vygotsky’s. However, the differenceis snall and might be hair-splitting. A placewhere they do
disagreeis, acording to Piaget, that Vygotsky still failed to understand that egocentrism itself
coud be amain olstade for leaning. This means that language can also hamper leaning.
Regarding if egocentric speed is “for others’ or nat, there seem to have been some kind d
misunderstanding between the two; both seem to think that egocentric speedis ocial. Abou the
corred sequence of ‘egocentric speedr, ‘inner speedy, and ‘socialized speedr, they do nd
agree But this does naot stop either of them from showing the mutual admiration they have for
ead cther.



2.2 The debate about individual and the social

Ancther central issue éou the diff erence between Piaget and Vygotsky is the discusson d the
role of the individual and the role of the socia in leaning. Piaget (1969 writes that there is a
doulenessin the teating, and he states that on the one side is the rising individual and onthe
other side the socid, intelledual, and mora vaues that the educator tries to conwey. His
method s aim is to make dildren try to approadh the grownup stage not through owertaking
readymade reasons and rules for the right adion, bu by cgpturing it through own force, self-
regulation, and personal experiences (Piaget, 1969, p. 13R Piaget does thus not say that leaning
is social, orly that the individud himself and by himself takes over some of the surroundng
world’'s knowledge. Also social-constructivism might be seen as 2uch an attempt.

According to the aulture-historicd schod and adivity theory, to which Vygotsky belongs,
leaning is a question d appropriation d the ailturally creaed surroundngs. In line with
Vygotsky, Leontiev® says: “The dild is not adapted to the world of human oljeds and
phenomena surroundng him, bu takes it to hmself, i.e. appropriates it. ... This is a process
which has as its result reproduction in the individual of the historicd formation d human
qualities, abilities and characteristics of behavior” (Eriksen, 1993, p. 48 Knowledge and
concepts are not seen as constructions that are aeded by the single individual, bu it is historicd
and cultural founded mental artefads and phenomena, which the individual takes up and makes
his own. So far, there seams to be quite agreament between Piaget and Vygotsky in the sense that
what theindividual must lean isasocia product of past generations. However, Eriksen (1993, p.
45) writes that basicdly Leontiev argues that learning is an adive processfrom the point of view
of the dild, and the diild can with social suppat of the surroundngs reproduce alturaly
acamulated knowledge. Eriksen (1993, p. 4bquaes Leontiev for saying:

This process takes place in the dild’s activity in relation to ojeds and plenomena o the surroundng
world in which are enboded the achievements of mankind. Swch activity, howeve, canna be devdoped by
the dhild himself, it devdops in practical and verbal intercourse with people surroundng him, in combined
activity with them; when the aim of such activity is edfically to transmit to the cild certain knowledge,
skill sand halits then we say that the dhild learns, the adut teaches.

% The quates of Leontiev @me from: Leortiey, A. N. (1963 pp. 72-75) ‘ Principles of Mental Devdopment and the
Problem of Intelledual Backwardness In B. Smon (eds) Educationd Psychdogy in the U.SSR. (London
Routledge & KeganPaul). The origina source @uld na be found



The main dfferencein Piaget and Vygotsky isthereforeif the aility to lean, construct, isinban
or if other people ae necessary for the leaning process The answer to the question d whether
Piaget and Vygotsky are different is Y es. However, the differenceis nat abou, as formulated by
Cole and Wertsch (1996, a primacy of individual primacy of individual psychogenesis versus
sociogenesis of mind, bu, briefly stated, more that Piaget sees the individual as the source of
leaning, and that children lean by continuows interadion and experience with their
environment, the egocentric speed is valuable for logicd thinking but it can also olscure the
meaning. Instead Vygotsky emphasises that one caina lean withou the verbal interadion and
adivity with athers. The dualism is thus gill there, but nat as distinct as ssems at first. Acoording
to Veleskov (1998, p. 11Y, some has suggested to buld a bridge between the two, by naming in
co-constructivism. Furthermore Vejleskov qudes Bruner for, at a Piaget-Vygotsky congressin
1996, having said that Piaget owes us an explanation d how the self-regulation is taking place
and Vygotsky owes us an explanation to why we do nd al become a opy of the socio-cultural
context in which we grow up. Ancther pair of authors who describe the difference between

Vygotsky and Piaget are Cole and Wertsch who argue that

For Vygotsky, like Piaget, the relationship between the individud and the social is necessarily
relationd. However, by placing cultural mediation & the center of adut cogntion andthe process of
cognitive devdopment, social origins take on a spedal importance in Vygotsky s theories that is less
symnetrical than Piaget’'s notion o social equilibration as ‘resulting from the interplay of the
operations that enter into al cooperation’. For Vygotsky and cultural-historical theorists more
generally, the social world daes have primacy over the individud in avery spedal sense. Sciety isthe
bearer of the aultural heritage withou which the devdopment of mind isimpossble.

