NOTES FOR MATH 520: COMPLEX ANALYSIS

KO HONDA

1. COMPLEX NUMBERS

1.1. Definition of C. As a set, C = R? = {(2,y)| 2,y € R}. In other words, elements of
C are pairs of real numbers.

C as a field: C can be made into a field, by introducing addition and multiplication as
follows:

(1) (Addition) (a,b) + (c,d) = (a + ¢, b+ d).

(2) (Multiplication) (a,b) - (¢,d) = (ac — bd, ad + bc).

C is an Abelian (commutative) group under +:
(1) (Associativity) ((a,b) + (c,d)) + (e, f) = (a,b) + ((c,
(2) (Identity) (0,0) satisfies (0,0) + (a,b) = (a,b) + (0,0
(3) (Inverse) Given (a,b), (—a, —b) satisfies (a,b) +
(4) (Commutativity) (a,b) + (¢, d) = (¢, d) + (a, b).

C —{(0,0)} is also an Abelian group under multiplication. It is easy to verify the properties
above. Note that (1,0) is the identity and (a,b)™" = (%, ﬁ)

(Distributivity) If zq, 29, 23 € C, then z1 (22 + 23) = (2122) + (2123).

Also, we require that (1,0) # (0,0), i.e., the additive identity is not the same as the multi-
plicative identity.

1.2. Basic properties of C. From now on, we will denote an element of C by z = z + iy
(the standard notation) instead of (x,y). Hence (a + ib) + (¢ +id) = (a + ¢) + i(b+ d) and
(a +1ib)(c + id) = (ac — bd) + i(ad + bc).

C has a subfield {(x,0)|x € R} which is isomorphic to R. Although the polynomial z? + 1
has no zeros over R, it does over C: 2 = —1.

Alternate descriptions of C:

1. R[z]/(x? + 1), the quotient of the ring of polynomials with coefficients in R by the ideal

generated by x? + 1.
1
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2. The set of matrices of the form < _ab Z ), a,b € R, where the operations are standard

matrix addition and multiplication.

HW 1. Prove that the alternate descriptions of C are actually isomorphic to C.

Fundamental Theorem of Algebra: C is algebraically closed, i.e., any polynomial a,x™ +

an_12" 1. .. ay with coefficients in C has a root in C.

This will be proved later, but at any rate the fact that C is algebraically closed is one of the
most attractive features of working over C.

Example: Find a square root of a + ib, i.e., z = x + iy such that 22 = a + ib. Expanding,
we get 22 — y? = a and 2zy = b. Now, (2% + 3%)? = (22 — y?»)? + (22y)? = a® + 1?, so taking
square roots (over R), 22 + y? = va? + b2. (Here we take the positive square root.) Then

s a+vVar+b , —a+Var+b?
e —— 7 .
2

r = 9

Now just take square roots.

1.3. C as a vector space over R. We will now view C as a vector space over R. An
R-vector space is equipped with addition and scalar multiplication so that it is an Abelian
group under addition and satisfies:

(1) 1z = 2,

1)
(2) a(bz) = (ab)z,

(3) (a+b)z =az+ bz,
(4) a(z + w) = az + aw.

Here a,b € R and z,w € C. The addition for C is as before, and the scalar multiplication
is inherited from multiplication, namely a(x + iy) = (az) + i(ay).

C is geometrically represented by identifying it with R?. (This is sometimes called the
Argand diagram.)

1.4. Complex conjugation and absolute values. Define complex conjugation as an R-
linear map C — C which sends z = x 4+ 1y to Z = x — 1y.

Properties of complex conjugation:

Given z = x + 1y € C, z is called the real part of C and y the imaginary part. We often
denote them by Re z and Im z.



NOTES FOR MATH 520: COMPLEX ANALYSIS 3

zZ+z z2—Z
R = — I p—
ez 5 m z 5

Define |z| = y/22 +y%. Observe that, under the identification z = = + iy < (z,y), |2| is
simply the (Euclidean) norm of (z,vy).

Properties of absolute values:
(1) |2]? = 2z.
(2) |zw| = |z[|w].
(3) (Triangle Inequality) |z + w| < |z] + |w].

The first two are staightforward. The last follows from computing

lz+w]* = (z+w)(Z+®) = |2 + |w|* + 2Re 2w < |2|* + |w|* + 2|2w| = (|2] + |w|)*.
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2. DAY 2

2.1. Some point-set topology.
Definition 2.1. A topological space (X,7) consists of a set X, together with a collection
T = {U.} of subsets of X, satisfying the following:
(1) 0,X eT,
(2) Zf Uy, Uﬁ €T, then U, N Uﬁ eT,
(3) if Uy € T for all « € I, then UuaerU, € T. (Here I is an indexing set, and is not
necessarily finite.)

T is called a topology for X, and U, € T is called an open set of X.

Example: R" = R x R x -+ x R (n times). If x = (x1,...,2,), we write |z| =
Va4 422 UCR"isopeniff Vo € U3 > 0and B(z,d) = {y e R"|ly—z| <} C U.

In particular, the topology on C is the topology on R?.

The complement of an open set is said to be closed.

Definition 2.2. A map ¢ : X — Y between topological spaces is continuous if U C'Y open
= ¢ Y (U) ={z € X|f(x) € U} open.

Restricting to the case of R", we say that f(x) has limit A as = tends to a and write
lim, ., f(z) = A if for all € > 0 there exists 6 > 0 so that 0 < |z —a| < = |f(z) — A] <e.

Let © C C be an open set and f :  — C be a (complex-valued) function. Then f is
continuous at a if lim,_., = f(a).

HW 2. Prove that f is a continuous function iff f is continuous at all a € €.

HW 3. Prove that if f,g: Q — C are continuous, then so are f + g, fg and 5 (where the
last one is defined over Q — {x|g(z) = 0} ).

2.2. Analytic functions.

Definition 2.3. A function f : Q — C (here § is open) is differentiable at a €  if the
derivative
(@) % tim (z) — f(a)
x—a X —a
exists. If f is differentiable at all a € 2, then f is said to be analytic or holomorphic on Q.

Suppose f, g : 2 — C are analytic. Then so are f + g, fg,g (where the last one is defined
over 2 — {z|g(z) = 0}.

Example: f(z) = 1 and f(z) = z are analytic functions from C to C, with derivatives
f'(z) = 0and f'(z) = 1. Therefore, all polynomials f(z) = a,2"+- - -+a;z+ag are analytic,
with f/(z) = na,z" '+ -+ +ay.
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Fact: An analytic function is continuous.

Proof. Suppose f :  — C is analytic with derivative f’(z) = limy_q w Then
lim,o(f(z+h)— f(2)) = f(2)limy_oh = 0. O

2.3. The Cauchy-Riemann equations. Write f(z) = u(z) + iv(2), where u,v : 2 — R
are real-valued functions. Suppose f is analytic. We compare two ways of taking the limit

f'(2):
First take h to be a real number approaching 0. Then
of Ou 0Ov
/ _ " - N
f(z)_ax &E+Z&E'
Next take h to be purely imaginary, i.e., let h = ¢k with £ € R. Then
f(z+ik) — f(2) of Ou v

f'(z) =limk — 0 o :_Za_y:_za_y—i_@_y‘
We obtain:
or _ ;91
or Zay’
or, equivalently,
@ = @ nd @ = _a_u
ox oy " or oy

The equations above are called the Cauchy-Riemann equations.

Assuming for the time being that u, v have continuous partial derivatives of all orders (and
in particular the mixed partials are equal), we can show that:

Pu 0u v 0

ox?  Oy? ox?  Oy?
Such an equation Au = 0is called Laplace’s equation and its solution is said to be a harmonic
function.

Au 0.
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3. DAY 3

3.1. Geometric interpretation of the Cauchy-Riemann equations. Let f: Q2 C C —
C be a holomorphic function, i.e., it has a complex derivative f'(z) = lim;,_o w at all
z € Q. If we write z = x + iy and view f(z) as a function (u(z,y),v(z,y)) : @ C R* — R?,
then u, v satisfy the Cauchy-Riemann equations:

ou B ov Ov ou

dr Oy 0x Oy

Recall from multivariable calculus that the Jacobian J(z,y) is a linear map R* — R? given
ou Ou

by the matrix (% %) . Using the Cauchy-Riemann equations, we can write

dr By

ou _ow
I, y) = (3_ aa)
ox

oz

Namely, J(x,y) is of the form (_ab 2), which looks suspiciouly like the second alternative

description of C from Day 1.

The Jacobian J(z,y) maps the tangent vector (1,0) based at (z,y) to the vector (2%, 2v)

based at (u(x,y),v(z,y)). Likewise it maps (0, 1) to <?9_Z’ g—Z) = (—2,94). The thing to notice
is that J(z,y) maps the pair (1,0), (0,1) of orthogonal vectors to the pair (2%, %), (-5, 9v)

of orthogonal vectors. Moreover, we can show the following:

HW 4. Prove that every linear transformation ¢ : R*> — R? given by a matriz of the form

—b
v,w € R? is the same as the angle between vectors ¢(v), p(w). (Hint: First show that
(v,wy = C{p(v), p(w)), where (-,-) is the standard Euclidean inner product and C is a
constant which does not depend on v,w.)

(a Z) (a,b not both zero) is conformal, namely it the angle between any two vectors

Thus, f: Q — C is often called a conformal mapping.

Example: Consider f(z) = z2. Then u(z,y) = z* — y?, v(x,y) = 2xy. First we look
at the level curves ©v = uy and v = vy. 22 — y? = yy and 22y = vy are both mutually
orthogonal families of hyperbolas. (Notice that since f is conformal, f~!, where defined and
differentiable, is also conformal.) Next, consider z = zo. Then u = x3 — y*, v = 224y, and
we obtain v? = 423 (23 — u). If y = yo, then v? = 4y2(y3 + u). They give orthogonal families
of parabolas.

Theorem 3.1. f(z) = u(z) +iv(z) is analytic with continuous derivative f'(z) iff u,v have
continuous first-order partial derivatives which satisfy the Cauchy-Riemann equations.
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Proof. We already proved one direction. Suppose u,v have continuous first-order partials
satisfying the Cauchy-Riemann equations. Then

ou ou
u(z+hy+k)—u(z,y) = %h+8_yk+gl’
ov ov
v(@+h,y+k)—v(z,y) = 8_xh+8_yk+€2’
where 3=t — 0 and ;22 — 0 as (h, k) — 0. Now,
0 .0 . .
fla+hy+k)— f(z,y) = kT (h 4 ik) + &1 + ieo.
or  Ox
Therefore,
htik—0 h + ik Oxr Ox’

O

3.2. Harmonic functions. Recall that if f = u + v is analytic, then Au = A, = 0, i.e.,
u,v are harmonic. If u,v satisfy the Cauchy-Riemann equations, then v is said to be the
conjugate harmonic function of w.

Remark: If v is the conjugate harmonic function of u, then —u is the conjugate harmonic
function of v.

Example: Compute the conjugate of u = 2zy. Then % = 2y and g—; = 2z and we verify

that du = 0. Next, 2 = —2z and g—Z = 2y. Then v(z,y) = —2% + ¢(y) and ¢'(y) = 2y.
Therefore, ¢(y) = y*> + ¢, and v(x,y) = —22 + y> + c. u+iv = —iz%
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4. DAY 4

4.1. More on analytic and harmonic functions. Continuing our discussion from last
time:

Proposition 4.1. If u : R* — R is a harmonic function and u is of class C™, then there

is a harmonic function v : R*> — R satisfying % = —g—; and g—; = %.
This follows immediately from the following lemma:
Lemma 4.2. Suppose =f 2 ay =g, and af = a:gc} then v exists.

Proof. Define v(z) = [; f(t,y)dt + ¢(y). Then clearly 2% = f. Now,

g_;: 0 gf<ty>dt+¢ )= [ Ghtwde+ ) = gla.) - 90.0) + o)

If we set ¢(y) = [ g(0,t)dt, then we're done. O

Example: Consider f(z) =z = x — dy. This is not analytic, as we can check the Cauchy-

Riemann equations: 2% =1, 22 = —1, and they are not identical!!

ox » By
One formal way of checking is to write:
O g 1(0F_00) 0wy 1(0F 01
0z "oz oxr Oy
Claim. [ is analytic iff 5 9f —
The proof is immediate from the Cauchy-Riemann equations.
Observe: 0,(z) =1 and 05(z) = 0, whereas 0,(z) = 0 and 05(z) =

Claim. If p(z,Z) is a polynomial in two variables z,z, then p(z,Z) is analytic iff there are
no terms involving z.

HW 5. Prove the claim!

ox ay

4.2. Geometric representation of complex numbers. View C as R?.

Addition: Since z; + 2z corresponds to (z1,y1) + (2, y2) = (X1 + T2, Y1 + ¥2), the addition
is standard vector addition.

Multiplication: Write z in polar form rcosf + irsinf = r(cosf + isinf), where r > 0
(hence |z| = r). Then:

2129 = 1r1(cos 0y + isin 0y)ro(cos by + isin Oy) = rire(cos(0; + 02) + isin(6y + 05)).

(1) The norm (r) of a product is the product of the lengths of the factors.
(2) The argument () of a product is the sum of the arguments of the factors.
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We will often write z = r(cos +isin §) = re?, whatever this means. This will be explained
later when we actually define e*, but for the time being it’s not unreasonable because you
expect:

2129 = 7,162‘61T2€i€2 _ 7,17,261(01 +(92)7

using rules of exponentiation.

Remark: Notice that we're using properties of trigonometric functions when they haven’t
been defined yet.

Ignoring such rigorous considerations for the time being, we will compute powers and roots
of complex numbers.

1. If z = ae?, then 2" = a™e™?. This is often called de Moivre’s formula, and can be used
for computing cosnf and sinnf in terms of sin and cos 6.

2. If z = ae®, then its nth roots are
aheildhz)
for k=0,1,...,n—1. Also, when a = 1, the solutions to 2" = 1 are called nth roots of unity.

If we write w = cos % + 7 8in %, then the other roots of unity are given by 1,w,w?, ..., w".

Example: Consider the analytic function f(z) = 2%. f maps rays 6 = 6 to 0 = 20,. Hence
f is a 2:1 map away from the origin. The unit circle |z| = 1 winds twice around itself under
the map f. [Describe how the lines y = const get mapped to parabolas under f.]
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5. POLYNOMIALS AND RATIONAL FUNCTIONS

5.1. Polynomials. Let P(z) = ag+ a1z + - - + a,2" be a polynomial in z with coefficients
in C. By the Fundamental Theorem of Algebra (which we will prove later), P(z) admits
a factorization (z — a1)Pi(2). By repeated application of the Fundamental Theorem, we
obtain a complete factorization:

Pz)=apn(z—aq)(z —ag)...(2 — an),

where aq, . .., a, are not necessarily distinct. The factorization is unique except for the order
of the factors. (Why?)

If exactly h of the a;’s coincide, then their common value is a zero of order or multiplicity
h. We write P(z) = a,(z — a)"P,(z) with P, (a) # 0.

Observe: P'(a) =---= P"V(a) =0 but PM(a) # 0.

5.2. Rational functions. Consider the rational function R(z) = % which is the quotient

of two polynomials. We assume that P(z) and ((z) have no common factors. Then the
zeros of QQ(z) will be called the poles of R(z). The order of the pole « is the multiplicity of

z—ain Q(2).
We will now explain how to extend
R : C —{poles} — C

to
R:CU {0} — CU{o0}.

C U {oco} is called the extended complex plane, obtained by adding the point at oo to C.
At this point C U {oo} is not even a topological space, but later when we discuss Riemann
surfaces, we'll explain how R is a holomorphic map S? — S? between Riemann surfaces.

First define R(pole) = co. (The reason for this is that as z — pole, |R(2)| — o0.)
Next, R(c0) is defined as follows: if

R(2) ap + a1z + -+ - + a,2"
z) = ;
bo + b1z + -+ by 2™

1 e (02" +arzZ"
Rl-)==z .
zZ b()Zm + blzm_l + ...
(The reason for doing is that as 1 — oo, z — 0.) If m > n, then R has a zero of order m —n

at oo; if m < n, then R has a pole of order n —m at oo; if m = n, then R(co) = 7.

then

Let p = maz(m, n); this is called the order of the rational function.
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Observe: A rational function R(z) of order p has exactly p zeros and p poles. Indeed, if
m > n, then there are m poles in C and no pole at oco; also there are n zeros in C and
(m — n) zeros at co.

Example: The simplest rational functions are the fractional linear transformations S(z) =

ﬁig with det (: g) # 0. Special cases are S(z) = L (inversion), and S(z) = z+1 (parallel

translation).

5.3. Partial fractions. We will explain how to write any rational function R(z) as
1
R = 66+ 6 (25 ).
j 2= b

where G, GG are polynomials and 3; are the poles of R.

. 1 1 _1/2 —1/2
Example: 221~ (z—D)(z+1) ~ 2—1 + z+1 "

First write R(z) = G(z) + H(z), where G(z) is a polynomial without a constant term and
H(z) has degree of denominaor > degree of numerator, i.e., H(z) is finite at oo.

If 5; is a pole of R(z), then substituting z = 3; + % (& (= Z_lﬁj), we obtain:
1
R (ﬂj + Z) = G;(¢) + H;(),

where G; is a polynomial and H;(¢) is finite at { = oo.

