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Abstract

It is well known that zeroes of Riemann’s zeta function encode a
lot of number-theoretical information, in particular, about the distri-
bution of prime numbers via Riemann’s and von Mangoldt’s formulas
for w(x) and ¥ (x). The goal of this paper is to present numerical evi-
dence for a (presumably new and not yet proved) method for revealing
all divisors of all natural numbers from the zeroes of the zeta function.

This text is essentially a written version of the talk [3] given by the
author at the Department of Mathematics of University of Leicester,
UK on June 18, 2012. This talk was based on more intensive compu-
tations made after previous author’s talk [4] on the same subject given
originally at the Mathematical Institute of the University of Oxford
on January 26, 2012. The new numerical data indicate that some of
conjectures stated in Oxford are, most likely, wrong.


http://logic.pdmi.ras.ru/~yumat

“The physicist George Darwin used to say that
every once in a while one should do a completely
crazy experiment, like blowing the trumpet to
the tulips every morning for a month. Probably
nothing will happen, but if something did hap-
pen, that would be a stupendous discovery.”
Ian Hacking [Il, p.154]

Riemann’s zeta function can be defined by the following Dirichlet
series:

C(s):in‘3:+++---+$+... (1)

The series converges for s > 1 and diverges at s = 1 where it turns
into the harmonic series:

1 1 1 1
-+ -+ 4=+ 2
1 * 2 + 3 + 4 + 2)
The zeta function is named after Georg Friedrich Bernhard Rie-
mann but it was previously studied by Leonhard Euler. His interest
was initiated by the so-called Basel Problem posed by Pietro Mengoli
in 1644, who asked the following question: What is the value of the

sum
1 1 1 1 ”
ﬁ_'_?_'_?_'_“.—i_ﬁ—"_“" (3)
In our notation is nothing else but ((2).
Euler at first calculated more than a dozen of decimal digits of the

sum and found that
¢(2) = 1.64493406684822644 ... (4)

(this wasn’t an easy exercise because the series converges very
slowly but he invented what is nowadays called Euler—Maclaurin sum-
mation). Then somehow Euler knew that

2
% = 1.64493406684822644 . .. (5)

and made a natural conjecture that



In 1735 Euler gave his first “proof” of this equality but it was not
rigorous by today’s standards. Later he returned to this problem
several times and gave a number of quite rigorous proofs.

Euler didn’t stop by merely answering the original question asked
by Mengoli, but continued his investigations and found the following
values of ((s) for other values of the argument:

(@ = gort @
() = 5 (®)
(®) = g (9)
C10) = o, (10)
(12 = oo (1)
¢(14) = %WM. (12)

But what are the strange numerators in the values of {(10) and ¢(14)?

No doubts that Euler immediately recognized these numbers as
numerators of the so-called Bernoulli numbers. Named after Jacob
Bernoulli, these numbers can be defined in many ways, in particular,
from the coefficients in the Taylor expansion

=3 Bt (13)
k=0

The values of the initial Bernoulli numbers with even indices are:

1 1 1 1
Bo=l B=g Bi=rg5 Bi=p Bs=g
(14)
Bio = i, Bz = o , Bua= Z7 Bis = —73617,
66 2730 6 510

The values of the Bernoulli numbers with odd indices are “much sim-
pler”:

1
Bi=-5, B3=Bs=Br=By=By=--=0 (15)



After substituting into @*, it is easy to guess what the
other factors are:

(@) - Lan Zh
() = haio B
() = Lo Zhus
¢(8) = ﬁws = —278]!3%8, (16)
9
W= GemE s g
11
D= s
13
= Ssmsee™ = T
and Fuler gave the general formula
C(2k) = 0—1)k+129§2;;?2kﬂ2k, k=1,2,... (17)

Euler also asked a question that might look stupid: What should
the value of ((0) be? His answer was:

1
¢(0) = ﬂ+f+§+~cﬂ+1+k%~:f§ (18)

Euler’s argumentation, important for our futher considerations, was
based on considering the following function:

nis) = (1-2-279)¢(s) (19)

= (1-2-2791°+27°+3°4+47°4+...) (20)
1754279437 +47°+ ...

—2.27° —2.47%— .. (21)

= 17° =243 —-4"°4... (22)

The alternating Dirichlet series has an advantage over the se-

ries : the former converges for s > 0. For s = 0 it becomes the
series

1—141—1+... (23)
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with partial sums alternating between 1 and 0; assuming that its

“value” is %, one obtains (18] from ((19)).

Continuing in this style, Euler got the values

1
(1) = 11+21+31+---:1+2+3+-.-:—E, (24)
((-2) = 12422 +3°+...=1+4+9+---=0, (25)

1
¢(-3) = 13+23+33+---:1+8+27+---:@, (26)
and in general
B
C(=m) =—=24L =01, (27)

m+1

Both and contain Bernoulli numbers; putting m = 2k —1
one can eliminate these numbers getting the identity

C(1—2k) = (—D)F21=2k =2k 2k — 1)IC(2k),  k=1,2,... (28)

Riemann began to study ((s) for s being a complex number. The
series converges in the semiplane R(s) > 1 only, but Riemann [5]
analytically extended it to the entire complex plane except for the
point s = 1, the only (and simple) pole of the zeta function.

It turned out that values of {(s) for non-positive integers indicated
by Euler as coincide with the values obtained via analytical con-
tinuation. In particular, according to (15]),

((=2) =¢(=4) = ((-6) = --- =0, (29)

and the negative even integers are called trivial zeroes of the zeta
function. Riemann [5] proved that this function has no other real
zZeroes.

