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1. Introduction

The fuzzy set [1] is represented by the membership function for a fuzzy problem. However, the
fuzzy set cannot be described by the non-membership function for a fuzzy problem. As the
generalization of fuzzy sets, Atanassov [2] presented an intuitionistic fuzzy set (IFS), which is
characterized by the membership and non-membership functions. However, IFS can only handle
incomplete and uncertain information but not inconsistent and indeterminate information. Thus, a
neutrosophic set (NS) was introduced by Smarandache [3], where the indeterminacy is quantified
explicitly. In NS, the components of the truth, indeterminacy and falsity are denoted as 7, I, F,
and then they are expressed independently by the truth, falsity, indeterminacy membership
functions defined in the real standard interval [0, 1] or non-standard interval ]°0,17[. After that,
Simplified NSs introduced by Ye [4] are the subclasses of NSs and contain two concepts of
single valued neutrosophic sets (SVNSs) and interval neutrosophic sets (INSs), then they were
applied in decision making [5-17]. Even though they have been applied in real MADM
problems, however, their decision-making methods cannot handle the problems of both the
attributes and the sub-attributes. Smarandache [18] first defined n-value/refined neutrosophic set,
which is composed of its n-sub-components represented by p truth sub-membership degrees, r
indeterminacy sub-membership degrees, and s falsity sub-membership degrees satisfying p + r +
s = n. Next, n-value/refined neutrosophic sets/multisets were applied to medical diagnoses and
MADM [19-22]. Further, Ye and Smarandache [23] particularized the n-value/refined
neutrosophic set to a refined single valued neutrosophic set (RSVNS), where its components 7, /,
F and the sub-components 71, 15, ..., T, and 1y, b, ..., I,, and F, F>, ..., F, are constructed as a
RSVNS, and then they introduced the similarity measure using the union and the intersection of
RSVNSs to deal with MADM problems with both attributes and sub-attributes. Then, the Dice,
Jaccard and cosine similarity measures of refined simplified NSs (RSNS) have been proposed
[24], along with their applications in MADM problems. Thereafter, cosine measures of refined
interval NSs (RINS) were introduced by Fan and Ye [25] as an extension of RSVNS and used for
MADM problems.

It is well known that a similarity measure in decision-making theory is an important
mathematical tool. So, Ye [12] put forward similarity measures of SVNS corresponding to
cotangent function, then Mondal and Pramanik [22] presented the tangent function-based
similarity measure of refined NSs (i.e. neutrosophic multi-sets) for the MADM problem without
sub-attributes. However, their MADM methods [12, 19-22] cannot handle the MADM problems
with both attributes and sub-attributes. In fact, there are no tangent and cotangent similarity
measures for RSNSs in existing literature. Therefore, we introduce new similarity measures of
RSNSs corresponding to tangent function and cotangent function to extend the existing decision-
making methods of multiple attributes to MADM problems with attributes and sub-attributes,
and then the developed method is applied in a MADM example on a construction project with
both attributes and sub-attributes in RSNS (RSVNS and RINS) setting.

The rest of this article is constructed as the following. In the second section, we present the
extended tangent function similarity measure and cotangent function similarity measure for
SNSs in existing literature. The third section, the similarity measures of RSNSs were introduced
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corresponding to tangent and cotangent functions. In the fourth section we present the MADM
method using the tangent and cotangent similarity measures of RSNSs. In the fifth section, an
illustrative example on decision-making of a construction project with attributes and sub-
attributes is given in RSNS (RSVNS and RINS) setting. Lastly, this article is concluded in the
sixth section.

2. Trigonometric function-based similarity measures

NS [3] is described by the three components 7, I, F, which are defined independently as the
membership degrees of the truth, indeterminacy and falsity within a real standard interval [0,1]
or a nonstandard interval ]°0,1'[. For its application in real science and engineering, this can been
constrained in the real standard interval [0,1]. Thereby, as a simplified form or a subclass of a NS
Ye [4] presented the concept of simplified NS. The simplified NS contains SVNS and INS. A
simplified NS P in a universe of discourse X with the element x is denoted as P = {<x, Tp(x),
Ip(x), Fp(x)>xeX} where each membership function is considered as a singleton or a sub-
interval in the real standard [0,1], such that Tp(x), Ip(x), Fp(x) € [0,1] for SVNS or Tp(x), Ip(x),
Fp(x)€[0,1] for INS. An element <x, Tp(x), Ip(x), Fp(x)> in the simplified NS P is called a
simplified neutrosophic number (SNN), simply denoted as p = (¢, iy, f,), which contains single
valued and interval neutrosophic numbers.

