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3.3. TAYLOR SERIES

Having explored sequences, series, and power series, we are now ready to return to our
original motivation: Taylor polynomials. Recall that the Taylor polynomial of degree n for
f(z) centered at x = a, T),(z), is the unique polynomial of degree n which matches f(x)
and its first n derivatives at z = a.

Back in Section 1.1, we observed that higher degree Taylor polynomials tended to give
better approximations to f(x). Then in Section 1.2 we made this observation precise with
the Remainder Theorem.

The Remainder Theorem. Suppose that f is n + 1 times differen-
tiable and let R,, denote the difference between f(x) and the Taylor
polynomial of degree n for f(z) centered at a. Then

B f(n+1)(c)

 (n+1)! )y

(r—a

for some c between a and z.

Now that we have established the notion of series, we are ready to consider Taylor
polynomials of “infinite degree”, which we will call Taylor series'. These are a special type
of power series.

Taylor Series. Suppose that the function f(x) is infinitely differen-
tiable (smooth) at z = a. The Taylor series for f(z) centered atz = a
is then

© £ (g
Z / |( )(a: —a)".
n=0 :

n

Assuming that we can compute all the derivatives of f(x) at x = a, this definition is
very concrete, but it leaves some unanswered questions:

Where does the Taylor series for f(z) converge?
When the Taylor series for f(x) does converge, does it converge to f(x)?

In general, these two questions must be answered on a function-by-function basis, and
such answers revolve around the Remainder Theorem.

TTaylor series centered at = = 0 are sometimes referred to as Maclaurin series after the Scottish mathemati-
cian Colin Maclaurin (1698-1746).
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For our first case study, we consider the function f(z) = sinz, centered at x = 0.
Since the derivatives of sin x repeat in the pattern cos z, —sinz, — cos z, sin z, the sequence
of derivatives evaluated at z = 0is {1,0,—1,0,...}. Therefore the Taylor series for sin x
centered at x = 0 is:
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We could apply the Ratio Test to this series (as in Section 3.1) to show that it converges for
all z, but there is a more important question: Does this series converge to sin x for all x?

By the Remainder Theorem, the difference between sin x and its Taylor polynomial of
degree n centered at z = 0, T}, (), is

sin(™ 1 (¢)
(n+1)!

for some c between 0 and z. Since the derivatives of sin x only take on values between —1
and 1, we have that

sinz — T, (x) = Ry(x) = ntl

|x|”+1

(n+ 1)1

We would like to show that the Taylor series for sin x converges to sin z for all =, which is
equivalent to showing that the limit of the remainders R,,(z) is 0 (as n — ). This is really
just an exercise from Section 2.1, although we have delayed it now.

|Rn(2)] <

.=
Fact 1. For all values of z, lim |— =0.

n—oo nl
Proof. First let us consider a special case, where |z| = 4. In this case, we are interested in the
sequence {4"/n!}. For the first 4 terms, this sequence is actually increasing;:

n | 4" /n!

011

1|4

2 [ 42/21 = 8

3 | 43/3! = 10.6666 . ..
4| 4%/41 = 10.6666 . ..

But then the sequence starts decreasing. To get the n = 5 term, we multiply the n = 4 term by 4/5;
to get the n = 6 term we multiply this by 4/s; to get the n = 7 term we multiply this by 4/7, and so
on. For n > 5, we therefore have the bound
(AT
H RS g E — asn — .
Our proof for generic x follows the same general approach. Choose an integer m > |z|. We
have, forn > m,

fal" _ al” _ kP
n! n-(n—1)---(m+1)-m -(m—1! = mn—m(m—1)!"

n —m terms, all > m > |z|
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Ideally we would like to have m™ in the denominator, so we multiply top and bottom by m™:
i 6 | O L

nl T mr(m =11 mr (m -1

Our goal is to prove that the sequence {|z|"/n!} converges to 0 by sandwiching it between the
constant sequence {0} and the sequence above.

Remember that m is not changing, so m™/(m — 1)! is just a constant. Since m > |z| > 0, |z|/m
is between 0 and 1, so Example 5 of Section 2.1 shows that the geometric sequence (|x|/m)" — 0.
Therefore, by the Sandwich Theorem, |z|"/n! — 0 as n — oo for all values of z. [

Our next example collects these observations to show that the Taylor series for sinz
centered at z = 0 converges' to sin z.

Example 2. Show that the Taylor series centered at z = 0 for sin  converges to sin x for all
values of .

