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1. Introduction
In this paper, our aim is to present a numerical method for the solution of a mixed system of Volterra integral equations

of the first and second kind with weakly singular kernels which is known as Weakly Singular Integral Algebraic Equations
(WSIAEs). More precisely, we consider the following system of Volterra integral equations:

AX(t) = G(¢t) +[ (t —s)"“K(t,s)X(s)ds, 0<a<1,tel=][0,T], (1.1)
0

where A = [[1) g] is a singular matrix, 0 < @ = 5 <1(,q€N, p<q),and

K(t,s):[fﬁ;gjg ﬁ;jgjﬂ X(0) = 0. 207, G = (0. g0)

such that the functions f, g and the kernels Ky (-, ) (k,I = 1,2) are known smooth functions on I, respectively, and
D = {(t,s) : 0 <s <t < T}. Throughout the paper we assume that the given functions g and K>, satisfy in the following
relations

g(O) =0, |K22(t, t)| > ko >0, tel.
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Under these conditions, the system (1.1) is called the weakly singular integral algebraic equations of index-1.

A good source on applications of IAEs with weakly singular kernels is the initial (boundary) value problems for the semi-
infinite strip and temperature boundary specification including two/three-phase inverse Stefan problems [ 1-4], so that these
problems consist of a reconstruction of the function describing the coefficient of heat-transfer, when the positions of the
moving solid and liquid interfaces are well-known. Also, the monograph of Brunner [5] contains a wide ranging description
of IAEs arising in applications from memory kernel identification problems in heat conduction and viscoelasticity [6-8] to
the evolution of a chemical reaction within a small cell [9].

There have been a few works available in the literature which investigate the numerical methods for IAEs (see e.g.
[5,10-14]). However, as far as we know the numerical analysis of IAEs with weakly singular kernels is largely incomplete
and this is a new topic for research. The existence and uniqueness results for the solution of WSIAEs has been given in [15]
and most recently in [16]. The piecewise polynomial collocation method for IAEs (1.1) together the concept of tractability
index have also been considered by Brunner [5], so that he analyzed the regularity of the solutions using conditions that
hold for the first and second kind Volterra integral equations.

Generally, this type of IAEs typically has a solution whose derivatives are unbounded at t = 0 and we have to use a
suitable strategy to restore this difficulty. Here, we apply an approach like the idea of Li and Tang in [17]. We first consider
a suitable function transformation to change the system (1.1) into a new IAE such that its solutions have better regularity.
Then, we employ the Chebyshev collocation method to approximate solution of the resulting WSIAE. It is well-known that
the methods based on Chebyshev polynomials play a key role in the context of spectral methods. Their widespread use can
be traced back to a number of reasons. Not only are the polynomials given in a simple form but all the Gauss quadrature
nodes and the associated weights are also given in closed form. Here, for computational purposes, we employ the Chebyshev
collocation method to obtaining high accuracy of the results and then a rigorous error analysis is provided in the weighted L*-
norm which shows the spectral rate of convergence is attained. Finally, some numerical examples with the aim of illustrating
the convergence behavior of the method are presented.

2. Some basic and auxiliary results

This section is devoted to discussing how the weakly singular IAEs can be changed to treat the problem. Furthermore, the
index concept for WSIAEs which plays a fundamental role in both the analysis and the development of numerical algorithms
for IAEs is discussed.

2.1. The index for weakly singular IAEs

One of the main features of IAEs systems is their index, which reveals the mathematical structure, potential complications
and their numerical solvability. Generally, the difficulties are arising in the theoretical and numerical analysis of IAEs
relevant to the index notion. There are several definitions of index in literature not all completely equivalent. For instance,
differentiation index [18], the left index [10] and the tractability index (see, e.g. Definition (8.1.7) from [5]).

Here, we use the concept of the differentiation index which measures, loosely speaking, how far the main WSIAE is
apart from a regular system of VIEs. This notion for WSIAEs discusses by means of the study of the ranks of certain
Jacobian associated sub-matrices. In other words, the number of analytical differentiations of the system (1.1) until it can
be formulated as a regular system of Volterra integral equations is called differentiation index.

