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§. Locel Thesy of Holomorphic Functions
Notation: F: Q2 — €, 2+ ccomectals cpen domain in €
Z=X+dy , 12=-)

ffﬂﬁh 3~ ﬁio)
'é'—»a

Def. f: hdomorphic on Q < v2.e(D, flrza2 exists

Exomple : ﬁz>-o<
Althasgh Wcﬁmcbm o linesn, t's not holomorphic -

fath-flzs  xothi-% _ A

Zo=Ko+dlfo , h=hitiha. Then — T = —paaha - meim heo mo lmit a0 h—o.

L Oms'equenceo of hd'owa% ﬁz+h>-ﬁz>

Assume f ho[omcrpbu'c, i.e. f'(Z)- ’é—% extety, v zelL.
Toke h=h—o0. €IR, amd view Rzy=Fxy>
3{%&“‘“ P-Fxy) _ %g""ﬂ’ JO -
On the other hond . toke h=4iha— 0. hz€ IR, 2 =-’§g (= ftz3)
=>_,&m 'Xy+h=)-f21g - _af
ha—>0 ihz 1 ('x 4

Moresver, if we write f:f«.:dyzwx.g)+fil)m¢d) L Uv:Q—IR

Nototion : %=':IT('§£ ’;’ then F holomorphic => afr‘

Thn. TThe following conditions are equivalent ¢in Standlorol. notations )

W f MLDmcrplu‘c in Q).

cii)fl\‘_\ C'inD & 'a‘f—=0 in Q

@vf ks C'infL & V regim DS Q wWith piecane C' bowname the line integral
§anﬁz>olz 0

ol B CinQ & vaie Dzory SO, 26 Daam, we have
2= T §ab (fmz oo (CWD% integral JQW[Q)

WV 20, 3 diac Dtzom €O st ﬁz;: %cﬂcz 20", v 2€ DlZory (umiform
oonvengence). In porticulan e CO(DY S CTL.




Observation :
Grreen's thm. in the plwe: Let D be a reggin in IR* with piecewise C' bourdsey 3D, then
§an Pex.ysolx + Qem,yrdly = IS <—§§ - 'aa%) ohxoly
Aoy this thm to the coe of famctions of o Complex wriskle 2, fizy=u+iu
é;anﬁzadz = §ab ((A+‘iu>(dx+4‘alg)= §an uolx- voly + —f§a1> udly + volx
Gaan
=I5 (-3 - Srckndly + 4 [[oe3% -5 oy
= {ﬂb\l%‘i——%>+ic%%+§¥>]dxwd
=2 5 %d«oﬁd
= §abﬁ2>oli= o if f holomorplsic (%EO)

Droft of thm.
(v) & (il +
=k @y, Since Jpe Cley, we may aoply Green's formula.
=3 e argue bg Contraoliction .  Assume -a%?lie)$o ﬁr Some Zoe€ (2.
Take on crbitmey dic D &rownd 2o . By i
0= l§an fzdz | = lziﬂbfg‘dﬁa%l =121l (g’:_-(;,_ Ba‘zﬁfi'ﬂ)olxobd + zi'g(ﬁ)mdzdld |
> 2I:—zf-cza>ﬂbalm&gl ~ 2]jfbt—§—§cz> —-:—;tz?mdmlgl
2 2 l%(Zo)l Area (> - 2 {Ip l?—;rza-gaz—flzwl dmbd
Since £ n C', 380 st 12-ZI1<S = 1%&)—%‘5‘:&»4—]%&0))

= 032 l%¢2¢>lﬂ82>o, contraddiction.

Gin) = (iv)
Fn - fz
We ﬁx 2eQ, oand set Qu=—g—z , weld\4z}
2]
Claim: 55 fy=o0 on Q.\;iz} .
3 3= ftwFfaycw-2>- - i
This is because 3R 9“‘”:Lﬁ 12 w—z@mﬁn&m 2 =0 Since ﬁua-ﬁzx W-Z

are  holomerphic.
Moreven , g is C' on Q\12} she fun-far and w-2 are.

= g Satsfies iy on Q\iz}
= ¢ tisfles tin on Q\{2}
Apphd i o E<lw-21<8

D: E<lw-z1<S




= o= Sgan guorco = Puszig ford - Pris-giecfords )
Claim: sglw-zaza guddy — 0 as £—o0
This is because bg Toylor's formula, - ¢for C'H
fcm fz>+ S (R- z>——a£(w 2) + o(lw-21)
= Jln = 'gTo‘”';-‘)‘" oclw- 2|
= { can be extended an o contimuows famction on O, thus bounded on 1w-z1<e
= I\SEM_Z‘:E Gquadu | < ﬁ“_m_e Bup lgus| = e - ch._:"‘l gun| — 0 ab & —0,
and we brow that it's independent of & by %
Thia 0 = Pus-ziza ’C‘S’:ﬁ:’ o> = Foozics wm; dw — ﬁz’ﬂg -

—§w-z| =37 w-2 i‘m;dw - ﬁzuﬁg‘ N C . let ¢=3e"

W-21=3 iff:z de - ﬁ-‘*’f'szr‘

= §1w-z|—8 L o - 2mﬁz>
= JDZ\ =5 SEM 21=3 N(w; dw
This 1 the cee that 2=20 in tvi. More genemily, for any point 2 in 12-21<8,
Considler the intagral of I o1 the bourdory of the region bourded by 11-2el<3
ad 1W0-21<€ . € small enugh so that it's contained in 1L~ Zo1<d

we hae : P . e’
| tw) 209)
ﬁ'§lwzol—5 o=z ow - 1'561) z-le“zdw

! :Fm; | Fud)
= f(z”.) = 'z_-n'."ﬁm-zhz M-zdL‘):z-m' Sglbo—Zol:S W—2 dw

(ivy = V)

' ‘
Now JCCE) =ﬁ?§w—zx=8 ﬁmtw-zu-cz—za dw
1
B S
21 JIW-2l=20 w-Z ! T 958

| iw) 2 =3 n
= 2T §ll~‘>—21=g kf—!o n=o U‘§o> d

| = fll-J) n 2-2 _r
='z_rt'i':“;:o(£w-z|=s (w-z.)ﬁﬂd”)(z‘z°) 1 ozl =T <

Here the equolities are ualiol sinee l%i—ii;m ond thec:muelgeme A wngﬁw

(2

Wy = iy trvid .

()= (0 CHonder )



b\)ealrewbdlmw&at obgmtvsiabg‘&e-t}eﬂ»eww'?'hmswmma
Step would be to chow that  holo. = Fe C' (gince we o dhm't bnosw aprisri
thot jf is C', te an NoT apply Green's thm. to preve (> => Giiy )

It suffies to shod that for amy disc DSQ, there exists a C' fimction F st
Fias=fi2) ond aE-o, Then F extisfles Gy thus (v> by the previsws provf. Then
F uod be C” and 80 b fizo= F2) C®, in particuler fi2> 6 C'.

In the oke D, (et FCZ)——-szﬁmdw where L2 ﬂe&ne&%me«rt‘)mmna.&avdz

Fezehy — F&)
We compute Flay= Ty "N —=

= '4'”‘ 4 CJLawt> - [Laem)
= ‘é’»oh ( J‘L*"( )
= h-"wo - J;;Fcz-bth) holt
= f=.
Proof of the Cloim :
The claim <= Ss:moﬂale fezrdz = o
let 1= é—:—ﬁz)o& andl. subdlivide the trimgle into the
ﬁurequa,{ pieces a4 in the picture on the right.
I= Z§T. frasdz
We an ney pick o T cizinay ST, (soy. T \(;
|56 ifiz>oz| 2 -},—_
{,Jeﬁ/%ers‘ubobwde T into 4 auel pees Ta - To, owd A

pick Ti st
| O fordz | 2 £1$ fimvdz ) > 2

------ ¢ iterate e process )
We obiin 0. sequence of * nesteo tripngles”

T2T'=2T2--
With |§TJ fzlz | > Zx
Mereover f\; Té =42}, Sine £ i holomorphic at Zo . J&):ﬁzgn +ft203(Z-20) +002-20)
in a Suffiently smoll neighborhoral of Zo . LOhen R 13 lorge emowgh, T will be cortauned
in thid nesghborhooo.  Thus

| §an0qz>dz | = 1\95;Tn(ﬁzo>+ﬂ;o>zz -20) + O(12-201)) 012 |

6



IN

13Q,Th(ﬁzos+fzzmz Zo)olz | + lsga [ OC|Z-2ol1d2 |
$on 1otiz-2ol) | 1d2]
3-diew T - € diomTh

IN

IN

OiemT diemT
= 38 VJ_T ' >k
T N —2p
=3 (dlm ) g where € 1 O»fbff/m‘i@ amoll , &ince "&’“O[l[: iol:
1 (ChianiTy?
= Z<ED
= 1 < 3w &
T I = gince € 1 wbﬁmnéd Ssmall .

Examples of  holomorphic Sfunctions
ezi:,% ccwe/geaﬁradz. =% Iy holomorphic on & and
L o*- 0% ond =%

~ e wont to define éogz o the imere of ez, ie e&ﬂiz
Set logz =u+iv 2= e -eeV = yz1z|, v=Anz, but until we

introduce o cut on & . AgE awt be o well-defined fanction on C.

« aout

¢ Open wapping and moximed - modlulows  theorems
Toke £ holomorphic in X

0. -Fio = the Zen's 9‘: f ore Isoleded , i.e. J€20J=o =3V, V\eiahbmhood quu

8t Vv 2e V\zs, Ffr+o
Tho ks becouse . we an expand f a0 o pover Series near 2o

&0
f2r=2Z.0n2-20)" in a nhd of 2. F#0 =>3n. Gn#0. Take the omaest tuch
n. Soy. On#o. = Ft2) =(2-ZN (An+ Qun(2-20) 4 =<Z—2u>”gcz> , wWhere

Qizo)=0n#0. Thus in o SMall onough neghborhionol  Q2)#0.

DeF:%e@dM@CUMSangcfaonéN



2). The class of memmorphic fumctions in €.
Def : g moromorphic in (2 & V2eQ, f20)= 2 f On(Z-2,)", NeZ,
Meromarphic fometions Sotmfy the folloving vemion of Cch/% integral. formula.
=7 sgabgfmolz 2 Resigy iy

where  Zi are po/eogcg insiole D omdl there are mo polea en SD. (The poles
insole D Gre solated thus finite , Sice D compact 3. Here if 2i 11 o pole
gezn= 2, O0a2-2)"  Reagrzot Q-

PF: Couider g2) a8 2 holomerphic furction on V\{2,-, 24}, Wee V i a
neighborhood! of D
= o= §B(D\U{li-z|1<6j)€&)dz .92)1) vz — 2 Pig-g,-¢ f2202
= gz = Z Piz-zie 8"3’0’2

In each 1z-zi1<e, 812)_2; On(2-2:Y"
N=Ni

ﬁ §Z—Z:I=s g‘z)dz = V\=M' §Z-ZT[=E an(Z"Z\)ndz
Now é;Z‘ZFF'E (Z—z.-)"dz = { 0 n=-|
2mi n= -l
N .
= §a13 grzylz = % 21 Qeofg)(z,-) =
. Simple  congeguences

gcz> meromorphic in Q. => guzy b Meomerphic with poles at the poes of g
:>%E'M meomorphic with poles ot the poles ovd zemes of Q2> ; ond the
resiolue of = ot a o of > o +1 (to be cownted with rmultiplicity) , while
K - (to be cawted with multiplicity)) at a poe @c 42>,

Pf: Neer o 2o or pole of g2 gizr = Ian(z 2" (ONe#0)

= g&r=(2- ER Z Ont2 -2, = (2-20) Ui 2) ) UlZo)#0 .

'cz Noc¢g - 20)”°—'u52)+(2—20)~°u'c2) No ulz)
= = = -+
@-2. 1z 22 u@

wehaue A pole of—%% if Newo .
{ No >0, Q2 hos & zer of order No ot 2o
No<o, (2> hao a pole of order -No at Zo 0
In COMO{MSIOYI
42 s, 8

ofg



(Open Mapoing Thm.) f: Q — @C holomerphic . not constont. Asume £ hes crlen
n>o ot 2o (i.e. fizy=(2-20"uez> u@n+o) = 3 U Neighborhovdl of 2o ond
V neighborfoodl of 0 st. v veV. 3 ety n points of 2,--.24eU st
fizo=- = fram=v

Pf: Sinee the 2on's of f arol ' ore toolated , we moy asume thit S=3D
o smoll circle Grounol Zo such that ft2)#0, ftzs+o0 fir 2 Dr\{2}.

S
B - @
e

S)

Consivlen the Joldooing fimctin of w: W =k sa‘q‘%ﬁd‘z‘
The RH.S. = integer Ualueol  Cortinumous ﬂ.ncb‘:m on CE\ﬁS), 't’:ﬁmlomﬂg comtont .
Let V be the comected component of T\ FcS> Contzining ©.

L& &
= vVweV 2am Sgsac@,_wdz =N = #{Zews of fiz’-w> in D
Thuo ﬁz>=w hao@md:&d n-2ems for weV in FEV) N DEU. The 2om's are
oldtinct Sine we hawe axsumed that Y 2+2.. ftzy+o =

Gor. If ' 1o holomsrphic and not o constomt => the image of £ 10 qpen.
Pf: ¥ weInf. Take V for fzo-w G0 in the thm, VE Inf. =

Cor. (Moximum Modulous Principle ) f ho(omm:h/c on (2. .br JZed st
Iftze) 2ifisl, v2el2, 'thenf/‘d Q. constomt .

PY: .& P “image V 5>£c20)

I £ were nat coutnnt, then fizer wod be in an opon set of images of £ => theee
wodd be 2'e (D with \ftznl > 1fizel, Contrdiction. O



® Applicotions : method, of residues

0. Coloulate Jo s o using resiolue formula.,

I—zfoo |+'x=d7‘—z‘%}:” I H'Z‘d'z. Construct on integral contowr as follows :
_m (fa w2 T fﬁ 22 )

83 the residue thm fami= 210 Reatz) (1),

l L o, I
wol =T FE 2 = Res () 1) = 37 5 >
- R

oz
= Jos=n Tiggl R
oz |02 Rdg _
Moreover lyﬁﬁls o TEI-1 = Jogr, T TRE 0 4 R—o.

= 1=I.

O L
F\rzs’quali the integral Comverges : x o,%al.mﬁeﬁnmmmwmzm@@
thus integrable rear 0 ; | [ SPRax|= B0 |7~ [P By | < 1+ [l , thus 1o

wdegmble near oo,
We ot to apply the method. of residie. Considor €= cov2 + i5in
zsg:x -Im(fw Z 0‘2)
To coloulate [oo S-dz we toke the following contn.

$ Loz = Qes(—non_zm <
On I: %1=—+Mcz) Whee w2y M holomaphic My N g
ﬁ%d:—:: flﬁ‘dz+ futrsnre'%te — L o r L
=T + Ory — T (r—o> 2y 1
Lad v Iz _'idzl = lfR iiﬁ;wdﬁ = ’fok iﬁa
£ j; R d'ﬁ < Qf '%(ﬁ-»o (R — 00)
'ﬁ]l ——-—dz]_ | QR Qe(::d'xl f,; le'+1nld € e'”f —of'x 26”5 (R—00)

Thucrrﬁléaws that 2m1 = J iz‘a!z+Tn-n-o+o
= f Smxd — Ij‘mSmxo{“:l;:_

o0 )27
3). Ewluate J; —;li—u—olu (0c2 <1, which engues the Convergence )
VR = MY bt sine i@n"ﬂmﬁbn aon omly be. well-clefined offer we  introoluce
0. cut on the plare T, we make Ye follsdng Cortour on TN { K30, y=of



We pick the orchinasy ‘%”Wm on the upper holf of
the poitive axb.

Nos the fumction f(\/)— v N holomerphic on
C\1{-'} onol in perticuler heo @ simple pole insicle
our Comtour. Thus bg the residue thm.

Sg:JCCUJoLU = 2T Qeufu = 27[1(9'“) _ o o TR

0 (re'®)?” 7 r* m
Moreover, lﬂfzwdvl—l M oyes " rie®de| ¢ f df o (r—o0)

lfm;ﬁuadulﬂ e ’éz-meD; &% | < Q

D |+R

sz|esz2‘l)
Now .ﬂ[-tIVJCCU)dU = o HU Ol-U f __\'_%'TI_—.O{U

R 2-1
= -EN Ty

iz [y T2
Iﬁ(l—e l )fo ey +O+O=2n‘1e'mz')

2T e'"" » T
= f I+ U O(U = 0= ezm(z-u SinTiZ =

® Analgﬁc Continuation
Braic  Obseruation :
Let ) be o domin (comected, F . holomaphic fumction. TF F=0 on a non-emcy
Open set Q' Q. , then f=o0 on Q2.
PF. Let 0 =(2.6Q | f=o in a neighbohacd of 2}
M. Q20" Huws +¢.
(. G open fnyn d@?ﬂfﬁm = 0=0 se O fs connected.
(. ﬁ /s Closeol ®
e vz2c0° e £fhmt iclentically O around 2. Lrite ﬁm:é&(z—z\;”, then
Some CN must be rom-zem. Toke munimal Such = ﬁZ)=(Z—Z|)Nﬁ2) WIth ﬁz,)qto_
Thus fr23%0 on on open neighborhsod here ﬁzy;to. |

A Bose Question: Given LE T anol F holomarphic on Q.. Lohat 1 the loqgest

Q' st F gz holomorphic on Q' st. Qg =f. (Nete that for Smovth fanctions
Smovth extensions need not be unigue

‘ ld=e'9"t= We oy extenl Yy
bﬁ O &% itself !

>




Modkel coses :
® et e C¥0.11 ond Consider fcz>=ﬂ' 2XEQxdx
The itegral Conenges for Rez > =1 and olefines o holomorphic. fumction on
{ Rez >-1}
Cloim: ﬁZ) admits @ Meromorphic extersion with poasibéa poles at the vegative
integes .
%C: Let N be omy PQSI'ﬁUiI integer , we will write Qx> in terms of s Taylsr
exponsion o 0. QX = 2—:-0'}[? Py X"+ Entx)y  where [Enexs| € © x™
| et Rez>-1, then:
I N ]
fi2y= [} R = Jo = 7 Qo x™ 2 ol + NN
Now, since |Enmols CX™ [ EnoXZolx  Cowenges on Rez+nty »-1
o~ equivnlontly Rez >-n-2 ond defines o holomsrphic function there. Maresoer

N N @Yy |
b 2 Aot xRy = = T2 L
® Ao m @'or X" dx n=o N' nuiz

which 13 Q. Memmorphic. fomction with possibly poles ot 4-1,-2, -+, -N=1}.

| A

nl fw@y= mero. fun+ holo o1 Rez >-n-1
| W—e/d

R EE8r0 ey o ol

-2 - on Rez >-n-

Thta works ﬁr arbitmnd NEIN = fe)denoQ o Q me/omarphicﬁmcbbn on &,

with resicue ot -N-1 equel o ﬁ”,\%’- =

® The I'tzy—function
00
T'2)y= f; % xZgx  (Rez >-1)

Cloim: T2y extends to a memmorphic function on & , with Simple poles in {-n|
neiNy.

Pf. Ta=lea®ox+ [ dx, ond [\ €"x% dx & well-dlefiedl avol
holomorphic in the vohole plome C.

Thus we Moy opply the previows resut. O



® The Ztz) (Riemann zeta) function.

L) 2 >°__i—'— . well-olefineol for Kets) >
Obsewe that 75 can be wﬁﬂen ob J;we'"*fs"o(t = ItsynS
= {o= £ m:f E = Tm o g St
Sivlor 0 obove . [\ €t comita on extonsion to @ Premmerphic. fanction
on @. (In fact holomerphic on T\ {1}, with a simple poe at 1. . Since L8>
also hos simple poles at -n . )

Ex. Compute to shoo that Zoy=-15 ) J_——éoazn

Now . toke X to be a Smouth Compact meamifold . Assume that A: C*X) — C*UX)
iS Gn opentor oith eigenvalues A D200 AQn=)nn.

(e wont to define OletA =TI, ks this possible 2

In intesesting coses , An—>00 , there to no chance that it WU cowerge.

2 0 . .
Eg X=8', A=-%5 0=20e"™ o €™} & a bow
Aefn9= —( ;m?-efﬂS: nzems
TNn*=7?

Tn interesting coses , ot A= }“m)\n. We amly o 2eto.- fanction olefinition
Formally . clefine Z:A(S)— P M

= §Ms>-§o(e )—%o ‘&M.n./us
= Z,:A(O) )mw_'a'k)m 'eﬂr)ll
AM e-CAm)

Eg X=8', ZLsy=2 = o =202,

- 1 [®
Noe Hhat 1S = 7, Jo €M ¢8-It
= T =55 ):Zew-ts"d‘t Defie kety= = €™

Using the some analystes as we dio for Zess, we obtain a Sufficient cardlition P
u) to extend holomorphicolly for S resr s=o



Prop. Assume dn gross pdynomiallyy in n and Kety /s o smosth famction for
+>0 , ﬁrt‘hef\mae :
(. Kety € Ce™ for +550
b. Kty ~ Zn;&'t’!-r Smosth function for teCo.1)
Then Za(S) odmits Q. memorphic extension for S€ & , which b holomsrphic at o.
Pf: Since ket dt | < 557 1keen 't < o C-€*t5at amvenges For
Res >—1 , +hws defines o. holomorphic function there.
Now [ Kty tS'd+ = [o Keyts + ffakcﬁfs" ot .
Since [“ketrtS ot (s well-defied and holomorphic for 0l se C. 1t Suffiees T
Qo that J ketst STt con be S extendked
Trdeesl, Jo KetrtS7lglt = 32, Cm B S4e + [ BtrtS e

C |
= % o J:: Enetytsolt ﬁr Recs) > N+t

G ! .
Since #s_% is already meromorphic on ., it Suffices to Shaw that Sy Bttt

exterds to be a. memmorphic functiom on & o
Toke the “loyor exponsion of Ewct) =M§@mfm+ Fuct) , Gm=r . Then
|Fueh Dt for te (0,1, amd we have:
f;(MEM@m‘t‘M + Fuch )t 5olt
= éoam-ﬁ';g + §) FuctrtSott

But [ Fwctitsdt] < folFuetrtidt < fo D% Comenges for Les>-M-
ond defires 0. Mmeromarphic function there. The resutt Sollaws.

Finally Zict) hoo at most simple poes &t AN, N1, 1,0, =1, § omd Lrs>”
Uomishes at S=o. the lost statement Follavs.

Obseruations : e shall lofer prove that if A & om elliptic PDE of pmitive
order , then An—> 00 polynomiollyy ard Tre™™ colmits on expansim s in cb.
ohere Tr€ ™ = dimkera + 25,6 10 will shoo that TR Satisfies cby
by selwing (&+a 1 Hth=0 Hb o= ond set Htr=e™.

O



Basic exomple:

XZG/ZGBZZ, =T +Tzi., Ta>0 l/"7
A=-4355 acting on peodic fanctions /
{CP(Z-H):QXZ) \ |

Pz+z)= P>
Ex. 1) Shos that the eigenvales of A are given bg Amn=
). Ot A)' = G54 T2 1IN+ where Mgy = 9= T o-gn g=e"

412
= Iminz\* m, ne Z,



§2. Riermonn Su/\‘ﬁ\cea
* A Simple Moolel
Problem: e wowd like to define the fomction =dAZ on a moximal demain . there
it ko holomorphic.

[Z=6"%2 gine there to 40 ivolved . we start bﬁ picking &. bmmh of thz
on C\IR>o . if we choose the woualy olefinition of oz | ten 2= re® = G-Ire*
ard on upper oamd (mser IR>o axis, <z oiffer by 63=0"=-1. Toke 2 Copies of
T\ R>o , 't‘hﬁnwecmg&zeﬁ)em together-:

A
I I
+ +
— et U ——— e
W=A2 W=~

Glue I+ with 1- ond que I- with Ir , we obtain X=(1)U (II) and oefre aﬁzﬂm
W on X as follas W =& if 2eIl. w=- f 2eT.

Obserucetions -

th. W K continuous a[ong the cut

@ X = S*\IN. s}

For 2

/A2 /

@C\IR>o = upper hemi sphere

I- Sl

Q(Me I[ -

/



Claim: each point 2 of X admits a neighborhood Wze which ks in 1-1 comresponolence
with o gisc D in C.

This 1 obuious for Zo& (Rso (the cuty  Wzo =12l 12-20 <8}
I 20 b on the cut . we om just take 2 holf dives in I ond T to glue together.

7D Zaé!Qw
ZoelR>0 T
2o € IQ>0
gLue

I»f (on I
I[ (or I4)

Thus we o give X=8"\{N.S} coordlinate chants bd these Wzo's , Wzo— D
Z—>t=2-%

Def. thfbeaﬁncﬁonon S. bdeszgf/s holomsnphic i ¥ Z»€ S, Flwatzeen
is holomerphic o o ﬂmcﬁcn of t.
In this sense , Wy = Az, 2¢T is holomophic on X.

-z, 2el

Cloim: The point 0 ¢ Smth pole ) alo admits a neighbarhod \Jo in i-1 carvespordente
with & ok D in C.

Infact-.

& @

toE | =i

=
S

ool plug in 05 of Viomd Vi to mpto 0 of D
Now, let X=X U4S,NY. A fomction £ 1 soid to be holomarphic reer S if



JClV:LUV:[ (2t b hl)lDMo’ph/c n D.
Two natwod examples are Wizt =t od Zety=12, both holomophic near S, anol
howe Ze's at S of order | amd 2 reepectively.

Neor I@Tmtg qf T od I, we intmdue the coordinate U=2 omd Utoo> = 0.

Cloim: 00 (north pole s also cdmits ¢ neighborheced \foa in 1=1 Camespondence with
te wit disk DE T, ond the ol comlingte b gien by 2>F=t, ZeI omd
Zg=t,2ze T ,om 00 (of both I and I) +>o0.

ek

-y v |

(lves (Zct0) ==, Simple pole ot N, omd Z |uutts = 75 , dlauble pole at +=0.
® Tp Summory , the function w=A42 olefied on C\IR+ is extendleo to o mermorphic
Sonction on the space X= I LT L{S, N} =&

The function w> has 0. Simple 0 at 0, ond o Simple pole at oo

The function Z hos o. deuble © ato, and a dmble pole ot .

Urder the ratuml involution ¢ Switching ) I « T, the fanction 2 t> even ond
the function w0 is oold.

* Ancther Busic Ex&‘,mde

W= Z(Z-IZ-D) (A0, 1)

Problem:  omalytically contime w=n2z-132 -3 defied on some clomain of <.
For W to be olefined. it suffices NZ, 427, JZx be wel-odefined . Thus take the



olomoin T\ L., where L puses thraugh o, 1. A, <
Cleody. 42, 2= amd J2x are ok well defined A
omd holomwrphic on C\ L. -
Consider o point 2elo,11: 2— €™z onthe circe C
but (Z-T ond NZ-x are both well-olefired. , uohile JZ S -IE
/ => W— -W=-AZ@-x2-2 wnder C.
A\ Next. Congider Ze Lia
Si‘milw(ﬂ. we howe
JZ 2. \Z «
=2 A
JZA2s Jzn A N
= W-Ssw M iwasent , Contindous ¢ hdemorphic )
Finolly, Consider 2 € Lo, omd o Similpr boop . D
= NE— N, (20— -Jzo, J2A — -z
omd W —> -W (woer the (oop .
In summory, Singulorities oaour only on Lo, 1111 Lo

Thus W= 2 AZiz-1z-0 are holomorphic on €\ (Lo, 1211 L ). Toke o Copies
ond géue .S’J‘miblﬂd fo in the previous Cove.

] I v

-+

- o - |

W= /chz—l)(z—)\) / W=-NZ2(2-D(z-)\)
SI Sli

A 4

v




SI S

N
‘orua
S

We con construct explicitly loood Cosrdinates rear the South pole S

Claim: W to holomsrohic repr O (S). (sinilnly for 1 and )
W= A ttinEin = tA RN ﬁv‘ l4+-0l<<o , N(tEnE=N /s holomonghic

= W oo o Simple 0 at t=o0
Sw&wd neor 0o C N, introoluce the holomerphic cosrdlinate tete onl omd t=—3
on T. W=ABEDEN =m/0-t9u-a® ; Jor 1H-01<o Ja—t0-3) ks holamsrplic
= W is meromorphic with o. pole of order 3.

In csnolusion, w hos been extendedl to & meromaerphic fomction on T omd W has 3
Simple 0’s amd Q@ pole of ovle~ 3.

The function 2 k aloo extenled meamorphicdlly , vaith on order 2 0 at S and on
ovler 2 pole ot N.




o (uestin: There are many Tori with & Complex  Structure Ci.e. Q. notion
of holomorphic or meromorohic functim apolies), for instonce : S

& C/282z , c€ €, Imz>0 "
A Jnction @ o0 T can be iolontified 4ith o Somction on & o
Satisfying P(Z+minzy= QE), YmneZ , ol @ on T s holomerphic (memmorphic)
if the mponolhvg @an C /5 holomerphic Crmemmonplic ) .

Thus we reed to see if X wn be identified with Tz for some T, ond if ges
hoo oo we determine such o z 7
® Key strotegy: There ore very fou (in foct. only Constants, by moximel modubus
theorem holomorphic fomctions o X. Rather we werk instead with

w. holomerphic fsrms

and [or ). Mermorphic functions
Anol +hen proceed in the ;gl(moing 3 stes.
Step1:  Construct these objects ¢+ explicit forms)
Step 2:  Develop techmgues for «+ Riemom bilinear relotios

wonipulating them anol abelion integrals )

Step3: Use them to Construct (< The Abel map : Jacobi
o Wolomerphic  mop invession thm , boseol on Abel's
R — Clz+2z thm. )

1. Corstruction of holomorphic diffenentios .
Recsll that X hao two memmorphic famctions on X , romely Z:X—s CULs}
pr— Zp) omd wcm:i"\fm_-n)a—-m m I

-AZEz-n@-xn on I

~N

Consider the dlifferontid 2% o X
Key obseruntion : 92" 1 actually 0. holomerphic Olifferentiod form on all of K
To see s , express 9‘,,—5— in o local coordlinade System .