Solution. Proving this statement is equivalent to showing that for any fixed value of z, the
remainder term R, (x) tends to 0 as n — co. Fix a value of z. By the Remainder Theorem,
our previous bounds, and Fact 1,

|w|n+1

——F— —0 0,
(n+1)! orasne

|Rp(x)| = |sine — T, (z)| <
which is precisely what we wanted to show. @

Example 2 is in some sense completely bizarre. Remember that we defined Taylor
polynomials (and therefore series as well) by mathcing derivatives at © = a (the center).
Therefore, this example shows that if a power series matches all of the derivatives of sinx
at z = 0, then the series is equal to sin z for all values of z. Why should sin « be completely
determined by its derivatives at 0? With our limited tools, the best answer we will be able
to provide here is that sinz is a very well-behaved function; the technical term for such
functions is analytic.

The same approach would work for the function f(x) = cosz, but there is an easier
way. Now that we know that the Taylor series for sin z centered at x = 0 converges to sinz

"This type of convergence is known as pointwise convergence, because the Taylor series converges to sin x at
each individual point. There is a stronger, more global type of convergence known as uniform convergence.
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for all values of z, we may differentiate it term-by-term to obtain:

cosr =

For our next case study, we consider the function f(z) = e”, again centered at z = 0.
Since every derivative of e is ” itself, f()(0) = 1 for every n, and thus the Taylor series
centered at x = 0 for % is

ool' x x
P B e e A R
n=0

n 2 3 4
n! 2 34

Example 3. Show that the Taylor series centered at x = 0 for e” converges to e” for all
values of .

Solution. We want to show that for fixed z, |R,(x)] — 0 as n — c0. The Remainder
Theorem shows that

670 :L,n+1
(n+1)!

for some ¢ between 0 and x (here we used the fact that the n + 1st derivative of ¢* is e”
itself). We have to be a little careful here about giving a bound for €€, since the bound
changes depending on whether x is positive or not:

|Rn(z)| = |6 = Ta(z)| =

e’ ifx>=0
C< = Y,
6\{1 if 2 < 0.

Still, since we are considering a fixed value of z, our bound on e is just a constant, and

Fact 1 shows that
| 3:|"+1

(n+1)!

Therefore |R,(z)] — 0 as n — oo, proving that the Taylor series for e” centered at x = 0
converges to e” for all values of z. @

— 0asn — .
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Substituting « = 1 into the Taylor series from Example 3 gives an appealing identity:

Because n! grows so quickly, this series converges to e exceptionally fast. For example,
using just the first 10 terms, we get e correct to six decimal places:

e 2.7182818. ..

9
1
25

The speed of this convergence (and it really is fast—at n = 59, we are adding the reciprocal
of the estimated atoms in the universe, about 10~%") allows us to prove that e is irrational
in Exercises 50-52.

As with general power series, we are allowed to substitute into Taylor series and to
multiply and divide them. This can be quite useful for expressing integrals as power series
(our next example), evaluating limits (Example 5), computing derivatives (Example 6), and
finding Taylor series for quotients (Example 7).

2.7182815. ..

Example 4. Express fsin 2% dx as a power series.

Solution. We know from Example 2 that

0
3:.2n+1

sinz = ) (_1)n(2n Nk

n=0

SO
© ( 2)2n+1 4n+2

o0
sin @ Z (2n +1)! Z:] 2n @2n+ 1)l

All that remains is to integrate this series term-by-term:

J' f 2 pAn+2 i pAn+3
sin 22 (=1)" + C.
oy 2n 2n+1)! = (4n +3)(2n + 1)!

It has been proved that the antiderivative of sin 22 dz is not an “elementary function”, so
this one of the nicest possible ways to express this integral. @

—1+2%)
Example 5. Evaluate lim M.
z—0 X
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Solution. While this example could be solved with 'Hopital’s Rule, it is easier to use
power series. We know that

0 2n 2 4 6
T T T T
= —1)" =1-_94 - _
cos x ,;0( )(2n)! s T e T
SO
2 22 xt a0 22
T
cosw—l—i—? - (1 7+E a%— )—14—7
x4 N x4
xt 2
R
o
B 1 x2
TR

As z — 0, this quantity approaches /a1 = 1/24, so this is the limit. @

Example 6. Compute the 102nd derivative of f(x) = 2 atz = 0.

Solution. Example 3 shows that

L X
=)
n:OTL.

so by substitution, we have that

Since this is the Taylor series for f(x) = 2 centered at 2 = 0, by the definition of Taylor
series, we know that it is equal to

Therefore if we are interested in f(102) (0), we need only look at the coefficient of 2102 We

get the coefficient of 2!°2 in
© on 431

|
0 n.

by substituting n = 102/3 = 34, so
234 f102 (0)

34! 102!
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Solving for £(192)(0) shows that
234102
o34l

We could have solved this problem simply by taking 102 derivatives, but finding the Taylor
series is much easier. @

f(102) (0)

Example 7. Find the first four nonzero terms of the Taylor series centered at = 0 for the
function f(x) = tanx.