Then take R(z) — (G(z) + ZG](ﬁ)) There are no poles besides co and ;. At each
z = [3;, the only infinite terms cancel out, and the difference is finite. Hence the difference
must be a constant. By placing the constant inside G(z) (for example), we have shown that
R(z) admits a partial fraction expansion as above.
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6. RIEMANN SURFACES AND HOLOMORPHIC MAPS

6.1. The extended complex plane. Today we try to make sense of the “extended complex
plane” C U {oo}, which is also called the Riemann sphere. As a topological space, we take
S? = {z? + 22 + 22 = 1} ¢ R®. (Its topology is the induced topology from R?, namely the
topology is 7 = {W N S?| W is open in R*}.) Then consider the stereographic projection
from the “north pole” (0,0, 1) to the zzs-plane, which we think of as C. The straight line
passing through (0,0,1) and (z, 79, 23) € S? intersects the z;xy-plane at (133, 13370)-
(Check this!) This gives us a continuous map

¢:5*—1{(0,0,1)} — C,

T +ix2
(x17'r27'r3> — 2z = 1 B .
— 43

It is not hard to see that ¢ is 1-1, onto, and inverse is also continuous.

HW 6. Prove that ¢ : S* — {(0,0,1)} — C is a homeomorphism, i.e., ¢ is invertible and
o, o1 are both continuous.

The above stereographic projection misses (0,0, 1). If we want a map which misses the
“south pole” (0,0,—1), we could also do a stereographic projection from (0,0, —1) to the
T122-plane.

HW 7. Compute the stereographic projection from (0,0, —1) to the xyxo-plane.

For our purposes, we want to do something slightly different: First rotate S? by 7 along the
x1-axis, and then do stereographic projection from (0,0, 1). This has the effect of mapping

X1 — 7:ZL’2

(21,22, 03) = (1, =2, —73) I ta

6.2. Riemann surfaces.

Definition 6.1. A Riemann surface Y, also called a 1-dimensional complex manifold, is a
topological space (£, T) together with a collection A = {U,} of open sets (called an atlas of
Y.) such that:

(1) WU, =%, i.e., A is an open cover of X.

(2) For each U, there exist a coordinate chart ¢, : U, — C, which is a homeomorphism
onto its image.

(3) For every Uy, NUz # 0, dgo ¢t : ¢o(Us NUs) — ¢5(U, NUp) is a holomorphic map.
(These are called transition functions.)

(4) (Technical condition 1) % is Hausdorff, i.e., for any x # y € ¥ there exist open sets
U, and U, containing x,y respectively and U, N U, = (.

(5) (Technical condition 2) 3 is second countable, i.e., there exists a countable subcollec-

tion Ty of T and any open set U € T is a union (not necessarily finite) of open sets
in To.
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Example: The extended complex plane S? = C U{co} is a Riemann surface. We have two
open sets U = 5% — {(0,0,1)} and V = S? — {(0,0,—1)}, and U UV = S2. We defined

homeomorphisms

T, + 1T
¢:U— C, (x1,,23) — R 2,
1-— T3
and .
1 — 1%
V- C, (r1, 29, 23) — ——.
4 (21,25, 25) 1+ 25
Unv = 52—{(0,0,1), (0,0, —1)}. The transition function is then given by o~ : C—{0} —
C — {0}, z = @t 1, g = D=2 We compute that 2 = 128 L2 2100 ) qging
1—x3 1+x3 z xr1+ire r1—IiT2 1+x3

22 + 22 + 22 = 1. Therefore, the transition function is z — %, which is indeed holomorphic!

HW 8. Prove that taking the stereographic projection ¢ from (0,0, 1) and the stereographic
projection Vg from (0,0, —1) would not have given us a holomorphic transition function!

6.3. Holomorphic maps between Riemann surfaces. Having defined Riemann sur-
faces, we now describe the appropriate class of maps between Riemann surfaces.

Definition 6.2. A map f : X1 — X9 between Riemann surfaces is holomorphic if for all
x € ¥ there exist coordinate charts U > x and V' 3 f(x) s.t. composition

o(U) S UL v L)

18 holomorphic.

Example: Given a rational function R(z), we described it as a function from S? — S? last
time.

HW 9. Prove that the extension of R(z) to the extended complex plane S* = C U {o0} is a
holomorphic map S?* — S2.

Although the general case is left for HW, I'll explain some simpler cases:

Case 1: R(z) = z°. Use coordinates z1, w; = i for the source and zy, wy = % for the target.
“R(z) = 22" means with respect to coordinates z; and zy, 2; > 25 = z% This is a perfectly

holomorphic function! Now, with respect to w; and zy, we have: w; — ﬁ, which is not
1

defined for w; = 0. Therefore, we switch to coordinates w, wo, and write: w; — wy = w?,

which is holomorphic.

Case 2: R(z) = 2=, a # b. 21 — 22 = 2= and is holomorphic for 2; # b. Near z; = b

z—b? b
we use coordinates zi, wy and write z; — wy = ;1:2 This is holomorphic for z; # a. Now,
l/wi—a __ 1—aw;

wy — , which is holomorphic near w; = 0. Moreover, R(o0) = R(w; = 0) = 1.

1/wi—b ~ 1—bw

Hopefully in the framework of Riemann surfaces and maps between Riemann surfaces, the
ad hoc definitions for extending rational functions to C U {co} now make more sense!
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7. FRACTIONAL LINEAR TRANSFORMATIONS

7.1. Group properties. Recall that a fractional linear transformation is a rational function
of the form S(z) = %. From the discussion on Riemann surfaces, S is a holomorphic map
of the Riemann sphere S? to itself.

Let GL(2,C) be the group of 2 x 2 complex matrices with nonzero determinant (= invertible
2 x 2 complex matrices). GL(2,C) is called the general linear group over C. (Verify that
GL(2,C) is indeed a group!)

GL(2,C) acts on S? as follows: Given Z € GL(2,C), it maps z — ‘C’ZZIZ It is not hard
to see directly that id(z) = z and (5152)(2) = S1(52(2)).

However, we’ll use homogeneous coordinates in order to see that we have a group action.
Write z = 2 and w = {1, then w = S(z) can be written as:

wy = azy + bz,

Wo = CZ1 + C2o.

wy)  f(a b 21

wy)  \e d) \z)°
With this notation, it is clear that the composition S;(53(z)) corresponds to the product of
the two matrices corresponding to S; and Ss.

Equivalently,

Observe that there is some redundancy, namely S and AS give rise to the same transformation
on §% if A\ € C* = C — {0}. Hence we define the projectivized general linear group to
be PGL(2,C) = GL(2,C)/C", where the equivalence relation is given by S ~ AS for all
S € GL(2,C) and A € C*. Another way of describing PGL(2, C) is to take the special linear
group SL(2, C) consisting of 2 x 2 complex matrices with determinant 1, and quotienting by
the subgroup {+id}. [PGL(2,C) is also called PSL(2,C).]

CP': We will now describe I-dimensional complex projective space CP'. As a set, it is
C?*—{(0,0)}/ ~, where (21, 23) ~ (Az1, Azg) for A € C* = C—{0}. We have local coordinate
charts ¢, : Uy = {21 # 0} — C which maps (21, 22) ~ (1, j—f) — 2 and ¢p : Uy = {z0 #0} —
C which maps (21, 22) ~ (2,1) — 2

29"
HW 10. Prove that CP' can be given the structure of a Riemann surface and that CP?' is
biholomorphic to S%. Here two Riemann surfaces X,Y are biholomorphic if there is a map
¢ X =Y such that both ¢ and ¢~ are holomorphic.

In view of the above HW, it is clear that the natural setting for PGL(2, C) to act on S? is
by viewing 5% as CP'!
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Examples: ((1) 11)) is called a parallel translation; <g (1)) is called a homothety, with
special case |k| = 1 a rotation; ((1) (1)) is called an inversion.

7.2. The cross ratio. We consider fractional linear transformations (FLT’s) S which take
2o, 23,24 into 1,0, 00 in that order. (We assume that 2, 23, 24 are distinct and are not co.)
One such FLT is:

- Z9 — 24 ) Z — Z3

S(z) =

29— 23 2 — 24
Claim: There is a unique FLT (the one above) which takes z9, 23, 24 to 1,0, 00, in that order.

Proof. Tt suffices to prove that there is a unique FLT S which takes 1,0, oo to 1,0, oo, in that
order; the FLT is the identity map S(z) = z. If there are two FLTs S1, Ss sending zs, 23, 24
to 1,0, 00, then S,S; ! sends 1,0, 0o to itself, and S; = S,.

Let S(z) = 242, Then S(0) = 0 implies that 4 = 0, and hence b = 0. Likewise, S(c0) = 0o
implies that ¢ = 0. Now S(z) = $z and S(1) = 1 implies that S(z) = 2. O

We can generalize the above claim:

Claim: There is a unique FLT which takes z, 23, 24 to 25, 24, 2}. (Assume both triples are
distinct.)

Definition 7.1. The cross ratio of a 4-tuple of distinct complex numbers (21, 22, 23, 24) 18
S(z1), where S is the FLT which maps zy, 23, 24 to 1,0, 00.

__ Za—z4 | z1—23
In other words, (z1, 29, 23, 24) = Pl

Fact: If 2y, 2, 23, 24 are distinct points on the Riemann sphere S? and T is any FLT, then
(Tzla TZ2a TZ37 TZ4) = (Zla 22, 23, 24)-

Proof. Suppose S maps 29, 23, 24 to 1,0,00. Then ST~ maps Tz, T'z3, T24 to 1,0,00. The
fact follows from observing that Sz; = (ST71)Tz;. O

Now we come to the key property of FLTs. First we define a “circle” to be either a circle in
C or a line in C. A line passes through oo, so is a circle in the Riemann sphere S2.

Theorem 7.2. FLTs take “circles” to “circles”.

Proof. We will prove that an FLT S maps the real axis to a “circle”. (Why does this
quickly imply the theorem?) The image of the real axis satisfies the equation Im S~z = 0.

Equivalently, S~z = S=12. Writing S~'(2) = 222 we have:
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Cross multiplying gives:
(a — ac)|z)* + (ad — be)z + (be — ad)z + (bd — bd) = 0.
If ac — @c = 0, then we have Im ((ad — bc)z — bd) = 0, which is the equation of a line.
Otherwise, we can divide by r = a¢ — ac and complete the square as follows:
ad — be be —ad_ bd — bd
zZ+ zZ=— )
r r r

( bE—Ed) (_ aa—gc) bd —bd bc — adad — be
z+ zZ+ = - + )

r r r r r

ZZ

ad —bc|  (ad —bc)(ad —be)  |ad — be
r N r? B r
Here we note that r is purely imaginary. The equation is the equation of a circle. 0

2z 4+

Corollary 7.3. The cross ratio (z1, 2o, 23, 24) is real iff the four points lie on a “circle”.
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8. POWER SERIES

Today we study the convergence of power series
ap+ a1z + a2t + -+ aa” + ...

where a; are complex and z is complex.

8.1. Review of series.

Definition 8.1. A sequence {a,}>; has limit A if for all ¢ > 0 there is an integer N > 0
such that n > N implies that |a,—A| < e. If{a,} has a limit, then the sequence is convergent
and we write lim,,_,o @, = A.

Fact: A sequence {a,} is convergent iff {a,} is Cauchy, i.e., for all € > 0 there is N s.t.
m,n > N implies |a, — a,| < €.

lim,, .o sup a,: Let A, = sup{a,, ay,i1,...}. A, is a nonincreasing sequence and its limit is
lim,, .. sup a,. It may be a finite number or +oco. lim, ., inf a, is defined similarly. Note
that if lim,,_,. a,, exists, then it is the same as limsup and lim inf.

An infinite series a1 + as + --- + a, + ... converges if the sequence of partial sums S, =
ay + - - -+ a, converges.

Absolute convergence: If |a;| + |az| + ... converges, then so does a; + as + ..., and the
sequence is said to be absolutely convergent.

8.2. Uniform convergence. Consider a sequence of functions f,(z), all defined on the
same set .

Definition 8.2. f, converges to f uniformly on E if Ve > 0 IN s.t. n > N = |f.(x) —
f(z)| <e forallz € E.

Proposition 8.3. The limit f of a uniformly convergent sequence of continuous functions
18 continuous.

Proof. Given ¢ > 0, IN s.t. n > N = |f.(z) — f(2)] <

s for all z € E. Also, since f, is
continuous at zg, 39 s.t. |z — x| <0 = |fu(x) — fulzo)| <

5. Adding them up, we have:

[£() = fl@o)] < 1£(@) = Jul@)] + | fale) = fulao) |+ |fulwo) = Flao)l < S+ 5+ 2 =<

O

Cauchy criterion: f, converges uniformly on E iff Ve > 0 3N sit. m,n > N implies
| fn(x) = fu(z)| < forall x € E.
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8.3. Power series. The convergence of ag + a;z + asz® + ... is modeled on the convergence
of the geometric series

1424224284+,

Take partial sums

1—2"
Sn(z) =1 O :
(2) +24...2 T
Then if [2| < 1, then 2" — 0 and the series converges to . If |z| > 1, then [z|" — oo, so
diverges. Finally, |z| = 1 is the hardest. If z = 1, then 1+ 1+ ... diverges. If z # 1, then

in6 __ : . .
we have %, and €™ wanders around the unit sphere and does not approach any single

point. ‘
HW 11. Carefully treat the case |z| = 1.

Radius of convergence: In general, define the radius of convergence R as follows:
1
i lim sup {/|an|.

Example: For the geometric series 1 4+ 2 + 22 + ..., lim, o sup V1 = 1.

Example: For the “derivative” > °°  nz""! of the geometric series, we have lim,, ., sup "/n =
lim,, o ¢/n. (Why can we do this?)

Claim: lim,, .., {/n = 1.
Proof. Indeed, if /n =144, then n = (1 +6)" = 1+n5+@(52+--- > 1+@(52.
Hence n —1 > @62 and \/% > 9. As n goes to 0o, d goes to zero. O

Now we describe our main theorem:
Theorem 8.4 (Abel). Consider the series ag + a1z + agz® + .. ..

(1) The series converges absolutely for every z with |z| < R. If 0 < p < R, then the
convergence is uniform on E = {|z| < p}.
(2) The series diverges for |z| > R.

Proof. The proof is by comparison with the geometric series.
(1) If |z] < R, then there is p > 0 so that |z| < p < R. Hence % > +. By definition of
"

limsup, {/|a,| < % for all sufficiently large n. This means that |a,| < pin = |a,2"| < IZ_’”

and
|Z‘n |Z‘n+l

lan2™| + a1 2" 4 < T

The RHS is a geometric series which converges, so the LHS is convergent; hence the original
series is absolutely convergent. For uniform convergence, take p < p’ < R. By repeating the
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above with p’ instead of p, we obtain
n n+1
|lan2™| + |ap1 2" 4 -0 < <§) + (g) +...,
and the RHS is finite and independent of z.
(2) If |2 > R, then 3p > 0s.t. R<p < |z| = 5 > %. Hence there exist arbitrarily large

ns.t. ¥/|a,| > % = |a,z"| > %. The RH term goes to oo, hence the series diverges. O

Remark: We are not making any statements about |z| = R.
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9. MORE SERIES

9.1. Analyticity. Let f(z) =ag+ a1z +axz® +--- = a,2", with a radius of convergence
R > 0 defined by 1—1% = lim,, o SUp {/|ay|-

Theorem 9.1. f(z) is analytic for |z| < R with deriwative f'(z) = > na,z""'. The deriva-
tive also has the same radius of convergence R.

Proof. We prove the theorem in two steps.
Step 1: > na,z""! has the same radius of convergence R as Y a,z"

Indeed, lim,, o sup ¢/na, = lim,,_,o /n - %, and we've already shown that lim,, .., /n =1
(Note we've also shifted terms by one....)

Step 2: Write f(2) = S,(2) + Rn(2), where S,(2) = 3.7 a;2" is the nth partial sum. For
the time being, write g(z) = >_na,z" . Then

'f—) _g(z())‘ < ‘Sn(Z) — Sn(z0) _ S;(Z())' +‘

Z— 2y Z =20
For any € > 0, 36 s.t. the first term on the right is < £, since S, is a polynomial, hence
analytic. The second term is bounded as follows:

'Zk =n §Z|ak(2k—l+zk—2 +ZO ‘<Zakkpk 1
k=n

where |z, |z0] < p < R. Since the series converges, by taking n sufficiently large we may
bound the second term by £. Finally, the third term is | > - axkz§ '|, which is bounded
by £ in the same way taking n sufficiently large. O

R,(z) — Ryu(20)

zZ— 20

+1(55.(20) — 9(20))] -

Z— 20

Corollary 9.2. If f(z) = > a,2™ with radius of convergence R > 0, then it has derivatives
' 1" ", etc., and their radius of convergence is also R.

It is also not hard to see (by repeated differentiation) that

f(z) = f(0) + f'(0)z + fl;(!o)f + f”:’))(!())z?, +...,

namely we have the familiar Taylor series, provided we assume that f(z) admits a power
series expansion!

9.2. Abel’s Limit Theorem.
Theorem 9.3 (Abel’s Limit Theorem). Consider the power series f(z) = > ap,z™. Assume
WLOG (without loss of generality) that the radius of convergence R = 1. If > a, converges

(i.e., f(1) exists), then f(z) approaches f(1), provided z approaches 1 while keeping ; L ;I
bounded.
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|1—2|
1—|z]
close to but smaller than 1. Then |1 — z| is the distance from z to 1, and 1 — 2| =1 —7r
is the distance from the circle of radius r to 1. When z is close to 1, the ratio |11_;|§I is very
close to C—})S of the angle made by z — 1 and r — 1. Hence there exists £ > 0 such that if we

write z = 1 + pe'® with 0 < 0 < 2, thenﬁe(g%—&?,%ﬁ—&?).

