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In this note, we present a proof to the Smarandache’s Miniffiheorem in the Einstein
Relativistic Velocity Model of Hyperbolic Geometry.

1. INTRODUCTION for all points
Hyperbolic Geometry appeared in the first half of " a,b,u,v eG.
century as an attempt to understand Euclid’s axiomaticssbasi (2) G admits a scalar multiplicationy, possessing the
of Geometry. Itis also known as a type of non-Euclidean Gigllowing properties. For all real numbersr;,r, € R and
ometry, being in many respects similar to Euclidean Geoait pointsa €G-
etry. Hyperbolic Geometry includes similar concepts as dis (G1)1®a=a
tance and angle. Both these geometries have many results iG2) (m+r)®a=radnea
common but many are fierent. There are known many mod-  (G3) (rmr) @a=r ® (r; ®a)
els for Hyperbolic Geometry, such as: Poincaré disc model, (G4) Ir[®a _ _a_
Poincaré half-plane, Klein model, Einstein relativistaloc- Ireall— flall =
, e i ) ) (G5) gyr[u, v](r ® a) = r ® gyr[u,v]a
ity model, etc. Here, in this study, we give hyperbolic versi (G6) gyr[r ®v,m @ v] =1
of Smarandache minimum theorem in the Einstein relativis- (3) Real vector’space structutéG||, @, @) for the set
tic velocity model of hyperbolic geometry. The well-knowrnG” of onedimensional "vectors” T
Smarandache minimum theorem states that #C is a tri-
angle and44’, BB',CC’ are concurrent cevians &, then [Gll={%all:ac G} CR
- o por = 8and e + £5 + 55 > 6 (see[1]).  with vector additions and scalar multiplicatior, such that
Let D denote the complex unit disc in complex plane, forallr ¢ R anda,b € G,

€. (G |Ir®all = |r|@ |l
D={zeC:lz| <1}. (G8)[a® b < [la] @ [|b]|
The most general Mobius transformation/ofis Theorem 1. (Ceva’'stheorem for hyperbolic triangles). If
M is a point not on any side of an gyrotriangBC in a
— et ﬂ = e (20 @ 2), gyrovector spacé€V, @, ®), such thatAM andBC meet in
L+ %02 A’', BM andC A meet inB’, andCM andAB meet inC’,
then

which induces the Mobius additio® in D, allowing the
Mobius transformation of the disc to be viewed as a Mobius ~ Yjac’| [AC’| |BA| |BA| Nes| |CB| —1
left gyrotranslation Ve |IBC'l Yicar |CA'l yap |AB'| ’

2o+ 2 wherey, = y L

1- v
1+ 2z

22— 20D z=

_ _ (See [2, p.564)).
followed by a rotation. Heré € R is a real number;, zy € For further details we refer to the recent book of A.Ungar
D, andz is the complex conjugate af. Let Aut(D,®) be [3].

the automorphism group of the grupdiB, @). If we define Theorem 2. (Van Aubel’s theorem in hyperbolic geome-

try). If the point P does lie on any side of the hyperbolic

gyr : D x D — Aut(D, ®), gyra,b] = Zis = 1 Igz, triangleABC, andBC meetsAP in D, CA meetsBP in E,
andAB meetC' P in F, then
then is true gyrocommutative law
B Nap AP el |BC| <7AE |AE| 1 )+
a®b=gyrla,t)(b® a). Y pp| | PD| 2 Yec| |EC| 7 Bp||BD]

A gyrovector spacéG, @, ®) is a gyrocommutative gy-
rogroup(G, &) that obeys the following axioms:

Y5c| | BC| ('YIFA |FAl 1 >
2 ra| [FB| vcp) [CD

(1) gyr[u, v]la-gyrju,vilb=a-b (see [4])