Also, the equality obtained by Euler for integer arguments of
the zeta function can be extended to complex arguments after selecting
the proper counterpart for the factor (—1)¥. Riemann [5] proved that

C(1—s) = cos (%) 217575 ()¢ (5) (30)

and this identity is known as the functional equation for the zeta
function.
The cosine function can be expressed via the gamma function as

()=t e =




and for the gamma function we have the duplication formula

T(s) = 2\s/;r ()T (; 4 ;) . (32)

Substituting and into , we see after simple transforma-
tions that

7 (—s)T <1 3 * 4 1) C(1—s)=n3(s— 1T (g + 1) ¢(s). (33)

The right hand side of is nowadays usually denoted as £(s).
It is easy to check that the left hand side of is just £(1 — s), that
is, in terms of this function the functional equation has the following
nice form:

§1—s5) = &(s) (34)

The function &(s) is entire; its zeroes are exactly non-trivial (i.e., non-
real) zeroes of ((s).
Let us follow Riemann and make a change of the variable:

1 1

and define .
E(t)=¢ (2 + it). (36)

The functional equation implies that Z(¢) is an even function:

=) = ¢ @ + it> _¢ <1 _ @ + it>) _E(en. (37)

In terms of this function Riemann stated his famous hypothesis.

The Riemann Hypothesis [5].  All zeroes of Z(t) are real
numbers.

Riemann established a relationship between prime numbers and
zeroes of the zeta function by giving a (somewhat complicated) ex-
pression for m(z)-the number of primes below z—via certain sums over
these zeroes. A simpler form of such relationship was given by Hans



Carl Fridrich von Mangoldt in [6]. It gives an expression for the func-
tion v (z) introduced by Pafnutij L’vovich Chebyshev as

w@) = > () (38)
1 2 pover
= In(LCM(L,2, ..., |z])). (39)

This is a step function jumping by In(p) at every prime number p and
every prime power:

20+
15

10/ .

Figure 1: Chebyshev’s function v (x)

Theorem (von Mangoldt [6]). For any non-integer x > 1
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E(p)=0 p n=1 —2n

Traditionally, is viewed as an identity between well-defined
left and right hand sides, but it can be interpreted in a different way.
Imagine that we know nothing about prime numbers, even their defi-
nition, but have at our disposal sufficiently many initial zeroes of the
zeta function. In such a case we could “discover” prime numbers just
by looking at the plot of the truncated right hand side of (see
Figure [2). The prime numbers can be revealed from such a picture
either by looking at integers in the vicinity of which the function has a
big jump (they will be powers of primes) or by looking at the sizes of
jumps (they will be close to natural logarithms of primes). To reveal
more and more primes we would need to use more and more zeroes of
the zeta function.

The main novelty of the present research is the discovery of a new
(and not yet proved) way to reveal prime numbers from the zeroes of
the zeta function. It was an unexpected result of my “mathematical
blowing the trumpet”, and I have to start explaining what it was.

Assuming that all zeroes of Z(t) are real and simple, let them be
denoted £7v1,£7v9,..., with 0 < v; < 9 < .... Thus the non-trivial
zeroes of ((s) are % + i, % + iy, ...

Suppose that we have found ~q,72,...,vn-1; how could
these numbers be used for calculating an (approximate)| (41)
value of the next zero yn?

It was a rather strange idea to seek an answer to this question



because known initial zeroes are distributed rather irregularly:

1 = 14.1347. .. 2 = 21.0220. .. (42)

v3 = 25.0109. .. 4 = 30.4249 . .. (43)

75 = 32.9350. .. 76 = 37.5861 ... (44)
—Y6 Vs ~Y3YV2 ~V1 Y1 Y273 Vs VeY7

Figure 3: Initial zeroes of Z(t)

Nevetheless, let us try to give an answer to the question .

A natural idea is to approximate Z(t) by some simpler even func-
tion also having zeroes at the points +v;,...,£vy_1. One way to
construct such a function is to consider an interpolating determinant
with some even functions fi, fo,...

fitn) .o filww—1)  fi(D)
: : : : (45)

fn(m) fN(V‘N—l) fN‘(t)

Clearly, it vanishes for t = +v4,...,yn_1 because for such values
of ¢ the determinant contains two equal columns.

Selecting f,,(t) = t2("=1) we would obtain just an interpolating
polynomial

N-1
ol | (G (46)
n=1

having no other zeroes and hence useless for our goal.
Let us consider a modelling situation where the interpolating poly-
nomial does the job. If 7], v5,... are zeroes of the function

N
=) = > flt) (47)
k=1

then the determinant
07 o Alno)  A®)

: : : (48)

INOY) o In(voy) IN()



vanishes as soon as t is equal to any zero of Z*(t) because for such a ¢
the rows of the determinant sum up to the zero row.

But our case is more complicated. First, we are looking for zeroes
of a function defined by an infinite number of summands:

(1]

0= anlt), (49)
n=1

where

@ YT+ Y)
an(t) = - Lyt )
2n2

Second, the summands o, (t) aren’t even.
We will overcome the second difficulty in a quite formal way. Ac-
cording to the functional equation ,

=(1) = =(~1) = i onl(~1) (51)
So we can write -
=)= Y 6ult), (52)
where -
futy = Cr1E a0 (53)
e T

are surely even functions. There is a “small problem”: the series (49))
converges for I(t) < —1, the series converges for S(t) > 3, so
the series converges nowhere.