Similarity measures mainly describe the similarity degree between different objects. Assume two
simplified NSs in the universe of discourse X are P = {p1, p2, ..., pa} forp;€ P {j = 1,2, ..., n}

and O = {q1, q2,..., qn} for ¢; € Q (j =1, 2, ..., n) such that p; = <t,;, i,;, f,7> and q; = <ty;, iy, [
Then, the tangent function and cotangent function-based similarity measures between two
SVNSs P and Q are expressed below [12, 22]:

n
Si(P,Q) = %ijl 1—tan[([ty; — to;| + |inj — igj| + |fj — fqil)gnﬂ]’ (1)

n
$(P.O1% ) otk (s = tayl +liny ksl + 1y — fasD 550 @)

For INSs, the tangent function and cotangent function-based similarity measures between two
INSs P and Q are presented by

n
S;(P,Q) = %Z 1 —tan[(|inftpj —inf ty;| + |sup t,; — sup tqj| + |infipj —infig;| +

j=1
|sup lpj — sup iqj| + |inffpj — infqul + |supfpj - supqu|) 1, 3)

T
6X4

n
S4(P,Q) = %z 1cot[%+ (Jinft,; —inft,;| + |sup t,; — sup ty;| + |infi,; — infig;| +
]:

|sup i,; — sup iqj| + |inffpj —inf fg;| + |sup f,; — supqu|)6%]. 4)
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According to the tangent and cotangent similarity measure properties in [12, 22], the cotangent
and tangent similarity measures Si(P, Q) (k =1, 2, 3, 4) between two simplified NSs P and O
also have the following properties:

RDO=<S(P, 0= 1;

(R2) Su(P, Q) = SO, P);
(R3) S«(P, O)=1if and only if P = (0,

(R4) Suppose M is also a simplified NS in the universe X, If P€ QCSM, then Si(P, M) < Si(P, Q)
and Si(P, M) < SO, M).

3. Tangent and cotangent similarity measures of RSNSs

This section presents the tangent and cotangent similarity measures between RSNSs and the
weighted tangent and cotangent similarity measures of RSNSs containing both the weights of
their elements and the weights of their sub-elements, which are more suitable for solving
MADM problems with sub-attributes.

If a simplified NS (SVNS or INS) P = {p1, p2, p3, ..., pajfor p,€P (j = 1, 2, ..., n) is refined, p;
=<t;, i;, /> consists of the sub-components such as p; =<t1, t», ....i1, ip,..., fi1, fp,...>. Then
RSNS contains RSVNS with the components i, #», ...€ [0,1], i1, ip,...€ [0,1], fi1, fj2,...€ [0,1]
and 0 < L t l.j,' +fjl‘S 3 and RINS with L, tp, ... & [0,1], l'jl, l'jz,...g [0,1],ﬁ1,ﬁ2,...§ [0,1] and
0 < supt;; + supij; + supf;<3.

Then, we introduce the tangent and cotangent functions to similarity measures of RSNSs.
Assume we consider two RSNS P = {py, p»,..., p»} and O = {q1, q»,..., .} for p; € P and g;€Q (j
= 1,2, ..., m), where pji = <(tyj1, tp2s - stpjr)Cipjts Epjas - stpjr(p)s(Fpjts Jpjos- -+ Joir))> a0 i = <ty
Lyas - oslair)(Ugjts Lai2se - slajr)(Fas Jaiase - Jajrp)> TOT pji€p; and qu€q; G = 1, 2,..., 1(); j = 1,
2, ..., n). Thus, the similarity measures between two RSVNSs and between two RINSs based on
the trigonometric functions of tangent and cotangent are given as follows:

(@) Similarity measures of RSVNSs

1 1 r) . .
Ty (P,Q) =~ }1=1@Zi_1{1 = tan[(|tp;r() = tair| + lipjr) = lajren| + Vojray =

T

fairin D 3513 (5)
1 1 @r(j) . (7 . .