Let us consider the index-1 WSIAE (1.1). Using the classical theory of Volterra integral equations with weakly singular
kernels from [10, p. 353], if we multiply both sides of the second equation of (1.1) by the factor % and integrate with
respect to t, the following first kind Volterra integral equation with regular bounded kernels will be obtained

t

t
0 =/ H21(t,s)y(s)ds+/ Hy, (t, 5)z(s)ds + G, (g), (2.1)
0 0

where

Tk t — e t—
Hy(t, s) :/ O Gl LI A T =/ 26+ =99
o ved—wi o v(d—-v)'e

and
t
Gy (g) = / (t —s5)* g (s)ds.
0

Also, differentiation the Eq. (2.1), gives the following second kind integral equation:

t 0Hy; (t, S) t 0Hy, (l', S) /
0 = Hyy (t, D)y(t) + Hp(t, D)z(t) + / 0 y(s)ds + / —ar z(s)ds + G, (g), (2.2)
0 0
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where Hy(t, t) = Si“gr—“”)KQj(t, t) =1, 2) and G, (g) can be obtained using integration by parts to G, (g) with g(0) = 0, as

G, (8) =/ (t =97 'g'(s)ds.
0

Since |[Kx(t, t)| > ko > 0, we have |Hy,(t, t)| > 0, then (2.2) together with the first equation of (1.1) is a system of
regular Volterra integral equation.

However, it has to be pointed out this reduction (differentiation) is NOT practical from a numerical point of view and
such a definition may be useful for understanding the underlying mathematical structure of a WSIAE, and hence choosing
an appropriate numerical method for their solutions.

2.2. Smoothness of the solution

Let us assume that the Hélder space C%#([0, T]) = C#([0, T]) is defined as a subspace of C([0, T]) that consists of
functions which are Holder continuous with the exponent 8. More generally, for k € Z, and 8 € (0, 1], we define the
Holder space

ctP([0,T]) = {f € C([0, T]) | D’f € C*#([0, T]) Vv, |v] =k}.
In [19], it is shown that this space is a Banach space with the following norm:

{ [D'f(x) — D'f (y)|
Ix —yl?

Ifllets qo.rp = If lekqory + D, sup

lvl=k

x,y €[0,T], x;éy}.
Consider the following system of index-1 WSIAEs:
t t
y©) =f() + / (t =) “Ku1 (¢, )y(s)ds + / (t — ) “Kua(t, s)z(s)ds,
0 0

t t
0=g(t) + / (t —s) Ky (t, s)y(s)ds + / (t —s) %Ky (t, s)z(s)ds,
0 0

where0 <o < landt el =[0,T].

Here, smooth forcing given functions lead to a solution which has typically unbounded derivatives at t = 0. The degree
of regularity of y and z follows essentially from the corresponding discussions in [5], for the first and second kind weakly
singular Volterra integral equations. (See e.g. Theorems 8.1.8,6.1.6 and 6.1.14 from [ 10, pp. 346, 354, 478].) In [5], it is shown
that the solutions y(t) and z(t) lie in the Hélder spaces C'=%(I) and C%(I), respectively. This indicates that for any positive
integer m, the solutions y(t) and z(t) do not belong to C™(I). In order to overcome this drawback, we may apply a strategy,
like the idea of Li and Tang in [17]. This is done by introducing the following transformations

t=ul, u=vt, s=wl w=4s, (2.4)
to change (2.3) to the following system
W =fw + / (U — w) ™ *Ky1 (1, w)P(w)dw + / (U — w) K2 (u, w)2(w)dw,
.’ b (2.5)
0=45@u) + / (u — w) Koy (u, w)y(w)dw +/ (U —w) Koy (u, w)z(w)dw, u e [0, VT,
0 0
where f(u) = f(u?), §(u) = gu?), () = y’), 2(u) = z(u?) and
Ki(u, w) = qui™ @™ + 0972w - - + wI™H 0K w?, wh) (= 1,2).

The existence and uniqueness results and the smoothness behavior of solutions ¥, Z of the system (2.5) may be obtained
from the corresponding discussions of the classical theory of Volterra integral equations with weakly singular kernels
from [5] (see e.g. Theorems 6.1.6 and 6.1.14 for further details).

