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A MESSAGE FROM THE AUTHOR

In the universe, there is always a balance, typified by ying (negative) and yang (positive). This may
help explain the Industrial Revolution which brought humankind civilization (positive) but also
inflicted on us the problem of “pollution” (negative) which, if not effectively controlled, could be
catastrophic. There are many such instances which require balance in this world and it all depends
on how we handle them before it is too late. Diagnosing such problems in the early stages makes
them much easier and less costly to handle.

Since the 1970’s the calculation revolution instigated by the use of computer analysis has given the
engineer quicker and more accurate answers. Computer analysis can even solve some problems of
highly redundant structures that were practically impossible to calculate in the past. Computer
analyses will replace all hand calculations in the near future. The merits of using computer
hardware and software are not disputed; however, “Murphy’s Law” is always operative
everywhere and mistakes do happen in design. An engineer who only knows how to do inputs to
computer analysis may not know whether or not the output is correct (the garbage-in and
garbage-out process!). An engineer is not a robot or a machine; ingenuity comes from the
engineer, not the machine. Unfortunately, industries ignore engineers’ ambition to pursue the
necessary experience due to cost considerations. But, engineers cannot learn valuable experience
Jfrom computers, the computer is just a beautifui tool and is not everything!

A second issue is work experience; in particular, engineers now spend most of their time in front of
computer screens and the importance of communication with colleagues from other disciplines,
i.e. team work, is overlooked. Engineers are losing the opportunity to gain needed experience
from the "old timers”. The end result is that industries gradually lose the most valuable experience
which passes away with the retiring engineers of the “old school”. Industries should ask retiring
engineers to write down their valuable experience in report form before they leave so that it will be
passed or to those who follow. Big companies have their own handbooks, manuals, etc., for
company use, but they are merely handbooks and do not provide enough experience. Industry
management spends too much effort on figuring out how to save on costs, but, in the long run, they
lose the bases of experience, and will end up as big losers. If this situation is not remedied soon,
the aircraft manufacturing industries as well as other industries will walk into backlash.

Another issue concerns aging aircraft, an issue that has been debated since Aloha Airlines’ old
B737 aircraft disaster, but, as yet, nobody, including the aircraft manufacturers and users, wants to
define the flyable life of the aircraft, i.e. limit flight hours or years of service, whichever is more
appropriate. From the structural engineer’s standpoint, we realize that any metallic structure has
its own fatigue life, just like the human body, and no life can go on forever, even with vigilant
maintenance work. When a vehicle becomes too old, even maintenance is of no use. If the aircraft
has a problem in midair, it will fall and, unlike ground vehicles, cannot stop to wait for rescue. The
ultimate goal of the aircraft manufacturers and the government certifying agency should be to
determine a standard for a reasonable and affordable lifespan for aircraft to reduce peril to
passengers. This should be done now, before more lives are lost.
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Airframe Stress Analysis and Sizing

PREFACE

This book has been prepared as a source of data and procedures for use in the sizing of both
airframe and space vehicle structures. The material presented herein has been compiled largely
from the published data of government agencies, such as NACA reports and technical publications.
The reader will not, of course, be able to read this book with complete comprehension unless he is
familiar with the basic concepts of strength of materials and structural analysis; it is assumed that
the reader is familiar with these subjects and such material generally is not repeated herein. To
maintain the compact size of this book, only data and information relevant to airframe structures
are included. Since today’s airframe structures are primarily constructed from metallic materials,
this book focuses on metallic structural sizing. A few material allowables are included for
reference and for in performing the sizing examples.

Step-by-step procedures are included whenever possible and, in many chapters, examples of
numerical calculation are included to clarity either the method of analysis or the use of design data
and/or design curves to give engineers a real-world feeling of how to achieve the most efficient
structures. The intent of this book is to provide a fundamental understanding of the stress analysis
required for airframe sizing. The emphasis is on practical application with input from both
material strength and hands-on experience. A balance between theory and practical application in
airframe structures depends extensively on test data which must be correlated with theory to
provide an analytical procedure.

The structural problems of aircraft usually involve the buckling and crippling of thin-sheets (or
shells) and stiffened panels. Thin sheet buckling design is one of the most important subjects of
airframe analysis. The NACA reports from the 1940’s have contributed tremendous amount of
information and design data in this field and today’s airframe engineers still use them and consider
them to be the backbone of airframe stress analysis.

The caretul selection of structural configurations and materials, which are combined to produce an
optimized design while also considering the effects of static loads, fatigue, fail-safe requirements,
damage tolerance and cost, is the most important issue in this book. A considerable amount of
material on the sizing of metallic airframes is presented in tables, charts and curves that are based
on past experience and/or test results. Another purpose of this book is to give airframe engineers a
broad overview of data and information based on the experience and the lessons learned in the
aircraft industry (including service of components) that can be used to design a weight-efficient
structure which has structural integrity.

Structural sizing approaches and methods will be introduced for those who need to do rough

estimations to support aircraft structural design during the preliminary aircraft design stage and
also for those who are involved in airframe repair work.
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Preface

There is a big gap between theoretical and practical design and this book attempts to bridge the
two with real-life examples. The list of references at the end of each chapter complements the
material presented in this book and provides the interested reader with additional sources of
relevant information.

In order to reinforce the reader’s knowledge of airframe sizing, it is strongly recommended that
the reader use the author’s book AIRFRAME STRUCTURAL DESIGN as an important
complementary reference source because it contains a tremendous amount of design information
and data that are generally not repeated in this book.

This book was put together in the style of an engineering report with clear sketches of good quality
instead of expensive commercial illustrations like those in old-fashioned textbooks. Sincere
appreciation and thanks to those who have contributed to correct many errors in the first edition.
Special thanks to Mr. Lawrence W. Maxwell for his review in checking for errors throughout the
entire book (first edtiion). It is inevitable that minor errors will occur in this book and the author
welcomes any comments for future revisions.

Michael Chun-yung Niu
(B&4)

Los Angeles, California, U.S.A.
October, 1998 (second edition)
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Chapter 1.0

GENERAL OVERVIEW

1.1 OVERVIEW

A knowledge of structural design methods and an understanding of the load paths are essential to
advancement in nearly all phases of airframe engineering. Approximately ten percent of the
engineering hours spent on a new airframe design project are chargeable directly to:

« The obtaining of design loads in members
» The strength checking of drawings of the finished parts and assemblies

No aircraft engineer can expect to go far in advanced drafting, layout work, and design without a
working knowledge of stress analysis. Thus, whether an engineer expects to go into the actual
analysis work or to engage in some other type of aircraft engineering he will find a good working
knowledge of stress analysis to be of great value in doing a better job.

The types of analysis used in airframe work are very different in many respects from those used in
other types of engineering. The reason lies in the fact that the challenge of structural weight
savings must be paramount if an efficient performance aircraft, i.e., one which carries a high
percentage of pay load, is to be obtained.

(A) SIZING SCENARIO

In airframe structures, there are mostly redundant structures such as the typical wing box beam,
which require the use of computer analysis. A three-stringer box beam, for instance, is a statically
determinate structure but each additional stringer adds one more redundancy for each cross
section. For airframe structures, the number of redundancies is of the order of thousands and the
solution of such problems by conventional methods for solving highly indeterminate structures is
extremely tedious and is, indeed, not feasible; computer analysis, such as the Finite Element
Modeling (FEM) method and the method of successive approximation are the only reasonable
methods to use in these cases.

If a simple structure with stringers of equal size and spacing is considered, analytical methods can
greatly simplify the solutions to the problem for preliminary sizing work. If either the method or
the structure analyzed is simplified when doing preliminary sizing, cost-effectiveness is increased,
as shown below:

(a) Type of structures — For example, it may be possible to convert the wing box beam into
a rectangular section with parallel shear webs and be symmetrical about a vertical plane.

(b) Lumping stringers — Reduce the complexity of large numbers of stringers by combining
adjacent stringers into so-called ‘lumped stringers’.

(c) Type of loading — Choose one of the critical or primary loads from the axial (from
bending), shear flow (from vertical shear load or torsion) or lateral (from external
aerodynamic or concentrated loads) loads to do the sizing.

(d) Limitation of stress distribution — Obtain the main or key stress distributions but not the

detailed stresses.
1



Chapter 1.0

Before going into detail sizing (also called production stress analysis), a rapid and reasonably
accurate (i.e., approximate 0 — 10%) sizing of the structural dimensions is required for the
preliminary aircraft design stage.

Another extremely important issue in every engineer’s mind is that computer analysis will soon
replace most, if not all, hand calculations in the aircraft industry. Computer analysis is a black-box
operation in contrast to preliminary sizing which gives the engineer a feeling for the real world.
With black-box operations, the engineer has no way of justifying the output results. When computer
input is performed by the engineer, how can he verify that no mistakes were made in the input of
numbers or decimals? Since Murphy’s Law is always in operation, some mistakes are unavoidable
in either design or analysis. All results or output should be reviewed by an experienced and/or
knowledgeable engineer. If computer analysis is not performed by a knowledgeable engineer, it
will turn out to be a “garbage in/garbage out” process which could result in very dangerous and
questionable results. Preliminary sizing can be used in parallel to double check computer output to
assure that the result is in the ballpark. All aerospace and aircraft engineers should learn
preliminary sizing techniques to diagnose computer black-box problems. The difference between
preliminary sizing and detail sizing (or detail stress analysis) can be summarized as follows:

(a) Preliminary sizing:

¢ Is achallenge and diagnosis job

* Most airframe structures are highly redundant structures, i.e., skin-stringer panels,
cut-outs, tapered wing box structures, tapered fuselage cylindrical structures, etc.

 First simplify the structure into an equivalent, if it is a highly redundant one

« For simple members (and most airframe structures are not simple) there may be no
difference between preliminary and detail sizing

* Sometimes requires the engineer to make assumptions and judgments based on
previous experience

» Basically it is hand calculations plus help from a simple desk-top calculator

» Approximation methods may be used

« Apply simple methods of stress analysis approaches rather than detail analysis

» Prior to running airframe Finite Element Modeling (FEM), preliminary structural
sizing input data are required for the first analytical cycles as shown in Fig. 1.1.1.
and even the second or third cycles

(b) Detail sizing:

» A time-consuming and costly process

» Using the correct method and designing to the proper margin of safety (MS) is
adequate as far as it goes.

» Gives more accurate results but usually requires help from a computer

» Involves more computer work including different software

» Most detail sizing is impossible by hand calculation within a reasonable time frame
and cost because it involves too many equations (from a dozen to a few hundred):
— load distribution in redundant structures.
— cutout analysis
— damage tolerance and fatigue analysis

Once the general features of an aircraft design have been decided, proceed as follows:

(a) First, lay out a structure which will accommodate those features and form a skeleton on
which to hang the necessary installations.

(b) Next, determine the loading conditions which will cause the highest loads in the
structures and make a preliminary sizing or analysis to find the effect of these loads.
This preliminary sizing is necessary in order to determine approximate dimensions,
since aircraft installations are as compact as possible and clearance allowances are low.



General Overview

(c) After the final design features are decided upon and all installations, such as those for
power plant, electrical system, control systems and furnishings, are placed it is possible
to estimate the final dead weight and its distribution and to proceed with the final
analysis (see Fig. 1.1.1).

The engineer should be not only thoroughly familiar with the requirements for routine strength
checking but also have the knowledge necessary for:

* Detail design for fatigue considerations

* All structures must withstand hail and lightning strikes

* Must operate in and be protected against corrosive environments indigenous to all
climates

The structure must have a serviceable life of 20 years or more with minimum maintenance and still
be lighter than any vehicle built to date. Under stringent competition, the design must incorporate
new materials such as advanced composite materials and processes that advance the state-of-the-
art to improve aircraft performance.
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CONFIGURATION [
DESIGN CRITERIA
CONCEPT AND SIZING FINAL
g DESIGN
STRUCTURAL \/
ARRANGEMENTS
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(DEFLECI‘ION) FLUTTER
OPTIMIZATION
A
(TEMPERATURE) AEROELASTIC
STRUCTURAL — Iligﬂ?SCONTROL
MODH. ~ MASS S
STATIC SOLUTION SS EFFECTIVENES
STRUCTURAL AERODYNAMIC
STIFFNESS DATA

STRENGTH DESIGN

~

STRUCTURAL
VIBRATION

STIFFNESS DESIGN

Fig. 1.1.1 Structural Analytical Design Cycles

(B) SPECIFICATIONS AND REQUIREMENTS

A good overall structural concept incorporating all these factors is initiated during preliminary
design and sizing. At the very beginning of a preliminary design effort, a designer writes a set of
specifications consistent with the needs. It should be clearly understood that during preliminary
design it is not always possible for the designer to meet all the requirements of a given set of
specifications such as shown in Fig. 1.1.2 and the U.S. FAA certification flowchart as shown in
Fig. 1.1.3.
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COMMERCIAL AIRCRAFT :

* FEDERAL AVIATION REGULATIONS (FAR), VOL. Ill, PART 23 - AIRWORTHINESS
STANDARDS: NORMAL, UTILITY, AND AEROBATIC CATEGORY AIRPLANES
* FEDERAL AVIATION REGULATIONS (FAR), VOL. lil, PART 25 - AIRWORTHINESS

STANDARDS: TRANSPORT CATEGORY

* JAR (Joint Airworthiness Requirements) ~ EUROPEAN COUNTRIES

MILITARY AIRCRAFT :

* MIL-A-8860(ASG) - GENERAL SPECIFICATION FOR AIRPLANE STRENGTH

AND RIGIDITY (US.A)

Fig. 1.1.2 Regulations and Specifications

In fact, it is not at all uncommon to find certain minimum requirements unattainable. It is
necessary to compromise as shown in Fig. 1.1.4 which indicates what might happen if each design
or production group where allowed to take itself too seriously.

AIRFRAMER FAA AIRFRAMER FAA

B APPLICATION »-i M ASSIGN PROJECT @ COMPLIANCE - M PRELIMINARY
FOR TYPE NUMBER QUTLINE TYPE BOARD
CERTIFICATION m PERSONNEL MEETING
AIRCRAFT ROSTER

@ SPECIFICATION
REPORT

M CERTIFICATION
PLAN

AIRFRAMER FAA FAA FAA

B DRAWINGS M REVIEW DESIGN ® TYPE INSPECTION & TIA TESTING

E LOADS REPORTS AUTHORIZATION (TIA) (FLIGHT)

B STRUCTURAL ANALYSIS H BOARD MEETING

REPORTS

[

& MATERIALS & PROCESS AIRFRAMER
REPORTS
——» @ CONDUCT STRUCTURAL
MATERIALS, FLIGHT
TESTS
AIRFRAMER FAA

| FINAL TIA
TEST REPORTS

®  FINAL DESIGN
PACKAGE

®m ISSUE TYPE
CERTIFICATION

Fig. 1.1.3 U. 8. FAA Certification Flowchart

Aerodynamics Group

Stress Group
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Production Group

Fig. 1.1.4 Results of Group Dominance in Aircraft Design

(C) DESIGNER’S FUNCTIONS

The extent to which compromises can be made must be left to the judgment of the designer based
on the designer’s interactions with other disciplines. The structural designer is merely a focal point
for the collect of all necessary data and information from all disciplines prior to making the
engineering drawing.

Designer’s functions (as shown in Fig. 1.1.5):

Provide focal point

May need to depend heavily on the support of others for scientific and technical
analysis

Must really understand and apply basics of engineering in the thought process of
design

Should understand specialized engineering disciplines sufficiently to evaluate
influence on design

Think design and engineering basics and their interplay

LOADS STRESS ANALYSIS [<———| MATERIALS

(OR SIZING) I\

I WEIGHT AND BALANCE \I FATIGUE AND DURABILITYJ
CRITERIA |7 DESIGNER - FOCAL POINT TESTS

(ENGINEERING DRAWINGS)

e

l MAINTA[NABILITYJ REPAIRABILITY

Q.A. [ MANUFACTURING (COST)]<—| TOOLING |

Fig. 1.1.5 Structural Designer’s Function (make compromise with other groups)

(D) ENGINEER’S FUNCTIONS

Many engineering functions do not require doing design, for example:

— Analysis - Flight dynamics

— Testing —~ Thermodynamics

— Research — Structural mechanics
— Metallurgy — Electromagnetic fields

Materials and Processes

All engineers should have sufficient formal training in design and shop training
subjects to understand the design process

Some will not have an affinity or talent for design but the exposure will better equip
them for productive work
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However, it must be kept in mind that to achieve a design most adaptable to the specified purpose
of the aircraft, sound judgment must be exercised in considering the value of the necessary
modifications and compromises.

