Intro231M.nb 1

A Brief Introduction to Mathematica for
231M

Mathematicas a generapurposecomputeralgebrasystem.Thatmeanst cando algebraic
manipulationgincluding calculusandmatrix manipulation)andit canalsobe usedto draw

graphs.
Starting Mathematica

Starting Mathematica from an X-terminal(Maths)

The command'mathematicaWwill opena Mathematica notebookinterfaceto the systempor
you shouldhavethe possibility of startingit with oneof theitemsunderthe middlemouse
buttonon your desktop.

The notebookinterfaceis the mostsophisticatedhterfaceavailable (It wasusedto create
thesenotes for instance.)

Whenthe systemstartsyou gettwo windowsimmediately Oneis the mainwindow where
you do yourwork (calleda notebookwindow) andthe otheris a paletteof symbolsthatyou
canuseto inputsome(but not all) instructionsBy usingthe palette you canhaveyour input
look somewhatike standardnathematicahotation(with superscriptor powers fractions
thatlook like fractions,andafew othernicethings).However,everythingcanbedone
without usingthe paletteandthe palettedoesnot provideaccesgo thefull rangeof
Mathematica featuresFor thatreasonthesenoteslargelyignorethe paletteoptionsin
favour of text—stylenput.

Using Mathematica from outside the Mathematics department

Mathematica is availableon PCandMacintoshcomputersaroundCollege.Notebooks
createdon thesecomputershould(in principle) bereadabldy the Mathematica onthe
mathematiceomputersystem providedyou cantransferthe notebookfile (the.nbfile)
from onesystemnto theother.ftp is oneway to do that. Email attachmentss another.

Mathematica commands

Mathematica hasalargecollectionof Mathematicafunctionsit knowsabout.Thereis a
whole bookaboutthem,in fact,andall we canhopefor is to learnenoughto do for our
pUrpoSEs.

Thereis amethodin theway Mathematica choosests namedor things—generallyit uses
oneof thecommonlyusednameswith thefirst letter capitalised. Also arguments of
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functions have to be in square brackets, ratherthanroundbracketsasis morecommonin
mathematicalisagdike f(x). Followingthislogic, Cos[x], Sin[x], Tan[x], etc,arethetrig
functionsin Mathematica—speaklhe commandor drawingagraphis Plot[ ] andthe
commandor drawingparametriggraphds ParametricPlot] (insidethe squarddracketsyou
mustspecifyatleastthething to be plottedandtherangefor the plot —we will comebackto
this later).

After this explanatiorof theway Mathematica doesthings,andwith someexperienceyou
may be ableto guesgheright Mathematica namefor a functionyouwant.

In the notebookinterface you typeinstructionsandpressShift-Return attheend(hold
downthe Shift buttonandpresshereturnkey). Anotherway thatshouldwork is to presshe
Enterkey onthe numerickeypad(extremeright of mostkeyboards)In thetextinterface,
typetheinstructionsandjust pressenter.

Online help (text mode)

If youthink yourememberor justguessthe namefor afunction,you cangetacryptic
summaryof whatthe systemknowsaboutthe namewith the questionmarlcommandFor
example supposé wantedto find outif anumbers primeand| imaginedthatthe
commandor thisis calledPrime.l cantypein ?Prime(andpressShift—-Returnandhereis
what| get.

?Prinme

Prime[n] gives the nth prime nunber.

Thisis clearlydesigendo find the 10th prime,or the 100thone.It mightbeuseful,butis
notwhatl wanted.Thereis anotherform of the questiormarkcommandvith a* attheend
which will tell meaboutanythingMathematica knowsaboutbeginningwith Prime.

?Pri ne*

Prime PrinmePi PrinmeQ
We canthenlook for informationon PrimePiandPrimeQto seeif theyarewhatwe want.
? Pri mePi
PrimePi [x] gives the number of prines |ess than or equal to x.
?PrinmeQ

PrimeQ[expr] yields True if expr is a prine nunber, and yields Fal se otherwi se.

Thereis aslightly longer(usuallymoretechnical)descriptioravailableusinga double
guestionmark. Thus??PrimeQvouldtell you somemoreintricaciesaboutthe PrimeQ
function.
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The help menu

Thereis amoreconvenien{andmoreinformative)help systemavailablethroughthe"Help"
menubuttonat thetop of the notebookwindow. Chooseheitem"Help ..." in thatmenuand
you will getanewwindow which providesonlineaccesgo the whole Mathematica book (if
you havethe ‘Built—in Functions’buttonchecked)It startswith anorganisedvay to go
throughthe summaryat the backof the book. The summarygivesa brief accounof what
eachMathematica functiondoesandprovidesreferenceso the sectionof thebookwhere
thefunctionis explained Also therearesometimegxamplesn the summarylf you click
on thelinks (highlighted)you shouldcall up the pageof thebookreferredto.