3. The numerical treatments
3.1. Description of the numerical method

We now turn our attention to obtaining a Chebyshev spectral method for the system (2.5) on the standard interval
[—1, 1]. Hence, we employ the transformation

Xx=—w-1, —-1<x<wv, v=—u—1, —-1<v <1, (3.1)
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to rewrite the system (2.5) as follows

j) =fw) + / (Vv — %) K (v, )F(R)dx + / (L — %) K12 (v, 0)Z(x)dx,
-1 -1

v v (32)
0=g) + / (v — X" K1 (v, N)FR)dx + f (v — %)~ Kp (v, X)Z(X)dx,
-1 -1
~ ~, 4 ~ ~, 4 ~ A 4 ~ ~, 4
where j(v) = 9(LLw + 1), 2w) = 2(LL @ + ). F) =FZ @ + 1), gw) =& + 1) and
11—«
. JT . (VT JT
K. =(—] K| =@+ —&+1]).
2 2 2
It is well-known that, in the Chebyshev collocation method we seek the solutions yy and Zy of the form
N
v =IGW) =Y JL(v),
k=0
N (3.3)
Iv=INGW) =Y Z(WL(v),
k=0
where vy, = — cos(zsz;Jg”), (k = 0,1,...,N) are the Gauss quadrature points and L, are the interpolating Lagrange
polynomials
T
Li(v) = — 1@ k=0,1,....N, (3.4)

(v — )Ty (V)

such that Ty is the (N + 1)th-order Chebyshev polynomial.

We now fix the value of x for general kernels I?,j(v, x) and choose x = vy, then the kernels RU(U, X) can be approximated
by univariate Lagrange interpolating polynomial as follows:

N
In(Ki(v, %) = > Ky(v, voLe®), Vi, j=1,2. (3.5)
k=0

Substituting the relations (3.3) and (3.5) into (3.2) and inserting the collocation points vy in the obtained equation, lead
to the following system of linear equations with 2N + 2 unknown values y(vy), ..., y(uvy) and Z(vp), . .., Z(vy)

Uk Uk

J(u) = f(ue) + / (U — X) "Iy (K11 (Uk, X)Pn (%) + / (U — X) Iy (K12 (vg, X))Zy (X)dx,
-1 -1

" i ” i (3.6)

0=2g(w) + / (U — %) "Iy (Koq (U, x))Yn (X)dx + / (U — %) "Iy (Koz (U, x))Zn (x)dX.
-1 -1

Solving the linear system (3.6), the approximate solution of system (3.2) is determined at the collocation points as well
as at the arbitrary points in the interval [—1, 1] by (3.3).

3.2, Convergence phenomenon

Before giving our strategy for convergence phenomenon in the weighted L?-norm, we first introduce some lemmas which
are usually required to obtain the convergence results:

Lemma 1 (From [20,21]). Let iy be a linear operator from C*#([—1, 1]) to Py, then for any non-negative integer k and
B € [0, 1], there exists a positive constant Cy g > 0, such that

Vf e CP([—1,11), TInf € Pn. st If — Infllie < G N~ FP)IFll ks 1.1

Lemma 2 (From [22]). Assume that {Lj(x)}J’.":0 be Lagrange interpolation polynomials with the Chebyshev Gauss/Gauss—
Radau/Gauss-Lobatto points {xj}]’y:O, then

N
In|lie = max Li(x)] = O(logN).
e Xe(_m; i(x)| = O(logN)
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We denote the collocation error functions by
ei(v) = n(w) —JW)),  ex(v) = @nw) — Zv))).
Rewriting the first equation of system (3.6) yields:

N N
FW) =FW) + Y Y (@n + bu)Wa(wi),
n=0 I=n
where
ol = {_g/n(lgll)na . n= l, bnl — %n(lgu)n, . n= la
VK1) + yi(Ki)n, n#1, Zn(Ki)i + zi(K12)n, n#1,
and

Kin = KU, vn), (5 =1,2),  Jn = (),

Uk

Wi () = (uk — X)Ly (X)L (x)dx.
-1

With these notations, the Eq. (3.7) can be written as:

Uk - ~
w0 = Fwo + [ =207 (R0 000 + RraCun 0ea0) )
~1

Uk

+ (e —x)7" (1211(Uk, X)J(x) 4 Kiz (v, x)Z(x))dx + Zi(v) + Za(u),
-1

such that

N N Uk _
Ziw) =) ) auWu(u) — / (Ve — %) “Ky1 (Ui, Ol G (0)dx,
-1

n=0

=n

N N Uk N
W) =YY buWu(uy) — / (U — )~ Krz (v, NIy E (X)) dx.
-1

n=0 I=

=

If we multiply the Eq. (3.8) by Ly(v) and sum up from O to N, we obtain

() = fu) + { (v =0 (Rin (v, ver () + Kia v, X)ez(X))dX}
N

-1

+{ (v—x)“(mu,x)y(x)+1212<u,x>z<x>)dx} + IV W) + Iy ZW)).