02 - —02_—  Nea 2=0. remdl that the holomorghic Covrdinate is Given by

W T NZEZ-nDz-n
t=AZ = 2=t thus dz=2tdt
oz >tdt _ 20t _ )
= wW - m = N Een ,bdﬂCh M hOéO/M?‘pthﬁf‘ H'l<<l,




The Same repsming opplies o Zo=1. A. Near Zo=00, the holomerphic Covrdlinade

o ! _L oft
is gien by t=77 = Z="F, dz=-2
oz _ _—20t/+? _ _ -—adt/+2 20t . _ ‘
-Thus w - d*‘#‘”‘-’f‘i")\) - Tt‘LI-fJ“-'t':)(l—'kF') - Mcl_.tz)u_)\-ﬂ) ) bohlch 'b a@‘n meph‘c \76" l—t,<<1 .

(/(sfng s farm w=—%, we @n Construct & mop from X tw &/lothice in
+he ﬁ(lm‘rg wWoy:

(The Abel mop) Fix Poe X , v PeX.
Consider J::oo, integrotion along V. If ¥ con be
Continuously deformed to ', then Siroo = i ;
Pick A. B o cycles on X

A i« './4 g . P ]
topoleginl foct . Any two V. ' comecting @
Po ond P hawe Y-v' == nA+mB nmeZ
A
= £700= J:""O"' V’\‘f’;w'f m §s°°  n.me X
Thus we mog view [0 co on euivalence closs in C/Zo+Zp rother thon a
complex ruumber, where o= $awo, B= a0
We sholl [afer shes that o« #0, B+o0. ond then we can novwmakze > amd define
W A
D=Fa = Bid=1, ond T2 $acd. The Abel map 15 then defined ao -
X—> &/Z+2z. P — Ap 2 WIAS
Furthermore, we will also shso that Imz >0, So that € /z+2z = T2

Thm. (Jncobi Invession Thm.) The Abel mop is holomorphic from X to T/2+Zc,
ool K 1—-1 omd onto.
Pf: e moy choose the Qs A omd B Ooﬁﬂwl?:




SH Sl

géae

¥
0 -

X
= =20 fmmnmn - We will sheo loter that 7 & IR,

The Abel map is holomorphic since 0lAcp> = LOcp>. Furthermore w /s rever ©
=> the Abel mop 1 locolly om fsomorphlom . The open mapping thm => the image
of A is open s while X compact => the image K Cleed.  Thus we conolude that
A mops R }w&)mmpﬁu'm@ onto L/ Z+ZZ.

To Show that it B -1, we Shall we Abel's thm, +o be proved belmd. which
Stafes that v P, Q € X. APY=AQ) {ff there exists a meromorphic Sfanction
F. with a simple zen ot P and o simple pole at Q.

Thws if P2Q but APY=AQ) we woud obtoin a. meromonphic j@mon
f with o. simple pole at Q. Coneider the mermmorphic differentiol  F- 92 ohich
hos o. simple pole at Q, since %’5— /s géobaag holomorphic  andl - nan-uomishing . Thus
the resice of ff(%- N then nn-zem at Q. which vinltes the following lermma.

d
Lemma.. A meromgrphic dfﬁmﬂt‘d W on a Compact Riemann Swﬁce has
2, (Resco)(PY = 0
%C: Let P.--, Pc be all the poles of 0. Then 50
E(Qesw)fpi)z E§3Diw= —fafx\'é,bi)(/o \Q,_Qé Q.b,
~

=- J‘X\épi adw
=0

The lost equelity haols Since (o I 0. holomorphic differentiol form on X\ 8D O



Thm. (Abely Let P, Pu. Qi .Qn be points on X, Counted with multiplicity.
Then 3 f on K. fmeromw-phn'c with O's ot Pi ond polea ot QJ =

M= N omd %ACD;) = J};A(Gj), the ooldition being induced from the Group
oddition of .

Cleteh of provf of Abel's thesrem.
o Tdeo: try to Construct / icentifly £ From ZE | wobich 1o ensien o deal with
Since its residues ore olhooys =1: +! for a pole of £, -1 for & zew of .
both to be caurted voith muttilicty.

The bosic building block ts the so called Abelion differemtial of the 3™ Lind
Lemma:¥ Q#Qz2 on X, 3 o meomerphic form aa(P) with simple poles
at exacdg Qi ord Q2 omd revidves -1, +) reépecﬁue@.

Assuming this lmma. , o condiolete  of _g_lef would  be
%_f = 2 Wnp- ‘%wpo@.- (Fixing Po)

e L.

whose resicie is | whase resice 8-1  Conceled
“Then %%F‘— %wpop;- ?;_Twp.a.- = C-—d,,% Jor some constant C.
Incmewebmw%f—,wermg reconstruct lyﬁ'maﬂﬁ

gca-—-"exp(fz%)

where we howe to make Sure that the right handl Sidle A well-dlefined. This wil
be the pot where ?;A(Pi) = j_%A(@j) becames 0. necessary avd Sufficient Condlition.

Existence of (Oac: ¢ prf of lemma)

Nomo we came bock to the reslization of X o8 wi=z(z-nz-\1, e @

Cromifiecl clouble Cover of the Remam sphere S*= IP'= @ L {0}
T T

° Q. I o O I

L L
-+ R -+

o — | . o — 1




Ga
D G & g
PO G Gl Gl
Q. Q2 |, 2(Q)
[ ' ; — >
2[@0 o ! Z(@;) PyS

Now given Q. Q: o X, we try to costruct (JQ@s - Fimféj we ousume that
Z(Qu+ 2Q2). Consioler:

[ oz
AR '*.?' (Z-2Z2(Qu)(2- Q) W

But thia Octuclly doeon't work since 2(@n=2(Qy. 2(Gh) = 2(Qz), there Wil be
2 more pdes thon we actuslly need. Hence we con try to mattiply 2 function

to Lill thee poles off . Take:
a2+ B+ W oz
WRe2 = (Z-2@)(Z-Z@» W

(w muwt be imwolved sinee 2 b om “even” fmcaovu wherever Q1 ocows. G wouldl
be of the same unlie ﬁ 2).
Thus we wont: oLZ+R+W=0, Z=ZQ). W=WG)
aZ+B+W=0, Z=2ZQ) W= W) 2@y |
For thia equoation to hoawe o Solution . it syffices that | 2@y |]*°, which
IS outomatic Since we cxsumed Z(Q)+ZQ:z) from the outset. Moreover, thi
fonction doewt create naw poles ot oo Sinee I21=0021) 1WI=OZIF) a0 Zl-se0
omd the Olenominator is QZ1*) o Z2—> 00
If Z2Qy= 2@, it Syffies to considler E%@‘,%" N
wW-WIQa) oz
If one of Qi say. Oi, is oo. then it Suffices to toke =-zGm W
Furthermore , the obove expressions even make sense f ore of Qi Qa,
or both ore the Mamification points . In foct, the rumerdtor is Sdved to be
b g ZOCEE g (W=, 222600, wa=w(Gh), Za=2Q). I =0, this just
gives bf—;,‘féf‘)+ W, bkt @-2) is 2 2o of oroler 2 at the mmﬁmiwn pont while
Wis @ O of oder | at 2. Simlady if both are rapufication points. then the
numeratsr  just giveS W, which vanishes to orler | at G ond Qa.
We moy also Construct meromorphic foms with & dowble pole ot omy Qe X.
¥ Q+ 0.1, hor 00, then wx@=-w@+0 we moy ﬁg%% such that
oz Bl+y Uanishes to ancer 2 gt @, (ohere Q. Q ore the two distinct points on

{@fng over ZQ). Cosiden:




X2+ Bw+ Y= ((ZiQy- (2R -Ny+ ZQUZQ)-1) + ZEQZQ)- M) 2 - Q) - 200 -we@)
(We clpim that the chove expression uanishes o oder >2 at Q.
Tndeed  (Lo- (@) + W@ Y= Z (2-1Z-N) =(Z-Z@Q)+ QN Z - ZQ) +Z(@)-1)(2 - 2@+ 2(O)- )

(W-W@N +2W@) (W- @)+ W@) = ZQNZ@) -1) (ZIBY-N)
+((ZQ-012R)-Ny+ ZQ Q- Iy + Z2EQEZQ)-M)) 2 - Z2Q)Y)

+ (@ + 2@ -1+ Q) - M) (Z- 2Dy
+ (2-2@) )
(note thot 2@ =2 . W= 2@ @@ -nz@ -0 )
= ((ZI@-02@>-Ny+ ZQUZQ)-1) + ZQNEQ)- M) ) (2 = ZQ)) - 2L W
= (W- W@~ (Z@)+ L@ -1+ D) -N(2-Z Q) - (Z - Z@Q))
= 0O(|z-2 >
Sinee  L-w@ is Locnllg o ho(omorphic funcﬁon in 2-2Q) e W-wd=(EZ-20) hz-2Q).
Moreoer, Sine in owr cue LIQ) = -wWIQ>+0

RZ+ $w+ Y ] (2@, QY = -400(5)2:#0
3
and O¢ 02+BW+P1) = Ot12|2y (12|—00), while O12-z®*y = O(121*) (I2|—00),

iy ﬁuows that %% otifies the reguired. conditions.

IJC Z®=0,1, o0 A, it suffices to toke z:,—';@—,%z- Since (2-2Q)) vawishes to
order 2 ot thee ramification points,

¥ 2@=c, it suffees to toke 292 | Sice 2 has an onfer 2 pole at 0.

In gereml, the obwe constmuctions aan be visualized by considering the Sollowing
picture of tori (os elliptic curves

3-2(@) 2-262) (z-z@)*
o] Q
Q2 ‘m
S >
u1+¢+w U NE+ gwh?
& & @ the tangent
tne at Q




For the next step, we need to deal with PPone ond Fw . ond some
computation needs to be olone.

Method of abelian integral ¢ Riemann )
Pick some fired A, B oples on X, B eX
fcméfia) (I

B@H o A[Bjm

On the right hard sidle picture , fez> 1o well-defined on Kot ghee Kat M
Simply Comected . Howewer, it may not be doublely periodlic
2+A

2 cut

B "z

i.e. ﬁz) ¢ﬂ2+A) omol ﬁz> + f12+8). Thua it may ot Covespond to Q. funcﬁcm
on X. Haveer. the olifferences ore under control:
JC(Z+A)‘JQ£>= o = é;oo

fcz'+s>—f(z'>=f:73w= $aw

Example of using obelipn integrol

Let f be the obelion integral (1) . Consicler L3 s, In locol comdbnate systorns
we Moy write W= Wetrolt. Then ton = Wbt adt = I14eb|* (-2i0ltiadkta) t=ti+ita
= -;—w/\Es: It Poltindta, Hus %f?wA& >0,

Moreien, o1 Kot o< 2J2 0% = 2 [30e olefir- @y ( The lost equakity holds
because ol¢ftarios =(okfrzy. (3 + flmdio =&t + -aa;-’ch)q»de ﬁn(%?dt-r f;;zwl?
omdl %E=§.t£=o Since £ /s holomophic 5 or it an be Seen topdlegicolly since dw=o
ord W|Sat = df Since Kot is contracteble)



BIA StOkeé' 'f:hm:

0< [30ond = & [3ae difiti® = £ [of0a Fitrid 8
= Hafmna@ - Lfzmivem A/:?A
+fsﬁz+AwT>cz+A> - sfn ey

=’;‘{ ‘£s5§a“+3§55§A005 °

= In( Hindsw)
The second (st equality holds because . &5 are both dlefined on X, thus must agree
on bounderes Of Kot | omol ﬁZ+A)—ﬁz>=3§,;w, By ~fiz> = faw

I we neweclize $rw=1 = Imfaw >0, proving that the image of the

Abel mep 1 O Genine torua . T/z:JMZ”

Example of method of abelion diffecentiol ) |

Let Wae(2y be a memmophie differentioA with Simple pols at Qi Qa, Whee
resiclues ore +1 gt Qa2 onl ~1 ot Qi. Fix cyeles A B (2 QuQ2) ond nomalize
LIaes 80 Hiat $htam=o0. This an be doe sine we have oumed $aco=1,
omd substracting $aldaigs - 0O frum wWaks wort gffect its poles.

Consider the integal  $ - to0a - B
Defirming C tooords Q ond G gves , .
e fromqa =21 g Res (f wman(Qy =21 F1Ga5- Fi@u)

(Z 2ni (AQ2) - AQ)Y) mod ( Z+Z7z) ) S
Defoming C tocercls 9Xoet gives
§c JC Wee: = L; !ﬁzv—ﬁasu)w@loz - fs fﬁz>—ﬁ2+A>>wa.oz
=‘§q Waes §Bw +§gw&Q=§Aw
= Paeea S e normetized é;wa.m: 0, sg;oo=|.
=>z_r)u' Sgewa.a; = Fte» —ﬁQ.)

Pmuf of Abel's Hhm.
=" Assume 0. mermorphic Sunction @ with the Clesredl property exists. Then
gi?' M a mmgrphjc fm'm = 0=ZPe¢(%P)= M-N.



To see the other property . chsome that ——¢‘°— i_wpop. - %W&aﬁ)uw for
Some Ae . This is because :

Lemma: €S is holomorohic on X => 63 =)
Pf: Fint of all, we My Substrct (S%I:SJOO from 05 ond cusume thot §A55=0
Consicler the abelion infegrad o_-f S, we obtoin:
0¢ L[ SARS = Im@ﬁv §Bw)
Rt diS=0 = ;fxm DAL =o. |ooolly, & 5= 0ctot = SRAR = 1GetrPoktadts
T Ythr=o0 = QJ=o0. O of lemm.

N we con evrluate the perools of $ %R This must be 2mi-n Sor Some ne
Since amyway its to loulpte the residues Lorthin ( or cutside, wlich dbewt mattery C
amin= §A—‘P‘ §A5:-(CJPDP| wPoQ)""SS:qCU\) = C- S&w c
Since we howe ausumed that silwp,,g o. On the other hand.
2m‘m=5g5 398, - (Wpypi - Whai) + Fa 00
=2ni- Z(ﬁp.) -fro.n +cz
= ZJQQ.D = EJC(P y+ (N+mz) = zﬁ@u mod( Z+ Zz )

<" fssume Abelis relatin holds |, i.e. chP.>— Zﬁ@,w n+mz.
Defne )= exp(fw?;,(wpop. WrGj) +CLI), whe/e c M tobec/wcen
For @ to be a well-olefined memmephic fomctim on
X. it's suffcient oml recessoqy that -

. Pz A inolepenclent of Choices of path.

@. PI2+tA) = Q2>

3. Pr2+By= P>

uy b eay Sie Choosing Ohfferent path amounts to odding mi-(readlues of Pr. Gj's)
which & om integral muttiple of 21 anol Oloeswt gffect the velue of .

@+ we have assumed that $aCOmei= 0 and Sco=1 thw it suffcient i
c=2mi-R. ke Z



5: §a(wmp. Wkai) = 2T Z(JC( Pi) ﬁGJ ), §B°0 T. By owr ausumptior
2m>'—‘(ﬁ13 )-ﬁ@p)_zmn—r 2mmz Chose C=2mim omd Cmohtion 3 ond )
are bvth Sotistred. )



§3. Function —ﬂ'xeovg on lori

We have seen that on the R.S. X : w=zz-13cz-\), there are

@ A  holomerphic form 00:@7‘5—4—‘_\2_)!—5»

@ V¥ P.QeX. P£Q.3 o meomophic form Wea with ples &t P. Q.
& V PeX. 3 a meomorphic form Lp with o deuble pole at P.

We hove aleo Shawn Hat v Pe & P —APY= [hto € C/2+2z, whee

A_dz | _dz
z=( O NzZ0EN ) / ¢do NZ(Z-002n )

Sevempd View DPoints

. Abelion Integrol rdove in §2 olreadly)

D. |\eierstross functirm Oz, Lz, o=
». Jocbi theta function

4. - construction ¢ P.D.E.)

® Function Theery Acawb‘ng To Weerstrass
let C/Z+2Zz be a given complex torus , Mz >0. A ﬂmcﬁa'n ® on
C/Z+2z is Simpely a functim on € Satim@lhg o dloublely periodlic condlition
P2+ = Q)
Q(Z+2) = Q)

A holomorphic I—ﬁwvr ¢ Z > ZtM+nt bg Z®Z oction. But oz is wanront
under this action => 02 f a holomsiphic 1= form on X

Suppwe P=0, we want to construct ¢. Mermmorphic form with . deuble pole
at P. In view of the form dz, we con identifyy forms and functions , wohich
is posible beause oz hes nreither O's ner poles, o2y <> Rasolz. Thus we
neeol to Construct 0. fumction with exactly o. olouble pole at 0 ond which 13
cloublely - periodlic :

Our first try wolel be to avermge out = oer the bt 42 %+ 22



— . d
33 Tevon . but wnfrtutely it doen't cowelge. ¢ T e <00 i p>n)

DeJDne p(ﬁ) - 22 +we£_*f(z+w)l _—{,\-13_23 {, L\{OS /\lD‘l"E ‘H‘W.‘l" L\)heﬂ
o=, Tz ~ 5 = o (- 0= Olis) . VZ fired. Thus the sum

COVLUB/@GA .

From the discussion obove . the series Converges for omy 2 and defines a
meromorphic function coith poea on Z..

Cloim: Bcz> Dloublely perioolic.

Tndeed , we con compute that Pl2) = ~m5 - oy = ~2 23 (e
=> ¢2) 18 dublely perodic = Plzty=Fa), prarz)=pC2).

But tus implies %C@KZﬂ)—(ﬁcz»:o, —%z@(z+z>—dscz>>=0-
= B =p@+C. Pzt2)= B2)+ Cz .

Moresver, Since ez 1o even (the lattice /s symmetric w.rt. o), Toking =
to be -3. -5 reyectively Qves FiLr=pe-2r+0., PEI= P-51+02=> C=G=0

Obsene that on C we have the fumctin 2 which is holomorphic with 0. Simple
2o0. “Thusd Jumctions with given 2em's ond poles aon immedliately be sonitien as
fi=TE=5y .

Is there om onologue for Such a function on the torwa? i.e. a Fumction
with o Single 0 T Not true by maximel modulus privciple. But thee 13 on
adequete  replocement.

Tden: v. Integrate @Biz> twie to gt o 4z ond toke expmentiol
2. Integrols give rise to Abelion infegrals . 8o we reed to keep Trock
of the periools : (QuZ+n- Pr2), Pr2+2>- e2>y .

Integrad of >, l
Consioler ?l“'mZL*{ 21w "'%z& which o the formel integration of ~fz>. But
agoin this hos conergence problems. How to  Comrect this 7




L, oz = L2 L !
ZtW Wt B T wl-F ) Zw T T w t Olggpd.

Corwenges
Defire Zzy= g+ 2t S TRl which & meomopkic o1 the whole
plane and coith simpe poles at Z.

Clendy , Zezy=-@tz> (we are just substracting comstants From the fomel anti-
Olerwative of (©2)). We need to determine Zcz+ - Zez>. 242y - Lz

But %(C[mn)—{(z)):—ﬁ[yl)+05[z>=o => Z(z+1)=Z2>+M)

Silerly  Zezrzy = g2y + 1

Lemma.: N = N2 =2mi 1 2 — <
Pf: St Lerdlz =27/ Reol12> = 2/ z )
On the other hono! - 2/ an/ + Noa
JosatLeardlz = f Zeardlz + f;:mzz_,’z;;dz -
f 2:;*2 oz - zz+z{(2)olz

2+l

2+2
= Jz ({(2)-{(z+z>)dz +fz f§££+l)—§(z>)d2
=2+ Z)?, |

Next, we infegrate Ztz> ond ke expomential , thus the rewltng 2min‘s from
integrating Zczy wen't Offect the reaul{-
efétﬂ)dz = 2Tl (Z-HJO)Q - o

wet*

which hes Convergence problem agodn. Instesdl

-+ ,)
Defire 0r2)2 2 JTwtnZre © >

Here we factsred out Tw. a oowstant ", which mede the whale thing dlveqge.
The Sfunction con»ecgeo m»a since i we toke 2 cut on C. ke leg andl obtnin
NE +£*([03u+ 2y & +§: -&32+weﬁ*( ™ 2,,,=+Ocu\,,;>— £+ 2,,2;)

&ﬁz_rweﬂ O(lml3
Conuerges



Cleody 7tz 18 holomephic on € . woith simple 0's at 2. Obsewe that
Ut2y/ 0@ = ez, s

T \ t2)

O‘ég_‘:l)) - g_‘cz) = Z(Z+l)—Z(Z)=’?I

= '609[7—(2-{'1)— ’@7(2)= )Z/Z'i' Ci (mod 21 Z)

2Z+C
= D‘(z-r:)—ozme'z‘ :

Talang Z=-3 , andl obswing that T12) & oddl, we hove:

0'(2) = (T(__L)e -sh+C - _ o—[_i_)e -3¢
(Z+2)

(Grd)20) = Trz+ny =-gcme’
r4
Sa‘m‘lw@, we have grarzy=-grzyePED

Pnsof of /Jbe[’s Thesrem ¢ second proof>
*Given ZA(P,)—ZA(@J)cbafm c with zew's at Pi and
poles. &t (" fHoe— o)
With the Gtz ﬁmﬁr‘on we may 1y frzr= Fcoz-an ond See if they
descend t o fanction on X, ie. f/*’sdaub@ penoouccmd?
{ fez+1y = fiz)
Fezroy = ﬁ2>

But fz+o= N (2241 -Piy/ 'Erccvzz+| Q)
= [f— N T"v‘zz—D >e”‘(z PJr”l/[c—n"'Tf Tc2-G; Hel & @y
—(JI_J(Z P.)/J_,O?Z of )M~ -2P)
The Abel mp in this ce B Acp>=£> Oz =P, thus ?;,A(Pl) J.Z:_:,A(Qj)
= Q- LPi=nimz . Tt is mot a priori true that Ni(n+mzy= o0
The Comect Sdlution is thus chonge Olifferent Pi. Qy's. for instonce we may
toke Q= Qi-n-mz, Qi=Q;, i=2,---N and toke

1 (oz— pi)

a
¢ ]ZEZ)— ﬁcmz—@}))

which would then descond to K.

Similer 08 in the previous Section, we may produce



°A f&mv with 0. dlouble pole at P: (Op(2)2 Bez-Pilz. Sinee Bz ko olready
& mewmorphic function on & with a double pole at o which descends to .
® A form with 2 gimple poles at P. Q: Wpa 2 (Zez-Py - Lz-Qyoz. Althaugh
Lz is not o fanction on X, the differonce is. Since Zizw-Lizy=1 s Lizve
- Jzy= 2.

Recoll that the Riemomn Sug%c? RO orfng/m@ defmeol bg W3= 22 -1)(Z-))

Abel mop z
-1, onto
—_—
Joobl Tnogrsin thm oL s
W2= ZEZ-(Z-\)  w 7 Clz+2zz

Fist : the lottice 2 is given, we may express Bz> s a Lourent Sories
_ L s
(]SC;-) = 2 T orEr T W)

=5+ I (R
=+ I s B k- )
=& bﬁ*(é f2f+‘>7§;:f'z) (oold order terms get concelled Since
= é’z + é;fzb-mz’b M;Q?L; 25t symmetric : we 2¥= et
Defire Guidr2 T, 75 , the Einsonstein senies, then:
05(2) =g+ é (koG 22°
Differontizte, we obtain:
Etzy= -.722-3- + §'(2h+')2h C-t
=~ 55 1 66a2 + 26 2° + Q125
= (Brzn= % - —243% - 80Gs + O(2*)
And 02 have:
(]5(7.)5: (5+3Ga2* 5Gsz4+ Oz5)
= (g4t 6Ga+ 100G 2>+ O(F (L + 3Ga 22+ 5Gs 2%+ O(zhy
= 2t + 9Gams + 15Ga + O( 2%
= (2))* - 42 = 6o - 140G+ Oz
= (Bl@n® - 42y +60G= (2> + 40Gs = 02> =0 ( Liowslle's thewem)
Deﬁne Qz:'éo@rz, 93,:/403’3 , then we Condudle that



(B2>) = 4B(2y>- G202~ s

Compored, with W*= 2cz2-13(2-)) , which may be chonged into the ﬁvm

w* = 42°>-0,2 -0,
by o lineer tromsformation. Herce the invewe map 1 Given by:

Z=0cs> W= prs)
Remask: the Welerstmas (ﬁ(z; function Onswers on old Question from Calculsus -
What i3 om eulptic integrod

@ du
Z f,{‘rj iz = [T ae-gag — E(0@)
ie. E celliptic integral) is the invere of Weiertrass functim. Compore coth
the more fomilice:
fﬁr:——% = oresiny , omd wcShcSinzy= Z

* Function Thesry Accordling To Jacobi
® Weierstmss : eagy to follma, not easy to gereralize to other R.S
® Jocobi: gereralize well to the ather R.S.'s. The key notion i8
the ~ theta, ﬁmcﬁtms "
o Similor o abvve, we need tv construct :
5. A holomorphic form oo =dlz
2. Meromorphic forms with Simple poes ot P#Q + e,
3. Meomorphic foms with a double pole at P : wp

Fix C/z+2z: ()mZ>o)
'rrmzc: +2TINZ
* Defire Q(Z,Z)—nz—w . 2eCC
2 J
This Series converes for ony 2, because [ 221" =

deroys like o Ghussian w.rt Inl, ond Ozl is hoéomorﬂuc n 2 (ondz),

Kay Tromsformations :
(1. Ocz+iley= Bcz|2).
(1. Ocz+ziny= €= Ozlzy. Note in particuler that -2miz-+Tz

s lnear n 2.

—Trn 2 Imz -2mnImz



Tz (rP2n+1-1>+2MNE

= A

pimE + 2min@D) _ > e
Mz ety = IMZ -2TiZ + 2Tt Z

= ooe

=" . . (7, . 2 .

- - |
= e 2MZ-MZ ng enra(nﬂ) + 2TCN+HZ
-2TUZ-TIZ

e Ocz)

Thm. 6czlzy =0 < Z=_1i22_ cmoold.) . where £.=2Z+ Zc

Pf: We caunt the number of Zero's insile o furdlemental porllelogrom.

i.e. we compute the inteqrad 570 By oz = #iZooks
r4 4
insicle o funobmnfa! parallelogrom. ‘jﬂimt
o

’ Y Z n/ T o/
i’vlt—iagaf?m %%‘dz =z f J%-g/dz +ﬁ,‘+z_gldz _f:—%dz—f;—g—dz} Clz+2z
' {j;(—g-(z)—g—(zu))dz -ﬁ(—g@——g—/(zﬂ»dz

=2m
Now by (D) and (). Yoo - Yoczrey =(bnGizs)' -(bnbizezsy’ = 2mi

/ /
—8—{2) - —g—(zﬂ? =WnOcz)' - nBiz+n'= o

|
= zni§a%w6d2=l
14z

To findl where the zoro is, Consiler Otzlzy2 Ocz+2E 7).

Hz % TNz +ITNZ + TN+ 2TINZ

00 . .
al — TRz + 2N (2+5) _
Ozlz) = =€ =5 | |

_ = mz(n*n+z) - ZHine +2m(n+2Z2 - TZ + TN
) _ 2 i
_Limz-miz & _mzen+d) i+ Imitntzh n
=e” 2 € - (1)
- 00 )

Evalunted ot 0, we have: Bolzy= €7 5 @y
But (2n+1)°=2k+1)> (k»o) => 2Nn+|= zbkt1y = N=K or —k—1, which ore 9£ Aot

pority. = Beolzy=0. The rest follsas. =
Rmk: The focter of Biz+zizy= €™ 2% . Orzlzy Shoos that Oczizy is

o section of a line bundle 1. on X, andl the Obwe csmputution sheos that
le‘i,)=l.

cZ e, L
Rmk : Defie Oiczlz) AGFNED g2 M2 12y then O is on oddd ~fomction.
“Thie ogoin explains that Ocz++3=1z) has o zem at 0. Moreover O Qutisfies

the follaoing trandformotim relations:



M. Bi(z+ilzy=—6itz12)
). Ouzrzizy=-€ e ’"“’“e, (2lz)
B\g dgﬂmt«m Dizy= € 2 n—z_m ehrzm+—,L>‘+ 2mitn+L)2 + nmi

_ emzcm:) 2p 22 + Trumz)
- N=-00

Thw Oi(-2) = ni‘:;u emz(—(m;\)) b 2T (- (42 Z + T (- (4+2)) + @A+ DT

imz(htd )+ 2MICRTIIE + T (R+)

=(—1 )h‘-m &
=-061(2)
For the —['/‘OMAJ%YW?(JM relations. we nite that

Mz+T(242) & E., 00 n
Cuzy=e e *Bzlzy=" = emzm+2) “ramitn+h 2

N==0p0
T 2T (na 22 +2TIN+3')

e =n"

"

I[' )
Hence : 6|[.Z+1)=ez nz

=-00
Li® iz iamionth 2
2 +27T 3)
=-€" &, =0" = - Bua.
O % - 12 '
TZeNta) ZTII(VH'—MZ'\'Z)
91(2-4'0:@2 Z_ el Zonz) + 2 n

Nn=-60 .
T g0 ime(mdyiamizontd) +miz-Tiz + 22+ Z —2miZ
2 2 2 o
=e ngoce - EDED
Li & T (NH+) 24 2Nt 502 —[TiT~ 272
=-e(xZ.e ). e

—~TZ-2T2
= -e e 6|CZ)

pruof of /4/)6[’8 77)667801 ¢ thirol proof»
“Given ZA(P,)—ZAMDM@ 3 f meomophic with zer's at Pi and
poles at Qj ¢
New given = Pi = ZQj+n+mz., and to Construct f.. we nwo use - fanction
For o first attempt. try f= (It Buz-Po >/(J'IT: Oicz- Q)))

N
f(Z"rl): i Q(Z-l'l-\'Hz Qj) _ (1)'1]'9(2.‘,.1"'_2_ 1) ﬁz;
N
i 9(z+‘+‘*z -Q -l’}ﬁ;el(z+l'f_l_q
.ﬁ'.
fwn=—= O (z+z+ 22 -

iy 9|(Z+Z+H—Z—QJ)
P T oz s 2 _py. g TEPTE

VO (24 HE - €A TIE

iP.
= é:m CEQJ ﬁZ)



So again we moy replace one of the points . Say. Q by Qi+mmz, so that

SPi=SQj. ol the result follos. =
Meromorphic  Forms :

® We com also construct Weal2>, & Mermorphic form with Simde poles ot p+ &
b ﬁ(lows

Since O, gotisfles the tromsformation rules 1 owd 1V, nB)'=6//6, wil be a
memmomphic ﬁ«mﬁon with 0. Simple pole at the 0773171, ono ﬁzﬁwmore It sotisfres :
Blztn/6zty = B/ Buz)
61(2+2)/B(2+zy = —27i+ Ol2) /6(2)

Bliz-P eiz-a | \
= B, _ eunz-@ 8 dw.b(ﬁ periodic with Simple poles ot P and Q ,

and thus olefines the required fumctiom on K.