T2(P,Q) = Xicr 755 Zizh cotly + (tpiray = tarrn| + liviray = lagran | + [forray =
3

fari)D 531 - (6)

(b) Similarity measures of RINSs
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T3(P Q) =
r(j) ]
r(})z {1 —tan[(|inf tpjr) — inf tejrpl + ISUP tyjriy — sup tojrpl +

|mf ipjr(y — mf iqir()| + |SUp tpjry — sup igirp| + |inf fojriny — inf fojrn] +
T
|Sup fpjr(j) — Sup qur(j) D 6><4]}’ (7)

1 ()
T4(P, Q) = ; T(])Z COt + (llnf tpjr(]) lnf tq]r(])l + |Sup tp]T(]) — sup tqu(])l +
|inf tpjry — mf iqjrcn| + |SuP ipjr(y) = SUP lqjrep| + (IS fojriy = inf fqrepl +
s
|sup fpjr(j) — Sup qur(j)l)m]- (8)
Similar to the properties (R1)-(R4) of the similarity measures discussed above, the simplified

neutrosophic similarity measures TP, Q) (k = 1, 2, 3, 4) based on cotangent and tangent
functions also contain the following properties:

RDHOSTYP, Q)< 1;
(R2) TP, Q) = TKQ, P);
(R3) Ti(P, Q)= 1 1ifand only if P = Q;

(R4) Suppose M is also a RSNS in the universe X, If P€ QCM, then TP, M) < Ti(P, Q) and
TP, M) < T(O, M).

To apply them efficiently in decision-making, we need to consider the weights of elements in
RSNS as w = (wy, wa, ...,w,) and the weights of sub-elements in RSNS as w; = (w1, wa, ...,
Warg) (=1, 2, ..., 7(j); j =1, 2, ..., n). Thus, the weighted similarity measures are presented as
follows:

(a) The weighted similarity measures between RSVNSs

()
Wi(P,Q) = Xj-1w zi_l w;i{1 = tan[([tpjr(y = tajren| + lipirey = larrn| + i =

s
fairoh D g]}a 9)
() : :
Wo(P,Q) = Xy w; X2 WJlCOt ~+ (ltpﬂ”(]) qu(j)l + |lpjr(j) - lqu(j)l + |fpjr(j) -
qur(j)Dﬁ ; (10)

(b) The weighted similarity measures between RINSs

r(j)
W3(P Q) = W] Z ) W]l{l - tan[(|mf tp]r(]) - mf tqu(])l + |sup tpjr(j) -
l:

sup tqjrcpl + |i"f bpr(y = If iqirep| + |SUD Gpjriy = sup igrp| + linf fojrgy =
. T
inf fairch| + 1SUP fipjrjy — Sup fairanD ozl (11)
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Wi (P, Q) = Xy w; B wyicots + (|inf tpjeqy — inf tojrcn| + [SUP tyjr(y — SUP tojre| +
linf ipjeiy = inf iqjrep| + |SUp ipjriy = SUP iqjrip| + linf fojry = inf fairp) +

T
|sup fpjr(j) — Sup qur(j)l)m]- (12)

The above weighted similarity measures Wi(P, Q) (k=1, 2, 3, 4) based on tangent and cotangent
obviously also contain the following properties:

R O<SW(P, 0)<1
(R2) Wi (P, Q) = WO, P);
(R3) Wi(P, Q) =1 if and only if P = Q;

(R4) Suppose M is also a simplified NS in the universe X, If P€ QCM, then Wi (P, M) < Wi (P,
Q) and W(P, M) < W(Q, M).

4. MADM method based on the proposed similarity measures of RSNSs

In a MADM problem that has multiple attributes with their sub-attributes, this section proposes a
MADM method using the proposed similarity measures of RSNSs.

Let’s consider a set of m alternatives P = {Py, P,, ..., P,,} to be judged under attributes Z = {z,
22, ..., zyy Wwith their sub-attributes z; = {z;, zp, ..., zjp} forj =1, 2, ..., n. Then, we give the
evaluatlon of the alternatives over the attributes and sub-attributes by RSNSs (RSVNSs and
RINSs). Table 1 shows the relative evaluation values between alternatives and the attributes and
sub-attributes, known as the RSNS decision matrix D=(p)mm, Where pg; (=1, 2, ..., r(j);j =1,
2,...,n;5=1,2, ..., m) represents the evaluation value of P; regarding each sub-attribute z;,.