One way of interpreting is as follows: Let z be on a circle of radius r, where r is very

Proof. WLOG " a, = 0. Write s, = ag + ay + - - - + a,. Rewrite S, (2) = ap + a1z + as2® +
coetan2" as:

Sa(2) = (1—2)(ap+ (ag+a1)z + (ag +ar +a)z> + -+ (ag+ -+ ap_1)2" ) + (ag + - --

= (1—2)(so+s12+ - +85,12"") + 5,2
Here, we are taking |z| < 1, and s,, — 0, so s,z" — 0. Therefore,
f(z)=(1-2) Z Sp2".

Now, we write

fE) < 1= 2| + 11— 2]

m—1 e}

Z Ska Z S ka
k=0 k=m
Given ¢ > 0, there exists k sufficiently large (for example, &k > m) such that |s;| < e. Hence
the second term on the RHS is dominated by the sum |1 — z| T of the geometric series.
Using our assumption, this in turn is dominated by K¢ for some predetermined constant K.
Now the first term on the RHS is a product of a finite number of terms, so can be made
arbitrarily close to 0 by taking z — 0. This proves the theorem. 0

9.3. Exponential functions. Define the exponential function

> 2’2 n

s_ 1.2 2 L F
e—1+1!+2!+ +n!+....

The radius of convergence of e* is 0o, i.e., e converges on the whole plane, since { # — 0.

HW 12. Prove that ¥/n! — 0. [Hint: given any real number x, show that ™ < n! for n
sufficiently large.]

The exponential function is the unique function which is a power series in z and is a solution
of the differential equation

f'(2) = f(2),
with initial condition f(0) = 1. In fact, if we differentiate f(z) = ag+a1z+---+a,2"+. ..,
we obtain f(2) = ay + 2az + - -+ + na,z"" ' + ..., and equating the coefficients we obtain

ag=1,a1 =1, a, = %, and so on. [Why is it legitimate to equate the coefficients?]

+a,)z"
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10. EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS; ARCS, CURVES, ETC.

n

10.1. Exponential functions. Last time we defined e¢* = 1+ z + Z—? LR el i P
f(z) = €* is the unique function such that f'(z) = f(z) and f(0) = 1.

Lemma 10.1. e’ = ea¢?

Proof. %(e'zec_z) = e*e“ % — efe“ % = 0, and hence e*e“ * is a constant. By setting z = 0,
we find that ee“™* = e°. Finally, if we write ¢ = a + b and z = a, then we’re done. O

Remark: When restricted to R, e* is the standard exponential function on R. Hence we
can think of e* : C — C as the extension of e : R — R.

10.2. Trigonometric functions. We define:

eiz + e—z’z ) eiz _ e—z’z
cos z = — smz:T
1
Then we compute that
22
cosz:l—ajtﬂ—...,
Jo
smz:z—g%—a—....

It is easy to prove the following properties:
(1) cosz +isinz = e”.

(2) cos? +sin* = 1.

(3) Z(cosz) = —sinz.

(4) Z(sinz) = cos 2.

If 2 = o + iy, then we can write e = e%e¥ = e*(cosy + isiny), where e*, cosy, siny are all

functions of one real variable.

f(z) has period ¢ if f(z+ ¢) = f(z) for all z. By writing in polar form as above, it is clear
that the smallest period of f(z) = e* is 2mi.

We view e* geometrically: e* maps the infinite strip 0 < y < 27 to C —{0}. (Notice that e*
is never zero.) When y = 0, ¢* = €”, and the image is {x > 0} N R. The line y = 6 maps to
the ray which makes an angle # with the positive z-axis. Since e*t?™ = ¢, the lines y = 0
and y = 0 4+ 27 map to the same ray.

10.3. The logarithm. We want to define the logarithm log z as the inverse function of e*.
The problem is that each w € C — {0} has infinitely many preimages z such that e* = w;
they are all given by exp~!({w}) = {log |w| +i(argw + 27n),n € Z}. Here log |w| is the real
logarithm, and 0 < argw < 27. We will define one branch as follows:

logw := log |w| + i argw.
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The important thing to remember is that, although we chose 0 < argw < 2w, there is
nothing canonical (natural) about this choice.

Also define a® = €82 when a,b € C.

10.4. Arcs and curves. We now change topics and give the basics of arcs, curves, etc.

Definition 10.2. An arc or a path in C is a continuous map 7y : [a,b] — C. (Here a <b.)
v(a) is called the initial point of the arc and ~(b) is the terminal point of the arc.

Remark: Two arcs are the same iff they agree as maps. It is not sufficient for them to have
the same image in C.

v |a,b] — C is:

(1) of class C' (called differentiable in the book), if Z—Z =~/(t) = 2/(t) + 1/ (t) exists and
is continuous. (Here differentiability at a point means differentiability on some open
set containing that point.)

(2) simple if y(t1) = y(t2) = t1 = to.

(3) a closed curve if y(a) = ~(b).

(4) a simple closed curve if 7y is a closed curve and y(t1) = y(t2) = t1 = ty away from
the endpoints.

Define —v : [=b, —a] — C by —v(t) = y(—t). This traces the image of v in the opposite
direction, and is called the opposite arc of ~.

10.5. Conformality revisited. Suppose 7 : [a,b] — Cis an arc and f: Q C C — C is an
analytic function. Let w = f(y(t)). If 4/(¢) exists, then w'(t) exists, and:

w'(t) = f' (v ()7 (1)

Suppose 2o = Y(tp) and wo = f(20). If v/(tp) # 0 and f'(zy) # 0, then w'(ty) # 0. We also

have
argw'(tg) = arg f'(z0) + argy/(to).
Here, we are considering the argument to be mod 27. This implies that the angle between
7 (to) and w'(tp) is equal to f'(z0). If vo(to) = 71 (to) = 20, then the angle made by ~(ty) and
71 (to) is preserved under composition with f. Recall we called this property conformality.
Also observe that
|w'(to)| = [f(20)] - [V (o),

in other words, the scaling factor is also constant.
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11. INVERSE FUNCTIONS AND THEIR DERIVATIVES

Let 2 C C be an open set and f : 2 — C be an analytic function. Suppose f is 1-1,
f'(z) #0at all z € Q, and f is an open mapping, i.e., sends open sets to open sets. If zg € 2
and wy = f(z), then:

Claim. f~! is analytic and (f~') (wo) = m

Observe that f is an open mapping < f ! is defined on an open set and f~! is continuous.

Hence, given £ > 0, there exists § > 0 such that |w —wg| < & implies | f~ (w) — f~ (wp)] < .

Proof.
—1(y) _ f-1 —1(y) _ -1 _
lim ST w) — f7H (wo) lim ST w) — f7H (wo) i 2% _ 1
w—wo w — W f=Hw)— f~1(wo) w — Wo =2 w—wy  f'(20)
Here, by the above discussion, w — wq implies f~'(w) — f~(wy). O

Fact: The condition that f be an open mapping is redundant.

The Open Mapping Theorem (used in the proof of the inverse/implicit function theorems)
states that if f’(z0) # 0 and f is in class C! (differentiable with continuous derivative), then
there is an open neighborhood U 3 2y on which f is an open mapping. [It will turn out that
if f is analytic, then f has derivatives of all orders.]

We will not use this fact for the time being — its proof will be given when we discuss
integration.

Example: Consider w = y/z. This is naturally a “multiple-valued function”, since there is
usually more than one point w such that w? = 2. To make it a single-valued function (what
we usually call “function”), there are choices that must be made. The choices are usually
arbitrary. (The procedure of making these choices is often called “choosing a single-valued
branch”.)

Let the domain © be C — {x + iy|z < 0,y = 0}, i.e., the complement of the negative
real axis (and the origin). We think of Q as obtained from C by cutting along the negative
real axis, hence the name “branch cut”. Write z = re?, where —7 < 6 < 7. Then define
w = /re"?. Geometrically, 2 gets mapped onto the right half-plane Q' = {z > 0}.

We verify that w = /2 is continuous: Write w = u+ v and wy = ug + ivg. If |z — zo| < 6,
then |w — wo||w +wp| < . Now w, wy are in the right half-plane, so |w + wo| > u+uy > up.
Hence |w — wp| < € if 0 = wee.

Now that we know w = /2 is continuous, it is analytic with derivative

ow 1 11
0z  0z/ow 2w 2z
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Example: Consider w = log z. Again, take the domain to be Q@ = C—{z+iy|z <0,y = 0}.
Then choose a branch as follows: Write z = re?, with —7 < # < 7. Then map z — w =
log |r| + . The image is the infinite strip Q' = {—ir <y < iw}.

If w = log z is continuous, then

ow 1 1 1

0z 0zJow  ev 2

as expected from calculus.

It remains to prove the continuity of w = log z. Write w = u+iv and wy = ug—+ivg. Define
a closed set A to be a box in the range which is bounded to the left by u = ug —log 2, to the
right by u = ug + log 2, below by v = —m and above by v = 7, with the disk |w — wg| < €
(with € small) removed. The continuous function | — ¢“°| attains a minimum p on A (it’s
a minimum, not an infimum, since A is closed). Moreover, p > 0, since the only times when
the minimum is zero are when w = wg + 2min, which are not in A.
Define § = min(p, 3€"0).
We claim that no point of |z — zg| < ¢ maps into A: if |z — 29| < J maps into A, then
w—ew| > p >4, a contradiction.
We also claim that no point of |z —zp| < 0 maps into u < ug—log2 (to the left of A) or into
u > ug+log 2 (to the right of A). If z is mapped to the right of A, then |e® —e™°| > e*—e"0 >
2¢"0 — e = ¢". If mapped to the left, then |e® — ™| > e — ¢ > "0 — Le" = Le%. In
either case, we obtain a contradiction.

This implies that |z — zp| < § has nowhere to go but |w — wy| < €, proving the continuity.

e

Example: w = /1 — 22. Define 2 to be the complement in C of two half-linesy = 0, z < —1
and y = 0, z > 1. Consider Q" = QN {y > 0}. This is mapped to C —{y =0 and z > 1}
under 2%, Multiplying by —1 rotates this region by m about the origin to C—{y = 0,z < —1}.
Adding 1 shifts to C — {y = 0,z < 0}, and squaring gives {x > 0}. The map v/1 — 22 on
QF with the exception of points on the z-axis which map to y = 0,0 < z <1 in the image.
Now 2~ = QN {y <0} is also mapped to the same right half-plane. Observe that the map
from €2 is a 2-1 map everywhere except for z = 0 which corresponds to w = 1.

1 e“"+e’ w

Example: w = cos™" z. If we write z = cosw = 5 and solve for €™ in terms of z, we

get a quadratic equation
e* — 2™ 41 =0

with solution €™ = z £ /22 — 1. Hence w = —ilog(z + V22 —1). Since z £ /22 — 1 are

reciprocals, we can write
w = +ilog(z+ V22 —1).

We take the following branch: w = ilog(z + iv/1 — 22). Take the domain to be the same (2
as in the previous example. One can check that z 4+ iv/1 — 22 maps to the upper half-plane
(minus the z-axis): Since z+1iv/1 — 22 are reciprocals, if one of them is real, then z,iv/1 — 22
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are both real. But if z is on the real axis with —1 < x < 1, then iy/1 — 22 is not real. Hence
we can map using log as defined above to the infinite strip 0 < y < i7.
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12. LINE INTEGRALS

12.1. Line integrals. If f = (u,v) : [a,b] — C is a continuous function, then

/f dtdef/ (t)dt—l—i/abv(t)dt,

where the right-hand side terms are the standard Riemann integrals on R.

Properties:
(1) [P f(t)dt = c [* f(t)dt, c € C.
(2) SR + g0t = [! f(t)de + [ g(t)dt
3) | 7 f(t)de] < [1()ldt.

Let v : [a,b] — Q C C be a piecewise differentiable arc. Given f : 2 — C continuous, define:

This is not so unreasonable on a formal level. Indeed, if z = ~(t), then dz = ~/(t)dt.

Key Property: If ¢ is an increasing, piecewise differentiable function [«, 5] — |a, b], then

[reaz= [ s
ol Yo

Assuming everything in sight is differentiable (not just piecewise), we have:

b 8 B
/ fv@®)y (#)dt = / fr(o(m)N (o(1)) ¢/ (T)dr = / fyod(r))(vo¢)(r)dr.

The first equality follows from the change of variables formula in integration, and the latter
follows from the chain rule. Here we write ¢t = ¢(7).

Orientation Change: We have

—/Wf(z)dz = /_ﬂ{ f(2)dz

Indeed, writing 7 = —t, we have:

/_ f(2)dz = / ;af(v(—t»(—v’(—t))dt

- / P (=) (= ()t
= /f (—dr) = f(z)dz.

Y
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The integral [ f(z)dz over v does not depend on the actual parametrization — it only depends
on the direction/orientation of the arc. If we change the direction/orientation, then [ f(z)dz
acquires a negative sign.

Notation: We often write dz = dx +idy and dz = dx — idy. Then fﬂ{ fdx = fﬂ{ fy(t)Lat,
[ fdy = [, f(y(t)2at, and [ f(2)dz = [ (u(2) + iv(2))(dz + idy) = [ (udz — vdy) +
i [(vdx + udy).

More Notation: A subdivision of v can be written as v; + - -+ + 7,, and fm et fdz =

[ fdzt--+ [ fdz

Path Integrals: Define [ f|dz| «f f:f('y(t))|’y’(t)|dt, with v : [a,0] — Q. Then the

following are easy to see:
| fazt= [ i
- 2!

/yfdz S/Y\fIIdZI-

12.2. Exact differentials. A differential o = pdz+ gdy, where p, q : 2 — C are continuous,
is called an exact differential if there exists U : 2 — C such that g—g = p and %—Z =q. [Tt

turns out (but we will not make use of the fact) that if U has continuous partials, then it is
differentiable and of class C'.]

Independence of path: fﬂ/oz depends only on the endpoints of ~y if we have fﬂﬂ o=
whenever v, and 7, have the same initial and terminal points.

O[,
2

Claim. fv a depends only on the endpoints iff fyoz =0 for all closed curves .

Proof. If 7 is a closed curve, then v, —y have the same endpoints. Hence fﬂ/oz = f_ﬂ/oz =
- f7 «, which implies that fﬂ/oz = 0. If 71, 72 have the same endpoints, then f% a = fw a,
and fm—w a=0. O

Theorem 12.1. « = pdx + pdy, with p,q continuous, is exact iff fﬂ/oz only depends on the
endpoints of 7.

Proof. Suppose pdx + qdy is exact. Then
oUu oU b d
d dy = —dr+ —dy | = — t),y(t))dt =U(b) — .
[ pts-saiy = [(Gre+ Soan) = [ Guo.voni - v0) -G

Suppose f7 « only depends on the endpoints of v. We assume WLOG that €2 is connected,
ie., if Q = AU B (disjoint union) with A, B open, then A or B is ().
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HW 13. Prove that an open set 2 C C s connected iff it is path-connected, i.e., for any
p,q € C there exists a continuous path vy from p to q. Moreover, we may take v to be a path
which 1s piecewise parallel either to the x-axis or the y-axis.

Pick 2y € Q. Let v be a path from 2y to z € €2 which is piecewise of the form x = a or
y = b. Then define U(z) = fy pdx + qdy. Since the integral only depends on the endpoints,
U(z) is well-defined. If we extend « horizontally to a path from zy to z + h, h € R, then
U(z+h)—-U(z) = fzz+hpdx + qdy, and & = p. Similarly, %—Z =q. O

12.3. Complex differentials. Given a differentiable function F': Q — C, we write dF' =
%—5(1:5—1— %—5dy; in other words, an exact differential is always of the form dF for some function
F

An alternative way of writing dF is dF = %—fdz + %—‘;dz.
HW 14. Verify this!
The latter term vanishes if F' is analytic. Hence we have the following:

Fact: If F is analytic, then F'(z)dz = %£dz is exact.

Example: fﬂ{(z —a)"dz = 0 for n > 0, if v is closed. This follows from the fact that

F(z) = (Z_n‘flwl is analytic with derivative (z — a)".

Example: [, —-dz = 2mi, where C' is the circle parametrized by z = a + pe, 6 € [0, 27].

This proves that there is no analytic function F(z) on C — {a} such that F'(z) = . (In
other words, it is not possible to define log(z — a) on all of C — {a}.)
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13. CAUCHY’S THEOREM

Let R be the rectangle [a, b] X [c, d]. Define its boundary OR to be the simple closed curve
M + Y2 + v3 + 74, where 1 : [a,b] — C maps ¢t — t + ic, 73 : [¢,d] — C maps t — b+ it,
v3 1 [=b,—a] — Cmaps t — —t+id, and 4 : [—d, —¢] — C maps t — a—it. In other words,
OR is oriented so that it goes around the boundary of R in a counterclockwise manner.

We prove the following fundamental theorem:

Theorem 13.1 (Cauchy’s theorem for a rectangle). If f(z) is analytic on R, then [, dz = 0.

Later, a more general version of the theorem will be given — it will be valid for more
general regions.

Proof. Define n(R = Jsg f(2)dz. Subdivide R into 4 congruent rectangles R, R®),
R®) and RW. [Draw a line segment from the midpoint of 7; to the midpoint of 73 and

a segment from the midpoint of 75 to the midpoint of 74.] Then it is easy to verify that
OR = ORW + 0R® + OR®) + ORW and

n(R) =n(RY) +...n(RW).