However, for each interpolating determinant we need only finitely
many even functions, so we define the main object of our study as

Bi(n) ... Bilww-1) Bi(?)
An(t) = : : Do (55)

By(n) - /J’N(V‘N—l) BN'(t)
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Here are some results of calculations:

Ay7(138.11604)=—2.18497...- 1071216 < 0
Y47 = 138.1160420545334. . .
A47(138.11605)=+4.68242...- 1071216 > ¢

We see that a zero of Ay7(t) has 8 decimal digits coinciding with digits
of y47. For N = 220 there are already 15 coinciding decimal digits:

Ag20(427.208825084074)=—1.92776...- 107173 < 0
Yo20 = 427.20882508407458052814. . .
Ago0(427.208825084075)=+9.85564 ... - 1071779 > 0

For N = 400 the number of common digits increases to 38:

A4oo( 679.74219788252821771952593891126999534)=
—2.95319... 10722001
Y00 = 679.7421978825282177195259389112699953456135514. . .
Ayo0( 679.74219788252821771952593891126999535)=
+1.78976 ... - 10752001 > ¢

Moreover, Ay (t) allows us to calculate good approximations not
only to the next not yet used zero vy but to vy as well for values
of k that are not too large. Here are some exampled'}

Ay7(139.7362)=+1.27744 ... - 1071216 > 0
Y48 = 139.736208952121. ..
A47(139.7363)=—9.88309 ... - 1071216 < 0

A47(141.12370)=—1.85988...- 1071?17 < 0
Ya9 = 141.1237074040211. ..
Ay7(141.12371)=+2.40777...- 1071217 > 0

Ay7(143.11184)=+8.00594 ...- 1071218 > 0
50 = 143.1118458076206. . .
A47(143.11185)=-8.98353...- 1071218 < 0

Agoo(428.127914076616)=-+3.30722. .. - 10717792 > @
Y21 = 428.12791407661668211030. . .
Ago(428.127914076617)=—1.28498 ... - 10717792 < @

!Tables showing the number of digits common to (N + k)th zero of Z(t) and a zero of
An(t) for diverse N and k can be found in [2].
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Ao (430.3287454309386)=—1.08026 ... - 10~1779 <
Ya20 = 430.328745430938636669926. . .
Agoo(430.3287454309387)=+1.56602 . .. - 10717793 >

Agon(441.683199201)=—3.85957...- 10~17794 < 0
Yo30 = 441.68319920118902387. ..
A2 (441.683199202)=+1.39118...- 107173 > 0

Ao90(442.90454630)=14-6.07254...- 107177 > 0
Y931 = 442.9045463026094494. . .
Ao20(442.90454631)=—4.92952...- 107179 < 0

A400(681.8949915331518891094524110813676572)=
—3.24940...- 10752001 < ¢
01 = 681.894991533151889109452411081367657278562874. . .
A400(681.8949915331518891094524110813676573)=
+3.00725...-107°2001 >

A400(682.602735019750545487540836644871189)=
+6.60550 . .. - 10792001 -
ya02 = 682.60273501975054548754083664487118909593475. ..
A400(682.602735019750545487540836644871190)=
—4.20554 . .. - 10752000 -

A400(740.573807447295010515)=+6.77206 ... - 10792005 > ¢
Y446 = T40.57380744729501051503597159. ..
Ayo0(740.573807447295010516)=—8.96545. .. - 10752006 < ¢

Ayoo( 741.75733557294167327)=—1.55647 . .. - 1052004 <
a7 = T41.7573355729416732758611620. ..
A4oo(741.75733557294167328)=+2.91156.. .. - 1052005 >

Determinant Aj9000(t) has zeroes having more than 2000 common
decimal digits with v12000, V12001, - - -, Y12010-

The great accuracy of the approximative values of the zeroes of Z(t)
was a first surprising outcome of the calculations. So how is it possible
that initial summands from a divergent series produce so many
correct digits? I don’t have a full explanation of this phenomenon;
two heuristic “reasons” will be presented below.

12



The determinant Ay (t) is a linear combination of the first N sum-
mands from with numerical coefficients equal to corresponding
signed minors of the matrix from :

Br(v1) .- Bilyw-1) Built)
An(t) = : : : (56)
Bn(n) .. Bn(wv-1) Bn(t)
N
ZS nBn(t) (57)
where
Bi(v) ... Bilyn-1)
e [Batn) e Bualo)
ovn = (=17 Brr1(v1) - Buri(ynv-1)| (58)
BN@) N BN(W'N—l)

Since we are only interested in the zeroes of Ay (t), we can consider
the normalized coefficients
ON
ONm = =, (59)
N1

in particular, dx,1 = 1. The function

N
Z 5N7nﬁn(t) (60)
n=1

has the same zeroes as Ay (t).
As a first example, let us look at the normalized coefficients 047 ,:

13



Figure 4: Normalized coefficients d47,,

They lie on a smoothly decaying curve. Thus

47
2547,n6n(t) = ~47(t)
n=1

0471

(61)

is not a sharp but a smooth truncation of the divergent series ([52]).
It is known that smooth truncation can accelerate convergence of a

series — compare

1 —1)k+1
Lo
3 k

oscillating with amplitude of order k1, with

LI S B G DA G VA

1 2 3 k-1 2 k
1 1/1 1 1/1 1 (-DF /1 1
—+-l-—3)—-slz—-3]+... - =
2 2\1 2/ 2\2 3 2 \k—-1 &k

(62)

(63)

oscillating with amplitude of order k~2. Moreover, smooth truncation
can even transform a divergent series into a convergent one — compare

(_l)k—i-l

1
1—1+1—-.-+(—1)’“+1:§+ 5

14

(64)



with -
-1 1
1—1+1—---—|—(—1)k+(2)—2. (65)
So the smoothness of the truncation in might be the first “rea-
son” why the summands of the divergence series are useful for
calculation of the zeroes.
The curve on which the coefficients d47 , lie looks like a logarithmic

curve
O47,n 2 1 + A7 log(n) (66)

with some parameter A47, this being better seen on the plot of the
same coefficients but with logarithmic scale:

1.04
0.8
0.6]
0.4

0.2

T In(n)

-0.2

Figure 5: Normalized coefficients d47, with logarithmic scale

We see that the initial coefficients lie approximately on a straight line.