Subtracting (3.10) from the first equation of (3.2), we get

e (v) = {/ (v —x)""(f(ll(u,x)q(x) +1212(u,x)e2(x))dx}
1

N
+ Wi+ Wy + W3 + Iy(Z1(v)) + In(Z2(v)),

where

v

W = { (W — %) K1 (v, x)if(x)dX} — | (W —=%""Ki1 (v, 0)J(x)dx,

—1 N —1

W, = { / U(v — X)"%Ky2 (v, x)Z(x)dx} - / U(u — %) Ko (v, X)Z(X)dx,
—1 N -1
W5 = fy(v) — f(v).
The Eq. (3.11) may be rewritten as follows:
i) = | =07 (Ru.0e100 + Ko (v, 0e20 ) dx
-1

+ Wi+ Wy + W3 + Wy + Ws + In(Z1 (V) + In(Z2(v)),

125

(3.10)

(3.11)

(3.12)
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where
Wy = { (v — %) K (v, x)e; (x)dx} — | (W —=%""Ki1(v, x)e; (x)dx,
—1 N —1

W5 = {/U(v —x)_"‘f(]z(v,x)ez(x)dx} - fv(v — X) K2 (v, X)ex (x)dx.
-1 N -1

Now, from the second equation of (3.2), we get

{/ (v —x)"° (kﬂ(u,x)y(x) + Koo (v, x)z(x))dx} — —5y(v). (3.13)
-1

N

For the second equation of (3.6), we proceed a similar procedure as outlined for obtaining the relation (3.10), and then
insert (3.13) into the resulting equation, so we obtain

(v—=x"" (1~<21(U, x)e1(x) + Kx (v, X)ez(X))dX + Ws + W7 + IN(Z3(v)) + IN(Z4(V)), (3.14)
-
where

W = { / U(v —X)_akm(v,x)e](?()dx} - / U(u —X) Ky (v, x)e; (x)dx,
-1 N -1

1

Wy = { / U(u —~ x)‘“kzzw,x)ez(x)dx} - / U(u — X) ™K (v, X)ea (x)dx,
_ N -1

and
N N " 3
Za(w) =Y ) uWu(v) = | (U — %) Ka1 (v, 0 (X)) dx,
n=0 I[=n -1
N N Uk N
Zaw) =) 3 | duWa(vi) — f (U — 0~ Ron (V3 Xy E (0,
n=0 I=n -1
such that
C = {5/“(1:(21)”’ ~ n=l1 d, = :En(l:ﬁz)n, 5 n=I,
T a0+ i), n# Tz K + Zi(Kp)n, m AL

Using a similar manner which is applied in Section 2 for obtaining (2.1), the Eq. (3.14) can be written as:

0= /UH21(v,x)e1(x)dx+ fuﬁzz(u,x)ez(x)dx+Ga(F), (3.15)
-1 -1

where F = Wg + W7 + IN(Z3(v)) + In(Z4(v)), and

Goe(F) = [ (v —x*""F(x)dx.
-1
Differentiation (3.15) with respect to v, yields a second kind integral equation as follows:

dHa1 (v, X) 3Hx (v, X)

Hz1 (v, v)e1(v) — Hy (v, v)ey(v) = / (a—’el(x) + —’ez(x))dx+6;(F), (3.16)
1 v v

where G/, (F) can be obtained using integration by parts to G, (F) and F(—1) =0

G, (F) = U(u — )" TF (x)dx. (3.17)

-1

In this position, to obtain a matrix representation of the resulting equations, we rewrite the Eq. (3.16) as

- N v o o 0H21(v, %)
— Hy1(v, v)e;(v) — Hp (v, v)ey(v) = / (v—x) ((U —X) a—vel(x)>dx
—1

v 81:122 (U, X

(v—x)"" <(v —x)* 0

)ez(x))dx—l—G;(F), (3.18)

-1
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and denote

1 0
H(v,v) = (—1:121(1;, V) —Hn(v. U)> ;