Taking R with the largest |n(R®)|, we have [n(R")| > 1|n(R)|. By continuing the subdi-
vision, there exist rectangles R D Ry D Ry D ... such that |n(R,)| > 3|n(R)|.

Now, we can take a sequence of points z, € R,; by the Cauchy criterion, this sequence
converges to some point z*. (Why?) Hence we have R, C {|z — z*| < 0} for sufficiently
large n. If f is analytic, then for any € > 0 there exists 6 > 0 such that |z — 2*| < § =

f(zz z*z f/(Z*>) < €, or |f(Z) - f(Z*) - f/(Z*>(Z - Z*)‘ < €|Z — Z*|
Recall from last time that [,, dz=0and [, 2dz =0, since 1 and 2 have antiderivatives

2
z and %, and hence dz and zdz are exact. Now,

W) = [ pes = / D = ) = [N =)

Therefore, [n(R,)| < ¢ [, [z — 2*||dz|. If we write d for the diagonal of R, then an upper
bound for |z — z*| is 5-d, the diagonal of R,. Next, if L is the perimeter of R, then 5L is
the perimeter of R,. We obtain |n(R,)| < e(5xd)(5xL) = edLx.. Since we may take € to
be arbitrarily small, we must have n(R,) = 0 and hence n(R) = 0. O

A Useful Generalization: If f is analytic on R — {ﬁnite number of interior points}, and
lim,_.¢(z — ¢)f(z) = 0 for any singular point ¢, then [, . f(z)dz = 0.

Proof. By subdividing and using Cauchy’s theorem for a rectangle, we may consider a small R
with one singular point ¢ at the center. We may shrink R if necessary so that [(z—() f(2)| < €

forz€ R=[f(2)| < ;=g for z#( € R.
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Therefore, [n(R)| < [, ¢ ldz|. It remains to estimate the right-hand term. If R is a

square whose sides have length r, then |z — (| is bounded below by r on OR. Hence an

upper bound for the right-hand term is ‘/1’" = 8¢. Since ¢ was arbitrary, we are done. [

Cauchy’s theorem on a rectangle can be used to prove a stronger version of the theorem,
valid for any closed curve on an open disk, not just the boundary of a rectangle.
Theorem 13.2 (Cauchy’s theorem for a disk). If f(z) is analytic on an open disk D =
{|z — a| < p}, then f f(2)dz =0 for every closed curve v in D.

Proof. Let 79 be a path from a to z = x + iy, consisting of a horizontal line segment,
followed by a vertlcal line segment. Then define F(z f f(2)dz. By Cauchy’s theorem
on a rectangle, F(z f f(2)dz, where v; is a path from a to z, consisting of a vertical line
segment, followed by a horlzontal one. Using one of the two types of paths, we compute:

7 - /f f(2)

5 - / f(2)idy = if(2).

Hence F' satisfies the Cauchy—Rlemann equations. Therefore, f(z)dz = F'(z)dz is exact,
and fy f(2)dz = 0 for all closed curves v (by Theorem 12.1). [Observe that the fact that F'
satisfies the CR equations and that it has continuous partials implies that F' itself is analytic.
This follows from Theorem 3.1.] O
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14. THE WINDING NUMBER AND CAUCHY’S INTEGRAL FORMULA

14.1. The winding number. Let v : [a, ] — C be a piecewise differentiable closed curve.
Assume ~ does not pass through a, i.e., a € Im v, where the image of 7 is written as Im ~.

ef 1 d
Definition 14.1. The winding number of v about a is n(v,a) o °
2 Jyz—a

Properties of the winding number:
1. n(—=~v,a) = —n(y,a). Proof. Follows from Orientation Change property from Day 12.

2. If C'is a circle centered at a and oriented in the counterclockwise direction, then n(C,a) =
= fc 4= — 1. Proof. Direct computation.

2mi z—a

3. n(v,a) is always an integer.

Proof. (See the book for a slightly different proof.) Subdivide v : [, 5] — C into y1+- - -+,
where each 7, : [oj_1, ;] — C is contained in a sector C' < arg(z — a) < C + ¢ for small ¢.
Here a = ap < ay < -++ < a, = . (Give proof!)

Now define a single-valued branch of log(z — a) on each sector so that arg(y,;_1(aj_1)) =
arg(7;(a;-1)). Then

/ dz :/dlog(z—a):/dlog|z—a]+i/darg(z—a).
yima )y, .y y

J J J

Therefore,

/ﬂ{zaﬁza:/ﬂ/dlog\z—a|+i2darg(z—a).

j=1
Since the initial and terminal points of v are the same, the first term on the right is zero
and the second is a multiple of 27i. O

4. If Im v C D? = {|z — b| < p}, then n(y,a) =0 if a & D2

Proof. If a ¢ D?, then — is holomorphic on D?. Therefore, by Cauchy’s Theorem, fﬂ/ L —
0.

5. As a function of a, n(y, a) is constant on each connected component € of C — Im ~.

Proof. Any two points a, b € €2 can be joined by a polygonal path in 2. We may reduce to
the case where a, b are connected by a straight line segment in Q. (The general case follows
by inducting on the number of edges of the polygon.) Observe that the function =% is real
and negative iff z is on the line segment from a to b. (Check this!) Therefore, there is a

single-valued branch of log 2= which can be defined on the complement of the line segment.
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/( LI )dz:/dlogz_azo.
y\z—a z—b . b

This proves that n(v,a) = n(v,b). O

Hence,

14.2. Cauchy Integral Formula.

Theorem 14.2. Suppose f(z) is analytic on the open disk D and let v be a closed curve in
D. Ifa & Im ~, then

1 f(2)dz
Proof. Consider F(z) = £ (Z . Suppose first that @ € D. Then F is analytic on D — {a}

and satisfies lim,_,(z — a)F ( = 0. Hence Cauchy s Theorem holds:

/f e

Rewriting this equation, we get:

dz f(2)dz

sy nia) = 1(0) [ o= [ FE
On the other hand, if a € D, then F is analytic on all of D, and we can also apply Cauchy’s
Theorem. (In this case, both sides of the equation are zero.) O

Application: When n(v,a) = 1, e.g., v is a circle oriented in the clockwise direction, we

have
f(z)dz

27 v Z—a

_ 1 (€)d¢
)—%/7 (—2z

(Here we're thinking of z as the variable.)

fla) =

We can rewrite this as:

Key Observation: The point of the Cauchy Integral Formula is that the value of f at z € D
can be determined from the values of f on 0D, using some averaging process. (Assume f is
analytic in a neighborhood of D.)
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15. HIGHER DERIVATIVES, INCLUDING LIOUVILLE’S THEOREM

15.1. Higher Derivatives. Let f : 2 — C be an analytic function, and let D = {|z —a| <
p} C Q. Let D be the boundary circle, oriented counterclockwise. Then

1 J(¢)d¢

fe) = o [

" 2 Jyp C— 2

for all z € D, by the Cauchy Integral Formula.
The Cauchy Integral Formula allows us to differentiate inside the integral sign, as follows:

Theorem 15.1.

o - o [ L0

! d
== [ LB ey = LM
2mi Jop (€ — 2)? 2mi Jop (¢ —2)"H!
In particular, an analytic function has (complex) derivatives of all orders.
The theorem follows from the following lemma:

Lemma 15.2. Let v : [a, ] — C be a piecewise differentiable arc and ¢ : Im v — C be a

d

continuous map. Then F,(z) :/ (C)de
v

(€—2)"
is F!(z) =nF,1(2).

1s holomorphic on C — Im v and its derivative

We will only prove the continuity and differentiability of Fj(z). The rest is similar and is
left as an exercise.

Continuity of Fj(z): Suppose zy € C —Im 7. Since C — Im + is open, there is a ¢’ > 0
such that Dy (zp) = {lz = 20| <0’} € C—1Im~. Let 2 € Dy /a(2). We write

Fi(z) = Fi(z) = /7 (g’b(—qz B Cgbfgio) = ZO)/w (¢ _¢;)<()<d<_ z0)

We estimate that | — z| > %/ and |¢ — zo| > %', and

IFi(2) - Fi(z0)] < \z—zO\‘(;% / SO

If we further shrink Ds /o(2), we can make |Fy(z) — Fi(2o)| arbitrarily small.
Differentiability of Fi(z): We write

" ARl [ Ok

zZ— 2 —2)(C —20)

Now, use the above step with f_(—g) instead of ¢(¢). [Note that f_(—g) is continuous on Im ~y
since zy avoids Im v.] By the above step, Equation 1 is continuous on C — . Hence as
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[tan [ s
2 (C=2)(C—2) J,(C—20)*
Therefore FY is holomorphic and F{(z) = F»(2).

15.2. Corollaries of Theorem 15.1.

15.2.1. Morera’s Theorem.

Theorem 15.3. If f : Q — C is continuous and fﬂ/ fdz =0 for all closed curves v : [a, ] —
Q, then f is analytic on 2.

z — zp we have

Proof. We already showed that f = F’ for some analytic function F'. f is then itself analytic
by Theorem 15.1. 0

15.2.2. Liouwille’s Theorem.
Theorem 15.4. Any analytic function f : C — C which is bounded is constant.

Proof. Let D = {|z —a| < r}. Suppose |f(z)] < M for all z € C. If we apply the integral
formula to 9D, then

n! M -2mr  nlM

2 pntl pn

) = 0 for all a. Hence f is constant. O

15.2.3. Fundamental Theorem of Algebra.
Theorem 15.5. Any polynomial P(z) of degree > 0 has a root.

Proof. Suppose not. Then ﬁ is analytic on the whole plane. As z — oo, ﬁ — 0, so ﬁ

is bounded. By Liouville, ﬁ is constant, which is a contradiction. O
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16. REMOVABLE SINGULARITIES, TAYLOR'S THEOREM, ZEROS AND POLES

16.1. Removable singularities.

Theorem 16.1. Let a € Q. If f : Q — {a} — C is analytic, then f can be extended to an
analytic function Q@ — C iff lim,_,(z — a) f(z) = 0.

Proof. 1f f is analytic on €2, then it is continuous on €. Hence lim,_,(z—a)f(z) = lim,_,(z—

a)-lim, ., f(z) =0- f(a) =
Suppose limz_)a(z - a)f( ) = 0. Take a small disk D C €2 centered at a. Consider the

function g(z) = 27” /. oD _fc. This is an analytic function on all of the interior of D. We
claim that, away from z = a, f ( ) = g(2). Indeed, in the proof of the Cauchy Integral
Formula, we used G(¢) = £ (Cg ) There are two points b = z and b = a, where we need

to check that lime ,(¢ — b)G(() = 0 (in order to use Cauchy’s Theorem). If b = z, then
we have lim¢_,.(f(¢) — f(2)) = 0 by the continuity of f at z. If b = a, then we have

HO-JGE) (¢ — ¢) = 0 by the condition lim._,(z — a) f(z) = 0. O

limc_m P

For example, we can use the removable singularities theorem if f(z) is bounded in a neigh-
borhood of z = a.

16.2. Taylor’s Theorem. Consider the function F(z) = ! (Z) . If f is analytic on €2, then

F is analytic on 2 — {a}. By the removable singularities theorem F extends to an analytic

function on all of Q. By continuity of F' at a, we must have F'(a) = lim,_, F(z) = f'(a).
We can therefore write

f(2) = fla) + (z = a) f1(2),
where f; = F. Recursively we let fi(z) = fi(a) + (# — a) f2(2), and so on, to obtain

f(z) = f(a) + fila)(z — a) + fala)(z — )" + -+ + fu—a(a)(z — @) + (2 — )" fu(2).
We can differentiate f(z) and set z = a to obtain:

Theorem 16.2 (Taylor’s theorem). Suppose f : Q — C is an analytic function. Then there
is an analytic function f, : Q — C such that

f"(a)
2!

(n-1)(4
(z—a)’+-+ fim(z —a)" (2 —a)"fu(2).

F(2) = (@) + fa)(z — ) + o=

The remainder term f,(z) can be written as:

1 F(Q)dC
ﬁ@”‘%@AD«—aw«—@’

where D C ) is a small disk centered at a.
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Proof. We only need to prove the expression for the remainder. We prove the statement for
n = 1, leaving the general case as an exercise.

fi(z) = 1 f1(Q)d¢ _ i/ (f(¢) — f(a))d¢
1 2mi Jop (=2 2mi Jop ((—a)((—2)
_ L/ fQde f(a)/ d¢
2mi Jop (C—a)((—2) 2w Jop (C—a)(C —2)
Now, we can write Wl({—z) =L <<_La - Ciz)' Since faD£ = Jop Cd_cz = 27i (a and 2

are in the same connected component of C — D), the second term in the equation vanishes.
O

Remark: We will discuss Taylor series next time.

16.3. Zeros.
Proposition 16.3. Let f : Q2 — C be an analytic function, a € ), and  be connected. If
fla)= f'(a) =--- = f™(a) =0 for all n, then f is identically zero.

Proof. Suppose f(™(z) = 0 for all n. Then f(z) = f,.(2)(z — a)" for all n. Using the above
expression for f,(z), we write:

1 M|dc| 1 M 2R M
|fn(2)|§2— P R—l—a) R (A—l—a) B iR—l—a)
™ Jop RM (R —|z—al) 2mR*(R—|z—al) R (R—|z—a
Here D is a disk of radius R centered at a, |f(¢)] < M for ( on 9D, and z € int(D). This
implies:
|z —al\" MR
< .
rars (51) o
Asn — oo, (%)n — 0, and we’re done. d

By Proposition 16.3, all the zeros of an analytic function have finite order, i.e., there exist
an integer h > 0 and an analytic function f;, such that f(2) = (2 — a)" f,(2) and fy(a) # 0.
We say that z = a is a zero of order h.

Corollary 16.4.

(1) The zeros of an analytic function f # 0 are isolated.
(2) If f, g are analytic on Q and if f(z) = g(z) on a set which has an accumulation point
in Q, then f = g. (Here, f =g means f(z) = g(z) for all z € Q.)

Proof. Follows from observing that f;(a) # 0 and fj, is continuous = f(z) # 0 in a neigh-
borhood of a, provided z # a. O
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In other words, an analytic function f : 2 — C is uniquely determined by f|x (f restricted
to X), where X C Q is any set with an accumulation point. For example, if f, g agree on
a nontrivial subregion of € or agree on a nontrivial (= does not map to a point) arc, then

f=g.
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17. ANALYSIS OF ISOLATED SINGULARITIES

Definition 17.1. An analytic function f has an isolated singularity at a if f is analytic on
0<|z—al <§ for somed > 0.

We already discussed removable singularities, i.e., isolated singularities where lim, ., (z —
a)f(z) = 0. In such a case f can be extended across a. (The isolated singularity was a
singularity only because of lack of information.)

17.1. Poles. Suppose a € 2 and f is analytic on Q — {a}. If lim,_,, f(2) = oo, then z = a
is a pole of f(z).

Claim. A holomorphic function f: Q —{a} — C with a pole at z = a can be extended to a
holomorphic function f : Q — S2.

Proof. Change coordinates on S? from z-coordinates (about 0) to w = %—coordinates (about
o0). To distinguish these coordinates from the z-coordinates on 2, we write them as z9

and we. Then zo = f(2) & wy = g(z) = ﬁ Since lim,_,, f(z) = oo, it follows that
lim, ., g(z) = 0. Hence, by the removable singularities theorem, we can extend ¢(z) holo-
morphically across z = a. O

The order of the pole z = a is h if g(z) = (2 — a)"gn(2), gn(a) # 0. Note that, from the
perspective of the claim, zeros and poles are completely analogous: one counts the order of a
preimage under f of 0 € S? and the other counts the order of a preimage under f of co € S2.

If the pole z = a of f is of order h, then we can write

(z—a)"f(z)=an+an_1(z —a) + -+ a1z —a)" ' + $(2)(2 — a)",
where we have expanded (z —a)" f(z) using Taylor’s theorem. Here the a; are constants and
¢ is an analytic function. This implies that
Qp, ap—1 a1

/() = (z—a)h+(z—a)h_l—i_”.—i_(z—a)

+ ¢(2).
Definition 17.2. A holomorphic function f : Q — S? is said to be meromorphic on €.

17.2. Essential singularities. In order to analyze isolated singularities, consider the fol-
lowing conditions:

(1) lim, ., |z —a|*|f(2)| = 0. Here a € R.

(2) lim,_q |z — al*| f(2)] = oo.
Proposition 17.3. Given an isolated singularity z = a there are three possibilities:

A. f=0 and (1) holds for all a.
B. There is an integer h such that (1) holds for o > h and (2) holds for o < h.
C. Neither (1) nor (2) holds for any c.
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Proof. Suppose (1) holds for some «. If (1) holds for some «, it holds for larger . Therefore,
take « to be a sufficiently large integer m. We may assume (z — a)™ f(z) has a removable
singularity and vanishes at z = a. Therefore, we can write (z —a)™ f(2) = (z —a)*g(z), with
g(a) # 0, provided f is not identically zero. Therefore, f(z) = (2 —a)* ™g(z), and (1) holds
for a« > m — k and (2) holds for & < m — k.

The case where (2) holds for some « is similar. O

In case B, h is called the algebraic order of f at z = a. If case C holds, then z = a is
called an essential singularity.

At first glance, essential singularities are not easy to understand or visualize — they have
rather peculiar properties.

Theorem 17.4 (Casorati-Weierstrass). An analytic function f comes arbitrarily close to
any complex value in every neighborhood of an essential singularity.