If you checkthe button‘The Mathematica Book’ you canbrowsethe wholebookonline.

Number Theoretic Examples

We cantry out someof thesecommands little, now we know aboutthem.
Prine[l]
2
Pri ne[1004]
7949
Pri mePi [7949]
1004
Pri meQ[7951]

True

This showsthat7949andthe nextodd number7951areboth prime. Twin primesof this
kind areof interestin numbertheory.

Thereis arelatedMathematica command~actorintegefor factoringwhole numberqwe
will seethatFactor[] is usedfor factoringpolynomials notfactoringwhole numbers).

Fact or | nt eger [7953]

{{3, 13}, {11, 13}, {241, 1}}

This meanghat7953hasthreeprimefactors,3, 11 and241andthateachoccursjustonce.
Soif we multiply these3 primes,we shouldget7953.

3 % 11 » 241

7953
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Algebra

Herearesomesimpleexampleof Mathematica doingalgebraiccalculationsNotetheuse
of Expand[] andFactor([] to tell Mathematica whatwe wantit to do. (Remembethe Shift—
Return.)

Expand[ (x + 1) (X + 2) (X +3)]
6+11x+6x2+x3
Factor [x"3 + 2x -3]

(-1 +X) (3+X+Xx?)

Herewe haveinputthe powerusingthe exponentiatiorsymbol” (andwe couldneed
parenthesiss theexponenis acomplicatedexpressionike a+1).Usingthe palettewe could
insteadinput the samething with a nicersupescriptayoutin theinputside.

Factor [x3 + 2x - 3]

(-1 +X) (3+X+Xx?)

Or, thereis away to do this whithoutusinga palette wherewe usethe key combination
Control” to startthe superscrip{power)andthe combinationControlspaceo finish the
superscript(Hold downthe Controlkey andthenpressthe otherkey.)

Using eitherof thesetechniquesyou canmakeyour inputlook morelike theway you are
usedto writing mathematicalormulae thoughof courseit is anextracomplicationto have
two waysto do things.

(x + 1)710
(1 +x)10
Expand[(x + 1)”710]

1+10x +45x%x2 +120x3 + 210 x% +
252 x° + 210 x% + 120 x7 + 45 x8 + 10 x° + x10

An importantfacility in Mathematica is the ability to solveequationsbothexactly
(symbolically)with Solve[] andnumericallywith NSolve[].

Solve[x"2 + 5x + 2 == 0, X]
(x> 3 (-5-VIT)}, {x> 3 (-5+V17)}}
NSol ve[ x"2 + 5X + 2 == 0, X]

{{Xx > -4.56155}, {x - -0.438447})

You mightwantto notethatwe needto specifythe equationto be solvedwith adouble
egualssign== andalsowe needto saywhatunknown(in this casex) to solvefor. The
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reasorfor the==asopposedo = is thatMathematica usesa single= to meanan
assignmentio maketheleft handsideof the = havethe valueof theright handside.We will
cometo usingthis assignmentacility laterin thecourse.

You mightlike to knowthatthereis agenerapurposea\[ ] commandn Mathematica to get
the numericalvalueof anyexpressionSoa nested

N[Sol ve[x? + 5x + 2 == 0, x]]
[{X > -4.56155}, {X > -0.438447}}

will alsowork in this caseinsteadof usingNSolve.In factNSolve[] is identicalwith
N[Solve[]]. Thereis anotherrommandrindRoot[] which cansucceedn finding a
numericalvaluefor a solutionwhereSolve[] andNSolve[] mayfail. FindRootgivesone
solutionandyou haveto tell it a startingvalueof theunknownwhereto look for a solution.

Fi ndRoot [ Cos [X] == X, {X, 0}]
X > 0. 739085)

Notation and Rules

Theremarksaboveaboutthe differencebetween== and= indicatethatit is timeto spellout
the basicrulesandnotationusedby Mathematica for interpretingwhatyou type.

Addition, subtractioranddivisionare+, —and/. For multiplicationtherearequite a few
options(3 altogether)Looking backoverthe previousexamplesthereareexamplesvhere
we used* for multiplication(asin 3* 11* 241)butthere areotherexamplesvherewe did
not putin any* (for examplethe5 x + 2 in thelastequationcouldbe5*x + 2). So
Mathematica will interpreta spacebetweertwo quantitiesasmeaningmultiplicationin
casesstandardnathematicahotationwould takethatmeaning gxceptthatsquaredrackets
areusedasindicatingargument®f functionsandcurly bracketq } haveanotherspecial
purposgfor lists of items).Ordinaryroundbracketq ) havea groupingaffectasin ordinary
algebranotation,but not othertypesof bracketsThuswe wereableto write (x +1)(x +2)
wherewe might havebeenmoreexplicit aboutthe multiplicationbetweerthefactorswith (x
+ 1)*(x + 2). Sowe canindicatemultiplicationwith a star*, or aspacepr sometimesy
juxtapositionwithoutany spaceneededThis latterpossibility (leavingout the space)s
availablefor exampledike (x + 1)(x + 2) wherewe meanto multiply groupedhings
togetherandalsoin the caseof numericalguantitiesimesvariables suchas2x. For two
timesx, we canwrite 2*x, 2 x (with aspace)r just 2x (no spacebetween).