(Cole & Wertsch, 1996

The difference between Piaget and Vygotsky are thus not that one puts an emphasis on the
individual side and the other on the socia side, bu insteal that one, Piaget, sean to balance the
two aspeds more equally than the other. Also in the Vygotskian schod, knowledge ammes from
the outside, as a transition whereas Piaget talks abou man’'s innate caability of leaning. This
has resemblances with the axcient philosophicd debate dou the brain. This is a debate dou
whether we & humans are born with a blank slate or we ae born with certain capabiliti es, or
somewhere in between. In terms of mathematics, Wynn (1992 made an investigation d 5,000 4
6 months old babies. She demonstrated that well before babies can talk, they understand the
concepts of addition and subtradion. Using puppets, she shows, for instance ore puppet to a
baby. A curtain is then drawn to hide the puppet whil e the baby sees ancther puppet go behind



the aurtain, which is then opened. Sometimes a third pupget is inserted through a seaet doa and
the study shows that the babies look longer at what they seewhen the outcome isincorred — as if
they wonder. This might suggest that humans are born with a cgaaty to domathematics and that
when we lean mathematics we, so to speék, redize what we dready know deegp down in ou
brain. This could be seen to suppat constructivism at least at the basic levels of mathematics.
One might argue that for higher level of mathematics, language might be important, which is for
instance agued by Dowling: “In my terms playing with teddy beas in nd a discourse to the
extent that its principles are dways context-dependent and so nonexplicit. Schod mathematics,
on the other hand, is more discursive, becaise its principles are comparatively explicit and
context independent” (Dowling, 1998, p. 9). Also Dahl (1996&b) argues that leaning
mathematics has a linguistic asped when she talks abou leaning mathematics as language-
games transitions.

However, the dualism still exists. It has resemblance with the traditional ador-structure
dualism aso seen in sociology and phlosophy. Whether of not this dualism can be overcome,
will be discussed below. But first | will discussif it is posgble to somehow “ synthesize” the two
theories withou violating that they ead, onthe level of ontology, are completely different. In
other words, dces a leaning theory automaticdly imply that one has to “buy” the theory's

epistemology and ortology? If nat, it might be lessproblematic to synthesize the theories.

3. DOES A LEARNING THEORY IMPLY AN ONTOLOGICAL
COMMITMENT?

When discussng theories abou learning, one basicdly operates with threelevels - ontology (the
nature of redity), epistemology (the nature of knowledge), and the “leaning theory” level (how
one leans). This =dion will discuss constructivism, with Piaget, and adivity theory, with
Vygotsky, in relation to these threelevels.

In terms of the ontologicd level, the badground d constructivism is “nonredism” which
means that there is no redity that exist independently of human thinking whil e the phil osophicd
badkground d adivity theory is dialedicd materialism, which is a particular type of
metaphysicd redism that stands for that everything that exist does have physicd charaderistics,

but there ae dso severa levels in redity such as the physicd, the organic, the @nscious, the



socio-eanamicd, etc. (Lubcke, 1993. On the epistemologicd level, constructivism states that
knowledge is in the heads of persons and the thinking subjed has no alternative but to construct
what he knows on the basis of his own experience Contrary to this is the adivity theory that
emphasises that knowledge is creaed in a negotiation/interadion among people and that people
appropriate knowledge.

One problem in creding a “synthesis’ between Piaget and Vygotsky is that if we for
instance “buy” constructivism on the level of “leaning theory” do we then have to follow it all
the way badk to an ortology of nonredism? If this is the cae, then a synthesis beaomes
impasshle & Vygotsky rests on a branch o redism. To answer this question | will discussthe
conredion ketween ortology and epistemol ogy for Piaget and Vygotsky’ s works:

For Piaget: Constructivism claims that we always and only lean through constructing. If
thisis the cae, then, | will argue, it must follow that thisis how we lean regardlessof how we
are being taught and regardless of the nature of redity. Piaget does not separate the level of
epistemology from the level of leaning theory in his work. He states that his genetic
epistemology deds with bah the formation d and the meaning of knowledge (Piaget, 1970, p.

12). Furthermore, he writes:

From the empiricist point of view, a ‘discovery’ is new for the person who makes it, but what is
discovered was already in exstence in exernal reality and there is therefore no construction o new
realities. ... By contragt, for the genetic epistemologist, knowledge results from continuous construction,
sincein each act of understandng, some degree of invention is involved; in devdopment, the passage
from one stage to the nex is always characterized by the formation o new structureswhich dd na exst
before, either in the exerna world or in the subjed’s mind.

(Piaget, 197Q p. 77)

The @owve quae does not show a regedion d redism as what Piaget here discusses is
epistemology, and what he says is that knowledge does nat exist beforehand in the external
world; but he does not say that the external world dces not exist independently of man.