Proof. We argue by contradiction. Suppose there exists A such that |f(z) — A] > d > 0 for
all z in a neighborhood of a. Then it follows that

lim |z — a|¥|f(z) — A| = o0

for aw < 0. Therefore, a is not an essential singularity for f(z) — A. Using Proposition 17.3,
it follows that there is 3 >> 0 so that

lim |z — al’|f(z) — A| = 0.

Now, |z — a|?|A| — 0, so |z — al|?|f(2)] — 0 as well, a contradiction. O

Remark: The converse is also true. If z = a is an isolated singularity, and, for any disk
|z—a| < d about a, f(z) comes arbitrarily close to any complex value A, then a is an essential
singularity. (It is easy to verify that B cannot hold under the above conditions.)

Example: f(z) = e* has an essential singularity at oo. (Equivalently, by changing to w = 1

coordinates, g(w) = e!/* has an essential singularity at w = 0.) Indeed, given any small
open disk about z = oo, i.e., D = {|z| > R} U {oo} for R large, if we take C' >> R, then
the infinite annulus {C' < Im z < C' + 27} C D maps onto C — {0} via f. In this case, the

essential singularity misses all but one point, namely the origin.

Remark: According to the “big” Picard theorem, near an essential singularity z = a, f
takes every complex value A, with at most one exception! (Moreover, the set {f(z) = A} is
infinite.) We will not prove this fact in this course.
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18. LOCAL MAPPING PROPERTIES

Let f be an analytic function on an open disk D. Suppose f # 0.
Theorem 18.1. Let z; be the zeros of f. If v is a closed curve in D which does not pass

through any z;, then
_ 1 (1)

J

Proof. Suppose f has a finite number of zeros z1,...,z2, on D. We assume that a zero is
repeated as many times as its order. Then we can write

fZ)=(z—2) (2= z)9(2),
where g(z) is analytic and # 0 on D. We compute that

)= (z=z) - (z—2) (2= 2)9(2) + (z = 21) - (2 — ) (2),
J
where a hat " indicates the term is omitted. Hence we obtain
f'(2) 1 1 J'(2)

fo) r—am e T )

Remark: This is what we would get if log f(2) was a well-defined single-valued function. If

so, we could write (log f(2)) = J},((j)) and log f(2) = log(z — z1) + - - - +log(z — 2,,) +1og g(2),

so we would have the above equation.

Now,

1 fllz), 1 dz dz g'(2) B
i = ([ 25 o [ 25+ [55) =),

observing that f7 %dz = 0 by Cauchy’s Theorem, since g(z) # 0 on D
Now suppose there are infinitely many zeros of f on D. Since f is not identically zero, the
zeros do not accumulate inside D. Take a smaller disk D’ C D which contains Im . Then

there exist finitely many zeros of f on D’ and the previous considerations apply. OJ

Interpretation: If f maps from the z-plane to the w-plane, i.e., w = f(2), then we can

write p 2)
w "(z

o = — = dz.

n(fo~,0) /Mw [,f z

(2)
Hence we can interpret Theorem 18.1 as follows:

n(f 0770) - Z TL(’}/, Zi)'

f(z:)=0
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More generally, we can write

n(f Ofyaa) - Z TL(’}/, Zi)u
f(zi)=a
provided a ¢ Im ~.
Theorem 18.2. Suppose f(z) is analytic near zo, f(20) = wo, and f(z) —wy has a zero of
order n at zo. For a sufficiently small € > 0, there exists § > 0 such that for all w # wq in
Ds(wy), f(2) = w has n distinct roots on D(zp).

Remark: If f(z9) = wo, then zj is a zero of f(z) — wy of order 1 iff f'(z) # 0. (Why?)

Proof. Consider a small disk D.(z) centered at zo which does not contain any other zeros
of f(z) —wp. By taking ¢ > 0 sufficiently small, we may assume that f’(z) # 0 for z # z
in D.(z9). [If f'(20) # 0, then it is clear such a disk exists; if f’(z9) = 0, then such a disk
exists since the zeros of f’ are isolated.| By the above remark, all the zeros of f(z) — A are
of order 1, if z # zg € D.(2p). Let v = 0D.(z).

Now take a small disk Ds(wg) about wy = f(2¢) which misses Im f o~. Then for w €
Ds(wo)

Z n(77 Zl) = n(.f °7, w) = n(f © ")/,wo) =n,
f(zi)=w

and the preimages z; of w are distinct by the previous paragraph. [l

Corollary 18.3 (Open Mapping Theorem). An analytic function f % 0 maps open sets to
open sets, i.e., 1S an open mapping.

Corollary 18.4. If f is analytic at zo and f'(z9) # 0, then f is 1-1 near zy and its local
inverse f=1 is analytic.

Proof. By Theorem 18.2, f is 1-1 near zq if f'(z9) # 0; by the previous corollary, f is an
open mapping. It follows from the Claim from Day 11 that the local inverse f~! is analytic.
O

Factorization of maps: Suppose f(z)—wy has a zero of order n at zg, i.e., f(2)—wy = (2 —
20)"g(z) with g(z9) # 0. Provided |g(z) — g(20)| < |g(20)|, i-€., g(2) is contained in a disk of

radius |g(zo)| about g(zp), h(2) e g(z) exists, and we can write f(z)—wo = ((z—20)h(2))".

We can then factor w = f(z) into maps z — ¢ = (z — 2¢)h(z), followed by ¢ — w = wo + (™.
The first map is locally 1-1 and the second is a standard nth power.
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19. MAXIMUM PRINCIPLE, SCHWARZ LEMMA, AND CONFORMAL MAPPINGS

19.1. Maximum Principle. A corollary of the Open Mapping Theorem is the following;:

Theorem 19.1 (Maximum Principle). If f(z) is analytic and nonconstant on an open set
Q, then |f(2)| has no mazimum on .

Proof. Suppose |f(z)] attains a maximum at zo € Q. Then there is an open disk Ds(zy) C 2
which maps to an open set about f(zp). In particular, |f(zo)| is not maximal. O

A reformulation of the Maximum Principle is the following:
Theorem 19.2. If f is defined and continuous on an closed bounded set E and analytic on
int(E), then max|f(z)| occurs on the boundary of E. (Here bdry(E) “e- int(E).)

Proof. Since E' is compact, max |f(z)| is attained on E. It cannot occur on int(E), so must
occur on bdry(E). O

19.2. Schwarz Lemma.

Theorem 19.3 (Schwarz Lemma). Suppose f is analytic on |z| < 1 and satisfies |f(z)] <1
and f(0) = 0. Then |f(2)] < |z| and |f(0)] < 1. If |f(2)| = |z| for some z # 0, or if
|f/(0)| =1, then f(2) = cz for|c| = 1.

We can view the Schwarz Lemma as a “Contraction Mapping Principle”, namely either
the distance from z to 0 is contracted under f for all z € D, or else f is a rotation.

Proof. By comparison with g(z) = z. Take fi(2) = % = @ Since f(0) = 0, fi(z) is
analytic and f1(0) = f/(0). On |z| =r < 1, [fi(2)] < %, s0 |fi(z)] < % on |z| < r by the
Maximum Principle. By taking the limit » — 1, we have |fi(2)] < 1 on |z| < 1. Hence
[f(2)] < |z] and |f/(0)] < 1.

If |[fi(2)| =1 on |z| < 1, then f; is constant. Hence f(z) = cz with |¢| = 1. O

=X

19.3. Automorphisms of the open disk and the half plane.

Terminology: A holomorphic map f : ¥; — ¥y between two Riemann surfaces is biholo-
morphism if it has a holomorphic inverse. ¥; an Y5 are then biholomorphic. If ¥ = 39 = X,
then f is often called an automorphism. We denote by Aut(X) the group of automorphisms
of 3.

As an application of the Schwarz Lemma, we determine all automorphisms f of the open
unit disk D. By the results from last time, if f is analytic and f : D — D is 1-1 and onto,
then f~! is also analytic.

Theorem 19.4. Let f: D — D be an automorphism satisfying f(0) = 0. Then f(z) = "z
for some 6 € R.

HW 15. Use the Schwarz Lemma to prove Theorem 19.4.
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To understand the general case, i.e., f(a) = 3, we need an automorphism g, : D — D which

maps a to 0. Consider g,(z) = 1=, where a € D.

HW 16. Verify that g, is a fractional linear transformation which takes D to itself.

If f: D — D is an automorphism which takes o to 3, then gz o f o g, ' maps 0 to 0,
hence is €?z. This implies that the group Aut(D) of automorphisms of D consists of f(z) =
gﬁ_l(eiega(z)). In particular, automorphisms of the open unit disk are all fractional linear
transformations.

We now consider automorphisms of the upper half plane H = {Im z > 0}. Let g: C — C

be the fractional linear transformation z — j—jrz

HW 17. Prove that g maps H biholomorphically onto D.

Observe that f is an automorphism of H iff go f o g~! is an automorphism of D. (We say f

is conjugated by g.) Hence, Aut(H) = g~ 'Aut(D)g. Alternatively, we can use the following
HW to show that Aut(H) = PSL(2,R).

HW 18. The fractional linear transformations that preserve H are given by PSL(2,R).

19.4. Conformal mappings. Towards the end of this course, we will prove the following
fundamental result:

Theorem 19.5 (Riemann Mapping Theorem). Any simply connected (connected) region
Q C C is biholomorphic to the open unit disk D.

Remark: If 2 = C, then any analytic function f : C — D is bounded, and hence constant.
Hence, C and D are not biholomorphic!

We will define simple connectivity in due course, but for the time being, it roughly means
that there are no holes in €2. It turns out that the only simply connected Riemann surfaces
are D, S?, and C, and we have the following theorem:

Theorem 19.6.

(1) Aut(D) ~ Aut(H) ~ PSL(2,R).

(2) Aut(S?*) ~ PSL(2,C).

(3) Aut(C) ~{az+b|abe C}.
The second and third assertions are left for HW. Also observe that Aut(€2) in the Riemann
Mapping Theorem is conjugate to (and hence isomorphic to) Aut(D).

Examples: We now give examples of simply connected regions {2 that are biholomorphic
to D. We emphasize that all the regions are open! By a succession of biholomorphisms, all
the regions that appear here are biholomorphic to D.

1. H~ D by 2z +— 22 as before.

2. (First quadrant) {z > 0,y > 0} ~ H by sending z — 22
3. (Quarter disk) {z > 0,y > 0, |2| < 1} = (half disk) {|]z| < 1,y > 0} via 2z — 22
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4. (Half disk) {|z| < 1,y > 0} ~ (first quadrant) {x > 0,y > 0} via z — 1=

1-2-°
5. (Half disk) {|z| < 1,y > 0} ~ (semi-infinite strip) {0 < y < 7,z < 0} via z > log z.
6. H ~ (infinite strip) {0 <y < 7} via z — log 2.

7. (Half plane with slit) {x > 0} — {y = 0,0 < 2 < 1} ~ {z > 0} by a succession of maps
2+ 22 2+ z—1, z+— +/z, whose composition is z — /22 — 1.

8 H—{e"l0<f<a<n}={r>0}—{y=0,0<z<b}viaz— 2.

9. {0<y<n}—{r=00<y<a}~H-{e’0<0<a<r} via z— e
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20. WEIERSTRASS’ THEOREM AND TAYLOR SERIES

20.1. Weierstrass’ theorem. Consider the sequence { f,,}, where f,, is analytic on the open
set €2,,. Suppose in addition that Q0 C Qy C--- C Q, C ... and Q = U,(,.

Theorem 20.1. Suppose {f,} converges to f on Q, uniformly on every compact subset of

Q. Then f is analytic on Q. Moreover, f, converges uniformly to f’ on every compact subset
of Q).

We will often write UCOCS to mean “uniform convergence on compact sets”.

Remark: Every compact set E C (2 is covered by {€2,}, so must be contained in some €2,
and hence all €, for n’ > n.

Proof. Suppose D = {|z —a| < r} C Q. (Here D will denote the open disk.) By the Cauchy
integral formula,

fulz) = 1 fal)dg
" 270 Jop C— 2z
forall z € D. As n — oo,
1 f(Q)d¢
f(z) = i )
T Jop C— %
so f is analytic on D. [Since f,(2) — f(z) uniformly on D, fap% — 8D% as
n — o0o; this is a standard property of Riemann integrals under uniform convergence.|
Similarly, f}(2) = 3= [,p {2(2324, so f'(z) — f'(z) UOCS. O

Corollary 20.2. If a series f(z) = fi(z) + fo(2) + ..., with f; analytic on 2, has UCOCS
of Q, then f is analytic on ), and its derivative can be differentiated term-by-term.

Remark: It suffices to prove uniform convergence on the boundary of compact sets E, by
the maximum principle. |f,(z) — fm(2)| < e on OF iff |f,(2) — fm(z)| < e on E.

Theorem 20.3. If f, is analytic and nowhere zero on Q, and f, — f UOCS, then f(z) is
either identically 0 or never zero on €.

Proof. Suppose f is not identically zero. If f(z9) = 0, then there exists 6 > 0 such that
f(2) # 0 on Ds(z9) — {20} € Q. Then f, — f uniformly on 0Ds(z) and also f, — f’
uniformly on 0Ds(zp). Hence we have

i L fl2) 1 F'2) .

m — 9

For sufficiently large n, f,(z) # 0 on 9D since f # 0 on dD; therefore the left-hand side
makes sense. Now, the LHS is zero, but the RHS is nonzero, a contradiction. 0



NOTES FOR MATH 520: COMPLEX ANALYSIS 47

20.2. Taylor series.
Theorem 20.4. Let f be an analytic function on ) and a € Q). Then

) (g
f(Z):f(a)+f’(a)(z—a)+---+fn!( )(z—a)”—l—....

The power series converges in the largest open disk D C ) centered at a.

Proof. Recall that f(z) has a Taylor expansion:

"(a (n—1) a
1) = F@) + F@ -0+ 5 et et S =0
with remainder term: ) HO)de
W= 55 [ e
As before, we estimate

where R is the radius of D. On a slightly smaller disk D,(a) = {|z — a|] < p}, where p < R,
the remainder term [(z — a)” f,,(2)| — 0 uniformly. This proves the theorem. O

One often refers to this theorem as “a holomorphic function (one that has a complex deriv-
ative) is analytic (can be written as a power series).”
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21. PLANE TOPOLOGY

21.1. Chains and cycles. Let 2 C C be an open region.

Definition 21.1. A chain is a formal sum ~v = ayy; + -+ + A, Vo, where a; € Z and
vi + lau, Bi]) — Q is piecewise differentiable. In other words, a chain is an element of the free
abelian group generated by piecewise differentiable arcs in 2.

Write Cy(€2) for the free abelian group generated by points in Q, and C1(Q2) for the free
abelian group generated by piecewise differentiable arcs in 2.

Consider the map 0 : C1(2) — Cp(€2), which maps an arc 7 : [a,b] — Q to y(b) — v(a). It is
extended linearly to elements of C'(£2), i.e., formal linear combinations of arcs. Elements of
ker 0 are called cycles of €.

Let w be a differential pdz+qdy or f(z)dz. Consider the integration map C1(2) A C, which
sends an arc vy to fﬂ/ w, and is extended linearly to C1(£2). We observe the following:

(1) Ify : [a,b] — Qand v1 = Yja,dqs 72 = Vep), Where a < ¢ < b, then fyw = fyl w—l—fw w.
(2) If 4/ is an orientation-preserving reparametrization of -y, then fy W= fv’ w.
(3) If — is the opposite arc of 7, then f_yw = — f7 w.
Therefore, as far as integration is concerned, we may take equivalence relations v + v5 ~ 7,
v~ and (=) ~ —1(y).
Remark: Given a cycle v = > a;;, it is equivalent to a sum 7' =~} + - - - + 7;,, where each
vi is a closed curve. First, by reversing orientations if necessary, we can write v ~ > ;,
where 7; may not be closed. Since 0y = ) 07y; = 0, given some 7; : [ay, 3;] — €, there exists

v |aj, Bi] — S such that v;(5;) = v;(a;). We can then concatenate v; and ; to obtain a
shorter chain. Repeat until all the 7; are closed curves.

21.2. Simple connectivity. We give three alternate definitions for a connected open set
Q) C C to be simply connected, and prove their equivalence.

Definition 21.2. A connected open region §2 C C is simply connected if one of the following
equivalent conditions holds:

(1) C — Q is connected.
(2) n(v,a) =0 for all cycles v in Q2 and a & S).
(3) Ewvery continuous closed curve v in ) is contractible.

Definition (3) is the usual definition of simple connectivity.

Roughly speaking, a simply connected region is a region without holes. Examples of simply
connected ) are C, the open unit disk, the upper half plane, and {0 <y < 27}.

Two continuous closed curves v, : [a,b] —  are homotopic in Q if there is a continuous
function I" : [a, b] x [0, 1] — € such that I'(s,0) = vo(s) and I'(s,1) = ~1(s). ' is a homotopy
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from 7o to 1. A continuous closed curve v : [a,b] — € is contractible if  is homotopic to a
closed curve that maps to a point in 2.

(1)=(2). Suppose C — Q is connected. C — Im 7 is open and n(v,a) is constant for all a
in a given component of C — Im 7. Since C —  is connected, the component of C — Im ~
containing oo must also contain C — . Now n(y,a) = 0 for all a in the component of
C — Im ~ containing co.

