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We develop a constructive approach to generate artificial neural networks representing the exact
ground states of a large class of many-body lattice Hamiltonians. It is based on the deep Boltzmann
machine architecture, in which two layers of hidden neurons mediate quantum correlations among
physical degrees of freedom in the visible layer. The approach reproduces the exact imaginary-
time Hamiltonian evolution, and is completely deterministic. In turn, compact and exact network
representations for the ground states are obtained without stochastic optimization of the network
parameters. The number of neurons grows linearly with the system size and total imaginary time,
respectively. Physical quantities can be measured by sampling configurations of both physical and
neuron degrees of freedom. We provide specific examples for the transverse-field Ising and Heisenberg
models by implementing efficient sampling. As a compact, classical representation for many-body
quantum systems, our approach is an alternative to the standard path integral, and it is potentially
useful also to systematically improve on numerical approaches based on the restricted Boltzmann

machine architecture.

INTRODUCTION

A tremendous amount of successful developments in
quantum physics builds upon the mapping between
many-body quantum systems and effective classical the-
ories. The probably most well known mapping is due
to Feynman, who introduced an exact representation of
many-body quantum systems in terms of statistical sum-
mations over classical particles trajectories [I]. Effective
classical representations of quantum many-body systems
are however not unique, and other approaches rely on
different inspiring principles, such as perturbative expan-
sions [2], or decomposition of interactions with auxiliary
degrees of freedom [3],[4]. The classical representations of
quantum states allow both for novel conceptual develop-
ments and efficient numerical simulations. On one hand,
perturbative approaches based on the graphical resum-
mation of classes of diagrams are at the heart of many-
body analytical approaches in various fields of research,
ranging from particle to condensed-matter physics [5].
On the other hand, several non-perturbative numeri-
cal methods for many-body quantum systems are also
based on these mappings. Quantum Monte Carlo (QMC)
methods are among the most successful numerical tech-
niques, relying on continuos-space polymer representa-
tions [6H9], world-line lattice path integrals [10} [I1], con-
tinuous time algorithm [12], summation of perturbative
diagrams [13] [14]. Effective classical representations are
also the building block of variational methods based on
correlated many-body wave-functions [I5]. Several suc-
cessful variational techniques make extensive use of para-

metric representations of quantum states, where the ef-
fective parameters are determined by means of the vari-
ational principle [I6HI9]. In matrix-product and tensor-
network-states the ground-state is expressed as a classical
network [20, 21]. In general, finding alternative, efficient
classical representations of quantum states can help es-
tablishing novel numerical and analytical techniques to
study challenging open issues.

Recently, an efficient variational representation of
many-body systems in terms of artificial neural networks,
which consists of classical degrees of freedom, has been
introduced [22]. Numerical results have shown that ar-
tificial neural networks can represent many-body states
with high accuracy [22H3T]. The majority of the vari-
ational approaches adopted so-far are based on shallow
neural networks, called Restricted Boltzmann Machines
(RBM), in which the physical degrees of freedom inter-
act with an ensemble of hidden degrees of freedom (neu-
rons). While shallow RBM states have promising fea-
tures in terms of entanglement capacity [25] 82-34], only
deep networks are guaranteed to provide a complete and
efficient description of the most general quantum states
35, 136].

In this Paper we introduce a constructive approach to
explicitly generate deep network structures correspond-
ing to exact quantum many-body ground states. We
demonstrate this construction for interacting lattice spin
models, including the transverse-field Ising and Heisen-
berg models. Our constructions are fully deterministic,
in stark contrast to the shallow RBM case, in which the
numerical optimization of the network parameters is in-
evitable. The number of neurons required in the con-



Figure 1. Structure of deep Boltzmann machine. Dots,
squares, and triangles represent physical degrees of freedom
(07), hidden units (h;), deep units (dx), respectively. Solid
curves represent interlayer couplings (W;; and W]'k)

struction scales only polynomially with the system size,
thus the present approach constitutes a new family of effi-
cient quantum-to-classical mappings exhibiting a promi-
nent representational flexibility. Given as a simple set of
iterative rules, these constructions can be used both as
a self-standing tool, or to systematically improve results
obtained with variational shallow networks. The latter
improves the efficiency of the method because the numer-
ically optimized shallow RBM states are already good ap-
proximations for ground states. Finally, we discuss sam-
pling strategies from the generated deep networks and
show numerical results for one-dimensional spin models.

CONSTRUCTION OF DEEP NEURAL STATES

The ground state of a generic Hamiltonian, H, can
be found through imaginary-time evolution, |¥(7)) =
e~ T Wy), for a sufficiently large 7 > AE~!. Here AE
is the energy gap between the ground and the first ex-
cited state, and |¥p) is an arbitrary initial state non-
orthogonal to the exact ground state. For a finite system,
the energy gap is typically finite, and the total prop-
agation time needed to reach the ground state within
an arbitrary given accuracy is expected to grow at most
polynomially with the system size (for systems becoming
gapless in the thermodynamic limit).

Here, we introduce a representation of the wave-
function coefficients in terms of a deep Boltzmann ma-
chine (DBM) [37]. For the sake of concreteness, let us
consider the case of N spins, described by the quan-
tum numbers |0%) = |of...0%). Then, we represent
generic many-body amplitudes (¢ ...0%|¥) = ¥(c?) in

the two-layer DBM form:

\Ilw(O'z) = Z exp Zaiof +ZUfWZJh]+

{h,d} i ij
3 bk + > hyd W+ > bidi | (1)
J Jk k

where we have introduced M hidden units h, M’ deep
units d, and a set of couplings and bias terms W =
(a,b, b/, W, W’). A sketch of the DBM architecture is
shown in Fig.

In the following, we specialize to the case of spin 1/2,
thus all the units are taken to be 0%, h,d = £1. This
representation is the natural deep-network generalization
of the shallow RBM, introduced as variational ansatz in
Ref. [22]. As for the RBM form, also in this case direct
connections between variables in the same layer are not
allowed. A crucial difference is however that the layer of
deep variables makes, in general, the evaluation of the
wave-function amplitudes not possible analytically. At
variance with RBM, the DBM form is known to be uni-
versal, as proven by Gao and Duan recently [35]. In
order to find explicit expressions for the parameters W
that represent |U(7)) for arbitrary imaginary time, we
start considering a second-order Trotter-Suzuki decom-
position [10] [38]:

(W(7)) = G1(67/2)G2(7) - .- G (5T)g2(57)g1(57/2)|\I/0>,(2)

where we have decomposed the Hamiltonian into two
non-commuting parts, H = Hi + Hs, and introduced the
short-time propagators G, (8, ) = e~ "7, The problem of
finding an exact representation for |¥(7)) then reduces
to finding an exact representation for each of the two
type of propagators. As shown in the following concrete
examples for paradigmatic spin models, thanks to the
high representability of DBM, the imaginary time evo-
lution can be tracked exactly by dynamically modifying
the DBM network structure. In practice, this is achieved
either by changing parameters W at each step of the
imaginary time evolution, or by introducing additional
parameters in W, adding new neurons and creating new
connections in the network.

Transverse-Field Ising model

We start considering the transverse-field Ising (TFI)
model on an arbitrary interaction graph. In this case,
we decompose the Hamiltonian into two parts: H; =
> Tiof, and Hay = >, Vimoio},, where o denote
Pauli matrices, I'; (> 0) are site-dependent transverse
fields, and V},, are arbitrary coupling constants.
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Figure 2. Construction of exact DBM representa-
tions of transverse-field Ising model. In this example,
a step of imaginary-time evolution is shown, for the case of
the 1-dimensional transverse-field Ising model. Dots repre-
sent physical degrees of freedom (07 ), squares represent hid-
den units (h;), triangles represent deep units (dx). In each
panel, upper networks are the initial state with arbitrary net-
work form, and the bottom networks are the final states, after
application of the propagator. Intermediate steps illustrate
how the network is modified, where the relevant modified
couplings at each step are highlighted in black. The high-
lighted solid and dashed curves indicate new and vanishing
couplings, respectively. (a) Shows the diagonal (interaction)
propagator being applied to the highlighted blue spins. This
introduces a hidden unit (green) connected only to the two
physical spins. In (b) the off-diagonal (transverse-field) prop-
agator is applied, acting on the blue physical spin. Here,
we then add one deep unit (red triangle), and a hidden unit
(green) mediating visible-deep interactions.

In order to implement the mapping to a DBM, we
first consider the action of the diagonal propagator
e~ Vimaion acting on a bond Vj,,,. In this case, the goal
of finding an exact DBM representation can be rephrased
as finding solutions to

<O_z|e—6TVzmaf0f;1|\I,W> _ C\Pw(o‘z), (3)

i.e. finding a set of new parameters W that exactly repro-
duces the imaginary time evolution on the left hand side.
Here C' is an arbitrary finite normalization constant. The
diagonal propagator introduces an interaction between

two visible, physical spins, which is not directly available
in the DBM architecture. This interaction can be medi-
ated by a new hidden unit in the first layer, hy;,,,) which
is only connected to the visible spins on that bond, i.e.
Wl[lml and Wm[lm] are finite, but Wi[lm] =0,Vi # l,m
and Wi, =0,V [see Fig. (a)].

More concretely, the new wave function has then the
form:

Uyp(o®) = 3 e Wit b £ Wb ()
h[lm,]
= 2cosh (ale[lm] + Uanm[zm]) U (o?).(4)

Equation is then satisfied if
e 07 VimoTom — 9C cosh (i Witim) + 02, Wonim))  (5)

for all the possible values of of and ¢7,. By means of a

useful identity [Eq. in Methods], the new parameters
Wiltm) and Wi, are given by

1
Wl[lm] = 5anrcosh (62\\/“”,‘57) .
Wm[lm] = —Sgn(‘/lm) X Wl[lm]- (7)

In this way the classical two-body interaction can, in gen-
eral, be represented exactly by the shallow RBM.

Next, to exactly represent the off-diagonal propagator
e 1190 [Wyy,), we must solve:

cosh(I'10, )W (0*) + sinh(I';0,) Uy (of — —0f) =
=CVy(%) (8)

for the new weights W, and for an appropriate finite nor-
malization constant C. In this case, one possible solution
is obtained by adding one deep dp; and one hidden hy;
neurons. For djj, we create new couplings WJ’ g to the ex-
isting hidden neurons h; which are connected to of. We
simultaneously allow for changes in the existing parame-
ters. By the procedure given in Methods, after applying
the off-diagonal propagator for the site [, a solution of
Eq.(8) is found by the matching condition of the hidden
unit interactions on the left and the right hand sides of
Eq.. Overall, the solution results in a three-step pro-
cess [Fig. [2b)]: First, the hidden units attached to o}
are connected to the newly introduced deep unit dj;; as

Wiy = =W, (9)

(see Eq.(30)). Second, all the hidden units previously
connected to the spin of lose their connection, i.e.,
le = 0,Vj. Third, the spin of and the deep unit dj;
are connected to the new hidden unit, hj, through the
interactionW);; and W[’l][l]7 respectively as

1 |
Wy = —arcosh [ ———— 10
= g arees (‘uaunh(lﬂldr))7 (10)
Wi = —Wi- (11)



Using the given expressions for the parameters W we
can then exactly implement a single step of imaginary-
time evolution. The full imaginary-time evolution is
achieved by applying the above procedure for 7; and
‘Ho alternately and repeatedly. Example applications of
these rules, for both the diagonal and the off-diagonal
propagators are shown in Fig.