Hence being a onstructivist on the level of epistemology is nat synonymous with having
nonredism as one' s ontology.

For Vygotsky: (1) If Vygotsky is right in saying that learning adivity canna be devel oped
by the child himself but only though socia interadion with ather people, then externa redity
must exist as we must assume that it is in redity that these other human beings resides.
Furthermore, since leaning in Vygotsky's view is transmisson d knowledge, ore muld argue
that knowledge must be “somewhere” outside the individual before the individua has leant it



and thus that there is omething that exists independently of an individual’s construction d it.
Furthermore, Vygotsky says himself: “Once we a&nowledge the historicd charader of verbal
thought, we must consider it subjed to all the premises of historicd materialism” (Vygotsky,
1962, p. 51 One of the premises of historicd materialism is redism. (2) If redity does exist
independently of us, then it does not automaticdly imply that knowledge is of a cetain kind a
that the way one gains knowledge of the world is through interading with thisredity. A Platonist
might argue, that knowledgeisin an imaginary world.

The @nclusion on this discusson must be that being a cnstructivist on the level of
epistemol ogy and/or learning theory does not imply an ortologicd commitment, whereas being a
Vygotskian on the level of epistemology or leaning theory does imply an ortologicd
commitment to redism. One culd therefore conclude that to crede asynthesis of Piaget and

Vygotsky onthe level of learning theory one must:

* Include redism onthe level of ontology as Vygotsky’s theory is indispensable withou it,
but Piaget’ s epistemology and leaning theory does gill “work” in aredist world.

A conclusionis thus that a synthesis seamslessdifficult to crede & they do nd necessarily have
a different ontologicd basis. However, as the theories gand today, the dualism still exists. From
the “tone” between Piaget and Vygotsky, their critique of eat ather never seemed personal, bu
was caried by mutual resped and, probably, driven by adesire for finding the truth.

4. GIDDENS ATTEMPT TO SOLVE A DUALITY IN SOCIAL SCIENCE

It is not only within psychology that one sees dualism between theories. Giddens describes
several of what he cdls dilemmas, and ore of them seams related to the éove mentioned

between Piaget and Vygotsky:

One dilemma concerns human action and social structure. It is: How far are we creative human actors,
actively controlling the conditions of our own lives? Or is most of what we do the result of general
social forces outside our control? This issue has always divided, and continues to divide, sociologists.
Symbolic interactionism stresses the active, creative components of human behaviour. The other three
(eds.: Functionalism, Structuralism, and Marxism) emphasize the constraining nature of social
influences on our actions.

(Giddens, 1993, p. 718)
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Overcoming such a duality might be afirst step in finding an overall grand theory of the field. In
this conredion also Skinner (2000 writes abou several attempts on finding a grand theory in the
human sciences towards the end o the 20" century. Skinner (2000, p. 3 quades a book written
by the sociologist Mills in 1959where Mills dated his kepticism of the goal that the human
sciences $oud seek a grand theory, and thus construct a systematic theory of * the nature of man
and society’. Acocording to Skinner, “this hostility towards the construction o abstrad and
normative theories of human nature and condwct was an attitude he [Mill s] shared with most of
the leading praditioners not merely of sociology but of al the human sciences in the English-
spedking world at that time” (Skinner, 2000, p.3). Particularly for psychaogy, Skinner writes
that:

even more \ociferous doulis abou the normative presuppgsitions of positivism have been voiced of
recat years by the psychoogists. To perceive all human behaviour in lawlike causal terms ...
presuppases that the question to ask abou abnamal behaviour must always be what malfunction is
prompting it. But this it to overlook the posshility that the behaviour in question may be strategic, a
way of trying to cope with the world. And this oversight ... hasthe dfed of reducing the agents involved
to ohjeds of manipulation when they deserveto be treated as subjeds of consciousness

(Skinner, 200Q p. 9)

Skinner later argues that al the scepticd stands against credaing a grand theory adualy

contribute to areturn of grand theory. He agues as foll ows:

Althoughthey [the sceptics] have given reasons for repudating the activity of theorising, they have of
course been engaged in theorising & the same time. There is no denying that Foucault has articulated a
general view abou the nature of knowledge, that Wittgenstein presents us with an alstract accourt of
meaning and undrstandng, that Feyeabend ha a preferred and dmost Popperian method d judgng
scientific hypotheses, and even that Derrida presuppases the posshility of constructing interpretation
when he tell s us that our next task shoud be that of deconstructing them. ... We nex need to nae that,
during the past two decades, there has also been an unahamed return to the deliberate wnstruction o
predsely those grandtheories of human naure and conduct which Wright Mill sand Hs generation had
hoped to oulaw by from any central place in the human sciences. This can be seen most obvioudly in
the case of moral and pditi cal philosophy. ... One has been arenewed willi ngressdiredly to addess
the most pressng evaluative isaues of the day. As a result, such topics as the justice of war, the social
causes of famine ... all these and many other kindred questions of obvious urgency have agan become
the staples of philosophical debate. But the other and even more startling devdopment has been a
return to Grand Theory in the most traditiond and achitedonic style, the style enployed by the great
normative systembuil ders of earlier centuries. Moral and pditi cal philosophers have cased to bein the
least shy of telling wsthat their task isthat of helping usto understand hav best to liveour lives.
(Skinner, 200Q pp. 12-14)
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In relation to the dualism of individual-system between Piaget and Vygotsky, Giddens tried in the
areaof sociology to abdlish this classcd dualism and creae agrand theory. Giddens puts the
ador in the centre and with the notion d structure-duality he tries to transgressthe sociology’s
traditional structure/ador dualism. With this notion Giddens wants to emphasize that socia
system’s gructural charaderistics at once is a medium for and a result of the individual adors