The pictures for N = 48,49, 50, 51 look very similar to the picture
for N = 47 from Figure[5| Normalized coefficients 52 5, and 53 5, show
slightly different behaviour of trailing coefficients:
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Figure 6: Normalized coefficients 052, with logarithmic scale

1.0
0.8
0.6 :
0.4 o .
.
S~
1 2 3 y - In0m

Figure 7: Normalized coefficients 053, with logarithmic scale

At first it seems that we capture the behaviour of the normalized
coefficients, but what a surprise we see for N = 54:

16



1 2 3 77 0

Figure 8: Normalized coefficients 054, with logarithmic scale

Most of the coefficients are negative and greater than 1 in absolute
value. Nevertheless, the initial coefficients do lie on a straight line and
Asy(t) gives good predictions for a few of the next zeroes ys4, 755, - - -
I have no explanation why 54 is such a special number — cases N =
55,56, 57 look again similar to cases N =47,...,53.

We Skilﬂ now many similar pictures and jump to N = 130 where
we observe something radically new:

2A catalog of pictures of dy ,, for many N can be found in [2]
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Figure 9: Normalized coefficients ;30 , with logarithmic scale

Now the initial coefficients lie on two parallel lines rather than on a
single line, so instead of an analog of for N = 130 we should use
approximation

0130,n ~ 1 + p130,2doma(n) + A130 log(n) (67)
where dom,,, (k) is the characteristic function of divisibility:

1, if m | k,

0, otherwise. (68)

dotmy, (k) = {

Such a splitting is more transparent for N = 169 and N = 180:
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$+— In(n)

Figure 10: Normalized coefficients 069, with logarithmic scale

-10

Figure 11: Normalized coefficients g9, with logarithmic scale

Now we again skip many values of N and jump to N = 220:
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Figure 12: Normalized coefficients da90 ,,

We see that in the approximation

0220,n A 1 + pi220,2doma (1) + A2z log(n) (69)
we should take fi220 2 close to —2 and Aggg close to 0. In other words,
220
Aogop(t
S baonf(t) = 222000 (70)
— 0220,1

is a smooth truncation not of the divergent series but of the
convergent (for real t) alternating series

e L om(t) + an(—t
S (1) () = (-1 et E anl 2D )
n=1 n=1
o] ,l+ir 1 it
— Z(_l)nfl (2 + 1) (” v 1(4 7) n
n=1 4n§_lt
1 it s
rmi 2D (344
4n2+1t
1 ; (o @]
= eI G- S ey
n=1
%(t2+%)7ﬁ4*%r(l+%)2( D inma (73)
n=1



(P + D) a2 (4 )l —ir) (74)

where 7(s) is defined by . Euler introduced this function in order
to assign a value to the zeta function outside the area of convergency
of the Dirichlet series, and that convergence gives a second “reason”
(besides the smoothness of the truncation) why Aggg is so good for
prediction the values 79299, ¥221, - .. It is very remarkable that here the
function 7 emerges by itself, just from our calculation of the determi-
nants as if they were as clever as Euler was.

Still some natural questions remain open. The switching from
divergent to convergent partly “explains” why Aaggg(t) is
able to “predict” the values of y290 and further zeroes of Z(¢) but why
does this also happen for, say, N = 47% The series converges on
the critical line rather slowly, so why are the zeroes of Agsy(t) so close
to those of Z(t)?

For many values of N after 220 the pictures look very similar to
the case N = 220. To avoid the “non-informative” part of the plot we
can start making cuts in the abscissae:

n

Figure 13: Normalized coefficients d3000.
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However, for some sporadic values of IV the pictures are different:

5
Lhevesreeervonee vevvreneeueenueneet
. V360 380 400 420 430 460 480 500
-5
Figure 14: Normalized coefficients 0505,
41
507 4407460 480, 500 520.-540 560 580 600 "
—41

Figure 15: Normalized coefficients dg21 5,
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20 600 620 64_0- 66'9'. 680 700 780 800

Figure 16: Normalized coefficients g1,

In spite of such sporadic “misbehaviour” of some pictures, the
author stated in his previous talk [4] the following conjectures.

Conjecture 1E| For every fixed odd (even) value of n the normal-
ized coefficients dn ., have, as N — 0o, a limit equal to 1 (respectively,
equal to —1).

Conjecture 2.2 For every v such that 1 < v the sequence

6|_1/J,17 SRR (_1)n_1(s|_l/nj,n7 s (75)

has certain limiting value 6(v).

Informally, Conjecture 2 tells us that if pictures are properly scaled,
then with the growth of N the dots will approach two (smooth?)
curves-the plots of §(x~1) and —&(z~ 1) for z € (0,1).

Conjecture 1 and 2 were stated on the base of pictures for N <
1200, however subsequent calculation for N < 12000 suggests that
these conjectures most likely are wrong—just look at Figure

3Now these conjectures are expected to be wrong-see below.
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Figure 17: Normalized coefficients d5600.

Pictures for many other big values of N look similar to the picture
on Figure In other words, while the case N = 621 on Figure
was sporadic amid pictures looking like cases N = 220 and N = 3000
on Figures [12] and [T3] for bigger N the picture on Figure [I7] becomes
typical.

Again, episodically there exceptional cases:

2 101636 :/\."

n

N
80V w 8500 860U~ 8700 8800 /

-2 101636 %

Figure 18: Normalized coefficients 011428
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Figure 19: Normalized coefficients 011981,

The large maximal values oy, for big N are, of course, due to
our normalization . In order to be able to see what happens on
the whole range of n we can now apply logarithmic scaling for the
ordinate:

4000 -

3000 |

2000 &

1000 F

r 2000 400 6000 ° HO00 10000 12000
- lom

- 2000

Figure 20: Values of In(|012000.|)

The dot at n = 6892 corresponds to the place where values of
Ni2000,n with odd and with even indices change their signs (like it
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happens for N = 621 on Figure . It is remarkable that three
horizontal lines end at a mysterious parabolic looking curve. Now we
proceed to analyze the nature of these horizontal lines.