Table 1.
The RSNS decision matrix D=(py;) -
2] Z3 .. Zn
Z115 2125 +-+5 Z11(1) 2215 2225 « -5 Z21(2) Znls Zn2s « s Znr(n)
P Diir) P12-2) DPinr(n)
P P21r(1) P22r2) cee DP2nrn)
P P31x(1) P3212) . DP3nr(n)
P, Pmlr(l) DPm2r(2) . Dmnr(n)

In Table 1, each alternative P; in the set P = {Py, P», ..., P,} is evaluated under all attributes Z =
{z1, z2, ..., z4} and sub-attributes Zj {Zjl, Zp,.. er(/)} by RSNN Dsjii = <(tsj1, Ly, ...,tser)),(isﬂ,
isjz,...,isjrg)),(ﬂﬂ, Jsizowes Jsrp)> (= 1,2, .., r(); j =1, 2, ;s =1,2, ..., m). The importance
of attributes and sub-attributes is presented as the Welght Vectors w= (wl,wz, .,wy) for the set Z
= {z1, 22, ..., zo} and wj = (Wj1, Wp,..., wjy;) for the set of sub-attributes such that Z —,w;=1 and

37D wi=1 with wj,w;€ [0,1].
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The ideal RSNN or the ideal solution is given from the RSNS decision matrix D=(pji)mn as
follows:

Dpji = <(tpj1s pj2s - stpjr)s (pjts Bpj2se - ->lpjr))s Fojts Spj2ae -5 Jojrgp)™> = <(Maxy(tsj1), maxg(Z2), ..., maxy(t
sir))> (Ming(ig1), ming(igp), ..., ming(igg)), (Ming(fy1), ming(fsp),. .., mingf.;))> for RSVNNs

(13)

OF Ppji = <(pjs tpjs -+ slpjr)spjts Tpjs- - sTpjr()sUpjts Jpjzs- > Joirp)> = <((max(inf 1y;1), max(sup
1)], [max,(inf #;), max,(sup )], ..., [max,(inf #.;)), max(sup g;.;)]), ([mins(inf iy ), miny(sup
igh)], [miny(inf ig), ming(sup ig»)], ..., [ming(inf ig;), ming(sup ig.g)]), ([ming(inf £;1), ming(sup f
1], [ming(inf fg), ming(sup fy2)], ..., [miny(inf fgrj), ming(sup fyr))])> for RINNS. (14)

Then, the ideal solution/alternative is presented as P~ = {pi, ps, ..., p;}, where p; = Dy,
DPojls -+ Ppirgy) forj=1,2, ..., n.

Thus, we use the equations (9) and (11) or (10) and (12) to get the values of Wy(P;, PY(k=1,3
or2,4;s=1,2, ..., m). By the similarity measure values between the ideal solution P" and each
alternative set Py, all the alternatives are ranked and the best one is determined based on the one
with biggest weighted similarity measure value given by Wi(P,, P") among the alternatives.

5. Illustrative example

A successful project can be achieved by many interacted factors as presented in previous
literatures [14-16], which mainly depends on the decision-making method. Hence, the manager
has to effectively make accurate and reliable decision according to the presented requirements or
objective attributes with their highly subjective judgmental factors to select the best alternative
for some project.

In a construction project, the manager has to select the best alternative in the decision set of the
alternatives P = {P;, P>, P;, P4} suggested by different personalities or departments like
administration department, technical department, finance department, etc. to meet the
requirements and the objectives of the project from the contractor company, as well as the
contracting company. The following two cases composed of the suggested alternatives with their
attributes set Z = {zi, z, z3} and sub-attributes set z; = {z;1, zp, z(;)} (=1, 2, 3) in a construction
project are presented to describe the applicability of the proposed method. Here, the attributes
and sub-attributes of alternatives are shown in Table 2.