(E) DESIGN CONSIDERATIONS

Airframe design considerations and information are as follows:

* Designer should familiarize himself with all existing airframes or structures of a
similar type to that proposed

* Use available design guides, design handbooks, design manuals, etc. that are generally
the airframe company’s proprietary information or data not ordinarily covered by
classical textbooks or standard handbooks

¢ Provide for the smooth flow of stress from one section of a part to another and from
one part to another

» For long-life structures, detail design is more important than the loading spectrum
and operating stress level; it is possible to miss the desired structural life by a factor
of 100 if the detail design is flawed

* Design for assembly — easier assembly or installation always provide better quality

«  Structural tolerance — shims used where they could have been avoided are costly and
wasteful; shims not used where needed or not used properly can be far more costly

* Damage tolerance design — built-in flaws:
— Damage tolerance design (use lower stress level)
— Fail-safe design (use higher stress level)

* Structural consideration for aircraft future growth

* Design for manufacturing to lower cost

* Design for maintainability and repairability to lower operating cost

1.2 DISCUSSION OF OPTIMUM DESIGN

The optimum design theory learned in college, just like the well-known classic beam theory, cannot
be directly used on airframe structures because of its thin sheet and buckling characteristics.
Instead, the empirical methods of analysis from NACA reports, which combine both theory and
test results, should be the primary methods for airframe structures. One well-known method is the
incomplete diagonal tension shear web analysis (NACA TN 2661).

However, the optimum design theory points the engineer in the right direction in pursuing
lightweight structures.

The primary function of the structure is to transmit forces or loads. From the structural engineer’s
point of view, the objective is to do this with the minimum possible weight and minimal cost. In
the general sense, the optimum structure is one that does the best over-all job of minimizing the
undesirable qualities (weight, cost, repair, maintenance, etc.). If a structure could be found that
would give minimum values on all counts, the problem would be solved. However, it may happen
that the structure that has minimum weight will not be as low in cost as one only slightly heavier.
In such cases the structural engineer must make a decision based on the function of the aircraft and
other criteria that have to be met. Experience states that for every pound of structure which is
ideally necessary to carry the basic loads in an aircraft, there is about 50% or more structural
weight added onto it which consists of doublers for cutouts, brackets, splice fittings, tension and
lug fittings, plus extra materials due to fabricating technique, avoiding corrosion, and other
considerations.
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(A) OPTIMUM AND NON-OPTIMUM EFFECTS

It is necessary to understand the distinction between the optimum weight and the extra weight
caused by non-optimum weight which is represented by joints, cutouts, non-tapered sheet, fatigue,
stiffness, cost, etc. The optimum and non-optimum effects are as follows:

(a) Optimum effects (minimum structure weight):
*  Weight/strengthratio  » Material and proportions *  Structural configuration

(b) Non-optimum effects (practical design):

* Joints * Yield strength * Landing gear mounts
* Cutouts * Minimum gages * Engine mounts
» Fatigue and fail-safe * Corrosion * Integral fuel tank
« Stiffness » Standard gages »  Temperature
e Crippling * Non-tapered members
(c) Other effects :
* Cost * Repairability * Maintainability

(B) STRUCTURAL INDEXES

Since structural research is aimed primarily at finding the optimum structures for the design
conditions encountered, the application of this principle must be considered as an essential part of
such research. Likewise, it should be possible to reduce the design and analysis time considerably
by taking advantage of all the structures that have previously been designed and tested.

The structural index is particularly useful in design work because it contains:

» The intensity of the loads
+ Dimensions which limit the size of the structure.

The structural index offers the designer a guide to the optimum type of structure. Once the design
data for a range of indexes has been worked out, the designer can tell at once which type of structure
should be used. Furthermore, it is possible to determine the relative efficiencies of different types
of structures as a function of the structural index. The structural index will indicate how much of a
weight penalty must be accepted if for some reason the optimum structure is not selected.

For structural-engineering purposes, this optimum structural design can be done most conveniently
by using the structural index because:

(a) The structural index is most useful in determining what constructions and/or material
to fit a particular loading.

(b) The structural index can be used to:
*  Quickly size structures
* Select the most efficient material
» Identify the lightest type of construction

One of the great advantages of this index approach is that design proportions that are optimum
(minimum structural weight) for a particular structure are also optimum for structures of any size,
provided that they all have the same structural index. This principle also permits the results of actual
tests to be extended over a wide range of structures without the necessity of additional stress analysis.

As shown in the examples in Fig. 1.2.2, the structural index for an individual configuration is
based on its own function:

¢ For shear beams, it is the shear load and the depth of the beam
» For columns, the axial load and the length of the column
+ For circular shells or tubes, the bending moment and the diameter of the shell
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For any given value of the structural index, it is possible to find the combination of material and
cross-sectional shape that will give the lightest structure. In determining the optimum design on a
weight/strength basis, the two major variables are the material and the proportions, or configuration,
of the structure:

(a) For the simple case of pure tension, the optimum configuration is a straight line, and the
proportions of the cross section have no effect on the weight. The weight/strength factor
is then determined entirely by the properties of the material.

(b) In the case of pure compression, the optimum configuration is again a straight line, but
the size and shape of the cross section now play an important part in the buckling
strength of the member.

In choosing a material, the structural engineer is strongly influenced by many factors besides the
weight/strength factor; e.g., by material cost, availability, simplicity of design, corrosion, formability,
machinability, etc. It is therefore, most important to give the structural engineer complete
information on the weight/strength comparisons of various materials, showing the weight
advantages or penalties involved in selecting any particular material.

1.3 STRUCTURAL WEIGHT

The structural designers or stress engineers who determine structural sizes must be concerned with
weight. Nevertheless, with today’s specifications, there is a tendency to narrow one’s viewpoint to
the mechanics of the job and to forget the fundamental reasons for that job. It has been said,
sometimes in jest and often in earnest, that the weight engineer is paid to worry about weight.
However, unless aircraft engineers in a company are concerned about weight, that company may
find it difficult to beat the competition or, to design a good performance airplane. On a typical
aircraft one pound of excess empty weight will result in the addition of ten pounds to the aircraft
gross weight to maintain performance.

Weight engineers can estimate or calculate the weight of an airplane and its component parts but
actual weight savings are always made by stress engineers. Today, a very small margin of weight
can determine the difference between the excellent and poor performance of an airplane. If the
structure and equipment of a successful model are increased by only 5% of its gross weight, the
consequent reduction in fuel or payload may well mean cancellation of a contract. In transport
aircraft the gross-weight limit is definitely stipulated; thus, any increase in empty weight will be
accompanied by a reduction in fuel or payload.

The weight breakdown of aircraft structures over the years shows a remarkable consistency in the
values of the structural weight expressed as percentages of the take-off gross weight (or all-up
weight) realized in service, irrespective of whether they were driven by propeller or by jet; see Fig.
1.3.1. At the project stage, if performance and strength are kept constant, a saving of structural
weight is also accompanied by savings in fuel, the use of smaller engines, smaller wings to keep
the same wing loading and so on, so that the saving in take-off weight of the aircraft to do the
same job; is much greater than the weight saved on the structure alone.

The objective of structural design is to provide the structure that will permit the aircraft, whether
military or civil, to do job most effectively, that is with the least total effort, spread over the whole
life of the aircraft from initial design until the aircraft is thrown on the scrap heap. There is thus an
all-embracing simple criterion by which the success of the structural design can be judged. It is not
sufficient to believe that the percentage of structural weight is of itself an adequate measure of
effective design, either of the complete airplane or of the structure itself: a well-known example is
the effect of increased wing aspect ratio:

» Increased structural weight
e May give increased fuel economy while cruising
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Nevertheless, the percentage of structural weight is a useful measure, provided its limitations are
recognized.
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Structural weight
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Gross Weight (103 1bs.)

Fig. 1.3.1 Typical Structural Weight of an Aircraft

Percentage of Aircraft Gross Weight

However, it is very difficult to control structural weight during the production stage because of the
constraints of schedule and on-time delivery. It is not unusual for the first lots of an airframe to be
slightly heavier than the predicted target weight. The engineer can reduce structural weight by the

tail end of production by utilizing a “weight reduction program” illustrated by the form shown in
Fig. 1.3.2.

Type of Change (Check one or more)

Structure Change Systems Change

A Fuselage H  Propulsion
B Wing Center Section J Controls
C  Wing Pylon K Electrical/Avionic
D  Outer Wing L Hydraulic
E Empennage M Environmental Control/
F  Engine Pod —_— Anti-lcing
G Llanding Gear N  Flight Station
O  Interior

Brief Description of Change (Use additional pages if necessary)

Reference (If Applicable)

Basic Spec Paragraph Number
Layout/Dwg. No.

Part No.

Other

Rough estimate of weight reduction Ib/airplane

Signed
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Date Received by Weight Department

Accepted for Review Approval Date
Weight Department Yes No
Project Group Engineer Yes No
Project Department Manager Yes No
Assistant Division Engineer Yes No
Division Engineer Yes No
Chief Engineer Yes No

If unacceptable — state reason and return to originator

Signature Date

Fig. 1.3.2 Example of a Weight Reduction Proposal Form

1.4 DESIGN FOR MANUFACTURING

Since an airframe structure is one of the most expensive and complicated systems on an aircraft, a
team effort (or concurrent engineering) to design for manufacturing is crucial in reducing overall
cost. Cost savings has to be the bottom line to survive in today’s highly competitive market.

The cost of developing a new transport aircraft can be divided into two major cost categories:

(a) Non-recurring costs (b) Recurring costs
+ Engineering * Material
e Planning e Labor
e Testing * Quality Assurance (Q. A.)

Recurring costs (or manufacturing costs) make up approximately 80% to 90% of the above total
cost and design for manufacturing is an important asset in lowering manufacturing costs. Methods
of cost reduction include the following:

¢ Lower part counts

» Use standard parts, and commonality

» Simplify fabrication and assembly

e Use proven methods

* Allocate funds for research and development to pursue new methods
¢ Relax tolerances

« Use CAD/CAM

* Automate manufacturing processes

Design and manufacturing, as shown in Fig. 1.4.1, are successive phase of a single operation, the
ultimate objective of which is the emergence of an acceptable final product. In an aerospace
context, such acceptability has several components:

¢ Market viability

¢ Operational efficiency

¢ Capacity for further development
* Structural integrity

Less obvious but just as important, a structure must not be so complex or difficult in concept that
its realization will create great difficulties, or increase unduly the cost of the manufacturing
process. Production, emerging as a specialized branch of engineering, is sandwiched between the
designer’s drawings and the final product. Consequently, its achievement is less apparent, and
frequently in the past it has not been accorded a like degree of consideration or credit. Yet, it is the
production phase of the operation that translates the design into hardware with reasonable cost.

11
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Fig. 1.4.1 How an Aircraft is Fabricated

An airframe is conceived as a complete structure, but for manufacturing purposes must be divided
into sections, or main components, which are in turn split into sub-assemblies of decreasing size
that are finally resolved into individual detail parts. Each main component is planned, tooled and

built as a separate unit and joined with the others in the intermediate and final assembly stages as
shown in Fig. 1.4.2.

12
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(a) Sub-Assembly

Fig. 1.4.2 Lockheed L-1011’s Sub-assemblies and Final Assembly

Tooling is required for each stage of the building of each component: detail tooling of individual
parts of which there may be many thousands, followed by assembly tooling of increasing size and
complexity for the stages of progressive assembly.

There is nothing new in attempting to design an aircraft to give trouble-free operation. This has, of
course, always been one of the major parts of a design job. Today, there has been incorporated the
requirements of both structural maintenance and repair in every engineering drawing before it is
released and goes into production. If airframes have become too difficult to maintain and repair, it
is not entirely due to a lack of appreciation of the problem at the drawing stage, but is mainly due
to the very great increase in complexity of modern aircraft. A great deal of this complication is due
to equipment and automatic gadgetry.

Between 25 to 40% of the total direct operating cost (DOC) of an aircraft is due to maintenance
and repair, quite apart from the losses due to the aircraft not being serviceable when required.
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Airframe Stress Analysis and Sizing

Chapter 2.0

SIZING PROCEDURES

2.1 OVERVIEW

This Chapter contains the requirements for stress analysis or sizing reports and emphasizes the
importance of preparation and of writing concise and readable reports. It is the stress engineer’s
responsibility to determine that the design chosen for a particular item is the lightest possible
compromise of the various considerations which affect the weight of the proper design.

(a) Design loads:

Design loads for stress analysis are the ultimate loads which are limit loads multiplied
by the 1.5 safety factor. All loads coming from the Loads Department are limit loads
(which are the maximum loads on aircraft structures, not ultimate loads) except those
specified as ultimate loads for other purposes. The safety factor of 1.5 is intended to
cover some or all the following:

* Uncertainties in loads

« Inaccuracies in structural analysis

e Variations in strength properties of materials

* Deterioration during service life

* Variations in fabrication between nominally identical components

(b) Coverage (Classification of parts is based on common sense or determined by
authoritative engineers in the company):

* (Ciritical ~ all primary structures are to be fully substantiated, e.g., wing, empennage,
fuselage, etc.

e Near critical parts — Select number of points and components are analyzed, e.g.,
wing and empennage trailing edge panels, radomes, etc.

« Non-critical parts, e.g., fairings, cabin interior panels, etc.

(c) Begin with the overall picture and work down to the details:

+ What is being analyzed?

¢ Why is it being analyzed?

* How is it being analyzed?

* Load conditions and references

+ Calculation of stresses or loads and allowables

* Both structural and computer model elements should be identified when these are
necessary for completeness in analysis

« State engineering assumptions

* Use company's Design Manuals or Handbooks (approved by certifying agency) if
they are available

* Maintain consistency with the same calculated numbers throughout the calculations

14
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Arrange it so that data is developed in the sequence needed
Show the final Margin of Safety (MS) and state the type of failure and load condition

(d) The sequence of stress work can be generally classified into the following three categories:

Preliminary sizing — the project is just beginning and the aircraft is in the preliminary
design stage

Production (or project) stress analysis — continuation of the project

Final formal stress report for aircraft certification purpose — end of the project

2.2 PRELIMINARY SIZING

Unlike formal stress reports, preliminary sizing calculations may be handwritten but should be
legible enough to make good reproduction copies. Stress sheets are merely for project use but
should be kept for future information and stored in a good filing system so that data can be
efficiently retrieved whenever needed.

Preliminary sizing calculations:

Consist of unsubmitted data and information

Provide data to begin project

Take 6 months to one year (depending on market situation)

Require the most experienced engineers

Based on given conditions and loads

Require a knowledge of basic methods of stress analysis

Use rough or approximation methods of calculation to obtain quick answers
Use rough sizing within reasonable accuracy (conservatively not more than 10%)
Must meet fit and function requirements

Require knowledge of fatigue and damage tolerant design

Stress check usually not required

Require basic knowledge of:

— material selection

— manufacturing and fabrication costs

— repairability, maintainability, and assembly procedures

— future aircraft growth consideration

May not be neat but must be legible

Must be saved for follow-on production design use

In general, these steps should be followed whenever doing preliminary sizing:

Step 1 — Recognize the structural function and configuration of the component:

Step 2 —

Step 3 —

Step 4 —

Wing box, tail box, fuselage barrel « Joint, splice or fittings
Control surfaces * Panel with cutout

Basic loads (static, fatigue, fail-safe, and crash-condition loads):

Tension ¢ Shear

Compression + Normal surface pressure loading
Any combination of above loads

Material selection:
Static » Fatigue
Fracture toughness

Fastener and repairability:
Fastener selection + Joint or splice requirements
Adequate edge margin
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Step 5 — Compromise efficient structure:
e Configurations e Fabrication
+ Installation and assembly » Design for stiffness requirements (flutter)

Step 6 — To meet low cost:
*  Manufacturing and assembly * Aircraft performance requirements
* To meet market competition

2.3 PRODUCTION STRESS ANALYSIS

Long before the formal stress report is written, the production (project) stress analysis will be done
to support structural design (engineering drawings). All the stress analysis sheets are kept on file
for use in the later formal stress report.