Heisenberg model

We now consider the anti-ferromagnetic Heisenberg
(AFH) model, on bipartite lattices. In one dimen-
sion, we decompose the Hamiltonian into odd and even
bonds: H; = Z?ﬁi) Hpord and Ho = 35000 Hpord,
with Hpord = J (o702, + 0]0¥, + 0f0oZ,), where o denote
Pauli matrices. Because the bond Hamiltonian HPo" is
a building block also in higher dimensional models, con-
struction of an exact DBM representation of the ground
states can be achieved by finding solutions for the bond-
propagator (az|e_‘5fﬂmnd|\lfw> = C(0*|Vy;), where the
parameters W are such that the previous equation is sat-
isfied for all the possible (o[, and for an arbitrary finite
normalization constant C. More explicitly, we need to

satisfy

5012’0;6_J67 U (o®) + (1 - (5(7[27072”)6‘]67 cosh(2J0,)x

(T (0?) — tanh(2J8,)Uw (o7 < 02,)) = C¥(0?).
(12)

The basic strategy of finding a solution for Eq. is
similar to that for Eq. in the transverse Ising model.
Several possibilities arise when looking for solutions of
the bond-propagator equation, Eq. . The existence
of non-equivalent solutions prominently shows the non-
uniqueness of DBM structure to represent the very same
state and, at the same time, provides us flexibility in de-
signing DBM architectures. Here, we show three concrete
constructions. See Methods and Supplementary Informa-
tion (II-B) for a detailed derivation of the DBM construc-
tion for the Heisenberg model, including anisotropic and
bond-disordered coupling cases.

1 deep, 8 hidden

The first construction is dubbed “I deep, & hidden”
(1d-3h). It amounts to adding an extra deep neuron,
djim), and three more hidden neurons to satisfy Eq. (12)).
A crucial difference with respect to the TFI model is that
the introduced deep spin dj,,) has a constraint depend-
ing on the state of the spins on the bond: of and o7,.
Specifically, when of = o7, the deep spin is constrained
to be dji;,) = 0f = o7, whereas when o} # o7, its value
is unconstrained. From a pictorial point of view, the ac-
tion of the bond propagator is a four-step process [see

4

Fig. a)]. Starting from a given initial network (upper-
most structures in Fig. , djim) is added and connected,
through W;[lm] given in Eq. , to the existing hidden
units h; connected to o7 and o7,. Second, spin of is dis-
connected to all hidden units and reconnected to those
hidden units the spin o7, is attached to [see Eq. (37)].
Third, two new hidden units are introduced. One of the
hidden units, A1), mediates the interaction between
of and dj,y,) [Eq. }, and the other hidden unit A,z
mediates a direct spin-spin interaction between o7 and
0z [Eq. (#2)]. Fourth, a further hidden unit connected
to of, o7, and dj,,) is inserted, in such a way that the
constraint previously described is satisfied. For all but
the last step, the DBM weights are real-valued. In the
last step instead the constraint is enforced by introduc-
ing imaginary-valued interactions (dotted lines in Fig. [3]),
referred to the “im/6” trick, resulting in a sign-problem
free global term cos(7/6(0f + 07, —dym)) after the sum-
mation over +1 for the lastly added hidden unit Afp,,3):
Zhuma]:il explim/6(cf + o5, — djym))hjims)]- The con-
straint mentioned above is assured by this cosine term.

2 deep, 6 hidden

The second construction is dubbed “2 deep, 6 hidden”
(2d-6h), and is more similar to the lattice path-integral
formulation. In this representation, we introduce two
auxiliary deep spins per bond, d and dj,, with con-
straint dp) + dj,n,) = of + o0,, and six hidden neurons.
The action of the bond propagator is schematically illus-
trated in Fig. b): first, two deep units dp; and dj,
are introduced, connecting, respectively, to the hidden
units spins of and o7, are attached to [see Egs. ,
(45)]. Second, all the connections between spins of, o7,
and hidden units h; are cut off [Egs. , ] Third,
four hidden units A1y, - - - , hjima) are introduced, to me-
diate interactions between the two deep units and the
physical spins I, m [Egs. , ] Finally, two hidden
units hyy,s and hpye are introduced, connecting both to
dpy), djm) and o7, oy, with imaginary-valued weights. The
last step realizes the constraint dpy) + dp,) = of + 07,
through the “im/4, im/8” trick discussed in Methods and
Supplementary Information (II-B.2).

In this representation, if the hidden neurons are traced
out, the imaginary-time evolution becomes equivalent to
that of the path-integral Monte Carlo method. More
specifically, the number of deep neurons introduced at
each time slice is exactly the same as the number of
visible spins, and the deep neurons at each time slice
can be regarded as additional classical spin degrees of
freedom in the path-integral. Moreover, the constraint
dy + dpm) = of + o), ensures that the total magne-
tization is conserved at each time slice. Finally, the
W and W’ interactions reproduce the matrix element

of exp(—d8,HEo") between neighboring time slices. See
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Figure 3. Construction of exact DBM representations of Heisenberg models. In this example, a time step of

imaginary-time evolution is shown, for the case of the 1-dimensional antiferromagnetic Heisenberg model. Dots represent
physical degrees of freedom (o7), squares represent hidden units (h;), triangles represent deep units (di). The three panels
(a,b,c) represent different possible explicit constructions. In each panel, upper networks are the initial state with arbitrary
network form, and the bottom networks are the final states, after application of the propagator. Intermediate steps illustrate
how the network is modified, where the relevant modified weights at each step are highlighted in black. In those diagrams,
dashed lines indicate that the corresponding weights are set to zero, and dotted lines indicate complex-valued weights. The
three panels correspond to the (a) I deep, 3 hidden (1d-3h), (b) 2 deep, 6 hidden (2d-6h), and (c) 2 deep, 4 hidden (2d-4h)
constructions (see text for a more detailed explanation of the individual steps characteristic of each construction).

Supplementary Information (II-B.2) for more detail on 2 deep, 4 hidden
this point.
A further possible solution to Eq. is dubbed “2
deep, 4 hidden” (2d-4h) construction. In this case, we



introduce two auxiliary deep variables dj;; and dj;,,,). We
also introduce four hidden units hyj, Ay, hpmiy, and

R(ima)- Before the imaginary time evolution, e“STHbond,

the physical variables o7 (n = [ or m) are already cou-
pled to each hidden variable h; with a coupling W,;.
After the time evolution e"sfﬂmnd, as shown schemati-
cally in Fig. (c), the coupling parameters are updated in
the following way based on the old W, : First, the first
deep unit d; becomes coupled to the already existing
hidden variables h; through the coupling ijm given in
Eq. . The second deep unit dj,,,) becomes similarly
coupled to h; through a term Zj,,; given in Eq. .
Second, W,,; is updated to W,; = W,; + AW, [see Eq.
(172)]. Third, newly introduced hp,) (n = I or m) gets
coupled to dp; through W['n][l], and also to o7 through

Within this construction, and as clarified in Methods,
we also need to satisfy the constraint dpjdp,, = ofor,.
Such a constraint is represented in DBM form as

i
Z eXp[Z (h[lml] +h[l7n2] ) (le+grzn +d[l] +d[l7n] )] )
R{imay,h{ima2)

(13)

z

Z after explicit summation

which ensures djdj;,) = o7 o
of h[lm,l] and h[lmg].

Finally, we remark that the three constructions pre-
sented here have different intrinsic network topologies. In
particular, 2d-6h gives rise to a local topology (because of
the equivalence with the path-integral contruction), 1d-
3h has a local structure in the first layer and non-local
in the second one, and 2d-4h is purely non-local in both
layers (see Supplementary Information II.B).

SAMPLING STRATEGIES

With network structures explicitly determined, we now
focus on the problem of extracting meaningful physical
quantities from them. To this end, it is convenient to
decompose the DBM weight into two parts, such that

Uyy(0®) = Y Pi(0®,h)Py(h, d), (14)

{h,d}
where Pj(0%,h) = e @te"Whthb and Py(h,d) =
MW" d+d ' The expectation value of an arbitrary (few-

body) operator O can then be computed through the
expression

2oz mwday 107 1, 1 d, d))Oroc (07, by B) 5
- > fos mpaay 0% bW d, d') t15)

where we have introduced the pseudo-probability density
(o5 h, W', d,d") = Pi(c%h)Pa(h,d)P} (% W )Py (R, d'),

(0)

and the “local” estimator  Ojoc(0%, h,h') =
. 2 Py(c’*,h Pi(o’%,n')*
LS (071 0]0) (R 4 Bl )

For the sampling over the II distribution, a block
Gibbs sampling analogous to what performed in stan-
dard DBM architectures can be performed [37, 39]. Al-
ternatively, it is possible to devise a set of Metropo-
lis local updates sampling the exactly known marginals
(0%, h,h) = > (aary Mo, 1 d,d') or Il'(0%,d,d) =
Z{hﬁ,}ﬂ(az,h,h’,d, d"). We can also employ efficient
cluster updates. Sampling is discussed more in detail in
the Supplementary Information (III).

NUMERICAL RESULTS

We have implemented numerical algorithms to sam-
ple and obtain physical properties from the DBM pre-
viously derived. In Fig. M| (a) we show results for the
one-dimensional TFI model. Specifically, we show the
expectation value of the energy following the imaginary-
time evolution starting from a fully polarized (in the z
direction) initial state. The initial state corresponds to
an empty network, where all the DBM parameters are
set to zero. The DBM results closely match the exact
imaginary-time evolution, thus verifying the correctness
of our construction.

Numerical results for the one-dimensional Heisenberg
model are shown in Figure [4] (b-c). Specifically, [d{b)
shows the numerical check for the DBM (construction 2d-
6h) time evolution for one-dimensional Heisenberg model
for N = 16. As expected, the DBM results also in this
case follow the exact time evolution. Figure c) shows
the dependence of the energy from the initial state, for
N = 80 case. Specifically, by taking a pre-optimized
variational RBM as an initial state as an initial state, we
can significantly decrease the time 7 needed to reach the
ground state.

In the case of the TFI model, sampling from the DBM
is realized through the Gibbs scheme previously sketched,
in conjunction with a parallel tempering scheme, to im-
prove ergodicity in the sampling. In the AFH model
with 2d-6h representation, we employ loop update [40]
used in the path-integral QMC method, because the
imaginary-time evolution in the 2d-6h representation has
a direct correspondence to the path-integral formula-
tion, allowing for an efficient handling of the constraint
d[l] + d[m] = o} + 0%,

DISCUSSION

We have shown how exact ground states of interact-
ing spin Hamiltonians can be explicitly constructed us-
ing artificial neural networks comprising only two layers
of hidden variables. In contrast to approaches based on
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Figure 4. Imaginary-time evolution with a DBM for 1D spin models. (a) Expectation value of energy of the transverse-
field Ising Hamiltonian in the exact imaginary-time evolution (continuous line) is compared to the stochastic result obtained
with a DBM (Jd, = 0.01). We consider the critical point (I = 1), periodic boundary conditions, and N = 20 sites. (b)
Expectation value of the isotropic antiferromagnetic Heisenberg Hamiltonian (AFHM) in the exact imaginary-time evolution
(continuous line) is compared to the stochastic result obtained with a DBM (J§, = 0.01) following 2d-6h construction. We
consider periodic boundary conditions, N = 16 sites. (c) Relative error on the ground-state energy for the 1D AFHM as a
function of the imaginary time. Here we consider periodic boundary conditions, N = 80 sites, and J§, = 0.01. The subscript
a in DBM,, in panels (a,b,c) specifies a different initial state |¥o): o = 1 means that the initial state is an RBM state with
hidden-unit density M /N = 1, whereas when a = 0 the initial state is the empty-network state (M = 0).

one-layer RBMs, the constructions we have derived here
do not require further variational optimization of the net-
work parameters. In the case of the Heisenberg model,
all of the explicit algorithms presented here give rise to
sign-problem-free representations, if the lattice is bipar-
tite. The DBM representation has an intrinsic conceptual
value, as an alternative to the path-integral representa-
tion. Notably, the additional deep hidden layer in the
DBM plays a similar role as an additional dimension in
statistical mechanics. Whereas a single layer (RBM) is
enough to describe exactly the state of a classical system
[see Eq. (23)], a second layer is necessary to describe
exactly quantum mechanical states.

DBM-based schemes can be further used to system-
atically improve upon existing RBM variational results.
More generally, the initial state for the present DBM
scheme can be generic variational states or even com-
binations of RBMs and more conventional wave func-
tions [24} [33]. We have shown that, by starting the DBM
construction from a pre-optimized variational state, a
fast convergence to the exact ground state is observed. In
conjunction with very accurate initial RBM states, this
kind of scheme opens the possibility of characterizing the
ground state even in the case of non-bipartite lattices
with frustration effects, exploiting the transient regime
in which the sign problem can be still efficiently handled
numerically, as for example discussed in Ref. [41].