® To construct Wp with & Obuble pole ot P, note that :
Dn0)'tmr=8Y'(2) hos o doble pole at P and 19 Oloblely pedodic on &, thus

it Suffices to consipler -G 6z -y

® e am also connect Jacobi's 'é‘heesgj with Weierstross's theory . ool we have

the follwing identities .
Ezy=- %Ezoge,czw Cezy
Tndeed, (czs- (-G 4gBcz) is holomorphic on € and dloubly peiodic.

L 2 ,
grzy= 2 TEOEID /o 012y
otz '@

%C= e f‘m‘t show that: T = ME+-&ay ..

T2
Tndeed . we howe Tz, =6@ and Lizvy=lizry+n Lizvzr= {@+hs  Zp-Na=2mi

08 proved before, Similady we have :

o /
{gfzm + ez - Lzy-nz=y,

o o R
L B2+ (24— F(2) - iZ= -2Wi +,Z = 1]a

= ("Z:Z—%‘I(Z)%[(ZJ S dwb@ periodic amd  holomerphic . thus conetont
= wWhere Z—0

But we alto brod that 2> — Z ond »z,:—:—%’(zwaz
ond both howe no constant Terms.



= NZ- S =0a.

Tt follows that C- gz = e oz, To specify C , we note that Tlo)=1
L 2

ond Bzlzyoy=0 = C=-Gm e*'* Bzl /m> = Blolzy,

The formula. folinas. O

Special  Properties of  © - Functins (two important: formutce
o Prooluct representation: set g=e™¢
Oczlzy= 1 a-9M I c1+d™ &™) 1+ g, 0y

® Obserwation: Since z. - are pemmeters for the some (ottie dliffer by
on SLe2, Zy-action (. ™), there shoulol be Some relation between Ocziz) and
O(z|-2). Inoeed, there is the modulor tronsformation lowo:
Ocz|-+) =% e™F Bizziz) (2)
ohere Nt is the main branch which is paitive for t>0. In porticulor :
9(01—-{3:@9(012,) (Qluchity)

Proof of the prmduct presentation.
Stepi: Denste the RH.S. of u» by Teziz), we wil first Show that
Oczle) = Tizlzy for come Coutont (. (1)

T —2 T2

First of o, T uomishes when 1+ 06" =0, or € =" In particdar

it Uowushes when Z= '—;Z :

Secwolly, T tromaforms Similenly s © oloes under tromeltions by L, ie.
{ Tiz+izy = Tezlz) (3)
Tiz+zl2) = G_zmz—m?_l'(zlz) (4)

Then it follows that T uvanishes at eveny 12 and —g— s o. holomenphic.
doubly periodic functim on &, thus must be constant:

Now let's check 3) amd @:
(3) foUﬁm ensiy Sinae t's inveriont femuoise.



w N i
@: Tezrzlz)= 1 (-8 1+ @™ P 1+ g™
o0 T['z _ _ .
= 0, 0= 0+ @5 (14 g T
i -1 2T -1 27 —_-2TIZ :
=(AL =N 1+ P (14 @) 1+ G €7/ (e

iz - , |+ Qlomiz
= Tiz12)0€™)" (13 gig=m)
= &7 Tzl

Ctep 2. Firstly we shall shoo that ccgy=1.

Cloim: CcQ)=ccg%). 5
Then it follaws that Cty=cegh = cegy =~ = ceg”s = Since Imz >0, =™,
= Q)= 'éfmC(Q_). But in both coees, Bcolzy— 1, Teolz)—1, when Nlmz— oo
= CQ) = gj‘_y_yém@: l.

Now we pove 5. Apply (1) at 2==, we obtin that:
Okizy=2 A"
ond Tidizy = JT 0-@H-"" = T (-0)01-9""
= cg>=(Z, 2"/ 0-aM-92""). 6
Aoin opply (0! at Z2=2 we obtain that :
OZlzy=y " 4"
But obsere that n=t(2k+), ReIN = gF 2k, g
= BF10)= 2, A" "= Z 4"
Tziz)y=J, (-8 0+ 92" 1- %)
=0 0-8" a0+ ¢
=0 (-4 (1-9**y0+9*"2)
=0 (-4 (- 9%
= J =@y (-4
= e =(F(Q*'n") /T (1-a@H" (- (g™ @)
Compore 6y ond 7>, we obtan that CcQ)= Ci@4) os asserted, anol ﬁm‘sheo

the proof of the product presentation. |

(t2bty® . _ +1
2 H)_‘ ¢2h+n___ C—I)k

(1+4 =0



Proof of the moolular fmnéﬁrmatim.
Note that O(zlzy is holomorphic in both 2 omd z, it Suffices to prove for
z€lR omd T=ita, Tz>0.

Now the RH.S. of (2) reads:

~MGZ22A . . - Z2 —T Z®+ 2TU{ZZ2)N
NGz Otiztaliz) =AGe - 25 €

~MZ2Z* —TZoN = 227N
=G EC : % e : b

A o (Z+m?*
‘‘“‘lfl"+:2-TTl'V\55“62 -TZ2(2M?
Tus @ & 7 €~ = Vo fem€ , which 1 actually a. Speoied
aue of the Poisson summotion formula

Thm. (Poisson Swmmation Formul.) Let f be a. Smooth, mp/‘allg demg;‘ng
Function. Defive the Fourer tronaform Fe8y= [ € femdx. Then we have.
y%x,ﬁ9+n) = ,%@m‘neﬁm v 6elR.
In poticulor, let 6=0, then we hove:
2z Fem =n%—i36m>

¥ Ropioly clecoying” guarortees thgr{- %Zf(ewn Ccoweqges for all 6eR. For

exampl toke the Gaussion: = € ", J?c;a:ﬁe’z";,_. Thas apely this Fomub

to ur problem: f=€F zeR = fih= o7 ®
| | -T1n

- 2 2nnz __ an
= Z e MC(Z+N)" — n%j e = e =
nez

—TZ2 () S ninz :
= A2 2. € =%?€z‘ , Qb Olesired.

Prwf Qf Poisson  summation  formulo.

For o repidy decaying function £, we may define Y&>= 2 Fn+6). Moreoenr
o+ =Wer. Thus ¢ 4 a Smovth periodic Function , which Con_be expandieol
into Fourer seres: (6> = %Cnezmne, where Cn=ﬁ, LPle)e'mnsole

2mi ! i
But Cn =ﬂ>| e h+79(§z‘ﬁh+9))0(9 = hezz .f; é-:t nef;}ﬁe) ole
=2 S ™" f1o:do = fe€™" fior = f‘m)
It followos that:  6r= 5, Finme™®. Home by defnition of W we howe:
s Dcfn _ Z JE\ 2minG
ez T(N16) = 2. yme . ]



® Function Theo*ry Using PDE
Goal: To construct holomorphic and reromonphic fovms on a Su/f&ae X , on which
every pont fhos éongf holomonphic - Cosrdinates .

v P @;

Tden.: Quppose we wont w construct A ﬁm Wp Mmermemphic on X with @ dlouble
pole at p. Using (ocal Coordinate Charts . we have:
neighborhood V of P «— Disk D in C
P Dnd o)
Z - 2y
. Toke _fz to obtain o form & on V.
@. Extend & t X by Cansvkering KOS, where Xe GolV),
X=\ in o gmoller neighborheoel of P in V. But X& i no logen
meromonphic on K. (e shall comect XG0S by substracting o. form @), =,
b, g0 that D% = (XY, Where O=35 . 7 Supp
More precisely , we proceed s folloos :

Thm. (Hooge Decomposition — 0. Simple verson). Let ® be any smooth (o, 1)~ form
n X, &mﬂg ¢ = Bezydlz. Then there exists o Smooth Functin £€CR) and
o (0, -fom o st

@——aaf-dz-t— ®o and gfho

Obsenvation: 50 /s a holomorphic (/.o)-form anol we Sholl Shaw that the Space
of holomorphic ¢1,0)-foms is fiwte dimensined.

Asswvunﬁ the Hodge Olecompos/tm thm, Considder the followsing Hform

Seysdi € C*(R\iph).
on X. Sine =)1=0 :ﬁr Z#Pp, we may just extend it @ 0 atp. and O cutsicke
V, then it's o Smovth (0, n-form on X.



By Hodge olecomposition , we may write it as &5=8§f-d§+ B, with G an
onti- holomarphic ¢0, 1) - fom. Now we y the form w? 22(%7F - frzry olz .
Cloim: w13 holomorphic.

This is beouse S5 wo= J2(JF(Xg ~fez))dlz = da(®-0zfdz)dz = 2oz =0.

Moreover we may construct 6. form with Simple poles ot P+ Q.
Obsenation: how con one Construct a. form with @ Single pole?
Noively, one moy try Oz (X énz>. But faz hes Sinquierities almg o “long” cut,
which is not compact, ond the cbose cut off " trick doewrt apply. ¢SupX is compact !

& - RS

However, if P#Q are inside a. same coordiinate chort, we may introdue a. out

by comecting P ard Q, which #3 campect. G the ‘out off" technigue Applies .
Pra 2 dz (iay InEen)

If P+Q are not in the Some chart. we may just toke o Sapuence {PikL,

Po=P. Pn=Q. ard ench neighboring ones owe in . Some Chart. Then opply the obsse

Construction to get Opib. ond olgfme Grg —§°Q5PP+.

& &

Proof of Hodge clecomposition.
More General Statements will be proven latfer, chich holds for any dlimension.
At the present time, we give an explioit proof’ for C/72+2z using explicit Jormlo.

Obsenution: on C/2+Zz. forms Can be lentifiesl with Olaublely penidlic fanctims
o € via the Corresperoence: Deardz «— Bezs. Thus the provlem becomes -
Gien o, fumctin 8. ?3f. &=&f



D. Soloing - equation in €
Let & be o smonth fimetion doith compact support. Defve o2 sk [le-28 dgndd.
Then % @

il RELE JUN gt

= 3 22 ff Mﬁ)dm 0(60 (LO=3%-2)

=am ffa: W 3;@(&01'2)) dwnolid
=om ffd: Wim 2= Breo+ 2y dondis
=3m J&Ma-’o fﬁwl;i'w' ?gtmadwdw

=2——7‘ﬁ“&m8—’°ﬂ;wlzs -0l (75 Baorzrdw)

=7 dim-o §ll«)l=€ 75 Buor2rcho

=z 2 Pezy

= $z). -

)
(32 5 Sl atz—rw)@z'““” =3 Deztn)

Using this resutt, we may also Soe the epuation A9=P. £=020z, where P
is o smovth Functiom with compact Suppsrt- Indleed, jurt toke
Q= 5 fﬁ[&y 1243 Py duwadi

This & becouse:
BZ-Q =50 27\'.1 ffa: 2 -1 @Uo\))dw/\d&)

ond 02929 = D 2y

2). The torus cue: Cl7+2z
* Question: Given a. C™~ function @ on €/ Z2+2z , when con we Solve:
o Qir“:ﬂ(’ f doubly periodlic w-r-t. &+ Zz)
® AQ=¢ ( A=dzdz, Qgoin g doubly perodlic )
Since on €, Qe G, we can Solve these auations by explicit ﬁmu/a:
o fizy= o {le 2o diondss
° gc}:):mi ffa: (—&glz-wl ) L) AwAADS
Returning to the torus cwe C/Z+2z, we 1y a fomula of Similor kind:
gz = f’ﬁffd:/zmz G(Z-1) QU AW AdE.



Obseruations:

By Heizzz. we mean an integrad over Q Sundlamertal S
domain D. Furthermaore, Since : o/
JIo+mene G(z-w) Puoyolwaolis =ffD GcZ—m—nz—w’>q>zwbrm+nz>dw'/\d5' ’

= JTDGr(z—m—nz—oo')cplw'>dw'/\d§)' )
when G-y 18 doubly periodic , the integral 45 doubly periclic and guz> fs wed-
defined. Thus we look fom Giezy doubly periosic ond Gitzs ~logI2* for 2 ~0.

Try lgl&iz1y)% Note that Gizley = 6iolzy + 20/ 01z)+ 2*Ewm . Ec) holo.
or Oi= 2(Blo1zs+2E@) as Biolzi=o0. Thus we ty éogl—g'fi—.f;)‘z
Reall that : Bicz+112) =- Bi(zl2)

~TiZ—-2IZ
Oi(2rzim)=- € ' Bz
|©i(2+12312 _ |ez12)1?
eo/(g { 18012312 ~ TBlovzy2 Qe 10z
(2+z12)l -miz-2miz 21022 TZa+2NY 2 10212 . .
'Lleel.tolle =le \ 2le.a>lzn=‘ e I Teiolar , T=Ti+iza, Z=%+1Y
| B 2+12))* A ezl
- '&9 16012312 = Y T8l e 2
B2tz - 21z
'603 \é\(O\Z)\z 2TIZ2+4T[H+ (10 18itb1zy)2

Thus we may ty insteool 4og :2'5?::::, ZoY . Under the tronsfimmation 2 2+z

(or ’)('l'8l = X+Z +(5+Zz>l H""’ ytza):

2
Ly &L (yirayz+ T = Z Y dny+anza

which Concels the extra factor

_ eIz 2
Def: (Greens function on torus). G2y = 4og Tarmrens - ZeIm2)*,

Set g = E'chfcrleZz Gez-0rpundwadd . We compute A2 = 02023
We sholl bring ourselves back o the complex plane Cove a4 follmos:

Fix on arbitrwy 2e C/z+2z. ond let Nwe CUC/Z+2Zz), Xud=1 in
0. neghborhoool of 2 5 Xuwn=0 outsidle & neighborhowo of 2:

! Supp X

@‘-’XE




ffalmx;z Gz-wy Py dwndio = ff G- §0)) AR + [T G240 (1Yo Q) QoA DlES

Gz 0-Yuwn@uwy is C” on Clz+zz Since Singularity of G oaurs only when w=Z2
Thus: Az fftrlzmz Gz-wl 1-%)- Quardlendic = ff(AzGcz—wJ)«z—o()tp)(m Awnolw
= ﬂ’%fl—’xancplw)dw/\dﬁ

(In the loat equality, we used the foct that:

181Zz-wizHl®
9235 (Grz-w0) = 3292 ( log —Tprazem — 2m (Inz-wi) =-F; ).

To aleulote Az ff G- Qud) AwAdid, obsere that ﬁr we Supp’X and hence
near 2, we howe | BERD 215 02 11 2 unha-ws i, h holo.

=>aéog l '8{7(%‘%‘—?’12: «@oalz—w\z-r &all-r (2- hez-w1”

=> Gz-10) = dogl 200>+ Log 1+ (Z-wohez-1 = F; Im(z-107*

= Az ff G- QuY) dwrdd = Az H eoglz—wlz X-ptw)y dwadis + O
+[{ Az (-2 Im(2-w2* X Pu) dwndid

and by te C-que A;ﬁ&glz—w\’ X: 0wy dwadio = Q)

Altogetier

Ag= P> - ’2% Hd:zzﬁ»zz QoY NS (% %)
and we make the following obserutions:
* I:F etz Pundwadio =0 . AG=¢Q admits & Solution ond 1 given explicitly
by the formua oo,
® Furthermore , if the equation AG=¢ comits o Solution, ez @ dwndiy = o
Tnoeed {]@ dzadz = [T 223z gzrdzadz = {I dedzgadz) = 0. by Stokes thm.
® The space 1PIAG=¢ is solnble} has codimension | in C(CIZ+Ze)
° Furthermore , (x%) => Q2)= 92020+ @, = 32 + Qo . =329 oo @ a comstant .
This f exactly the Hodge odecompesition thm on C/Z+2z.



§4. Goneral Theory
Def: X is called a Riemam sugface (R.S) {f X=UxXu with the property
Bu: Xu— DS (D: wiit gisk) and Vop
Pao B - Put X Xp) — BprXunXp)
is holomorphic , -1, (Ppo&htzry20 and with holomarphic invesse.

C
o8

\éﬁ _j;%@{
|

For notationad Sanity, we will we xxaz& Zx €D,

Def of line bundles ¢ Qenemlization qf differentiod fovmm
A lire burdle L is an assgnment : L <= {tupy, whee tup are functions
on XaNXp, Sotigfying the follmoing Ccooycle comdlitiona.
Toapg oy =Ty on XaNXp N Xy
= |
L is said to be C™ if each txp is smooth
L is soid to be holomorphic f eoch Txg 18 holomorphic
L is said to be antilomopic if each txg is antihdlomonphic.

To a lne bundle comexpomols its space of Smovth Sectioms. L <= LUX.L).
DXL =1 (> | Qu: Xa—> @, C* fumction on X omd  (u="Tap Pa N XxN Xg }

To o holomorpuic (ine burdle there to also the space of holomorphic Sections :

HAXLY=1{ (G| @ holomorphic on Y Gnd =g s on XaN XB §

E)(meleb:
. L= the triviel bundle < {tp=1, va.p}



Then TUXLY={(@w), @y fumctions on Xax: @& =Pp on MXuXa}

= { oMl fumctions on X}

(2). The Cononical bundle A"°(X) (or Kx)
NA'CX) = {m@—i—% on XnXg}. The choin rule =>{tug} satisfy the Cogycle aodition
TUX.L)= (G x dlefired on Yo ord Bu- 32 o}

={(Quolzs) . Qudlza= a2 0(?4 Qgdzg on XN Xp |

=1 Smooth ¢1.0)- forms on X }
In generol. for orbitrany complex manmifolol of cimn . X =UsXe and i Xa—Dc "
2 — 2u=(2)], ect" we may Similary define o rank n vector burdlle N"°CX)
AO(X) = { = (az" ynen , holomerphic. functions toking ualue in Gl },

In dimeX=1. we will we the notution Kx §ynoymowsly.

@. The holo. torgent bundlie

Lo =)= o Xanxp}

= TUIXL) =1 cw=%%ce§ o XN Xe}
=“‘Pd§'z&) Po5z. = Pa gi; aaza CPPaZpk

More genemlly, given o. bundle L on X, L «— {tu}. we con define ancther
bundle LR < gk}, ke Z.

Eg L=Kx, L3« 1(%%)5} ond LTUX.L)={(@0: @ defined on Xa with
Quol2zu)* = Palol2e)® |

Covariont Olerivatives . metrics, ond cwrvatwe on (ine bundlles
Question: Con we Oifferentiate Sections of L 7
®e X LY = {Quan: qu:Xa—>C, Pu=TopPs}

A noive atfempt: Just toke 1’%%}, Con this be Qlued back to a. Sectim of
some Line bumlle 7



B% _ octupps) _ otus @tdp__fzs 3% 2z

3Zn = ~ oZs oz PRt 22 P8+ 3Za 32 Tﬂ@
Observe that if L. holomorphic, then 35 =o. thus
_ﬁ = tup _ZE o%s
CIFER a!p

ie. B2 is a sectin of L®A=LOAYX). This is the S0 aued
Chern  Conrection.

Def. The Chem Connection is defined by
: X, LY— T°(X, LOA®YY, = 4Pu} —> éco=%§—c§":k

Def. A metric on L =41ugl is an assignment h:

h=1(he): ha: Xa— IR, smooth, strictly povtive on X utisfying ho = Hua|2hg
on X0 Xp }

Equilently . 1 is o strictly positive section in L'® L. There are plenty of

Such Sections by glueing local Sections.

Def: Gien @e TUX,L) . @=4Gu} . we con olefine its nom by:
Lol 2 Quyha
(A)eu-deﬁned SlVlCe on XxﬂXB ) %@uha: fbl@@p%;p@ l'(‘_'u@rzhp= (p#(-ﬁphp

Given a. metric h on L, we con define the couariont derivative N ab follmos
Ve: T(X,LY — LI'CX, L@A™) |
Q=1QS — hal 5, ha®u)

Indeed. {ha@ut € TUX, L"@L"®L) 2 ITX. L™ is o sectin of on antiholomorphic burdle
ond Ba(hw@ is tus a well-defed Sectim of T(X, T®N). Hence 4 hal 5, Cha@ut
is 0 well-defired section of (X, LOLOL®A®)=T(X, LON®).

Another way of writig Vz would be wefil: Ve®@=13aP+ hi'Qaho @}
={ 02« + dalogho) Pu}. Defie Ts = O (loghe). then VP =4 0mu + Tui}

e Commufa'tion rudes :
Fix L— X a hlomorphic lne burdle L =3t} . metric h=7hat. @=3@te I7X. L)



VeVz o- VaVaw = Ve:z9)- VE(h™dzth®))
= h™'92(h(92¢n - 02(h™' 9z che))
= 0202¢ + [ 920 - 33(T’p + 320
= -zIH ¢
Note that Ve eIX, L®A'), a sectim of a holomorphic line bumlle, tv which Oz
opplies i 02 € (X, LOA™), hdzQ e I(X. L'OL ' ® L@ AYSIUIX. L™®A™"), ie.
0. Section of on anti- hdlomorphic burlle, to which Oz applies.
Hence we obtain:
[Vz. VElp = I:EZ'CP
where Fzz =-0zl ' =- aiaz&gh, which 18 colled the curvature @C the e
bundle L w.rt. h.
Observation: Fzz —{Fz&u} I8 a &ection of N :—?/\"°® N
Exolicitly. 02 dalogh = 5232 32,32p ¢ laghg - Logtus ~ Logio)
= 32 32 33,0=ploghe
It's not cohomologicatly triviel Since in Qeneml {(Ozloghaddzs§ is not o global

Jq:mcnx.

® Rosic resiolue ﬁmula for holomorphic Line burdlies.
For oy L— X, holomorphic (ine burdlle . omy metric h and any meromorphic
Section @ =4Wx}, i.e. Pu iS O memmorphic g@ncﬁan on X :

#{zemes of @} - #1poles of <{>&=%zfx Fzz olzadz
Obsm)ations:
™. L.-H.S. ooemn't oependl on the metric Chosen.
. R.H.S. odoesnt olepend on the meromorphic Section chasen .
. Memmorplic Sections oloous exist ¢t be proveny. (e womt to know if
ho(pmwpbu‘c Sections exist . If 'ilnfx FzzozadZ < O, then ﬁr ary
#3ipoes of @t >0 => B holomorphic Sections. Thus the Sn of Curvature

is of great importonce.

Def ( The 15" Chem class) Cicly2 ':#fo F3z dzadz .



Proof of the formula.

We compute the RH.S.. Locally:
Fzzdz A 0Z = - 020z (ogh olzadZ = - d(zlogh)dtz>
Notice that Szlghdz is not a section of /'° Note that -
Fazdzadz = - dzdztlogiowy- dzadZ ,
0wy from the Zemes omd poles of @, which are densted as 1R, P} . Take €
Smoll enough. So that each Olisk DiPi.e)2Di) contoins only ore Pi. Thua
fx Fzzdzagz = ‘é‘_’!}, f;(\;Q,D-‘ -azai((,oglupu?) . dzAdZ
= &, ZE, S oz (log ooz
On eoch Di (contained in o. Coorplivate charty, ©= ZM Py, D hwlo, Dioyzo .

— é_, Di: contoired in o chort

5631).- ai(&gncpn‘) oz = Sgab.- oz (logl=zr! + éogch@(z)l’ndi
= Pl F + 0z logh | $iay* 102
_ = —aniM + Ocgy — -2miM  (£—0)
== ﬂFzzdzAdi = % Mi = $#1{2eres of @} - #{poles of ¢}

® The Riemomn - Roch Theorem
Notation: HX, L) = { holomorphic Sections of L} ={9=(Pu)| dzi =0}

For oy line burdle L — X, we howe the Jollowing fomula. ¢ Riemam— Roch):
olim H(X, LY = dlim H(X, L@ kx) = Ciely + =/XX)
where Kx=A"%X), 7X(X) & C(Kx') = the Euler cheracteristic of X.

Furthemmore, we shali prove the follwing ( Gous - Bomet )
_I)C X is a Swrﬁwe wWith g holes , then “X(X) =2-20



GWDUR/I‘I'GA'-
. Let X be a Riemem surface with g holes. TToke L=Kx. then we hawe
Ke®Kx is triviad . thus by R.R. Thm:
OimHIX,L) =1 = =KX+ 3XX) = -1
= OimH°x,L) =g
Eg On the tous , we exilibited co= —@% which is o bosis of HUX. Kx).

2). Use of point bundlles
Fix a RS X and peX. We Costruct o line bunolle in the \ﬁﬂm\)/hﬁ Wy
Pick a coordinate System in @ neighberhiood  Xo of P, oml set Xw=X\1ip}
Let L be {tmtz)=Z on XoNXeo§. This olefines a holomophic line bumolde which
odmits Q. ho(,ommphAc Secton dp=1lon Xo 3 2 on Xo, ond Zdplx,=2=21
= tooe dolxw. Thus 4p & @ Section of L £LCP1, which is
holomorphic , onol has exectly | 2erm at p. In porticune
Gy = #(Zemes of 1p> - #cpols of dpy= 1.

Similenly . given omy integer neZ, we moy define [nP1 by the
tromsition Junction 421y, and 0. holomorphic / meromorphic section 4np
Oleperding on nzo /n<o. It follocs that €1 (CnPay =n.

NMore Gen . O B,-- P o ] Ni,-- Nm, we
g endly Given M on X Irﬂeg% | MM may
congtruct CNR+-+nMuRii=L 2 [nPI®--®InwPul, owd Ccly= =M

Proof that omy holomorphic lire burdle oolwits o. non-triviad meromonphic  section.
Pick o pont P, Consider L®LnP1, Ci(L®mP1 =Ccly+n. By R R Thm.
olim H( X, L®LNP1) - dim H(X , L"'®@LnP1®K) = C¢Ly+n - 2X(X) >0 (Nn»0)

= dimH°(X, L®LnP1) >0 (n>>0)
= 3P=+0. ¢ a section of LO®MMP1, ¢ holomorphic.
= Y= -1pp is a nen-2ero meromorphic Section of L.

2. (Given omy two points Pi#Pa, we ghao that R.R. => 3 meromorphic
form @ with Simple poles Py omd R



Consider the bundle L=[-P-Pa1 = CtlLy=-2 and L comt odmit ony
holomorphic - Section.

R-R = 0-dimH (LP+P1®Kx) = -2+1-§

= OimH(CR+P2I®Kx Y = g+,

Let ¢, Uy be a basis of HAX, Kx) . then 1chsma-, . dtR+pa-Uy ore lineody
independent Sections of LCP+Pa1@Kx. Let & be o holomorphic section of the
bundle which is Uinesrly independent of lrpwma-dy, . dtRspa-Uy , omd set
P=1cR-p1-P /s a section we need. ( Potentiolly  moy not hove 2 poles .
then it wodd hove no pole at ol Shce Sp=p; Rest@ycpy=o0. In that aue @ is
o holomorphic section ol 1rP+R1-@ = S oould be holomarphic tus o Lineor
combination of W, -+ Yg . which comtragicts ﬂ:eﬁrt that @ being lineorly irolepondont
from cPema-th, . ATR+Pa Yy

Proof of Riemann- Roch Theorem
® Buosic idlea behind index theorems — heuristic point of view

Assume D & o lnear operctor between two vector Spaces : D:H,— Ha
where H omd Hi Ore Hilbert Spaces ¢ in genemd, Hi#Ha, for ingtomce,
o: LIX. LY = T7(X., L&A , ®+— 3¢). Since the spectrum of D is net
owsiloble. Consder A- = D'D, where DY is the odjoitt of D (which & clfined
by <Du.u>=<u, D>, VueH, veHa), A-:H—Hi, self-odjoint. Hene
we Con tolk obout the Spectrum of A-. SpectumA-={ Xz :Jo=@ne Hy,
A-Qn=An@nt. Furtherore . kerA- =1 @: DDE=0} =1 ¢: <p.DDp>=0}
={¢: IDPu=0} =1{¢: Dp=0} = kerD.

Another noturol operattor: A+ = DD He—Ha and agoin, we olefire the
spectrum At =4 2| 3We Ha, 2= }, omd Similorly ker A+ = kerD+

A Simple obserution: the Spectma of A- amd A+ are the ame (Counted
with multiplicity ) ore the Some except o~ the kemels. Indeed , DD =Xn ¢
= A'(DP) = DD'DP = nDe. i-e. ¥ n & non-2em0 egen-value of A-, I is
oo on eigenualue of AT,



Consider, V>0, Trce ) - T8y, Here we cssume that A-, A+ com be
oliogonolized , i.e. 3 om o.n.b. 1Py of Hi with A-G=In@a, om o.n.b. 3¢}
of Ha with A+@F=XPf. We may defire £1A-)Pr=fn) @y

eg. €Y= T then et gy= Ny
In gererod, @= ZCna , FlAIQ= X CnftAsPr =S Crfthm pn. Note that PeH
= SICaR< 0. Jor frarPeH, we need SICh2lfeha <co. In owr cove
it's goool shce >0, @7t <),
Tr(f(A-n = JQM Y if it converges. Then
Tty - Tr(e ™= 5 eM_ s e’”’-"r = dlimkerD - dimkerD"

Our next observation is that , the LHS an be Computed using Perturbation 'ti’leory.

More precigely . Set P=e, then
{(%—E-rA)P =0 cheat equation)
Plt=o = Id .

ond solutins of the heat equation con be Computed  auymptotically for Smalk t.

Detoils
Let L — X be a holomorphic line bundle. We wont to et up.

S: ITX,.Ly — IX. L&A
® Inner products on I(X.L) ond I7(X, @A™
Pick a metric hon L, anot o metric g on (A"°)'=1 5 cthe holomorphic tongent
bunolle. Recoll that for a holo. line bumdle L, . metric ks O. positive Section of
L"®L™ T g is o paitie Sectin of NO@ N0 = A" o povitive (1,1~ form ; we
Shaid write 92z to Stress t's A (L1-fom).