All thislooksgood,butthereis a differencebetweerMathematica notationandordinary
algebranotationwhenit comesto multiplication.If we havetwo quantitiescalledx andt,
andwe wantto multiply them,we mustputin the* or elsea spacgx*t or x t arebothok).
The catchis thatMathematica will treatxt (no spacen betweenasanewnamefor anew
guantity.You canseethisif we divide x*t by x andseewhatwe getwith the*, with aspace
andwith no space.
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X*t /X

Xt /X
{
xt /X

xt
X

This mayseemto beasilly way for Mathematica to do things,butit hasthe advantagehat
you canusenamedor quantitieghatarelongerthanoneletter.So,for examplewe could
use"mass"for massand"time" for time,andthatmightbe clearerthanhavingto abbreviate

themassomethindike m andt.

mass / (mass = tine)

1
time

mass / (mss xtine)

a ms?
massti me

Notethatthespacesn the"m ass" meanthatMathematica treatsit asm*a*s*s
Observehatwe havebeenusingthe hatnotationfor "raisedto the powerof".

The/ notationfor divisionis the standardvay to indicatedivision or fractions,but aswith
Control” for powersit is possibleto inputfractionssothattheylook like fractions.You can
do thatwith the paletteor by typing Control/ to enterthedenominatoeandContolspaceo
finish thedenominatorOneadvantag®f thesemethodsapartfrom makingit easierto read
theinput, is thatyou don’t haveto put parenthesearoundyour numeratorand
denominators.

s
mas ————
mass * tinme

a ms?
massti nme

Differentiation

D[ax Cos [x*] -

x|

+aCos[x?] -2ax?Sin[x?]

X + 1

X 1
(1+x)?  1+X
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Integration

Integrate[ x Cos[x], X]
Cos [X] +X Sin[X]
Integrate[ x Cos[x], {X, 0, Pi}]

-2

Thesewereexamplef indefiniteintegration(no limits) anddefiniteintegration(with
limits). Pi (with a capitalP) is thetextway of inputtingthe numbermpi. With the paletteyou
could entertheusualsymbolfor Pi andyou couldalsomaketheinetgrallook like an
integral.
jnx Cos [x] dx
0

-2

Solving differential equations

DSol ve[ D[y [X], X] - ay[x] == 0, y[x], Xx]
{{y[x] >BE**C[1]}}

We neededo tell DSolvethedifferentialequationthe unknownfunctiony[x] andthe
independenvariablex.

Plotting in 2D

As mentionedalong while back,the basiccommanddor ordinarygraphss Plot[ ] andthe
commandor parametriglotsis ParametricPlot]. We canusethedoublequestiormark
helpfacility to seethattherearea hugevariety of waysof controllingtheway a Plotcomes
out, dependingon whataspecbf thegraphsyou think needgo be shown.

?? Pl ot

Plot [f, {x, xmin, xmax}] generates a plot of f as a function of x fromxmn

to xmax. Plot [{f1, f2, ... }, {x, xmin, xmax}] plots several functions fi.
Attributes[Plot] = {HoldAl I, Protected}
Options[Plot] = {AspectRatio -> CGol denRatio” (-1), Axes -> Automatic, AxesLabel -> None,

AxesOrigin -> Autonmatic, AxesStyle -> Automatic, Background -> Autonati c,

Col or Qut put -> Automatic, Conpiled -> True, DefaultColor -> Automatic,

Epilog -> {}, Frame -> Fal se, FraneLabel -> None, FrameStyle -> Autonati c,

FranmeTi cks -> Automatic, GidLines -> None, |nageSize -> Automati c,

MaxBend -> 10., PlotDivision -> 30., PlotLabel -> None, PlotPoints -> 25,

Pl ot Range -> Automatic, PlotRegion -> Automatic, PlotStyle -> Automatic,

Prolog -> {}, RotatelLabel -> True, Ticks -> Automatic, DefaultFont :> $Defaul t Font,

Di spl ayFunction : > $Di spl ayFuncti on, Format Type : > $Format Type, TextStyle : > $Text Styl e}

If wewantedto ploty = (x + 1)/(x*2+ x —2) overtherangex = —5to x = 5, thecommand
Plot[ (x + 1)/(x*2+ x —-2), {x, —5,5} ] would do areasonablgb. In thefollowing example,
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| haveaddeda PlotRangeoptionto controltherangeon they—axis(Withoutthatl think
Mathematica choosedoo big arange.)