adions:

Sructure is not to be equaed with constraints but is always both constraining andenabing. This, of
course, does nat prevent the structure of properties of social systems from stretching awvay, in time and
space, beyond the cntrol of the individud actor. Nor does it compromise the posshility that actors’
own theories of the social systems which they help to constitute and reconstitute in their activities may
reify those systems.

(Giddens, 1986 p. 25)

Giddens' theory has however been criticized for being so abstrad that it could na be employed

in empiricd reseach in pradice (Gregson, 1989.

5.BOHR'SATTEMPT TO SOLVE A DUALITY IN NATURAL SCIENCE

We muld also look at what physicists do facel with the problem of what light is. Some theories
state that light is a wave (which means afield spread ou in alarge space, athersthat it a particle
(which means that the substanceis limited to a very littl e volume). Which oreisit? The theories
are mutually exclusive, bu still physicists use bath, they exists sde by side. What physics dois
to use the theory that “fits’ the given problem they are solving. Furthermore: “Niels Bohr's
Principle of Complementarity ... states that ead description excludes the other, bu bath are
necessry - they complement ead ather” (Marshall & Zohar, 1997, p. 101l Rus=ll seams to
discuss ®mething similar when he describes Einstein’s general theory of relativity. According to

Rus<ll, Einstein’ s theory does, inter alia, lead to the cnclusion that

the universe is finite but unbounad, like the surface of a sphere, but in three dimensions. All this
involves non-Euclidean geometry, and is apt to seem nysterious to those whose imagination is
obstinately Euclidean. ... Professor Milne holds that there is no reed to regard space as non-Euclidean,
and that the geometry we adopt can ke dedded entirely by motives of convenience The difference
between dfferent geometries, accordingto him, isa dfferencein languagg, not in what is described.
(Rus=ll, 1948 p. 34)
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Russll does here ague for that fundamental different approaches can be used to describe the
same thing. This remark might be seen as being very surprising considering that nonEuclidean
geometry per definition is any geometry which denies one of Euclid’s five basic postulates
(Euclid, 1959 1% edition abou 300 BC); in pradice the Parallel Postulate. If this approach is
possble for natural scientists, it perhaps ought to be passble for psychdogists or reseachersin
education as well. It is a paradox, bu Marshall and Zohar quae the physicists Feynman for
saying: “A paradox is not a cnflict within redity. It is a onflict between redity and your feding
of what redity shoud belike” (Marshall & Zohar, 1997,p. 38%. Theideaof complementarity is,
however, also criticized by Marshall and Zohar who argued that Bohr’s ideaof complementarity
rests on ideas of the old worldview. In my view, old ideas are not wrong just becaise they are
old. Old-fashioned and oudated is not the same. What isimportant must be which view istrue.

In relation to Bohr’s ideaof the range of applicaion d the Principle of Complementarity,
Marshall and Zohar writes that:

Bohr himself appied his Principle of Complementarity widely in fields outside physics. ... though and
action, subjedivity and obedivity, feding andreasoning, male and female, the truths and values of one
culture and thase of anaher. Physics and phil osophers of Bohr’s generation liked this way of thinking
because it rested within the dudlist either/or paradigm of the old world view andrequired norewlution
in thinking. ... To accept that light is both awave and a paticle, is one of the aeative leaps quartum
physics calls upon s to make Applied in ather fields, bath/and thinking requires us to seethat there
may be two or more mutually contradictory ways of doing something, or of looking at something, all
which are walid. Seangthe truth of all tells us something more profound abotithe situation.