In fact, this phenomenon occurs already for much smaller values
of N but there it is less noticeable. The next two Figures show nor-
malized coefficients 0321 5, at first with full range on the ordinate and
then with cuts in this axe enabling us to use different scale and show
the areas marked on the first figure in yellow in more details:

20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

Figure 21: Normalized coefficients 0321 ,

B O 1 T 1

30 60 90 120 150 180

24941073 — - o v v o

Figure 22: Normalized coefficients 0321 ,
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We see that actually the plot splits into 4 parallel lines so the initial
normalized coefficients are better approximated as

5321771 ~ 1+ ,u32172d0m2 (n) + ,u321,3d0m3 (n) + A391 log(n) (76)
with

I*’L32].72 == _2 - 4-98 P 10_137 l,l,32173 g 7'47 e 10_137 (77)
301 = —3.33...-10718, (78)

In other words, after the first splitting depending on n mod 2 there
is a second splitting depending on n mod 3 but with much smaller
amplitude.

If fact, in general case there is a fine structure of further splittings
depending on n mod 4, n mod 5, ...and initial normalized coefficients
are better approximated as

ONm & Y, WNmdom,, (n) + Ay log(n). (79)

The weights pn ,, become smaller and smaller and in order to vi-
sualize further splitting we should make more cuttings in the ordinate
and increase its scale. However, there is another way to see split-
tings for bigger moduli. Namely, we can consider averaged normalized
coefficients

6N,n + -+ 5N,nJrafl

INma = . (80)
For example, for a = 2 we have:
INm2 = W (81)
1+ pune doms(n) + (210m2(n +1) +
IN,3 doms(n) + ;lomg(n +1) + Ay log(n(;l 1) (82)
=1+ 5024
st domsn 1) | Josnlnt 1) - gg)

In other words, the dependence on n mod 2 disappears and we can
observe the dependence on n mod 3:
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Figure 23: Averaged normalized coefficients 321 p 2

For N = 999 the second splitting is even smaller, namely, ji999 3 =

2.26...-10* but otherwise the picture is exactly the same as in
Figure
TR 11 T TR R RppIg
n

20 40 60 80 100 120 140

B B P ) e

Figure 24: Averaged normalized coefficients dggg., 2

Taking the average over 6 consecutive coefficients, we eliminate
dependence both on 7 mod 2 and on n mod 3 and can see the splitting
depending on n mod 4 with pggg 4 = 1.75... - 10~9:

1.46 %1071

20 40 60 80 100 120 140

T S ) o A

Figure 25: Averaged normalized coefficients dggg 6

With a = 12 we can see even smaller splitting with pgggs5 =
—3.09...-107127;
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Figure 26: Averaged normalized coefficients dggg 12

However, with a = 60 we cannot see the splitting for n mod 7:

5335 10714,

Figure 27: Averaged normalized coefficients dgg9 » 60

This cab axplained as follows: the value \ggg = —1.73...- 10714 is
bigger than the value pggg7 = 9.13... - 10717 and for this reason we
see a logarithmic-like curve on Figure

One way to see the splitting depending on n mod 7 is to increase
the value of N. Another possibility is to eliminate the contribution of
logarithmic summands by subtracting them:

20 40 60 80 100 120 "

Figure 28: Differences dggg 60 — Aggg log(I'(n + 60) — I'(n))/60
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Table 1: Values of pn g, ptns, and pun s

’ N H HN2 ‘ KNN3 ‘ HKN,5
400 —243.77...-10716 —5.66...-10716 —1.58...-10728
800 —2-6.04...-10733 +9.06...-10733 +7.17...-107100

1200 —244.77...-10750 —7.16...-10750 —4.35...-107155
1600 —2-221...-10766 +3.32...-10766 —2.90...-107212
2000 —2-598...-1078 | +8.98....10°84 +2.42....107268
2400 || —2—4.64...-107192 | 46.97....107102 —7.12....107326
2800 || —2+4+1.15...-107117 | —1.73....10~117 +4.92....107383
3200 || —2—3.00...-10713¢4 | 44.50....10"134 +2.36...- 10442
3600 || —2+1.55...-107151 | —2.32....10~151 —1.31...-10498
4000 || —2—8.05...-107168 | +1.20....107167 —7.14...-1075%7
4400 || —249.65...-10718 | —1.44....10"184 +1.96...-10—614
4800 || —2—9.40...-107201 | 4+1.41....10—200 +7.29...-107671
5200 || —2—5.63...-107215 | 48.45....107215 +1.00...-107726
5600 || —2—1.39...-107204 | 4+2.09....107204 —2.54...-107757
6000 || —2+42.19...-107165 | —3.29....10~165 —3.55...-107759
6400 || —2—3.36...-107105 | 45.04....107105 —4.80...-107740
6800 —24484....1072%6 —7.26...-10726 —8.73...-107703
7200 —9.60...-1066 +1.44....10°7 —9.27...-10652
7600 —6.31...-10%70 +9.47...-10170 —2.25...-107588
8000 —3.97...-102%85 +5.96...-102%85 +4.81...-107°16
8400 +2.02...-10%08 —3.03...-10%08 +8.15...-107435
8800 +5.57...-10%38 —8.36...-10538 —6.24...-107346
9200 +2.98...-10973 —4.47...-10073 +1.31...-107249
9600 —3.52...-10%18 +5.29...-10818 —1.81...-107149
10000 +1.34...-10966 —2.01...-10966 —6.61...-10743
10400 +6.40...-101049 | _9.60...-101049 —1—-2.36...-10799
10800 —4.75...-101090 | 47.13....101090 | 1 _1.18....10"183
11200 42.29....101030 | _3.44....101030 | _143.39....10302
11600 —4.82...-109%7 +7.24...-109%7 | —1—-7.95....10424
12000 +6.21...-10%28 —9.32...-10828 | —1—-2.38...-107548

Now we can return to the case N = 12000 exhibited on Figure
For a long range of IV coefficients puy 2 were approaching —2 and co-

efficients pn 3, N 4,. .. were approaching 0 supporting Conjecture 1,
but then their behavior changed; see Table So in Figure we
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observe the same spliiting but now on a different scale: the top hori-
zontal line corresponds to n divisible by 2 or by 3, the horizontal line
at the bottom corresponds to n = £5 mod 30 and the middle line
corresponds to the remaining values of n.