Solution. It would be possible to solve this problem by taking derivatives of tan x, but
this approach gets quite messy. An easier method is to use the series we have for sin z and
cos x together with the Division Theorem from Section 3.2. Since

siny  x—2/3+ 205 —aT/n 4 ..

T = s 1—2%/or +2%/ar — 2861 + - -

we can use long division

x + @3+ 22°/15 + 1727 /315 4 - - -

1 =22+ 2%24 — 20 + -+ |z — %6 + 2°/120 — 2"/5040 + -
x— a2+ 2%fu — 2T/120 + .-

wdfy — @®f30 + @T/ga0 — -

B3 @s + Ty — e

2:v5/15 — 4:v7/315 4o

2x5/15 — x7/15 + ...

17m7/315 + e

to find that the first four nonzero terms of the Taylor series centered at = 0 for tan x are

+3:3+2:E5+173:7
TR Ty T 31

This is also therefore the Taylor polynomial of tan = of degree 7, centered at z = 0. @

We can also use the Taylor series for e” to define the function e” for more quantities
than just real numbers. For example, we can define e” for complex numbers x. Recall that
a complex number is a number of the form a + bi where a and b are real numbers, and
i is the (imaginary) square-root of —1. This leads to the following formula, which the
Nobel Prize winning physicist Richard Feynman (1918-1988) referred to as “one of the
most remarkable, almost astounding, formulas in all of mathematics”:

Example 8 (Euler’s Formula). Prove Euler’s Formula ¢’ = cos 6 + isin 6.
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Solution. We begin by substituting 6 into the Taylor series for e”:

2n92n O 2n+192n+1

Z:: (2n + 1)!

=
]
s

I
M8

n=0 : n=0

i’ = —1,
i3 = i-d? = —i,
it = 2 =(=1)- (1) =1,
P o= it =4
This shows that the powers of ¢ form a periodic sequence {i, —1, —,1,... }, which allows

us to simplify our series for e above:

o (_1)n92n ‘ O (_1)n92n+1

e = ,;o (2n)! 2n +1)!

=cosf +isinb.
n=0

An alternative proof, using derivatives, is outlined in Exercise 45. @

A particularly wondrous special case of Euler’s Formula, known as Euler’s Identity;, is,
e +1=0,

an identity relating five of the most important numbers in all of mathematics. In Exer-
cises 46-49 we use a similar approach to define e for a matrix M.

Euler’s formula is also a very convenient way to prove various trigonometric identities.
For example, the angle addition formulas, which show how to evaluate sin(a + 3) and
cos(a + () in terms of sina, sin 3, cosa, and cos 3, have a particularly straightforward
derivation using Euler’s formula. As the French mathematician Jacques Hadamard (1865—
1963) wrote, “the shortest route between two truths in the real domain sometimes passes
through the complex domain.”

Example 9. Derive the angle addition formulas.

Solution. We begin with the trigonometric functions we are interested in, convert to
exponentials, simply the expression, and then convert back to trigonometric functions:

cos(a + ) +isin(a + 5) = e@tF)
et . eﬁi
= (cosa + isina) (cos B + isin3)

= (cosacosf —sinasinf) + i (sinacos B + cos asin 3) .
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Now equate real and imaginary parts of both sides to see that

cos(a + 3) = cosacos S —sinasinf,

sin(a +3) = sinacos+ cosasinfj,
as desired. @

We know from Section 3.1 that power series define infinitely differentiable (smooth)
functions when they converge, so not every function is equal to its Taylor series (in fact,
a function much be infinitely differentiable for us to even define its Taylor series). Our
success in this section and the last with finding Taylor series for infinitely differentiable
functions suggests a final question:

Is every infinitely differentiable function equal to its Taylor seres?

The answer is no. A counterexample is provided by the function

B eV if £ 0,
f(“)_{o ifz =0,

whose plot is shown below.

It is possible (using 'Hopital’s Rule) to establish that every derivative of this function
at x = 0is 0, so therefore its Taylor series is simply 0, which does not converge to this
function. Therefore, infinite differentiability is a necessary condition for a function to equal
its Taylor series, but it is not a sufficient condition.