Def v @ ¢eTXLy, D PeIlx.LONY), we defie imer products
<0, 4> 2 [x hodgas
<& 3y 2 fx h$T
Here note that hoy Jz= € (X, L'@ L ®L® Loy = I(X, AY)
h@TelX, U@L ®LOAY @A) = T(X, Ay,
hence hoth are «.n forms, ond thus Jx  makes sense.



® Formod aogomt of Of d
O TIX, LOAY = T7(X, L) 1> ~t the inner products above is dlefined b‘j
<3¢, B> =<, 3'D>
Explicitly: Jx hdz2¢- & = fx h ¢ 5% Gz
The LHS = (x 20  h@=-Jx © 32th®) cintegration by partsy
= - [x ho §ZI h® Yas (9= gaz=1)
= 3P =-02wvd
(Indeed, 9D e (X (A')'®@ LON'®AYY =TU(X. LY 8o this A & ualid otef >
Then we olfine A-=9%3 : I(X,L) — X, L)
N+= 03" TIXLOAY — TUX, LeA™)

Thm. ( Spectral  Decomposition of Loplacion A-

. FLPnelTxLyneZ+} on o.nb of H=TUXL) which Consists only of
eigenfunctions for A-, ie. A-Pa=Dn Pn.

(. 20 ond da—> oo at lenst at polynomiol growth rete a6 n—oo, ie.
Cn’> D n¥ for some C,D, 7,8 >o.

@ Fon oy REZt, 3B st 1Qlcr <A™ for some constont A,

Here 11Qlco £ Supx IPnh 5 N Qie 2 i@ileo+ supx V2 PI2hg™ + Supx IVE P Th § % ete.
@. Eoch eigenvalue Jn occuns with fite multiplicity. (=> kerS™ is Sfinite dlimensonal),

Assuming this thm, we define € omd its tmee a5 follows -

Def uel(xD), write u=§°UnCPn. Un=<u. @n> , WIth the Series Converging
in the L*-gense w.rt. <, > on Hi. Defire:

gtoya 3 gty o, > |
The RH.S i8 o well-clefinedl element of Hi . in view of the

% ]
Thm. (Riesz - Figher) % W% Comverges in Hi iff 2, 1uni*<o0 .
N
Pf: 422 Un'@nt convenges iff it's Qmﬁg hrd uéunnke for M, N>o iff

2 1Un12 <+00.



Observe that {n} s alio an o.n b. of eigen-fanctims for €4 Tndked
et @y = (™) @,
with eigenualues 1€ Tt Sollaos From our thm that
Tr(e ™y = %e‘*"“ <>, Vt>0
Since n ?C-)’l8 ﬁr n>»o .
It follows that Olimkerd — dimker 3t = dimkerA™ - cimker/\*
= Ty - Tree ™

Ewluating THe ™)
D. Expressing it a8 a kerrel.
VuellX.L). (L)@ = 2 e“’\;’um Onc2>
= 5 & fy huBn g Fdondis ) )
= &(% g thn OE3) @(mhgmmw)) UlL) %dedﬁ
Note that we may interchange Sum and integroad Shee I ailcx € Ax A and thua
the sum Conuelges.
= (Ui = Jy Keczoruon Sdondis  ohere
Kt(2,w= Zn e-m'%w@%) huwigme  Cheat kemel
= Krz.2) € I'IX,AMD
= fx Kez,2) %dz,\di = f x > gt | i) *hey G2 %dzmli
= sethf |Qnee> PRy Qzz S olzndZ
= g™ 0
= zn'_ e—‘t)\i
=™

2. Defemine Ke(z.2) for smoll .
Cloim: (> There exists on oyymptotic expansion of Ki(z.2), in the Sonse that
Ke(z,2)=%F+ Usz + Ot
ond | Ktcz,z>—feu'iﬂ—uallcm SArt  (te«n
Cleody Uzz € I(X.A"') omd &0 is Vzz.



(b>. Uzz, Uszz depend only on hoof L and g of A7°
Key observation: Uszz cbesn't Oleperd on the dervatives of h ond g. whi
Uzz depends on derivaties of . g up To order 2. (This will follow fmm
hent kemel equation theory to be explained befou).

{ Uiz = Q0=

Usa= bFde + CFds

( This con be guessed from power Counting
We wnite speciftadly for A omd AT
lemel of A7 Ke@ )= ﬁf—— + b =
kemel of AT Kiiz.2)= afﬁ%- + b*I—}'; + C*F;%
= Tne 4y - Tnee™y = (o-- ot )U—°.l§——’° + (b -bBhH L) + (C™- CH KR
Cleorty O"= &' otherwise the L.H.S. would blow-up.
= Tr@™) - Tre™) = By + YOtk

We con even determine the coeffiients B and v,

* Come cuality (e bnow that Tr (8 - Tr 8%y = dimkerd - dimkerd
but how oloea kerd™ ~ HUL'®Kx) ?
Qoim: & — h® gives an isomophisn = T(X. L&) — [UX. L' @Ky
Tnoleod TX,LOA*)2F +— hd e (X, LaN®s L"®L ) = TTX, L"OA°)
Moreaer , D e kerdt & TTE=0 < =N (9zhd) =0
& 2hdP=0& EFhdP=0 (WM positive , thus real)
& hd e HYX, Lok,
Thus dimkerd™ = plim HYX, L'@Kkx).

Now climkerd — dimkerdt = dimHoX.L) — olimH(X, L'@Kx)
= BCLY + Y CiKKH
Loter we will see that B amd P are universal Constomts.

* Cpeoind Coves



D, L= trvied. = 1- oimH%X, k) =0+ YCi(Kx)

2, L= Kx = dimHYX, Kx) =1 = RBCICKx) + V-CilKx)

Gmeining N, 2) = V=’§‘ . To determive the over all ualue cassw/whg Cowss -
Bomret thm.), consider X=8*, Cl<l<£'>=2—23=2. = CicKx)= -2 omol

HA X, kKx)=0.
= 1-0= YOUKO =27 = Y=o Hone Riemam- Roch follows.

® Road mop and Summary: three main ingredients.

w. Spectrod ‘theory of A-=0"3, Ar=209"

@. Small time exponsion of Ki(Z,2)

. Gouss- Bomet XX = 3 x Pz dzadi = 2-20. g= # holes.
Faz: owvntwe of %=

ngc (f Crouus - Bomnet
® Elemerts of Kiemomion Geometry
X: trealy mowifold of dim n. X=UXe., B Xa =B IR", SuoBg’ smouth
with Smooth metric . Jacobion + O.

Lomlzlﬂ, on each chort ., 4X', i=1nY} be lod chorts. A metric is

ds* = X gy olxiolxd

with Qijex) O Symmetric . povitive ckefinite Metric Trmgﬁvmng in such a woy
on to moke dszlmummrf e o XaNXs Gt dxaolxd = GercXa)olxg olxd
= QM(Xg)g—:s g;; = gfex).
Levi- Civita. Comnection

A vector field \/ on X correaponols o (V'txe | i=1-n) . ice. o vector
volued function on Xa Wmﬁrrmn% in such a woy ﬁlat VISt is iasiant
i.e.on XaXg, Vo (%0 o, = VerXe)ans < Valw = VP axJ

Fix . metric dg*= Gijdxiplx]
Cloim: 34TH | ijk=t-ny so that ((Fn\V)'2 dmV'+ TmeVR) is & vector frld



ond: . Im<V, W> <V, W> +<V, VW >
2. I’.f— I (tosm free)
Tnoleed l".J sabsy@wg these two Condlitions are computed, to be
= 5031+ 39 - 2egp).
Proof. = amCQhthW) = @mVR GueW =+ Gre Tp VP W + \VRQut G + Gre VR Do P
= (QmOr VRN = Gael7m VW + Qrt Tt VWP = QutT VAW o Qoo e/
= OmQpt = Opt Dk + Qephe. (@
Permuting m, k. £, we obtain:
ahglm‘; me?l:e + gtpl-’hpm [4))
320k = Gpk Iim + Gmp[ 2 e
(by+(0y-(y , Using 2), we obtoin:
28pm]._'hp{ = 3¢0mk+ IRrGem — ImGee
Muttiplying both sides by 3% ond summing over p. we obtoin:
T = £ 0% 300w+ 3eGem - ImGre)
This computation olso estoblishes the umigueness of fl";?& once the metre is ﬁxeol. O

The Un's don't commute, omd we have:
(V2. VnlVi= Rem'p VP

Def. ( Clurvatures
D, Q&m p= a{lmp amDp +P{q,l_'mp I_'m(;l—fzp is the Kiemannion curvoture

> Rmp = Rum% is the Rieoi cunature.
» R= QPQOp s the Swlar cuwvature.

Note that our convertion for roisig ond lowening indhices - N' == Vj2 Vg
ﬁr exomple, R= QP QPQOp Rm™

Exomple : X o. Riemonn Suface, with o metric G2z on A Goeo rise
to 0. Riemonnian metric on X. We set up a dictorory.

* Dictivary. On . holomerphic chart 2= X'+ ix® «> X', x*



1. VeTUX. A"y, V=Voz. < v: uec(m\felo{ V4V

Eprcn'@ Voz= (V'+iV - 3(dx-idx) = =(V'Qui+ V2Ox2) + 2(V ox' - V'ox2)
= U= V'ox + Vo G)‘nuerae@ dEﬂ’le J: V'ox+V2ox2 — Vox - V'ox?,
then V=3 (V+ iJV).

2. A metic Qg2 on A™°. V= Ve Define i = 1Vit= (VY (V3™ Gz
Compored with 1un* = X Qjuivi => ods*= gGjoxiod = Jasttolxy+ dxdy?y
Thus (Qz2) <= ds*= Qa= colxy™+ rolxs?y

. Comection
VzV — Viv = (Ve+Vz)(V+V)
(Chem connection Levi- Cuita  comection
dlefined by Jaz) wnt os*= Jaalrdx!y*+ dx?)

Deperdence of T7 ord Ren'p o the metrc 9i.

We oetemmine the unnations of 17,) ord Rum'p under wriations of g
( The Obrivative (linear opproximations ks simpler thon the fumction ftself ». Since
gj 17 . 8~ 8T}

Key woriotion J[c;wm[ : (to be proven (afery

., SPJ = ;;_@M(V) Sgue-t- Vi 80y - WSQJ

2). SQ)m R = V(S mh)- Vm(g

2. SRmt = VJ<81"mes— szW(QJPSQpJ)

» 8R = -39 Qmt + VIV S04 - Acg™ Sgam
where Sgi 2 (8ge19g4.

Using these formuln., we Cloim:

Defire the Junctional on the space of all Riemamnion metrics on X.
Qi ~ 1G = 3% Jx(Rigrx ,

then SLgr=0 for oy 8gj.



pf of cloim:

SI@: = /x S(RiGolx = ﬁ'ﬁ(SQ-Jgﬁ'S@/@- R)dx
where 9= Oet(Qy). Note that Slogedetrgyn= g 8g.
(Indeed. we moy owsume that ()= cliageh, .y = logeolettgin == taghi = Slogdetegy)
= Z% =tre gy &er))= Qﬁ 8g;;)
= 81@) =g Jx (3R+ =@ 4o )R- Ngol
= %cfxc—ﬁg‘”' Rme+ V174804 - Ag™8gem + +918G;iR) AGox
= 9 [ (- 30" (Rmt -5GmR>+ VIVA804 - AG™Sqmes) JGetx
Obseruation: In case dlimX=2 -Rmt+%RGnt =0 ard  VIV!394 - A SGm)
s exact ts the integral usmishes.
The first idlentity is o consequence of the symmetries of the Riemannian
Curvoture  tersor:
Recoll that [V, WIVL = RigfmV™, o
L thpm= - thpm =- thmp
® thpm= Rpmjk.
In dimension 2 , we eloulnte the Rioi tersor R = Rig? = g%Rigjp -
Ru =Q£P Rutip = Qn Ran i Ra= Q‘éppmp = QZ'QD:: =-0¥Ran =Ru
Q:D.‘—’lepzlzp: g“ Rz = 8” Riaia
Ri Ra =g | Qi 9a
=’<p;. Qaz)= R (3 9") e Qm(su enj
= Rm —%nge = ‘é’sz(Qm{ - %Qij@u]'gmz) =0

Now the Gouss- Bomet formuln follows ensly from this resutt -
JxRiGdx = 2-2h
Here we tomporanly write h= 4 holes of X , §=detrgy

Decompme X 08 Jollows ¢ surgury



A
(2 . . -

Now =% Jx RUG ok = 37 [y, RIGAx + X 3¢ frmate RGdx. We calaate each integral

2 o o
ZSI
6 &

’:lethodﬁ er_ﬁ—dx =z—|n§Bd5+zhmps Q:@Dlx - 2_;1' zh aaps Q@dx.
By the previous Cloim. 2 Shutyranms RIG ok = = & RUG N . whoee (@, . R’ e
derived from the Stomdardl metric on S* as the unit sphere, omd o divect caloulation
shows that R'= 1, thus El?tfs’Q'f@alx=47r/27r=2.
Moreover, Jor each @p -z dcup RIGAX = & (5o RI) = 322

Loatly, for each honole

7 - A

‘;ﬁfmwe RAgox = ithfﬁmvu.e'r:zcaps Qr@dx - = 20ps Qr@d%
= 2-21 =0
Altogether - == Jx RIGdX = 5% fay RIGadx + X 3¢ Jrondte RAGhx.

= 2-2h



Moain valuation Jormuloe.
Now let's Olerive our key uariatioal formube. First of all. ossuming 1y andl 2
. 8T = =¥y g+ Vi gy - ngJ
2. § Q}m w =V} (ST - Vine 3T
we Shall eualuate Sme ond 8R:
SRk = 8(RjmIk) = 8(V; 8Tk - VmdTjh)
However, note that STk = % 4P( Ve 8Gjp+ V1 3ok - Vo 3Gjk)
=3‘=‘9J‘PVh39jp
= = VR (§P8 Gjp)
The seconcl equality holds becouse  Vj8Qpk = Vp3Qjk is antigymmetric in p and | while
gP is symmetric. The loat eqaab‘tg holdA since Vi gpk= 0, which follows from
3} Gok = Gpe + gl
CRnown 0 Ricei's lemma., see the genemd remark on Counniomt Olifferentiation of tensons.)
Thus dRmk = Vj (STh— SWnVR(QP8Qjp), oa Cloimed in 3.

Next. BR=38 (g% Rmk>
=3 G*- Rk + 0RM SRm
= - 08 g g™ Rk + §¥( 7} (BT~ & VR (G800
(Here we wed that G-G'=Id = @6 G'+G- 3G )=0=> 3G'=-G'SGG™).
= - 80" Rk + V] (g*" 8Tk — TA (gPSgp)
(where by definition, AF 2 QR Gin Vi = 3% Vin (k) , for any smovth .
(e compute QRS :
QRS = 07"+ £ 0% ( Ve 8Gmp + VinSGp - Vb SGmi>
= thgfp AV ngp -3 QjPVp (nggmk)
(sice Ve 8Gmp + Vind0pk i symmetric in k.p ond so is 9" V" =0.)
= V(3% - 5P Vb (G*" Sgme)
Plugging in, we obtain:
SR = — 8% Rmk + V1 V(83%) — A(gP8 g
which is the key vaniational formulo. 4, with the term V; Ve (88%) ~ A(gP8gy) being
on exoct term.



Thirolly . we calculate SRJM R. One wa,g of olomg this is via the formula
QJm R = SJth - amrjh'*l—Spl_’mh - Pmpl_'Jh
Instead , we shail we the olefining equation below to Simplify Computations:
[V, VnIV4 = Rjm e VR
=> §(CV;, V9= 8 (Rimfa VR) =<SR)-m*mv'“, since {VR} is a fixed vector ﬁe(o{
thus indepercent of variotions.  On the other hanol
S(LV, Vm1VH =8( Gumvi- vmvvh)

= (8V) VeV + T BV - 8% VWA - U8V

=WV - Sm@VHVH+ (7 STV -EVm GV

= [8V, Vm1V + [V, 3VmIVA
Obseruation: (to be Shown in the remak offer the verifiation of these fomulbe)
B Wi is a tLi-terson, then N (Wi = 3jih + T - Thawhk. Hence viewing
8V} 04 on cinfinitesimal ) olifference of ﬁoo connections, which is o tensor, we hawe :

(E}VJ) VAV —fgnh)VnnV - Sr;m A
il Tn(SVVE= Vo (STEV) = (VBT Ve + STA- UV, Note the undertined
terme concel wohen substracting . Furthermore , the expression
[8V;, V1V + [V}, 3Wm1VE = [ 8V, Vm1V?E - [8¥m. VIV
is onti-gymmetnc in jm . It follows that ~8Tm VRVY, which is symmetr in j, m,
will eventually get concelled in the fnal expression. Hence
SRim & V= (- (WS + V; STme) VA

Shee this is true for orbitrary vector flelds, we obtain 2).

SRim®k = - (W 8T5k) + V; 8Tk

Finolly, it remoins to Show 1. the waniation of I}
Recau 'thaT I".J =207 3:04 + 30 - 320G, consequently
8T} = 0 3i89ej + 5,801 - 308G - $9™8%sn g™ D104 + 391t - degip
Sice we brow that SI3 shaud be on (influitesmod) tensor, the tems oa 3i8gy will
hove to be repiace by tensrs Like Vi 8¢, and formula 1 folleus. More explictly
198050 8™ 3:0¢ + 3j91 - Qi = §8GenIF
ond from toking covariant Oerivative of (2,0)-tensor 3gij . we hove:



di(8g4) = VE(SQEmeQLjJrP;Sj 8Q¢s
Jj(8git) = \7j(89.‘2)+1"-?39s£ + T2 80is
- 3080y =~ Ve (803 - I 89s; - [45 8 s
Sumrmng up it gloes:
u = 1 0P Wk 804+ V1 8gie - Va8 + 448G} - 9¥8ge T}
= 20*V 8¢+ V] 8 - B9y
ond finishes the proof of 1.

Remk:  Throughout, we udeol the coariont derivative of tensor fields , which is uniquely
extended from couariont derivative of vector fieldls by the rule:
o. Tk s o tensor of type (. s+
b. Vf =af, WV= a-vJ‘Jrr’-’L\/'Q
o. Vi (Tih REzh) = T RY S, + Tk wRkE
. Vi commutes with Contraction gf indlices .
For @xomple : (3iVIWj+ V(W)= BV W)j) by b
= Vi VI W by ¢ ond o
= (ViVi)Wj + VI (WiW))
=(@IVIW;j + TRVRWj + V(W)
= VW) = V3 w) - VI W
= Viwj = 3iwj - n)\/\]h.

Sketch of  spectral olecomposition of - Loplacian.
Recait our setting: L.— X, holomarphic line bundle with a. metric h. 952 is a
metric on A"'°, we have O a,nd its formal odjoint:
I'(X.L) == '—r (X, LA™
odjort in the sense that 499, Y>=<0, 3>
® Keg j&ct: A Prori Estimate - Vvee X, L) a Smooth Section
Il Qlly ¢ C-(1APIy + l1PNay)
where 1 Pliesy Olenotes the Soboleu nomm olefinenl  below:



Def: (Soboleo norm 19 e
@iy £ NQI% the L2~ nom of ¢
HQUTy 2 Pl + Il Ve@U+ I VEQI
NP 2 QI + 1B VE@IP 1 Ve Ve P+ I VE Ve @i + 1| Ve VEoi?

Here I| - 11 are wariows L*-noms in oifferent lre burdlles. For instance
Nege X, LoN™®), u%cpuzéf; V&P V2o h
VeVig e IIX.LOA O ') | I VaVeoIP2 [k VzW¢-@hgﬁ dzoz
In generad . in - glimensionad - ase 1P iiess £ OESSL@“‘--- 9" - Zo® - Vi Vi h olv.
where O is the volume element, (.—.p€ {~.n, 7.~

W-rt Nl , we olefine Hess 2TTX.0), the completion, the Sobolew Space. ( This
is o stronger sense of Convergerce by gluing restrictions on oMk < sth plervatives ).

A trivial observation: | AP lloy € Cli@licas.
Indeed. recald that S'o=-0%Vap, Ap=-0"V2VEg , which is just @ rescaling
of &VEo.

Gereral @ priori estimate: V seINUL{oY, 3Cs>0 st Ve (X, L),
I Piterny € Cs (IAPNE + I Pllism)

Two bosic lemmas about Sobolew Spoces.

o Sobolew lemma.: X : o manifold of real dimensim n. Then ¥ e T(X.L) .
. 1QIck € C Il lichesy . YS>2
by. Hikssy € CRCX,L)
. As a omsequence of . NsxoMHess = [(X,L)

® Rellich's lemma. X: compoct monifold. Let +>8. Then o sequence 19j} in Hits
with 1QjI€C chourdled y has & Subsequence comerging in Hesy. ( AKA: Hesy & Hety
being  compact).



Using A Priori Estimate:
Basic obsenations:
). We com extend A: TXL)—IIX LY o A Ha— Hoy , a continvows map.
Nomely, v e Heay, @=Lim@n w.nt. I- ey, then by the trivial obseruation modke aboe:
NAQi - AQj i € C- 1Qi- @iy —0 A ] — 00),
(b, Define the range of A : Qo/@eA= { AQ| ®eHa ) Then a priori estimate implies
that RongeA is closed.
Cloim: A priovi estimate => 3C>0 st. ¥QeITXL), ©L KerA . we have
Py C- AP0 . (%)
Then V D e QamseA. @n=A(Pn. PnL Kerr , and En— D in Har. Now bg (%)
I Pn~Omllzy € C-IIAQn - Al = CIBn-Pmilcy —0 = {(n} Converges in Ha,
Say, ©n— . Then AP =LimAn=D.

Pfof cloim:
Otherwise. ¥nelN, 3 GneITX.L), GnlKkerA with 11@niley > N I APnlicon Defive :
U, 4 Ga/uPanesy. Then IAWYnlloy € 7. Iy =1

By a prior estimate., 14— Wmiiezs € D- (1lan - Almiior + 14— Umlicn) Jor some D>o0.
Rellich's lemma. => 3 Subsequence, which we Moy assume o be {4n} to St with,
St Wn-tmliiy — 0 ab nm—o00. = Uh— Y in Hay , with 1Wiey =LimiPniay=1 |
and AV =Limn Adp =0 = bEKerA SHay. On the other homd, UnelkerAY =
VeKertr™ € Hay. Tt follows that =0, contradiction to 1l =1,

Now RargeA being closed ollows us to oonstruct on iverse"of A 0w Follows.
BH bosic Hilbert Spoce 'fheory Heoy = QMQeAG(QMQeA)'L. ¢ In gereral. if we dont
know that ngeA is Closed, we com only Sy that Hioy = QomgeA @(QomgeA)*_)

Given Y€ Hio(X,L). b= A0+W*, ond © is wnigue by requirng that @ L Ker/
(this will be expbined in move getnil in the next chagter Then Olefine G2 . ie.
ANG=1- Pr*(mem*.

F'—mal,(@ G: Ho — Ha e~ Ho is a self-adjoint operater on a Hilbert space



ond we moy tulk cbost eigenualues of G . Riesz- Schauder thm = 3 orthonormal
bosis of eigen-Sunctions 1 Pn}

In gereral. we @n construct extensins of A to

Hestay = Hisy and G : Hisy— Histay , then the Qereral Q. priori estimate Shaws
that Ronged is closed and G is similorly constructed. Now:

GPn=Anpn € Ho 2 He
= OneHm = @ne Huy = = Pne NnHemy=TTIXL) . by Sobolev's lemma.

A sketch of A Priori Estimate on Riemam surfaces.
VoeTIX.LY, 1AQIo =[x 0Z avee Ve h ¢ gasdzdz
=[x VeVap  EVze hgPdzd3
SRAv-Av-{ol'y
The remaining terms || VeV @ 1* con also be boundesl by 11AQIIws. For example:
IAVAVIOIIRE S Ve Ve V& VaQ (GF 7 h gsz dzdZ
= - {x %@ wwwe g2hou by inegutin by parts
=~ Jx VBO (VEVE G0 + Rz ) §Zholzdz
= lx AV V’?ﬁgzihdzdi + tems in I QW
= Jx evep V%O 0% ndzdz + tems i IVEQI? or I RO
< 1AQlo) + CllPlicy
= 1@l < COIAQ N0 + IPNm) , 0S asserted .




§5. Curvatures on Vectsr Bundies

Def, of Complex  Monifoldls

X=UuXu . Su: Xu— C": ool ooodinate charts , with Pue®s' | dutxunxsy holomarphic,
I-1 and has iwertible  Jacobign.

Observation: Let f=ﬂ—+ C. (220 > fe23m . QEC" We say that fis holomanphic
i f is holomophic in eoch uarioble z.--.2n. Such f is Chamcterized by:
Thm. (Hartgy  is holomorphic cin the abme sense) ff f cn be expanded as a. power
geries near any point Cel) :

ﬁz>= S izo Calz-y®
for 12-21< €. sme £50. g
Notation: o is the multi-ingex : 0=coh,—.om €N, C*2LMZa" 012 ohamrotn,
® There is no Such characterization in the Smooth aategay.
Nototion: F: Q—C" F: (220 > (fiav--fuzn . F is soid to be holomerohic i
each of its comporent fi is holomorphic . The Jecobian of F is defined ao:

JactFy = c%%m

Holomorphic Vector Bundle
E—>X is o holomophic vector bumle of ronk r
<> X=UnXp, with {(w’ @ on XuNXo, 1o Bsrt with
® (tws)mn holomorphic and iwertible.
o ‘fw% '('DPBPL‘ ‘G.q:u? on  X«N XgN Xv
(Recold that for holomarphic line bundies over a. Riemam sufce: L — X
< {fuu@) + XunXo — Cx , holomorphic ;  tGuwizrtopt> =Tuptzy on XuN Xun Xph. )

Smoothy Sections of E—X.
[UX.Ey> ¢ < 3= : smooth functions defined on Xu, I1<ots 1, with (Qh,—.ohs* the
C"- valued. furction tisfying Pl =tws Piezs an Xun X



Covariant  Derivatives of Sections of Holomorphic Vector Bundles
E— X: holomorphic vector bundle. T(X.EY>¢@={@u}
o2 { e dzi}
= {3 OdZh on Xu}
® How oo they glue ﬁoyﬁzer ?
Qecau O3 = fw 8 Q5 on XuNXo.
= az’ ch— agﬁ('ﬁw gCP.,)"’fpw paz’q)v —fw g aa;u CED]

FFL
= BZA‘PM Tw® @fS'“Pu> 27},

ie. it's a sectim of E®N™, where N is the vector /Junotleon X with tronsition
Junctions 'tpDJ—ngM (tronsforms as row vertss, So that 133 3T GdEly s invasant .

h('P.

To differentiate in the 2l dlirecti. we need a connection. An impartant connection
I8 o unitary connection:
¢ let 1Hgt be 2 metric on E— X, ie. gien @ellX,E), we assopute it its length
1e1* = {1Qip = (Hy)ﬁu(ﬂ)@;& St NQIM=1ENS on Xun Xu}
= (Hu) o go‘,’,@‘i =u—lpws<Pf<Ef on XuhXv
=>(HM)§N+V.0&3 CPE ﬁ_up—w@: = (Hu))':S‘PE C;S on XuN Xo
Hence (Hp)gu‘l'w“sm =(Hv)ps (%)
Def. A metric on E—X is on assigment of (Hugx on Xy st (%) hdds
and Q7 20, =" iff ¢=o0.
Obseruation: 0. short hand for o metric is that
I = (- D% - (<Hm;p3(<f’i)
So that gc (‘p) ('fpt » )0 ) then
(Hv)3s = 'f'y.u v (Hﬂa_’fw 8
ie. :f we  dlefine (‘t}:p);’g = (o) Py L then Ho = thoHu tus.
Now given o metric Hig on E, we an define the correspondling Covariont derivative
on L1X.E):

Def : ¢ Gonmection. unitany). pe IX.E) V92 {Godzl}, where Vo = H*P-Li(Hiw %),
Here HNPHE‘”S’»’- Vi TIX.E) — [IX,E@A) ig the unitary connection on E.



This olefinition makes sense Since {HEv@”} is o section of the bumdlle E, which is
anti- holomorphic ond thus 19jHE@"} € TIX.ET®A') . tonsoring with H** gives us
0. gection of E®N"
Now, V%= H*8{ Hard; 0™ (3jHp) 9"}
= 8% 30"+ (HPRHa) ¢
= aj_cp“+ (H“FGJ‘H§?)<[>" (%)
Dencte Afv = H®Hpw . vaw.per, 15jen.

Def. (Connection. geneml form). A connection on E is on assignment A7y} satisfying
the requirement thot (% Oefines o Sectin in I(X, E®A").

Thus, 0. unitory connection is @ connection with AJ?{P'—' H“ESJ'H@?, View Ay as entnes
of the matrix Aj=H"dH.

It's olso convenient to introdluce the connection form A £ Ajolzi. Howewer, A is
nat globaliy defined . i.e. A doawvt trangform as . global ¢.0)~form wunder change
of coordlinates. This is readily seen sinee by (0. V@™ transforms like a tensor while
9™ oloesn't.

In the Special se of line bundes, rankE =1, H=h is o complex salan fanction,
this we have our former Aj=h"djh = 9jcloghy.

Commutation Rules for Covariant Derivative.

We compute VEVj@*- V VEG" = VR(§j9*+ AP - V) (R ™)
= 3R P*+ S IARPN - ORP* - Ay R
= (AP ¢

Def. (Curvature of E w.rt. Hap)
Py 2~ A =~k (H®3j Hev) =L SR(HSjHYY is the curuture assoointed
with metric Hap. Thus in Summony. we have the key formula:

o [ Vi Vj1¢*=-Fgv¢’



Invariont Point go View.

Gien o. bundle E— X, we @n congtruct the bundlle End(E) — X as follows :

[IX. EndEY 3T <> { Tugta>. Smoath matrix-ualued function dlefined on X, satifying
the codlition that {Tug (Pﬁ} is o Qglobally dlefined section of
(X, EY whenever @ =10}t € [IX,E)}

More expuoit(g, Tpuls ‘Pﬁ =t Tos <P§ on XuN Xv. But &ince <P£=-h¢u‘5<s Cpf , we have
Tue @f = Tp?s '8 03 = tuoy T CPE
Hence : Ty‘;’t’was = ’ﬁwd)’ TXS
Or more compactly. in matrix form: Ty =tw o tho

Obserwntion: Fij is o section of I’(X. EndE). This Jollows by def' of ErlE and the
key Formula aboe.