(Marshall & Zohar, 1997, p. 102

Bohr did therefore not only use the concept of complementarity within a context of quantum
physics. Also Cole and Wertsch argues within the aeaof psychology that “ There is littl e doult
in ou view that there is dill much to be leaned from bath Piaget and Vygotsky, and in many
cases the strengths of one theorist complement the weakness of the other” (Cole & Wertsch,
1996. Also Piaget himself used a concept of complementarity: “I shal begin by making a
distinction between two aspeds of thinking that are diff erent, although complementary” (Piaget,
1970, p. 1% Reseachers in mathematics educaion aso use the mncept of complementarity. For
instance does Vitha (1999 discuss the @nredions between mathematics educaion and
democratic society and hence the relation between democracy and authority, which acerding to
Vithal, is best understood and explained with reference to the idea of complementarity. And
Sfard (1991, p. 4 writes that “operational and structural conceptions of the same mathematicd
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notion are not mutual exclusive. Althowgh ostensibly incompatible ... they are in fad
complementary”. In that sense one @uld argue that the concept of complementarity has a more
general applicdion into the range of mathematics educaion. Also in the psychologicd debate
abou nature-nurture, Bates et a. (1998 argue that “all reasonable scholars today agree that

genes and environment interad to determine complex cognitive outcome”.

6. SO WHAT DO WE DO NOW?

If one wants to use various, sometimes contradictory, theories, it seems that one has three
options: (1) Find/invent the unifying grand theory, (2) use a ©ncept of complementarity, or (3)
foll ow the recommendation d Marshall and Zohar (1997, p. 10Rand accept a bath/and thinking

and seang thetruth of all. | will now discussthese options.

6.1 A grand theory of the psychology of learning mathematics?

Vygotsky thouwght that psychology ought not to be divided into different schods; he states:

As long & we lack a generally accepted system incorporating dl the available psychological
knowledge, any important factual discovery inevitably leads to the aeation d a new theory to fit the
newly observed facts.

(Vygotsky, 1962 p. 10)

He can therefore be interpreted as talking abou a grand theory. To look for a unifying theory
seans to be in line with Descartes' drean. Descartes finds reason to be the method to unify all

sciences. Acoording to Davis and Hersh:

The vsion o Descartes became the new spirit. Two generations later, the mathematician and
philosopher Leibniz talked abou the ‘characteristica uriversalis'. This was the dream of a universal
method whereby all human problems, whether of science law, or pdlitics, coud be worked ou
rationdly, systematically, by logical computation. In ou generation, the vsions of Descartes and
Leibniz are implemented oneveay hand

(David & Hersh, 1988 pp. 7-8)

We can therefore a8k if thisreasonis gill the method, o do we need an additional vision? Milne
(quaed abowe) stated that the diff erent descriptions of redity are just diff erent languages. In line
with this view, we have to find the unifying language, as this could be the gpropriate tod. As an
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example, mathematics took a big step forward in its development after Newton and Leibniz,
separately, had developed differential and integral cdculus towards the end o the 17" century.
They had creaed/discovered avery useful tod that was further developed by the next generations
of mathematicians (Andersen, 1978, p. 48 Hencewe might need an appropriate language and/or
tod to be aleto findthe grand theory.

We muld seek inspiration from areas such as brain reseach or physics. The former has the
later yeas made huge discoveries (see for instance Gade, 1997 and, as written above, some
reseachersin plysicstalk abou the principle of complementarity, bu others ssem to be looking
for a grand theory. In relation to the latter: “Physicists ek a theory that will unify all known
forces of nature” (Nozick, 2001, p. 16l Hawking writes that “we might be nea finding a
complete theory that would describe the universe and everything in it” (Hawking, 1994, p. 29
Deutsch writes that: “quantum physicd investigations of shadows and light have extraordinary
consequences, and to explain these demand nd only new physicd laws but also a new level of
description. It first and foremost reveds the existence of parallel universes’ (Deutsch, 1998, pp.
32-33). | do nd want to go any deeper into the discusson d parallel universes but only draw a
conclusion from these quaes, namely that physics gientists exped to find a grand theory and
that new reseach in plysics suggests not only new laws, or theories; but more radicd changes of
ways of thinking and describing.

A grand theory of psychdogy of leaning mathematics might therefore eist, bu to my
knowledge it has not been foundinvented yet. To find it requires nat only considerations as the
ones in Sedion 3,inpu from other areas such as the latest brain reseach, bu aso that we find
some new language, and a new ground onwhich to bult the theory. The extent, to which ore
believes that a unifying theory exists, also rests on the modern way of thinking. Modernism

refersto along and daminating cultural tradition that inter alia had as charaderistics:

the ideal of a complete and scientific explanaion d physical and social reality. Thoughthis might not
in practice be possble, it remains an intelligible ideal. ... there is thus a ‘grand narative which we
have subscribed to, namely, the ‘enlightenment’ view that reason, in the light of systematically
researched evidence, will provide the solution to the various problems we are confronted with.