METHODS
Useful identities

It is useful to introduce several identities, which can be
used when more complicated interactions between the visible

spins 0, hidden variables h and deep variables d beyond the
standard form Eq. are needed. The first identity reads

e1%2V — ¢ Z es1saVitsassVa 2C Cosh(slf/l +sz\72).

s3==%1
(16)
with
o=V (17)
Vi = %arcosh(emv‘) (18)
‘72 = sgn(V) X ‘71 (19)

for Ising variables s; and s2, and a real interaction V. This is
a gadget for decomposing two-body interactions, and can be
proven by examining all the cases of s; and s».

By taking s1 and s2 as visible (physical) variables o* and
s3 as a hidden variable h, the direct classical two-body in-
teraction between physical variables [the leftmost part in Eq.
(16)] is cut and instead mediated by the hidden neuron h.
Furthermore, a direct interaction between ¢* and d can also
be decomposed: In the following derivations for the DBM
wave constructions, for convenience, we sometimes introduce
the direct interaction between o® and d, which is not allowed
in the DBM structure. However, by taking s; as a visible spin
0%, s2 as a deep variable d, and s3 as a hidden variable A in
Eq. , one can eliminate the direct interaction between o*
and d and decompose it into the interaction mediated only by
h with trade-off of the summation over the hidden variable h.
With this trick, one can recover the standard DBM form in

Eq. .

Another identity (decomposition of four-body interaction)



is

5152538 1 LT
5152 34V:Z Z exp [11(35+s6)(31+52+53+37)]
55,56,57

x exp(sas7V)
= Zc052 [%(31 + 59 + s3 + 57)] exp(sas7V)
s7

(20)

for Ising variables s; with ¢« = 1,--- ;4. Although we have
introduced complex couplings in the first line, each term in the
summation in the second line of Eq. is positive definite if
V isreal. The second line remains nonzero only if s152 = s357,
which proves the identity. This identity with s; and s2 as
physical variables, s4, s5, and s as hidden variables, and s3
and s7 as deep variables, reads

1
60102d1h1V = Z Z exp [zg(hg + h3)(o-1 + o9 +di + d2):|
ha,h3,d2

x exp(h1d2V), (21)

Note that the right hand side fits the DBM structure.

General three-body and two-body interactions can also be
represented by the two-body form just by putting some of
S1,- -+ S4 as constants in Eq.. These could be used instead
of Eq. , although we employ Eq. in the formalism
below for the decoupling of the two-body interaction.

Finally, we discuss the gadgets for decomposing general
N-body classical interactions using complex bias term b; in
addition to the couplings W and W', whereas the gadgets Eqs.
and are represented only by W and W’ interactions.
The gadget reads

N
71728V — (O cos? <b + % Z Ui) (22)
i=1

c ib(h1+ha) iZ (h1+ho)(c14+02+...40oN)
=7 doe e

hi,h2
(23)
with
_ vy _ T
b = arctan (e ) 4mod(N7 4), (24)
! (25)

~ cos (arctan (e=")) x sin (arctan (e=V)).

This fact suggests that any classical partition function defined
for Ising spins can be written exactly in terms of an RBM.
Although the RBM is shown to be powerful in representing
also the quantum states, there is no analytical way to map
quantum states to the RBM and one must rely on numeri-
cal optimizations to get the RBM parameters. In the present
study, we show analytical mappings from quantum states to
the DBM, which has additional hidden layer. In the statistical
mechanics, it is known that quantum systems with D dimen-
sion can be mapped on (D + 1)-dimensional classical systems.
Therefore, having additional hidden layer in neural network
language is equivalent to acquiring additional dimension in
statistical mechanics.

Transverse-Field Ising model

The solution of Eq. is found in the following way. The
left hand side of Eq. can be rewritten by using the notation

Eq, as

3" Pi(o®, k) Pa(h, d) [1 + tanh (I8, )e 277 X thlj]
{(md)
= Oy (0?). (26)

We look for a solution by adding one deep neuron dj; and
creating new couplings W]{m to the existing hidden neurons
h; which are connected to of. We also allow for changes
in the existing interaction parameters. In particular we set
the new couplings to be W;; = Wi; + AW, (with AW, to
be determined). Moreover, we introduce one hidden neuron
hyy coupled to o7 and djj through the interactions Wi and

Wiy, respectively. If we trace out hpj, the hidden neuron
hyy mediates the interaction between of and dj;) (denoted as
W)

With this choice, we have (in the representation where Ay
is traced out):

Uy(o) =D > Pi(o®,h)Pa(h,d)
{h,d} dpg
el 25 AWihj+dpy 35 by Wi +oidmWiiy (27)

The equations to be verified are obtained considering the two
possible values of o7 = +1:

o ha (AW Wi )Wy 4>l (awy;=wjy ) =wiy

= O x (1 + tanh([y6, )e 2% thlj) (28)
e M (*AWU +Wg{[z]>*Wz/['z] + i M (*AWU*WJ{[L])+W[['L]
=C x (1 + tanh(I';8, )e® = h-lej) . (29)

This equation has a solution from the requirement that the
hidden unit interactions on the left and right hand sides
match, thus we require
AW + Wj{[l] = —2Wy; (30)
AWy — Wiy =0, (31)

and

log tanh(T";6-)
-
Notice that when T’y > 0, W}, is also real. By using Eq. (16)
with the following replacement sy — o7, s2 — dy, s3 = hyy,
vV — Wz/[/z]a Vi — Wiy and Vo — W[/z][z]v the last condition
determines the real couplings Wi(;; and W[’l]m as Eqs. and
().

Wiy =

Heisenberg model

Here, we show the derivation for the general form of bond
Hamiltonian allowing anisotropy and bond-disorder: HES =
I (ofom + olom) + Jimoiorm. In the case of the bipartite
lattice and the antiferromagnetic exchange Jj,, J.2 > 0, we
further apply a local gauge transformation by a 7 rotation



around the z axis in the spin space as ¢* — —o¢” and ¢¥ —
—oY on one of the sublattices, which gives a — sign for o} o},
and o} o}, interactions. This transformation is equivalent to
taking
Iy — —JpY. (33)

The gauge transformation enables to design a DBM neural
network with real couplings {W, W'} except for those to put
“constraint” on the values of deep neuron spins (see more de-
tail about the constraint in the following sections). It ensures
that the DBM algorithm has no negative sign problems.

In the case of the antiferromagnetic Heisenberg model after
the gauge transformation on the bipartite lattice, we must
solve, for each bond,

501,2"7?”675#[2"”‘1’\/\/(02) +(1- 5ai,a$’L)eﬁf(ff,,L
(U (07) cosh(2J5,07) + (07 > 07,) sinh(2J;76-))
=C(0*|Wy). (34)

It is also useful to explicitly write the expression for the ex-
change term in the second line above:

Uy (0%) cosh(2J;067) + Ww (o] < or,) sinh(2J%67)

= 7 Puo% W) Pa(h, d) [cosh(2J505,)+
()

sinh(?Jf,Z(s-r)e(af” —of) X, hi (W *ij)] . (35)

In the following derivations, for the antiferromagnetic Hamil-
tonian (Jf,,, Ji.2 > 0) after the gauge transformation, we look
for a solution with zero bias terms (a;, b;, by, = 0, Vi, 7, k). We
can also derive a sign-problem free solution for the imaginary
time evolution in the absence of the explicit gauge transfor-
mation by introducing a complex bias term a,;. Indeed, in
the “2 deep, 4 hidden” representation, we will explicitly show
that taking a specific set of complex bias term a; on physi-
cal spins is equivalent to the gauge transformation, making a
solution free from the sign problem.

In a way similar to the TFI model, solutions of Eq. (105])
can be found by specifying the structure of the deep Boltz-
mann machine and the three examples are the following.

1d-8h construction

We assume the structure of the updated wave function (cor-
responding to Eq. for the TFI model) to be

Uyp(o®) = Y >
{h.d} djp==£1

dym)=oj if of=07,

Py(0%,h)Pa(h,d)

e00 g AWk +diim) Xj by Wi +dum) o7 Wim) +Viim 97 o
(36)
Similarly to the case of the TFI model, a solution of Eq. (105))
is given by

AWy = =Wy + Wi (37)
Wiiim) = Wij — Wanj. (38)
and
Wifim) = — (log tanh(2.J;,%6,)) /2 (39)
Viim) = — (log cosh(2J;,26-)) /2 — Jin 0+ (40)

Notice that the first condition is equivalent to cutting all con-
nections from spin [ to the hidden units and attaching the
spin [ to all the hidden units connected to spin m, with an
interaction Wp,;.

Although the terms proportional to Wl/[/lm] and Vi, do not
satisfy the standard DBM form, they can be transformed to
the DBM form by introducing new hidden neurons hy;,,1; and

hiim2) [see the gadget Eq. ]:

oF dpim) Wi, § : 7 him 1) Wilim1) Hh(im1) dim) W],
el [tm] l[lm]:C[lml] el [lm1] YWi[lm1] [tm1] [im] [l'rnl][l'rn]’

hlim1)

with

1 1
Wittm1) = Wiimilim] = = h| ————=—— . (41
1[im1] [tma]frm] = 5@ICOS (tanh(?Jﬁéﬂ) (41)
Similarly, the coupling V) is decomposed as
T omViim] — Clima) Z e"f’l[mz]Wl[mz]+°'fnh[zm2]WmUmz]7
h[l'm2]
with
1 2
Wiim2) = —Wnjima) = §arc0sh (cosh(ZJﬁZ(sT)ez"lméT) .
(42)
Finally, as discussed in the main text, the constraint dj;,) =

of when of = o, can be satisfied by adding the third neuron
hjims), introducing pure complex im/6 couplings.

2d-6h construction

In this case, the form of the new wave function reads

() => 3
{h,d} di),dim]
dyy+dpn)=of tor,

eXi Cn=tym g (AW o+ Wi din )+ n—,m o7 (W A+ W, dim]

P1(O'Z, h)PQ(h, d)

A solution of Eq. (105)) is given by
Wiy = Wiy, (44)
Wiim) = Wing, (45)
Ale =-Wy, (46)
AWimj = =Wmj, (47)
and
5 T 1 x
Wity = Witgy = ~ 207 — Llogsinh(2J526.),  (48)
s 1 .
Wifm) = Wi = —ZT — ;4 logcosh(2J;,30-). (49)
The direct interactions between (of,dp)), (o7, dim)),

(07, dpmy), and (o, dpy), are mediated by hAymi), hima)s Rlims),

).

(43)



and hj;my), respectively, as follows

QWi — Climy] > € P Wiltm 1) Hrim 1 40 Wiim g

h[hnl]

z 17 z !
eZmmWin[m) — C[lm2] E eamh[lmz]Wm[zmz]Jrh[mz]d[m]Wumz][m]’

h[l'm2]
o1 Am Wiy — Clims) Z €71 P1tm3 Wittma) Hotma) dim] Wiims)m)
R1m3]
!

e"fnd[l]wvlﬁ[z] — C[lm4] Z edfnh[zm4]WnL[zr"Lz;]Jrh[zmz;]d[z]W[zmz;][z].

Rima)

By applying the gadget Eq. , the new W and W' interac-

—JE 5.
tions are given by, for small §, (such that ——=—1" > 1),

\/sinh(2JY5,)

Witm1) = Wimug = Winiim2) = Wiimajim]
1 —JfmOr
= —arcosh 671 (50)
2 sinh(2J;7Y6,)

and

Witima) = —Wiimajim) = Wanlimal = —Wiima

1 =
= 5arcosh< cosh(2J;98,) x e‘]lmaT) . (51)

Finally, the constraint dy; + djm) = of + o7, can be put by
introducing additionally two hidden neurons A5 and A(ime),
and by introducing complex couplings

Z ei%((ﬂf“'f’fn)h[zms]—h[zm5](d[z]+d[m]))
R(1m5]: P [1me6]

w« e85 ((OF +07) R lime) ~hpime) (dpy )

(52)

This term gives interactions among dyj, dpn), of and o7,:
4 cos (g(UZZ + 0oz, — d[l] — d[m])) coSs (%(O'f +of, — d[l] — d[m])),
which realize the constraint.