We may also introduce the curuatwe form F = Fejolzindz® cohich is a section of
(X, EnE®N"). First let's review:

Formalism of Differential Forms
Digression: oe Rhom complex
Recoll that if X is & Smooth monifold, then we have the notions:
© TX.N) =1 B Qiviptlin-adc® }
® The exterior deruative: d: [IX.A")— (XA,
Also recall that ol is oOlefined by:
1. On functions , olf Zafoloc in 0. (ooal coom(inafechaft
o). On higher forms , it's extended by: d¢ 5 X @zolx™y = B % o Ohwinda®
This locat dlefinition is well-defined globally. For instonce , on dlifferent coondiinate
neighborhoods , S Qidxi = chJ § o= O=G T, by oef
ol¢ Z@idxiy = >0 aw olw/\ol«'

z z(ﬁ —(&)0‘9(11\ g

a<Pn aeh ~ YR acpua R~ YR
|
=72 Ih(aw ax Ra?g'x: a')(' SET cPhawax )0{9“/\0{’)(

2
9% 24!3
5‘ (3%3%% i axg,%)o(«/\dx'

I



Now in our cpse, E—X is a vector bunolle, we can Similarly olefine, with
o f xed Connec'acn A ( assodiated with o Hermition metric)

° TUX.E)a¢p —225 da® 2 Viodz + ViQdd e [IX.EON).

° OIA(p,ng_u 5 Q310234792 g (da@an) dz*d 33 I=th,- ipy J=fu=]o)

In this notation. @ardz*dz? = Q-Jip-t dzi-- gz ol dF 2.

Now, in this ﬁwmﬁsm, we hae the ﬁé(awing basic identities.
* dao = Fap

® F=dA+AnrA

® OWF = 0 « the 2™- Bianchis ivkentity)

Poof of Identities.
Toke @eI1X.EY, we compute:
da®= kpdzt+ Vagpdzh
0 & = (Oa VEp)dZ*+ (0a V) olz
= (V Vipozi+ Vr Ve @dz)0lz*+ (Vo2 + V7 Vi dlly olzt
= Ve dzidzk+ ViVEcpolzJ‘d.i"L Vi Vncpdiiolj'% ¥ Vepolzidzk
® ® @
3 (VEVRQdZoZh- VRV dziizh
2 (3] RpdTozR - dMajepdEdz)
0

0,

1]

@ = 3(V;o - Wk V; ) dlzindzk
= 2( D) (3P +ArP) + Aj(OuP+Ap) — TomSc j—ky ) dzindzR
2 (3jOrP +(BjANQ +M@+ AlAr® - Termg ¢j e ky YdZindzk
§Ym.in .k gym.in j, R

I



2[(3jAk - 3eA)) + (AAR-ArAp]p dioiz?
=0 gne A s indued from o Hemitian metric.

Proof of claim:
OjAR= Oj(H rH) = - H™(Q§H)H'duH
(Recoll that H'H=1 = (HH+H'H=0 = JjH'=-HHHH")
Hence (9jAk -3rAj ) + (AjAR-ArA))
= = H'(GHIH (AR + H'(dRHYH(JjH) +(H"GH) (H™orH) - (H™8=HIH"3jH)

=0

@ = VVkpdz'dzk+ Vi Vepolz'olz®
V; Vi dzidlzk - e Vjedz/dk
[V, Vele dz'dzk

= Fgodzdz*

Il

1l

Summarizing, we have: 015Q = Fiypdzizh=Fr ¢

Next, we obsere that :
A= d ZAjdZ)
= 3 dA o
= 5= ORAjdZlz) + JnA; dzfkz)
= 3 T (A - JjAn)dZulzi + TORAAZIZ
= 5 (Ahe - AnAj)dz®olz) + Fajdz®lz’  cty the cbim aboe)
= AjArdz*lz + Fajdaiz/
= - Ajo! Avd 2R+ Fridztdz!
= -ArA+F
=> F=dA+Ar, ab axserted.

Thindly. dF = dedd+AnAy



=0AAA - AndA
=(F -ArAINA - Aa(F-AnrA)
=FnrA - AnF

Or equivalently . dF +AAF - FaA=o0.
Obseruation:  0laF = 0lF + AaF - FaA,
Remll that FeIlX EdE®A"Y, F= Fijoz/dzk, then olaF=(0aFz))olziolzt. The ohseruation
comea ﬁom the &mple fbct a Connection on E determines o connection on EndE = EE*
(In fict. over the tengor algebra of E ond E™). Let Te TUX. BdE). @eIX.E), then
ToellXEy . ond:
N (Tey=(VTe+ TV
= (Ve =Vj(Te)- TVjo
Explicitly:
(VT = 9T+ ATo- T - TAP
=T+ Toje+ ATy - Toje - TA®
=QjT+AT-TANY
= VT=9T+ AT-TA
= OhT=dT+ANT-ThA.
Comporentiize: VJ'_I'M§=8_,'_['°'§+A)‘°'PT?§ - T%Ajy@. Notice that —AjY@, comes ﬁ'm the
comection of £ This finishes the prof of the base aualities.

Sreoiod cose of E=TX.

(X, T°X) ={ Vigj| InoLomovauc Uecarfe{dzs

TUX, T°X) >V <> Vi on Xu st Vi@ = 5a% azu C VD, ie twh= 'a’z"%
Tn this e, the connection tokes the fomm A=Ak (jhde di-niy, and the
curvature tokes the form I:EJ'“@=I:E)"€m (joRd medi-nt)

Def. A metric Gj on T'%is soid to be Kihler if OtGhj = QiR
This cordlition is inuariant urder charge of Coorlinates berouse it's apuivalent to
te global conddition 0= dw = d¢ ZGFjolzidz).



For & Kohler metric G (&MWWWJ&WMW@ R
instead of K, we have:
Rejsm = Rpmej = Rimsj cthe 4% Banchi idlentity)
where Rajpm = 5t Rej .
Proof. QEjﬁm=Q;‘>ePEj{m
= Gpe (-SR( Qeg—aj Gam )
= Opt (Qeg%3j9am - 09080, 0am)
= Qe ( 05380r)9™ 3y gam - g3k, 0am )
= Jufpr G LjGam - Ok 3 gm
By oef’ of Kahler metrics, ¢jesm th— 5> doawnt charge Rhjsm.

All of the obove formalism extends trivially to the case of Smooth bunolies. Consivler
E— X 0 Smooth complex vector bundlle over a. smooth monifold. By def!, a smooth
vector bundle is oefineol by amooth tramsition functions 1 tuw : Smooth imvertible matnix
Unlued functions on XuNXv}l

D%D: A oonnection on £ — X =UnXu is given by AM-—'AJ‘Ngle’. IS, BET ON XK
satisfying :  TAXE) 3 @=19*} - Vjo = §j¢*+ Al @ € [TX, EON).

Def: The curvature tensor is olefined by :
[V Vi1g*=-Fis @f
It beows ﬁom o Simple Computation thot
Fi's = ~(3iAjs - ajAf‘ B ‘i’A?YAJ?F’ - Avaf-'p ).

¥ X hoo more structure. say. X 18 o Complex manifold . X (2.2>, we are
interestedl in & more Specinl class of connections, which rexpect the Complex Structure

of X 0s much as possible.

Def A=Afsodnd is alled o Chem comvection [ AfpdEi=0, ie. Fo&=3q*



Assume that A is @ Chem connection. ie. A is 0, we hawe
Fij = -(3rA] - JAR+ ARAj- AAR)
ryr s

= A
Howewver, Fij moy not be 0. However, we howe the following charactesizotion:
Thm. (Newlongler & Nirenberg) If A is a Chem connection with Fij=0 (Fij=0 by
def. of Chem comection). then E— X admits @ holomorphic Structure.
For o proof, ¢.f Donalolsom- Kronheimen. The Geometry of Four Manjfoldls)

Charpcteristic Classes

E — X :8mooth complex vector bundle over compact X. Let A be omy comnection on E
Def:  CmtAy=t(A\"F) = tr(EaFA-nF) e TIX.A™

where F=Fraoxisx e (X, EdE@R).

Bosic observation: dCmA)=0
TIroleed, dl&m(AY= Tr( ol (FA-=AFY)
= TrcdFAFA-nF + FadFa-aF +++ FAFA—AdF)
= Tr(mdFAFA-AF) (gince TTr(ABY="Tr(BAY)
= Tr(m(FAA-AAFIAFA-AFY (2 Bianchi's iolentity)
= Trtm (AAFA-~AF = AnFa-nF)
= 0.

Def. e define the Chem closes of E 0 [OmeAyT,

Cloim:  LCm(AV] is invlependent of choices of A. More precisely, i A’ is ony
Other Connection, We @n write:

Cm(A'y - CmtAY = o (mfo THBAFE™y alt )
where B=A-A. At=A+tB ond Ft is the cunnture of the cometion At. Note
that B is an EndE-valued 1-fom. (: v@ETIX.EY. Qjo+AQ ond 3jo+Aio are



both globod = Ajo-A'q is global => Aj-Aj € TIX.BdE). )
Progf. R
ButAy - Gty = Lcﬁ‘q(-@df
= [y G (TreFea-—aFe)ot
= o TrCFe AFen=nFe + FenFra-aFer =+ FeaFen-aFedde
Sie Fe=olAt+ AtaAt = Fr=oldt + AtaAt + Aeade.
= [ = dB+ BrAc +AtAB
= Tl Fen Fea-aFe+ FenFeaeaFe+ -+ Fen Fen--nFe)
=_ﬁ~(mlf+AF+A---A Fe)
—-ﬁ‘(M(dB‘fBAAT'!'A'C/\BMFTA -AFt)
=mTr (d(BAFtA- AFtHBA(,-. N FendFeaA™ I:-t)"‘BAAt/\/\ “Fet AcnBaA™Fe)
=mTr(A(BAN™F) + BAl %/\' FeA(FenAt -AenFo sl Fere BaAt AA™Fe
-BAATFs A At)
=mTr(d(BAA™Fe)+ BA(E AFender A Ff - ZJ\ Fe AAtA N Fy + AN Fe
A"™E: A At))
=mTr(olBA A+ RAL A" Ft aAt - AtaA™Fe + At/ Ee = A" FenAe) )
=mTr(d(BAA"Fe)
= d (mTr(BAA"F1)).
Note that in the Computation we wed the fact that T(ABC)= THBCA) ard

differentiol forms form & Z/2 - grodled  ring. 0

Def. The ordlinary Chem classes C(Ey are cbtoired from Gn(E) o foldows :
The two basis of Symmetric functins are relgted by polynomiad  relotions:

ie

U.l' = IX\+'+ IXY\ S\'—'. ’x\+...-l-’x's
Ta= 2 XiXy Sa= ’X)2+---+’X:2
n-'t-'-) .
Tr= % Xr Sr= X et Xy
'then Si= p.‘(OT,---.UH,i-l--- FD’Y‘ ngtomee : S =7, Sa= 0';2_. 7 Then:

Ci(EY & Di¢G(EY, ~ CrtEdy.



Note that CUE) is well-clefined by the ring Structure of de Rham cohomology.

Irterlude: Maxwell equations , geometric  inteipretation.
X=IR"?, dg*= -ty dn’+ dit+dz, L= IR"*x €.
Let the convection be glien by A=Ajdx) = -@dx®+ Axdx + Aydy + Azdlz.
potertial vector poterttiol
F =dA+ArA
= dA (Sne A s just o I-form ((day- connection) )
= ZuAudxt
= 23R 2 o
= = Fuo oOx°adxH |
where we define the cunature Fuv = L0288 -8y ohich s also refered to o»
the field strength in physics litterature.

Def. The electric field E =(E.Ez.Es) is defined by Ej= Fio.

The mognetic qu[d B=(B.8. Ba) is dlefined by Bx= Fyz. 85=sz, Bz=Fay.
We also write Fuv in a mathix fom:

0-Ex-&y-E

=0 ~Tyx -Fex

Ey Fyx 0 —l'_',,5

Bz Fax F25 0]

FMU =

Recall thet F aatisfies Bianchi's identity: daF=0
= 0=0hF =dF+ AnF-FM = dF
= 0= 25 dFwox?x?= 2 232 dxProlrdii.
= SpFuw + OuFop + AwFu =0 , vp .
In terms of the electric aml magretic fields :
o. Al p.u v o spce indices: (p=x u=y , v=2)
= OxFyz + AYFax + IzFwy =0
e, IxBx + By + 2Bz =0
or VB =0



2. One index is the time index
Sthy t KFy + dyFx=0 ie 3tBz+xEy-yEx=0
dtFyz+ JyFzo + dzFoy=0 ie. OtBx + yEz -2y =0
OtFax+ Ozhxo + OxFoz=0 re BtBy+dzEx-&xEz=0
or B+ VXE=0.

Thus the Barchi's identity accounts for 2 of Mowwell's equations. The other
2 equationd arise from a. Lariationad principle , i.e. giien 0. comnection A. we
Con associate with it its action T(A) = Jwe IF?. The electric magretic febﬁs
e the ones that minimize tis action. Namely:
814y = $5 -8
ond the Criticel points are the ores satisfying 81/8A =o.
In the (use of Connections, the Criticad point equation is:
V¥Fw =0 ¢ Yong-Mills - Equation )
This will be Shown (ater. Epraﬁg in the present cue., VHFW = BPCQPM Fyu),
where gH° = dlag(-1.1.1.1), ond thus :
QPMFPU — { - Fov p=o
Fpo P=xX.y. 2.
(3. Toke vL=0, then:
0= BP(QPHF;AO) =Jo(-Foo) + dxFxo + agFgo t Ozf=o.
re.  xEx + oyEy + czEz=0
or V-I_F:" =0
(4). Toke v=x.0r y 2). then
0= Ip(gP*Fux)= Jo- Fox ) + IxFxx + oyFyx + dzFex
{ 0= ap( QPH[:%)-_- Oo (- Rg) + Ox Fxg + aﬂ Fw '!'82[:23
0= 3ptd™Fuz) = do(-Foz) + IxFxz + QYFyz + OzFez
i.e. [ othEx-(yBz - 9=By=0
{ otEy - ( 02Bx - oxBY=0
otEz- (0xBy- oyBx=0



or Btg - VxB =0

\lariationad. - formula.
Given o varation A~ A+S8A crote that SA is a I-form). Recall that
Fik=-(3jAr — ORAj + AjAr - ArAj)
=> Zhjk = - (3 3Ak - RSA] + 3Aj- A + AidAR - SAr-Aj - ArdA))
=- (3] 8Ar + Aj0Ar - Be-Aj - (OrdAj + ArBA} - SA/AR)
= (VjSAr - R3A))
Thus, 8I= 8 [x <F.F>
= 20x SF.F>
2 §x (V8- R84)) 479" Font
= 2J\x-8Ah'kaV4Fm{ + SAJ'Q'H V" Eme (Itegration by parts)
= 4 [x 84 G V!Fim
The right hand side is linezr in 3 now, thus
SI/8A=0 < VFm=0.

1l

A bosc example of complex rmanifolds . P
Def. @P"=C™ \jo} [~ , where (Z%- Y~ ML L"), v AT,
e use the following Coordlinate sysz‘am, Vj=0,--n.
Xj & {1-:0"1l gj#0}
ond we identify X with C" va:
X5 208% -, N r—»t% ,';,‘,",%2)2260:"
“The troanaition Junctions, for instonce, on XoN Xn, is glen by:
LE% - M
/ N\

Z= (%" zn) %,%)éw

then W=, w 5. -
2", —zn l,\) zn

Def. The universol Lire bundle L™ assigns each point of @P" the line it represents.



Note that the total space of L7\ do-sectiony = €% We trivinkize L in the
Following way
On Xo, (Z%--.C" > ([0°%:0"1.0°) e CP"xC
On Yn, (L% C"—([%-:0"1.0"Y e CP'xC
Since C"=<(74">-C_", we define L™ a5 the holommphic line burdlle vdith tronsition
Jurctions Lk = A XinXe, i.e.
IX.L"Y2¢ &= {CPJ'=ZJ/4h~(Pn on XjNXej.

An example of a. mermmorphic section 1S Qiven a%i J%wﬁi

On Xo, st Qo=1. This detemines @j=Zz-1="2" on XjnXo.
This is meromorphic Section of L™ with poles along the codlimensiom | subuariety
f(o=O§.

The wnivewod burdle L™ adwits a notuml metric :
“The invariont way of olefining 1t i if @=7- (", set

U = i}é \Zi2
Lma%' 4. on Xo : "
HL()!F-_—_- llolz(l'i' l‘glzﬁ-'--'\' ‘%\z)
=11 hea).
Thus hezy= (14121%) |, where IZIP=IZ0%+1Znl” on each nate chort
Curveture QJC [
By our previous formula
Fij = -3 9) gh
= -k ajftog()-\-llzl\‘))
o~ 3
= -oR (ad)
- { Sy k
- et (N

Observe that if v= (v, V") 8 a4 vertor
- on? LV, ZHEV>
FE)' VIVk = ‘{ 1+ 0202 (1t 202 }




{ NI pundizn- |<u.z>i‘}
=~ 0+ nZuay2
nun?

<- (1 + 12132

The the Quuatwe is a negative oefinite (1.1 Jorm.

Def: Let the hypefplonebamueLbet‘he:mmeqf L™, ie. L i oefined
by the transition functions 155 on XN Xt

PXL) 50 <=4y = Y¢i @r on xJnxn
Similonly, L™= {( (6)™ on Xj N Xa.

L odmits o ratuml metric hoz2 —Hsz“, , the Fubini- Stacly metric. The
Curvoture of this metnic 18 _
(FL)gj = ‘Tf%?‘ tégf'ﬂ
which is Strictly positive -
(PG i =f i, - o)
={ NN NOIAIZIP- 1<V, 2>) }

X (1 + WZN2y2
Hun

(1 + N2

The holomorphic sections of L™ con be identified with homogeneous polyromiads
D¢, L") of oder m. (Homageneous means peAl’ AL+ AN = A"pid’ ¢+ L™.)
Given pi&y. we may define . for instanee on Yo Potr=pu.2.--, 2" . Then. on
XoN Xn':
Po(l. 21, 2n = P(1, §l Ss
= (" P, DY
- &k

= (';“ ) pﬂ ((/001 W' = 1)

In summany, we have the Pllowing set-up: L— CP" adlmits a metric
he with strictly positive cwvatwe Fu. Then we may pick Fi 4o be o metnic
for CP" since offer cll it's just a (1. 1-fom Thus in the future. the Fubini-



Studg metric Wik mean 2 things:
n. The metric h. on L
3. Guvatwe FL of (L. ho), regerded s o metric Qaj=(FLkj on CP"

Erercise: Compute 8% olet g and Rgj (= cnen G )
Lemma. ¢Linear olgebrs, ) . If ue" is o wnit vector, de\{o, 1§, then
(MDD -uut)'= X" Id +(A-v"- aHhyuut
P)C: (AL - Uy (A Td + (-0 - A uih
=Td+ ACA-n"" =2 huut - X'unt -O-n - huuth)
= Id + o UH - AUET - e Ut + ATt
= Iol

Using this lemma, we con colcalote (gij)”

ZoZ) WZn® IR 2zt
th )= ( 1+n2n= TiizinyR ) =t iEe ( nzn= 1o -z )
- GEnzw®, oz
= Cth = TETY ( I+ 1211 Id + ( “Z” 5 llill’ ) Z'Z )

= (123 I+ (+IziH 22 zzt
= glh = Grizity Sk + (+iziz’z{z®

To caleulate the determinont. we we:
Lemma. (Linear olgebra). If ue€"is a unit vector, de€io.1f, then
Oet (ATd-uut) = X -n
%C: Compete U to on orthonormad basiS {U, Ui Un-}  then
(Ald-ustyu = (\-nuU.
{t)\lol-uahw: AW
= U U Un-} olicgonalizes Md - uut = det(AId-uuty= A"ed-n.

n-1 2
w2 (" \
It :)00(/[0003 dgt(gij)': G 0o (ST — V) = mgEe

FinaM,g, the Ricci curvature:



Lemmo. If Aty i8 on nxn ratrix velued fund:lbn, Aoy invertible , then:
( (,ogdetAm)’coy =tr Ao A'toy.
Pf: Ower €, let J=8"AB te the Jovian Quonical fom . A the eigen-unlues.
Tren logoetAc = (ogdetJ = = (g
= (aygdetAm)’fO) = X )i i)
= trJ7Jw
=tr(B'AB)Y'(-8'BRAB + BAR + R'AB")
=1r-g'A'2B"'AR +BA'BRAB + R"A'"BB™AB"
=1tr(-Ba"+ AA+ B'R)
=1tr(AA) O

Now: REj=Rej’s = -3 g%3;ga)
= - Sk O] (pgdefgge
= - Ok Jj (-1 (ogli iRy

_ i Zizk
= (n+Y (R ~ )

= (N+1) G|

Exervice:  Qur metric Qj= okdjlogh s always Kahler since derj =0;4et. Now

chow that if X is Kahler , Y is o complex submonifold , then Y is Kahler. In

portiodor ony Complex Submanifold of @P" /8 Kihler.

Pf: The question is local, thus we moy assume that Y is Looally the zer set

of some. holomorphic. fanctions fr .~ Ja. with linearly indlepercent Olffersntink
Complete fu~fo to a loowl comdinate Chart {2, Zn}. Sy, Zr=Fio. = Zn=fr

Then at peY. T'SM= €<d.,,0r>, and 10k t|v satisfles S¢dxj ly=atly. The

result follows.



86. Kodaira, Venishing Theorem

Qoad Mo.p‘.

Our First goal is the Koobira Embedoling Thm:

( Kodlaira. Embestdling Thm) Let L— X be o poitive line bundle cver
0. compact Complex manifold. Tren for m large eraugh , the mop

X ——— CpPN"

2 +—— [So(®),-, SnmZy]
s on erbedding. Here { Suz. w=0,.Nm} is o bosis of the space HTX.L™
ord dimHYX, ™) = Nm+ |

Moin Ingredients of the proof.
Need: many hoomorphic sectins of L™
o \bwsbung thms: K E :s o hotonwpm bunde. when is kerOsene = ?

2 BNt = EaN S EoN® <2 -
a 3" 'a* s

O0=33T+3%d

Obsention: Noively . kerDlleees deperdds on metrics becouse 3" dbes. Tts
however only Oleperdent on the complex Structure:

® Hodge decomposition thm.

KerOleeare = HsP4xEy  Dolbeault Cohomology.

which deperds only on the complex Structure

o Sheaf cohomology : H5PAX.Ey= HAX, QUEY) , where OPE) /s the
sheof of E-ualued ¢p.0y foms.

Aduortoge of sheaf cohomdlegy:

0— % —G—H—o0
= 0 — HYX, %) — HUX. G) — HIX. H)
— H'(X.P) —
Then once we know H'(X.%) pnishes and HUX.H) is big enough. it ould
imply HUX.Q) is by enough



Rochner - Kooaira,  Formulas.
® Charoctoristic feature - In geowetry, there are many * Loplacians” A Bocher -
Kodbira formula. i3 ¢ formula of the type :

A= A + Cuvatwe terms.

where A, A are different Loplocions.

Bose aose: E — X : holomorphiic line bundle. Hag : metric on E. Jgj : metric
on X. (Hewition metric => Hip = Haa). W2 hawe:
2 E APt 2 Eo S EoN? -2
In presence of metrics Hsg. ggj, there is @ norm on P(X.E@/\”). given by:
voe TIXE@NY), ©= T = PTozds, whee
olz1= oz - ndlz®,
03 = oz A - AdE2
(Pfitl: cp‘j-g_ Tilpria
Ipi* & ELQTJ;( <P°§1‘P L Hax QKJQIL' =

. o _ ARG pNje el oLl "
=W~E< Pty Ph-ro-t Hpu g g% g0 &

Hee o dlenctes the 35mplectc fom L= +0 j dzindzR . and ST is the volume Fom
on X %r —OleernJ)fT:E (0lziadZ))
Note that we can also oefine the inner product Smilory.

Now. we deﬁne the ﬁ)rma,( aog‘omt ot bﬁ ;
<P, Y> =<0, 0>
Jor ony e T(X.EOAPY, WeT(X.E®A™H), with compact Support. Then, there i
0. natured Laplacion O = 33T+ 313 on TIX.E@A™) . However, there is ancther
natured Loplocion ¢metricy -
TIX,E@AL) 5§ s -G G VE Q% € I(X, EQAPY).

Question: Compare O aind :—QJEVJ'VE".



A simple example: O on I'(C", A*'y. with flat metric G =3xj. (E trval)
We compute @ on A\’ and A Take fe A°°, @e A
of = o dz
3¢ = 3(Prdzi)= IP;dF = RYPy dF*adZ = 3 (IR P] - 7P Y dZ*a0lE
i.e. (3P)7i = AP -JjPr in Comporents,
Next we compute 3% on A** and A\*', by the dlefining equation:
<P, W>= <P, 3>  voelec@ A"y, el A%
Lhs = +Jx (3P) T g Q‘J'Q"‘E - ol
= fxcascppﬁgffg'"‘-uot (rofe that SRPj-Oj Pr onti-gym in k] but
= - Jx @5 Vedam g o g J99™ is olso arti-gym in k. J. guing 2 )
The lnst Step using integration by parts and the repson we we Vk wil be clarfied
in detoil lafer.
Thus, on A2, (3747 =- ez ¥ = - VeUak (flat metricy,
On N, toke @eTz@ A% Yel(C" A% -
(hs = fx (BJ(PBL_P?? g4y yol
= Jx ¢ 94zgih - vl
T on A%, 3T =- Viug g = - ez =- 304z
Hence on A*'. the Loplacion O is given by ¢ @=d)
(O = { 33"y + 1873¢Y;
= O] (00T )+ (- (APHTk)
= - 070¢(PZ — (Or (RP; - A7 PR))
= = 0794 Pz + 0Pk - SRR Yy
= -eor Py
Note that in the last step. we wed the fact that on flat Qoaces, O7dk=2k3}
cor more precisely, ViVe- Ve V5=0 ). In geremd . this rewlts in curuative terms.

In this coee, two Loplacions agree.

Gereral coge: O =33T+573 on E@NPE
0. Computation of 3 on E@N,



3 (51 = P4 dzFn dZ°) = BT 3 3 P dzkaolz* a2
Here we need some exploination: this means without anti-Symmetrization ,
(§<P)§IE =(g+1) QR P31 .
However, with antisymmetrization, we on also worte:
(301315 =(@P)jp-7 1R

= Ok Pz - O Pa--fik1 - Of Pla-&jiz = = Oa Phjp--iT.
Note also that, even E®A™ i no longer @ holomorphic bundlle. 3 mokes sense
since the process of Grtisymmetrizing his higher order dlfferentiations, just 62
in oe Rhom cose.

2. Computation of ST on E@AP
Again, toke pe T(X.E®AY)  YeIX. EON™*). By definition, we hove:
<30, ¢>=<@, 3>,
I P L kg gtk W
l.h.s. = Prgay fx(a(P)SxE q)BEME Haa 8870 —r
Observation:
(0. We can write @5k in tems of genuine Covariont olerivative.
eg. QeTIX,EQA™), (3 P11k = R 1 - PR )
= VEOPS —PSCP%I— (V,-CP%':-F;'"E%Q

(Here recall that on & (1.0y-Jorm Vn(%=an%—l—’n'j’ﬂpm=>VECPy=aE<P;~l_’f"J-CPM).
e, (395w =(VEP: - i) - (IF - ok,
The lpat term, being the difference of two comections, is a Tensor, colled the
torsion tensor.
(by. (&) Kihler <> Torsion tenson =0
Recatt that , 1 = G" ah@m then Iy - [fa = 9™ @rgsj - i@k . Sice (") is
invertible , the ot term vanishes iff Or@s - jgse=0. (ff (k> Kehler,
° Henceforth, we will assume that (gg) is Kahler.
Now we have:
e fx(é@)axh Wz Hgs §99™g

= 52 Jx Vi 0% G Hax g9g™ gt

3\2 3.18,



Here we introduce the ﬁb{own‘ng trick :
Lemma. (Ricei). (VE®3:)G7= Vi (450
Pf: The Chem connection presemes both the complex structure and metric Structure
\3 Qq = or{ij - fr_gq
=80y - For0 95
= 3k {7 - ordj
= 0. O
Notice that @05 is a section of a holomonhic bundlle, thus:
73 I Vi 0% Wl Haa 970 g% 4
= P.‘I—&! fx Ve (G902 klag._d Q“TQ"E Hag - —(?1);'
= 3@ x 07 (405 Wis 4
= - FT Jx (G085 SR (WE ).

where we denote fov‘ short Wha ggH Hag = Wik, the last gtep uoed integration
by parts.
Now, (»cauﬁ W"= detrfzp) J'j,olz"/\dif. thus
Sk (WX detgge) = Jr WP det@a + WP 35 detgap
= R detga> + detqa> - W O logoletga
= (det Qap) (R W+ WR g3k Gzp)
= (detGgp) ( deWR + 4%k G5g-WH)

Where in the 3% gtep, we wed that (g detAy' = tr(AY,
Recll also that I’fﬁ prag Qsh = 0% 3k 05 = Egg. Thus the obove eguation

becomeo:

3R (WR-det g = et W+ Tig WH)
= detgas ( 3uWF+ T WR)  cy the Kahler condition
= deTQEP w
= detQep Ve WR
Swmming up, we obtin:




Ihw

|
- 71T Jx (0905 (35 W)
e
=-pa fx ke 3Pt ( VEWE:() l'h)r'
Iﬁ_@!‘_

= 50 Jx 956% 9" Rub) Hi 3™ 42

Hence by olefinition: i
3¢k = -G Vebhur

Now we o gerive the ﬁrmula ﬁr the Laplacien O V@e TIX,E®N?)

3'3¢ya1 = - 8™ (3¢5
= - g% T (A Qi1 - Vi Qi = = Vg Oivjon-i1 )
= -0 o Um Qi1 + G (o Vi Qs -+ Vo Vig @jen-fi1 )

@3P)3r = (B3P )fj1
= - 381y
= (0P (3ol - VRO Ry - — V(3T P)ijgaf1 )
= (0P -G% Ve Q- ptm ) + VG V2 Qo i+ +Vig G V2 O 1 )
= -G (Vi Vi Qi ViV Phojms == Via Ve P )

= (O = {30 |5 + {3515
= —Qem Vi 05 + g7 {T Ve, V51 Qg v+ [, Vi3 O3 |

Note that the commutatos an be replaced by cunature terms, for instance
[ve- VJ-I] (P;g_"'jlﬁll = F‘]-I‘eaP(PJEg"'IaFﬁI _
+ Ry Qi gz ++-+ RpR" Q% qams + Rjoi "%kt

-,R. -, R. (¥
- lee tp CP?Q,-—)‘:W'\ Ripa=ii = == ~ Qj\{hu (pj‘g,--jzv'ﬁ'l[p--- (2R .