Production stress analysis is the most important factor in determining whether or not the airframe
will meet the target weight (usually they are slightly overweight during the production design
stage). Engineering manpower is at its peak during this stage with additional help provide by job
shoppers (temporary workers).

Production stress work:

» Consists of unsubmitted data and information

» Takes about two years (commercial transports)

* Consists of detail stress analysis

* Based on given structure, materials, loads, etc.

» Requires knowledge of methods of stress analysis: .
~ from airframe company's design and structural manuals, if available
— from documents, books, reports, etc.

» Requires use of computers for more accurate stress analysis

* Requires Finite Element Modeling structural analysis to determine more accurate
load distribution within redundant structures

* Defines Margin of Safety (MS) under static loads (ultimate load conditions)
— keep MS close or near to 0 to save structural weight
— allow high MS only for special requirements such as fatigue, stiffness, test result,

etc.
» Stress checks are required only for the move important areas

2.4 FORMAL STRESS REPORTS

Unlike preliminary sizing and production stress-analysis, the formal stress report is typed (or word
processed) and requires a high standard of readability and neatness for submission to the certifying
agency. The report should be written in the third person and the writer should place himself (or
herself) in the position of the unfamiliar person who will be reading and checking the report.

Formal stress report:
» Consist of submitted data and information
+ Usually takes a little over a year
* Consist of wrap-up and condensation of production stress analysis
* Requires more effort
» Must be neat and clean report with minimal page count
* Requires checking and approval
» Must use approved methods of analysis
* Must specify drawing references
* Must use company's stress sheet form



Sizing Procedures

« Is sent to certifying agency with several copies kept in project otfice for reference
e May be revised to make corrections or substantiate a down stream derivative airframe

These reports are a means of satisfying the certifying agency that airframe strength requirements
have been fulfilled before issuing the aircraft type certificate. They also serve as:

* An important basis for airframe modification and conversion
» The basis for resolving production salvage and retrofit issue

(A) COVERAGE:

(B)

(a)

(b)

(©

(d)

Primary structures:

» All primary structures are to be fully substantiated

¢ All significant internal loading shall be summarized for parts that are substantiated
by ultimate strength testing in lieu of stress analysis

» These loadings are to be included in the submitted reports or unsubmitted reports
kept in Project Department file systems

Repetitive structures:

« Covered by analysis of the critical or typical one of each group
« Structures such as typical ribs, bulkheads, clips, etc.)

Near critical parts will be guided by:

¢ Select number of points and components analyzed
« Fatigue life
« Stiffness

Non-critical parts:

« Aircraft exterior fairing and most of the interior cabin parts are non-critical structures
+ Formal stress reports for these parts are usually not required by the certifying agency
* Unsubmitted stress analysis is still required and kept on file for information

CONSIDERATIONS AND REQUIREMENTS:

(a)

(b)

©

(d)

A good stress report can be produced without excess bulk by:
« Use of tabular calculations

¢ Reduction or elimination of routine calculations
» Use of computer output results

Begin with the overall picture and work down to the details:
[See Chapter 2.1(c)]

Calculations not shown:

¢ All repetitious and simple calculations should be omitted

* One sample calculation may be shown and the remaining results summarized in
tabular or graphical form

* Computer results of structural allowables, section properties, etc.

« Test details

Unsubmitted data and information:

« Includes final computer output data

« Kept and maintained by each project group or department office
+ Considered to be part of the basis for the submitted analysis

¢ Provides basis for the formal stress report

17
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(e

()

(2)

(h)

* A complete file of unsubmitted analysis shall be maintained for the licensing agency
and for future reference until the end of the project
* Good filing systems are necessary to store and retrieve data efficiently

Report should be reviewed by an independent checker to catch errors (signs of loading
are especially important) and to check:

¢ Numerical calculations

* Correct method of analysis
* Completeness of coverage
* Readability

Sketches:

Sketches should be kept to the absolute minimum that will fulfill the following
requirements:

¢ Describe the parts

* Show location of parts on airframe

¢ Show type of loading and reaction involved

« Identify all parts by drawing numbers

* Show the dimensions that are to be used in the analyses

Also:

* Do not number figures except to identify them when more than one appear on a page
« Draw neatly and approximately to scale, but show no more than necessary

* Use should be made of reductions of production drawings

Standard symbols and sign conventions:

* Define abbreviations, acronyms, and nomenclature

¢ Use your company's standards or those found in this book
¢ Standard symbols can be found in MIL-HDBK-5

» Use the common sign conventions found in this chapter

References:

References used in formal stress analysis shall be approved by a certifying agency and/or
the company’s project office. Every figure, sketch, formula, and analysis should be
referenced to its source except for the following exceptions:

e Items, formulas, etc., easily found on the same page
« Common equations or theorems of algebra and trigonometry
» Abbreviations, acronyms, and nomenclature

(C) PREPARATION

(a)

(b)
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Paper forms :

* A size paper (8.5" X 11"):
— Title page
— Revision pages
— Margin of Safety pages

— Analysis pages (basic pages used in the body of the report)
— Distribution list pages
» B size paper (17" X 11"): Fold-out pages should be kept to a minimum

Formal stress reports shall contain the following data and information:

* Title page
e List of pages to prevent pages are missing
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Abstract

Three-view drawing of the aircraft
Table of Contents

Engineering drawing list

Symbols, acronyms, and nomenclature
Load conditions with coding data
Summary of test results

Summary of final Margins of Safety (MS)
References

Detail analysis

Appendixes as required

Distribution list of controlled copies

2.5 SIGN CONVENTIONS

A significant problem and challenge for engineers doing the stress or load analysis is the selection
of sign conventions. The following recommendations will prevent confusion:

Engineers should use standard sign conventions so that calculations can be read and
checked without confusion '

It is strongly recommended to assume that unknown loads are positive and to
represent them as such in calculations

It an unknown load was assumed to be positive but turns out to be negative, the load
direction must be reversed

Once the engineer has assigned a sign direction, whether positive or negative (not
recommended), to an assumed load, it must be maintained throughout the entire
calculations; otherwise confusion will occur and correct results will be impossible to
obtain

(A) SIGN CONVENTIONS

Positive sign conventions representing axial load, shear load, bending moment, and torsion should
be assigned, as shown in Fig. 2.5.1 and described below:

Axial load is considered positive when the load puts the element in tension, or acts
away from the element

Positive shear load is defined as acting downward on the right side of the element
and acting upward on the left side of the element; positive shear flow is defined in
the same manner

Positive bending moment is defined as acting counter-clockwise on the right face of
the element and clockwise on the left side of the element, or that which produces
compression in the top “fibers”

Use a double-arrow symbol to represent torsion or moment in which the positive
torque or moment is indicated by the right-hand rule with the thumb of right hand
pointing in the positive moment direction, the curl of right-hand fingers indicating
positive torque

Positive angle rotation is in the counterclockwise direction and 0° points to the right-
hand side

19
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Pa=(s =P 1 (+)LV M( (+))M
A%
(a) Axial Force (b) Shear Force (c) Bending Moment
9(°
.

_ W 6 t q1 ) Lq +)
\ ()()

(d) Torsion or moment (e) Shear flow (f) Angle and Rotation
(right-hand rule)

Fig. 2.5.1 Positive Sign Conventions

(B) REACTION LOADS

The signs used to represent reaction loads are shown in Fig. 2.5.2:

« If the direction of a reaction is unknown, assume it acts in the positive (+) direction

« If the result is positive, the assumption was correct. If not, change the sign

* The reaction loads occur generally at supports

* Moment and shear diagrams are generated by using applied loads in conjunction
with the known reaction loads at supports

(a) Axial and Shear Loads: ——f———
(b) Bending Moment: }
(¢) Torsion: ————

Fig. 2.5.2 Symbols for Reaction Loads

(C) LOAD DIAGRAMS
Load diagram plots are shown in Fig. 2.5.3 and Fig. 2.5.4:

* The positive bending moment diagram is plotted on the compression stress side of
the member

» The positive shear diagram is plotted:
— on the upper side of the simple beam
— on the outside of the frame, arch, etc.

20
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(a) Assume A Beam With Uniform Loading

(o
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(b) Bending Moments (c) Shear Loads

Fig. 2.5.3 Load Diagrams for a Simple Beam
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(a) Assume a Frame with Uniform Loading
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)
© )
N z
+) ) L
!
(b) Bending Moments (c) Shear Loads

Fig. 2.5.4 Load Diagrams for a Frame Structure

2.6 LOAD PATHS AND FREE-BODY DIAGRAMS

Whether the correct load path (or internal load distribution) in the analyzed structure is either
determinate or indeterminate is one of the first things which must be decided before starting to
perform structural analysis or sizing calculations. The correct load paths are determined by using
Finite Element Modeling, a must to determine the correct load paths in highly redundant

structures:
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* Cut-out

* Shear-lag

* Fatigue load distribution around fasteners

*  Multi-cell box beams

¢ Stringer run-out

» Skin-stringer panels

* Make sure the assumed boundary conditions are correct or very close to those of the
real structure, otherwise the output will be garbage

* Never say, “the computer says” as if computer analysis is never mistaken since
computer output is only as correct as what is inputted

In analyzing the action of forces on a given structural member body, it is absolutely necessary to
isolate the body in question by removing all contacting and attached bodies and replacing them with
vectors representing the forces that they exert on the isolated body. Such a representation is called
a free-body diagram; see Fig. 2.6.1. The free-body diagram is the means by which a complete and
accurate account of all forces acting on the body in question may be taken. Unless such a diagram
is correctly drawn the effects of one or more forces will be easily omitted and error will result. The
free-body diagram is a basic step in the solution of problems in mechanics and is preliminary to
the application of the mathematical principles that govern the state of equilibrium or motion. Note
that where an imaginary cut is made, the internal loads at that point become external loads on the

free-body diagram.
I ; 1 / P,
A B

| o= 1
i c i
Rax 1 Ray $ Ry,

(a) Beam in Equilibrium

P
ProM:. Ve 2
S e 5

RAx ‘L R(‘ %
% RAy VC I{By

(b) Free-body Diagram

Fig. 2.6.1 Free Body of a Simple Beam

There are two essential parts to the procedure of constructing a free-body diagram:

* A clear decision must be made as to exactly what body (or group of bodies
considered as a single body) is to be isolated and analyzed. An outline representing
the external boundary of the body selected is then drawn.

» All forces, known and unknown, that are applied externally to the isolated body should
be represented by vectors in their correct positions. Known forces should be labeled
with their magnitudes, and unknown forces should be labeled with appropriate
symbols.
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In many instances the correct sense of an unknown force is not obvious at the outset. In this event
the sense may be arbitrarily assumed and considered to be positive relative to the free-body
diagram. A sign convention as shown in Fig. 2.5.1 and Fig. 2.5.2 must be established and noted at
the beginning of each calculation. The sign convention selected must be consistently followed
throughout each calculation. The correctness or error of the sense assumption will become
apparent when the algebraic sign of the force is determined upon calculation. A plus sign indicates
the force is in the direction assumed, and a minus sign indicates that the force is in the direction
opposite to that assumed.

2.7 DRAWING TOLERANCES

The general procedure is to design to zero margin of safety on nominal dimensions and to show in
the formal report. However, in cases where adverse tolerances could produce a significant strength
reduction, their effect should be considered. The strength level below which tolerances cannot be
neglected is that level at which there is an appreciable possibility that service difficulties will be
encountered. The probabilities of the tolerances going bad, the material having minimum properties,
the structure reacting to the loading condition as severely as predicted by strength analysis and the
loading condition being achieved, should all enter into this decision.

Rule: Use mean dimension and total negative tolerance not exceeding the following values:

* 10% for single load path
¢ 20% for multiple load path

Example:

Given the following dimensional tolerances find the value of ‘a’ for stress analysis for a single
load path:

— | 0.20"

0.35" (

0.5" 1‘]0"

R

A <l lo |

A<

(All dimensional tolerances in this example are +0.030 in.)

The calculated dimensions or “a” and “b” are:
a=110-035-05=0251n;
b =0.20in. (Don’t use this value)

Tolerances affecting the dimensions are:
a — +0.03; £0.03; £0.03
b — +0.03
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Negative tolerances (interested values):
a=—(0.03 +0.03) =-0.06 in.
b=-0.03 in.
If a required dimension is determined by using more than two other dimensions, only the two

largest tolerances shall be added to obtain the total negative for the computed dimension.
Therefore, the dimensions for this example should be:

1.1 (0.25 -0.06) = 0.209 in.
1.1 (0.20-0.03) =0.187 in.
(The above factor of 1.1 is for single load path; use 1.25 for a multiple load path)

a

b

I

The actual computed area at cross section A — A is
Area: A =axb=0.209x0.187 =0.039 in.” (Use this value for stress analysis)
If use nominal area: A =a X b =0.25%0.20 =0.050 in’ (Don't use this value)

Conclusion: The area difference is AA = 0.05-0.039 28.2%.
0.039
The following alternatives are recommended that to call out ‘a’ dimension on the engineering
drawing, if the value *a’ is critical for strength:
_0.260 —-0.000

a—0.240 or a=0.250+0.010 or a=0.250 +0.020

It should be noted that the nominal dimension is the same (0.250) for each of the three alternatives.

2.8 MARGIN OF SAFETY (MS)

Unless otherwise specified, a factor of safety of 1.5 must be applied to the limit load:

« Ultimate load = 1.5 x limit load
» The structure must be able to support ultimate loads without failure
» The structure must be able to support limit loads without detrimental permanent
deformation
The general procedure is to design a structure to zero margin. The Margin of Safety (MS) for the
stress analysis is equal to zero or greater, but is never a negative. Follow these to calculate the MS
to meet airworthiness requirements (also refer to Chapter 4.4):

(a) First step — Under the ultimate load case:

MS e = %~ 1 20
where: F — Use capital letters to represent allowable stress (F), moment (M),
load (P), etc.
f — Use small letters to represent applied ultimate stress (f), moment

(m), load (p), etc.
{xxx) — Option for showing the critical condition, i.e.:
Tension
Compression
Shear
Buckling
Bearing
Fastener
Etc.
24



Sizing Procedures

(b) Second step — Check material yield conditions:

Fyic]d
MS=——-120

Titnit

where: Fu —Use capital letters to represent allowable stress (F,,, F,,, etc.),
momerit (M), load (P), etc.
fuoe — Use small letters to represent applied limit stress (f), moment (m),
load (p), etc.

(¢) Third step — The final MS is the smallest MS from either (a) or (b).

The above mentioned MS which is based on ultimate static strength will be used unless it is
overridden by the following criteria:

+ Adequate fatigue life for the loading spectrums
« Sufficient rigidity for the aero-elastic or dynamic considerations
* Damage tolerance

2.9 STIFFNESS REQUIREMENTS

In many instances in the past aircraft manufacturers have experienced service faiture and
malfunction of various mechanical devices due to insufficient rigidity or improper allowables for
possible and/or probable build-up of material and manufacturing tolcrances, for instance:

(a) Loss of doors and/or improper seating of doors due to excessive deflections and adverse
tolerance build-up.

(b) Failure of “over center” and “dead center” mechanisms due to adverse tolerances and
unaccounted-for detlections.

(c) Loss of canopies due to adverse tolerances and excessive deflection.

Guarding against such failures and malfunctions is a joint responsibility of the Design and Stress
Departments. Some of the reasons for these malfunctions should be more apparent to the stress
engineer than the design engineer since during the computation of loads the effects of variations in
the design can be qualitatively evaluated.

Specifications require that all devices maintain full strength and function properly under
deflections and stresses at limit loads:

(a) The Stress Department is responsible for sufficient control system rigidity and the eftect
of tolerances, where applicable, should be considered when calculating the rigidity of
control systems.