(Pring, 200Q p. 110

Also the positivist tradition seans to be in favour of grand theories. Pring argues, when he

discusses positivism, as foll ows:
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First, there @an ke no clear logical distinction between research into physical phenomena andresearch
into social institutions and structures. Scciety can ke studied scientifically. There are social facts, just
as there are physical facts. People, despite their individudlity, fall into types or groups, and general
statements can ke made abou these types. Swch generalizations can ke veified. Gradudly a theoretical
picture can be built up which relates types to social structures, such that to explain why cetain people
act in the way they do ore refers to the social structures which could be said to cause that kind o
behaviour. Swich social explanaions contradict those which seekto explain behaviour in terms of
persond choice or individud psychology. Of course, one @annd deny that there is me persond
choice, but, first, such choice will be execised within paameters determined by the social facts, and,
seoond, typical behaviors are what are being explained - there can dways be excetions. ... Secnd, the
positivist spirit requires a clear distinction between the aims and values of education, on the one hand
and the means of reaching those ends, on the other. Matters of value are not open to empirical enquiry
(and ae thus outside the bound of meaningful discusson) whereas the means of realizing those \alues
are. Researchers are required to show how certain ends might be reached, not to say what those ends
ouglt to be.

(Pring, 200Q pp. 93-94)

Furthermore, pasitivism can be seen as a guard against dominating suppressng ideas. “Thaose
who nov deay the positivist agenda neal to remember the spirit and motives which drove it.
There was a degp suspicion d those explanations, withou evidence to suppat them and nd
open therefore to courter argument, which sustained the social order as it was, despite the

obviousinjustices and evil s’ (Pring, 2000, p. 90

6.2 Complementarity in the psychology of lear ning mathematics?

When discusgng the possbility of using the cncept of complementarity in this work, ore needs
to dscusstwo things. (1) There might be qualitative differences in the nature of physics and the
nature of psychaogy of leaning mathematics, which means that even if a grand theory exists in
physics, it does not mean it exists in the psychoogy of leaning. (2) How does a cncept of
complementarity influence our logic?

In relation to question (1) of whether the psychicd problem of light and the problem of a
psychalogicd leaning theory are diff erent:

First, the former is a natural science phenomena, the other a psychologicd phenomena. For
instance Berger and Luckmann argues that social phenomena ae not as the physicd, and that
human redity is a socially constructed redity (Berger & Luckmann, 1984, pp. 21211).
Furthermore acording to, among others, Skinner there has within the philosophy of science been

a aitique of the positivist acourt of what constitutes an explanation:
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the widespread reaction against the assumption that the natural sciences offer an adequate or even a
relevant model for the practice of the social disciplines. The clearest reflection of this growing doubt
has been the revival of the suggestion that the explanation of human behaviour and the explanation of
natural events are logically distinct undertakings, and thus that the positivist contention that all
successful explanation must conform to the same deductive model must be fundamentally misconceived.
From many different directions the cry has instead gone up for the development of a hermeneutic
approach to the human sciences.

(Skinner, 2000, p. 6)

However, following Descartes and the modern dream, there is smething that unites all sciences.

Semnd, in the theory of light, the two views of light are mutually exclusive & a cetain
thing canna be aparticle and a wave & the same time. However, acording to Heisenberg, the
dualism here is not problematic, as we know from the mathematica formulation d the theory
that there canna arise contradictions. By a simple transformation ore can rewrite the equation o
motion for the @-ordinates and the momenta of the particles to makeit look like awave equation
for an ardinary 3-dimensional matter wave. “ Therefore, this posshility of playing with dfferent
complementary pictures has its analogy in the different transformations of the mathematicd
scheme; it does not lead to any difficulties in the Copenhagen interpretation o quantum theory”
(Heisenberg, 2000, pp. 18L9). This means that since both theories of light build onthe same
basis and language, which is mathematics, it is unproblematic to say that they can complement
ead aher. | would therefore cdl such an incidencefor even complementarity to denate that both,
compared to redity and the general mathematicd knowledge, are equals. But the various
psychologicd leaning theories do nd share such a owmmon ground at least not on the level of
epistemology. Therefore, “even complementarity” is nat possble here. Instead | will cdl for a
term of odd complementarity to denote that neither theory is completed, but they might not be
equally dis-completed. In other words, | cdl for choasing asmall preferencefor either the hen (or
the egg) and then subsequently state that the egg (or the hen) isindispensable mmpliments.

In relation to (2), how this influences our logic, ore can argue that perhaps one does not
need to have problems with having two dfferent theories complement ead ather. Mathematics
itself it not a fodproof consistent system. Godel’s Theorem from 1931 set out to prove if it is
possble to formulate arich or interesting mathematicd system that could contain the proofs of
al itsown truths: “Godel proved that any consistent logicad or mathematicd ‘f ormal system’ rich
enough to contain the natural numbers (1, 2, 3 ..) would also contain a statement that could be
neither proved na disproved from within the system itself ” (Marshall & Zohar, 1997, p. 176

On could argue, that if thisis the cae for mathematics, which obviously works, then why not for
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socia sciences. We dso know from the doule-dlit experiment that one phaon can enter two
different holes at the same time (unless we observe it) (Gribbin, 1984, pp. 163.71); perhaps
unbelievable, but yet true. This does not eliminate the concept of truth/false; it merely teades us
more &ou the truth and makes us understand the truth better.