Table 2.
The attributes and sub-attributes.
z;: Budget 7. Quality z3: Delivery
Z,1: Experience or
z11: Human resource cost 2 P z31: Schedule
performance
Z1>: Materials and .
12 7y Technology Z3,: Communication

equipment cost
z13: Facilities z33: Risk and uncertainties
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Casel. Under RSVNS environment, the evaluation values of the decision set of the alternatives
P = {P,, P,, P3, P4} over the attributes and sub-attributes must belong to the interval [0,1]. The
weight vector of the given attribute set Z = {zj, z5, z3} is w = (0.3, 0.4, 0.3) and the weight
vectors of the sub-attribute sets {z;1, zi2, 13}, {Z21, Z22} and {z31, z3,, 33} are given respectively
as w; = (0.5, 0.3, 0.2), w, = (0.6, 0.4) and w3 = (0.4, 0.2, 0.4). Thus, the RSVNS decision matrix
D=(pyji)ax3 corresponding to the alternatives with respect to the three attributes with their given
sub-attributes is given in Table 3.

Table 3.
The RSVNS decision matrix D=(p,;;)43.
Z1 V) z3
Z11,2125213 221,222 231,232, 233

P, ((0.5,0.5,0.6), (0.3,0.4,0.2), (0.2,0.1,0.2)) ((0.7,0.8),(0.1,0.2), (0.1,0.2)) ((0.9,0.8,0.5), (0.1,0.1,0.3), (0,0.1,0.2))
P ((0.7,0.6,0.5), (0.2,0.2,0.3), (0.1,0.2,0.2)) ((0.9,0.5),(0.1,0.3), (0.2,0.2)) {(0.7,0.6,0.8), (0.1,0.3,0.1), (0.2,0.1,0.1))
P; ((0.8,0.6,0.8), (0,0.3,0.1), (0.2,0.1,0.1)) ((0.7,0.6),(0.2,0.1), (0.3.0.1)) ((0.5,0.6,0.6), (0.2,0.2,0.3), (0.3,0.2,0.1))
Py ((0.6,0.7,0.7), (0.2,0.2,0.1), (0.2,0.1,0.2)) ((0.5,0.8), (0.3,0.1), (0.1,0)) ((0.8,0.8,0.6), (0.1,0.2,0.2), (0.1,0,0.2))

To get the value of RSVNS for P we apply the formula (13) to obtain the following ideal
solution:

P* = {{(0.8,0.7,0.8), (0,0.2,0.1), (0.1,0.1,0.1)),{(0.9,0.8), (0.1,0.1). (0.1,0)),
((0.9,0.8,0.8), (0.1,0.1,0.1), (0,0,0.1))}.

For the RSVNS we use the equations (9)-(10) to get the following results of similarity measures
between the alternatives P, (s = 1, 2, 3, 4) and the ideal solution P" in Table 4.

Table 4.
The similarity measure values between P, and P".
Measure Similarity measure value Ranking order The best choice
Wy(Py, P)=0.9106
N W\(P,, P)=0.9176
WI(PS7 P ) Wl(P3, P*) =0.9012 P4>P2>P1>P3 P4
Wl(P4, P ) =0.9186
Wy(Py1, P') = 0.8414
Wy(P;, P WP, ) = 0.8536 P;>Py>P>P3 Py

Wa(Ps, P') = 0.8254
W(P4, P') = 0.8557

In Table 4, the attribute P4 is considered as the best choice, which is the best alternative under
RSVNS environment.
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Case2. Under RINS environment, the evaluation values of the set of the alternatives P = {Pi, P>,
Ps, P4} over the attributes and sub-attributes are the sub-interval of the interval [0,1]. The weight
vector of the given attribute set Z = {z|, z5, z3} is w = (0.3, 0.4, 0.3) and the weight vectors of the
sub-attribute sets {211, Z12, 213}, {z21, 222} and {Z31, 730, Z33} are given asw; =(0.5,0.3,0.2), w, =
(0.6, 0.4), and w3 = (0.4, 0.2, 0.4), respectively. Then, the refined interval neutrosophic decision
matrix D=(p;i)4x3 corresponding to the alternatives over the three attributes with three groups of
the sub-attributes is given in Table 5.