(b) Consideration should be given to the effects of limit deflections on the device, whether
due to limit load on the device or due to limit load on other parts of the airplane.

(¢) In addition to the specification requirements, the Structural Dynamics department often
specifies rigidity requirements for various items:
« Requires structural stiffness of EI and GIJ values for wing empennage and engine
pylon for divergence to prevent tlutter in high speed flight
* @GJ values for control surface structures

The Stress department should take responsibility for coordination with the Structural
Dynamics department.
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It is recognized that using some of these criteria will result in designs that are considerably over
strength. The design penalty may seem large in the preliminary stages but actually it is only a
fraction of the cost, dollarwise and timewise, having to make a change at a later date. The weight
penalty is more than justified in terms of practicality and reliability.

210 DISCUSSION

The practical stress analysis and sizing can be drawn as following:

« Practically, stress analysis is not an exact solution but is a good approximation and
its derivation is covered by the safety factor of 1.5 )

» Conventional methods of stress (or structural) analysis obtained from college study,
textbooks, handbooks of structural formulas or equations, etc. that mostly cannot be
directly used on airframe sizing because there are many effects from various
boundary conditions, elastic supports, loading conditions, etc.

¢ The input of engineering judgment and/or assumption is frequently to be used to
modify the conventional method of analysis to fit the need

» ‘Sometimes structural tests may be required to justify or modify the conventional
method of analysis for critical components, e.g., cutouts, critical joint analysis, etc.

¢ The best computer is “you” not the computerized method which is merely a very
good tool for your use to gain calculation speed and to solve highly redundant
structural systems

¢ Engineers shall understand what is in the computer analysis rather than just perform
the input and output process; otherwise it makes no difference between “you” and a
robot (so called “engineering crisis” which will end up to be a Murphy’s Law result!)

» Traditionally, when in “doubt”, the engineer uses a conservative method or approach
to size airframe structures and the level of conservatism is based upon engineering
judgment

One of the most important things for a successful engineer to do is to maintain a very efficient
filing system for each individual use (honestly speaking, this is the weakest point for almost every
engineer) or engineering project purpose. Engineers need not remember every piece of data or
information but must have quick and efficient means of locating whatever is required.

A good and efficient filing system in an engineering project should be set up in such manner that:

* Retrieval of information and data is quick and easy

* There is one central filing system in a group unit (e.g., a group of engineers under a
lead engineer or supervisor could be a group unit) rather than many separate files
maintained by each individual engineer

* Anyone can retrieve data in a group unit without help

+ Storage space is reduced
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EXTERNAL LOADS

3.1 INTRODUCTION

This chapter provides a summary review of the external loads used in the structural design of
transport aircraft. For consistency, the major design loads discussed herein will concentrate on
commercial transports. The entire discussion is based on U.S. FAR 25 as a guideline, and for
reference only. Engineers should refer to the updated regulations to which aircraft will be certified,
i.e., FAR, JAR, etc. Military aircraft are basically similar to commercial transports, the main
differences being their higher load factors, severe maneuvering capabilities and flight environments.

On a commercial transport jet, the number of primary airframe load conditions investigated could
well be over 10,000. The number of actual critical design conditions is about 300 — 500, involving
almost every type of maneuver required by FAR. Additionally, critical internal loads may occur at
as many as near 20,000 locations on an average wide-body size jet transport, e.g., B747, B777,
DC10, L-1011, A300, etc. Handling the numerical data generated would not be economically
feasible without the capability of modern computers and the potential for organization inherent in
matrix algebra techniques.

External loads, as shown in Fig. 3.1.1, are generally defined as those forces and loads applied to
the aircraft structural components to establish the strength level of the complete aircraft. The
strength level, or structural criteria, is defined by the aircraft speed, load factors, and maneuvers
the aircraft must be capable of performing. The structural component loading may be caused by air
pressure, inertia forces, or ground reactions during landing and taxiing. Some components may be
designed for ground handling such as hoisting, packaging, and shipping.

LOADS

I

MANEUVER DYNAMIC GROUND OTHER
LOADS LOADS HANDL ING LOADS
LOADS

AIRCRAFT GEOMETRY
AEROCDYNAMIC DATA

WEIGHT DATA AND DESIGN SPEED
STIFFNESS DATA

MISCELLANEQOUS SYSTEM DATA
OPERATION DATA

V-N OR V-G DIAGRAMS

Fig. 3.1.1 Aircraft External Loads

L I I I 2

27



Chapter 3.0

The determination of design loads on the various structural components involves a study of the air
pressures and inertia forces during certain prescribed maneuvers, either in the air or on the ground.
The objective is to put sufficient strength into each component to obtain an aircraft with a
satisfactory strength level compatible with structural weight. The methods by which this objective
is obtained are sometimes relatively unrelated to the actual anticipated normal usage of the
aircraft. Some of the prescribed maneuvers are, therefore, arbitrary and empirical, which is
indicated by a careful examination of the structural criteria. The use of arbitrary criteria is justified
since the usage and characteristics as well as the future development of any new aircraft are
difficult to predict. Also, limitations of the “‘state-of-the-art” preclude the determination, in some
cases, of exact loading for a given maneuver or configuration. It is then expedient to design a new
aircraft to a strength level which is simply defined and compatible with the strength of an existing
satisfactory aircraft. The specified conditions for structural design become simply a transfer
system of experience from existing aircraft to new aircraft.

Fig. 3.1.2 shows several simple methods of load analyses used in the past (also see Ref. 3.2 and
3.3) and new methods and research are continually advancing the “state-of-the-art”. This fact
should not be overlooked and new designs cannot be based solely on past experience. Rational
maneuvers and loading must be considered when the “state-of-the-art” permits their use. The
availability of electronic computing equipment permits investigations of aircraft and loading
behaviors as rationally as can be described mathematically. Care must be exercised, however, to
ensure that the amount of “rationality” and computing time spent is compatible with the required
starting, or input, data.

Lifting Line Lifting Surface Distributed Approach
* No streamwise chord * Includes streamwise chord * The lift consists of the sum of
bending bending weighted function that can define the
lift at any arbitrary point
» Remote pitch balance * Mutual induction of entire * Includes both spanwise and chordwise
planform is simulated lift
» Remote fuselage effect » Complex, time consuming * Exact solution for an elliptic wing
and expensive analysis
* Simplified, ecconomical * Low aspect ratio, i.e., delta * Acrodynamic influence coefficient (AIC)
analysis wings would not necessarily be symmetrical
* High aspect ratio * More accurate method * Accurate method

¢ Less accurate method

Reference documents

« NACA TM 1120 (1949) * NACA TM 1120 (1949) * NASA TR R48 (1959)
+ NACA TN 1862 * ARC REP. R&M 1910 (1943)

« NACA TN 3030 (1953) + ARCREP. R&M 2884 (1955)

* NACA TN 1491 (1947)

= NACA TN 1772 (1948)

Fig. 3.1.2 Methods for Estimating Wing Lift (Subsonic Flow)

3.2 STRUCTURAL DESIGN CRITERIA

In order to apply structural design criteria to a particular aircraft it is necessary to have available
the characteristics of the aircraft related to the determination of external and internal loads on the
aircraft. The key characteristics are:

* Gross weight requirements - loadability

+ Performance capabilities
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= Stiffness

¢ Aerodynamic characteristics

» Landing gear features and characteristics
* Operating altitudes

< Loads analysis requirements

The structural design criteria defines the maneuvers, speeds, useful load, and aircraft design
weights which are to be considered for structural design and sizing. These items may be grouped
as those criteria which are under control of the aircraft operator. In addition, the structural criteria
must consider such items as inadvertent maneuvers, effects of turbulent air, and severity of ground
contact during landing and taxiing. The basic structural design criteria are based largely on the
type of aircraft and its intended use.

(a) The first group of criteria which are under the control of the aircraft operator are based
on conditions for which the pilot will expect the aircraft to be satisfactory. Loading tor
these conditions are calculated from statistical data on what pilots do with and expect
from an aircraft. The strength provided in the aircraft structure to meet these conditions
should be adequate for the aircraft to perform its intended mission as follows:

(i) Commercial aircraft —Must be capable of performing its mission in a profitable as
well as safe manner, and it is assumed to be operated by
qualified personnel under well-regulated conditions.

(i) Military type aircraft — Do not usually Iend themselves as readily to a definition of
strength level based on a mission, because the mission may
not be well-defined or a number of missions of various
types may be contemplated. Military aircraft, also, are not
always operated under well-regulated conditions and thus
necessitate a wide range of design limits.

(b) The second group of criteria covering loading, over which the pilot has little or no
control, includes the effects of turbulent air, sinking speeds during landing, taxiing over
rough terrain, engine failure probability, and similar conditions. The strength necessary
for these conditions is based almost entirely on statistical data and probability of
occurrence. Statistics are constantly being gathered and structural design conditions
modified or formulated from the interpretations of these data. Statistics can easily be
used to design an airplane similar to the one on which the data were collected.
Unfortunately, however, the data cannot always be successfully extrapolated to a new
and different design.

When a new aircraft is designed in a category to which the criteria does not apply, deviations to or
applicable interpretations of existing methods and requirements are necessary. Occasionally, a
condition is experienced which is outside the statistics and was not foreseen. Then, a failure may
occur. A one-hundred percent record of no failure during initial operation of a new aircraft is
ditficult, if not impossible, to obtain, particularly when production of an economical aircraft in a
reasonable time span is essential. To attempt to account for these unforeseen conditions, a factor of
safety is used and the concept of fail-safe was developed.

The amount ot analysis used in the derivation of the aircraft basic loads is dependent on the size
and complexity of the design and knowledge and data available. The time element is also
important during design and the structural design is dependent on basic loads. Thercfore, the loads
must be determined early in the design process to preclude the possibility of delaying design work.
The time available and quality of input data often governs the amount of load analysis that can be
made. Fig. 3.2.1 shows typical wing loading along a wing span which is the basic load (bending
M,, shear S,, and torsion M, ) requirements for preliminary sizing.
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. =} Net wing loads along
s 5 te load axis (Condition:
S T . : =) Dynamic vertical gust)
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Fig. 3.2.1 Transport Wing Load Curves (M,, M,, and S)

Another consideration in determining the extent of the load analysis is the amount of structural
weight involved. Since weight is always of great importance, a refinement of the methods used to
compute loads may be justified. A fairly detailed analysis may be necessary when computing
operating loads on such items as movable surfaces, doors, landing gear, etc. Proper operation of
the system requires an accurate prediction of loads. In cases where loads are difficult to predict,
recourse must be made to wind tunnel measurements. The final basic loads must be an acceptable

compromise of all the considerations and Fig. 3.2.2 shows basic load organization interfaces and
flow of data.
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(A) STRUCTURAL STIFFNESS

In high speed aircraft, structural stiffness requirements are important to provide adequate strength
to prevent some high speed phenomena such as:

¢ Flutter

« Control surface reversal — whereby the control surface has lost its effectiveness due
to weak torsional stiffness of the wing box

» Static divergence — whereby the wing structure becomes torsionally unstable as the
angle of attack increases due to the applied loads

It is therefore necessary to have an estimate of structural stiffness before studies in these areas are
started. As a design progresses it is sometimes necessary to update these stiffness estimates to
agree with the actual design. When this happens, it is necessary to also update the dynamic work
to find if the aircraft still complies with requirements.

DESIGN GROUP

EXTERNAL
GEOMETRY

1

STRUCTURAL
LAYOUT

y

*MODEL"
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DESIGN
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=
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Fig. 3.2.2 Basic Load Organization Interfaces
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(B) AERODYNAMIC CHARACTERISTICS

The overall aerodynamic characteristics of the aircraft are important to the determination of
structural loads. Some of the necessary information that must be determined by analysis and wind
tunnel tests are:

» Basic aircraft stability characteristics

» Pressure distributions over the wing, empennage, and fuselage

* Control surface hinge moments

* Pressure distributions over high lift devices, such as flaps and slates

These are usually obtained from wind tunnel tests of force and pressure models. These are
conducted in subsonic and transonic wind tunnels to get the effects of compressibility. When wind
tunnel tests are not available, estimates are made from wind tunnel and flight tests of past similar
models. ‘

Landing gear shock-absorbing characteristics are determined by analytical means and then verified
by drop test of the gear.

(C) LOAD ANALYSIS

Design loads are determined for the various structural components using computers. Some of the
analyses required are:

« Maneuver loads analysis

* Gust loads analysis
— Static approaches
— Dynamic approaches

+ Landing loads analysis including both rigid airframe and dynamic analyses

e Ground handling loads including both rigid and elastic aircraft characteristics

» Control surface reversal characteristics and load distributions

¢ Dynamic analyses for control surface oscillatory conditions due to “black box”
(autopilot or yaw damper) failure

e Flutter analysis and tests including both wind tunnel and flight testing to verify the
adequacy of the damping characteristics of the aircraft throughout the speed range

3.3 WEIGHT AND BALANCE

Structural design loads affect the weight of the airframe structure, and the weight of the aircraft
influences the magnitude of design loads. This interdependence suggests that a judicious selection
of the preliminary design weight is mandatory to the economical design of an airframe.

(A) WEIGHT REQUIREMENTS

Structural weight requirements are established as part of the basic design of the aircraft to
accomplish the mission desired. These weights vary from the minimum gross weight to the
maximum gross weight for which the aircraft is designed. Other considerations concerning the
weight distribution within the aircraft are as follows:

» Center of gravity (c.g.) limits — established to provide the desired loadability of
passengers and cargo

»  Weight distribution of fixed items such as engines, fuel tanks, etc., to allow maximum
use of the aircraft cargo and passenger compartments

« Fuel requirements — affects c.g. requirements and gross weight capabilities
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During flight the c.g. travel is limited by the stability and control capabilities of the aircraft.
Forward c.g. is limited by the ability of the tail to maintain balance during flaps-down landing
approaches. Aft c.g. is limited by the so-called “maneuver point” at which the aircraft reaches
neutral stability. It tends to become unstable and to diverge in pitch and be difficult to control.
Preliminary limits are determined from wind tunnel data and final limits are selected from flight
demonstrations which allow some margin from the absolute limits.

(B) MAJOR AIRCRAFT WEIGHT

Aircraft gross weight and detailed distribution of weight both have a large influence on structural
design loads. For example, realizing that the lifting forces by air on an aircraft wing must be as
great as the aircraft gross weight in order to support the aircraft in flight, it can be seen that wing-
up-bending will be almost a direct function of aircraft gross weight as shown in Fig. 3.3.1.

Airload = W

7,
\ /
A
&ing
W

Fig. 3.3.1 Lifting Force vs. Gross Weight of the Aircraft

Another apparent example of the effect of the aircraft gross weight on design loads is the vertical
load imposed on the landing gear when it contacts the ground at a given sinking speed. The gross
weight to be used for structural design is determined from the mission requirements of the aircraft.
Mission requirements and/or design criteria spell out maximum and minimum amounts of fuel and
payload to be considered at various stages of aircraft operation. Typical aircraft major design
weights are:

(a) Take-off gross weight — Maximum gross weight to perform the specified mission. The
aircraft is generally considered as containing capacity fuel and
maximum payload. This is varied in some instances to suit the
particular needs of the design. Take-off gross weight is
considered for taxiing conditions and flight conditions, but the
aircraft need not be designed for landing at this weight.

(b) Design landing weight — Maximum weight for the landing operation. It is reasonable to
expect that a predetermined amount of fuel is used up before
the aircraft is expected to land. It would be unnecessarily
penalizing the aircraft structure to design it to loads imposed
during a landing at weight above the design landing weight. In
many instances fuel dump provisions are installed in an aircraft
so that aircraft weight may be reduced to the design weight in
emergency landings. Critical for both wing and fuselage down-
bending during landing.
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(¢) Zero fuel weight — Maximum weight with zero fuel aboard. This somewhat
confusing title for a design weight is very popular in structures
because it is descriptive. It defines the summation of the weight
of empty aircraft, items necessary for operation (crew, engine
oil, etc.), and cargo and/or passengers. This condition is
usually critical for wing up-bending.