If we can accept that a phaon can be two places a the same time, perhaps we can accet to
use two dfferent theoriesin a sort of (odd) complementarity urtil we might find/invent the grand
theory. At least in cases where the two dfferent theories are nat that different. The war on
theories is then na on ore or the other, bu more on which is primary and which is sndary.
Furthermore, if one is a modernist and still i n favour of the principle of complementarity, one
needs to include the concept of odd complementarity; otherwise one is inconsistent. Méellin-
Olsen (1989, p. 13 furthermore agues that the relationship between Vygotsky and Piaget can be
interpreted as being dialedicd. It is not either-or. Insteal it is abou, while teading, to have

these two theoriesin ore’s mind (as well as other theories) and then balancewisely.

6.3 Everything istrue?

Marshall and Zohar argue for accepting “both/and’ thinking and accept the truth of all
explanations. This view seans postmodern, which acarding to Pring is a questioning of the

modern premises. Pring describes postmodernism as foll ows:

Rival disputes abou what is to count as a rationd view of the world cannd be settled by appeal to
reason. There is no ‘meta-narrativeé of rationdity to which we can appal and which will bring a
certain unty to this diversity. ... There is no gand narative which legitimate one set of values rather
than anaher or one way of organising knowledge rather than andher. Therefore we need to come to
terms with pluralism, not smply in recognizing the diverse modes of rationdity and d perspedive Is
not reason, too, a social construct?

(Pring, 200Q pp. 110-11))

On could state here, that saying that there is no grand theory is in itself a grand theory. And that
following the pastmodern way of arguing one might end upwith accepting any explanation. In
line with Marshall and Zohar is Eisner who stated that “there is no single legitimate way to make
sense of the world. ... Insofar as our understanding of the world is our own making, what we
consider true is aso the product of our own making” (Eisner, 1993, p. 5% A critique here is
formulated by Collin who argues that “the social items that are daimed to generate socia fads

must themselves be understood to be generated by other socia items, and so on ad infinitum”
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(Collin, 1997, p. 78 | could also argue that the view of Eisner is internaly illogicd as it with
catainty rgeds “objedive universal truth”, only to replaceit with a new universal truth, namely
that the universal truth does not exist. In conredion with this argument, Nozick argues (2001, p.
15) that he feds uncomfortable with this kind d quick refutation d relativism (i.e.: that if the
relativist position, that all truth is relative, itself is norrelative, then it is fase; and if it isnat a
general position and instead says that all other truth except itself are relative; and then what
makes it so spedal). Nozick (2001, p.16) instead defines the ‘relaxed relativism' as “the
relativist granting that some statement is norrelative, namely, the statement of the relativist
pasition itself (along with its consequences)”. He @ntinues: “This makes it 1ook as though
relativism abou truth is a wherent position. ... To say that relativism abou truth is a aherent
pasitionisnat to say that it isthe correct pasition” (Nozick, 2001, pp. 14.7). Nozick aso argues
that the ‘wedk absolutist’” can hdd that some truths are relative (Nozick, 2001, pp. 20& 65).
Thus relativism does not undercut itself if we take into consideration its domain of applicaion.
Nozick then introduces the cmncept of *aterability’: “the relativity of atruth is not the same aits
aterability. Even if it is a norrelative truth that my pen is on my desk, that is a fad easly
changed. Whereas if it is merely a relative truth that New York City is adjacent to the Atlantic
Ocean o that cgitalism outproduces ciaism, these ae not fads that are danged easily”
(Nozick, 2001, p. 2R Following this line of reasoning, | would argue that even if relativism
abou truth is a true position, it does not change the fad that there ae ways of working with
mathematics, or setting in which we work, that are “unhelpful” (or more helpful) if the desired
“output” of the adivities is that the pupls shodd have leant certain things. These fads are not
easily changed urlessone can geneticdly change the nature of man. Thus, even talking Nozick’s
argumentation into consideration, the truth about how to lean mathematics might still exist.

| would aso like to follow Philli ps when he agues that truth exists independently of us but
we can never read it. Objedivity and truth are thus not synonyms, bu through criticism we can
approad truth and the, at any time, most rational theory is thus the most objedive (Philli ps,
1993, p. 61 Thisisin line with Popper’'s view that we can never verify a theory but only fasify
it, he says: “we do justify our preferences by an appeal to the idea of truth: truth plays the role of
aregulative idea We test for truth, by eliminating falsehood (Popper, 1979, pp. 280). Kuhn
might here pose the counter argument that with this type of falsificaion ore is dill within the

