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Abstract For any positive integer n, let . (n) denote the m-th power residue of n. In
this paper, we use the elementary method to study the asymptotic properties of
log (am(n!)), and give an interesting asymptotic formula for it.
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§1. Introduction

Let m > 2 be a fixed integer. For any positive integer n, we define a,,,(n) as

the m-th power residue of n (See reference [1]). That is, if n = p{'p5? - - - p27
denotes the factorization of n into prime powers, then a,,(n) = pf ! p§2 epBr,

where 3; = min(«;, m — 1). Let p be a prime, and for any real number x > 1,

0(x) = Z log p denotes the Chebyshev’s function of x. In this paper, we will
p<z

use the elementary methods to study the asymptotic properties of log (a,, (n!)),

and give an interesting asymptotic formula for it. That is, we shall prove the

following conclusion:

Theorem. Let m > 1 be a fixed positive integer. Then for any positive
integer n, we have the asymptotic formula:

m—1 %TL
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where A is a fixed positive constant.

62. Proof of the theorem

Before the proof of Theorem, a lemma will be useful.
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Lemma. Let p be a prime. Then for any real number x > 2, we have the
asymptotic formula:

3
o) =240 <$exp (—m%?ﬂ)) |
(loglog x)5

where A is a positive constant.

Proof. See reference [2] or [3].

Now we use this Lemma to complete the proof of Theorem. In fact, let
n = p{ips? - - p%s denotes the factorization of n into prime powers. Suppose
that m < n, if (m — 1)p < n < mp, then pm1 || n!. From the definition of
am(n), we can write

am()= [ » I »*- I o™ II »""
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By taking the logistic computation in the two sides, we have

log(am(n!))
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3
log(am(n')) = n+g++ n +O<nexp ((_1410g5nl>

2 m
m—1 3
1 —Al
= n( )—i—O(nexp (ogsnl)).
= (log log n)#
This completes the proof of Theorem.
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