All design weights are negotiated during the formulation of design criteria. Using past experience,
an attempt is made to establish the design weight at a level that will include the natural growth of
aircraft gross weight between preliminary and final design as well as for future aircraft growth
(this growth is sometimes as high as more than 30% of the original aircraft gross weight), and yet
not be so excessive as to penalize the design.

(C) CENTER OF GRAVITY ENVELOPE

The combination of design weight and aircraft center of gravity location are of considerable
importance. A plot is made of the variation of c. g. with the design weight. An envelope enclosing
all extremes of the variation is determined for design. An attempt is made to set the c. g. limits
such that they will include the extremes that can result from changes that occur as the design
progresses. A typical example of a center of gravity envelope is shown in Fig. 3.3.2.

Take-off gross weight

Z Landing weight

Reserve fuel weight
Zero fuel weight

=

20

[

S

) 5

@ = g

3 E =

— —_— [>eed

= o <

2 g

<
Empty weight

including crew,
trapped fuel, etc.)

Aircraft c.g. (% of MAC)

Fig. 3.3.2 A Typical Center of Gravity Envelope
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(D) WEIGHT DISTRIBUTION

Once the critical loading is determined, a distribution of the dead weight is necessary. An accurate
distribution of weight is important because the dead weight of fuselage, wings, cargo, etc.,
contributes to a large part of the loading. The effect of the distribution of weight can be realized by
considering the distribution of mass items of cargo within a fuselage. Whether these large masses
are condensed about the centerbody or placed at extreme forward or aft locations will influence
greatly the magnitude of down-bending experienced by the fuselage forebody or aftbody during a
hard landing.

The amount and disposition of fuel weight in the wing is particularly important in that it can be
utilized to provide bending relief during flight. This is easily explained in terms of wing bending
in an aircraft containing fuel in wing boxes. Fig. 3.3.3 illustrates how the fuel weight in the wing
acts to relieve the bending caused from air load. The illustration points out that placing fuel as far
outboard as possible and using fuel from the most inboard tanks first provides the optimum
arrangement for wing bending during flight.

%
U o—g U

Full tank fuel weight

Airload

(a) Fuel weight provides relief to wing up-bending

Airload

(} {} (b) Inboard fuel expended, outboard fuel
u U providing more relief

Outboard fuel tank

Airload

A (\ (c) Outboard fuel nearly expended,bending relief
I decaying faster than airload up-bending

Outboard fuel weight nearly expended

Fig. 3.3.3 Wing Up-bending Relief Due to Fuel Weight

Thinking in terms of the large inertia effects in a down-bending direction during a hard landing
and taxiing point out that extreme arrangement of wing fuel is not necessarily the best solution.
The illustration does make it apparent that fuel management (sequence of usage) should be given
considerable attention in order that the final design be the best compromise.
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3.4 FLIGHT LOADS

Aircraft operating variables for which critical values must be determined in showing compliance
with the flight load requirements are:

» Flight aititude
¢ Operating weight
* Center of gravity (c.g.) travel

(A) MANEUVER LOADS
SYMMETRICAL:

Use the common maneuver V-n diagram (‘V’ represents aircraft speed and ‘n’ represent load
factor), as shown in Fig. 3.4.1, to represent the maneuver load requirements for -an aircraft.
Because of the effects of compressibility on wing lift and the effects of varying air density on
aircraft speed capability, V-n diagrams have different shapes at different attitudes. All critical
combinations of altitude, weight, and c.g. travel position must be investigated.

CNMAX
3 4 (Flaps Up)
ps P A D, D,
CyMAX I H
1 (Flaps Down) . !
L 2R !
= \ ’ ! | ]
= / f !
8 tA !
S 1 teee--. B T Skl S S Dy
E ¢ —
? <:: U! [}
0. > > =)y
F 'Equivalent' Air Speed E E
. —t [}
— ]
-1
(Flaps Up) H F

Fig. 3.4.1 Typical Maneuver V-n Diagram (Commercial Transport)

Within the limits of the diagrams the aircraft must be checked for both balanced and pitching
maneuver conditions. In a balanced condition the aircraft is assumed to be in equilibrium with
zero pitching acceleration. This can be achieved in a steady state pull-up or turn. All critical points
around the periphery of the diagram must be checked for this condition.

(a) Flap-up case:
For airworthy transport category aircraft, design to a minimum positive limit load factor
of 2.5 and a negative load factor of — 1.0

(b) Flap-down case:
Flap-down maneuver requirements are derived in the same way as those for flap-up
except as affected by the following differences:

e Because greater wing lift coefficients are possible with flap-down, the aerodynamic
lift curve is steeper
e A maximum limit load factor of 2.0 is required
e The V-n diagram is limited by a speed (Vr) which is equal to the stall speed
multiplied by a factor of 1.6 or 1.8, depending on the aircraft weight condition and
flap setting
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UNSYMMETRICAL:

(a)

(b)

Rolling case:

Rolling occurs due to the application of roll control devices and it is an unbalanced
moment about the aircraft c.g. that is to be reacted by aircraft inertia forces. The effect
of wing torsional deflections on the rolling effectiveness of the ailerons and spoilers
must be accounted for. Fig. 3.4.2 shows the load relationships and symmetrical load
factor requirements for rolling. The aileron and spoiler deflection requirements at each
of the required speeds are as follows:

» At V,, sudden deflection of ailerons and spoilers to stops (limited by pilot effort)
* At V, ailerons and spoiler deflection to produce roll rate same as above at V,

e At Vy, ailerons and spoiler deflection to produce roll rate % of above at V,

l.oad due 10
up aileron

Inertia

Load due to  p1/2
down aileron

nlL/2

Required cases: @ n=0

(b) n= (%)(2,5 g maneuvering load) = 1.67g

Fig. 3.4.2 Rolling Maneuver Forces and Load Factors

Yawing case:
The yawing maneuver occurs due to rudder deflection and produces three design
requirements:

* With the aircraft in unaccelerated flight at a speed VA (the design maneuvering
speed), and at zero yaw, the rudder is suddenly displaced to the maximum deflection.
This causes a high yawing acceleration

* The aircraft then yaws to a maximum side slip angle. This is a momentary dynamic
overyaw condition

* With the aircraft settled down to a static side slip angle, the rudder is then returned
to neutral

(B) GUSTS
SYMMETRICAL:

(a)

Flap-up case:

Gust criteria are based upon the fact that turbulent conditions of varying intensity occur
in the air through which the aircraft flies. As with maneuver requirements, all critical
combinations of altitude, weight, and c.g. position must be investigated for all critical
points around the periphery of the gust V-n diagram as shown in Fig. 3.4.3. Special
considerations apply when accelerations caused by gusts are computed for flexible
swept wing configuration.
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CyMAX CaMAX
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Fig. 3.4.3 Typical Gust V-n Diagram (Commercial Transport)

(b) Flap-down case:

The requirements call for positive and negative 25 fps (feet per second) gusts for speeds
up to Ve (flap speed).

UNSYMMETRICAL:

(a) Rolling case:
The condition of unsymmetrical gusts must be considered by modifying the symmetrical

gusts at B' or C' on the gust V-n diagram. 100% loads are applied to one side and 80%
on the other.

(b) Yawing case:
The aircraft is assumed to encounter lateral gusts while in unaccelerated flight. The
derived gusts at the related aircraft speed of Vi (design speed for maximum gust
intensity), V¢ (design cruise speed), and V;, (design dive speed) must be investigated for
flap-up and flap-down conditions.

3.5 GROUND LOADS

This discussion is based on aircraft configurations with conventional arrangements of main and

nose landing gears. For configurations with tail gear, refer to U.S. FAR 23 or FAR 25 for further
load requirements.

(A) LANDING CONDITIONS

The load factors (n) required for design for landing conditions are related to the shock absorbing
characteristics of the main and nose gears. These characteristics are usually based on the resuit of

drop tests. From these test results, the required design limit load factors are determined. For
commercial transports:

« For landing weight, the required descent velocity at initial impact is 10 fps
e At the design takeoff weight it is 6 fps
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LEVEL LANDING (LL):

During level landing conditions, as shown in Fig. 3.5.1, the wings are supporting the aircraft
weight, W, during landing impact. In the two point landing case (2 pt. landing or LL2), vertical
loads (V) and horizontal loads (D), are applied at the wheel axles. These loads are reacted by
aircraft inertia loads, nW and T. The moments created by this combination of loads is placed in
equilibrium by the pitching inertia of the aircraft. In the three point landing case (3 pt. landing or
LL3), the main and nose gears contact the ground simultaneously.

Two Point Landing: W
{
T
o Dy
nW Vi,
w
Three Point Landing: f

Dy . |
$ v !
11\ Vi

Fig. 3.5.1 Level Landing

The aircraft must be good for the landing loads which are equivalent to those determined for the
combinations of gross weight and sink speed. The aircraft speed ranges from standard day stall
speed to 1.25 times hot day stall.

During the first part of landing impact, the wheel is spun up to aircraft rolling velocity by friction’
between the tire and the runway. This friction induces a short time, aft acting load at the axle
which causes the gear to deflect aft as shown in Fig. 3.5.2.

FForward

Peak Peak
Drag Fwd  0.25Vyax

Vp* VP* Vmax

Max. Wheel Spin-up Max. Wheel Spring-back Max. Wheel Vertical Load

(* Ground load at instant of peak horizontal load)
Fig. 3.5.2 Level Landing — Gear Load Combinations
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Aircraft are designed for the loads acting on the gear at the instant of peak drag. These loads are
determined by rational analysis, taking into account the time history of the events that occur during
landing impact; gear inertia loads are also included.

Following spin up, the gear springs back in a forward direction. A peak loading occurs at the point
of maximum forward deflection. The aircraft must be designed for the vertical and horizontal
loads occurring at this instant.

The three level landing situation which must be investigated is the one which occurs at the instant
of maximum vertical ground reaction. An aft-acting horizontal load of 0.25V,, is applied at the
axle in this situation.

TAIL-DOWN LANDING:

The tail-down landing is made at an extreme angle of attack as shown in Fig. 3.5.3. The angle is to
be limited either by the stall angle or the maximum angle for clearance with the ground at main
wheel impact, whichever occurs first. Loading requirements are identical to those of level landing
except that the condition of maximum wheel vertical load is not required.

w

(B — Angle for main gear and tail structure contacting ground unless exceeds stall angle)
Fig. 3.5.3 Tail-down Landing

ONE-WHEEL LANDING:

The ground reactions are equal to those on one side for level landing, as shown in Fig. 3.5.4. The
unbalanced loads are reacted by aircraft rolling inertia.

The aircraft inertia loads are required

W / to balance external forces

1— Single wheel load from 2 wheel
level landing condition

Fig. 3.5.4 One-wheel Landing
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LATERAL DRIFT LANDING (LD):

The aircraft is in the level landing attitude with only the main wheels on the ground, as shown in
Fig. 3.5.5. The main gear loads are equal to one half the level landing maximum vertical main gear
loads. Side loads of 0.8 of the vertical ground load on one side acting inward and 0.6 of the
vertical ground load on the other side outward are applied at the ground contact point. These loads
are resisted by aircraft transitional and rotation inertia.

VM - One-half the max. vertical ground reaction obtained at each
main gear in the level landing conditions

* Nose gear ground reactions equal to zero.

Fig. 3.5.5 Lateral Drift Landing

REBOUND LANDING:

Since an aircraft may rebound into the air after a hard landing, the gear and its supporting structure
must be checked out for this condition. With the landing gear fully extended and not in contact
with the ground, a load factor of 20 must be applied to the unsprung weights of the gear. The load
factor must act in the direction of Oleo movement.

(B) GROUND HANDLING
TAXIING:

Taxiing conditions are investigated at the take-off weight and no wing lift is considered. Shock
absorbers and tires are placed in their static position.

TAKE-OFF RUN:

This loading occurs when the aircraft is taxied over the roughest ground and it is design practice to
select a limit factor depending on the type of main gear:

* 2.0 for single axle gear
» 1.67 for truck type gear

BRAKE AND ROLL (BR):

The aircraft is taxiing in a level attitude at either 1.2 times the aircraft design landing weight, or at
1.0, the design ramp weight (for abort take-off condition), without using thrust reversal power.
The brakes are applied and a friction drag reaction (coefficient of friction is 0.8) is applied at the
ground contact point of each wheel with brakes. The drag reaction is equal to 0.8 times the vertical
reaction load unless it can be shown that lesser loads cannot be exceeded because of brake capacity.
Two attitudes must be considered (see Fig. 3.5.6):
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* Only the main gear are in contact with the ground with the pitching moment resisted
by angular acceleration of the aircraft (2 pt. braking or BR2)

* All wheels are on the ground and equilibrium is obtained by ground reactions (3 pt.
braking or BR3)

1.2W (Landing weight)
1.OW (Ramp weight)

» .
1 Dy = 0.8V (per side)
2V (Vi each side)
(A) BR2 Condition — Main gear only

1.2W (Landing weight)

1.0W (Ramp weight)
i 4/

t Dy= 0.8Vy Dy = 0.8V (per side)
VN 2V (V) €ach side)

(B) BR3 Condition — Main and nose gear
Fig. 3.5.6 Brake and Roll (BR)

GROUND TURNING:

Assume the aircraft is in a steady turn with loads as shown in Fig. 3.5.7. The combination of turn
radius and velocity is such that a total] side inertia factor of 0.5 is generated by side loads on the
wheels. The vertical load factor is 1.0. The side ground reaction on each wheel is 0.5 of the
vertical reaction.

®

S |

0.5Vy O.SVNT f 0.5Vmy
Ve Vv VYm

Fig. 3.5.7 Ground Turning
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NOSE GEAR YAWING
There are two independent nose wheel yawing conditions, as shown in Fig. 3.5.8, and they are:
(a) Nose gear side load:

* The aircraft is standing on the runway at a vertical load factor of 1.0

* A side load of 0.8 of the nose gear vertical load is applied at the nose wheel ground
contact point

(b) Unsymmetrical braking (a moving situation in which brakes are applied to one main gear):

* A drag load is applied to this gear at the ground with a value equal to the maximum
brake capacity but limited to 0.8 of the vertical load on the gear

» Equilibrium is obtained by balancing side and vertical loads on the nose and main gear

* Any moment which would cause a side load on the nose gear greater than 0.8V is
balanced by aircraft inertia

W 2N
- % S
Sy= 08Vy O S = o.lst C\ 08Vw
Su

2 (n), - Drag load factor)

(A) Nose Gear Side Load (B) Unsymmetrical Braking
Fig. 3.5.8 Nose Gear Yawing

PIVOTING:

The aircraft pivots about one main gear which has its brakes locked as shown in Fig. 3.5.9. The
limit vertical load factor is 1.0 and the coefficient of friction is 0.8. The aircraft is placed in static
equilibrium by loads at the ground contact points. The aircraft is in the three point attitude and
pivoting is assumed to take place about one main landing gear unit.

Center of

Rotation R‘.
Sl =
-

b

VM VN Vi

Vi (nose gear) and Vy (1main gear) are static ground reactions.

Fig. 3.5.9 Pivoting
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REVERSED BRAKING:

In this condition, the aircraft is in the three point attitude at a limit load factor of 1.0 and moving
aft when the brakes are applied as shown in Fig. 3.5.10:

* Horizontal loads are applied at the ground contact point of all main wheels with brakes

* These loads must equal 1.2 times the load generated at nominal maximumi static
brake torque except that they need not exceed 0.55 times the vertical load at each
wheel

* The pitching moment is to be balanced by rotational inertia

Dy*

- Dy* -—
Vx TZVM (Vum each side)

* 1.2 load for nominal max. static brake torque (limited to 0.55V)
Fig. 3.5.10 Reverse Braking

TOWING:

Towing requirements consist of many (approximately twelve) separate conditions which provide
for main or nose gear towing fittings and fittings at other locations. The tow loads are obtained by
multiplying the take-off weight by varying factors. As shown in Fig. 3.5.11, for example, a
forward-acting load of 0.15W (take-off gross weight) occurs at the nose gear towing fitting. The
requirements call for a reaction equal to the vertical gear load to be applied at the axle of the wheel
to which the tow load is applied. In this condition, it would be Vy at the nose gear and the
unbalanced load is reacted by aircraft inertia.