2d-4h construction

For this construction, we assume the following structure for
the wave-function after the propagator:

Uy (07) = 3 3 Pi(07, h)Pa(h, d)eim=tom Tty AWns
{h,d} d

% ezj hid Wi+ net,m ondm W+ of o5 hydpy Zimj
In this case, we also look for a solution for the bond operator
without the gauge transformation. This shows that the intro-

duction of a complex bias term a; can play the same role as
the gauge transformation. Then, we need to solve:

5of,a$ne_6Tlem \Ilw(dz) + (1 _ 6012‘072”)66¢me
(Tw(c®) cosh(2J.26,) — Uw(of > o) sinh(2J;Y6,))
=C(07[¥y). (53)

Note that the sign for ¥w (o7 < of,)sinh(2J,Y6,) term is
different from that in Eq. (105]).
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A solution of Eq. is obtained as

1
AWy = =AWy = _§(le = Wmj), (54)

where Wy; (n = [,m) is updated to W,; with the increment
AWy as Wy = Wi+ AWy, The new couplings W]{m, Zimj
and W,/ are also given by

1
Wi = —Zim; = —§(le = Wij) (55)
and
no_ 1 _ —2a;_m Ty
Wiy = 7 |log [—e tanh(2J;Y6,)]
] e 27Fmdr
+ 2arcosh[ ] 56
\/—2e~2@-m sinh(4J;776,) (56)
T
Wiy = 1 —log [—672%7"1 tanh(2.J;,76,)]
) o= 27 br
+ 2arcosh[ ] (57)
V/—2e72%-m sinh(4J;76)

with a;—m = a; — am. On a bipartite lattice, to avoid the
negative sign (or complex phase) problem we need to keep
Wiy and Wy real. This can be achieved by choosing a; =
0 for any ! if Jim < O (ferromagnetic case). For Ji,, > 0
(antiferromagnetic case), a; = nmi with an arbitrary integer
n if the site [ belongs to the sub-lattice A and a; = (n+1/2)mi
if [ belongs to the sub-lattice B. This local gauge for J;,, > 0
is equivalent to the transformation J;.Y — —J;¥ and a; = 0
for any site I. We further notice that W), can be taken
positive if we take a sufficiently small 0, in Eq , with
the leading order term —log(2J,.Y8-)/2. On the other hand,
in Eq. , the leading order term is negative (= —Jim07).

To recover the original form of the DBM, we first use Eq.
with the replacement s1 — oy, s2 — djj), 83 = h[n), C —
Dy, V. = Wiy Vi — Wy and Va2 — Wiy for n = 1,m.
Then a solution for Dy, Why,, and W['n]m are represented by

1"

using W, as
D = § expl[-W,y] (59)
Wotn) = Wiayn = %arcosh(exp[zw;'[l]}), (59)
for positive erl/[z] and
Da = 5 exp[W, ) (60)
Wain) = Wiy = %arcosh(exp[f2W,;/[l]]), (61)

1"

for negative W, to give real W) and W, .

To completely recover the original DBM form, we next use
Eq. by replacing o1 with o7, o2 with o7,, di with dp, d2
with d[lm]7 h1 with hj, ho with h[lml]7 hs with h[lm2]7 and V
with Zlmj.

With these solutions, by ignoring the trivial constant fac-
tors including D; and D,,, the evolution is described by in-
troducing two deep and four hidden additional variables dj;,



diim), hys Pim)s Pima), and hi,o) as

(o) = > Pl(az,h)Pg(h,d)exp[ > onhi AW,
{h,d} j,n=Il,m

+ D hidy Wi+ D i (0n W + dig W)

g n=l,m

ir

J

(h[lml]+h[lm2])(Ui+0§1+d[l]+d[lm]):| ;
(62)

where {h,d} is a set consisting of the existing and new neu-
rons.
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Supplementary Information

I. DEEP BOLTZMANN MACHINES

Deep Boltzmann machine representation of quantum states. In the main text we have considered a repre-
sentation of the many-body wave-function in terms of a two-layers deep Boltzmann Machine (DBM). In the following
we specialize to the case of N spin 1/2 particles, described by the quantum numbers |0%) = |07 ...0%) with o7 = £1.
Then, we represent the amplitudes (07 ...0%|¥) = ¥(0?) in the DBM form:

\I]W(Uz) — ZeEL “'iaerij o'izh]-WijJrzj bjh; Z ezjk hjde]{k+Zk b;cdk- (63)
{n} {d}

Here, we have introduced M hidden units hj, M’ deep units dj, and a set of couplings and bias terms W =
(a,b,b',W,W’). Hereafter, we call the neurons in the 1st hidden layer just hidden neurons and distinguish them
from the neurons in the 2nd hidden layer, which are called deep neurons.

All those parameters, in general, must be taken complex-valued to represent a generic many-body state. The
hidden and deep units are taken here to be of spin 1/2, i.e. h; = %1, d = %1, and the summations are over all the
possible values of those variables. From a pictorial point of view, the DBM architecture features direct connections
(interactions) between nearest-neighboring layers. In particular, the visible layer of physical degrees of freedom
(0f...0%) is connected only to the first layer of hidden variables (hy ... has), whereas the first layer is connected both
to the visible spins and to the deep spins (dj ... das).

For the following derivations, it is useful to write the DBM amplitudes as:

Uw(0®) = ) Pi(o”,h)Pa(h,d), (64)
{h,d}
where we have introduced the two quantities:
Pi(07,h) = e2i @i%% 25 70 hiWis+ 22, bih (65)
Py(h, d) = eXin Wikt bidy (66)

Notice that, in general, those weights are complex-valued, and cannot be interpreted as genuine Boltzmann weights.
From these expressions, it is also straightforward to see that the Restricted Boltzmann Machine (RBM) expression
for the wave-function is recovered when M’ = 0, i.e. taking

WPM(o®) =) Pi(o®,h) (67)
{r}
N
= ezi amfl'lj.w2 COSh (Z J,fh]W” + bj> 5 (68)

where we have explicitly performed the summation of the hidden variables. At variance with the RBM case, in the
more general case when M’ > 0, it is not possible to analytically obtain the DBM amplitudes.

Useful gadgets in constructing DBM neural network. In the Methods we have discussed several useful identities
to decompose spin interactions. In particular, those identities are very useful if we need more complicated interactions
between the visible spins ¢#, hidden variables h and deep variables d beyond the standard form Eq. . For the
sake of completeness of this Supplementary Information, we reproduce here the identities for decomposing two-body,
three-body, and four-body interactions.

The first identity reads

es152V = ¢ Z es1saVitsasaVe _ o0 cosh(s, Vi + s2V5). (69)
Sg::tl
with
1 -vi
C=-e (70)
2
- 1
Vi = iarcosh(emvl) (71)

Vo =sgn(V) x Vi (72)
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for Ising variables s; and s;, and a real interaction V. This is the gadget for decomposing two-body interactions
discussed in Methods. In the following, we will use this identity to decompose either interactions between visible
(physical spins) (in that case s; and so are both ¢ variables), or to decompose direct interactions between a ¢* spin
and a deep unit d.

Another identity (decomposition of four-body interaction) is

1
gs1525384V — 1 Z exp [i%(ss) + 56)(s1 + S2 + 83 + 57)} exp(sqs7V)
55,5657
T
= Z cos? {Z(sl + 59 + 83+ s7)| exp(sas7V) (73)
s7
for Ising variables s; with ¢ = 1,--- ;4. Although we have introduced complex couplings in the first line, each term in
the summation in the second line of Eq. is positive definite if V' is real. The second line remains nonzero only
for s; =1 if s18983 = 1 and only for s; = —1 if s18983 = —1, which proves the identity. This identity with s; and sg
as physical variables, s4, s5, and sg as hidden variables, and s3 and s7 as deep variables, which reads
1
etV = 37 exp [i%(hg + ha)(oy + 09 + dy + @)} exp(hydsV), (74)
h2,hs,d2

will be used in Sec. Note that the right hand side fits the DBM structure.
Although identities for decomposing three-body interactions are not used in the following derivation, it is nonetheless
useful to show them:

1 T
efszsaV — 1 Z exp [11(54 +85)(s1 + 82+ 83+ 56)} exp(ssV)

54,55,56

= Z cos? [Z(sl + 52+ 53+ 36)} exp(sgV). (75)

This gadget for three-body interactions is obtained by fixing s4 = 1 in Eq. (and changing variables). Alternative
form is obtained by replacing s3 with 1 in Eq. , which gives,

S1S8 a 1 ﬂ-
es15283V — 1 Z exp {21(34 +55)(s1 + 52 + 56 + 1)} exp(s3seV)

$4,85,56

= z:cos2 {g(sl + 89 + 86 + 1)} exp(s3sgV). (76)
S6

As we see, the gadgets for three-body interactions [Eqgs. (75]) and ] have been derived from the gadget for four-body
interactions [Eq. (73)] trivially.

Gadgets for two-body interactions which are different from Eq. can also be obtained from Eq. (73) by fixing
two variables out of s1, so, s3, s4 to be 1. These could be used instead of , although we emplo in the
formalism below for the decoupling of the two-body interaction.

II. REPRESENTING GROUND-STATES

As discussed in the main text, our goal is to construct explicit DBM representations of ground-states of local
Hamiltonians. This goal is achieved by finding a representation of the imaginary-time evolved state:

(B (1)) = e Wq), (77)

where |Ug) is empty RBM ((0%|¥o) = const.) or pre-optimized RBM state, converging to the exact ground-state for
large enough 7. To achieve this goal we first consider a second-order Trotter-Suzuki decomposition:

|\II(T)> =01 (6T/2>g2(67) - g1(6r)g2(6r)gl (6T/2)|\IIO>’ (78)

where §, is a small time step, the Hamiltonian is decomposed into two non-commuting parts, H = H1 + Ho, and
G, (6;) = e~ "7 are short-time propagators. For given Hamiltonian, we then need to find specific rules to apply the
short-time propagators to a generic DBM, and obtain a new (time-evolved) DBM, possibly with a larger total number
of hidden and deep neurons. In the following, we show concrete examples for the transverse-field Ising and Heisenberg
models.
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A. Transverse-Field Ising model

Let us start with the case of the transverse-field Ising model. We consider a Trotter-Suzuki decomposition of the
imaginary-time propagator, into two parts: H; = — >, I';o¥, and Ho = ), <m Vimojoy,. In the following derivation,
we assume that I'; is positive (I'; > 0). In this case, we look for a solution with zero bias terms: a; = b; = b, =0,
Vi, j, k. The case of negative I'; can also be treated, and is discussed more in detail at the end of this section.

Interaction propagator. The interaction propagator e~ Vim? ?m is diagonal in the o® basis, and applying it to a
DBM will lead to a modification in the DBM parameters. In particular, the goal is to satisfy the equation:

Uyy) = C(o7[Wyy), (79)

i.e. to explicitly find a set of parameters W that satisfies the previous equation for all the possible (¢*|, and for an
arbitrary constant C.