K1 (v, %) K12 (v, X)
R(v,Xx) = N 8ﬁ21(v, X) o 3H22(U, x) |-

(v—x) BT v —x)———
v v

E(v) (225;) ’ M — (W1 + W, + W3 + W,y +(;Z\8:)—i_ IN(Zi(v)) + Iy (ZZ(U))) _

With these notations, the corresponding matrix representation of the Eqgs. (3.12) and (3.18) is given by
v
H(v, v)E(v) = / (v — %) *R(v, x)E(X)dx + M. (3.19)
-1
Following [10, ThNeorem (8.1.8)], we have |k22(v, v)] = ko > 0 on [—1, 1], moreover, from (2.2), Hyi(v,v) =

%RZ] (v, v) and Hy (v, v) = Si“;—“”)kzz (v, v), so the matrix H(v, v) is invertible and its inverse can be set in the form

1 0
H (v, v) = —k21(U, v) -7

K» (v, v) sin(an)lzzz (v, v)

Multiplying the Eq. (3.19) by H™1(v, v), gives

v

Ew)| <@ [ (v—x"*E®)]dx+ NI, (3.20)
-1

where @ = max_j<y-,<1 [H (v, V)RV, X)| andN = H (v, v)M.
Employing the generalized Gronwall inequality [23], we can write

[E(v)| < qb/ (v — %) "*IN(X)|dx + [N|. (321)
-1
It can be seen from the generalized Hardy’s inequality (see e.g. Lemma (3.8) from [23]) that
”EHLZ)(—],]) = C”N”LZ,(—LI)‘ (3.22)
It remains to derive a bound for the global error and obtain the order of convergence of the proposed method. In the
continuation of the paper, for simplifying the expressions, we denote || - ”L?u(fl,l) by || - || and try to obtain the error bounds
step by step:

Step 1: In this position we use some previously given lemmas and also some known lemmas and inequalities from [24,
23] to achieve the error bounds for W;, (i=1,...,5).
Since Iy indicates the interpolation operator, then we have

Ing() = (%), Vo) € Py.

Now, we observe that

IWall = [lInT'ey — Teqll = linIe; — In(UyTer) + dyTey — Ieq|
< nlllI"ey — dyTer|| + |4y T"er — ey
< (Hnllie + DIeqr — Iy Teqllreo, (3.23)

where { 4 is defined in Lemma 1, and
v
e, = / (v —x)"“Ky1(v, X)eq (x)dx.
-1

In order to obtain a bound for (3.23), we first use Lemma 1 for k = 0 and Lemma 2. Then employing the Lemma (3.5)
from [23] and the inequality (5.5.28) from [24], give us:

[[Wall

A

C(logN + DN P|| el cos_1.1) < Clog NN~ ey ]l1o0

IA

ClogNNz—A—m 7], (3.24)

(=11
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where

n | }
l?lﬂgw(_uf( > Hf@nia(_m)- (3.25)

=min(m,N+1)
As a similar manner
1 4 00
IWs|l < ClogNN2~P="Z| mn ;.
It follows from (3.24) that
WAl < ClogN + DN~ T'Fllco 1,13y < ClogNN~[[]l,
and
IWa |l < Clog NN~7||Z]| o0
Also, using the inequality (5.5.22) from [24], we have

||W3 || =< CNiml.ﬂHg}vN(,],])'

Step 2: In this step, our aim is to estimate Iy (Z;(v)) and Iy (Z,(v)) by using Lemma 2, appropriately

IIN(Z1 (V)| < max [Z;(v)]| [lInlle < max |Z9(ve)|logN. (3.26)
0<k=<N 0<k<N
Furthermore, from (3.9) we have

|1Z1 (v

/_?k(vk —-x) (IN (1211 (vk, X)) — K1 (v, X))f’N (x)dx

Uk

€l (Ris () = R (0 0w [l | o= )7,

-1

IA

such that using the transformation (3.1), we can write
Uk
/ (U — %)~ %dx = (e + DB -, 1),
-1

where B(-, -) denotes the Euler Beta function (see [5, p. 354]).
It follows from the inequality (5.5.28) from [24]

—a 1= -
1Z1(@] < (U + DITB — o, DN27" Ky (U, 0l ) 19 lioe. (327)
Using (3.27), the following relation for (3.26) holds
1_ -
lIN@Zi (L)l < ClogNN2""®q1 |y l1ec, (3.28)
where