Coeflicients un,, were introduced above for approximating initial
normalized coefficients dy ,. Surprisingly, these numbers turn out to
have number-theoretical significance: they “know” what divisors every
natural number has, in particular, what numbers are primes.

This “knowledge” can be revealed from the §’s by seeking “almost
linear” relations between them. By this we mean equalities of the
form

10N +T20N2 + -+ TiONm =€ (84)

where r1,r9, ..., r, are rational numbers with small denominators and
€ is small in comparison with [0x1]|+[0n 2|+ - +|dnm].
One series of such “almost linear” relations has the form

UNn = € (85)
where
- KN,k
VN =) - (86)
k=1
Here
pN1 =0n1 = 1, (87)
while for n > 1
KN = 0N — N k(n,1) = = N k(n,Dn) (88)

for some integers k(n,1),...,k(n, D,) such that
1=k(n,1) <---<k(n,Dy), 1< D, <n. (89)
For n > 3 partial sums

BN mm = ONn = N je(n,1) = *** = HNk(nym)s (90)

being very small too, will supply another series of “almost linear”
relations between dy .

The numbers D,,, k(n,1),...,k(n,D,) have a clear number-theo-
retical meaning so we could give a direct definition of them now (and
shall do so later), but it is more instructive to see how their values
can be defined inductively on the basis of the values of dy, and the
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values of py, and vy, defined previously-we shall be trying to get
small values for vy, and (N m-

Case n =1 is done by .

Case n = 2. According to , Dy = 1 and respectively, according

to and ,

UN2 = ON2— [N, (91)
= —(5]\771 + 5N,2, (92)
_ ONg , On2

VN2 = 9 + 9 . (93)

For example, for N = 3200 this gives

32002 = —2.0000000...-10° (94)
and the following “almost linear” relation:

V32002 = —1.5020306 . .. - 107134, (95)

Case n = 3. If we wish the value of V3200,3 = V3200,2 + %M320073 to
be even smaller than , then the value of p3200,3 should be close to

— 3v3g00,2 = 4.5060920... - 10715, (96)

We observe that already

13200,31 = 03200,1 — H43200,1 (97)
= 4.5060920. .. 10134 (98)

looks to be very close to , indeed, they have more than 170 com-
mon decimal digits:
-3
TOUS002 _ 1 1.8048583... 10717, (99)
13200,3,1

So we put D3 = 1 and get respectively

BUN3 = ONg— [N (100)
= N1+ N3, (101)
ON1 | ON2 | ON3
= — : = 102
UN,3 5 + 5 + 3 (102)
For N = 3200 this gives the following “almost linear” relations:

fis2003 = 4.5060920... 107" (103)

vso00,3 = —2.7109526... 107305 (104)
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Case n = 4. If we wish the value of V3200,4 = V3200,3 + %;@20074 to be
even smaller than (104]), then the value of 132004 should be close to

— 4usp00,3 = 1.0843810.... - 10734, (105)

We observe that now

H13200,4,1 = 53200,1-#3200,1 (106)
—2.0000000. . . - 10° (107)

is much bigger than (104)). On the other hand, the value of p13200.4,1 is
very close to the value of 1132002 given in , indeed, they have more
than 300 common decimal digits:

H13200,2

=1-5.4219052...-1073%, (108)
13200,4,1

So we put k(4,2) = 2 and observe that now

H3200,4,2 = [43200,4,1 — [43200,2 (109)
= 1.0843810...-1073% (110)

looks to be very close to (105)), indeed, they have more than 170

common decimal digits:

—413900 3

=1—1.8048583...- 107", (111)
13200,4,1

So we put Dy = 2 and get respectively

UN4a = ON4 — N1 — [N2 (112)
= —(5]\[72 + 5]\[74, (113)

) 1) 1) 1)
vy = b SN2 TS TN (114)

6 4 3 4

For N = 3200 this gives the following “almost linear” relation:

fi32004 = 1.0843810...-107%% (115)
vssooa = —4.7221542...-107*% (116)
Case n = 5. This case is similar to the case n = 3. We have

—51/3200,4

=1-6.2926086...- 107106 (117)
13200,5,1
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so we put Dy = 1 and define respectively

UNj5 = ON5 — N1 (118)
= —n1+0Ng5,, (119)
_ON1 | ON2 | ON3 | ON4 | ONg

— . 12
UN,5 30+4+3+4+5 (120)

For N = 3200 this gives the following “almost linear” relations:

fisa05 = 2.3610771...-107%2, (121)
Vsaoos = —2.9714668 ... 10774 (122)

Case n = 6. We wish the value of 1132006 to be close to

— 632005 = 1.7828801 ... - 10757, (123)

We observe that
1320061 = 03200,1 — H3200,1 (124)
= —1.9999999...-10° (125)

is much bigger than ((123]) but is very close to the value of p3200,2 given
in (94), indeed,
13200,2