We can achieve this goal adding a hidden unit in the first layer, A, such that it is only connected to the visible
spins: W[/lm] x = 0,Vk. The new wave function has then the form:

z =
—6:Vimojo,,

(0%]e

\IJW(O-Z) = Z Z P (027 h)P2(h’ d)ea-LZWl[lnL]h[lm]+o'7z»n,W7n[lm,]h[lm] (80)
{h,d} h[l'm]
= 2 cosh (Ule[lm] + Uanm[lm}) Uy (o). (81)

Equation is then satisfied if
e 07 Vimoom — 9C cosh (leVVl[lm] + U;Wm[lm]) (82)
for all the possible values of of and o7,. By using the gadget Eq. , the new parameters Wy(;,,,) and Wi, are
given by
1
Witim) = §arcosh (eZlVlmwT) (83)
Winpim] = —880(Virm) X Wiji.- (84)

Transverse-field propagator. The propagator involving the transverse-field e®-1t!" is off-diagonal in o basis. For
this off-diagonal part, we must solve a slightly more involved equation:

(0% M1 | W) = Wy (0?) x cosh(T18,) + Uy (o?,--- — of,...,0%) x sinh(I';4,) (85)

= C(o*|Ty), (86)

for the new parameters Y, and for an arbitrary finite normalization constant C. In turn, this equation is equivalent
to:

3" Pi(0%, ) Pa(h, d) |1+ tanh(Ty6,)e 271 ’qu} = Oy (07). (87)
{h,d}
We look for a solution by adding one deep neuron dj;; and creating new couplings Wj’ y to the existing hidden neurons
h; which are connected to o7. We also allow for changes in the existing interaction parameters. In particular we set
the new couplings to be Wy; = Wi; + AWy;, (with AWy, to be determined).

Moreover, we introduce one hidden neuron Ay coupled to of and dj; through the interactions W;; and W[/l][l]7
respectively. If we trace out Ay, the hidden neuron hp; mediates the interaction between of and dj;; (denoted as
Wzl[lz])-

With this choice, we have (in the representation where hy; is traced out):

\IJW(UZ) _ Z Z P, (O_z’ h)PQ(h, d)eof > AWyhy+dp 305 by W;[Z]+de[l]Wl'[’l] ) (88)
{h.d} dp

The equations to be verified are obtained considering the two possible values of o7 = £1:
e P (AWt Wi 4 Wil 22, hs (AWa=Wi) Wil — € 5 (1 + tanh(Tyd, )e =225 "W ) (89)

eXa 1 (=AW Wi )= Wiy 4 o3 hs (=AW= Wi )+ Wity = ¢ (1 + tanh (T8, )e? 2 hjw“) : (90)



16

This equation has a solution if the hidden unit interactions on the 1.h.s. and on the r.h.s match, i.e. when:

AW, = W)y =0, (92)

which in turn are verified when
Wiy = -Wy (93)
AW, = =Wy, (94)

and if
»  logtanh(I';d;)
—
When I'; > 0, Wl’[’l] is real. By using Eq. with the following replacement s; — of, s2 — djj, s3 — hy,

(95)

V — WZ/[IZ]7 Vi — W and Va — W[’l][l]7 the last condition determines the real couplings W;; and W[lz] i which read

1
Wi = iarcosh < (96)

1
tanh(T';0,) >
Winm = —Way- (97)

Notice that because of condition , after applying the off-diagonal propagator all the interactions W;; between
spin [ and hidden units h; are set to zero. However, because of condition , the spin [ is reconnected to the new
hidden unit hp with the Wyp;) interaction.

Negative transverse field. When I'; < 0, it is still possible to recover a DBM representation with purely real
interaction weights W and W’. In order to do so, we apply the gauge transformation 0¥ — —of and ¢!/ — —c? (7
spin rotation around the z axis), which maps onto the Hamiltonian with positive I';. This gauge transformation can
be achieved by taking a finite bias terms a; in Eq. as a; = i7/2 and fix them during the imaginary time evolution.
With this complex bias term a; = i7/2, |1) (|])) state at the ith site acquires a phase as follows | 1) — €% |1) = i|1)
(|4) — e7%%|]) = —i|l)), which is equivalent to a 7 spin rotation around the z axis. In the case when I'; is originally
positive, we can set all the bias terms {a,b,b'} to be zero.

B. Heisenberg Model

We now consider the case of the Heisenberg model, whose Hamiltonian reads

H=> Him (98)
(im)

Him = Him + Hip (99)

Him = Jimoi o, (100)

Hiw, = Jim(ofon, +0fah) =270 (0] oy, + 07 07) (101)

with J7, = JY = J. We write the Hamiltonian in a general form because the following DBM algorithm can be
straightforwardly extended to the more general case of anisotropic/disordered bonds. As a starting point for our
construction, we decompose the Hamiltonian into pieces by a Trotter-Suzuki decomposition of the imaginary-time
propagator: e %M ~ H<lm> e~0-Him 1 0(5,2). Then in this Section, we represent e~~*im by using the DBM in
three different forms, which are all exact. By taking d, small enough and operating e~ %"= many times, those
constructions ensure that the ground state is obtained with any controlled accuracy.

For e~ % Him and the antiferromagnetic exchange J7? Jp¥ > 0, if the lattice is bipartite, we further apply a local

lm>»
gauge transformation by 7 rotation around z axis in the spin space as

o -+ -0 and oY — —0¥ (102)

on one of the sublattices, which gives a — sign for the o7 0%, and o} 0¥, interactions. It is equivalent to the following
transformation in the couplings:

T —JY (103)
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The gauge transformation enables to design a DBM neural network with real couplings {W, W'} except for those
necessary to enforce local constraints on the values of deep neuron spins (see more detail about the constraint in the
following sections). Overall, we show in the following that the 3 different DBM constructions have no negative sign
problem.

On the bipartite lattice, the Suzuki-Trotter decomposition is frequently expressed by decomposing the Hamiltonian
‘H into several groups. For instance, on the one dimensional chain, if it is natural to decompose it into odd and even
bonds:

Hl = Z Hlm, H2 - Z Hlma (104)

(I,m)€odd bond (I,m)€even bond

further decompositions 67677{1 = H(l m)€ odd bond eiéT’Hlm and 6757H2 = H(l m)€ even bond 6767%[7’1 contain commut-

ing elements and are therefore exact. For the square lattice, a similar procedure requires the decomposition of the
Hamiltonian into 4 parts, in a checkerboard fashion. In all cases, the fundamental ingredient to represent the ground-
state as a DBM is to find an exact expression for the bond propagator, e %~*im  when applied to an existing DBM
state.

In the case of antiferromagnetic Heisenberg model after the gauge transformation on the bipartite lattice, we must
solve, for each bond,

<0,z |66T JoY (o’fa'fnJro’fo’yyn)f&Tmealzafn ‘\I]W>
= 60570571676"‘]12’”\1/)/\;(0'2) +(1- 50770;)65’"]12’” (U (o) x cosh(2JY8,) + Wy (o] < of,) X sinh(2J,,Y6,))
— Clo*|Wyy). (105)

It is also useful to explicitly write the expression for the exchange term in the second line above:

Uy (0%) x cosh(2J;Y6,) + Wy (of <> 07,) x sinh(2J}Y6,)

= Y Pi(0*, h)Py(h,d) [COSh(QJﬁZdT)+sinh(2jﬁ357)e(”;_"lz )25 h Wi =Wmi) | (106)
{h,d}

In the following derivations, for the antiferromagnetic Hamilonian (J7Z,,J,.Y > 0) after the gauge transformation, we
look for a solution with zero bias terms (a;, b;, bj, =0, Vi, j, k). We can also derive a sign-problem free solution for
the imaginary time evolution in the absence of the explicit gauge transformation by introducing complex bias term
a;. Indeed, in the “2 deep, 4 hidden” representation in Sec. [[I B3| we will explicitly show that taking a specific set
of complex bias term a; on physical spins is equivalent to the gauge transformation, making a solution free from the
sign problem.

1. 1 deep, 3 hidden (1d-8h) representation

Strategy. The first representation we propose is obtained adding one deep neuron dj,,), which gives new couplings
W;[lm] to the hidden units h; connected to of and o7,. We also allow for changes in the existing DBM parameters.
In particular we set the new couplings to be W;; = W;; + AW,;, (with AW}, to be determined). We introduce a
coupling W'l’[’lm] between of and d;,,,), and a coupling V{;,,,) between o7 and oy, which are both not allowed in the
DBM architecture. By using the gadget Eq. , these interactions can be mediated by hidden neurons hj,1; and
hima), respectively, and the DBM form is recovered. Furthermore, we look for a solution with a constraint: dj;,,) = o7
when of = o7, (when of # o}, the d,, value is not constrained). Imposing the constraint on the value of the
deep unit is a crucial difference from the DBM solution for the TFI model. We will show that this constraint can
be achieved by adding additional hidden neuron A3 and introducing complex couplings (“im/6” trick). We discuss
this trick in more detail later.

In total, we introduce one deep and three hidden neurons. After tracing out the three hidden neurons hyi,1), hima),
and h(;,,3), the new wave function reads

Typ(o%) =) > Py(0%, h) Py(h, d)e”t X AWiahs+dim 35 1 Wi +dim o7 Wiim) +Vimi o7 o0 (107)
{h,d} diym)=%1

z s z z
dimy=o; if of=o,,
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Derivation for the update of parameters. The equations to be verified are then obtained considering all the
possible values of of = £1 and o}, = +1, in addition to the constraints on d;,,,) previously introduced. We then have
two equations for of = o7, = £1:

e (AW AW Vs + Wi +Viem) — o exp(—J7,6,) (108)
o2 (Z AW =W Vhs A Wil +Vim) — o ¢ exp(—J7,0), (109)
and the other two equations for o7 = —0Z, = +1:

er (Ale +W7{[lm] )hj +Wl/[/lm] —Viim) + er (AWU _W;[lm,] )hj _Wl/[/lm] —Viim)

= O x exp(JZ, 6,) (cosh(QJﬁchT) +sinh (27795, )e 2 X5 fw(Wu—wmj)) . (110)

e (ZAWGAW 1) )i = Wi =Viiml 4 0325 (= AWi =W i) )+ Wi = Viem)
= O x exp(J7,6,) (cosh(Qang(sT) + sinh (27796, )e2 s ’h'(erWmﬁ) . (111)

These equations have a solution if the hidden unit interactions on the L.h.s. and on the r.h.s match, i.e. when:

AW+ Wi, =0 (112)
AWij = Wi = —2(Wi; — Winj) (113)
which implies
AWy = —Wij + Wynj (114)
W;W =Wij — Wp;- (115)

Notice that the first condition gives W;; = Wy; + AW,; = W,,,;, which is equivalent to cutting all connections from
spin [ to the hidden units and attaching the spin [ to all the hidden units connected to spin m, with an interaction
Winj-

In order to match the coefficients we must also have:

Wll[/lm] + Viim) = log C' — Jj;,,6- (116)
Wl’[’lm] — Viim) = log C + log cosh(2J;,20,) + Jj;, 67 (117)
~W/ln) = Vitm) = log C + log sinh(2.;,//6;) + Ji,, 0, (118)
which has the solution:
Wiy = — (log tanh(2J;70,)) /2 (119)
Viim) = — (log cosh(2.J}6,)) /2 — Jj;,0- (120)

1

Recovery of standard DBM. The coupling i between the deep unit dj;,,,) and the visible spin o7 is mediated
by the hidden unit A(;,y,1) coupled to of by Wi,1) and dj,y,) by W[’lml][

lm]:

exp (07 At Wifiyn)) = Climn) Z exp (07 At 1) Witm1] + Pim114im) Wiima)im)- (121)
R1m1]

By using Eq. with the following replacement s; — o7, s = djm), 53 = hpmay, V. — W

[Im

E ‘71 — Wl[lml] and
Vo — W[’lml][lm], Wiim1) and W[’lml][lm] are given by

1 1
Wl[lml] = W[/lml][lm] = iarcosh (1@’1}1(2%) . (122)
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Similarly, the coupling Vj;,,,) between visible spins o7 and o7, is mediated by the hidden unit hy;,,2) coupled to of
by Wijimo) and o7, by Woimay:

exp(07 05 Viim) = Climzy Y, eXP(07 hiim2)Wigime) + 07 hiim2) Wonjtm2))- (123)
h[l7n2]
By using Eq. 1@} with the following replacement s1 — of, so — 07, 53 = hymap, V= Vi, Vi — Wiimz2) and

Vo = Wiim2), Wiiimz) and Wi, (im2) are given by

1 . 2
Wiim2) = ~Winfim2) = Earcosh (cosh(2an267)62Jlm57) ) (124)

How to enforce the constraint dj,,) = of when of = o7, (“iw/6” trick). The constraint dj;,,) = of when
of = o}, can be exactly satisfied by introducing pure complex connections. We can replace the sum with the constraint
in Eq. (107) as follows (we ignore trivial constant factor):

X o 3N e tite) = 57 goos (5 (o +oh ) 129

diym)==%1 dl1m] Plim3) diim)
dym)=oy if of=0;,
One can easily see that the cosine term in the rightmost part gives nonzero value only when dy,,) = o7 if of = o7,.
On the other hand, if of # o7}, both dj,,) = 1 contributions survive.