SECTION 3.3

TAYLOR SERIES 127

EXERCISES FOR SECTION 3.3

Derive Taylor series for the functions in Exercises 1—-
8 at the specified centers.

f(z) = sin 2z centered at x = 0

x -z

e’ —e
=—3 centered atz =0

f(:c) = coshz =

-z

xr
% centered atz =0

Compute the limits in Exercises 9-16 using Taylor
series.

. sinz—=x
e

x—0
. x —arctanx
lip T 8rctane
z—0 3

—x

x
. e —e
lim ————
x—0 xr
. sinx — arctanx
fjg S0 Bxctans

x—0 :I;S
_ 3
lim (2 —2cosz)
z—0 xG
3
lim M
x—0 xXT-

2

Jim S0Z =)
-0 (cosbx — 1)3

. a2

lim (sm 3x 31’)

x>0 (e2? — 1 —2x)3

Use Taylor series of known functions to evaluate the
sums in Exercises 17-20.

ﬂ_ZnJrl

L0 gy

Derive Taylor series for the integrals in Exer-
cises 21-24 (centered at z = 0). Note that none of
these integrals has an answer in terms of elemen-
tary functions.

JMC@

2

Isizxdx

\[67’12/2 dxr

Use the Remainder Theorem in Exercises 25-30.

25. Give an upper bound on the error when us-
ing T5(z) = 1+ x + 2°/2 + 2°/6 to approximate
flz) =€e"for0 <z < 12

26. Give an upper bound on the error when us-
ing Ti(x) = z to approximate f(z) = tanz for
—/s < x < /4.

27. Give an upper bound on the error when using
Ts(z) = 1-2x—1)+3(x— 1) —4(z — 1)> to
approximate f(x) = /22 for 3/ < = < 5/a.

28. Give an upper bound on the error when using
To(z) = 2 + (v — 4) /4 — (z — 4)* /64 to approximate
f(x) =+zford <z <41

29. Give an upper bound on the error when using
Ts(z) = (x—1) + (z — 1)?/2 — (x — 1)3/6 to approx-
imate f(z) = zlnz for 12 < z < 3/a.

30. Give an upper bound on the error when using
Ti(z) = = — 2%/2 + 2*/3 — 2" /4 to approximate
fz)y=Inl+zfor0<z<1.

31. Prove that 2" /n! — 0 as n — oo for every fixed
value of z. (Note that this is a bit stronger than
Fact1.)
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For Exercises 32-35, give the Taylor polynomials of
degree 8 (centered at x = 0) for the specified func-
tions.

32 f(x) eCOS fE
33. f(x) = (1 + = + 2?) sin2®
sinz
34. f(z) = T oz
5. f(z) = In(cosx)

Exercises 36-39 investigate another way to bound
the error in using Taylor polynomials to approxi-
mate functions. Consider first the example of using
Ts(z) = 14+ +2%/2+2°/6 to approximate e'/2. We
could of course use the Remainder Theorem for this
problem (as is requested in Exercise 25), but since
we know that

(/2) (/g) +Z (/2!)

2 =141+

another way to estimate this error is simply to
bound the tail by comparing it to a geometric series:

2/2 _ ({f!) (/52') (/62')
1/5)% 1/5)5 1/5)6
< +i/i'+4‘!l!+---
()

_ (1/2>4< 1 >
4! 1_1{T2 '

(This gives an error estimate of about 0.003,
whereas the Remainder Theorem shows that the er-
ror is at most 0.004.)

36. Bound the error involved in using the Taylor

polynomial of degree 5 to approximate sinz near
x = /2 without using the Remainder Theorem.

37. Bound the error involved in using the Taylor
polynomial of degree 5 to approximate

1 2
J e " dx
0

without using the Remainder Theorem.

38. Show that the Remainder Theorem cannot give
any practical bounds on the error involved in ap-
proximating f(z) = —In(1—z) atz = 1/2by its Tay-
lor polynomial of degree 3, T1(z) = x+2%/2+z%/3.

39. Give a bound on the error involved in the esti-
mate in Exercise 38 by observing that

1/5)% 1/5)5 1/5)6
Rs (1) = (/) +(/5) +(/6)

< (/2) (14 (/) + 0 +--)

Exercises 40 and 41 concern the series
Z L
~ n!

40. Compute the 10th partial sum of this series.
41. Prove that the sum of this series is not 19.

42. Use Euler’s formula to prove the two identities

619+e—19

cosf = —

0 —1i0
. e —e
sinf) = .
21

43. Use Euler’s formula to prove De Moivre’s For-
mula,

(cos @ + isin0)" = cosné + isinnb.

for all integers n.