Plot [(x + 1)/ (x"2 + x - 2), {x, -5, 5}, PlotRange -> {-5, 5}1

- G aphi cs -

For anexampleof a parametriglot, | usehyperboliccosineandhyperbolicsineasa
parametrizatiorf the hyperbolax"2/4-y"2 = 1.

ParametricPlot [ {2Cosh[t], Sinh[t]}, {t, -2, 2}, PlotRange -> { {-5, 5}, {-5, 5} 1}]

\

- G aphi cs -

This graphactuallyshowsonly the half of the hyperbolavherex > 0. Thereis a mirror
imagehalf for x < 0.

Plotting in 3D

Mathematica is arathergoodtool for making3 dimensionafjraphsalso.To plot agraphof
afunctionz = f(x,y) of two variableswe usethe Plot3D[] commandike this.
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Plot3D[ Sqrt [x*2 + y*2], {X, -3, 3}, {y, -3, 3}]

- Sur faceG aphi cs -

We know we shouldseea cone,or half acone,butthe squareébasen the x—yplanemakest
hardto seethis. If we plot the sameconeusingParametricPlot3D[ andbasingour
parametricequationon cylindrical coordinategr, 6, z) our conebecomez = r. Recallthat
X =r cosh andy =r siné

ParanetricPl ot 3D[ {r Cos[e], r Sin[e]l, r}, {r, 0, 3}, {6, 0, 2mx}]

- G aphi cs3D-

Notethatwe haveusedthe palette(the standardBasic Input’ one)to getthed andn
althoughwe could haveusedany namewe wantedin placeof 6 (for exampletheword theta)
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andwe couldalternativelyget3.14159..asPi. Thepicturecouldbeclearerif we left agap
in the coneby puttingtherangefor 8 asO to 3z/2 for example By defaultMathematica puts
axesin boxedstyleon 3D plotsandchoosests own viewing angle butthesethingscanbe
changedvith variousoptions.

ParametricPlot3[@anbe usedfor curvesin spacealso.

Printing

The easiestvay to print outgraphsandotherwork you do in aMathematica notebooks to
usethe"Print..." menuitemyouwill find underthe"File" menu.You getallittle menuto fill
in. You shouldselect'A4 letter” papersize,untick the File box andtick the Printbox (just
click with theleft buttonof your mouse) Finally you needto addto the"lpr" (that'sLPR, by
theway) in the Printline to directyour printoutto a particularprinter.If you aresittingin
room 1.4,youshouldchangehe"lpr" to "lpr —Plaser14"(thatlaserwith anL andnotaone,
but onefour or fourteen).Your printoutshouldcomeout on thelaserprinterin 1.4if you
addpaperto the papertray Substituté'lpr —Plaser15for the printerin room1.5.

Saving and reloading

With thenotebookinterface you cansaveyourwork to date.Usethe"Save"or "SaveAs"
menuitemin the"File" menu.You shouldsavethe notebookwith a moreusefulnamethan
Unititled—1.nk{butyou shouldkeepthe extensiomb for savednotebooks).

If youthenstartMathematica atalatertime, you cangetbackyour earlierwork. You cando
this in two ways.StartMathematica asalreadyindicatedandusethe"Open..." itemin the
"File" menuto openyour earliernotebook Anotherway is to startMathematica by giving
the command'mathematicanywork.nb"(replacemywork.nbwith the actualnameyou
savedt under).

Whenyou reloada notebookthis way, Mathematica will notrecomputeanything.If you had
definedyour own variablesor functions(we will dothislater),thesedefinitionswill notbe
activeuponreloadingthe notebook.Y ou mustre—activater recomputeany suchdefinitions
by selectinghemandpressingShift—-ReturnThereis alsoa menuitem under'’Kernel’ —>
‘Evaluation’ to recomputeeverythingin thenotebookin onefell swoop.

Bug: Thereis/wasasmallproblemwith theimplementatiorwe areusingonthe
mathematicsystemlt causedlathematica to makea mistakeaboutwhich directoryit is
working in (sometimesandthe effectis thatyou cannotsaveyour work whenyou do "Save
As". If youlook carefullyatwhereit is trying to saveyour work, youwill seetheproblem.
Most of you havehomedirectoriescalled/u3/maths/2003/xyZivherexyz is replacedoy
your username) Mathematica sometimeseplaceghe u3 atthe beginningwith something
else.Click onit andfix it.

R. Timoney(November2001)