Proof of no negative sign. Here, we show that the marginal probability density II'(c%,d,d) =
>onpw H(o% b1, d,d") obtained by tracing out the hidden unit is non-negative definite. Therefore, we can per-

form the Metropolis sampling using I’ density without suffering from the negative signs (see more detail on the
sampling scheme in Sec. |[II B]). To prove this, it is sufficient to show

> Pi(0%, h)Py(h,d) > 0. (126)
{h}

for all possible 0% and d configurations.

In the 1d-3h representation, i7/6 complex couplings are originally introduced to put the constraint locally. However,
as time evolves, these complex couplings become non-local (see Fig. [5)). Because the pure complex couplings give cosine
terms after tracing out hidden variables, they have a potential to give negative signs. Here, we prove that this is not
the case.

We assume that Eq. is satisfied for all possible 0% and d after several steps of the imaginary time evolution.
Then, we apply the bond propagator e~ *m% to obtain the new wave function. In the case when of = —of, =1, the
solution in the 1d-3h representation can be rewritten as

> Py(0*,h)Py(h,d,djjy = 1) = Pi(0, h)Pa(h,d) x (positive constant) (127)
R{im1yshima) R im3s)
Z Pi(0%,h)Py(h,d,dyym) = —1) = Pi(0] <+ 07,,h)P2(h,d) x (positive constant) (128)

Riimayshiima) s hims)

where P; x P, on the left hand side is the new weight after the imaginary time evolution, and {h} consists of the
existing hidden neurons {h} and the newly introduced hidden neurons him1), Ppimay, and hpy,s). By taking the
summation on the existing hidden variables on both sides, we get

Zpl(az, h)Py(h,d, dym) = 1) = ZPl (0%, h)Py(h,d) x (positive constant) > 0 (129)
{h} {r}
> Pi(07,h)Py(h,d,dym) = —1) = > _ Pi(07 <> 07, h)Pa(h, d) x (positive constant) > 0 (130)
{r} {h}

Here, we used Eq. (126]) to obtain the rightmost inequality. It proves that the new weight with the hidden variables
being traced out is also non-negative. In the same way, we can show the non-negativeness of the new weight for
o, =—0o, =—1.
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Figure 5. Imaginary-time evolution of complex couplings in 1d-3h construction for one-dimensional Heisenberg
model. The figure shows how the complex couplings with weight +i7m/6 evolve from an empty RBM ({c*|¥o) = const.). Dots,
squares, triangles indicate physical spins o7, hidden neurons h;, and deep neurons dy, respectively. For visibility, only hidden
neurons having complex couplings and the associated complex couplings are shown. Therefore, at each imaginary-time evolution,
one hidden neuron (called Af;,3) in the text) appears for each bond. One hidden neuron (green) and the associated couplings
(black) are highlighted. As discussed in Step 2 in Fig. 3, at each evolution on of and o7;,, the W couplings to o are cut and
o7 is reconnected to the hidden neuron coupled to of,. By this “cut and reconnect” procedure, the positions of nonzero W
couplings from a specific hidden neuron move, however, the W couplings stay local. On the other hand, the number of nonzero
W' couplings increases by imaginary-time evolution, resulting in non-local structure of W’ couplings. For the same reason, the
real W couplings stay local, whereas the real W’ couplings become nonlocal.

Next we consider the case of = 07, = 1. In this case,

Z Pi(0%,h)Py(h,d,djy, = 1) = Py (0%, h)Py(h,d) x (positive constant), (131)
hima)»hiima) s hiims)
> Py(0%,h)Py(h,d, dpjy, = —1) = 0. (132)

Riim1]sPim2] P im3]

By taking the summation on the existing hidden variables on both sides, we obtain

Zpl(az, R)Py(h,d,dj = 1) = ZPl (6%, h)Py(h,d) x (positive constant) > 0 (133)
{h} h
> Pi(0®, 1) Py(h,d, djpy) = —1) = 0. (134)
{h}

z

Z = —1 case can be done in an

Therefore, the non-negativeness of the weight is ensured. The proof for of = o
analogous way.
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—Himd

We have proven that the new weight after applying the bond propagator e = is non negative for all the possible

0% and d configurations:

> Pi(o%,h)Py(h,d) > 0 (135)
{n}
with {d} consisting of {d} and d;,,]. It ensures the non-negativeness of the weight at any time during the imaginary
time evolution.

Summary of 1d-3h representation. The action the bond propagator is summarized as follows. First, the new
deep neuron dj;,,,) is attached to the existing hidden neurons connected to o7 and o7,. Sgcond, of is disconnected
to all hidden units and reconnected to the hidden units having finite couplings to o7, (W;; = W,,;). Third, four
couplings are inserted, involving new hidden neurons h,,1) and by 07 < Apma), hpmyy € dpgs 07 <> hgmz) and
0 <> hiima), Finally, the new hidden neuron A3 puts the constraint on the d;; sum by the imaginary couplings to
Glz7 an, and d[l].

By successively applying the imaginary-time evolutions, the W’ couplings become nonlocal or long ranged. On the
other hand, the W couplings stay local (see Fig. [3)).

2. 2 deep, 6 hidden (2d-6h) representation

Strategy. We look for a solution where we add two deep neurons dj; and dj,,}, giving new couplings WJ'.[”, WJ’.[m to
the existing hidden spins h; connected to of and o7,. We also allow for changes in the existing W parameters: lWe
set the new couplings to be le = Wy; + AW}; and ij = W + AW,,; (with AWj;, AW,,; to be determined).
Furthermore, we add four hidden neurons A1y, Aima), hjims); and Ayng) to mediate the interactions between (o7, dy),
(05> dim), (0F,dpmy), and (07, dp), respectively. We solve the equation with the constraint of 4 o7, = dpj + dppy-
This constraint can be achieved, for example, by adding two further hidden neurons (A5 and hpy,e), respectively)
and introducing complex connections (“iw/4,4m/8” trick). This trick will be discussed in detail later.

In total, we add two deep neurons (d and df,,;) and six hidden neurons (Afim1],-- -, Rpyme)). In the following, to
make equations simple, we employ a representation in which the new hidden neurons are analytically traced out.
The interactions between (o7,dy), (07, dpm), (07,dp), and (07,,dp;), which are mediated by 1st to 4th hidden
neurons, will be denoted as Wl’[’l], w” wj ., and W/ W respectively. The 5th and 6th hidden neurons filter out

m[m]’ U[m]’
of + 05, # dpy + dpyy) contributions. With this setting, the new wave function is represented as

Uy (0%) = E § Py (0, h)Py(h, d) e ha (AW o7 + Wiy du)+ 55 by (AW o + Wi dim))
{h.d} di)5dm)
dujtdm)=oi +o7,

w ol Wiy du+ Wi dimy) +05, (W du + Wy dimy) (136)
Derivation for the update of parameters. When the /th and mth physical spins are anti-parallel (¢f = —0Z, =
+1), dy = —dp,,) = %1 contributions survive in the sum over dj;; and dp,, variables in Eq. (136), and thus the
equations to be satisfied are

i hj(AWL*WJ+WJ{[[]7WJ{[77L])+Wl”77n,[l]7Wl”77n,[7n] 4 e i (AWl*mwj7Wj{[l]+Wj{[m])7Wl”7'rn,[l]+WlIL'nL,[m]

= CeJimdr (cosh(ZJf”'q’l'éT) + sinh (275, )e =2 2 thl""=j) (137)
for of = —07, =1 and
025 1 (=AW 5+ Wiy =W ) =W W oy 4 o205 i (=AW 5 =Wt Wi )W =W g

= Celim?r (cosh(ZanZ(ST) + sinh (27745, )e? 2 thl*’”"j) (138)

for of = —of, = —1, respectively. Here, VVlfm,[a} = VVZ{Q] — Wm[a], AVVl,m,[a] = AWl[a] — AWm[a], Wl//—m,[a] =
Wll[/a] - WT"’l[a] with a =1, m.
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When the /th and mth physical spins are parallel (o7 = o, = 1), only d =d|,,,) =0f =07, contribution survives
in the sum over dj;) and dj,,) variables in Eq. (136]), and thus the equations to be satisfied are

0225 1 (AW +W AW AW 1+ W () — Ol Tim 07 (139)
for of =07, =1
o2 1 (F AW =W =W AW AW () — = Jim0r (140)
for of = o}, = —1, respectively. Here, Wiy o] = Wija] + Winjals AWitm o] = AWjja) + AWia), I/Vl’jrm[a] =
I/Vl’['a] + W;y’l[a] with o = [, m.
The equations (137)), (138)), (139)), and (140]) are satisfied if
AVVl_mJ' - W]/[l] + W;[m] = *2Wl—m,ja (141)
AWiim,j + Wiy + Wi =0, (143)
and
W i) = Wil pm) = log C + Jj;,,07 + log cosh(2.;,76,), (144)
=W+ W ) = 10g C + Jji, 6, + logsinh (27,6, ), (145)
l/—li-m,[l] + VVZ/-IQ—m,[m] = log C - lemé‘r (146)
These conditions give
AW = =W, (149)
AW,y = —Winj, (150)
and
Jie, 1.
Wity = W) = =5 — 7 logsinh(2J,,76-), (151)
Ji 6 1 N
Wit = Wiy = =5 — 7 logcosh(2J;,6). (152)

Recovery of standard DBM. The direct interactions between (o7, dp), (07, dm)), (07, dm)), and (o}, dy), are
mediated by hjm1); Ruma)s Aiims), and A, respectively, as follows

exp (o dWigy) = Clima) Z exP (07 Aim1)Witm1] + Aim1) g Wiimay)» (153)
hiima)

exp(0 5, A Winimy) = Clima) Z exp(0 5, Pitm2) Winfim2] + Rim21 Q) Wiima)m)) (154)
hiim2)

exp (07 A Win)) = Clima) Z exP (07 Nim3) Wiimsa] + Pim3)Apm) Wiima) pm)) (155)
hims)

exp(o7, diyWihy) = Climay D, exp(07hitma Winfima) + Pima)dig Wiimam)- (156)
hima)

By applying the gadget Eq. , the new W, W' interactions are given by, for small §, (such that % >1):
sin 1m 07

efﬂméf
Wigm1) = Wi = Winltma) = Wiimajim = arcosh (W) ) (157)

Wiiims) = _W[llm?)][m] = Winlima) = _W[/lm4][l] = %ar005h< cosh(2J;,70-) x e‘]’z*"ér) - (158)
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How to enforce the constraint of + o7 = dp + d[m) (“i7/4,4mw/8” trick). Here, we discuss how to design
the network to satisfy the constraint of + o7, = dyj + dj;,). We rewrite the sum with the constraint in Eq. (136) as
follows (we ignore trivial constant factor):

E , § E ei%((af-i-afn)h[zmm —h[zm5](d[z]+d[m])) %((Uz +07 ) hime) h[zme](d[z]+d[m])>

dpy,dim) duysdim) Plims)sRiime)
d[l] +d[,n] :O'LerO'Tzn

™ ™
= Z 2 cos (Z(O'lz +oZ, — d[l] — d[m])) X 2 cos (g(glz + o7, — d[l] — d[m])) (159)
dpysdim)

One can easily see that the second line of the equation gives nonzero contribution only when dy) + dj,,) = o + 07,

Summary of the 2d-6h representation. The network changes induced by the bond propagator at each imaginary
time step are summarized as follows. Egs. and (150) imply that le = W, + AW;; = 0 and W =
Wi + AW = 0, i.e., all the existing connectlons between physmal spins and hidden neurons vanish. Then, the Ith
and mth physical spins will be connected to the new hidden neurons Afy,1), - - -, Ame], The new deep neurons dj;; and
djy are also connected t0 N1 - - -5 hime)- In total, we have 16 new connections in the deep Boltzmann network.