44. Give an example showing that De Moivre’s
Formula does not necessarily hold when n is not an
integer.

45. Define
f(0) = (cosf + isinf)e™"

Compute the derivative of f(#) and use this to give
another proof of Euler’s Formula.

As with complex numbers, we also use the Taylor
series for e” to define e for matrices square M as
M? M
I+M+T+?+"',
where I denotes the identity matrix (which has 1s
along the diagonal and 0Os everywhere else). Use
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this to compute e? for the matrices in Exercises 46—

49.
0
=10

O = O =
|

= O
N——

Suppose that e were a rational number, so e = 9/
for positive integers a and b. In Exercises 50-52 we
will draw a contradiction, thereby proving that e is
irrational. This proof is often attributed to Charles
Hermite (1822-1901).

50. Define
n 1
—nlle— =
an =nl! (e Z k!)’
k=0

and prove that a, is an integer for all n > b.
1 1
J’_
n+l (m+1)(n+2
52. Show that 0 < a, < 1, and therefore a,, can not

be an integer, contradicting our assumption that e is
rational.

51. Show that a,, = ) 4.

Is there an irrational number which raised to an ir-
rational power is rational? Exercise 54 proves that
there is, although it doesn’t tell us precisely what it
is. I thank Professor Steven Landsburg for making
me aware of these problems.

e
53. Verify that v/2 = 2. (One method is to take
the logarithm of both sides.)

54. Using the result of the previous exercise and the
fact that +/2 is irrational, prove that there is an irra-
tional number which raised to an irrational number
is rational.

Exercises 55-59 present Euler’s original computa-
tion of })1/n?, from 1735. While this proof was
considered a breakthrough at the time, Euler mis-
takenly assumed that he could apply a fact about

polynomials to power series (see Exercise 58). The
fact he assumed, however, does not hold for ar-
bitrary series, as Exercise 59 shows. It was not
until about 150 years later that Karl Weierstrass
(1815-1897) “corrected” this proof by proving the
Weierstrass Factorization (or, Product) Theorem. It
should also be noted that Euler gave two other cor-
rect proofs for this calculation in the same paper,
and a fourth proof in 1741, but his “incorrect” proof
is the one that is best remembered. As the American
author Henry Mencken (1880-1956) wrote, “For ev-
ery problem, there is one solution which is simple,
neat, and wrong.”

55. Find a series centered at 0 which is equal to

sin\/z

fz) = 7z

for z > 0.

56. Find all the roots of the power series from Ex-
ercise 55. This should involve two steps; first show
that this series has no negative roots, and then find
all the positive roots, which are (by the previous
problem) also roots of

sin \/x

fla) = ZA

57. If a polynomial of degree 3 has roots 1, 12, and
r3, thenitis givenby p(z) = c¢(x—r1)(z—r2)(x—73)
for some constant c. By expanding this product, ver-
ify that

1 1 1

coefficient of x
constant term

1 T2 3

(This generalizes to polynomials of any degree.)

58. Assume, as Euler did, that Exercise 57 holds for
series to show that
1 1 1 1

+ — 4+ ==
1 T2 73 6

where 71,723,735, ... are the roots from Exercise 56.

1 w2
Conclude that Z =
n=1 n 6

59. The function f(z) = 2 — 1/(1 — z) has a sin-
gle root, x = /2. Derive its power series (centered
at z = 0) and conclude that, contrary to Euler’s as-
sumption, Exercise 57 cannot be applied to arbitrary
series.
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ANSWERS TO SELECTED EXERCISES, SECTION 3.3

x 2x)2n+1

(=" (Qn +1)!

n=0 1=0

n(\/ﬁﬂ?:;)Qn ) oe] 2n 6n i 2n 6n+2

22n+ 1 m2n+ 1

(2n + 1)!

M

1.

0 " 0 mn+1
5.2z ) = D2 —
n=0 n=0
0 n 0 n 0 2n+1
T 1
AR YA
DIEAREDICCLE s
n= n= nfO
-1 x? zt . 1 1
9. The series is STt e s the limit is —1/31 = —1/6.
222 2 N
11. The seriesis 2 + % + % + .-+, s0 the limit is 2.

2
13. The seriesis 1 — % + .-+, s0 the limitis 1.

15. The series is 2 _ M — so the limit is —2/140625
' 140625 468750 ’ .
17. cosm™ =0
19. e ™
i 6n—2 2 :CGn—l
21. J de = ) (—1)" +C
= ~ (6n —1)(2n)!
90 P 2n 90 :C2n+l
23 7L — n C
J Z=: 2”71' 7;0( ) 2" (2n + 1)n! +