@j = B(1 —a, 1) max (v + DKy (w, DymN_q gy GJ=1,2).
Consequently, we observe that

1 .
lIN(Z2 (V)| < ClogNN2 ™" @1, |Zy oo

Step 3: Here, we should find a bound for |G}, (F)| using the suitable inequalities as well as the previously obtained bounds.
For this purpose, we estimate the Eq. (3.17) as:

|G, (F)| < / (v — %) |F'(s)|ds.
-1
Considering the generalized Hardy’s inequality, it can also be shown that
16, (Pl < CIF @I = (I @@l + Iy s DIl + IWgl -+ 1Wy1]). (329)
Indeed, applying the inequality (5.5.25) from [24], we have

/ 1-m| 1
IWgll < N Felyman .

where I"e; = [, (v — X) ™Kz (v, )€1 (X)dx.
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Setting m = 1in (3.25), we can write

81~“e1

Wl < ¢

’

such that by using integration by parts and the generalized Hardy’s inequality
3fe1
ov

< Clerll + N4 ID-

Now, utilizing the inequalities (5.5.22) and (5.5.25) from [24], we get the following result
||Wé|| =< C(N_m + Nl_m)|5)|H(TvN(,L])'
As a similar manner,
W7l < C(llezll + llez ) < C(N™™ +Nl*m)|2|H$.N(_H)-
On the other hand, using the inequality (5.5.4) from [24] and the relation (3.28), we have
5_ -
Iy Zs)| < CN?[lIy(Zs ()| < log NN 27" @1 [ ls=c,
and
5_ ~
Iy (Zs())I| < CN*|lIn(Zs(v)) || < log NNZ " @ |1 Zy | .
Finally, the above estimates together with (3.22), lead to the following main theorem which reveals the convergence
results of the presented scheme:

'!heorem 1. Consider the index-1 weakly singular integral algebraic equation (2.3) and its transformed representation (3.2). Let
D ={(t,s) : —1 < x < v < T}, and suppose the following holds

(a) The given functions I~<1j (1,j=1,2) andf in (3.2) belong to C™ (D) and C™[—1, 1], respectively.

(b) Ky € C™'(D) (i,j =1,2) and § € C™+'[—1, 1] with §(—1) = 0.
(c) Ky, satisfies the condition |Ky; (v, v)| > 0.
(d) (¥n, Zy) denotes the spectral collocation approximation for the exact solution (y, Z) of (3.2) based on the Chebyshev Gauss

collocation points which is given by (3.3) and (3.6).
Then for sufficiently large N,

~ - 1_
19 = Il 1y = © (N3 logN)

- - 5_
1Z = 2Znllz 10y = O (NZ mlogN).

4. Numerical experiments

In this section, we consider some numerical examples in order to illustrate the validity of the proposed technique.
Coordinate transformations (2.4) and variable transformations (3.1) are used to change the WSIAEs system into a new
system such that its solutions have better regularity. All the computations were performed using software Mathematica®.
For analyzing the behavior of the error representations, we define the weighted L?>-norm by

1 %
”e”Lﬁ,(le) = (/ |e|2w(t)dt> ,
-1

! = is the Chebyshev weight function.

Vi-e

Example 1. Consider the following index-1 WSIAEs system

where w(t) =

t
AX(t)=G(t)+/ (t —s)"7K(t, )X (s)ds, t e [0, 1],
0

where

_[1 0 (22 S
A—[O O}y I<(t,5)—[52+4 t2+s4+1 ’

X(t) = (y©.z0)", 6@ = (F©).g0)",
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Fig. 1. (a) Plot of error functions of y for different values of N in Example 1. (b) Plot of error functions of Z for different values of N in Example 1.

Table 1
[ errors for Example 1.