By continuing the imaginary time evolution, the neural network grows as in Fig. [ The number of neurons
increases linearly with the number Ngjjce of Suzuki-Trotter time slice. For example, in the case of the one-dimensional
Heisenberg model, the total number of deep and hidden neurons are Ngite(2Nglice + 1) and 3Ngite(2Nglice + 1),
respectively. The number of nonzero connections in the network is 8 Ngite(2Ngjice + 1). The origin of 2Ngjjce + 1 is
coming from the fact that we apply G propagators 2Ngjce + 1 times when we apply the second-order Suzuki-Trotter
decomposition. The “im/4,im/8” trick plays a role to preserve the total magnetization for deep spins at each
imaginary-time step, i.e., Y, dp(t+1) = >, di(t), where d(t+1) [d(t)] are the deep neurons introduced at (t+1)-th
[t-th] step.

Relationship between the 2d-6h representation and the path-integral quantum Monte Carlo method.
In the final part of this section, we discuss the similarity between the 2d-6h representation and the imaginary-time
path-integral quantum Monte Carlo method [42]. We will show that, in the 2d-6h representation, the deep neurons
can be regard as the additional degrees of freedom along the imaginary time in the path-integral formulation.

In the quantum Monte Carlo simulations using Suzuki-Trotter decomposition [I0, 38|, the partition function Z is
evaluated as

Z = (6%(0)|e "M |0%(0))
~ Z <O_z(0)|e*7'1257—|0-Z(2Nsﬁce71)><gz(2]\fslicef1)‘677{157|0'z(2Nslice72)> ce
0%(0),...,0%(2Nglice—1)

Ao (@)]e 207107 (3)) (0 (3) e 10707 (2)) (0% (2) e M2 |0 (1)) (0% (1) e~ 10 |0%(0))
(160)

In the evaluation of the matrix element of (o%(t+1)|e~ "% |o%(t)) (v = 1 or 2), in the case of one-dimensional
Heisenberg model, it is sufficient to consider one specific bond, (o7 (t+1)oZ,(t+1)|e~ im0 |07 (t)oZ,(t)). The matrix
elements are given by

e~ 2Jim0r 0 0 0
0 cosh(Qnyé ) sinh(2J;Y6;) 0
0 sinh(2J;Y6,) cosh(2.J;4;) 0
0 0 0 e~ 2imdx

(o7 (t4+1)o7, (t+1) e im0 |of (t)oy, (1)) = e”im® (161)

in the basis {[11), [14), [11), L)}
On the other hand, the imaginary time evolution in Eq. (2) in the main text [or equivalently, Eq. } can be
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Figure 6. Schematic picture for imaginary time evolution of DBM neural network in the 2d-6h construction.
Dots, squares, and triangles indicate physical spins ¢}, hidden neurons h;, and deep neurons di, respectively. A set of six hidden
neurons are depicted as rectangles. (a) Building block of the imaginary-time evolution. The left part is a simplified picture of
the complete figure in the right part. This simplified picture is used in the panels (b) and (c) for the sake of visibility. (b) The
imaginary time evolution of the network starting from an empty RBM ((c*|Wo) = const.). The hidden neurons introduced at
t-th step (h(t)’s) lose their connections to physical spins at (t+1)-th step, and instead they get connections to (t+1)-th deep
neurons (d(t+1)’s). (c) When we rearrange the neurons, one can see a clear correspondence between the 2d-6h representation
and the path-integral formulation (see the text for detail).
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rewritten as
or z z — z
(o*W(r)) = > (0%]e™ ™ F 0% (2Natice +1)) (07 (2Natice+ 1) | e~ 72%7 0% (2Ntice)) - . -
0%(1),...,0%(2Nslice+1)

Ao @m0 0% (3)) (0% (3) |70 [o* (2)) (0 (2)]e 77 F [o* (1)) (0% (1) Wo) (162)

by inserting complete basis sets at each time slice. The matrix element used here is exactly the same as that of
QMC in Eq. . Here, the D dimensional quantum spin system is mapped on the D 4 1 dimensional classical
system as in the case of the path integral quantum Monte Carlo method. Because the neuron spins are defined as
the classical Ising-type spins, we can represent the summation over 0*(1),...,0%(2Ngjce+1) by the summation over
Nisite(2Nglice +1) neuron spins. Assuming that these Ngito(2Nglice + 1) neuron spins are in the deep layer, the imaginary
time evolution in Eq. reads

@)= S {oFle M Fd@Nusce + D) d(2Nstice T Dle 2 |d(2Nugice)) -
d(1),...,d(2Ngiice+1)

- Ad()]e™™07|d(3)) (d(3) e |d(2))(d(2) e F |d(1))(d(1)[Wo).  (163)

The matrix element (d;(t+1)d,, (t+1)|e~m7|d; (t)d,, (t)) can be reproduced, for example, by the following interaction

W1 (di(t+1)dy () +dim (t4+1)dm (1)) W3 (di (t41) dn (£) +di (£+1)di (1))

X cos (% (di(t+1) + d (t+1) — dy(£) — dm(t))) cos (g (di(t+1) + d (t+1) — dy(£) — dm(t))) (164)

with
Wl = _lefgéf - ilog sinh(2J;°Y6, ), (165)
Wl = _Jﬁ;éf - ilogcosh(?Jﬁg(S—r), (166)

This interaction can be mediated by adding hidden neurons and mediating the interactions between d(¢t+ 1) and d(¢).
Then, Eq. can be mapped onto the DBM representation.

Indeed, the 2d-6h representation presented in this section correspond to this specific DBM construction: In the
2d-6h representation, two deep neurons are introduced for each bond at each imaginary time evolution. Because each
imaginary time evolution acts on either even or odd bonds, the number of deep neurons introduced at one step is
exactly same as the number of physical spins. In this case, the deep neurons can be considered as the spin degrees of
freedom in the imaginary time layers d(1),. .., d(2Nglice+1). The interactions in Egs. and are equivalent to
those in Egs. and . The “im/4,im/8” trick appears to put constraint to conserve the total magnetization at
each layer. Therefore, the 2d-6h representation is equivalent to the path-integral formulation. Indeed, if we rearrange
the neurons in this DBM construction (Fig. @, one can see a clear correspondence between the DBM network and
the path-integral formulation. The extended systems including physical spins and deep neurons can be regard as the
D + 1 dimensional classical spin systems mapped from D dimensional quantum systems.

3. 2 deep, 4 hidden (2d-4h) representation

Strategy. We first extend DBM in the following way:

1"
Uyp(o®) = D) Py(07, 1) Py(h, d)eXsm=tm Tahi AWni+ 35 hidn Wi+ Xnmtm ondy W +225 07 0mhidin Zims |
{h,d} dp
(167)

Here, we have introduced terms which break the standard DBM form, in particular the terms proportional to W;;l and
Zimj with n = [, m. Those are essential for this construction, and their reduction to the pure DBM will be shown ﬂater.
Also notice that the sum over j runs through all the hidden neuron sites coupled to o7 and of,, thus it incorporates
nonlocal couplings between hidden variables (h), physical (0%) and deep (d) variables. The term proportional to a; in
Py (0%, h) is a local site-dependent magnetic-field term in the DBM acting on the physical variables ¢, which can also
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flexibly represent any local gauge transformation, if a; is taken complex. Here we fix a; to be site-dependent constants,
which stay unchanged through the imaginary time evolution. We later use the fact that the gauge transformation
0% — —0® and 0¥ — —o¥ on one of the sublattices (or J*¥ — —.J*¥) on a bipartite lattice as in Eq. is equivalent
to a; = 4w /2 if i is on this sublattice and a; = 0 on the other sublattice as a special choice of a;.

In the imaginary time evolution of H,,,, we update W,,; (n = I, m) with the increment AW, ;, in such a way that
an = Wyj + AW,;. In addition to the deep variable dj;, we further introduce one additional deep variable dj,,) to
recover the standard DBM by transforming the term proportional to W and Z , with supplementary four hidden
variables.

Derivation for the update of parameters. For o707, = —1, the imaginary time evolution of the bond H;,, is
given as

<o_z|6—67.(Jﬁn,ofafn+2Jﬁz(o'l+g;L+of at)) ‘\Ilw> — g’w(O'z)eleméT COSh(QJlx"g(;T)

— Uy (0F, - —0f, - —0Z, .. )elin%T sinh (2706, (168)
=C' (%W y), (169)

which is equivalent to
> Tw [1 — tanh(2J;45, )e? Zn=tom (n 25 s Ww+an0i>} = CUy (170)

{h,d}

and C' = (e_lem5T/cosh(QJf”?’l’éT))C”. Notice that, here, we keep the bias term a,, in Eq. instead of applying the
gauge transformation in Eq. (103)).
For ofo}, =1, we obtain

Z yye 2imd7 [ cosh(275,) = CWyy,. (171)
{h.d}

_ To make these imaginary time evolutions exact, Wy; (n = I,m) is updated to W,; with the increment AW,,; as
an = an + AWn] with

1
AWy = =AWy, = —§(le — Winj)- (172)

The new couplings W]fm, Zym; and WT’l’m are also given by

1
and from
2(Wiy — Wphyy) = log[—e™>®= tanh(2J;,16, )] (174)
and
7 " 672lem677Wl”_m
2cosh(Wlm + Wmm) = m7 (175)
we obtain
L o= 2Jinbs
"o = _,—2a1-m Ty .
=g [log [e™" 7 tanh(2;,/0, )] + 2arcosh [ V/—2e~2a-m sinh(4.7;75,) o
1 94 = €_2lemé7'
mi = 3 [—log [—e7** 7 tanh(2J;,16,)] + 2arcosh [ V/—2¢~2a-m sinh(4.7;75,) H

with a;_,, = a; — a,,. On a bipartite lattice, to avoid the negative sign (or complex phase) problem we need to keep
Wl’[’l] and W;rlz[l] real.

This can be achieved by choosing a; = 0 for any [ if J;,,, < 0 (ferromagnetic case). For Jj,, > 0 (antiferromagnetic
case), a; = nmi with an arbitrary integer n if the site [ belongs to the sublattice A and a; = (n + 1/2)xi if [ belongs

to the sublattice B. This local gauge for Jj,,, > 0 is equivalent to take J” — —J;'¥ and a; = 0 for any site [ as is
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formulated in Eq. 1' We further note that W” fjr] Can be taken positive 1f we take sufficiently small ¢, in Eq. l ,

with the leading order term —log(2J,,¥6,)/2. On the other hand, in Eq. (176 , the leading order term is negative
(: _Jlm67)~

Recovery of the standard DBM form. To recover the original form of the DBM, we first use Eq. (69) with the
replacement s; — o}, s2 — dpy, 53 = hpp), C = Dy, V.= W nll] Vi — Wi n) and Va — W[ i forn = l m. We have
added here two hidden variables hy and h[m]. Then a solution for D,,, W, and W[ ) are represented by using

nr

"

1
D, = 5 eXP[_Wn[l]] (178)
1
Watn) = Wiy = arcosh(exp[2W [l]]) (179)
if W;L/[l] is positive (as in the case of W;m for small d,), which gives real W, and W[’n] Uk On the other hand, if

W:[l] is negative (as in the case of Wl/[/l] for small ¢, ), we should take

1"

1
Dn =35 exp[Wyy] (180)
1
W) = ~Wop = arcosh(exp[ 2W, [l]]) (181)

to give real W,p,,; and Wiy

To completely recover the original DBM form, we next use Eq. . by replacing oy with o7, o9 with o7, di with
d[l] do with d[lm]7 hi with hj, hy with h[lml] hg with h[lmQ], and V with Z,;.