(2)=(1). Suppose C — € is not connected. We can write C — Q = AU B, where A and B
are open sets (and hence closed sets), and oo € B. A and B are both closed and bounded
in C, hence compact. Hence d(A, B) = mian(x, y) exists and is positive.

HW 19. Given compact subsets A, B of a complete metric space X, prove that d(A, B) =
min d(z,y) exists and is positive if A and B are disjoint.

r€AyEB
Now cover C with a net of squares whose side is < d(A—\/’im. Let {®;}5°, be the set of (closed)
squares. Observe that each @); intersects at most one of A or B. Then take v = Z 0Q;.

QiNA#D

We claim that if we simplify v by canceling pairs of edges, then v does not meet A and B,
hence v C Q. Not meeting B is immediate, since Q; N A # () implies Q; N B =0. Ifa € A is
contained in an edge of 7, then a is in adjacent @); and ); whose common edge is subjected
to a cancellation, a contradiction. [A similar argument holds in case a is a corner of Q;.]

Now, n(0Q;,a) = 1 and n(0Q;,a) = 1 if i # j, for a € int(Q);). Hence n(y,a) = 1 for all
a € int(UQ;), where the union is over all @Q; N A # (). We could have taken the net so that
a € A is at the center of one of the squares, so we have obtained v on €2 and a € A so that
n(vy,a) =1, a contradiction.
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22. THE GENERAL FORM OF CAUCHY’S THEOREM

22.1. Simple connectivity, cont’d. We continue the proof of the equivalence of the three
definitions of simple connectivity.

(3)=(2). We first define n(vy,a), a € Im =, for a continuous closed curve 7 as follows: Divide
~ into subarcs 71, ..., v, so that Im ~; is contained in a disk C €2 which does not intersect a.
(This is possible by compactness.) Replace v; by a line segment o; with the same endpoints
as ;. Then 0 = oy + - -+ + 0, and define n(y, a) = n(o, a).

HW 20. Prove that this definition of n(v, a) does not depend on the choice of o;, and agrees
with the standard definition of n(vy,a) for piecewise smooth closed curves.

HW 21. Prove that if two closed curves 7y and v, are homotopic through a homotopy that
does not intersect a, then n(~,a) = n(y,a).

Given a piecewise differentiable closed curve v, n(vy,a) = n(pt,a) = 0, by the above HW, if
a & §2. Hence n(v,a) =0 for all vy on Q and a & Q.

(1),(2)=(3). We will cheat slightly and appeal to the Riemann Mapping Theorem, i.e., a
simply connected, connected region 2 C C is biholomorphic to the open disk. (We will
prove the Riemann Mapping Theorem later, using only definitions (1) and (2) of simple
connectivity.) Any closed curve v on D can easily be contracted to a point and any closed
curve v on C can also be contracted to a point.

22.2. General form of Cauchy’s Theorem. A cycle v on Q) is homologous to zero (or
nullhomologous) in € if n(y,a) = 0 for all a € C — Q. Two cycles v, and 7, are homologous
if 71 — 72 is nullhomologous. We will write [y] to denote the equivalence class of cycles
homologous to «. In particular, [y] = 0 means ~ is nullhomologous.

Remark: This is not the usual definition of a nullhomologous .

Theorem 22.1. If f(z) is analytic on ), then fﬂ{ f(2)dz = 0 for all cycles v which are
nullhomologous in €.

Corollary 22.2. If f(z) is analytic on a simply connected 2, then f7 f(z)dz = 0 for all
cycles v on €.

Proof of Corollary. If €0 is simply connected, then any cycle v on 2 is nullhomologous by
condition (2). 0

Suppose § is simply connected and f is analytic on Q. Since [ f(z)dz is independent of the
choice of path, f(z) is the complex derivative of an analytic function F'(z) which is defined
on all of €.

Corollary 22.3. If f(z) is analytic and nowhere zero on a simply connected 2, then log f
and /f admit single-valued branches on €.
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Proof. Let F(z) be the analytic function on €2 whose derivative is % This is basically
log f(z), but we need to check that it satisfies e”'*) = f(2). First we verify that f(z)e =" has
derivative 0, hence f(z)e™"*) is constant. Choosing z € 2, we set f(z)e ) = f(z)e F0),

and hence
el (2)=F(z0)—log f(z0) _ f(2).

We take F(z) — F(z) — log f(z0) to be log f. We also take {/f = en 18/, O

Remark: This corollary will become crucial in the proof of the Riemann Mapping Theorem.

We will prove the following more general result:

Theorem 22.4. Let w = pdx + qdy be a locally exact differential on §2, i.e., it is exact in
some neighborhood of each point of Q2. Then f7 w = 0 for all nullhomologous cycles v in €.

Proof.

Step 1: Let [y] = 0. We may assume that the cycle v is a finite sum of closed curves by
the Remark from last time. We now replace v by a piecewise linear one o with each piece
a horizontal or vertical line segment: Subdivide v (which we assume WLOG to be a single
closed curve) into subarcs 7; as above, so that each Im ~; lies in a small disk C Q. Replace
~; by a horizontal arc, followed by a vertical one, which we call ¢;. 7; and o; have the same
endpoints. Since w is exact on this disk (if sufficiently small), f% w = fgi w. Also one can

easily verify that [y] = [o].

Step 2: Extend the horizontal and vertical line segments of o to lines in C. The lines cut
up C into rectangles R; and unbounded regions. Pick a; € int(R;) and form

oo = Zn(a, a;)OR;.
We claim that ¢ and oy become equivalent after cancelling pairs of edges. Indeed, if a €
int(R;), then n(og,a) = > n(o,a;)n(0R;,a) = n(o,a;) = n(o,a). Moreover n(og,a) =
n(o,a) = 0 for a in the unbounded regions. Suppose the reduced expression of o — oy
contains the multiple co;;, where o;; is a common side of rectangles R; and R;. Then
n(o — o9 —cOR;, a;) = n(oc — o9 — cOR;, a;), but then the LHS is —c and the RHS is 0, hence
implying ¢ = 0. Now ¢ ~ > n(o,a;)0R; as far as integration is concerned.

Step 3: If n(o, a;) # 0, then we claim that R; C Q. First, int(R;) C €, since a € int(R;) =
n(o,a) = n(o,a;) # 0. Next, if a lies on an edge of R;, then either that edge is in Im o (and
hence in ), or else the edge is not contained in Im o, in which case n(o,a) # 0 and a € 2.
Hence, if n(o, a;) # 0, then f(’?Ri w = 0. This proves the theorem. O
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23. MULTIPLY CONNECTED REGIONS AND RESIDUES

23.1. Multiply connected regions. A (connected) region €2 which is not simply connected
is said to be multiply connected. Q has connectivity n if C — Q has n connected components
and infinite connectivity if C —  has infinitely many connected components.

We consider the case of finite connectivity. Then there are n connected components of
C — Q, which we write as A, ..., A,, with co € A4,,.

Lemma 23.1. There exist closed curves yi, ..., Yn—1 such that n(v;, a;) = 6;;, if a; € A;j.

Proof. Use the proof of (2)=(1) from Day 21. In other words, take a sufficiently fine net of
squares @, that covers A; (and A; only), and let ; = Zan A0 Q. O

Lemma 23.2. Every cycle v on Q is homologous to a (unique) linear combination c1y; +
R Cn—1"n-1-

Proof. If ¢; = n(y, a;) for a; € A;, then n(y—> ¢;vi,a;) =0foralla; € A;,i=1,...,n—1.
A,, contains 0o, so n(y — Y ¢y, an) = 0 as well. Hence [y] = [>_ ¢l

Next to prove uniqueness, if [> a;vi] = [>_ bivi], then [>(a; — b;)y] = 0, and evaluation
on the v; gives a; = b;. 0

We say that 71, ..., 7,1 form a homology basis for €.

By Cauchy’s Theorem, we have

/f(z)dz =q / f(z)dz+ -+ cp / f(z)dz.
Y Y1 Tn—1
We call [ f(z)dz the periods of the differential fdz.

Example: Let € be the annulus {r; < |z|] < r2}. © has connectivity 2, and has a homology
basis consisting of one element, the circle C' of radius r, r; < r < ry. Then any cycle v is
homologous to nC for some n € Z, and [. f(2)dz =n [, f(2)dz.

23.2. Residues. Let f(z) be an analytic function on the region €2, with the exception of iso-
lated singularities. Suppose for the moment that there are finitely many isolated singularities
ai,...,a, € 2. We assume that they are either poles or essential singularities.

Let C; C Q be a small circle about a; which contains no other singularities in the interior.

If we let R; = 5= [, f(2)dz, then f(z) — % has vanishing period about a;. R; is said to

be the residue of f(z) at z = a;, and is written Res,—q, f(2).
Theorem 23.3 (Residue Formula). If f(z) is analytic on Q with the exception of isolated
singularities, then

1
271

[ 1)z = 3 nap) Resa, )

for any cycle v on Q which is nullhomologous on Q0 and avoids the singular points.
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Proof. Since [y] =0 on Q, n(y,a) = 0 for all a ¢ 2. Hence n(y — Z n(vy,a;)Cj,a) = 0 for
alla & ' =Q—{ai,...,a,}. Inother words, [y —>_.n(y,a;)C;] = 0 in €. Hence we have:

27TZ/f dz_ (%aj)Resz:ajf(z).

Observe that there are only finitely many 1solated singularities in the bounded connected
components of C — Im ~. O

23.3. Computations of residues. In principle, the isolated singularities can be essential
singularities, but in practice we will only treat poles.

Lemma 23.4. If a meromorphic function f is written as = )k +-- -+ BL 4 g(2) near z = q,
where g(z) is analytic, then Res.—,f(z) = Bj.

Proof. Observe that all the other terms besides 2L admit antiderivatives. (g(z) by Cauchy’s

theorem on the disk, and the others explicitly.) Hence 5= fc 2)dz only leaves - N fl_d;,

271 271
where C' is a small circle about z = a.

In particular, if f has a simple pole at z = a, then f(z) = ZL + g(2) and (z — a)f(z) =

By + (z — a)g(z). Evaluating (z — a) f(z) at z = a gives the residue B;.

Example: f(z) = % Since z = 1,2 are not zeros of cos z, they are simple zeros of
f(2). Res.—1f(z) = —cos1 and Res,—of(z) = cos2. If v is a closed curve which winds once

around z = 1 and z = 2 (for example, if 7 is the circle |z| = 3, oriented counterclockwise),
then f f(2)dz =n(y,1)Res.—1 f(z )—l—n(v7 2)Res.—of(z) = —cos 14 cos 2. If v winds around

z = 1 only, say 7 is the circle |z| = 3, oriented counterclockwise, then f f(2)dz = —cos 1.

Example: f(z) = #%2. The only possible pole is z = 0. Expand sinz using Taylor’s
theorem: sinz = z — f,)—f + 2°g(2). Then f(z) = & — ¢+ + 29(2), and Res._of(z) = —¢.
Similarly, f(z) = ®4% has Res._of(z) =
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24. RESIDUES

24.1. Application: The argument principle Suppose f is meromorphic on €2, with
£ (Z dz, using the Residue Formula

zeros a; and poles b;. We will compute n(f o~,0 f
from last time. (This is a generalization of Theorem 18.1 from Day 18.)

Theorem 24.1. n(f o~,0) = > ;n(y,a;) — >_;n(7,b;), where a; and b; are repeated as
many times as their orders.

Proof. Near a zero z = a of order h, we have f(z) = (2 — a)"g(z), where g(z) is a nonzero
analytic function. Therefore,

) h g
fz) z—a ' g2

and Res,—, J}/((ZZ)) = h, which is the order of the zero. Similarly, near a pole z = b of order k,
f(z) = (2 —a)*g(2), and Res,— b]}((;)) —k, which is minus the order of the pole. O

A corollary of the Argument Principle is the following theorem:

Theorem 24.2 (Rouché’s Theorem). Suppose [y] = 0 on Q and n(y,z) = 0 or 1 for all
z € Q—1Im ~. Also suppose that f(z), g(z) are analytic on Q and satisfy | f(2)—g(2)| < |f(2)]
on . Then f(z) and g(z) have the same number of zeros enclosed by .

g(z

Proof. Take E ;- Then on v we have ] % o7 is contained in the
disk of radius 1 about z = 1, and hence n(% 07,0) = 0. This implies that > n(vy,a;) =
> xn(7,br), where a; are the zeros of % and by are the poles of %. Upon some thought,

one concludes that f and g must have the same number of zeros enclosed by 7. [Here “z is
enclosed by 7” means n(y, z) # 0.] O

Example: Consider g(z) = z® — 52 + 2 — 2. Find the number of roots of g(z) inside the
unit disk |z| < 1.

Let  be |z| = 1, oriented counterclockwise. Also let f(z) = —5z3. Then on v we have
f(2)=g(2)| = [z°+2=2] < |®|+]2]+]2| < 4, whereas [g(z)| = 5. Hence |f(2)—g(2)| < |g(2)|,
and the number of zeros of ¢ in |z| < 1 is equal to the number of zeros of f in |z| < 1, which
in turn is 3 (after counting multiplicities).

24.2. Evaluation of definite integrals.

A. f027r R(cos6,sin0)dh, where R is a rational function of two variables.

2m
0 a+sm€ )
integrate over the closed curve v = {|z| = 1}, oriented counterclockwise Then dz = iedf,

and df = —i%. Also we have 2(z+ 1) = (" + ¢7) = cosf and (2 — 1) = sin6.

df, where a is real and > 1. We change coordinates z = e and

Example:
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/‘27r db _2/ dz
o a+sind ) 22+ 2az—1

If we write 2% +2iaz—1 = (2 —a)(z—3), then @ = —i(a—+/a? — 1) and 8 = —i(a++va? — 1).

We substitute

Observe that « is in the unit disk, while 3 is not. The residue of m at 2z = a is ﬁ,
and d 1 2
z T
2 ——  —9(2mi)Res._,, — .
Lz2+2iaz—1 (2mi) Res (z—a)(z—P) a?—1

B. f_oooo f(x)dx, where f(z) is meromorphic, has a finite number of poles, has no poles on
R, and satisfies |f(z)| < % for |z| >> 0. If f is a rational function, then the last condition

means that the degree of the denominator is at least two larger than the degree of the
numerator.

Example: ffooo zfﬂdx. First consider the integral of Z41+1 over the closed curve v consisting

of an arc C; from —R to R on R, followed by a counterclockwise semicircle Cy = {|z]| =

R,Im z > 0}.
1
/ sz
Cs 2% 4+ 1

We first observe that
* 1 d
/ iz = / _dz
| L2t

The fourth roots of —1 are £e™/4, +¢3/4 (and are simple, in particular). Only two of them
— e™/* and €*™/* — are contained in the region bounded by ~. Therefore,

1 TR T
<[ 2 <™ T
—/02 B T

as R — oo.
Hence,

dz ,
/724 +1 - 27TZ(ReSz:em'/4 + Reszzegmm).

A convenient way of computing the residues is:

HW 22. Prove that the residue of ﬁ at z = a 18 % if a 1s a simple pole.

dz o 1 1
, A1 m 4e3mi/4 + 4edmifa |

[Of course, this can be further simplified to give a real expression....|

Hence
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25. DAY 25
25.1. Evaluation of definite integrals, Day 2.

C. (Fourier Transforms) Integrals of the form [ f(z)e™dx, where f(z) is meromorphic,
has a finite number of poles (none of them on the z-axis), and |f(z)] < % for |z| >> 0.

[Observe that we only need f(z) to have a zero of order at least 1 at co. Compare with B,
where f(z) was required to have a zero of order at least 2 at 0o.]

Example: f_oooo ;;—idx, a > 0. Integrate on the contour v which is the counterclockwise
boundary of the rectangle with vertices — X1, Xo, Xo +1Y, — X1 + 1Y, where X, X5, Y >> 0.
Call the edges of the rectangle Cy, Cy, C3, Cy4 in counterclockwise order, where C] is the edge
on the z-axis from —X; to X,. Using the bound ]ﬁ| < %, we obtain:

el B [ B (1
d < —ayd R 1 — —aY
L= [ o= (G)u-e

1az B 1
/ 26+ 1dZ = Y <_) (1 - e—aY)7
Cy 4 1 a

eiaz B X2 Y B Y
/C 22 T 1d2" S ?/X € Y‘dl" = ?6 Y(Xl —|—X2)
3 —X1

If we take X7, X5 to be large, and then let Y — oo, then all three integrals go to zero. Hence,
o] eiam 62'112 62'112 eiaz

dr = dz = 2wt Res,—; | —— | = 271 -

/_00932+1 Lz2+1 " <z2+1) T

Example: [* 224z In this problem, we want to compute [~ %dw, which has a pole

=Te

z=1

at x = 0. Instead, we take the Cauchy principal value p.v. [~ = lime_o( /"2 + 7).
Strangely enough,

< el ® cosx * sinx
p.v./ —dr = (p.v./ dx) +1 (/ dx) ,
o T e T e T

since *>* is actually continuous at z = 0 and there’s no need for p.v.’s.

Take v to be the boundary of RU D, where R is the rectangle as in the previous example,
and D is the disk of radius € about z = 0. There is one pole inside R U D, which gives
2mi Res,—o% = 2mi. Now,

eiz o] eiz eiz
2mt = | —dz = p.wv. —dz +lim | —dz,
y 2 oo ? e—0 Jo %

where C' is the lower semicircle of 9D. Writing e¢** = 1 + g(z), where g(2) is analytic (and
hence continuous) near z = 0, we find that [, <dz — [, 1dz = mi as e — 0. We therefore
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< ez . [ sinz
P.0. —dz = i, dxr = m.
foo 2 o X

D. (Mellin Transforms) Integrals of the form [;* f(z)z“dz, where 0 < a < 1. Here f(2) is
meromorphic, has a finite of poles (none of them on the z-axis), and | f(z)| < % for |z] >> 0

and |f(2)| < B for |z| near 0.