N 4 5 6 7 8 9

I7—9nllz  1.64x107* 3.63x107° 9.43x107° 4.92x1077 2.74x1077 5.54x107°
IZ—2vlz  1.71x107 2.60x107* 8.08x 107> 4.42x107° 9.01x1077 3.08x 1077

and f, g are chosen such that the exact solution is
expt — 1
N

Due to the first derivatives of the exact solution
, _1 (expt—1
Z({t)y=t2 T—i—expt ,

1 1 . . . .
we observe thaty’ ~ t"2 andz' ~ t~2 att — 0.Since o = § = % then employing the transformation t = u? gives the

smooth solution § = y(u?) and Z = z(u?). Inserting ¥, Z in the WSIAE and using transformation (3.1) yield

y(t) = arctan Vt, z(t) =

, . t
YO=3a10

v

AX(v) = G(v) +/ (=XKW, OX0dx, ve[-1,1], (4.1)
-1

where X(v) = (7, 2)T, G(v) = (f, §)" and

Kn (v, x) 1312(“’ X)i|

K(v,x) = |:K21(U,X) Ky (v, x)

LetXy = (¥, Zy) denote the approximation of the exact solutionX = (¥, Z) that is given by (3.3). We apply the proposed
Chebyshev collocation scheme for the system (4.1) and report the weighted L?>-norm of errors for several values of N in
Table 1. The error behaviors on [—1, 1] for different values of N are also represented in Fig. 1.

Example 2.

AX(t):G(t)—l—[ (t — ) 3K(t, )X (s)ds, ¢ € [0, 1],
0

I<(t,s)=[t+s+2 ts }

(t+5s)? 1+4st?
X(t) = (y®.z(0)", G = (F).g0)".

2 1 1 2
Let f, g be chosen such that the exact solution is y(t) = sinht3, z(t) = t3.Itis easy tocheckthaty’ ~t~3 andz’ ~ t™3

att — 0.So, according to the transformation (2.4)and o = % = % the smooth solutions y = sinh t? and Z = t are obtained.

The weighted L?>-norm of errors and the error behaviors on [—1, 1] for different values of N are reported in Table 2 and
Fig. 2.



S. Pishbin et al. / Journal of Computational and Applied Mathematics 245 (2013) 121-132 131

a O b 07‘
_2t B —2} ]
N=4 —— —= 7\
~ =4 // P 1 ~ =4 N=4 /// / 1

= / /// (= P N=6 /

4 _¢l /' "n=6 ] 96l N/ 1
E /7 S ~_ /]
o / - T oD i 7
»3 -8r /N/_S// ~/] »—ol —8j //;*\¥/// ]
/ // =9 :/// = 1
—10r// 1 -10f ]

/ [
~12 \/ | | | | —12L | | | L
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Fig. 2. (a) Plot of error functions of y for different values of N in Example 2. (b) Plot of error functions of Z for different values of N in Example 2.
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Fig. 3. (a) Plot of error functions of y for different values of N in Example 3. (b) Plot of error functions of Z for different values of N in Example 3.

Table 2
L2 errors for Example 2.

N 4 5 6 7 8 9

17 —9nll2, 290x 1073 1.91x103 557x107% 4.44x10>° 3.54x10% 6.85%x1078
IZ—2vllz  273x107*  1.24x107% 1.10x107% 8.30x 107 6.38x107° 1.09x 1077

Table 3
[ errors for Example 3.

N 4 5 6 7 8 9

I7—=9nllz  5.00x107°  1.92x 107> 1.84x10™* 9.19x 107> 561x10™° 2.41x 107’
IZ—2vllz  1.94x107> 1.05x107> 1.13x107% 7.78x107* 5.19x10° 1.61x107°

Example 3. As a third test problem, consider the following system of index-1 WSIAEs
t
AX(£) = G(t) + f (t —)"3K(t, $)X(s)ds, ¢t € [0, 1],
0

1
24t

e<s )(t2 +s'4+3) coss* (t + 5)

K(t,s) =

e<ﬁ+t2+]) (t+5s) sin (s% + 1) (st+1)
X(t) = (®).20)", G = (f).g®)",
and f, g are chosen such that the exact solution is y(t) = exp(+/t), z(t) = sin(/t).

Table 3 and Fig. 3 represent the error behaviors of the computed solutions using the proposed collocation method.
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5. Conclusion

This paper studied the theoretical and numerical treatments of weakly singular Volterra IAEs systems. We analyzed a
spectral Chebyshev collocation approximation for the WSIAEs with index-1. The convergence analysis was included and it
was shown that the numerical errors decay exponentially in the weighted L?>-norm.

Here, we considered the case when the underling solutions of the WSIAEs were not sufficiently smooth. To overcome
this difficulty, we used some coordinate transformation to change the equations into a new WSIAEs. In our future work, we
will investigate the approximate solution of WSIAEs with non-smooth given functions.
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