Thm. (Kodaira \/anishing Theorem ,  Vlersion 1)
Let E be a hdomarphic line bundlle cwer a Compact Kahler manifddl X. Let

hbe a metric on E. Fgj its cuvature. Assume :
Fgj QEj >e gy 6o



ff)r some constant €>0. Then herO|ees =0
Pf: Apdly Bachner - Koolbira formula to this cae:
(0= -9 vaQr + gL 10R
= - ¢ Ty + 07 { e P + Rytm " @i
Under the Kahler condlition: Rpea® = Rty *
(O )y = -9 T V07 + 4% 1@ + G Rea; R
= -0 % Va0 + F70m + Ry " 0m
Poir this with @
<P 00> = \rx (DCP)J‘E-P—E"\ QU 'cr%n
= - PV G QTR + S om+ R ) B h GRS
Now - Jx g% Ve Va @ @ gr h &Y
- Jx vaq¥ Vmop % 3T h e
= Jx vaervigi 9¥gh 4
= || Vi Py 1*
Morever,  fx (5™ -+ R;™ om) Ox-ngRi 4
= Jx (F5o + Rr 9% o @y gW h 43¢
2 [y € 072 9%" 5@ 9% %y
=&l @7 994

I

=g1pn
= <OP, Q> = I VaP;I*+ ENPW* 2 NP’
If o¢ =0, then gipi*=0 => ¢=o0. O

Rk The above estimate , tegether with Hoolge decomposition thm cto be proven
in what J@Uooos ). Ques:

@. (Hoge) = H5(X,Ey=0, ie. vfeC*(xEeNy, 3f=0 = f=3u for
Some ue C(X.E.

by, Furthermore. we howe ItuiR <= 0fi,

® The bourds are independlent of h as long as ) condition 18 satisfied. More
precisely . fix a metric h on @. with curuature fom ﬁzj. Then:



Thm. ¥ @e C(M. R, h=€—(p£1\. Assume :
Qjk®+ Fj + Rg > £ gy
Then Su, with du=7. with :
S upe® < —é—ftfn‘e""
or lui* < wufid O
This I8 o very importont theme in Cuvent research.

Thm. (Kodoina \Janishing Theorem , Version 2)
let E— X be a positive holomorphic line bundde over (X, kj) . Compact
Kohler manifolol . i.e. 3 h a metric on E with Fij=-09j0k logh >0. Then 3
Mo>0 , St V. m2mo, we hove:
KerOlem@p0t = 0
Pf: Bochner - Koolira formu(a for E"e N is:
0@y =-g%¥ v @; + (mFje+ Rye ) ¢!
Thus when m2mo >0, we have:
<009, ¢>2Elpi*
ord the thm. follows. 0

Kodira.- Akizuki - Nakano Formulos.
Previously . O is compared with the metric Laplocian. However., on Kahler monifoldls
we howe another Laplacion of @ : 02 331+, S we would like o
compere O ond 0. To db this. we shall use the folioing operator A\
A DU EQN™) 3& +— (AD)31 = §*" Bimeds € TUX,E&/PY).
Then we howe the identities

{ [3.N1=23"

[3.A1=-3

Howing this , we an prote:
Thm ( KAN)

O=0+LF., Al



Pf: O- §=23%+3'3 -3t -3
Ol3.A1+[3.A13+3L[38.AJ+[3.A10
SN - A0+ MG - AJI + dIA- IS + DS - A3d
= (30133)A - A(Dd+3d)
= [(39+33), A
Rewil that , for any @e T(X. EQOAY)

1l

1l

dagp=Fr®p
ond
da® = (3+3)’@ = (33 + 3O
= O-O=CF Al O
Proof of the identities:
®[3.N]=f

[3.,A1P = AP - ADO.
fa/\(DhMJ = VJ(/\(P)LMp -m; = Vm,(/\(P)me mj == VMP(/\(-P)EJMP\ m,
VJ(Q QoL mp-~m) = Vm (g CPbame m:J"'""vafg PbaL jMp--—mi).
{/\a(p}LMJ = Qa}_’(a‘-P)baLMJ
= Qab(V,‘LPEaEM = VmPBalMp--maj = =~ Vi PhaLjmp--m = VaPbjLm)
Substmcﬁng, using Ricei’s lemma. we obstain:
{L3. A1P}ivj = g® T Peim
= 9% Vo
= - g% VaPLvjb
= (37¢) L.MJ
(Here recoll thot (a'“-,/)EM = -Q th/kwe )

To show the second identity , we fint compute 3" Gien ®eTX, E@A™)
We T, EO AP, bg dlefinition, we hove ¢ 9P, 4> = <. 3> , e
4, dMY> = (P'H)‘Q_‘ fx (a(P)LMJq’pPGP gpLgMangH B
= Srw x G Phar 99 g &




= P'gv J;VJLPLM L_\,. 9” gPLgMGH_
=~z [ O G QPLQMQHa@—n-
= (@) = - V4T

e [3,A1=-0"
Toke ®e I7(X, AP2®E) |, then AQe (X, A"""OE), AP e (X, N ioE)
ond 30 e T(X, NPPBE), AJpe DX N2QE)
'{é/\@filj V"(/\(P j1- Vi (/\(P))g| “J2J 17 vjil(/\q)))]az JiI

= VJ Qabq)bdal" VJ|Q Projg--Jaj1 - = VJQ|9 Peajjea-pi
(NSOt gy = ga_t’ca(msasxj

= 3% V7 Q5ad1 - VsPpdt - Vi Piajer-Jaf 1=~ = Vjan Pbajje-Ji1 )

Substracting gives:

(L3, A1)y = Q Vb(PJMI
= 9 Vb Qaja
= (- aT(P )SIJ'

Rmk: The signs of these identities can be eosily checked as follows.
For @e IIX N, @©=Qrdzi , then
[3.A1¢ =(3A- A P=-/3P
Now., 0P = VeQ@rdztadZ => (3Q)k= VePj . This
[3.A1¢= - 93Pk =- R (hepp) = 3¢
Similay if we toke We TUX.A"), b=\pedzt | then
[3. AW = (3A- A = -AdY
where oY = Ve dziadz® , or @)k = - Vilk. Hence
(5, AP = -A3Y=-89@0 1k = 4954 = - I

Lemma. Let E— X be a line bundle with metric h and  ourvature Fgj.
At eoch 2e X, let 224~ <2n be the eigenualues of Fg wirt. Qg
Then :



CIF AW, Udz= TRi( ZaeaAa+ 2 6ek b - Zcm e ) i)
where we toke & coordinate System st. dz',--, dz" are orthonomal at 2.

Rmk:Recold that since Fij and G5 are both Homutian, T % g% Fy s
then o Self- adjoint endomorphism of the holomorphic tangent Spaee at 2 :
<Ta, b>g=<a. Tb>g
Tndleed, @hJTJw‘ b - O 9 Fsea®b® = Fijodl b"
ond Os; O TSb= Gs; 0) spFrhbh gsJ grs Fkr&th th il
Thus we moy talk about the epenualues of T: M 2)z2 <~ 2hn.
Pf: b compute :
(ANFW) kars = Qnm (FU)mnk3rs
= Qnm( FU) kaminrs
= 8" ( FrsWramn + onti-gymmetric fems of (7,8, m), (8.3.m ) )
= Qnm(FFs Wiarin
®
- %J:Eas d/h}---imia-.---i.ain - Fas Yirarn

——

@
= % Fjo WRjpfpnsjo-jiiin - = Fin Wiarms

——

®
+ %Zb]:- b WRy~F ki p-s- -ji i +7—Fhan oy ~F--R IS
®
+ %‘Fﬁ\jbq)sz"S"-‘]an + FﬁnLPEJFs )

Next.
(FAW)esis = Frs 9™ Winka + onti-gymmetric temg in (7. Ry , (5.
= Frs Q”mkPmnEJ
\-ﬂ'__/

© _
- 3 Fes 8" Wnkg-r-ka — S Frjp " Wrnk s
® ©)

+ 5;- % Fh—ajb Qnﬁ‘ Win Eg__.;_..E‘J',ii...J‘,
@




Substracting gives (natice the underlinesl Cancelation relation
(CA. F1W)rars = - 8" Fins Wean - 8™ FnWiars ]
+3% 0" Fran Wig-7-2ams + 6™ Py Wgjpr-s-jiin + 9" Fivn Wiars
Now in & (ocad coordlinate system where Gin =Smn . Fij =13k, we have:
(CA, F1W) 'ars = -AsWkirs - Ar YRafs + 2 Aka\bhg-F-kd s
+ F AjpWRjp-s-—j Fjp + gl\c Wrars
= - As\Ukrars - ArWkars — o Aka\VRaFs - %)ijIPEJFs ‘f?::,/\cLlJEJFs.
= (-YaeRFla - Zbeas b + ékc Y Wiars. ]

As on immegiate corollany, we obtain:
Thm (KAN)
Let E— X be o positive line burdle , with metric h and curvature
F=-9jdrlgh >0
Choose the curvatuwre fom of E os metric on X, i.e. grj=Fi (which
implies Uk Ja=1, a=1.--,n ). Then:
KLEF ATV U = (p+a-m 112

l<e;~|:|lE®/\"'g =0 f)r ptQ >n.
In porticular,

Keroleeme = 0 fopwlﬁ Q>1. O
Observations:

. Together with Hodge thm, this ogoin giwes Soluability woith L*-bounds du=F
2. There are vessions of Ol these where X 8 not Compact but complete
and  psewdo- Conuex. cDemmUAj)

3 There are emions for X bounded pseudlo- convex domains in €" ¢ not
complete)  (Hormander . L*- estimate )



§7. Hovlge Decomposition  Theorem
Let E — X be a holomorphic vector bundie, Hsg & metric on £, g @
metric on X not necessarly Kehler. Defire 0=38t+3t3 on C™rX, E@A™),

The main resutt of this chopter s the folawing:

Thm. (Hodge . Kodbira.)
Let L(X,E@A™) dencte the Space of L2 (p.g)-Forms ualued in E -
. 3 on orthonormal bosis st of L¥X E@AP*). Wre C*(X.E@N*) and

Oz = e W
Jor ench LeN.
by 3 an openxtor G L — L2, bownded . Self- adjoint opemtor so that
G3= 3G
Got=o'G
0G=Go=1-1t

where TC: L* — 2 is the orthogoned projection of L inner prosiuct space
onto KerOO = { ©e C¥(X, EQM?) | O¢=o0}.

(). For each A, the eigenspace {@eC(X.E@NPY| O@= o} s finite
climensionod and  Am > C-m® Jor some 8>0.

Cor. 1. YOEC™(X.E®NY), @ con be written 65 (Id=OG+m):
©=TE+OGE= QY+ 3(S'GP) + o' (G

ie. CX,E®@A?) = kerD @ Ronged ® RangeS', where @ means that

the summonds are mutually orthogonal to each other.

D’ ( Do(becu:t cohomology). For the complex:
3L TIX, B0/ ) 2 T(X B —2 T(X E@NP) — ..
it's Do(beauf cohomology 8 defined as:
HE%X.E) 2 (ker3|eane) / (I3 Iz

e Vo ¢'e Kerdleews, @~ e @-@'=3Y for some e TUX EON),



Cor 2. If @eCX.E@A?) and 3Q=0 . tren

¢= T+ 33'GP
i-e. any Dolbeaut Cohomology class L@ can be represented by a. harmanic
representotive T € KerO|soaPe. O

Rmk: KerOllzawet deperds gparertly on metrics while H3' s independent of
metric. Thus with the upnishing thms proven previoudly, we an obtain information
(Uanighing ) of H§.

Sobolev Spaces Hees (X. E@A™M)
X: compact . (e olq‘bqe the Sobolev nom Il iy on CX EeN?).
—_— 2 n
IPlmE ket fx V-0 P” Vb by PP QAB Hex L
where i, bj ronge. in {1-n, 70}, Hax is the metric on E@A™E
For eg.
2 N wn 2
Il Pilioy = Jx oo Hex 7r = Q.
2 2 o Dot P s 2+ [ ot o 08 Hag &
NNy = NI Pliey + J;( VJ(P“ ) Q Hpot n X VJ(P Vi Q Hﬁd n .
—_— T n
1Py = WP + Jx V Va@® Ve mQP §49°" Haw 1
_— - n
+ Jy TR Vevmor §99™ Hax
_ 7 n
+ Jx YAGCAVA Q’{Qm Hao o
—_— = bm n
+ Jx ViV Vi UmpP QzJthHsu W et

Def. Hm(X E@N) = CHX.EN*) wir t. II-le.
( = Space gf Couchy sequences in Ctx.E@nPY),
Cauchg Wr. . I e ).
ie. QeHw, P= {Paleen. N Pe—Pmllesy — 0, v 4d.m — o0,

B@ O‘Ef Q]C - llegy, Por— @ in Hcs:ﬁr some ¢ Lz, thus we mag think
of He as & Subspare of L*



Obgervation:  1P2-@mlicey — 0 & I V*PL - V¥Pmlliz — 0 for all k<8, ie.
VR — W in L2, for some Yrel®, vR<s. Thus Pe Hw gives rise

o o sauence {Pr: PreCUXEONHL, Qe — ¢ in 2, and Ry Coveges
in L? cto some Y for all ks

Def. The h-th denitive of @ (in the sense of distritutions ) is dlefined by
VO £ himy 7'y = e € L
Jor ol kzs.

Formal aoyoin'tness
We know that . v &, D e C”,
<0®, O>=<d.0P>,
Since O=99'+3'9 and
<O0® T>= <33P, T>+<39d, >
= ¢3'®,3"0>+ <38, 3>
This remains true UC ¢ Ye Ha
<O, ¥>= <o Oy>
where the inner product taken in L2,
Pf: Toke ®e—> @, Yy — 4 Then OPe ond 044 ore Smooth
<O, U> = UMioon < TP, by > = hiMaso <Qr, O > = <P, P>,

Basic facts obout Sobolev  Spaces
. The operator O Satisfles, v $e CIX. EQA™)
N OBlesy € Cs 1B lleseas
This O extends uniquely to a linear bowndled operator O Hesey — Heey.
Indeed, ©e Hiseay, write @=4ime @ wir-t II-llew , then
I OQs - OPmless £ Cs 10~ Pmlisty — 0 0d £Lm — 0.
Herce {o@e} is Quchy wir.t. I , thus defines an element of Hess.



tby. Sobolev (emma.
Let nw be the real dimension Qf X. :b( S>$, then 3 (s, st v DelC”
1D hce £ Csll Bliesy
where 11D lce (s the Sup nom:
1D 1 co = Supx ( Bea B Hm 9™ 9™
Two Corollories ose immediate:.

Cort. If @eHs for s>52, then @ is Omtinuous.

Bf. Let ®e—>¢ in L*, PeeC” 11Pe-Pmlls — 0 08 4. m —> c0. By Sobolev
lemma |l(p{-(PmHC°ﬁCSIICPJ—(PmHtS)—* O s dm—oo ie P} is urufarmtg
Couchy ond thus omuenges to o Continuous. unction . Bt Gy — G in L? for
some §. By unigueness of lmit. @=& . ond thus @ is cortinuous. O

Cor 2. I;f s> im, then GeHe = ©eC™ Thus Neo Hees = C* O

. Rellich’s lemma.
X: Compact. S<t. let {@eHm| be a sequene st I Qjien £1 . Then
3 o Subsequence 1@} , and PeHs . and Pjr — @ in Hs.

Lineor elliptic PDE
. Let O be the Loplacion, then vs, 3Cs st V @eC”,
NPlestay £ Cs (IO PH + I Pllesty)
This dlepends crucially on the elligtioty of Laplcion . and is called “A Priori
estimate”. Simibr 0o above. this translates divectly to Hisw.

by, Regulority Thm.
Let QEX be anopen set and u.fel® st Ou=F on 1 in the sense of
distributions , (i.e. by def  <u, 0@>=<Ff @>. vpeCeQ) o Ou=§ in
the standard Sense.



Construction of Greens operator G
. Let Ker={®eHm i O@=0}. Then Kerd is fm’fe dimensionol
Pf: I {9;t were an infinite orthonormal bosis of Kerd in Hay. By a
prior estimate , we have. Jor G- ¢+
NPy = Palleny £ C-(10(P; - Payieos + 1®; - Palii )
= C - Palien
Since @, PeekerO. But 19Qjin=1, ond thus by Rellich's lemma. we may
assume 1P~ Peiiy — 0, by passing o a Subsequence. This Tells us that
N2 =I1Q;-Qalis — 0 o j.4 — 00,
Contracliction. O
Similay, we con Show that each eigenspace KercT-)y is finite dimensionad,
Since we howe
Qs € C-( N1OPles + 1 Pllessn)
< C-IlOp-AQlisyt 1Al 1Plesy+ 1 Pllestny)
ond the obove procf opplies.
Note that by reqularity thm, KerO octuslly consists of Smooth functions,

(by. Define the range of O by:
ROy 2 {CDE Hwoy, ©= 0Oy for some Y eHa}

(We howe the key fact that:

* ROy is Closed
Obseruations: In generd , WS H . H: Hilbert Space and W a subspace . we have

H=wWe W
Then since the range i8 Closed . we con write
2= R ® R

e VOel®, @=0OY+Q, with GeRD" We may firther choose P L KerO
in the | *-sense . (One may worry that throwing away Jrom W its component
in Ker O Moy not be well-defined . But there is ro trouble Since Kerm is finite
dimensionad thus closed. and in fact consists of Smooth functions).



We have Shown that R(D) is dosed in §4 . We reproduce the proof here for
the soke of completeness:
Cloim: . prion estimate => 3 C>0, 8t VQeC”, ©L Kerd, we hawe
Qi@ £ C-1IOQI AP
Then, v®e RO, ond $o=0¢n. ¢nL Kerm, and $n— B in Hen. Now. by
(AP} 1Pn-@mliay € C-lIOQy-O@m o = Cli®n - Bmliy —0 = 1Qn}  Converges in
Ha, Soy, @n—¢. Then OP =dmOPr=D.

Pf of cloim:
Otherwise, ¥NneiN, I OneITX.L), OnlKerd with IQalicay 2 NI Ol Define :
Un2 Qn/initcay. Then I10OWnllor € 7. IUnlle =1,

By a priori estimatz, I1\Yn—Pmiteas £ D- (10O~ Otbmilicoy + Nin— Pm len) ﬁr Some D>o.
Rellich's lemma. = 3 Subsequence, which we Moy assume 1o be 1Um to St with,
St In-Umliy — 0 as nm—o0. = Un— ¢ in Hay , with Wi =Limidalizy=1
and O¢=LimO0p =0 = bekerOSHay. On the other homd, UnelkerOy" =
Letkermpt € Hay, Tt J%ltows that U=0. Contradiction to il =1,

Deﬁne Greew’s operator G: 12— Ha, ¢ — .
Then by defl, we hove
O0Ge = Oy = Q-Qo=(Td- Tra)

(©. (e aon identify ROV = KenO) «in the standard sense, Kero on C*)
Indeed, vfe R, ie. <f oy>=0, VbeHn. In particular, toke WeC,
=> Of=0 in the sense of distributins . By elliptic regularity thm ., £ is Smooth
and Of=o0 in the usl sense. Thus fe Ker.

Conversely, suppose f'e KerO, consider YeHm. Now fe C®C Ha
= <f, oy = <Df,L|J>L==o
= {e RO

In summony, VOeL® I Ve Ha, QoekerO st @=0OG+Ps. and we oefined



Go=w, b1 KerO. Then:

OGe=0y=@-@o= Q-1 = (Id- T)Q.
where Tt L*—> KerD is the orthogonal projection. By composing He «— L2,
we obtin G:L*— L2

Green's operotor
Obseration: The @ prion eStimate implies the Jollowing  estimate . cactuplly AP'):
I Gl £ C- 1IPlo (AP
Indeed, in the above notation , Ge=W, and Ob=Q-Po, Y LKerO. By AP
1GPIl = Wiy £ ClIOWIe = CLQ-Pollor £ CIIPII,

Def. An operator G: H—H, where H is o Hilbert space, /s said to be
compact ,f

. G is bouded: NGQUC1QN , v@eH

(. V4Qit a bownded Sequence in H. {1G@i} contains @ Convegent sub-
Sequence  ( pre- compactness).

Cloim: The Green's operator G s Compoct.
Pf: Let {@jte L2, 1@<t . By the estimate (AP")
IG@j I £ CuQPjlioy < C.
Rellich’s lemma => v <2, say, t=0. {1G®;} Contoins @ Convergent subsauence

wir.t. -1y nom.

Caim: G is self-odjoint and positive.
Pf: YO.§el?, thn @=0U+ @, $=00+F, 0 ¢ FeHam, ¥. T L KerD
wir. t. the [*-nom. Now:
GO, Hre= <Y, OF+Po>e= <y, Ob>e
Simlarly : O, GP>= <O+ P, Toip= <Y, P2
Hence <Gop. Pre=<o.GP> Taking P=@ => <G, p>2=<Y, OY>e20.



Clam: G3=3G, Ga'=3'G
Pf. Gine |*=Kero® Ry, it Suffices to check GS=3G on ench fuctor.
Let Qe KerO, ie. (33+33Np=0<> 3P =0, 3¢=0. Then GG =0. On
the other hoand . 3GP =0 since G =o.
Next, let @e R(m*, ®=0¢. Then 3G =3W. On the ather hand,
GIP) = G(3(II+ )
= G
= G((33'+3 3P
Goavw
= (Id- ToY.
Thus it Suffices to show that T3Y=0. ¥NeC™, we hawe
<Y, N> =<3k, I> =<, 3>,
But since e KerO => 3'=3mN=0 = T3y =0.
Taking adjoint of 0G=G9 gies G3'='G. sine G is sdf- adjoint.

\l

The obme claims finish part b of Hodge- Koobira thm.

A bit functional onalysis : Spectim of compact seff-adjoint operators.
lemma. Let G: H—>H be a compact, non-regative, self-adjoint operator on

@ Hilbert Space H. Then:

(). The upper bound = Supuuw=<GU.U> 18 an eigenualue, i.e. 3 oxueH with
Gu=pv. I u=o, G=o.

G, Each eigen-space {ulGu=rv} is finite dlimensinad

Gin. “The only acoumulation poirts of the eigenualues A>0 of G is A=0

do. The spon of ti.e. the space of finite (inear combinations of ) eigenspaces with
pusitive eigenualues is dense in Range(G) (= R(G) For shorty,

w. G odmits on orthonormal basis of eigen-vectors

0 u

Spectrum of G



Pf: Elementary obseruation: Let A be a self-adjoint , non-negative , bourvted
openator. Then
LAUN £ <Au. w> IAIE
In foct. if we define an inner product Cu.v1Z2 CAu.u> . which is ron-negative ,
possiblely clegenentte inner product. Thus by Couchy- Schwartz :
LAUN® = <Au. Au>=CuU,Aul
< Eu,(,tfl:Au,Au:\é
= Auu>® <A<Au>.AUL>é
<<huus® [ AAWIE llAuu\é
< cAuus® IAIE 1L AUl
= AUl £ CALUZ [AIT

(). Let AZuld-G . non-negative ., Self-adjoint ond bounded . The obove inauekity:
L (ud-Gyul £ C <(qu|—G>u.u>J='
Let fujy satisfy <G > —> . ond nuji=1. This
I uld-G)ujll—> 0 when j—so0.
= (MW - Gup)— 0 as Lectos in H.
Sne G is compact ond {Ujy s bouwdled, by passing to a subsequence if necessosy,
we moy assume that Guj — v e H.
I p#o, W=uGu— fu ond Gu=dim uGui=uv.
If u=o.A=0 = G=o ond the Statement is trivially true.

(. Let {uj} be on orthonormad basis of the A-eigenspace. Since A>0. Uj=xGu;.
I the A-eigenspace were infinite dimensioral , Since G is compact , by going
t a subsequence [f recessary, we rmy assume that Guj Converges . This
implies A2 = AU Uil = I Guj - Gukll—> 0 ¢j R—> 00 ), Contradliction.

div. Let A >0 be eigenalues amd Aj— A. If A>0, we may choose as abwe
o seence Uj. Gui=Xiuj and 1Gu} converges , e 1GU; - Gujnl— 0 yohen



j—o0. But
I Guj - Gupmli= AU} = AUl —> ABA | | — 00
controdiction.

@ Define A= e <Gu.u>. and assume that Ai>0 (G#o. by @) Then 3u
engenuector . GUi=Aur. Let Hi= (GZ{UAH'L, then Glui: H — Hi. Irgleed,
Vue Hi, <Gu.ui>= <v.Gui>=<u, >=0. Define a=iihen<Gu.u>, and
by oy agoin. we find UaeH. Gua=lalez ...
Tnductively, at the k-th stage , we con fid Gli=hu, . Gue=lelix and
deﬁ‘ne He= C{U— Ue}*, then GlHe: He — He.
Caim: I1GIHrl € et , where e = ks <GU, U>.
Recoll. from elementony. obseruation that
I GlHel =uulsi=u|[.3ueHn IGuI éuaﬁueHn LG, M>J2' HG[H\‘HJ’-
= e 1G ™
= [IGlHe1 € en
By dib. den — 0. Let T be the orthogmal projection onto €Uk~ Ur} . Then
GTe=TeG: YUueH. .
Gmu=G(J>;<uj.u>uj)

= Jﬁzi <Uj,u> iU

= J?;<GMJ'.M>HJ'

= LU Gus Y

= e GU.
Now et u=Gue RG), u- MU= Gu- TG = Gu-Tw). Note that
U-TeUe He = NU-TUI = 1GO-TUN £ den IV-TUI € e LU — 0 ad k —> 00,
Thus €.~ ue,~} is dense in R@G).

w). Since C{u.~.Ue,~} I8 dense in R(G) = the span is dense in R@G). Moreover,
sice G is bounded and self-adjom’c. R@ = KerG. (' vu.veH. <Gu.U>
=<u.GQu>= Gu=0 ff viau Gus). Noaw H= RG @KerG. Take an



orthonormal basis for KerG ond odjoint it to the basis {uj} obtained above,
then we have an orthonermad basis of eigenvectors. O

Now it Jollows from our construction that L* adwits o bosis of eenvertors 4@
of G . Gea=AOx. Next we hall prove the gwth of these eigenualues.

Growsth of eigenvalues .
Let 1@} be an orthonomal basis of ejgenfunctions of 0. Given />0, define
the spectrol function of O:
OAw. B 2 Txen Oaw) Oaz).
More precisely.  Crwy = { Oxa1 o} ond
enlw,2)= -pT'gj, S aen P P2 QIELmQKﬁcw) Haxwoy
Note that Ofeue Ez® /5%, and Of: 07 9%Hp w € (B2

= w2 € (Ew@ANE Y ® (E=®NZ) and exz.zy s a smlor.
We shaul use the spectral function to Study the gwth of A's,

n
Observation 1: J; OAZD S = Zaea Qa2 = #{) < A )

Observation 2: To show the gowth Jm>Dm®, it suffices o shw that 3C
p>0 , independent %0 Z, & that:
vzl 2 C AT oo
Indeed , this woud imply by integrating over M:
#{A2AY £ DA for some D
Reorder Ns & that A< )z . Then the egenualues satisfy:
AP+ 2 A
Set N=[DN+11<DA° => Anz C-NF.

Droof of %),

Strategy : By the Sobolew lemma, the desied estimate Shouldl folloaw from estimotes



for Il ey, where €>n. n=dimeX.

Recall the @ prion estimate:
N Qllgray < C- (I OQlUey + 11 Qllsty)
Which 18 equivplent to:
1@ilesty £ Ch (MO + 1Pl )
(e shall now derive o technical improvement of tus estimate:
IQlZst2y £ C (1TOQUzs + 1 PITsy )|
C depending on s only. (e do this, for instance. for S8=0.
AP HCPllczz) < C (10@!e +ll(pllc2u)
It suffices to bownd @iy J% 10@Uy and 1@, But by def
1Pty = P lioy + Jx Vi@ Ve g -
Ushg integration by parts, we hove
S 70 o™ = - x @ iy o 4
Note that by Bochner- Kodira type ﬁmhs,—gEijVE differs Jom O only
by tensor terms (with tersim ocouring in non-Kehler cases) , which are ot
differentiod operators cor aiff. op. of order 0), andl thee terms an be bounded
by C @iy, Thus the result follouws.

Now fom  1@1 £ C- (1OQIZ, + 1 Qi)
= Qi £ C (1OQN + 1)
< C (Il Elz(()lltzo)—r ll EI(()H%oH- ucpu?on
= R
= 1Pl < C( Z 1001+ 1QiE) o~ oy e C*
Suppose @€ H*2 Span{u, ~.unt, A<A. Then 1OQN < AIQN. Indeed, we have
Q= 3-AcA <UA > Un
=> 0@ = Shaea A <Un@>UA
= 1O = I A2 1KUAP>I* € A2 S lan, @>1*= AN



Now by induction, we have
iodpi® ¢ Ao
Thus If Qe H" , then :
I Plicky £ C- (/\Zh-r 1Y 1Py
or equiunlently :
I 2k € Ci ( A1y Il Plitoy
Now by Sobolev's ineuatity , if 2k>n . we howe
I Plice € N Pliaky € Co (/\R+1) 1Pl
Jor any @e HY. Now v fe L2, ansider the orthgonad projection of f onto HI*:
TFA(fHZ) = <ffw>, EAW, 2)> 12,
intggrating wir. t. w. Since naw Tach € B, this implies that:
1 ehice € G A1) I Tachrnm < GetA ) ifie
In porticulor :
sup 1<F. enc >
1 @AC . 2HI2 = F10 Wil
< Cr(A*+) %)
On the other hand, for & fixed Zo:
IGA(-, ZoVlIr = < CAL+,2Z0), AL, Z0v> = CA(Zo,Zo)
Thus (%% jmplies that
lenze. 2| < Ci (AR+1)
Jor any ZeX This oo is poved.