0.15W - Vy

0.15W* o @ gV * ¥
VN

2VM (VM each side)

* Applied at tow fitting
** Applied at axle

Fig. 3.5.11 Towing at Nose Gear
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(C) UNSYMMETRICAL LOADS ON MULTIPLE WHEEL UNITS

The requirements for unsymmetrical loads on multiple wheel units (i.e., bogie, truck, etc.) also
involve all the ground load conditions that have been covered previously. For conditions in which
all tires are inflated, provision must be made for such variables as:

*  Wheel arrangement

* Tire diameter

e Tire inflation

* Runway crown

¢ Aircraft attitude

* Structural deflections

The case of one deflated tire on multiple wheel units or two deflated tires on gear with four or
more wheels must be investigated. There is usually a reduction in gear load requirements for
deflated tire conditions but this is not always true. For instance, in the drift landing condition,
100% of the vertical load for the undeflated tire condition must be applied.

3.6 DYNAMIC LOADS

In actual circumstances aircraft structures will deform and vibrate under certain rates of loading.
At critical aircraft speed conditions the flexible structure can be self-destructive. Structural
motions caused by these flexible characteristics require the evaluation of dynamic effects on flight
and ground loads as well as investigation of the dynamic stability margins for the overall aircraft
Structure.

(A) DYNAMIC LOADS

It must be shown by analysis that the aircraft can meet the symmetrical and unsymmetrical gust
load conditions in flight when various rates of gust load application are considered. These
dynamic flight loads must then be compared to the corresponding static gust loads and the
increment of dynamic amplification must be considered in the ultimate design loads. Similarly, it
must be shown by analysis that the aircraft can withstand the rate of loading applied to the
structure by the landing gear during design landing conditions.

(B) FLUTTER AND DIVERGENCE

Flutter is a self-excited structural oscillation of the aircraft which derives its energy from the air
mass in which it is flying. It must be shown by analysis, and tests where applicable, that the
aircraft will be free from destructive flutter at speeds up to 1.2 times the design dive speed.
Divergence, unlike flutter, is dependent only on the flexibility of the structure rather than on the
characteristic of the structural oscillations. The external air loads will cause a redistribution to
occur which can reinforce the original loading. When a speed is reached in which the structure can
no longer support this loading, divergence deflection will occur and the analysis must prevent this
divergence.

(C) BUFFET AND VIBRATION

Buffeting is a dynamic structural loading caused by unstable aerodynamic flow. High speed buffet
is associated with shock wave formations at high Mach number speeds when local flow separation
occurs behind the shock. This can cause some vibrations in structure and it is required that there
will be no buffeting conditions in normal flight severe enough to:
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Interfere with the control of the aircraft
To cause excessive fatigue to the crew
To cause structure damage

Aircraft must be shown in flight to be free from excessive vibration under any speed up to design
dive speed of the aircraft.

3.7 CONTROLLABLE SURFACES

Controllable surfaces are those moving components which make aircraft flyable in the air and they

are:

Control surfaces — ailerons, elevators, rudder
Leading edge flaps and/or slats and their supports
Trailing edge flaps and their supports

The following flight load conditions should be reviewed:

(a) Structural loads:

Due to air loads in flight
Consider stiffness and flutter
Due to ground gust

(b) Hinge loads:

Due to air loads in flight.

Due to ground gust.

Hinge loads (perpendicular to hinge line) on control surface due to wing or empennage
box bending

(¢) For miscellaneous loads on control surfaces, refer to Chapter 3.9.

3.8 FUSELAGE PRESSURIZATION LOADS

Fuselage pressurization is an important structural loading which induces hoop and longitudinal
stresses in the fuselage. Pressurization must be combined with flight and ground loading
conditions. The most important consideration for establishing the fuselage design pressure is the
effect of altitude on cabin pressure and the fuselage must be designed to maintain cabin pressure.

When aircraft fly above 15,000 ft. altitude, it is usually required that the cabin be pressurized to
insure comfortable conditions for passengers during flight.

Determination of pressure differential:

46

Pressure differential can be obtained from a nomogram as shown in Fig. 3.8.1

In general, most commercial transport cabins are designed for 8,000 ft. altitude

pressure:

— at 8,000 ft. altitude the atmospheric pressure is 10.92 psi

— the constant cabin pressure is 10.92 psi from the altitude of 8,000 ft and up to the
designed altitude

Some executive aircraft may require at sea-level (14.7 psi) pressure differential; for

example see Fig. 3.8.2:

— if the aircraft is designed for a max. flight altitude of 45,000 ft, the pressure
differential is 12.55 psi

— pressure differential is 8.77 psi for 8,000 ft. altitude pressure

Most military transport cabins are designed for 1,000 ft. altitude pressure

Pressure differential is used to design the minimum thickness requirement for

fuselage shell structure
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Fig. 3.8.1 Cabin Pressure Differential Nomogram
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P = Pressure Differential

14.7 psi

U P =273 psi /
45,000 ft. 7
) 14.7 psi _ _P=347psi /

@
40,000 ft.
35,000 ft.
(Mﬁ\ . P= 6;76 psi 10.92 psi
. 2,000 f
20,000 ft. 12,000 ft.
/ P = 10.92 psi l
(Use reduced altitude to keep 8000 f1 (Transport cabin pressure uses
sea level pressure ,Jl ' 8,000 ft. altitude pressure)
(A) Sea level pressure (14.7 psi) (1B) 8,000 {t. Altitude Pressure (10.92 psi)

Fig. 3.8.2 Pressure Differential (Sea Level vs. 8,000 ft. Altitude)

Example 1:

Assume a commercial transport provided an 8,000 ft. pressure differential and the maximum flight
altitude is at 45,000 ft.

(a) From nomogram in Fig. 3.8.1 with 8,000 ft. altitude, obtain a pressure differential of
8.77 psi.

(b) The pressure differential used with flight and ground conditions on the aircraft are:

Conditions Max. Positive pressure Max. Negative Pressure
(Burst) in psi (collapsing) in psi

Flight (all) 9.02" -0.5%

Ground 1.0 -0.5

(In addition, a pressure of 2.0 X 9.02 = 18.04 psi is considered to act alone)

(1) Upper limit of positive relief valve setting = 8.77 psi (cabin pressure differential, see Fig. 3.8.1) + 0.25 psi
(assumed relief valve tolerance) = 9.02 psi.

(2) Upper limit of negative relief valve setting = 0.5 psi.

Example 2:

A commercial transport which normally has operational settings for 8,000 ft.-cabin-differential
pressure is limited to 8.77 psi at the flight altitude of 45,000 ft. If this aircraft will maintain sea
Jevel cabin pressure (14.7 psi) in flight, based on Fig. 3.8.2, its flight aititude should be reduced to
23,000 ft.
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3.9 WING FUEL PRESSURE LOADS

Fuel pressure loads in the fuel tank can induce pressure which is normal to the tank wall structure
(e.g., upper and lower covers, inb’d and outb’d ribs, and front and rear spars). The most critical
Jocation is near the most outboard tank. The factors that affect the fuel pressure loads (lbs./ in.?) are:

« Tank geometry, as shown in Fig. 3.9.1

e Load factors (i.e., n,, n,, and n,) on the aircraft

«  Fuel density: p = 0.0307 1bs./in.’

« Aircraft maneuvers (i.e., (b ;15, q}, pitch, vertical gust, etc.)

where: Angular velocity ((b) in radian/sec
Angular acceleration (¢ and ) in radian/sec’
Acceleration of gravity: g = 386 in./sec’

+ny ‘—l "
+n,
D

Fuel overflow tube Front spar
C B
[ ===
To X% z
Zpp \/ B /
_LE Outb'd tanks Inb'd tank
| ‘ (a) View looking forward

Front spar

XBE t
D
XCE
End rib i Lg
Lp >
D . .
(b} View looking down
I
Ipg .
Fuel overflow tube ! . Front spar (uppen)
T — S =
— —_— g T— ———
Gl
F—at |
) ] Rear spar (lower)
(c) View looking forward H

Fig. 3.9.1 Transport Wing Fuel Tank Arrangement
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(A) SYMMETRICAL MANEUVER (PITCH OR VERTICAL GUST)
An aircraft under symmetrical pitchi maneuver (n, = 0) is shown in Fig. 3.9.1(c) and the fuel
pressure at point G":

p = 1.5[(n,zpc + N Xsc)pl Eq. 3.9.1(a)

The equation is applicable when the two outboard fuel tanks are connected by a fuel overtlow
tube; if no tube exists, the following equation should be used:

p = 1.5[(n,zce + NiXec) pl Eq. 3.9.1(b)

Example 1:
Determine the ultimate fuel pressure at point G' of the tuel tank geometry shown in Fig. 3.9.1(c)
induced by a climb maneuver (assume the fuel overtlow tube exists):
n.=123; n,=0; n,=25
Zpe = 150"  Xpg =100
From Eq. 3.9.1(a), the ultimate fuel pressure at point G' is:
p=15[(2.5x 150+ 1.3 x 100) x 0.0307] = 23.3 psi

(B) ANGULAR VELOCITY (¢) ROLL MANEUVER

The uitimate pressure at point E' in a fuel tank [see Fig. 3.9.1(a)] due to an angular velocity roll
maneuver (centrifugal fuel pressure) and load factors ot n, and n, is:

1.2
p=15 [(?—)(LE2 L) +n, XXpe+n,X2zee]p Eq.3.9.2(a)
g
This equation is applicable when the two outboard fuel tanks are connected by a fuel overflow
tube; if no tube exists, the following equation should be used:

p=1.5{(

2
;’g)(LEZ—LFZ)+nxxxcs+n,xZEE-]p Eq. 3.9.2(b)
Example 2:

Determine the ultimate fuel pressure at point D' of the fuel tank geometry shown in Fig. 3.9.1 (a)
induced by an angular roll velocity maneuver (assume the fuel overflow tube is exists) :

b = 45° /sec = 0.78 radian/sec

n, = 0.363; n, =0; n, =133
LD = 880", LG = 340", Zpp = 1287", XpD = 370"
From Eq. 3.9.2(a):
1.2
p = 15 [( ;bg )(LDZ— LGZ) + Ny X Xgp + N, X ZDD'] P
0.78? -
=1.5[( 2% 386 )(880° —340%) + 0.363 X 370 + 1.33 X 12.87] x 0.0307

= 1.5[519.2 + 134.3 + 17.1] x 0.0307 = 30.88 psi

The ultimate tuel pressure, p. = 30.93 psi, is a normal load on the end rib D-E [see Fig.
3.9.1(b)], the local wing upper and lower surfaces, and the front and rear spars at the point D
and E.
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(C) ANGULAR ACCELERATION (¢$) ROLL MANEUVER

The delta limit load factor, An,, is due to an angular acceleration roll maneuver and the An,acts

on the lower surface (left-hand wing box) and on the upper surface (right-hand wing box) at the
location of radius R.
R¢

An,=(?) Eq.3.9.3

Example 3:

Determine the delta limit load factor An, at point D' of the fuel tank shown in Fig. 3.9.1(a),
induced by an angular acceleration roll maneuver:
¢ =58°/sec.?= 1.012 radian/sec.’
n, =0.363; n,=0; n,=1.33
R=Lp=890" zpp =13"; xe=100"
From Eq. 3.9.3 to obtain the delta limit load factor of An,:

R
An, = _;bi)=(890X1.012)=2-33

4
(8]
o]
(@)}

The ultimate fuel pressure at point D' (total limit load factor =n, + An,) is:

p= 1.5 [(n, + An.,_)ZD[)' + n, X xBD]p
=1.5[(1.33 +2.33) x 13 + 0.363 x 100] x 0.0307 = 3.86 psi

(D) ANGULAR ACCELERATION (/) YAW MANEUVER

The delta limit load factor of An, occurs when the aircraft performs an angular acceleration yaw
maneuver and the An, occurs at the location of radius R.
Ry

o
o

An,=(

) Eq.3.9.4

Example 4:

Determine the ultimate fuel pressure load at point E' (lower surface) of the fuel tank shown in Fig.
3.9.1(a) and (b), induced by an angular acceleration yaw maneuver:
§ =27.2° /sec? = 0.475 radian/sec?
n,.=0.363; n,=0; n,=1.33
R=L:=880"; xpe=150"; zg=13"
From Eq. 3.9.4 obtain the delta limit load factor An,:

Ry 880x0.475

An.= () =T34

)=1.08

The ultimate fuel pressure load at point E' is:
p =15[(ns+ An,)Xes + 0, X Zee] p
=1.5[(0.363 + 1.08) x 150 + 1.33 x 13] x 0.0307 = 10.76 psi
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3.10 MISCELLANEOUS LOADS
(A) CONTROL SURFACES (EXCLUDE INFLIGHT LOADS)
(a) Ground gust:

* Forward moving air velocities of not over 88 fps load each of the control surfaces
» Specified arbitrary hinge moment factors

(b) Pilot loads:

» Specify limits on pilot forces on aileron, elevator, and rudder
» Specify limits on pilot forces with or without mechanical assists, such as tabs or servos

(¢) Hinge loads:

¢ Due to air loads
* Hinge loads (perpendicular to hinge line) on control surface due to wing or
empennage box bending (called forced bending loads)

(d) Arbitrary inertia load factors, acting along the hinge line, must be applied to the control
surface weight, i.e.,
*  24.0 for vertical surfaces

» 12.0 for horizontal surfaces

(e) Arbitrary inertia load factors, acting perpendicular to the hinge line, must be applied to
the control surface balance weight. Refer to certifying regulations and/or company’s
requirements for these load factors.

» Ailerons, elevators — load factors perpendicular to the hinge line
» Rudder(s) — load factors on both perpendicular to and along the hinge line

(B) EMERGENCY CRASH LOADS

Provision must be made for the protection of the occupants in wheels-up crash landing on land or
water. The aircraft structure involved must be designed for the following ultimate load factors (g):

FAR 25 MIL-A-8860(ASG)
Forward 9.0g 160g
Up 3.0g 75g
Down 6.0g 16.0g
Side +30g +5.0g
Aft 1.5g 6.0g

In addition, all support structures and cargo restraints for items of mass that could injure an
occupant if they came loose must be designed for the same factors. The design loads for seat belt
attachment fittings and seat attachment fittings must include an added factor of 1.33.

(C) DITCHING

When aircraft operate over water, the aircraft are equipped for ditching (refer to FAR 25.801).
From a structural standpoint, the aircraft must remain intact to the extent that:

» There will be no immediate injury to the occupants
* The aircraft will stay afloat long enough to allow the occupants to leave the aircraft
and enter life rafts
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(D) BREAKAWAY DESIGN

Breakaway design conciitions need to be considered for such parts as engine pylons (see Fig.
3.10.1), landing gear (see Fig. 3.10.2), flap track supports (on low wing design), etc., which must
break away cleanly when striking an obstacle, ditching or any other emergencies occur.

* Inflight case
* On ground crash landing case

(E) HAND LOADS

(a) All stiffeners, whether mechanically fastened or cocured or bonded, are to be designed
to one of the following three categories:

» Horizontal lower framing stiffeners around an access cutout — apply 300 Ibs. ultimate
load over 4 inches

* Vertical and horizontal upper framing stiffeners around an access cutout — apply 150
1bs. ultimate over 4 inches

* All stiffeners not in either of the above categories — 75 1bs. ultimate over 4 inches

(b) External doors in opened position.

(c) Interior equipment.

(F) GROUND GUST LOADS

External doors (such as large cargo doors) in an opened position.

Upper link Front spar Rear spar
TN NN N NN
== \(Wlng fuel tank) N ;
A\ h Y e 3 e .