=1-2.2530460... 107134, (126)
13200,6,1

So we put k(6,2) = 2 and now observe that

143200,6,2 = [3200,6,1 — [43200,2 (127)
= 4.5060920...- 107134 (128)

is very close to the value of p32003 given in (|103)), indeed,

13200,3

=1-3.9565994... 10744 (129)
143200,6,2

So we put k(6,3) = 3 and now observe that

13200,6,3 = [43200,6,2 — [43200,3 (130)
= 1.7828801...-107°%7 (131)

is very close to the desired (123)), indeed,

—6v3200,5

=1-2.0064209. .. 10752, (132)
13200,6,3
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So we put Dg = 3 and define respectively

pNe = ON6— N1 — N2 — [IN3 (133)
= 6n1—I0n2—O0N3+ N, (134)
~ 20n1  Ong2 | ON3  ONa | ONgS

NG = s T T T T

1)
+%. (135)

For N = 3200 this gives the following “almost linear” relation:

pis2006 = 1.7828801...-107°7, (136)
V32006 = 5.9620134...-107%%, (137)

Case n = 7. This case is similar to the cases n = 3 and n = 5. We

have
—TV3200,6

=1-—1.5520609... 1079, (138)
13200,7,1

so we put D7y = 1 and define respectively

UN7 = ON7T— HUN,1 (139)
= —n1+0N7, (140)

~ O0na1 0Nz On3  Ona N

UNg = —
105 12 6 4 5
NG . ON7

—_ 4 141
=t (141)

For N = 3200 this gives the following “almost linear” relations:

pisa007 = —4.1734094...-107%%, (142)
vsaoo,r = —9.2534079...-107%2, (143)

Case n = 8. This case is similar to the case n = 6. We wish the
value of 1132008 to be close to

— 8uzg00,7 = 7.4027263 ... - 1071, (144)

We observe that
1320081 = 03200,1 — 143200,1 (145)
= —2.0000000... - 10° (146)
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is much bigger than ((144]) but is very close to the value of 32002 given
in , indeed,

13200,2

=1-5.4219052...-1073%, (147)
13200,8,1

So we put £(8,2) = 2 and now observe that

13200,8,2 = [3200,8,1 — 13200,2 (148)
= 1.0843810...-1073% (149)

is very close to the value of p3200,4 given in ([115]), indeed,

H13200,4

=1-6.8266836... 10735, (150)
H3200,8,2

So we put £(8,3) = 3 and now observe that

H3200,8,3 = [3200,8,2 — /32004 (151)
= 7.4027263...-107%1 (152)

is very close to the the desired (144), indeed,

—8v3200,7

1—3.1514980...- 10747, (153)
13200,8,3

So we put Dg = 3 and define respectively

pNg = ON§— N1~ UN2— N4 (154)
= _5N,4 + 5N,8, (155)
_ On1 | ON2 |, ON3 | ON4 | ONs
YN8 = T T2 TG 8 5
ONe  ON7  ONg
: : ., 156
* 6 + 7 + 8 ( )

For N = 3200 this gives the following “almost linear” relation:

psa00s = 7.4027263...-107%, (157)
vsaoos = —2.9162097...-1077, (158)

Case n = 9. If we wish the value of V3200,9 = V3200,8 + é,uggo()’g to
be even smaller than (158]), the value of 1132009 should be close to

— 9us00,8 = 2.6245887 ... - 10777 (159)
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We observe that

13200,9,1 = 03200,1 — H3200,1 (160)
= 4.5060920...- 107134 (161)

is much bigger than (158). On the other hand, the value of 11320091
is very close to the value of 1132003 given in (103, indeed:

13200,3

=1-5.6391692...-107%, (162)
13200,9,1

So we put £(9,2) = 3 and examine now

1320092 = [43200,9,1 — [43200,3 (163)
= 2.5410615...- 10777, (164)

On the one hand, this value isn’t sufficiently close to , on the
other hand, it isn’t close to any of 13200.2, ..., 32008 either so we
cannot proceed as before any longer.

In order to be able to continue, we need to increase the value of V.
Here are the values of H4800,25 - - - 5 H4800,8 and V4800,2; - - - » V4800,8*

Table 2: N = 4800

14800,n | V4800,n
—2.0000000...-10° | —4.7021571...-1072%
1.4106471 ... - 10720 2.5665830 ... - 10460
—1.0266332...-107%9 | —1.4584552...- 10767
7.2922764...-10771 | —1.3366569 ... 107836
8.0199419....107836 0.4934119....107966
—6.6453883...-10795 | —1.0614379...- 1071067
8.4915037...- 1071067 6.3881904 ... 1071149

O 1 O Ui w3

We see that these numbers are much smaller than the corresponding
numbers for N = 3200. What is more important, now

—914800,8

=1 —2.9558657... 1079, (165)
14800,9,2
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So we put Dg = 2 and get respectively

UN9 = ON9 — N1 — HUN3 (166)
= —dns+iny, (167)
N1 , ON2  ON3 | ONa | ONp
YNOT TT05 T 12 T 18 T8 5
ON6  ON7 | ON8 | ONp
: : : = 168
* 6 7 8 9 (168)
For N = 4800 this gives the following “almost linear” relation:
fas009 = —5.7493714...-10711*8 (169)
vagooe = 1.8882633...-107'3. (170)

Case n = 10. This case is similar to the cases n = 6 and 8. We
wish the value of p3200,10 to be close to

— 10132009 = 9.2807969 ... - 10779, (171)

We observe that
[3200,10,1 = 03200,1 — 43200,1 (172)
—  —2.0000000. .. - 10° (173)

is much bigger than (171f) but is very close to the value of p3200,2 given
in , indeed,