F?emaming Steps
m. A priori inequolity: Ve (s,
1P lism € COITQIE + 1 Plicsn)

@. Prove the basic property of Sobdev Spaces:
o Sobolev's lemma

o Rellich's lemma
o Equivalonce between differont  gefinitions.
3. Regdanty thms.



Elliptic linear PDE's on IR"

Let R"={(%, )} and D& (£ % (5™ where o= (o 1otms €IN"

and ot = S In this notation. the fomad Taylor Seres of @ functin ucc is:
U = Z 5 5 Do (ix)°

where o' 2 o1 o' omd X%= XF- X"

Def: w L is o linear portial difforentiad operator of order m if
(LU %0 = Zzm Quemo DU )
(. The Symbol TLex.&> of L is the Sollowing Function
GLex 3y = gmm Q) 3
Jor any xeR", deR"
@. L is soid to be elliptic at % if 10068512 C18™ It's eliptic if it
elliptic at all points.

Rmk: 10851 2C181" is equivalent to the requirement that ULoxe.& #o. Y3zo.
Indeed "=>" is ensy to see. (omerely, |0Lix.)| Qchieves minimad value C on the
(Compact) wnit sphere. Thus v &.

IVL(X.Q,)\:lU-Lt’)(-T%T)\glmI (OLeX. & homogeﬂeous @"degnee m.
131 ) 0L (x. 3
C. 13"

v 1l

Eg O is eliptic of order 2. Recall from Bochner- Kodlaira formula:
OQ% =-0*V, Ve P5 + Cunatwe terms

= - @R+ ok + Ty O

= - 0 50R PS5t + lower degree tems
Thus the ngbol qf O 8 Given bg:

T(z.8 = - P S)'gh = -1§r

for any 8e A" Thus O is elliptic of order 2. Actually the symbol of O is
0 well- dlefined ﬁmca‘m on A'M.



Sobolev spaces in IR".
Def: 0.V Qe CoUR™Y. 1PIEy 2,25 1D°0 1’
2. Hi (RN £ GoIR™  wrr.t. the nom 1l - lick.

Rasic properties obout  Faurier 'tmwsﬁrm.

Let I be the spare of Schwartz functions. ie. T2 { e CURM st v N,
(4 IxBN IDPx) € Ch for all xeR"} l(gzp:‘dg dewying condition ) The space
tontains  Co5 (R ond functions like €% etc.

De:ﬁ‘ne the mecav ﬂﬂl@%‘?‘m:

ok — Pegr2 & ﬁrz" e"‘“'bcpmol«
Then:
. V Qe O° <’{3€ g. The invere is gt'uen bg Fowrser inuesion fam,da.
Qexy= Jirn @ P ey dlg.
. Plancherl ﬁwnula: NQIE = 1Pz,
@. (D*OY(d = 4Gy,
These properties imply that there is 0. Simple charactenzotion of Sobolev norms:
v Qe TUR":
1 QUG = 2z, ID%PI
= It
= 2% 13w
= % ‘ﬁﬂ" 18471 Pcty 1208 |
Chserve that 3 €. C >0 ConStomts st
CUHIZDRE Task|F1* < C- (138

I

Hence :
Clirn (1832 1B P8 < 1 Qe < C Jrr 13 %16t 08
ond the norm dej.%ed by Jon (+132% 151208 s cquialent to 11+ g,

Proof of the o prion’ estimare:



Step 1. Let Lm=Xw=mCD" be on elliptic differential aperator, homogeneous
of Okgree m ond with Constont Coefficients Gu. Then v Pe Co'(R™:

I @Nimsy € C- (ILmPllzsy + 1P Wemesy )
Pf: We just shaw s=o. m»>o is similar,

Il L Qllemess = S | (Lm®) (3y1*0l8

= Jrr | Tuisn G 8% s 1208

= Jin | TmBYPeR> *dS

= IR0 | Gim®) 133 dg
Now by oef:, [OLw®I® > CIE:

=> ||Lm® iy = C- \GQ“ lglzml(ﬁfé’ladg

= ||ILm(litoy + 1Pl 2 C- Jien (13"M+1)* 1 Bedr1* dg

> C- 1 Quam,

Step2. Let 2 be any given point in R", L any elliptic linear differentiol
opergtor of order m. Then 3 Vawa Zo, Va. compact, s,
Il @iemy < CLII Lplicor + N@llem-y )
Jor any e G Va,
Pf: Define Lm by Lmp= 2o Ouzo) Qe Then
IL@lws 2 ILm@lioy - Il (L-Lm)Plicos
and I (L-Lm Pl = 2= 1(0n(2) - 0@\ D*Pllior + 2=y, I Gut2) PPl
Cloim: ve>0, 3 Vke3% open nhd , Vo compoct 8o that v Pe G Vo)
IeL-Lm) @licoy £ € 1QUem + CUPlemas
Then gssuming this cloim. Ve Co't\w),
1Quem £ C- (iLmPllcos + I Pllem-1» )
< C-(I(L-LmPlios + ILPlos + NPllem-n )
< C-£N1Qim+ C-C'll@lem-y + CLPloy + CllPilem-1y
Tab’ng CEe==, we obtain:
W@l £ 2C WL Qlloy +2C(CH1) IPIem-y
£ C"(ILPlos + I Pliemn).



Now we check the Clim:
(L-Lm® = 2z O DD + iy (%9~ Oato0) DHQ
For ol €m~ tems,
I an(O(sD“cpHrzo; =SJR la«ﬂ’)()D"‘CP('X)l2 ax
Thus on any open subset of IR" with compact closure. |Owim) i bowrdled. and
I auC«)D“CPH?m < C 11 Qllemay
Now choose Vas So that s‘lPerxulaut'X)-Out’Ko>12<8, Then V@e (ot vm) . lal=m
we howe:
1600 - Got'ke) Pl = \ (Outx)- Quexa) DX 10X
= f Vao | (0% - Outxon DO ol
€ Jum ID%p1* dlx
= ¢ [ ITPpiPdx
£ || ®llgm

IAn

IN

Now , to prove 1| @llem+sy € COILpl@ + IPlles+m-n) . we apply Similor technigues
oS obove . Cbseve that ¥V S€IN, we have:
IL-Lm) Qlless € 1l @zma Q20 DFQ) 1ty + 1| Gz (Aot - Qatto)) DXl esy
For 1< m-1 terms:
1005 DY s> = @z | DRG0 D) oy
and fix each 8.
DB 22, 0atx D) = s, ( byt DY
Thus
| e O30 D@ s £ C- 11 P llomasry
For Iot1=m-1 terms,
[l (Qutxy = Gut%o) DuP iy = @T—Ss Il DG - Gutixn) D oy
= Fal (G- 0utky DP™P + Zgiemt-t Do DOl
< gzl (% 0% ) DF 0™+ 211 = b Doy

B<S " pegtm-i

£ E- I@ligmsy + CIPI| emeg-y.



Rmk: Even for & nm-integens or negative rumbess, we may olefie the Soboku

I Olizey 2 LﬂR" (l+l312)SlC’¢\>CS)|2d3
The come @ prion estimate hobds for @il seIR. The prof requires Some more
difficalt  arguments.

Step3. Fix a compact set KSR, K¢, we pove the AP estimate
ey @e CReKy.
Clearly . K'S Uner Voo, where Vio s constructed o8 in step2. Extract a finite
Subcover . KE Ui Vi, and toke o partition of unity subordinate to Vx; :
o<pie Gt V) . &P =1,
Then: YQeC(K). @= J?—:,chpN with A e C'(Va),
1Plim < Ll] Py @ilemy
<C. %(" LlPJ'CP)lho)-r 0P lem-n)
Obseravation 11 ¥SEIN. 11 P;@ls < C- 1 Plss
pP sy = = ies IIDN(P(P) \olx
= 2 MssLYlbyD?CP I dx
€ Tpies C-J 1Dp1dx
< C IPls)
Observation 2 W L(P;@) - PiLPlicory < C- I Plem-y
Infact Lppr-pLe = ZaluD¥(ppy - T pauDp
= g QDD - 2 PO
= p%:_;éu. WPI< i £ aaD"(J D'
= lIL(ppr- pLPllcor 2 C- 11 Pllem-y
Hence )
NQllemy < C- J.E‘__—:(“LZPJ‘(P)“(OV* 11 9; Pllern-1 )
¢ C 2z (IpjLpliey + I L -PiLplior + C' i om-u)
< C ?;(Pj Ll + CC"@uomn+ C-C'liQllm-)
< C (L@l + IPlimn ) O



Rmk: This step is also true for all selR . by usig some infegal inequatity

Proof of Soboleo | emma
I &> 4. then v®eCoR
ll(PHC° < C 1Pl
Pf: By the Fowrier invession formula
Gy = f e' <pc3 o3
ond thus
| Qx| £ flc'@c&lds |
<(§ n+1§,12>slc’(3(331’d3)%'(f (13 g3 ( Couchy - Schoartz)
Now UC 8>3, ﬁnnm-rl%lz)-solé <00 oml thus
1P < C- Il Pllesy
= |1Qlico £ ClIQisy . O

Similodly, we con show that v Pe COR" . if s>T+k.
NQIck < C- lliesy
In foct. vReN, wi=k , ond §>L+h:
Dm0l < ) 1815y 1ds

< (4 |%Iz)|%l|c§18>1d%

<(f (4 !31’>Snct3£&>\’of3>%( f{l-*l%lz)-s*wdg)%

< C Pl
ond the resut Jollows,

Poof of Rellich's lemma

Recall that i f 0£8<t. and 1@ €Hm | IYlien <1, SupptPJCKClQ"} Then
Rellich's lemma => 3 subsequence 1Qjet converging wir. t. I+ lis.

The lemma, is Oeody wrong without the assumption that K is a fed compoct
subset of IR". For ingtonce



The trorslated bump fumebbns
O % G @ IPjier < C, but fas no

@
A A ﬁ ﬂ A ~ Convergent subsequence at all.

Ff. O} - Prllisy = [wcgms 1§ - Bucdr'dd
= Jro (418370 1018t 1818 - Buckoag
= fns\sR T OJIRIR

To extract o Convergent Subsequence, we need the obove two integrals to Convenge .
Now v&elR"

o= e puox
We wil shaw that 1§ is on equiontinuous family, and then the secool
integral. will converge ance R>o, and the fimt integrod will converge by passing
to o uniformly convergent Subsauence on the compact set {181<R}.
Step 1: A&t is equi-continuous.
@. 18®y is uniftrmly  bownoled.
|<’(5jc3>\ < ﬁgnlecx)ldx = leCPjtmldX
<k l%m\’o\x)%- (er-to?
< Uleky® . IPjleny
<C
) %?gj@-zm is uniformly bourcled!.
|2 Bl < Sn 1 1% Py 1
=k 1% 1 1Pjex) | O
< (ﬂlcpjmnzdx 2 (Jx tij\’dmé
< C 1Glen
C
This implies equi- continuity : By the mean walue thm.

IN



libjc§>—<'[\>jcrplé mxcaga V@1 - 18-n)
< C|18-n)
Heice by Arzela- Ascoli thm, ¥ compnct subset of IR", 3 subsequence i@}
oonverging wniformly on this compact set.

Step2 veE>0, 3IR»o st (+RAHP< g By sep 1. we have a
Sbsequence APt st {QubY cowerges wniformly on H181<R Y. Now
f|g| >R (I+ l%\’)"t—s’ (13! l(@jﬁ) - @ju& lzols
< 2 sk F 003t ( Gy 1Bjusoi 1d3
< % S (RIBRYE( 1Bty 1 Bjee ) 08
Z (1P liet + 1l P llety)

£
< =

—_—

Next. by equi-continuity, we moy Choose INaN>0 so that whenever £ R2N.

SUP i31<p l‘/(sjd%) - (\%'nténz < (+RY S (olomieRn ™. £

I

Then
PPN o |ty G g < [inen (187° supy Gt - Gz

< ﬁs\srz (RS (1+RY Swoly™ £ dg
£

£ —
- 2.

Swnming up. we obtoin the olesired:
Q- @ui* <2 (Lh2N). O

Reducing  compact manifolds to IR"
Reooll that on & compact momifold X . seNN,
IPisy = I;TZS S | 741G okx
We may also introduce ancther norm 0 fo(ims. Write X= ,Q X, where Xu
correspords to the unit bpd in R", and {ut o portition of unity Subordlinate
to this cover. Defne:
L Pl 2 %, I B P tmn
where the rh.s. uses the usual Sobolew norm on R"



-
~T® X2 .
-

p

Cloim:  These two noms are euivalent , i.e. 3 ¢.C >0 st
ClPl s £ 1PNy < C 1Pl
“This fo((ows fmm the next two Simple obseruations:
w. For each Xy, we have: VPe Co(X)
1Plleey ~ NP lles, kM

@. For either norm. we alwags hove,

vae CIX) . 10Qls € CallPlics

vbe CollR™, 1b@ucsrn <Co IQl @ RY
2 ig engy (Ne check ) :
(8=0y : IQlle = J; ltpl’@dx = J‘@i‘(xp) |(P°§,4(g>lz Gy dg

1Pt M = .fé,:‘rx.o t@oéucgn‘dg
Note that Q= detgij >0 . and on the compact set Bi'tXw) € IR" is bounged from
below ool obove. Hence 1@l ~ U0, R"
(S=1y 1 1PIEy = NPl + x givio VP g dix
IPIZL RN = 11 PliTo, RN + J:R“ ?|33l¢°§ut3>)\20{3
From simple linear olgebm, we know that if hj, by ae too positive olefiite
bilinear J%ms on IR", then theg are  eguivalent : Mhaw < hww € A hww, vuelR”
(. A an be token to be the minimal ond maximal eigenualues of the setf-adjoint
operator WPy Now over o compact set Ei'tx. toke hj=g7, hy=81, then
3¢C. C st 0<Ce £ Ay <C |V Xe€ QS,I'(XM). hence
¢ Jw@i Voo Fis Jar T I%01x < C: i 91 VOV X

Now note that Vi = 3@ +AQ = IVOI* < 1301+ |AIQ1>, but IAil is
bounded on the compact Set Dil(xy). Similady 1Pr< IViQ1 1A Ths



by coding P, NPlite.Rn, these rovms are agoin equal.
The peneml oage jo{[ows fmm Similar discussions, Now we n prove the
equivalence Of N sy omd Il lesy.
By triangle inequality.
1Pllesy £ Spm I PuPlizes & C- Tl Il PuPll s,
On the other hard. eoch term =1, N
IPue Dueyp 'esirm < C- 1PuPlisy < Cp 1 PITsy
Summin3 up . the claim J%l{ows.

Using this equinlence of noms, we may trangfom o prion estimate. Rellich's
lemma,  Sobolew lemma from R" to compact monifdlds. For instance, we prove
o prion estmate for compact manifolds.

VOe C¥(X), write ¢=uP®. Now

l\CPl\2<s+ms < 2ul PM(PH’Zs)rM)
< C 2u ll(PuCPP@ lestm, IRM
< C' 3 (L @0 Buynts, e + 10 PucPre Buisem-1,R™)
Observation:  (PuPYe By = (Puo Br(@oB) ond PuoBy € COR™. Then:
l\L((PpCP)"QSpH\?s.IR“) <l (PM°§L‘) ° L(CPo_EI—?P) 17811
+ I Ziprem (Quedw - D@ ) lles.rm
< C1Pue By o Lo Bdlizs e
FIQPI Dl gem-1, R ),
where ﬁp. are oder 21 pleriuatives gf Pu. Coming from oenvatives qf L bﬂ
Lebnitz rule. (we may also require 13"Pul< Pu) Thus :
I Plitgem £ C' 2l PM°§M‘L((P°§H) les. Ry + 1 (PF(P)"@HH:(&»M-.,;R"))
< C'(IL @l + 1@ cssm-n )
The transformation of Rellidvs lemma and  Sobolew lemma ﬁvm R" to X is
similosr. m

Elliptic requlonity



Bosie technique: Methad of difference guotients.

Asaume Ue Heo (R™ . ¥ ho, [et

Ahu— = (Ul Xieho, X = UK %)
Then :  Suph >_'-,u Ahlllls)< 00 <> Ue Hean (R
Pf: < shuid = f(lﬂé\’ﬁl(AﬁM)(&ldé
We compute : (A5 = f rn € riend + (UK Hh, =, K = U=, %) 01
= h (e'hgl—l)wg)
Note tht (et -1y = 18 Lyt < 8
= [Anullis < § a+amSI8R10® a3
< vz s 0 ds

Il Ul (8
= f(l-l-l'&lz)sléjlzlal&lzdg f{" (Iﬂél‘)sl = 11018 dlg
By Fatars lenma < f>o then J4minf du<»&mwn0ffdu)

[ (gt S 12 2 00 idg < Ao 1 A, < const, indeperdent of h.

I

Monipulotions with A_ﬂl.
. Aﬁ('g%)=%hlllfnu)
Indleed | Ah(g_gi) = 71,'{ %Lﬁh)—%{) =%,,£7';(uc«+h)—wmn,
@. Let ae GURY, then:
I Af\(aub-aAi\(u)llzsa < Calu lle8)
where Co I8 & constant independent of u and h.
Note that, Sinee An behaves like o differential, we trivially have

I Ancauy liess < Chlluliess.
PR Ancawy = TF(QxeUexHhy - Qrxoumo)

= F (AU - AUty + AU - RXOU0)
_ = Uxth) AnlQ)x) + AX) Anthx)
= Abtow - a8han = An@) uexehs.
Obseruation 1: NUex+hy llegy = 11U llesy

Obseription 2:  Ahtay s &mooth , and 8 bounged  independently of h.



I
In fact:  Oxth, %) - Qom0 = [, & ockerth, 2yt
|
o 22 xeth, maoh it
= | Jo 2% exitth, Kz, it

1

|
N An@y = Jo s tth )t
|
= AR llesy £ J; ll%‘g‘ll\csa dt = Ca.
The result J%Uows.

. More gererolly. if L= 0D, Gacvre (R, Gimiar proof Shows
that:

I AR(LuY - LtAnlless € C- Il Ullgsm
Note that owr elliptic opemtsr doewrt gatisfy Quex€(SUR™, but we wil
intoduce o out off trick to dleal with this,

Proof of regularity thm.
Note that :f ue HalR™ , we hove two ways of defining Lu. One woy

i8 to regard L:Hsy — Hes-m, ol Lu is its imgge in His-m. ie. 3 Y;
eGURY, Uj—u wirt I-le, ond Lus dmLyj wir . 1 lg-m.
The secord way is in the sense of distributions. (We eay that Lu=g for
come functin g _if
Jeu ( Sz (6D (O ) = Jen g9,
VOECT). In cose ueC™(, the Lh.s. beaomes [in(Ton 0uD u)e , by integraion
by parts.
Obseruation: If Lu=F in the ﬁmt Sense and Lu=Q in the Second Sense , then
§=8
Indeed. toke Uj—u in He, Uje GORM . Dete the openttor Zzdn" T (0a)
by L we hwe, v 9eGURM,
| Jent Uj~U L' ddx | = | fi (Us-uny - (LYY lg |
< | S 1uj- 0188 11 Jien | L5101 18135833
= Uj-Ulless I L' Qlle-sy —> 0 (jiR—>10),
since Lo i3 compactly supported and thus IL'Qlles <co. Letting j—eo, and



integrading by pasts for Uy, we have:
e fo- Jeliol — 0 as h—>w.
which meons  dimeswth =f i the serse of distributions

Next, we introoduce (ooal Sobolew Space: Given SLE IR, HSS () 2 {olvxeCa,
XPe Hiss(IRM) .
Obsenation - Ns HE(Qy= C%Q)y.
Cloim: Lu=f in 0, feC?. ond ve Hmy (S0, then ue H&smn ().
“Then bg the obove observation, ue XY,
Recall the AP estimate, ¥V KS). compct subset (K+d), ve CUK)
I Pllestmy € CUILPNes) + 1Pl g+m-1 )
Let Hiem®) 2 GK) wir.t. I+ e nom , then Heom(K) S HEm(0),
Want: ¥ Xe (XQ), XUEHs(R . Since SupX S L. we may pick inclusion

of open  neighborhoools -
KC j:: Q

We wish to how that Suph lAn XU g <0 08 in dlifference quotient.
Now we howe:

I ARXUY llgemy € CONLIARXUN gy + 1| ARCXU! cgom-in )
But

NLCAR XU = An(LtXunllgy € C- XUl egtm < 00
ond
| Ah (LXu) = AneXLullgy € ILXU = XEUl ey
< C-lulestm <00 O

A smoll technicol remark: In using dlifference quotient. we need L to have
its coefficients  compactly supported! This could ot happen for elliptic operatrs !
This, we need to pick amther Xe Q) A=l on suppX o do a out-off



Q
Supp/X

ard we may so pick R that the support of AL ofler small h shifis stild remain
inside K, ond on SuppX we o apply our AP edimate.



§8- Geomehy qf Subbundles
Let E—X be a holomorphic vector bundle. A subbundle E' — X ge
E is holomorphic vector burdle st Ex is a subspace of Ez. VzeX.
In fems of tmanstion functions. X = UXu. E <= {tuun} . E' <
1wy . then being @ subburdlle means :
fuu(Z)=(_tprZ) bpw)
0 tw
Where tw(z S an rxr matrix, Twd an (r-ryxcr-ry matrix, buw an rixom-r)
matrx.

Given E —X o holomorphic vector bundle, 1Hasg} a metric on E. then we
hove o unitary Chemn connection on E -
{ Vi = g
V%= HYG(Hra !
let E' be a subbundle (with mmkE'=r'< r=rankE), we have two woys 9)0
Constructing @ comection on E': (I the following. let pe 41, T~}
. {Hag} resricts t a metric on E', with the requirement & be a
Chem  connection , it defines o unique connection.
@, ¥V QelXEYCTIXE) we an fist take VLPeTIXE), and ke
the orthogonad  projection fom E to E"
W@ = 't Vuy
Note thot for any Soalor function,
Vi ey = T auH o+ oy
= ouHo+ f wo
ond  thus dqﬁhes o conection on E' This agrees with the jfmt construction
Since v @, @©. ¢;e [(X,EN:
Ve =Ter=¢ (since E' is holomorphic)
QP P> = LU, @2 + <Py, VaPa>
= (O O2> + <P, TIPS



= { VU Qi P25+ <1, Va2

Def. VOQeTIX.EY, Bup & k@ - Vi = TP, whee T 18 the
projection onto the orthgomod complement of E” of E'. (As real burdlies
ExE'®E").

Obseruntion = Butfey= Vutfey - Gidfo

= @ + I - W ¢ -Fwie

= %o - e

= f Bue.
ie.Bue IX, Hom(E' E"). Equiwlently, i B=Budz*, then BeIlX,A®@Hm(E E")
Moreover, BjP=3j@-3j® =0 = BeI'X, A®HmE'E". B is auled the

second urcbmental fom o E'
Conrection on E”
E' is o smooth subburdle of E. but it's not necessanily holomorphic.
We @n défine o comnection on E" by, vWe TIX.E":
VW = ()
Agoin this 18 o unitary connection, but in geremd, it's not o Chem
Connection Since E" is not - necessanily holomonphic.  Also  get :
Cu & Vb - Vi
Coim: B =-Ci.
PR. yoeTMX.E), we TIXE", <@.¢>=0
= 0=0cuP Yy = <P, V> <0, Vay>
= CTGQ, by + <O, T'Vaw>
= <Bu@, P> +<©, Cag>
Henee C2 Cudz#e TIX, A"@Hom(E" E. It also fllws that B=o < C =o,
which happens only when E" is  holomorphic as well



Cuvatures of E, E' E"
Let PelX.E), write D=0+W, with PeTIX.E"y, Ye[(X.E"). Then
Vu® = Vuop+d)
= e +8e + Y+ Gy

(&l

de® = (dvl ¢ )((P)
B dv/\\W/,

then the curvature :
oe®=Fo
_ (d\%‘ CAB o C+ Cdv") (‘P)
Boly+dvB dve+ BaC | W
Explioitly, recall that F= Fejdziadzk, B=Bjdz/ and C=Crdz%. In
notation . (CAB)Ej = Cadz* A Bjolz'= - CEBjolzindz"
= Fgjlhmee) = Fg -(¥Bj = FIEJ' + B%BJ'.

Write

Thus
<Fg®. ¢>= <FgQ. o> + <B§Bj<p, ¢>
= <FgP. 0> +< B¢, Bep> ‘
Since <Bj. Bep> 18 always positive definite , {Fgjt is more pvitive “than
{F&jl. The equation o83 can be cleared up  te:
F= (Fl'f BB, -dvB
deB . F4B8"

Necessa/y Condlition ﬁ» Hermition - Einstein metrics.

Let E— X be & holomorphic vector bundle on (X.w) a compact Khler
manifold. = % Qgjdziadzt the Kihler fomm.
(estion:  (Ohen doey there exist Has on E, eo that AF=pld. where



A is the Hodge cperator and W is a onstont. ie
(QJH:EJ')“@ = MSNF (H-E).
As Frj=-0R(H"QH), this equatin is non-linear in H.

Def: (Degree of E. Giuem_E—»(x.oo),

degE 2 £x TPy 4

Note that if F=F&pdzindz?, then TiF)=Fi'sd2indge It's a closed form
whose Cohomology class is C(E). Thus the degree cloen't depenct on the
the metric 1H@t or {9g} but oy E and Dol

Def. (Slope of Ey.  ShpetE) = degE/ ronke

Key observation (Koboyashi, Liibke )
Thm. If E — (X.w) admits a Hemitian- Einstein metric , then ¥ E" wohich
s 0 holomorphic  subbundle of E.
Slope(E" < Slope(E).
Fquality holds [ff E=E'®E" with E" holomorphic.

Def. A holomarphic vector bundlle £ is Soid 1o be stable in the sense of
Mumfordl — Takemoto lf V E’ holomorphic  Subbunolle . Slope(E'y < slope (E).

Pf of thm.
et E'CE be a hoomorphic subbundle. If o Hemnitian - Einstein metric
exists , we cn use it to compute Slope E
OgE = £ JX(TPF) A 1
where = st“gdzf/\dih. To cdoulate TTFASZS. we moy db it pointiise .
Write w= % (dz2AdZ ++dZ.adZn), then

i~ _ T _
S =™ 5;- 02A0Z A~ AAZ A Z]) A~ NIZaAGZR )



ond thus:
FA?"@‘?_;; = % H’j“gdeAdij Adﬁl/\dill\"'/\(d/Zijj)/\"'/\dZn/\din
= QjEstdp%
(Generally for any 2-form valied toncon T+ Tt = gR T 40 .
Hence -
TrPa4Es = AR 4
= T (uIh r
= W rankE 4F
ond
&'\?(F)AT‘%—,\T = U rankE - volex)
On the other hand, recall that we hove:
Frjler = Fj + BiB
= degE'= Jx Tr( Figle - BB
= [x 7" Fgle- 8RB 4r
= KT AFlersdr - TR BB 4
= W rankE’ wlx) - 1B T2
< W ronkE" vol(X)

= Slope(E'y € - ol(x) = Slope(E)
Note that =" holds iff B=o0. i.e. ff E plfs o3 direct sum of
holomorphic vector bundlles : E«E'@E” O

Ancther example of a global aspect in Cononical metrics : The “Yang- Mills
equation.
Recall. that from electromagnetiom, we are interested in
© The functionah : A = Aol — TA2 fes |Fwl®, F20A.
* The critical points of I, ie those connections Audx*  satisfying
We are interested in the J%Uoooing genemlizations.
E — (X.w0) : holomorphic vector bundle over o compact  Kahler manifold.



A=Ajdz: a comection on E . (onsider the Yang-Mills fonctional
TA 2 [ gfRo™ Fij°a Fam’s Haw H* 530
Introduce the Hodge * openator , % : APE — A™ "2 with the ﬁﬂowing
deﬁnjng property : cp/\*ﬁ = <O, q»%%ﬁ. In this notation. we howe:
T = Ix TH(FA%F)

In cse dimX=2. %: A'— A", amd x*= ida. Consider the egenspace
orthygomal decomposition A" = Nx ®A- | F=Fr+F- with xF=F and *F-
=-F-. Notice that:

A = [T (R +Foy A% (P Fo)
= fx Tr( FeaxF + FeaxFo + FoaxF + FoaxFo)
= IF+lle + 1 F- .2
On the other hond, obsere that:
GE)= (E('IHFAF)
= KT+ Foy A (xF - xFy)
= el - 0F-e2
S topolagical. = TA) 2 B = ost. Thus if we an fid a connectin
with F- =0, LA ochieves minimum. The equation F-=o itself is easier
thon the non-lineor YM  equation.



89 Kahler Manifolds
Recoll that | ﬁr a complex manifold X and E — X holomorphic uector bunctle
we howe:
3: X E@N%) — IUX. E@N™*)
¢ - 3
V QYeTLXERNY |, we hawe
0,95 = i Jx PLYE 999 Hay udl

s an - inner product. To defie this we only needed:

w. A hewition metric on E and on TX.

@. A uvolume element
Recall that if (X. Q) is Kahler, then:

@)k = -9 i

Rmk:  Kiihler conlitin enters 08 we used integration by parts. Furthermore, V
is the conrection on E®AP2 which is the Lewi- Cuita and Chem connection.

Kahler  conolition

Let (X.J). complex manifold, J: almost complex structure , §: Riemannian
metric, Compatible with J :

g(u, Ju) =gcu,U).

le. it's o Hemition metric. Let ww.w)=gdu.v), w 8 aﬂemaﬁng. Note
that g induces the follwing structure :
(. Vi © Levi-Goita, connection on TEX = TX®RC = TOX®T'X.
@. A hemition metric on T'° and thus the Chem connection Veu.

Thm. The J%ﬁoooing are equivalent
m. (X, d.g) B Kéhler

@. Ved =0

@. Vew=o0

. N = Ve



. VpeX. IUsp st Zm=0 and §gj= S+ OUZR)

Geremlized  Jacobi’s identity.
Let AeTTX. N'QEMEY, Bel(X. NOEME), we may cefine thein gonemlized

Lie bracket CA.RIe (X, *P®©End(E)) :

[A.B12AB - -1¥PRA
We howe Jocobivs  identity -

Odrasi = Lada, adsl
Le. VCeTIX NOEn(EY :

[[AR1.C1=[ALB.CII- (-»®[B,[ACI.