We take the contour v = Ci + Cy + C5 4+ Cy, where Cy = {|z| = Ry}, oriented clockwise,
C3 = {|z| = Rz}, oriented counterclockwise, Cy is the line segment from z = Ry to z = Ry,
and Cjy is the line segment from z = Ry to z = Ry. Here R; < Ry. [More rigorously, we're
interested in the boundary of the region { R} < r < Rs,e < 0 < 2r—¢} (in polar coordinates)
and we're letting € — 0.]

obtain

Then
f(2)2%dz| < ——=2mR; = 2rBR — 0, as Ry — 0;
ol Ry
B 2nB
f(2)2%dz] £ —5—=2TR; = " — — 0, as Ry — oo.
Cs RQ 2

On the other hand, since z® = e*!°87, the values of logz on Cy and C, differ by 2mi and
those of 2 differ by €™, Hence,

f(2)2%dz = — | f(2)e*™2%dz,
Cy Ca
(1 — e?mio) f( )2%dz = 2mi Y Res.—q,(f(2)2°),
/0 f(x)xo‘dx = 27 Z Res,—q,(f(2)27),

where the sum is over all residues in the plane.

This technique can be used to compute integrals such as fo dx.

z2+l
. . . . .. 2 2

25.2. Harmonic functions. A function v : Q — R is harmonic if Au = % + 273 = 0. For

the time being, assume u has continuous partials up to second order.

Recall: If f =u + 1 and f is analytic, then v and v are harmonic.

Example: The simplest harmonic functions are u(z,y) = ax + by.

Example: If f(2) = logz, then f(z) = logr + if, where z = re?. (Suppose we are

restricting attention to a domain € where 6 is single-valued and continuous.) wu(z,y) =
logr =log /2% + y? and v(z,y) = 6 are harmonic.

Question: Given a harmonic form u on 2, is there a harmonic conjugate v : Q0 — R, such
that f = u + iv is analytic on Q7
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Let du = %dw + g—Zdy. Then we define

ou ou
du = —dy — —dx.
*du = =-dy 9 T
(% is called the Hodge %-operator.)
Lemma 25.1. If u is harmonic, then g(z) = % — ig—; is analytic.

This g(z) is the (complex) derivative of the function f(z) we are looking for.
Proof. We compute that g(z) satisfies the Cauchy-Riemann equations % = —ig—g:

dg Pu . O*u

V= — ——
Oxr  Ox?2  Oxdy’
dg  *u 0%
= = ti—.
dy OxQy  0x?
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26. MORE ON HARMONIC FUNCTIONS

26.1. Existence of harmonic conjugate. Let u : {2 — R be a harmonic function. We are
looking for its harmonic conjugate.

Lemma 26.1. f xdu =0 if [y] =0 (i.e., v is nullhomologous).

Proof. Define g(z) = 2% — %% 5y Since

ou .Ou ) .
g(z)dz = <% — za—y) (dx +idy) = du + 1 * du,

Ag(z)dz = /Vdqui/y*du.

The integral over g(z)dz is zero by Cauchy’s Theorem, if [y] = 0. The integral over du is
always zero, since du is exact. Hence, fﬂ{ xdu = 0 whenever [v] = 0. O

we have

Remark: This also follows from remarking that w = *xdu is a closed differential 1-form.

A closed 1-form w = pdx + qdy satisfies dw = (% — —)d;vdy = 0. It is known (Poincaré

Lemma) that closed forms are locally exact.

Theorem 26.2. There is a single-valued harmonic conjugate v : Q@ — R if Q0 is simply
connected. Moreover, v is uniquely determined up to a constant.

Proof. By the above lemma, f7 xdu = 0 for all cycles v on a simply-connected 2. Hence *u
is exact on €2. To show uniqueness, if fi = u + ‘v, and fo = u + vy are both analytic, then
fi — fa = i(vy — v9) is also analytic. Recall that a nonconstant analytic function is an open
mapping. Therefore, v; — vo, which has image on the y-axis, must be constant. Il

In general, the obstacles to the existence of a single-valued harmonic conjugate v are the
periods fv- xdu where ~; are basis elements of the homology of (2.

26.2. Mean value property.
Theorem 26.3. Let u : Q2 — R be a harmonic function and ﬁr(zo) C Q be a closed disk.
Then u(zo) = 5= fo u(zo + re)do.

This is called the mean value property, since the value of u at the center of a disk is the
average of the values on the boundary of the disk.

Proof. On the disk D,(z) the harmonic function u has a harmonic conjugate v. Hence
f = u + v is analytic and by the Cauchy integral formula we have:

f(z0) = L/ fZ)dz _ 1 7Tf(zo + re')df.
oD (x0)

271 Z— 2 2w

Taking the real part of the equation yields the theorem. 0
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Corollary 26.4. u does not attain its mazimum or minimum in the interior of 2.

Theorem 26.5. Let u be a harmonic function defined on the annulus A = {r; < |z| < ra}.
Then % f|z|:r udf = alogr + 3, where a, B are constant. Here ri <1 < 3.

In view of the mean value property, if u is defined on D = {|z| < 7}, then @ = 0 and

B = u(0).

Proof. The proof we give has elements of analytic continuation, which we will discuss in more
detail later. Consider subsets Uy = {0 < 0 <7}, Uy = {2 <0 < 2}, Us = {7 < 0 < 27},
and Uy = {32 < 0 < 2} (of A). Since each U; is simply-connected, on each U; there exists
a harmonic conjugate v; of u. Having picked vy, pick vy so that v; = vy on Uy N Us. (Recall
they initially differ by a constant. Then modify vy so it agrees with v;.) Likewise, pick vz so
that vy = v3 on Uy N Us, and pick vy.... Write f; = u + v;.

Suppose fi — fi = iC, where C is a constant. Consider the functions F; = f; — % log z,
where branches of log z are chosen so that f; — % log z agrees with f;11 — % log z. Now,
log z for F and log z for Fi differ by 27z and Fy — F; = 1C — %27?@' = 0. Therefore, the F}
glue to give a globally defined analytic function F'. Thus,

1 F 1 [ :
—/ ﬁdz = —/ F(re®)do
210 J = 2 2w Jo

is constant and its real part is:

udf + L —¢ log rdf = 1 udf + ;—C log 7.
T

% 2 |z|=r 2T m |z|=r

|z|=r

O

26.3. Poisson’s formula. We now give an explicit formula for which expresses the values
of a harmonic function v on a disk in terms of the values of v on the boundary of the disk.
This is analogous to the Cauchy integral formula (and is indeed a consequence of it).

Theorem 26.6. Suppose u(z) is harmonic on |z| < R and continuous for |z| < R. Then

2 _ (|2
u(a) = ! / Mu(z)d@ L / Rez+au(z)d9,
|z|=R

T or =k |2 —al? " or z—a

if la] < R.
Sometimes we will use the center expression and at other times we will use the RH ex-
pression.

Proof. For simplicity, we'll assume that R = 1 and u is harmonic on all of |z| < R. The
Poisson formula is just a restatement of the mean value property.

First observe that the fractional linear transformation S(z) = Z£% sends the unit disk
D = {|z| < 1} to itself and 0 to a. (Recall our discussion of automorphisms of D.) Then
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u o S is a harmonic function on D and by the mean value property we have:

1 2m
(2) u(a) =uoS(0) = —/ u(S(z))d arg z.

2w 0
We now rewrite the RH integral in terms of w = S(z). Inverting, we obtain z = S~ (w) =
—awr1 and

d 1 a a
dargz = —z'—Z = — + — a dw = v + _aw do.
z w—a —aw-+1 w—a —aw—+1

By using w = % on the unit circle, we can rewrite the RHS as:

— a2
<w + a )dgzﬂd@
w

—a wW—a lw — al?

or alternatively as
w+a

de.

1<w+a w +
— +_
2\w—a w-—

ISIERS]

)d@zRe

w—a

O

By using the RH expression in the Poisson integral formula (in Theorem 26.6), it follows
that u(z) is the real part of the analytic function

fo = [ 2

- 211 |z|:RC_Z

u(()% +iC.

(f is analytic by Lemma 15.2 from Day 15.)
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27. SCHWARZ REFLECTION PRINCIPLE

27.1. Schwarz’s Theorem.

Theorem 27.1. Given a piecewise continuous function U(0) on 0 < 6 < 2w, the Poisson
integral
1 [ ef 4z
Py(z) = — Re

27 J, et — 2

U(6)do

is harmonic for |z| <1 and lim,_ i, Py(z) = U(6y), provided U is continuous at 0.

zZ—e

Proof. By Lemma 15.2, f(z) = ﬁ c=1 gZU(()% is analytic on |z| < 1, and hence Py(2)

is harmonic for |z| < 1.

P is a linear operator which maps piecewise continuous functions U on the unit circle to
harmonic functions Py on the open unit disk. It satisfies Py, 1y, = Py, + Py, and Py = cPy
for ¢ constant. We can easily deduce that P, = ¢ and that m < U < M impliesm < Py < M.
(You can verify this using Equation 2.)

WLOG assume that U(fy) = 0; otherwise we can take U — U(f) instead (and still call it
U). (Observe that we can do this because P, = c¢.) Take a short arc Cy C 9D (here D is the
unit disk) containing 6y in its interior, such that |U(f)| < e on Cy. (This is possible by the
continuity of U at #y.) Let Cy be its complement in 0D. Let U;, i = 1,2, equal U on C; and
zero elsewhere. Then U = Uy + Us.

Py, is harmonic away from C4; in particular it is harmonic (and continuous) in a neigh-
borhood of €. Moreover, by the center expression in Theorem 26.6, we can verify that Py,
is zero on Cy. On the other hand, Py, satisfies |Py,| < € since |Us| < . Adding up Py, and
Py, we see that | Py| can be made arbitrarily small in a neighborhood of e?. O

Therefore, there is a 1-1 correspondence between continuous functions on the unit circle and
continuous functions on the closed unit disk that are harmonic on the open unit disk. The
correspondence is given by U +— Py, and its inverse map is just the restriction Py|sp.

27.2. Schwarz reflection principle.

Goal: Extend/continue an analytic function f :  — C to a larger domain. The ultimate
goal is to find the maximal domain on which f can be defined.

Observation: If f(z) is analytic on €, then f(Z) is analytic on ' = {z|z € Q}.

If f(2) is an analytic function, defined on a region €2 which is symmetric about the z-axis,

and f(z) = f(Z), then f(z) is real on the z-axis. We have the following converse:

Theorem 27.2. Let Q be a symmetric region about the x-axis and let @t = QN{Im z > 0},
o=QN{Im z=0}. If f(z) is continuous on QT Uc, analytic on QF, and real for all z € o,

then f(z) has an analytic extension to all of Q such that f(z) = f(Z).

Theorem 27.2 follows from the following result for harmonic functions:
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Theorem 27.3. Suppose v(z) is continuous on QF U o, harmonic on QF, and zero on o.
Then v has a harmonic extension to § satisfying v(z) = —v(Z).

Proof. Define V' (z) to be v(z) for z € QT 0 for z € o, and —v(Z) for z € O~ = QN{Im =z < 0}.
We want to prove that V'(z) is harmonic. For each zy € o, take an open disk Ds(z) C .
Then define Py to be the Poisson integral of V' with respect to the boundary 0Ds(z). By
Theorem 27.1 above, Py is harmonic on Ds(z) and continuous on Ds(z). It will be shown
that V = Pv.

On the upper half disk, V' and Py are both harmonic, so V' — Py is harmonic. V — P, =0
on the upper semicircle, since V' (z) = v(z) by definition and Py (z) = v(z) by the continuity
of Py (here z is on the semicircle). Also, V' — Py = 0 on o N Ds(2), since v(z) = 0 by

definition and Py (z) = 5= c|=s %V(Q )df, and we note that the contributions from the
upper semicircle cancel those from the lower semicircle.
Summarizing, V' — Py is harmonic on the upper half disk Ds(z9) N Q*, continuous on its

closure, and zero on its boundary. Therefore, V' = P}, on the upper half disk. ([l

Proof of Theorem 27.2. Given f(z) = u(z) + iv(z) on Q% extend f(z) to Q~ by defining
f(z) = f(Z) = u(Z) —iv(Z) for z € Q™. From above, v(z) is extended to a harmonic function
V(%) on all of Q as above. Since —u(z) is the harmonic conjugate of v(z) on QF, we define
U(z) to be a harmonic conjugate of —V(z) (at least in a neighborhood Ds(zy) of 2y € o).
Adjust U(z) (by adding a constant) so that U(z) = u(z) on the upper half disk.

We prove that g(z) = U(z) — U(Z) = 0 on Ds(29). Indeed, U(z) = U(Z) on o, so % =

on o. Also, g—g = 2‘3—; = —2% = 0 on 0. Therefore, the analytic function % — ig—z vanishes
on the real axis, and hence is constant. Since g(z) = 0 on o, g(z) is identically zero. This
implies that U(z) = U(Z) on all of Ds(z), hence proving the theorem. O

I want to emphasize that the symmetry about the z-axis is simply a normalization, and that
the reflection principle is applicable in far greater generality.
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28. NORMAL FAMILIES, ARZELA-ASCOLI

28.1. Normal families. Let F be a collection (called “family”) of functions f : Q@ — C.
(Much of what we discuss hold for functions f : Q@ — X, where X is a metric space, but
we'll keep things simple.)

Definition 28.1. F is equicontinuous on E C  if Ve > 0 35 > 0 such that |z — 2’| < 6,
2,2 € E=|f(z)— f(z)| <e forany f € F.

Basically we are asking for all f € F to be simultaneously uniformly continuous with the
same constants.

Definition 28.2. F is normal if every sequence fi, fo,... in F has a subsequence which
converges uniformly on compact subsets.

Remark: The limit f of a convergent sequence in F does not need to be in F. (In other
words, the closure F must be compact.)

28.2. Arzela-Ascoli Theorem.

Theorem 28.3 (Arzela-Ascoli). A family F of continuous functions f : Q — C is normal iff
(i) F is equicontinuous on each compact E C Q and (ii) for any z € Q the set {f(z)|f € F}
18 compact.

Roughly speaking, if the functions are f : R — R with usual coordinates y = f(z) and we're
imagining the graph of f, then (i) controls the vertical spread in values of a single function
fle (the vertical spread is uniform for all f € F) and (ii) controls the vertical spread at a
single point z € E as we vary f.

Proof. Suppose F is normal. We prove (i). If F is not equicontinuous on a compact subset FE,
then there are sequences z,, 2/, € E and f,, € F such that |z, —z/,| — 0but | fn(z,)— fu(z))| >
e. Since E is compact, there is a subsequence (we abuse notation and also call it z,,) such that
zn — z € E. Also, since z, and 2/, are close, z/, — z € E. (Westill have | f,,(z,)— fu(2),)| > €.)

On the other hand, since F is normal, there is a subsequence (still called f,,) f, € F which
converges to a continuous function f on E. (Why is f continuous?) But then

[fn(zn) = fa(z0)] < fn(zn) = f(2)l + 1f (z0) = F(2)] + 1 (20) = falz0)];

and the first and third terms on the RHS — 0 by uniform convergence, and the second term
— 0 as 2, and 2/, get arbitrarily close (by continuity of f). This contradicts | f,,(z,)— fn(zh)] >
€.

Next we prove (ii). Any sequence {f,} has a convergent subsequence (which we still call
fn), so given any z € Q, f,(2) — f(z). Since any sequence in {f(z)|f € F} has a convergent
subsequence, the set is compact.

Now suppose (i) and (ii) hold. Given fi,..., f,, -+ € F, take a sequence {(1,(s,...}
which is everywhere dense in 2 (e.g., the set of points with rational coordinates). Take a
subsequence of { f,,} which converges at (;. Denote it by indices ny; < nje < --- <mny; <....
Next, take a subsequence of it which converges at (5. Denote it by indices ng; < ngs < -+ - <
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ng; < .... Continuing in this manner, we then take the diagonal nj; < ngs < mgs < ....
Then f,,, converges at all the points ;.

We now claim that {f,,} converges uniformly on any compact £ C 2. Indeed, given any
zeF,

‘fnzz(’z) - fnjj (Z)‘ < |fnu(z> - fnu(Ck)‘ + ‘fnzz(Ck) - fn]](gk” + |fnjj (Ck) - fn]’j(z)|7
where (. is within a distance ¢ of z. Since f,,, and f,,, are equicontinuous, given ¢ > 0,
there is 0 > 0 so that the first and last terms on the RHS are < £. Since f,,,((x) converges,
there is an N such that n; > N implies that the middle term is < £. ]

28.3. Montel’s theorem. We now apply the Arzela-Ascoli theorem in the setting of a
family F of analytic functions.

Theorem 28.4 (Montel). A family F of analytic functions f : Q — C is normal iff functions
f € F are uniformly bounded on each compact set E C €, i.e., there exists a constant M

such that |f(2)] < M for all z€ E and f € F.