Table S.
The RINS decision matrix D=(p;)4x3.
Z1 Z Z3
Z11,2125213 2215222 231,232, 233
([0.5,06].[05,0.6] [0.6,07]), ([0.7,0.8],[0.8,09]), ([0.8,0.9],[08,0.9],[0.5,0.6]),
P, ([0:3.04],[0.4,0.5],[0.2,03]). ([0.1,0.2],[0.2,0.3]), ([0.1,0.2],[0.1,0.2],[0.3,0.4]),
([0.2.03],[01,0.2],[0.2,03]) ([0.1,0.2],[0.2,0.3)) (10,0.1],[0.1,0.2],[0.2,0.3])
([0.7,08],[0.6,07],[0.5,06]). ([0:8,0.9],[0.5,0.6]), ([0.7,0.8],[06,0.7].[0.8,0.9]).
P, ([0.2,0.3],[0.2,0.3],[0.3,0.4]), ([01.0.2],[0.3,0.4]), ([0.0.0.2],[0:3,0.4].[0.1,0.2].
([0.1,0.2],[0.2,0.3],[02,0.3]) (10.2,03],[0.2,0.3]) ([0:2,0.3],[0.1,02],[0.1,0.2])
([0.8,0.9],[0.6,0.7],[0.8,0.9]), ([0.7.08],[06,0.7]), ([0.5,0.6],[0.6,0.7],[0.6,0.7]),
P, ([0,0.1],[0.3,0.4],[0.1,0.2]), ([02.03),[0.0,0.2]), ([0.2,0.3],[0.2,0.3],[0.3,0.4]),
([0.2,0.3],[0.1,0.2],[0.1,0.2]) ([0:3.04].[0.10:2] ([0.3,0.4],[0.2,0.3].[0.1,0.2])
([0.6,0.7],[0.7,0.8],[0.7,0.8]), ([0:5.06].[08,0]) (
5,0.6/,]0.8,0.9]), [0.8,0.9],[0.8,0.9],[0.6,0.7]),
P, <([0'2’0'3]’[0'2’0'3]‘[0'1‘0'2]) > ([0.3,0.4],[0.1,0.2]), ([0.1,0.2],[0.2,0.3],[0.2,0.3]),
([0.2,03],[0.1,02],[0-2,0.3]) ([0.,0.2],[0,0.]) ([0-1,0.2],[0,0.1],[0.2,0.3])

From Table 5 we get the RINS P for the ideal solution by the formula (14) as follow:

([0.8,0.9],[0.7,0.8],[0.8,0.9]),\ /([0.8,0.9],[0.8,0.9]),\ /([0.8,0.9],[0.8,0.9],[0.8,0.9]),
P*=4( ([0,0.1],[0.2,0.3],[0.10.2]), }{ ([0.1,0.2],[0.1,0.2]), }{ ([0.1,0.2],[0.1,0.2],[0.1,0.2]),
([0.1,0.2],[0.1,0.2],[0.1,0.2]) ([0.1,0.2],[0,0.1]) ([0,0.1],[0,0.1],[0.1,0.2])
Thus, we use the equations (11)-(12) to get the values of similarity measures between the ideal

solution P* and the alternatives P, (s =1, 2,3, 4) and decision results, which are shown in Table
6.
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Table 6.
The similarity measure values between P, and P" and decision results.
Measure Similarity measure value Ranking order The best choice
Ws(P1, P') =0.9169
5 Wi(P,, P7) = 0.9208
Ws(Bs ) (P, P) = 0.9109 PezPr>Pi=Ps Py
W3(Ps, P ) =0.9282
Wa(Py, P*) =0.8531
WP, P*) Wa(P>, P ) =0.8589 P>Py>P>Ps P

Wy(Ps, P:) =(.8328
W4(Ps, P =0.8713

In Table 6, the alternative P, is considered as the best choice, which is the best one.

However, the same ranking orders are shown in the two cases under RSNS environments. But
existing literature [12, 19-22] cannot deal with such two cases with both attributes and sub-
attributes in RSNS setting.

6. Conclusion

This study presented the tangent and cotangent functions-based similarity measures of RSNSs,
and then proposed their decision making method, which is more suitable for the problems that
have multiple attributes with sub-attributes, along with both the attribute weights and the sub-
attribute weights.

By the similarity measure values between alternatives and the ideal solution, we can rank
alternatives and choose the best one. Then, an illustrative example on the decision making
problem of a construction project was provided in order to indicate the feasibility and
effectiveness of the proposed method in RSNS (RSVNS and RINS) setting. Obviously, this study
extends existing methods and provides a new way for the refined simplified neutrosophic
MADM problems containing both the attribute weight and the sub-attribute weights. For the
future study, the presented method will be extended to the similarity measures based on
logarithm function for group decision-making.
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