H13200,2

=1—1.1805385...- 1072, (174)
13200,10,1

So we put £(10,2) = 2 and now observe that

H3200,10,2 = H3200,10,1 — H3200,2 (175)
= 2.3610771....107 %42 (176)

is very close to the value of p32005 given in (|121)), indeed,

H13200,5

=1—1.1642551...-1073%, (177)
13200,10,2

So we put £(10,3) = 3 and now see that

13200,10,3 = [3200,10,2 — H3200,5 (178)
= —2.7488961...-107 7" (179)
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is much smaller than the desired ((171). In order to be able to continue,
we again need to increase the value of N. We have

—10v4800,9

1 —2.8194018...- 1073, (180)
14800,10,3

so we put D19 = 3 and define respectively

UN10 = ON10 — MN,1 — UN,2 — N5 (181)
ON1—ON2 — N5+ 0N 10, (182)
19981 On2  ON3  OnN4 | ONps

YNIOC T 10 T 60 18 8 10

ONG , ON7  ONs | ON9 | ON10
) ) 3 9 9 . 183
* 6 + 7 8 9 10 (183)
For N = 4800 this gives the following “almost linear” relation:
fasoon0 = —1.8882633...-107 1212 (184)
visoon0 = —5.3237731...-107 124 (185)

Case n = 11. This case is similar to the cases n = 3, 5, and 7 but
requires even larger N than it was in the cases n = 9 and 10. We

have:
—11v8000,00

1—9.1921885...- 10752, (186)
H8000,11,1

So we put Dq; = 1 and define respectively

UN11 = ON,11— [N,1 (187)
= —On,1+0N11, (188)
_On1 N2 | OnN3 | ONa | ONg

UNI1 =

’ 2310 60 18 8 10

OnNe  On7  ONg  ON9 . ON,10

+ 6 + 7 8 9 + 10

ON 11
—. 189
11 (189)
For N = 8000 this gives the following “almost linear” relations:

fsoo011 = 3.7096353...-107 1%, (190)
vsooo,i1 = —3.0999697 ... 1071670 (191)

Case n = 12. This case is similar to the cases n = 6, 8 and 10 but
is twice as long. We wish the value of j13200,12 to be close to

— 121390011 = 1.0704335... - 107738, (192)
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We observe that

H13200,12,1 = 53200,1 — H3200,1
= —1.9999999...-10°

is very close to the value of ji3200,2, namely,

_H32002 1 _ 99530460 .. 10134,

13200,12,1

So we put k(12,2) = 2 and now observe that

13200,12,2 = H3200,12,1 — H43200,2
= 4.5060920...-107 13

is very close to the value of 113200,3, namely,

_H32003 1 _ 96163259, .. 10439,

13200,12,2

So we put £(12,3) = 3 and now observe that

H3200,12,3 = M3200,12,2 — H3200,3
= 1.0843810...-107304

is very close to the value of 1132004, namely,

_H32004 1 _ 79483409 . ... 107951,

13200,12,3

So we put k(12,4) = 4 and now observe that

H13200,12,4 = [H3200,12,3 — H3200,4
= 1.7828801...-107°%7

is very close to the value of 113200,6, namely,

_H3200.6 1 _ 13949963 ... 10267,

13200,12,4

So we put k£(12,5) = 6 and now see that

H13200,12,5 = H3200,12,4 — H3200,6
= —2.4871113...-107%1"
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is much smaller than (192]). We need once again increase N. We have

—12w5000,11

=1-1.7308919...- 10 %, (207)
18000,12,5

so we put Dis = 5 and define respectively

N2 = ON12 — UN,1 — UN2 — N3 — N4 — [N (208)
= Odn2—0N4— 0N+ ON12, (209)
B ON1  ONn2  ON3 . ON4 | ONgs
UNi2 = —
’ 2310 15 18 24 10
ONe  On7  Ong  ONg . ON10
+ 12 + 7 8 + 9 + 10
ON11 . ON12
! i 210
+ 11 + 12 ( )

For N = 8000 this gives the following “almost linear” relations:

pgooo12 = 3.7199637...- 1071669 (211)
Vo002 = 5.3657127...-107173%8, (212)

From (87), (91), (100), (112), (118), (133), (139), (154), (166),
(181]), (187)), and (208)) we can guess the general pattern: D, is 1 less
than the number of divisors of n, and k(n,1),...,k(n,D,) are all the

divisors except n itself. Isn’t striking that we came to these values
just by comparing certain linear combinations of the numbers dx 7

Respectively, by the Mobius inversion formula, , (101)), (113},
(119), (134), (140), (155), (167), (182), (188]), and (209)) are just spe-

cial cases of n
n = E ~1s 21
KN, < H (k‘> N,k ( 3)

where p(m) is the Mobius function.

In its turn, (87), (93), (102), (114), (120), (L35), (141), (L56),
(168), (183]), (189), and (210)) are particular cases of

n/k

(1 u(m
VUNn = Z % Z En) 5N,k~ (214)
m=1

k=1

We saw three “typical” behaviors of the normalized coefficients o

e “logarithmic” for “small” N like on Figure [f
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e “parallel” for “medium” N like on Figures
e “normally distributed” for larger N like on Figure

But is N = 12000 big enough to allow us make predictions about
asymptotic behavior of the ¢’s? Cannot the pictures change once (or
even many times) again? Table [1| suggests that this might happen.
The values of uno = dn2 — 1 were at first approaching —2, then
began to grow up rapidly in absolute value, then began to decrease,
and it remains unclear what will be the limiting value of py 2 (and
respectively of 0 2) if such a limit exists at all. The values of uy s =
dns — 1 were at first approaching 0, then began to approach —1, so
will —1 be the limiting value of pxn5 or for bigger N the values of
iN,5 might began to grow up in absolute value as py 2 did? It would
be very interesting to continue calculations for N > 12000 but this
exceeds the computational resources I have at my disposal at present,
international cooperation seems to be necessary.
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