Shear pins Nacelle attach /

_ fitting Shear pin
Engine pylon

Drag strut

(a) Break shear pins

(3) Front mount t‘));}kgead (2) Drag link fails

_(Wing fuel tank) —i

K 'i;' #\ . (1) Lug fails
3 < r‘;‘ / \[\

Ground line ~ =< T p—— y

(b) Break lug or shear pins
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(3) Upper spar bends

{2) Skin tears

(Wing fuel tank)}

Ground line T N (1) Lower spar tension
joint bolts fail

(c) Break tension bolt

Fig. 3.10.1 Wing-mounted Engine Breakaway Cases

Landing gear beam

Rear spar_)\

SN NN

Shear pin

Obstacle

Fig. 3.10.2 Main Landing Gear Breakaway Case (Break Shear Pins)

3.11 LOAD CONDITIONS SUMMARY FOR COMMERCIAL TRANSPORT:
(REFERENCE ONLY)

(a) Flight: Pilot-induced maneuvers and aircraft system malfunction

* Combination stabilizer-elevator maneuvers

* Aileron and/or asymmetric spoiler maneuvers
* Rudder maneuvers

« Combinations of above

(b) Flight: Atmospheric turbulence

* Power spectral approach
— ‘Mission Analysis’ based on operational spectra
— ‘Design Envelope Analysis’ based on extremes of operation envelopes
* Discrete gust approach
— FAR gust load factor equation
— Tuned discrete gusts (i.e., one-minus-cosine shaped gusts with varying wave
lengths)
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(A)

(c) Landing

FAR landing condition (i.e., LL2, LL3, DL)

External Loads

Rational landing time histories (based on FAR-designated sinking speeds, wing lifts,

pitch attitudes , and speeds)

(d) Ground handling

FAR ground handling (i.e., BR2, BR3, turning, pivoting, unsymmetrical braking,

towing)

Rational taxiing (i.e., bump encounter during take-off runs, rejected take-off, landing

run-out, taxiing)
Rational ground maneuvering
Jacking

(e) Fail-safe and breakaway design requirements

WING:

(a)

(b)

()

(d)

(e)

General

Positive high angle of attack

Negative high angle of attack

Positive low angle of attack

Negative low angle of attack

Flaps down maneuver — take-off configuration
Flaps down maneuver — landing configuration
Maneuver with certain wing fuel tanks empty

Control surface reversal

Unsymmetrical spanwise lift distribution

Fuel vapor or refueling pressure

Spar conditions

Fuel slosh
Fuel head — crash conditions

Dive maneuvers
Taxi

Jacking

Flutter

Roll initiation
Fatigue

Fail-safe

Thermal gradients
Lightning strike

Concentrated shear loads (i.e., supports for engine mounts, landing gear, etc.)

Fuselage pressure in wing center section

Rib conditions

Concentrated load redistribution
Wing surface panel stabilization
Sonic fatigue (near jet engine exhaust path)

Leading edge conditions

Hail strike
Sonic fatigue — jet engine reverse thrust

Trailing edge and fairing load conditions

Sonic fatigue — near jet engine exhaust path
Slosh and gravel impact
Positive and negative normal air pressure

Rib crushing loads
Fuel slosh
Fuel head

Thermal anti-icing
Duct rupture

Buffet
Minimum gage
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(B) TAIL:
(a) General

* Control surface reversal » Fatigue
» Control surface effectivity * Sonic fatigue
* Rib crushing *  Flutter
* Control surface support ¢ Hoisting
» Concentrated load redistribution »  Minimum skin gage
¢ Stabilizing surface panel structure * Actuator support

(b) Leading edge

* Hail strike

* Thermal anti-icing (if required)
(¢) Horizontal stabilizer

« Instantaneous elevator deflection * Fin gust (on T-tail)
* Positive maneuver » Negative maneuver
* Unsymmetrical spanwise load distribution

(d) Vertical stabilizer

* Instantaneous rudder — yaw initiation * Engine out
* Dynamic overyaw * Fin lateral gust
*  Check maneuver

(e) Aftfuselage

« Redistribute fin and stabilizer concentrated loads
* Tail skid loads (for emergency ditching condition)

(C) FUSELAGE:

(a) General

* Internal pressure « Instantaneous elevator deflection
* External pressure * Positive maneuvers

* Dynamic landing * Negative maneuvers

* Braked roll * Crash loading

*  Ground turn * Ditching

» Taxiing » Jacking

* Unsymmetrical braking * Fail-safe

* Vertical gust » Fatigue

* Fin lateral gust » Fuel slosh

» Instantaneous rudder detlection * Fuel head crash landing

* Rudder deflection for engine out * Fuel vapor and refueling pressure

(b) Frame and bulkhead

» Stiffness to maintain monocoque stability
* Concentrated load redistribution

(¢) Skin
* Cabin pressure and fuselage shear load

(d) Door

* Cabin pressure, wind and hand loads
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(e) Floor
» Cargo and passenger loads * High heels

(f) Other conditions

¢ Decompression of one compartment <« Hail strike
* Bird strike

(D) ENGINE MOUNT:

3.1
32

33
34

35

36

3.7
38

(a) Mount

* Yawing gyroscopic (alone or combined with vertical and thrust)

« Pitching gyroscopic (alone or combined with vertical and thrust)

* Landing impact (-4.0 to + 8.0 load factors on engine weight)

e 3.0 load factors on engine thrust (alone or combined with vertical load)

e 3.0 load factors on reverse thrust (alone or combined with vertical load)

* 9.0 load factors forward on engine weight — used as ultimate load factors for crash
condition

* Roll side loads or 2.5 load factors side on engine weight

* Combinations of thrust with vertical and side loads

* Aerodynamic vertical and side loads

* Dynamic unbalance and shock mounting

+ Fatigue design

* Breakaway condition

(b) Engine Inlet and Duct

* Engine surge or hammer shock
* Various pressures for normal and abnormal operation

(¢} Engine Cowling

« Internal pressure (if applicable) *  Duct burst
* Aerodynamic pressure * Sonic fatigue
* Elevated temperature * Handling

» Latching
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Airframe Stress Analysis and Sizing

Chapter 4.0

MATERIAL PROPERTIES

4.1 INTRODUCTION

Airframe material allowables are equally as important as aircraft loads, and allowable properties
directly affect structural weight. Besides the strength allowables, other characteristics of materials
also should be considered during the design stage to ensure airframe safety and long-life
structures. Material selection criteria are as follows:

» Static strength efficiency

« Fatigue strength

« Fracture toughness and crack growth rate
* Availability and cost

» Fabrication characteristics

« Corrosion and embrittlement phenomena
« Compatibility with other materials

¢ Environmental stability

In recent decades a most notable event has been the development of a branch of applied
mathematics, known as fracture mechanics, by engineers concerned with airframe and, to a lesser
extent, turbine engines. The designer no longer chooses a material solely on the basis of its
textbook qualities, but on its proven ability to withstand minor damage in service without
endangering the safety of the airframe. The residual strength after damage, described as the
toughness, is now uppermost in the engineer's mind when he chooses alloys for airframe use.
Damage caused by fatigue is the main worry because it is difficult to detect and can disastrously
weaken the strength of critical components.

So, whereas aluminum alloys looked as if they had reached a technical plateau, airframe engineers
have been able to clarify their needs as a result of the work done on fracture mechanics, and
metallurgists have changed their compositions and treatment techniques to meet the new toughness
requirements. In the years ahead, there will be the introduction of new materials with greater
resistance to damage, as well as the development of more refined techniques for damage detection.

(a) For pressurized fuselage cabins and lower wing skins — two areas particularly prone to
fatigue through the long-continued application and relaxation of tension stresses — the
standard material is an aluminum alloy designated 2024-T3.

(b) For upper wing skins, which have to withstand mainly compression stresses as the wing
flexes upwards during flight, 7075-T6 is used. This alloy is also used extensively for
military fighter aircraft structures, which generally have stiffer wings and — except for
the cockpit area — an unpressurized fuselage. The 7075-T6 alloy is almost twice as
strong as 2024-T3, and therefore the weight can be reduced correspondingly in suitable
applications.
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Stress corrosion cracking is a defect which usually occurs after some years of service. It often,
however, has its origins during the manufacturing process, when temperature differences caused by
the unequal rates of cooling in various parts of a component give rise to stresses because the cooler
parts contract more than the hotter areas. The very minute and virtually undetectable cracks which
occur, frequently buried in the body of the component, gradually spread and reduce its strength.

A brief description of the major materials used in airframe structures can be found in military
handbook MIL-HDBK-5 (use the latest version) which is the authoritative and official source of
design data for both military and commercial airframe materials.

(A) WROUGHT FORMS

The wrought material forms commonly used on airframe structures are the following:

(a) Sheet and plate:

» Sheet — A rolled flat metal product below 0.250 inch in thickness

» Plate — A rolled flat metal product 0.250 inch in thickness or greater

* Clad — A thin coating of metal bonded to the base alloy by co-rolling (The cladding
alloy is chosen so as to give maximum corrosion protection to the base
metal. Nominal thickness of clad is 2.5 — 5% of composite thickness per
side depending on alloy)

(b) Extrusions: Conversion of a billet into a length of uniform cross section by forcing metal
at an elevated temperature through a die of desired cross sectional outline.

» Stepped extrusion -~ A single product with one or more abrupt cross section
changes obtained by using multiple die segments.
* Impact extrusion — Resultant product of the process (cold extrusion) of a punch

striking an unheated slug in a confining die (The metal flow
may be either between the punch and die or through another
opening)

* Hot impact extrusion — Similar to the above cold impact extrusion except that a
preheated slug is used and the pressure application is slower

(¢) Forging: Plastically deforming metal (usually hot) formed into shapes with compressive
forces, with or without shaped dies. Forging provides the highest possible
properties in predetermined locations and the most efficient material utilization.

¢ Hand forging — Requires no shaped dies. Obtainable in two categories:
— Forged block - results in unidirectional grain only.

— Shaped hand forging — results in longitudinal grain in
two or more directions.

« Precision forging — A conventional forging that approximates the machined
part as closely as possible thereby resulting in minimum
machining or no machining at all.

< Blocked type die forging — Has a cross section at least 50% larger than the final
machined dimensions.

(d) Casting: A part formed by the solidification of a material in a mold of desired

configuration.
+ Sand casting — Uses compacted sand for the mold material
* Die casting — Casting formed by injection of melted metal under pressure

into metal dies
< Investment casting — Uses a refractory type of mold (normally gypsum plaster) and
an expendable wax, plastic or other material
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General wrought form applications on airframe structures are as follows:

Sheet and plate:

Sheets are used on fuselage skin, control surfaces, rib webs, pressure bulkhead
domes, structural repairs, general aviation airframes, etc., which generally are
low-cost parts

Plates are machined to varying thicknesses to save weight on airframe components
such as wing box skins, tail box skins, wing and tail spar webs, bulkhead rib
webs, thicker fuselage skin near cutouts and areas of high shear loads, etc.,
which generally are high-cost parts

Extrusions:

For higher strength applications

Used as is, and is usually a standard industry part or one of a company’s own
standard parts which are all low-cost parts. Used on vertical stitfeners of spars,
ribs, deep beams, etc.

Usually the approximate shape desired is extruded and then machined to various
shapes and thicknesses along the entire length

Forging:

Has good grain flow direction

Used on wing and tail bulkhead ribs and spars, fuselage bulkhead frames, etc.
which basically are machined parts for weight saving purpose

Precision forgings are used on clips, window cutout frames, etc., since machining
is not required (cost savings)

Castings:

The purpose to use castings is cost saving

Use them with caution! Most airframe companies do not allow the use of castings
on any primary structures and may allow their use on secondary structures only
under certain conditions

(B) ALUMINUM ALLOY GROUPS

The major aluminum alloys are divided into groups by an index system in which the first digit of
the identifying number indicates the alloy used, as shown below:

Group 1000 contains 99% elemental aluminum

Group 2000 Copper as the major alloying element

Group 3000 Manganese as the major alloying element

Group 4000 Silicon as the major alloying element

Group 5000 Magnesium as the major alloying element

Group 6000 Magnesium and Silicon as the major alloying element
Group 7000 Zinc as the major alloying element

There are four basic tempers used for aluminum and its alloys. They are:
O — Annealed
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A typical heat treat designation for a extrusion is listed below:
7050 - T6511

L Indicates minor straightening was used to meet straightness and
flatness tolerances. This digit is O if straightening is not allowed
Material was stretched to accomplish stress relief (Digit is 2 if
compressive methods are used)

Indicates material has been stress relieved
Standard heat treat designation

The aluminum alloy groups 2000 and 7000 are backbone materials for airframe structures and they
are primarily used are as follows:

» Group 2000 — Primarily used in tension applications where fatigue and damage
tolerant design is critical, e.g., lower wing surfaces, pressurized
fuselage skin, etc.

»  Group 7000 — Primarily used in compression applications where fatigue and damage
tolerant design is not critical, e.g., upper wing surfaces, wing ribs,
floor beams, etc.

4.2 STRESS-STRAIN CURVES

Before performing stress analysis, the stress engineer must understand the characteristics of stress-
strain curves as this is not only an important aspect but the very foundation of stress analysis. The
stress (F) vs. strain (&) curve is basically a load (tension or compression axial load) vs. deformation
curve plotted from a tensile test specimen, as shown in Fig. 4.2.1. A better name for the stress-
strain curve would be “axial stress-strain curve” as this is a better description of what is tested and
plotted.

It is interesting to note that not much information is available dealing with “shear stress-strain
curve” which would have the same general shape as the material’s stress-strain curves. In thicker
webs or skins under a shear load or an enclosed section under a torsion load, the ultimate shear
stress may reach into the plastic range and, therefore, a similar curve is needed for calculations.

Yield point
Yield point at \

- / 0.2% off-set line
2 —~
L %
- w
= g
[ z

=

0.002 ¢ (strain) ¢ (strain)
(A) Aluminum (B) Steel

Fig. 4.2.1 Typical Stress-strain Curves for Aluminum and Steel
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For airframe structures, the most important stress-strain curves are obviously those for aluminum
alloys which are quite different from other materials because they have longer elongation, as
shown in Fig. 4.2.2. This curve shows a typical aluminum stress-strain relationship that every

stress engineer shall understand its characteristics. This is the first step prior to performing stress
analysis or sizing work correctly.

The “flat top” of the stress-strain curve indicates that for a large proportion of the total allowable

strain, the corresponding stress is at, or very near, the allowable ultimate or “breaking” stress of

the material. This means that any fiber of the material will support ultimate stress while
undergoing considerable strain. It is this effect which permits other fibers, operating at lower

stress engineer shall understand its characteristics. This is the first step prior to performing stress
analysis or sizing work correctly.

Fo.7

F (stress)

/ /
————— e e e ——
Elastic strain Plastic strain
el "

0.85E ,0.7E
/ /
/ /

L=
Fo.gs

€ (strain)

Fig. 4.2.2 Typical Aluminum Stress-Strain Curve — Definition of Terms

The stress-strain curve shape can be expressed by the Ramberg-Osgood formula with E, F,;, and n
parameters (these values can be obtained from material data) in non-dimensional form:

EE F 3 F n
Fus - Fo- * 7 ( F,; ) Eq 4.2.1

‘n’ values range between 8 and 35 and:
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(A) MODULUS

Up to the elastic limit the slope of the f (stress) vs. & (strain) curve is constant and above the elastic
limit E is replaced by E, (tangent modulus) which varies with stress level. This explains why the
material stress-strain curve is divided into two main sections, namely:

» Elastic limit (proportional range)
* Inelastic limit (plastic range)

A group of stress-strain curves for several aluminum alloys (including the 2000 alloy series and
the 7000 alloy series) are plotted in Fig. 4.2.3 and it is possible to see how strength characteristics
are affected by the use of the different alloying elements.
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I 7075-T6 (Clad) t=.063 - .187 F. =77 ksi
2 7475-T761 (Clad) t=.063 - .187 F. =73 ksi
3 7475-T61 (Clad) t=.188—-.249 F.=71 ksi
4 7075-T76 (Clad) t=.188 —.249 F., =69 ksi
5 2024-T3 (Clad) t=.129-.249 F,, =63 ksi
6 6013-T6 (Bare) t=.126 - .249 F, =52 ksi
7 6061-T6 (Bare) =.126 -.249 F, =43 ksi

Fig. 4.2.3 Stress-Strain Curves of Selected Aluminum Alloys (Sheets)

(a) Young’s modulus (E):

Young’s modulus is actually the first linear portion of the tangent modulus:

E= % (proportional or elastic range) Eq.4.2.2
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(b) Tangent modulus (E,):

E, =§ (plastic or inelastic range) Eq.4.2.3

Typical aluminum alloy compressive stress-strain and compressive tangent-modulus
curves for 7075-T651 plate and 7075-T651 extrusion are shown in Figs. 4.2.4 and 4.2.5,
respectively.