With these solutions, by ignoring the trivial constant factors including D; and D,,, the evolution is described by
introducing two deep and four hidden additional variables djj, djip), hpys Pimps Pima), and Ay as

Uyy(0%) = > Pi(o%, h)Pa(h,d) exp[ S i AW+ Y hydg Wy
J

(h,d} jon=l,m
+ D hi (@ Waga + da W) + dim) Y b Zim
n=l,m J
1T o o
+ Z(h[lml] + hima)) (0] + 05, +dpy + d[lm]):|7 (182)

where {h,d} is a set consisting of the existing and new neurons. Equation (182) recovers the standard form of deep
Boltzmann machine, where the physical spins ¢ as well as the deep variables d are not interacting each other and
couples only to the hidden variables h.

Summary. After summing over {h}, we reach

v(o) = Zexp[ Z ano ]H [2 cosh] ZO‘ Wi; + ZWJkdk +dy Wiy + diim) Zim)|

{J} n=l,m 7
2
X H (2cosh[o; W) + d[l]W[ Hl]D 2 cos[4 (of + 0%, + dim) + dpmy)]] (183)
n=l,m

where the parameters W, W’ and Z are given in Eqs. (172)), (173)), (176), (177), and (179) (or (181)).

We have introduced 2 deep and 4 hidden variables. Among them, hj;,1) and hpg are simply to relate dp; and
djm) to of and o7, With this trick, one can constrain dj;) = djj,) for of = o7, and dp = —dp,y,) for of = —o7,. After
repeatedly operating Eq. , for all the combinations of I, m, the DBM structure becomes nonlocal as we see in
Fig.[7} After the sufficiently long imaginary-time evolution, with the analytical sum on {h} and the Monte sampling
over {d}, one can obtain the ground state wave function.
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Figure 7. Schematic picture for 2d-4h DBM network. Dots, squares, triangles represent physical (o7), hidden (h;),
deep (di) variables. In 2d-4h construction, both W and W’ couplings become nonlocal.

III. SAMPLING

Once we have determined specific rules to obtain the parameters of the DBM, the remaining question to be addressed
is how to compute expectation values of physical quantities. Consider a quantum operator O, then its expectation
value over the DBM is given by the expression

B Z{,,z’h,h,d’d,} II(c*, b,k ,d,d")Ooc (0%, h, 1)

(0) :
> tom ey 10# W d,d)

(184)

where we have introduced the pseudo-probability density II(c?, h, h',d,d") = Py (c*, h)Py(h,d) Py (o, h' )Py (R',d"), and

the “local” estimator Ojoc(0?, h,h') = %Z{aw} (a*] O ") (F}’Dll((‘;/:v:)) + 1;11({;/:7211’)):). For a large number of spins and

hidden/deep units, it is not possible to compute those sums numerically, because of the exponential number of terms
involved. However, there are specific cases in which efficient sampling strategies can be devised, allowing to stochasti-
cally compute the quantum expectation values. In general, when the DBM weights are all real II(¢*, h,h',d,d") > 0,
and it can be interpreted as an (unnormalized) probability density. Thus, Markov-chain sampling techniques can be
applied, similarly to the case of applications in standard machine learning. In the case of complex-valued weights,
the straightforward probabilistic interpretation breaks down, and a sign (phase) problem arises. However, there are
specific cases in which one can still recover a properly defined probability density, and efficiently sample from it. In
the following we describe two main sampling methods based on Markov chain techniques. First, Gibbs sampling, then
Metropolis-Hastings sampling. In both cases we discuss when the sign problem can be circumvented.

A. Gibbs sampling

We start discussing a strategy which is the natural generalization of what traditionally used in most applications of
DBM in machine learning. The approach is based on Gibbs sampling, a strategy which amounts to generate samples
using the exact conditional probabilities for block of variables. In practice, we introduce three kind of moves, which
allow to generate a Markov chain of visible, hidden, and deep variables distributed according to II(c*, h, h',d,d").
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1. Sampling visible spins

The first kind of move consists in freezing all the hidden and deep variables, and sampling the visible spins o*.
Specifically, we generate new visible spin configurations according to the conditional probability:

Moot ) = s e P
_ Pi(o%, h)PE (0%, 1)

25+ Pu(a% h)Py(6%, W)

MY exp {07 |32, (kWi + W) + 201 }

1V 2 cosh (ZJ (hjWi; + h;WZE) + 2@)

Here, a is a real part of a;. A particularly appealing aspect of this transition probability is that each visible spin can
be treated independently from the others, thus we can update in parallel all visible spins at once. The probability of
a given spin to be up for example is:

P(o7 = 1|h, IV, d,d') = Logistic(2A" ), (185)

with /\Eaz} =2 (hjWij + bW 4 2a;, and Logistic(xz) =
numbers 7; uniformly distributed in [0,1), and set the spin o7 = 1 if ; < Logistic(2)\£‘7 }). For this approach to be
[07]

%

m. Thus, during this phase we generate N random

feasible, we must have that the A are real. Necessary conditions for this condition to be satisfied are discussed at

the end of this section.

2. Sampling hidden spins

The second type of move consists in freezing visible and deep spins, and sampling hidden variables A and h’. For
example, to sample h the transition probability reads:

Pl(O'Z,h)PQ(h,d)
Yy Pi(07, h) Py(h, d)
1} exp [hj <Ei oiWij +b;+ 32, deJ{kﬂ
I1}2 cosh (Zz ofWij +bj+ 3 deJ{k)

(h|o®, K, d,d) =

The probability of having h; = 1 is then:
P(h; = 1|o*, I, d,d') = Logistic(2Al")), (186)
with )\E-h] =30 Wi +b;+ >, de;k. Again, one can therefore efficiently update all the M hidden spins at once,

n' z * * *
T = S, oF W 0+ S AW

without rejection. Analogously, for A’ we have Aj

8. Sampling deep spins

The final set of moves consists in freezing visible and hidden spins, and sample from deep variables d and d’. For
example, to sample d the transition probability is:

(dlo*, b1, d') = — 220 d)
Z{(i} Py(h,d)

H]]Cwl exp {dk (Z] thj{kZ + Ck)]
122 cosh (ZJ hiWi + ck) .
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The probability of having d = 1 is then:
P(dy, = 1|0, h, W, d') = Logistic(2Al")), (187)

with )\ = >_; hjWj;, + cx. Analogously, we have )\[d] > Wi+ ¢

4. QOwerall scheme: alternate block sampling

The overall sampling scheme is therefore realized putting together all those individual Gibbs samplings. In par-
ticular, we can devise a two-step block sampling, which takes into account the conditional dependence of all the
probabilities previously derived.

The overall sampling scheme then works as follow:

1. Sample h and &/, fixing all the other variables. This is realized using the probabilities (186 for all the hidden
spins.

2. Sample ¢%,d,d" fixing the values of h and h'.This is realized using the probabilities and (187)) for all the
visible and deep spins, respectively.

3. Cycle between 1 and 2.

5. Phase problem in the Gibbs scheme
In order to get a consistent sampling scheme, we must have that all the quantities /\EUZ],/\;h],/\;h/],/\Ld],/\Ld/] are real
valued. In the absence of this condition, we have a phase problem, and we cannot directly use a stochastic approach to
sample from the DBM. Looking more closely at what conditions are needed, we start noticing that the visible bias can
take arbitrary (complex) values, since only the real parts, a}, enter )\Eaz]. In general, there might be specific choices of
the DBM parameters which still guarantee absence of phase problem. One possibility is realized, for example, when
fixing the total magnetizations in the three layers, i.e. the constraints ), o7 = of, Zj hj = hiot, Y _p Ak = dior. We

further assume that Im(W;;) = W, a constant, as well as Im(W;k) = W'L. Then, it is easy to see that the phase

problem is avoided when b} = —oZ W' — diotW'T and ¢, = —hio W' Notice that those are just a specific set of
conditions, and less stringent ones can be found using other sampling schemes.

When each sample has the imaginary part or negative signs, another possibility of avoiding the phase problem is
to take the partial trace summation explicitly so that such partial sum gives always a real nonnegative value. We will
discuss this point in more detail in the next section.

B. Metropolis sampling
1. Marginal probability density
Because there are no intralayer interactions in the DBM architecture, one can analytically trace out either one of

h,h’ and d,d’. Then we get marginal probability density: l:I(UZ,h,h’) = Z{d,d’} II(c%,h,h,d,d') or f['(az,d, d) =
Z{h’h,} (0%, h,h',d,d'). Defining P(c*,h) and P'(c*,d) as

]5(02, h) = Zpl(o_z7 h)Py(h,d) = 02 a0+, 0 h Wi +32 bih; o H 2COSh(Ck + Z th]{k> (188)
{d} k k
and
P'(0%,d) = Pi(0%, h)Ps(h,d) H2cosh<b —|—Zo Wi +de ) x eTeoeitpan (180)

{n}
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respectively, the marginal probability densities are given by

(o* h,h') = > T(o* h, I d,d') = P(c*,h)P*(c*, 1), (190)
{d.d'}

(0%, d,d')= Y T(o* h,I d,d)=P'(oc%,d)P*(c%,d). (191)
{h,h"}

With these marginal probability densities, we perform the Metropolis sampling to measure physical quantities. The
expectation value of a quantum operator O is given by

- Z{o’z,h,h’} ﬁ(oz7 h, h/)oloc (Uzv h, h/) o Z{o’z,d,d’} ﬁ/(UZ7 d, d/)O{OC(UZ, d, d/)

(0) = ; — , (192)
Z{O‘z,h,h'} H(O’Z,h7h ) Z{O'z,d,d'}]:[ (O_Z,d,d)
with

5 1 P(c’*,h)  P(o'*, I)*
Oroe(07 b, 1) = = 007 | o2y 2T , 193
I (U ) 9 {;} <U | |U > ( (O'Z, h) P(O_z7 h/)* ( )

~ 1 p/(o./z d) P'(0'%,d)*
O/OC Z7d7 d/ I z O 1z _ ) + _ ) 194
! (U ) 2 {;} <U | |O' > ( /(O'Z7d) P/(O'Z7d/)* ( )

2. Phase problem in the Metropolis scheme

An advantage of choosing the marginal probability density is that by taking the summation over A and d, the sign
problem can sometimes be avoided even if the DBM has complex parameters. An example is to take the summation
over the hidden variables h analytically in the three DBM constructions for the Heisenberg models presented in Sec.
In all the three cases, only those W and W’ couplings used to enforce the constraints are complex-valued, and the
summation over h eliminates the negative weight. For example, in the case of the 2d-4h representation in Sec.
though each sample may have a finite imaginary part as in each term of Eq. , the total weight becomes real and
nonnegative, after the explicit summation over the h degrees of freedom is performed as in Eq. .

When the lattice is not bipartite, we can still write down the DBM solutions to exactly follow the imaginary time
evolutions. However, in this case, we will have imaginary W and W’ parameters even for the units not involved in
enforcing the constraints. In this case, the sampling may suffer from sign problem. However, as we discuss in the main
text, in contrast to the conventional quantum Monte Carlo simulations, we can make the number of imaginary time
step to reach the ground state short by starting the analytical DBM time evolution [Eq. ] from a good stating
point |¥q). For example, numerically optimized RBM wave functions can be used for |¥q), or more generally, |¥g)
can be wave functions used in the conventional wave function techniques. In this case, before we suffer from a severe
sign problems, we might be able to reach the ground state with good statistical accuracy.

3. Owerall scheme

We sample over 0%, h, h' [or 0, d, d| with the marginal probability density (0%, h,h') [ I'(c%,d,d') ]. The
physical quantities are measured following Eq. . In the case of Heisenberg model, after tracing out the h spins,
we have constraints over the values of 0%, d, d’. In that case, a cluster update rather than a local update will be more
efficient. In particular, in the 2d-6h representation, since the imaginary-time evolution of the DBM is equivalent to
the path-integral formalism, we can apply an efficient cluster update used in the conventional quantum Monte Carlo
method, such as so called loop update [40].



	I Deep Boltzmann Machines
	II Representing Ground-States
	III Sampling