2. MAIN RESULT

and
In this section, we prove Smarandache’s minimum theorem vizrIBPl _ 7ca|lCA| <VBc'||BC’| . 1 ) +
in the Einstein relativistic velocity model of hyperbolieg ~ 175/|P%’] 2 Hacr|IACT Vo ICB]
ometry. viealcAl (sar|BA| 1 _
2 'Y|CA/|‘CA/‘ 'Y|AB/||AB/‘ -
Theorem 3. If ABC is a gyrotriangle andiA’, BB',CC"’ _ b [%161 L 4 Jax%2 1 ] 7 )
are concurrent cevians Bt then 2 [VeaC2 Wbz Yara1 Yo ba
Nap [AP| - vppi|BP| e [CP| ) and o
' : ; cA’
vipa |PA| vpe |PB'| vpci|PC'| ~ YNerl|CPl _ vap||AB| [ Yeca| , 1
ipar [PA] ppr |[PB| yper [PC] IS | el e )
and Y1aB||AB| ('VICB’|CBI| ) 1 )
Yap| |AP| v 8P| |BP)| Ycp| |CP| >3 2 Yap|[ABl v por| B
Yea |PA| " ypp | IPB|  yper |[PC) T _ e <7‘11a1 L b 1 > 3)
2 a c b c1 )’
Proof. We set Jaaf2 DeaC2 IO T
If we use the Ceva’s theorem in the gyrotrianglBC (See
|A'C| = a1,|BA'| = ay,|B'A| = by, Theorem 1), we have

Nea |[CA'| yap | |AB'| yper [BC|
Yiar |IBA| vep | |[CB'| yac|AC]

Ya @1 V01 Ve €1

|B/C| = an |C/B| = C1, |C/A| = C2,

=1. 4
Nap AP e [BP| vep[CP] Yar @2 Yoyb2 Ve, C2 .
Ypar |[PA'l vpp|PB'| ypc |PC'| From (1) and (4), we have
AP “ b1ve
YNap([AP| e |BP| | vep|CP] g L:PA’H = 72a <%)
Near |PA/| NP |PB/| YPo| |PC/| : VPA Yay @276, 92, C2

If we use the Van Aubel’s theorem in the gyrotriangil&C
Va1 @1V, b17e, €1

Yal ( Vo, b17e5C2 ) Ya@ 29, 017e,C2
(See Theorem 2, Figure 1),

2 2 Yap@2V,b2ve, 02

_ a0 017e,C2 5)
Vaz 020,02V, C2
Similary we obtain that
8P [BP] wbye €17a,02 ©)
Nee| [PB'] Yara27p,027e,02°
and
Nep [CP] YeCYa, a1, b2 @
Yper| [PC'| Yaya2¥p,b2Yep 2
From the relations (5), (6) and (7) we get
Figure 1 P Ya @by b17e, €2 - WobYer C1Yar A2 - YeChar Q1Yb,02
(Yas @276, D275 ¢2)°
then
Vap||AP] ol BO] <'Y|AB’||AB,| ) 1 ) - % (®)
V| par||PA'] 2 VNes! |ICB'l ¥ parIBA] as 202%c,
+7\BC\\BC\ ("YAC’||AC//| . 1 ) _ and
? Vs |IBET MeanIOA] & = Ja®017e; €2 + Wb7es 1703 02 + VeCYar 017002
_ Dal [%lbl R S B ] W B Vaz 02V, b2 e, C2 '
2 | Meb2 Yany02 Ve €1 Ya 01 (©)
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Becauseya = Yazs Vo = Voo s and’yc = Ve result [5]
Ya Vb Ve > Yaz Vb2 Ves - (10)

6

Therefore ) (6]

_deawbre w

Va2 02V0,02Ve, C2 [7]

From the relations (8) and (11), we obtain that> 1. If

we use the inequality of arithmetic and geometric means, w!
obtain

9]

(’7112 a27by b2'702 02)3

_ 33 Ya@YpbyeC
Vas @276y D2YesC2

From the relations (11) and (12), we obtain that: 3. l

S 3§/7aa%1b1%2 C2 - WbVe, C1Ya202 * YeCVay 01 V0,02
=

(12)

Conclusion

The special theory of relativity as was originally formu-
lated by Einstein in 1905, [8], to explain the massive exper-
imental evidence against ether as the medium for propagat-
ing electromagnetic waves, and Varitak in 1908 discovered
the connection between special theory of relativity andgnyp
bolic geometry, [9]. The Einstein relativistic velocity ohel
is another model of hyperbolic geometry. Many of the theo-
rems of Euclidean geometry are relatively similar form ia th
Einstein relativistic velocity model, Smarandache minimu
theorem is an example in this respect. In the Euclidean limit
of larges, s — oo, gamma factoty, reduces td, so that the
gyroinequalities (11) and (12) reduces to the

PA PB PC -

PA’ PB pC' T
and

PA PB PC

PA’ + PB’ + pPC’ 3,

in Euclidean geometry. We observe that the previous inequal
ities are "weaker” than the inequalities of Smarandaclhnes t
orem of minimum.
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