same paradigm and pogress is caused by paradigm change (Kuhn, 1970, pp. 5B6). On the
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other hand, Holli s argues that “the differenceis a matter of degreeof entrenchment, with namal
science more willi ng to question its core theories than Kuhn recognised” (Hollis, 1994,p. 88.
Thus we can never read truth, bu this does not mean that any version d redity is as goodas any
other. | would argue in line with Pring: “ The accetance of aredity independent of the reseacher
does nat contradict the possbility of many interpretations of that redity” (Pring, 2000, p. 114

| would also like to criticize Marshall and Zohar for not being ambitious enowh for
natural sciences. Giving up onfinding a grand theory on psychologicd level is, in my view, and
being inspired from a discusson d Hawking, the same & looking away from the fad that even
though the human brain is subjed to Heisenberg’'s Uncertainty Principle,* and therefore has an
element of quantum medhanicd randamness it is littl e energies that are transformed in the brain,
so the quantum-medhanica uncertainty has only a minor effed. The red reason why we caana
(now) predict human adions has more to dowith that it is too dfficult. Acocording to Hawking,
we drealy know the basic physics laws that govern the brain’s adivity, and they are rather
smple, bu it is too dfficult to solve the equations when there ae more than a few particles
involved. Even in the simpler Newtonian theory of gravitation ore can orly solve the equations
exadly if there ae no more than two particles present. For threeor more particles one has to rely
on approximations and the difficulti es rises by the number of particles. The human brain contains
approximately 107° particles, which is far too many for us to ever solve the eguations and predict
the brain’s behaviour (Hawking, 1994, pp. 12421). Or as Hawking puts it elsewhere:
“Although in principle we know the eguations that govern the whaole of biology, we have not
been able to reduce the study of human hiology to a branch o applied mathematics” (Hawking,
1994, p. 43 | would argue, that if the red problem was that of solving equations, it would just
be amatter of time until we invent larger enough computers. The esence of the problem of a

grand theory of psychadogy, | would argue, is instead whether it at all is possble to predict

* This principle is basically that “T he Uncertainty Principle asserts that it must always be so; we must always
content ourselves with partial truth and anbiguity when dealing with fundamental physical reality. A particle was
always though to have both pasition and momentum. A given paticle shoud dways be somewhere (have a
location) andis always traveling & a certain speed. But we an reve know both. If we measure, or focus on, the
position, the momentum bemmes unfixed; if we measure the momentum, we lose the paosition” (Marshall & Zohar,
1997, pp. 182-184). Davies writes in anintroduction that “T his unpredictability of quartum systems does not imply
anarchy, howeve. Quantum nedharnics gill enabes the relative probalilities of the alternatives to be spedfied
predsely” (Heisenberg, 200Q p. X). Furthermore: “ what the uncertainty principle tells us is that, according to the
fundamental equations of quartum necharics, there is no such thing & an eledron that posesss both a pedse
momentum and a pedse pasition. ... quartum theory auts freefrom the determinacy of classcal ideas. To Newton,
it would be posshle to predict the entire curse of the future if we knew the position and momentum of evey
particlein the universe” (Gribbin, 1984 p. 157).
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human behaviour. If one caana (always) predict human behaviour in particularly a leaning
situation (neither the human adions nor the brain behaviour) then a wmplete and al-including
grand theory isimpossble. | would draw on Hawking who talks abou freewill, and writes “ The
ultimate objedive test of free will would seem to be: can ore predict the behaviour of the
organism? If one can, then it clealy doesn't have freewill but is predetermined. On the other
hand, if one caana predict the behaviour, one muld take that as an operational definition that the
organism has freewill” (Hawking, 1994, p.120. Hence | would argue, that the question d a
grand theory in psychdogy might boil down to the (theologicd) question d whether we &
human have afreewill .

| would therefore ague that the option, given by Marshall and Zohar, of thinking of “all as
truth” is partly inconsistent and partly not necessary (if we do nd have afreewill); at least in the
longer run where | will exped scienceto knov more. Even if we & humans do have afreewill,
it does naot rule out that we can get more understanding of how we ad¢ and lean as the quantum

medanica uncertainty only hasaminor effed; thus, it is not anarchy either.

7. CONCLUSION: PRAGMATISM FOR NOW:
ODD COMPLEMENTARITY

As Hawking writes: “However, it istoo dfficult to think upa whode theory of everything al at
onego. ... What we doinstead isto look for partial theories that will describe situationsin which
certain interadions can beignored o approximated in asimple manner” (Hawking, 1994, p. 4%
Whether there is a grand theory of the psychdogy of leaning mathematics, and whether we in
that case can findit, does not solve the immediate problem of today, namely that we do nd know
it yet. We only have partia theories  far. So for thisthesis | will settle with Bohr’s Principle of
Complementarity, in the sense of Odd Complementarity. This is also well conreded with the
discusson in the beginning of this paper, where it becane dea that Piaget and Vygotsky ead
have grea admiration and resped for ead ather. Also the Ph.D. study showed that the theories

seam to complement ead ather in some way.
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