Recall that we  defined

L: TTX. E@AY — (X EQNP"4) | b — toay
and its  oojoint :

A T(X.E@AM) — TX.EeN™)

Thm. (Hodge idertities) (X.J.q) Kahler ond (E.H)/X a hermition holomorphic
vector bundlle. Then:

m. [T, L1= 413 @. [ L1=-F9d

@ [A, 91=-F13f w. LA, 91= Aot
where 3=Ve on E.
Pf: e howe shown this in local coorvlinates before. Here is the proof in
the nototin introduced  above.

Note that ()f =@y amd 2 =>w. and ©=> . This it suffices
t Show ().

Since JY= dzta Vi, we hwe M=~ Ledzy e, where Lidz™ acts
on fome by:

(. On -Jorms . L(dz* (By=<B.02*>g , the Euclidean innes proguct. This

Cidzy 2Py =0,  tdz*vdZ®) = 9”5.



. (e octs as a dervation: For @AW,
LedZ (QAYY = (L2t @) AW + P patl iz,
Then:
LY = ST worw
= =100z N (wA)
=-((dz™ WwAAY
= -(LdzHWI AV = WAL Y VEW)
= - (Ld2ho AW + LTy
Bt = qavdzad?
= ((dz*) (W) = FGpr Lz 02"y ndlZP - R QB i Loz (2P,
=-Fgw ¢Pdz”
= -tz uoa Y = F Qe *fdz"a %y
= [ oz Sy
= Hav

Applications
(. (KAN identity) 005 - Os = LAF. A1
This is proven befire. In portiodor, i E=Ox ig triviaf. F=o0.
Os =03

Thm. For Kahler monifols, Ad = 20s =205,
PR Rewll tht Ad= dalt +dd
= [d.d"l  (d has dagree 1. O dagree -1)
= [3+9, dl+af]
= [3,911+[3, 311+ [3,3M+[d.91
Os+ O3+ [3.071+[3.3M
Thus it suffiees to Show that [3,371=[93,3"1=0.
9.9 = [-FA [ L1. 9"
=-FH([3%[L.oM1- (-W?[L,[J"3M)



=-F(LLIL.9".dM- [L.23% D)
=1 (L0 L1, 3%
= -[3.3"1,
= [3.3'1=0. Simidy for 3.3 =

Cor. Ad preserves ¢p,gy-types, ie. e X, AP) = Adbe T(X.N%. O

Thm. (Hodge decomposition) X : compact Kahler manifold. then

H™(X) = @prg=r HPAX)
Pl Take o Kahler metric on X. By Hodge's thm: HTUX) = HTX), the space
of harmonic d-fowms. vWwe H'IX), we may decompee it into its (p.gr-type:

b = pig=r YP4
and
o=NANb = Zp@:h (AO\LP)P'Q
=5 ptg=r AquP'g
= AP =20s4P2 =0 = YWPle HP(X). =

Cor. If X is a compact Kahler manifold. then H'(X) is even for r odd.
Pf. Indead by the thm, HX)= H™(X)@ H™ (X8 @ H" ™00 @H"(X)

Note that (-): HM(X) =5 HEX) is o complex conjugate Linear  isomonphism
of vector Spaes => hM(X)=2h"%+ 20"+~ i even. O

£ Hof sufae - Non-Kabhler complex manifold.
xR = R*Wop = C\fo} s o covplex manifeld. Defe 2% SXR by
(.0 (eAT)
n-(V, Ay = (U, A+n)
or on C\o%. n acts by muttiplication by €"). 2 preserves the  complex
structure on C\{o}, Thus SxR/zZ 2 S8 is a Complex monifold.
But it's not Kohler since hxy=1 /s odd.



Giy ( Q- lemma) If ©e Q™ is d-exact , ie. p=dy for SMe ), then
Ine ¥ st @=3dn

Rmk: The converse is easy: (= 231= (3+3)3N= dan.

Pf of lemma.

© 8 d-exact = CPi=0 in HUX), r=prg. lLet
(X, AP2) = HPMAX) @ Imd @ Imat
= P=05G3P=(331+3TNG3 0.
Since L9, G31=0,
= 0= 99'Gs¢+ G590
= 33'Gs0
Let n=0'Gs¢e I'X.A¥), +then
AN=33'G3P
=9'9Gs¢ (L[3.91=0)
=3B  (Gi=Gd)
= 9'Ga 3¢
=0
=1 8 d-closed = N=ToN+ DsGan  (ToneH3'=HEY
= (P=3(TaN+ (RT+INGN)
= 333G,



§q The Colobi Conjec'twe
X Compact  complex monifold.
Qluestion:  Let wo=——f;-95°jdzf/\d'z'h be a Kahler ﬁ)rm on X. let Ty be a c1.)
form i GX). Is there a Kihler fom wy in the Same cbss @S o Satisfying
Rejuoy= Ty *?

Here Ci(xy2 GUT™X).

Calabi conjectured that the answer is yes. and Such on w i unigue
within the class of w.

Thm, (aw)  The Colbi Conjecture is e

Cor. Let X be a compact complex momifold with G(Xy=0. Then if o is
ay Kihler closs . there is o unique we LWl with
Rg ) = 0

Reduction 0 a Monge - Ampére  equation
We [Wol mens that W-woe=d® is exact. By the 33-lemma, we
hate  o-te= 2350 where ©e CX.IR). Thus we are looking ﬁr
with:
NE wo+%aécp >0 (Wo-Pluri-Subhanmonic - condition)
and
Rejwy = T (%)
The euation &6 moy be rewritlen oS
-aJaE&JSOO Th) (%)
Obsene that (" i8 not a Sclar Junction on X. but if we change t,mables,
we et W= Wew 1351, and  (oguo"= Logoowogcaz)ﬂogtaz)
-39 (g = —aa(ogw 33log 35> -3 tlog 5y
= -3logly"

s a we(l—dgﬁned cl.n-fuwn.



To write the Lhs of o in tems of salus, note that
-39k loguo” = - 3 3w Logof — 3% log 43
= Rejtuo - 33k log 4or
where B i mw o sodar ﬁnctcbn. Then o0 1S equivlent o
- 3% log 37 = Tj - Rej oo
= Jjor F
In other woorvs.
—ajailbog% -Fy=0
where F is @ glen smooth functiom on X chy 33-lemma. agoin).

Cloim: (g7 -F =c. ~
PF: gjdrh=0 = Jx 3j3sh-h g" Br=o
= o=y orh 7h §"*4r
= | Shia
Thus h is globally holomorphic and thus o constant O

Chonging F into F+C., we are reduced to solve-
W= e" o}
Moe - explicity
det(gfj + 3¢ = € dlet Q)
where Fis & global Smooth function determined wp to a constant. This is
the Morge - Ampere equation. Note that the constant con be fixed a3
Jollows
Jx = Jx o+ £ 330"
= fx Wi+ NWE* A 3P Y+ + (433p)"
= \rx Y
since 33¢Q = didpy is exact and wo is Closed. Thus "= €l gives
K €70 = fxeoon = Jx b
ond this condition uniquely  determines F i the Monge- Ampere - equation.



Method  of Continuity.
Introduce the follaoing family of equations , Jor the unkraon @t coztsn:
det(ge + rPr= € ety o
where Ct 18 So Chosen that
et Cap = s

‘ fxe*FwZ'
e. Ct= (406 fxwg
Define I={telo.a] oot odmits a Smooth Solution sotisfying the we-plun-
subnarmonic - conclition gsj-+ Ojk Pt >0 |
We shall ghouwo that:
@. I+ ® (ensy sine 0eId

. I I8 open
. 1 is Olosed

Then it will follow that I=lo, ] and %) admits @ Smooth Golution.

Proof gf by, — Implicit ﬁu\ch‘on thm. ﬁ)r Ranach  Spaces.
Rewrite  (¥%xt 0S:

oet (9g; +;9: ) _ A
(138 detcgl (tF-Ct)=0 )¢

We wont to Shuw that if oot odmits 4 Solution Pt at T . then 3€>0
st Vt: It-tl<g, (%)t admits @ C°, Wo-pluri- subharmonic Solution  Pt.
Recoll the Stondord implicit fonction thm on IR*: let Exx.yy be a C* function
on IR* and assume that:
{ Etx.Yyr=0
85 (%o # 0
Then 3€>0 and a nhd V of 4o 8t V&: IX-%lI<E. 3YeV st Emxy=o.




Thm. (Implict ﬁmcﬁon thm ﬁr Borach Spaces)

let Ri, i=1.2.3 be Banach Spaces. ond E: BixR—Rs be a C-
continuous - Junction. Assume that Ecxo. Y =0 for Some %€ Bi and yeRa
%m.guu i on invertible openator from Ba to Ba, with bounced inverse.
Then 3 nhd Vof %, Vof Yo o tht VeV, 3yeV gt Emy=o.

We need to et up the proof of by S0 a3 1o apply the implict function

thm. Let

a det (0 + 3i% Q) -
Ect ¢ dtgh) - tF-co

where E: IRxB. — Ra ﬁr appropricte Banach spaces  Ba. B,

Def (Schowder spaces) On IR", fix O<n<l,
IPlicos 2 Supl@l + S@x#g%i
COMRMN2{ @l I@lcom <ot . Obsere that @ yeC®™ = Qe e%e C°,
More  genervily. CRA(IRM 2 {®] Fpe CO™RM, vIVi<h).

On & compact mang”olof, similar Spaces CR™(X) con be oefired  via toking
0. partition of unity.

Next, observe that the Solution to (% is nst Unigue - ¢ satisfles (ot
= 80 ooes  Pr+ crst.  Introduce:
CEx) 2 {oe ¥y | xPwl =0}
Then we cloim that Ect.©): RxC3* — (o Indeed :
Jx (—‘z)o—:ﬁ - ey 8 = - ket M8 = o
gince C+ is 8o Chogen.

\lerifying the hupstheses of the IFT
Gioen f: Ba—Bs, we sy that f is differentioble at yeBa if 3 a
bounded Unear map L: Ba —Bs ( bounded: 3C>0 st ¥ Ye Ba, ILyilss < Cllyliss),



st dim 15~ fi - Lysty-Uod Iy _
% Y = Yollsa
Hom(Ba, Ba) = { bounded (inear operitirs Sending B> into Ba} 18 o Barach Space,
with norm oefinedl by
VT2 SUp yess, I TY liBs

sa*o Nyig,

Ee CQ UC gHLﬂ 1S dgﬁned ﬁf‘ ol ge_(). ond 18 continuous 0S a
mopping {1 —> Hom(B=, Ba).
Thus now in owr Cose, we want to Show that

w. EeC .
. Compute %% e Hm(G™", &) ¢boundedness )
(), aE' hos o bounded inuerse.

Computation @C "-aa%”:
By uorigtion : imaging that @ —> P+8¢.
S(Ey =S¢ detﬁg?]ahcos _ ptFrct
= oletggj S det (GR+RPY)
Observe that if G is on invertible matrix:
8 (detG)=(detGY" S (det@)) - det@
SndetG ) - det
= Tr(G3G) detG

Hence -
OE = dercg;) detGs)- 4" 895
= det:gﬁ,s det(gj) - 4 3;3% 8¢
= dettgiju det G- Agde.
and

det Orj
L. 3¢ —> E%‘%‘AS&Q



Cloim: Lo admits o bounded invere, i-e. ¥ pe Co%, 3 ve G2 st
Lo =u

Furthesmore,
ol < Cipllees

Jor some constot C>o.  This J%Uows fmm theﬁétowchg;

Rosic foct from Linear onoluss -
Let (X. Qi) be aw compact Riemanion ranifold, then the equation

Asl) = U

aomits . Solution Jﬂ
fx Wgd=o

The Solution v I8 t,mquue‘r iff require the rormalization Conclition:
x Vg =0

Now in owr mse. LoL=p < Ago= %‘?H . This S Soluable since peCo"
and the Solution 8 unique i’ we  Specify

xLWs =0
The similar a. priori estimates hold for Schauder spaces , which implies the
boundeoiness qf the inueise (f L .(the Green's cperator )

Proof of : I is closed

We wont to Show that. tjel, tj— T =>TeI. ie Py admis o Solution
of ooty and 1 —T, then 3¢ a solution of e satisfying the Morge -
Ampére equation ond the pluri- Subhasmonic  Condlition.

To stort, we woud wish t Show that o Subsequence, renamed st by
19}y, converges in C** (or a C™. If so. and the limit ¢ Sotisfles the
M-A equation, we see that the deerminant of gij+ 23R s fxed pointioise,
I we @n further show that the eigenilues of Gij+ 395 is bounded from
nbove, they will also be bounded from beloy . whence giy + jRP >o0.



To ochieve this , it Suffces to show that, vm,
llCP-(-J-Ilc'“SAm, (APym
sine Qe +11 Pylice £ const = 4Q@yY S equicontinuous. ¢ The Standard trick
08 used in Hooge theoy: |Q@titxy- @iyl € Supl VQI- 1%-y1. ) Then by Arezela-
Ascoli thm, there would be & Convergent Subsequence,

Schouder  theory

AP)m, 0¢m<z3 = (AP)m fwau m. ¢In JCGC'(.'. osms=2+e will do. This

s becouse a prioni estimate is ualid only for £>0 i IQlcxE ). The 4 ases
m=3  ( Calpbi)

m=2  ( Aubin-ou, Pogorelon)

m=|

m=o (This is the hardest part, done by You using Mosers itepmtion).
Furthemmore, (m=2) + (m=0)=> (m=1),

0 years 0go, Koloolziej proved & Stronger estimate:
Thm. (Kologtzie] ).
Ot (Qsj + 3R P) = f det g
with >0. Then v p>, Tu>0, 80 that whenever IfIP <0, e howe
NQicx < Const

Poof of the C°- estimate
Moser iteration in the Simplest ose.

Considler Au=f, where A i the Loplacian on a Compoct manifold (X, Gij).
Assume that u IS normalized : &u[@ dx=0, We wont to eStimate jBr lulice,

(. Jxu-f o = Jx u-AuJgx
= fxu. T&taj (g9 3iu A 0l
=dx (- 3u) g7 o
= - 1vwigox



=> Ul £ | fufaxl < luznfue
Recoll  Poincard’s  inequality
gz € C- (VUi + (JxuiE)’)
Combined  with obove it gives
gz € C e nfue
= e € Coafue

(b. Moser iteration : Let B= 7o (>1) , n=dimeX . Then v p22.
mox c1, UL £ (C-PYF max (1. iuie)
where C' s a Constant independent of p.
Assuming this. we @n bound NUliLe (=liuice) in the following mamer,
Stort with p (thinkng of p=2 a3 the Starting point from (@),
Log max (1, unLee) < & log(C:py + Log max (1. hunep)
Tterate with p replaced by pg:
Cogmax(u IUNLEP) £ —’Eéog(c ps)+Logmaxu HunLPP)
< pglog(C-ppy+ wlogLC-py + logmax (1, nuaieP)
After R-steps, we get: -
Logmox (1. IUNLFP) < 2 o5 Logcc ps) + gmox 1 uie)

Convenges uohen h—» 00

Hence in the Limit.
Logmaxu Aulieey € A+ Logmaxu. AP )

(©). Proof o the Moser iteration Step
Recoll from coleulus : What's the anti-denvative of 1xI* ?
(XAXI*) = (1) %1%
Then nf Au=7,
U U au= ului®f
= S uusau igox = x uiuef g ox
Tntegnating by ports. this gies



Sxuufgox = - S VuAdgotx
= J; (o1 Ul nwu’@ o
= (o)) J‘x | U’IIVULH\ Jgdx

(oi+}) % 3
=~ w2 dx VWU I7g ol

(o4 )

- g I = S uuf gax
Similar a8 using Poinowé’s  inequality above. e need the Sobolev inequality
HlIE2R < O UIVUllE + Tulle)
In porticulor, appLg Sobolev s meqaaﬂ@ o U=Uiu® we hue:
Nutui 113 < C (VAW + luAuE i )
ie.

(xR g < 0 ?ﬁ\ﬁ;lux“‘”‘f@dx+£<lul°‘*‘,@o\o<)
Set p=2+x. Then
(Jx 1w ,\{g"o(xs—pL < C (p-l UG ax | +1fx 1uPagdx | )
Note that
1 x ' fgax| < 1fileo S W1 gax
< ifuce (fx lui:‘TZJgdx)“*’(J;t J'gotx)“*’ [ Jordon-Halder

< C"(unl yoa. LY;Fgl <Iytflp)"(ﬁg\9)"i}

o+

Combined , since w4z <1 there are two cases: if nume <1, C'(WIEY™ < 1
o+

othenwise, CUIUIE)*= < Chjullp =
lulfee < C'p moxct, ey,

Moser  iterption jér te Monge - - Ampere  equation.
Notation: (= = 05 /A dz?, oocp—zfng—ranaJ(P)dZ’Adzb Then the
Monge- Ampére  equation becorres:
we=efw" | (f= (+F-cer)
Smibr 03 the simple ase aboe, we want to Comtrol Vvl . The trick is
the ﬁ)(/{oao:rg
efun-on = W - "



= (LW -t + LIFAW +-+ L)
=% 0P (LI +-+ ™),
As in the Laplcion cose, we integrate by parts.
Ke@rorcel-iy= S ProrLaama (e -+ ™)
= fx Pl (< A3QY A (LI '+ + ™)
= -l APIOP) (230) A (LI +~+03™)
= - J:( BHOIPI®. £ IPASO A (05 + -+,
- Lo [} BOpE) A SPIPIE) A LI+ o™
Now we make two obsermtions:
W,k QAP A W = it
This follows, since for any (1.n-Jom Tejolzl ozt
x TE d2iadzha ™= §x QJETEJ‘ "

Thus, _
S onBY AW = Ji 0% 35w B¢ - "
= IV
In particulor,

ol . CR o (o)
c;+-;s>=fx AP A QIO AW = _¢.+%>=fx IV (@l 1"

0y, The remaining terms i POE1A SN OE AW are all non-negative.
In J(Zxcf the integrand i8  non-negative - pointuwige.  More precisely, we say &
(R.Ry- Jorm is positive i wir.t. some (o) frame {eit. it aan be wnitien
0 a positive Linear combiatin of terms of the form:

((CiABHIA - A ((inALi).
Note that this cgrees with the Standlard definition of positinity for 11> forms.
Mareover, if .4 are positile => 80 18 AW Hence

((BUABD)Y A LB A W™ 20

5___/
20 20 20

In fact. as an (n-fom. it's @ peoitie muttiple of the volume fom
W} ﬁ,(%dz’/\di"). with W2o.



<%mM3mm,momwﬁmmmmlmmj&uvmwﬁw.@wm
Mosers iterotion as above and we get the C° bound. This is the major
contribution qf You.

Proof of the C*- estimate.
In fact we shall just control SMEWHS woepker :
(w++33p) = efar o
Then 3C>o0. depending only on f. w ond oscy (2 supp-infep . which
can be treated now as a known quantity, by the C°-estimofe above), 6.1
A< C
The C*-estimate follows from this and o priori estimate ¢ Similer o8 done
in Hodge theory),

Iden of proof  Aubin, You. Pogorelov)
Apply the maximum principal to the expression  log(n+2¢)- Ag. More
precisely , we cloim that 3 A, Ci. (>0 st -
%) = A((og(nm(px—/\cp) 2C (XN -G e
ot the maxmum point of [login+A®) -A@. Here Xi's are the eigenualues
of We wirt W, A is the Loplacian of Gy =G +2j3kQ.
Assuming this claim, then since p is & maximum.
0= G(ng-.,’)‘g') -G
( Ntlogineag-Ag) is the trace gf the Hession gf login+203)-A. wohich
IS @ negative Semi-definite motrix Since p is a maximum => the tme <o ).
= —;'\TS_Cs_VJ' (or)\jboundedﬁombelow)
Howoewer, bg (%), Trji.)\j=effp> I8 bounded , hence Aj's ore bounded j?om
below and above at p. ie. 3 Caz(Cs st
Cs2 )< Ca
Now consider @ genemal point. Since p is a. maximum,
Aog (n+ AQ (1) - AP < Log N+ AQDY - APepy



= log (n+ A2 £ (g (n+ 20N+ AlPE>- Epyy
= log (Tredy + Ac@z)-pepy)
£ Cs + A-osCp)

= n+aPEy £ AP < 0y

Proof of (%) :

The trick here is 1 use the endomorphism h?m = 4%gsm o Caloulate
Ah. We begin with:
Trh=h?e
= g‘qﬁcgﬁe +03e5 P)
= N+ AQ
and compute: i
K (Trhy = (§Y* 33(Trhy
= (9" 3k 3j(Trh)
= GV TR VR (S ROR™ h)
= (@VE T { (VR (VMN")-h) + (T h)h- Vihi
where V' is the couariont deruntive with respect to Gsi. Now recll that
Ry =-9809179j0) : Cwvature ﬁrm in matrix rotation. Remember that
h=4"9'e ["(X.End(T"X)) (a holomorphic bundle with induced metricsy. Then:
Rej = - 9r (9799
= -0k (hg~'3;(@'h™)
= -9 {(hg g h"+ hg"'g'3;th"}
= -9k 1(hg"3jG"h" + h3jch™}

Recall that couariont differentiol of an endomorphism T tokes the fom:
NiT=T+AT-TA

where Aj= 979jq. Thus V'th"= djth™y+ g3j¢"h™'- h™g"3;0) =

h¥'th™ = hjch™) + hg'~ djg-h™ - (§"'3;9". Plugging in we get:



Rej= -9k (hV/h"+(q9;0")
= -0k (§7'3j9" + Ak (Vh-h7)
= QhJ t ah(th )
=Qg+vhwhW)
Hence we obtoin:
AT = G T ((Rej - Ry h)+ GR TR (Fh Ky (Ve h)
Then:

A’(og(Tr*h\— 'J'Ea ok ((ogTrh)
ik 5. OR(Trh)
e] a “Trh
_ Nlrhy —9’”’ @& Irh) (3 Trh)
~ Trh (TrhY?

_ A0 IV Trhi?
Trh (Trh)?

Plugging in ACTrh).

A'[Og(Tr‘h)‘ 4R (R&j - Qm)h)
Trh

{ @™ U R (TRh) @98 Th- DR Th
Trh (TrhY? }

Bosic observations :
0. You's inequakity : the tem in the bracket {-120 (to be proved)
2. The (@Y*Tr(Rg-hy an be slmp({ﬁeol 08 féb{oms
(@V% T~ (R -y CQ)"‘Q ‘mh™4
=(Ric)* hm
= (RleYm 8’"’3964
=Ric)sm g (o
However, we know that (Ric)gj = -8k logdet ¢gg) . Thus
(Re )'ﬁm = - amaﬁ LOﬁdET(Q’q‘p)
ond by the Morge - Ampere  eguation
det(gp) = detggy- €7,



we howe:
(Ric)pm = - 3mplogdet(zp - dmdp (1F -Cr)
= (Ric)pm - Omdp tF
wnlike Ric', this quontity is prescribed )
Sustitute this info (e), we get: _
(@'V% T (Rijhy = @™ ( (Ric)m-Dmdp (+F))
= R - AtF
where R denctes the scalar curvature of (Qgj).
3). (We estimate
(g')jETr(QEj-M:cg'ﬂE(QEj‘qm h"e)  (Recall that h=gg'= (g""=h"g™)
= (h™)'r g% Rg*m K"
= (h™'yls QPJ Cmh™
Since R'j*m is the cunature tensor of a known metric (0.K.0. bi-Sectimal
cwaturey, it con b_e bowngled ﬁom below bg rmn.'.le"J-“j]%B
(Q’)j"'l?(ﬁ?ij-h) > -BTrhY Trth™)
(This con be proved, for instonce, by diagonalizing h . then
Lhe = ARG fexe

From these obsenations, we hawe
A Tr tloghy > -B(Trh™ - T (R- AttF))
2 -B(Trh™ - Cs (Trhy
= - Ca"Trh"
(the lost inequality follows by diagnalizing h  (positive endomarphism) . and
(TP = (A =+ A < A7 < Trth™ ),
This is close to the olesred inequality . but the constant has wrong sign. That's
why we need to substact AAQ:
AP = (q')ffaj 0
= @Ry - &)
= n-Trth™ (h'=¢".9)



Altogetber, choose A0, we hawe:
Atlog Trh - A@) 2 -G Trh™ - Atn-Trh™)
=(A-C)YTrh™ - An
> CiTrh"- G,

08 Cloimed in (%%,

Proof of Youws inequakity.
This /s a tensorial inequality, and thus it Suffices to work in o Coordinate
system So that at 2:
Orj (2= 3%
Q)= /\)‘SEJ‘ (Aj=1+ @)y,
%= at 2.

Thus we wont to show that
(871 Toh (38 Thy < Teh- § @FE To( Toh - Vi) |

i-e.
s & '
TG (Opl Zi(+ 1)) 37 (X[ I+ ] = 3 T Gap 24 (Sp@ri ) (SpY))

P4 (I Opp
‘] Ng |
<31 0+gm b Zpg T omr 2 (Sp(I+ @i Ty g (i+ Pp)h
| IpP5i - I O3y
= {Z;(HCPTI\}'*ZP (+ ©pp) 'EJ' p(\:‘\-JCPJ-j)p . &
This is just the Couchy- Schwortz inequality. Ineed. worite

| op¥Pri 3p P1j
2p T @ppy E;J (SpPri NS @y)) = Z.‘.J' {%(“fq,spg)( Uf“’sﬁ* )}

IBperil” L 195 @))* L
<2 (2p u:cpﬂ,, (2 U:‘PSM )™ ( Couchy- Schwortz. in p. ﬁrﬁxed i)

=(Z: (3 :_TZ;P;T‘.:Z')EI ) (2) (Xp %%‘JTZ)%)

- (ST, Y

= (Z.‘ “'“PTI)é'(ZP (\+tl(>arrxctpliiql>;p; )—; )z

< fii O+ tPr.')}-fZ.‘,P “,rql,?l.‘;(ﬁfql;m } ( Cauchﬁ- Schwatz i i)



Dm‘if o the C3- estimate

We shal prove the bound: S< Cast, where S=IV'V'V'QI*. Moe
precisely, S= (@)™ (GP* Ore Pmpa (917, woith Qjfe= EOF wint the
metric Q% =0z +3j0k@. The proof is cue to (aton. Nirenbery ond “ou.

Cloim: 3 constants A, Cs.C¢ >0 st
NS-ALQ) 2CS- G (xxx)

Asswm‘ng this claim, we moy opply the maximum principal again. Ata. point
p. where S-AAQ atiins its maximum, Simiar 03 befre, we have
N (S~ AAQ)Y ) <0
= Spy < G
“Then j(}r 0 geneml ZeM,
Sz - AAP@ < Sipy- A AQp)
= S@y < Sy + A APER) - APp))
< G+ A2 AR
< (s

Proof of (RRX),
For this, obsere that: S=1V'h-h"lg . where h"h—QjSQish. Indeed
IVh-hlg = Vi h% (h™y° Whie (h™yé (@'¥® (@ rda ()
(VJ Qau b g'buguc (Vk 9%)Q%e Q'ergrf (9 )Jhlg )da (Q')c:F
(VJ 8% Bac ) (W ™) g (1= (g)da @
E 9%V (Gan) §™ Guch (- 975 Vi (st G g1 @ VR @raa- ¥
= (8" Z(3mAcp)+ 0% VK (@) - (@Y (ghda- (g

p—




Now we compute AS:
AS = A'IVh h iy
= A«vhh?, v'h-h™>
dtere A= (§'VRV; Vi Then.
AS = @R (V<R Vhh!, Vhh'>+ V<V hF, VeVhh™>
= (@)V* ((ViV& Vh-h Z'hh™s +<VeVhh?, 75V -h'>
SRR VAV VAV LRI WAV AVAVIN S
= (A Vhh!, V'h-h?> + <Vhh", Av'hh™>
+ | V(7h-h)* + | VI7h-hT P
Next. note that
A(hh =8 Vi V) h-h)
= Q"ef V2 (QEJ' - Q’EJ' ) (bg on epnilier computation in C™- estimate )
= g (VRgj - V/REe) (by the 2-Bunohi's identity ViRie= V2R
= ¢ REj - v (Re")

Up to now, we haen't used the condition that (&) Solves the MA eqoation,
which saus that Ric is  known:
Ric'ab = -dbz (nge’tcgﬁg)
= Ricab - 9bdaFt
Thus V'(Ric'y i bounded and so is gt Ry, It fllws that .
I<ATh-h" V'h-h™>lg «CiS+ Co

(There is some subtle detoils here: the rorm here 8 taken woir.t.  §fj . which
is a metric to be Goled. Hovewen , by the C-estimate, 145} and {055
ore unifomly  equivalent -
Trh= thQIEJ':n*NP l]=>—t-he sum of  eigenualues 9“ h is bounded ;
AQ  boundled
Moreouer, T is fixed = Each X is bounded. Thus h is o uniformly
bowndled  endomorphism => @'=gh s unifomily bounded . )



Hence :
AS 2 (A Vh-h' V'h-h™> + <Vh-h" Av'hh™y>
> -CuS- Co.
where we leave out the positive terms | V/(V'h-h™y1* + | (Vh-h™1P, and
A(V'h-h™y = A+ Guvature tems of (gg> . The cunature terms are  bounded
again bﬂ the C* estimate |

Next, we compute AAP: (Cf C* estimate)
A(AQY = A (Trh)

= ¢ (Tr (Vo (Sph-h~" h 1))

= 9% (T (Rgp-h - Rgph) + Tr (Bh-H"- Vah))

= §P(Tr (Rep-h)) - (R-AFt) + §PTr(ph-h™ Vih)

J - " venh - Ve
Rnoun oj order S
By our C>-estimate, 103} and {Qpa} ore Cquinlent metrics . ond the last
term is of order 8. we have:
A (AQY > - (CaS+ Ca)

G:mbirung these two estimates 0s we did ﬁr C*- estimote, we obtnin the
Cloimed  inequadity  (xx%.

A final remark . (WOhy these estimates imply the desired Cowergence.

D(ﬁefenﬁaﬁng the MA equation wir. t. Ve ges

(GVR V2 Vj Vi @ = known  quantity

= ¢ aatisfles the Loplacion equation with C° r.hs. By the Clssiou
Schauder elliptic regulasity , which is part of Classicad lnear PDE theory,
one gets that “e¢ 8 of class C". v veco.n. This in twm implies
that ¢ i8 of class C*". - (Black box). This gues the desired convengence
and we may Opoly the Asooli- Arezeln thm.