Proof. Suppose F is normal. Cover E with a finite number of disks D; of radius ¢ (this is
possible by compactness). On each disk D; centered at z;, if f,, f3 € F and z € D; we have:

[fa(2) = fa(zi)] < |fa(2) = fal20)] + | fa(2) — fa(2i)],
and first term on the RHS is bounded above by equicontinuity and the second term is
bounded since {f(z;)|f € F} is compact. Since there are only finitely many balls, we have
uniform boundedness.
Now suppose F is uniformly bounded on E. It is sufficient to prove equicontinuity, in
view of Arzela-Ascoli. If D, (z) is a disk of radius  about 2z and 2, 2" € EN D, 5(2), then

1016 =0 [, (F55 - 255) 4= [, e 0%

and

-z 2mr 4M
iy < =7 M < — 2.
|f(Z> f(Z)| = o (7’/2)(7"/2) =, ‘Z ZO‘
This proves equicontinuity on D, »(2).
Now, cover I/ with finitely many disks of radius 5. If 2,2’ € E and |z — 2/| < %, then there

is some disk D, /5(z) which contains both z and z’. Given ¢ > 0, pick § = min(}, 737¢)-

Then |z — 2| < = |f(2) — f()] <e. O
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29. RIEMANN MAPPING THEOREM

Theorem 29.1. A simply connected, connected, open 2 C C is biholomorphic to the open
unit disk D.

Step 1: Let a € C — ). Since 2 simply connected, there is a single-valued branch of
f(z) = vz—a on Q. (Recall that f(z) = €28~ and log(z — a) can be defined as an
antiderivative of ﬁ This is because, according to Cauchy’s Theorem, f7 dz 0 for all

z—a

closed curves v in a simply connected €2.) f gives a biholomorphism of €2 onto its image. For

simplicity take a = 0. Then consider Ds(b) C Im f. We have Ds(—b) NIm f = (). (Observe
that Ds(—b) is Ds(b) which has been reflected across the origin. This means that they would
have the same image under the map w +— w?.) Now take an FLT which maps Ds(—b) to the
complement of the open unit disk. From now on we assume that €2 is a subset of D, and also
that 0 € Q. (Recall there is an FLT which is an automorphism of D and takes any interior

point of D to 0.)

Step 2: Consider a holomorphic map f : 2 — D which satisfies:

(1) fis 1-1,
(2) f(0) =0,
(3) f'(0) > 0 (this means f’(0) is real and positive).

Let F be the family of all such holomorphic maps. In particular, ¢d is one such map, so F
is nonempty.

If f is not onto, then we find h € F with larger //(0). Let a € D — f(§2). We take g to be
the composition gsgog; of the following maps:

(1) FLT gy, an automorphism of D which sends a to 0,

(2) g2(z) = v/z, which is single-valued on ¢; f(€2) (since it is simply connected),

(3) FLT g3, an automorphism of D which sends g2¢1(0) to 0 and satisfies (g3g291)'(0) > 0.
(The latter condition can be achieved by composition with an appropriate rotation
about the origin.)

We claim that (go f)'(0) > f/(0). Indeed g~ can be viewed as a map from D to itself which
sends 0 — 0 such that (¢~')’(0) > 0. By the Schwarz lemma, (¢~')'(0) < 1 since g~ is not
a rotation. This means that ¢’(0) > 1, and hence (g o f)'(0) > f'(0).

Step 3: Now consider F. F is uniformly bounded (since all f map to D), so take a sequence
fi,-- s fn, ... in F for which f/(0) — M = sup;cr f'(0). Then there is a subsequence of
{fn} converging UCOCS to a holomorphic map f : 2 — D by Montel’s theorem. (This in
particular implies that M < c0.)

It remains to show that f is 1-1. We argue using the argument principle. By uniform

convergence,
£1(2) £(2)

dz — d

TR Lf(Z) -
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for closed curves v that avoid the zeros of f. But these represent winding numbers — this
implies that the winding numbers do not change in the limit, and that f is 1-1. Hence f € F.
By Step 2, f must be onto D. This completes the proof of the Riemann Mapping Theorem.

Enhancements:

1. Let Q and € be open regions. If f: Q = ' is a homeomorphism and {z,} is a sequence
that tends to OS2, then {f(z,)} tends to 9. (Proof left as exercise.)

We define 99 = Q — int(Q) (the closure of Q minus (the interior of) Q). We also say that
zp tends to O if for all z € Q, 3 D.(z) C 2 and N > 0 such that z, € D.(z) if n > N.
Observe that if K C 2 is compact, then by covering K with open disks, there exists N > 0
such that z, € K if n > N.

2. The Uniformization Theorem is a generalization of the Riemann Mapping Theorem which
says that a simply connected (=any closed curve can be contracted to a point), connected
Riemann surface (without boundary) is biholomorphic to one of C, S?, or D.

3. A multiply connected region {2 C C of connectivity n + 1 (recall that this means that
C — Q has n + 1 connected components) is biholomorphic to the annulus 1 < |z] < A (for
some A > 1) with n — 1 arcs, each of which is a subarc of |z| = A; for some 1 < \; < A,
removed.
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30. ANALYTIC CONTINUATION

30.1. Riemann mapping theorem and boundary behavior. Recall that last time we
proved that a simply connected €2 C C is biholomorphic to the open unit disk D. We give
more enhancements:

4. If 9Q contains a free one-sided analytic arc v, then the biholomorphism f : @ = D has
an analytic extension to 2 U+, and ~ is mapped onto an arc of 9D.

An analytic arc v : [a,b] — Q is an arc which, in a neighborhood of each t, € [a, b], is given
by a Taylor series

Y(t) = ao + ar(t — to) + as(t — to)* + ...,

with a nonzero radius of convergence.

A free one-sided boundary arc 7 is a regular (i.e., 7'(t) # 0 on [a,b]), simple (i.e., 1-1) arc
such that there are neighborhoods A C C of ¢ty € [a,b] and €' C C of y(ty) such that
AN{Im z > 0} gets mapped onto 2N Q' and AN {Im z < 0} gets mapped to C — Q.

Proof. Use the Schwarz reflection principle, after changing coordinates so that f looks like
a map from a subset of the upper half plane to itself. O

5. If  is simply connected and dD is given by a simple (COHtiilUOUS_) closed curve, then the
biholomorphism f : €2 — D extends to a homeomorphism f : Q — D.

The proof is omitted.

30.2. Analytic continuation. Denote by (f,2) an analytic function f defined on an open
region §2. (We assume, as usual, that € is connected.)

Definition 30.1. (f1,€1) and (f2,€s) are direct analytic continuations of each other, if
QNQ#0 and fL = fo on Q1 N Q.

Observe that if (f2, Q2) and (ga, 22) are direct analytic continuations of (f1, ) to s, then
fa = go, since foloina, = 92|l0inq,. (Recall that if two analytic functions with the same
domain agree on a set with an accumulation point, then they are identical.)

Definition 30.2. If there exists a sequence (f1,1), ..., (fn, Q) such that (fiy1,Qi41) is a
direct analytic continuation of (f;, %), then (f,, Q) is an analytic continuation of (f1,€).

Remark: It is possible that €2y = Q,, but f; # f..

Example: Consider f(z) = logz. Define ; = {Z < 0 < Z + 7}. Then on €, we define
fi(z) = log|z| +iarg(z), where % < arg(z) < % + 7. We have Qy = Qy, but fy = fo + 2.

30.3. Germs and sheaves. Now consider a pair (f, (), where ( € C and f is analytic in
a neighborhood of (. We view (f1,¢1) and (fs,(2) as equivalent iff (; = (3 and f; = f5 on
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some neighborhood of (; = (5. Such an equivalence class is called a germ of a holomorphic
function. Notice that (f,2) gives rise to a germ (f, () at each ¢ € .

If D is an open set in C, then the set of all germs of holomorphic functions (f, () with
¢ € D is called the sheaf of germs of holomorphic functions over D, and will be denoted Fp
or F, if D is understood. There is a projection map 7 : F — D, which sends (f,() — (.
7 () is called the stalk at ¢, and is also denoted Fe.

Theorem 30.3. The set F can be given the structure of a Hausdorff topological space such
that m : F — D becomes a local homeomorphism (i.e., for each (f,() € F there is an open
neighborhood U whose image w(U) is open and homeomorphic to U ).

Proof. A set V' C F is open iff for every (f,() € V there exists a function element (f,(2)
with ¢ € Q (which restricts to (f,()) such that all (f,(’) € V for ¢’ € Q. (Verify that this
satisfies the axioms of a topology!)

Now, given (f,() € F, take some function element (f,2) which restricts to (f, (). (Here
we're assuming that ¢ € Q.) Then take V to be the set {(f,(’)| ¢’ € 2} of restrictions of f
to all points in §2. It is clear that m maps V' homeomorphically onto €.

It remains to show that F is Hausdorff. Given (fi,¢1) and (f2, (o), if (1 # (o, then that’s
easy. (Take open sets € and € about ¢; and (,, respectively, on which f; and f; can be
defined, and (f1, 1) and ( f2, £22) give rise to disjoint open sets, as in the previous paragraph.)
Now suppose (; = (3. Let 2 be an open set containing (; = (5 on which f; and f5 are both
defined. If (f1, (") = (fe, ') for any ¢’ € 2, then f; = f; on all of 2. Therefore the open sets
V1 and V5 corresponding to (f1,€2) and (fs,2) do not intersect. O

Remark: 7 : F — D is not quite a covering space, if you know what that means. This
is because not every component of 77U (for an open set U C D) is homeomorphic to U.
(Why?)
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31. ANALYTIC CONTINUATION

Last time we defined F, the sheaf of germs of holomorphic functions, and showed that
it can be given the structure of a Hausdorff topological space such that the projection
7 : F — C (today, the base space is C instead of D) is a local homeomorphism. A basis for
the topology of F is the set of Usa) = {(f,()|¢ € Q}, where f is an analytic function on an
open set 2 C C.

31.1. Riemann surface of a function. Given a function element (f,€2), take its corre-
sponding open set U ) in F, and the connected component of F which contains Uy, q).
Call this (), or simply 3, if (f,) is understood.

Claim. X can be given the structure of a Riemann surface, where the holomorphic coordinate
charts are given by the local homeomorphism w : ¥ — C.

Y. will be called the Riemann surface of (f,$2). Note that 3 is the set of all (g, (") for which
there is an analytic continuation from (f, ) to (g,€’) with ¢’ € Q'. (Effectively, we have
pasted together such (g,€)’) to obtain 3.)

There also is a holomorphic map (often called a global analytic function) f : 3 — C obtained
by setting (f,¢) — f(¢). (Verify that this is holomorphic!) We refer to 3 as the Riemann
surface of f and write ¥ = Y.

Remark: Y is Hausdorff since F is. Observe that we haven’'t shown that ¢ is second
countable. (See the definition of a Riemann surface.) The verification is not trivial but
won’t be done here.

Example: Riemann surface of f(z) = log z. Above each point of C—{0}, there are infinitely
many sheets, corresponding to f;(z) = log |z| 4 i arg(z), where % < arg(z) < %J + . As we
move around the origin, we can move from one sheet to another. Observe that an alternate
way of obtaining X, is to start with {2; given above, and glue €2; to 2,4, along the region
where f; and f;;1 agree.

Example: Riemann surface of f(z) = \/z. Above each point of C—{0} there are two sheets
corresponding to re — 4,/re?/2. Notice that as we continue one choice of v/ around the
origin, we reach the other choice, and circling twice around the origin gives the original
function element.

Remark: We haven’t dealt with the branch points, e.g., z = 0 for f(z) = y/z. There is a
reasonable way to fill in the point z = 0 to give a genuine Riemann surface (one without any
singularities). Note that the usual picture of a “Riemann surface of f(z) = /2" is rather
misleading, since it exhibits what looks like a singular point at the origin.

31.2. Analytic continuation along arcs and the monodromy theorem. Let v : [a,b] —
C be a continuous arc. Consider a connected component ¥¢ of F. An arc 7 : [a,b] — 3¢
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is an analytic continuation of the global analytic function £ along v, if m o4 = ~. (This is
called a [ift of v to ¥¢ in topological jargon.)
Lemma 31.1. Two analytic continuations v9 and 1 of a global analytic function £ along ~y
are either identical, or Jo(t) # A1(t) for all t.

Proof. 1t follows from the Hausdorff/local homeomorphism property that the set of ¢ for
which 0(t) = A1(t) is open and the set for which 3¢(t) # 71 (¢) is also open. O

Let ©2 be a region in C. Suppose f is a global analytic function which can be continued
along all continuous arcs v in  and starting at any (f,() € X¢. Let vy and v; be two
continuous arcs in ) which are homotopic in € relative to their endpoints, i.e., there is a
continuous map I': [a,b] x [0, 1] — € so that:

(1) F(ZL’,O) - 70(‘73) and F(l‘, 1) - 71(I)7
(2) T'(a,t) and I'(b,t) do not depend on t.
Then we have the following:

Theorem 31.2 (Monodromy theorem). Suppose vy and v, are homotopic relative to their
endpoints and f is as in the preceding paragraph. Given a germ of f at the common initial
point of vo and 1, their continuations along o and v, lead to the same germ at the common
terminal point.

Proof. 1t suffices to prove this theorem when the homotopy ~;(x) =y (x,t) ranges over a
small subinterval ¢ € [to, to+¢] C [0, 1]. We can therefore subdivide [a, b] into a = xy < 21 <
xo < -+- < b=umx so that the germ of f at each -, (x;) is defined in a neighborhood U;, and
v(x) € U; for all t € [tg,to + €] and = € [x;, x;41]. By using an argument similar to that of
Lemma 31.1, we're done. ([l

Corollary 31.3. If f is a global analytic function which can be continued along all arcs in
a simply connected ), then f is a single-valued analytic function.

This gives another proof of the fact that f(z) = /2 —a admits a single-valued analytic
branch on a simply-connected €2, if a & 2.
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32. UNIVERSAL COVERS AND THE LITTLE PICARD THEOREM

32.1. Universal cover of C —{0,1}.

Definition 32.1. A covering space of X is a topological space X and a map T : X — X such
that the following holds: there is an open cover {Uy} of X such that 7=Y(Uy) is a disjoint
union of open sets, each of which is homeomorphic to U, via .

Definition 32.2. A universal cover m : X — X is a covering space of X which is simply
connected.

Theorem 32.3. Any “reasonable” space X has a universal cover X. Moreover, the universal
cover is unique, in the sense that given any other 7' : X' — X there exists a homeomorphism
¢: X — X' such that 7’ o p = 7.

As a set, “the” universal cover X is given as follows: Pick a basepoint 2o € X. Then X is
the quotient of the set of paths v with initial point xq, by the equivalence relation ~ which
identifies v and ~' if they have the same endpoints and are homotopic arcs relative to their
endpoints.

We'll presently construct the universal cover of C—{0,1}. Let @ = {0 < Re z < 1,[z — 3| >
%,Im z > 0} be a region of the upper half plane H. Q has three boundary components
Ci={Rez=0,Imz>0},C,={|z— 3| =3,Im z >0}, and C3 = {Re z = 1,Im z > 0}
(together with points 0,1). Using the Riemann mapping theorem (and its enhancements),
there exists a biholomorphic map = : Q@ — H, which extends to a map from C; to {Im z =
0,Re z < 0}, Cy to {Im 2 = 0,0 < Re z < 1}, and C3 to {Im z = 0,1 < Re z}. Using the
Schwarz reflection principle, we can reflect along each of the C;. For example, if we reflect
across C, € goes to @' = {—1 < Rez < 0,]z+ | > 3,Im z > 0}, and 7 extends to a
holomorphic map on Q U €' U C;, where ' is mapped to the lower half plane. Continuing
in this manner, we define a map 7 : H — C — {0, 1}. It is not hard to verify that this is a
covering map. Since H ~ D is simply-connected, 7 is the universal covering map.

32.2. Little Picard Theorem.

Theorem 32.4. Let f(z) be a nonconstant entire function. Then C — Im f consists of at
most one point.

Proof. Suppose f : C — C misses at least two points. By composing with some fractional
linear transformation, we may assume that f misses 0 and 1.

We now construct a lift f : C — H of f to the universal cover, i.e., find a holomorphic
map f satisfying 7 o f = f. [This is called the homotopy lifting property, and is always
satisfied if the domain is a “reasonable” simply connected topological space X ]

Given z, € C, there is a neighborhood V O f(29) and W C H so that W 5 V is a
biholomorphism. By composing with 7=!, we can define f : U — W C H, where U is a
sufficiently small neighborhood of z,. Take some lift f in a neighborhood of a reference point
z =0. Let v :[0,1] — C be a continuous arc in C with v(0) = 0, (1) = z. There exist
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0=ty <t <---<t,=1such that each [t;_1,t;] is mapped into V; C C — {0, 1}, where
71(V}) is the disjoint union of biholomorphic copies of V; (by the covering space property).
Suppose we have extended f along v up to t;. The pick the component W of 771(V;41) which
contains f(7(t;)). Continue the lift to [t;, ;+1] by composing f with 7= : Viyy = W.

Since C is simply connected, the monodromy theorem tells us that the value of f (2) does
not depend on the choice of path v. This gives a holomorphic map f : C — H. Now,
composing with the biholomorphism H = D, we obtain a bounded entire function. Since

we know that a bounded entire function is a constant function, it follows that f is constant.
O

Enhancements:

1. (Montel) Let €2 C C be an open set and F be a family of analytic maps @ — C. If each
f € F misses the same two points a, b, then F is normal.

2. (Big Picard) Suppose f is holomorphic on €2 — {zy} and has an essential singularity at
zo. If U C Q is any (small) neighborhood of zp, then f assumes all points of C infinitely
many times in U — {2}, with the possible exception of one point. [Big Picard implies Little
Picard.]