(¢) Modulus of rigidity or shear modulus (G):

E . .
G =" (in elastic range) Eq. 424
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Fig. 4.2.4 Compressive Stress-Strain and Tangent-Modulus (E,) Curves for 7075-T651 Plate
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(B) STRESS AND STRAIN

(a)

(@)

Stress:

When external forces are applied to a structural member, the member deforms and
external forces, P, are transmitted throughout the member per unit cross-sectional area,
A. The term stress is expressed as:

f=%(psi) Eq.4.2.5

Strain:

Deformation, more commonly referred to as strain, is the inevitable result of stress. All
materials are deformable under force and strain is defined as the forced change in the
dimensions of a member. Materials are elastic within a certain range of stress and are
able to recover their original dimensions upon removal of stress in the elastic range (not
in the plastic range).

A member subjected to axial compression or tension will deflect an amount, 3. If the
original length of the member is L, then axial strain, &, may be mathematically written
as follows:

£= % (in./in.) Eq. 4.2.6

(C) POISSON’S RATIO

As a material undergoes axial deformation, a certain amount of lateral contraction or expansion
takes place, as shown in Fig. 4.2.6.

Initial shape

y
p=—_ L - _ __T3—v

/

Final shape

Fig. 4.2.6 Poisson's Effect

The ratio of the absolute value of the strain in the lateral direction to the strain in the axial
direction is the Poisson’s ratio:

_ &y (lateral strain)
M= ore, (axial strain) Eq.4.2.7

The Poisson's ratio for aluminum alloys is approximately 0.33, and it ranges from 0.25 to 0.35 for
other airframe metallic materials.
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Example:

For a round coupon, L, specimen is being loaded by P = 1,500

Ibs. and the measured elongation across the 2.0 inch gage

length is AL = 0.00259 inch. The change in the diameter P
dimension was measured to be 0.00016 inch. f

Find the elastic modulus (E) and the Poisson's ratio () for the
material.

T AL]i = % =0.0013 (axial strain) 0.375 in
0.00016 . -
BCEC 2.0 in.
gy 0375 0.00043 (lateral strain) -
gage leng
sson'srato, = ~0-00083 _ :
From Eq. 4.2.7, Poisson’s ratio, p. = ——7-775= = 0.33
P
Modulus, E = st = ﬁ‘x
1500
X 0.375
I
0.0013

=10.5x 10° psi

(D) ELONGATION EFFECT

Elongation, e, is presented by %, a measure of the ductility of a material based on a tension test
which can been seen from stress-strain curve on the horizontal scale and the bigger the elongation
the more ductility for certain materials. For the most common aluminum materials the ultimate
elongation values, e,, range approximately from 0.08 (or 8%) to 0.15 (15%) in./in.

When a panel consisting of skin and stringers which have different material properties is used in
tension or compression applications. Account must be taken of the fact that both the stringers and
skin must elongate equally or the combination will fail (e.g., tension) when the less ductile
material reaches its ultimate elongation.

The method of analysis for dissimilar material is:
Psk + Psl ka X Axk + Fsl X A.\‘l

= = Jin. .4.2.8
N b, b, (Ibs./in.) Eq
where: b, — Stringer spacing (in.)

sk — Skin
st — Stringer or stringer

A — Cross-sectional area (in.?)

F. — Material ultimate allowable tensile stress

e.«— Skin strain obtained from the actual material stress-strain curve

e, «— Stringer strain obtained from the actual material stress-strain curve

e, — The smaller ofe, , and e,

F' - The allowable stress in each material corresponding to €., to be
obtained from the design stress-strain curve for the material

N - Allowable tensile load/inch of the combined materials
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Example:

Given a fuselage skin-stiffener panel with following materials and determine its tensile allowable
load.

Skin: 2024-T3 clad; b,=5.0in.; A, =0.288in.
Stringer: 7475-T761 clad; A, =0.144 in?

Solution by tabular form is as follows:

Skin Stringer
2024-T3 clad 7475-T761 clad
(curve 5 from Fig. 4.2.3) (curve 3 from Fig. 4.2.3)
e, (Elongation) e, ,=0.15 e.. =0.093
e. (Elongation) 0.093 (use smaller of the two values of e, « and e, )
F' (Stress) 60 ksi 71 ksi
A (Area) 0.288 in.’ 0.144 in?
P (Load) P, =0.288 x 60 = 17.28 kips P, =0.144 x 71 = 10.22 kips
NPt Po 172841022 _ 5 5pincin, (From Eq. 4.2.8)

b, 5.0

4.3 ALLOWABLES

A standardized document containing metallic materials design data which is acceptable for
government certification is required as a source of design allowables. This document should also
contain information and data on the following properties and characteristics:

» Fracture toughness

« Fatigue
* Creep
* Rupture

* Crack propagation rate
¢ Stress corrosion cracking

The following sources provide mechanical material properties for airframe grade metallic
materials commonly used by airframe manufacturers:

* MIL-HDBK-5 (Military Handbook — Metallic Materials and Elements for Aerospace
Vehicle Structures) is used by both U. S. military and commercial airframe
manufacturers

« Additional information pertaining to material specifications and physical properties
is available in company manuals

(A) ALLOWABLE BASES

For some materials more than one set of allowables exists under the basic headings of A, B, or S,
which represents the basis upon which primary strength allowable properties were established.

» A basis — The allowable value above which at least 99% of the population values
will fall with a 95% confidence level

* B basis— The allowable value above which at least 90% of the population values
will fall with a 95% confidence level

* S basis — The minimum guaranteed value from the governing material specification
and its statistical assurance level is not known
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To design a single member whose loading is such that its failure would result in loss of structural
integrity, the minimum guaranteed design properties, or A basis or S basis values, must be used.
On redundant or fail-safe structure design, where if one member experiences failure the loads are
safely redistributed to adjacent members, the B values may be used.

(B) GRAIN DIRECTION EFFECT

The mechanical and physical properties of the material grain, as shown in Fig. 4.3.1, are not
always equal in all three directions as described below:

* longitudinal (L): Parallel to the working direction or the main direction of
grain flow in a worked metal (This is the strongest strength)

« Long transverse (LT): Across or perpendicular to the direction of longitudinal (L)
grain (The second strongest strength and sometimes equal to
that of longitudinal direction)

» Short transverse (ST): Shortest dimension of the part perpendicular to the direction
of working. This is the weakest strength and the tendency
toward stress corrosion cracking is usually greatest in this
direction

{ST

(a) Plate, strip and sheet

parting plane

(c) Forging
Fig. 4.3.1 Material Grain Direction

(C) DESIGN MECHANICAL PROPERTIES

Design mechanical properties for metallic materials can be found in MIL-HDBK-5. Properties for
2024 and 7075 alloys are shown in Figures 4.3.2 through 4.3.6 for easy reference since this data is
used in many of the calculations in this book. The property data shown could be used for
preliminary sizing but should not be used in formal stress analysis which is submitted to a
certifying agency.

68



Material Properties

Specification QQ-A-250/5
Form Flat sheet and plate
Temper T42
Thickness. in 0.008- 0.010- 0.063- 0.250- 0.500- 1.001- 2.001-
[CKNESS, 1. 0.009 0.062 0.249 0499 | 1000 | 2.000 | 3.000
Basis A B A B A B S S S S
Mechanical properties:
F., ksi:
L 55 57 57 59 60 62 60 59 58 56
LT 55 57 57 59 60 62 60 59 58 56
F,, ksi:
L 34 35 34 35 36 38 36 36 36 36
LT 34 35 34 35 36 38 36 36 36 36
F,, ksi:
L 34 35 34 35 36 38 36 36 36 36
LT 34 35 34 35 36 38 36 36 36 36
F., ksi 33 34 34 35 36 37 36 35 35 34
Fu.', ksi:
(% =1.5) 83 86 86 89 90 93 90 89 87 83
(-%:2.0) 104 | 108 | 108 | 112 [ t14 | 118 114 112 110 106
Fi.y', ksi:
(%: 1.5) 48 49 48 49 50 53 50 50 50 50
(%:2,0) 54 56 54 56 58 61 58 58 58 58
e, percent (S-basis):
LT 10 - d - 15 - 12 8 d 4
E, 10 ksi:
Primary 10.5 10.5 10.7
Secondary 9.5 10.0 10.2
E., 10" ksi:
Primary 10.7 10.7 10.9
Secondary 9.7 10.2 10.4
G, 10" ksi
n 033
Physical properties:
w, Ib/in.’ 0.101

(Bearing allowables are ‘dry pin’ values)

Fig. 4.3.2 Mechanical and Physical Properties of Clad 2024-T42 Alloy Sheet and Plate (Ref. 4.1)
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Specification QQ-A-250/4
Form Sheet Plate
Temper T3 T351
Thickness. in 0.008- 0.010- 0.129- 0.250- 0.500- 1.001- 1.501- 2.001- 3.000-
RESS, M- 0.009 | 0.128 0.249 0.499 1.000 1.500 2.000 3.000 4.000
Basis N A|B[|A|B|A|B|A|B|AIB|A|B|A|B|A|B
Mechanical properties:
F., ksi:
L 64 | 64| 65| 65| 66| 64| 66| 631 65| 62 64| 62| 64| 60| 62| 57| 59
LT 63 63 64 64| 65| 64 661 63| 65( 62{ 64 62 64| 60} 62| 57 59
ST - - - - -1 - - - -1 -1 - - —| 52 54| 491 51
F,, ksi:
L 47 | 47 48| 47| 48| 48| 50| 48| 50| 47| 50| 47| 49| 46| 48| 43| 46
LT 42 | 42 43 42| 43| 42| 44| 42| 44 42| 44 | 42| 44| 42| 44| 41| 43
ST - -1 - e -] - -1 - - - ~ | 38| 40| 38| 39
F,, ksi:
L 39 39| 40| 39| 40| 39| 4t 39| 41| 39| 40| 38| 40| 37| 39| 35| 37
LT 45 | 45| 46| 45| 46| 45| 47| 45| 47| 44| 46| 44| 46| 43| 45| 41| 43
ST - - - - -1 - -1 - - - - - - | 46| 48| 44| 47
F.., ksi 39 39| 40| 40{ 41| 38| 39| 37| 38| 37| 38| 37} 38| 35{ 37| 34| 35
F., ksi:
%:1.5) 104 [104|106| 106 {107 97 [10G| 95| 98| 94| 97| 94| 97| 91| 94| 86| 89
%:2.0) 129 1129 130 1310133 | 119 (122 | 117§ 120 [ LIS {119 [115 | 119|111 | 115106109
Fms ksi:
(%:1.5) 73 73 75 73] 75 72| 76| 72| 76} 72 76| 72| 76| 72| 76| 70| 74
(%:2,0) 88 88| 90| 88| 90 86| 90| 86| 90| 8| 90| 86| 90| 86| 90| 84| 88
e, percent (S-basis):
LT 10 - -1 - -1 12f - 8l - 71 - 6| - 4| - 41 -
E, 10" ksi 10.5 10.7
E., 10" ksi 10.7 10.9
G, 10" ksi 4.0 40
n 0.33 033
Physical properties:
w, Ib/in.? 0.101

(Bearing allowables are ‘dry pin’ values)

Fig. 4.3.3 Mechanical and Physical Properties of 2024-T3 Alloy Sheet and Plate (Ref. 4.1)
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Specification QQ-A-250/12
Form Sheet Plate
Temper T6 and T62 T651
Thickness. in 0.008-| 0.012- 0.040- 0.126- 0.250- 0.500- 1.001- 2.001- 2.500-
! e 0.011] 0.039 0.125 0.249 0.499 1.000 2.000 2.500 3.000
Basis S A|B|[A|B|[A|[B|A|[B|A|BJ|J]A|B|A|B|A]|B
Mechanical properties:
F., ksi:
L - 76| 78| 78 80| 78 80| 77| 79| 77| 79} 76| 18| 75| 77| 71| 73
LT 74 | 761 781 781 80| 78! 80| 78 80 78} 8t 77| 79| 761 78| 72| 74
ST - -1 -t -1 -1-1-1-1-1-1-1 - —| 70| 71| 66| 68
F,. ksi:
L - 69| 721 70| 724 71| 73| 69| 71| 70| 72| 69| 71| 66| 68| 63] 65
LT 61 67 701 68| 70| 69 71| 67{ 69| 68| 70| 67| 69| 64| 66| 61| 61
ST - -1 -1 -t -1 -1 -4 -=-1 -1 -1-1 - - | 39| 61| 56| 58
Fy, ksi:
L - 68| 71 691 71| 70| 72| 67| 69| 68| 70| 66| 68| 62| 64| 58| 60
LT - TV 74) 72 74| 73| 75| 71| 73| 72| 74| 71| 73] 68| 70| 65| 67
ST - -1 -1 -1 -1 -1 -1-1-1-1-1 - -1 67| 70| 64| 66
F.., ksi - 46| 47| 47 48| 47| 48| 41| 44| 44| 45 ) 44| 45| 44| 45| 42} 43
Fu, ksi:
%:LS) — P8 21 120] 124 1121 124 [ 11701200 117 1120 1116 1 119 ) 114 1 117 ] 108} 111
(%:2.0) — [ 152]156| 156|160 156 | 160 |145]148 | 145|148 | 143 | 1471141 [ 145|134 | 137
Fiuy, ksi:
%:l.S) — 100] 105 | 102 105|103 | 106 [ 97 (100 [ 100 {103 | 100 | 103 | 98 | 101l 94| 97
%:2.0) — | 7122 H19 122 (121 [ 124 | 114 | 118 | 117 {120 {117 | 120 [ 113 [ 117 ]| 109 ] 112
¢, percent (S-basis):
LT 5 7 - 8| - 8| - 9 - 7 - 6| - 51| - 5] -
E, 10" ksi 10.3 10.3
E.. 10" ksi 10.5 10.6
G, 10" ksi 39 39
[ 033 0.33
Physical properties:
w, Ib/in.’ 0.101

(Bearing allowables are ‘dry pin’ values)

Fig. 4.3.4 Mechanical and Physical Properties of 7075 Alloy Sheet and Plate (Ref. 4.1)
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Specification QQ-A-200/11
Form Extrusion (rod, bar, and shapes)
Temper T6, T6510, T6511, and T62
Cross-sectional area, in® <20 >20, <32
Thickness. in Up to 0.250- 0.500- 0.750- 1.500- 3.000-
1CKRESS, 10 0.249 0.499 0.749 1.499 2.999 4.499
Basis A B A B A B A B A B A B S
Mechanical properties:
F.., ksi:
L 78 82 81 85 81 85 81 85 81 85 81 84 78
LT 76 80 | 78 81 76 80 74 78 70| 74 67 70 65
F,, ksi:
L 70 74 73 77 72 76 72 76 72| 76 71 74 70
LT 66 70 68 72 66 [ 70 65 68 61 65 56 58 55
F,, ksi:
L 70 74 73 77 72 76 72 76 72| 76 71 74 70
LT 72 76 74 78 72 76 71 74 67 71 61 64 60
F., ksi 42 44 43 45 43 45 42 44 41 43 40 41 38
Fiu, ksi:
(%: 1.5) 112 | 118 117 122 | 117 | 122 | 116 122 { 115 { 120 | 109 | 113 105
%:2‘0) 141 | 148 [ 146 | 153 | 146 | (53 | 145 | (52 | 144 | (51 | 142 | 147 136
Fl\r)‘v ksi:
(%: 1.5) 94 99 97 | 103 96 | 101 95 | 100 93 98 89 92 87
(%:2.0) 110 | 117 [ H15 | 121 | 113 | 119 [ 112 | 118 | 11O | 116 [ 105 | 11O 104
e, percent (S-basis):
LT 7 - 7 - 7 - 7 - 7 - 7 6
E, 10" ksi: 10.4
E., 10" ksi: 10.7
G, 10 ksi 4.0
w 033
Physical properties:
w, Ib/in.’ 0.101

(Bearing allowables are ‘dry pin’ values)

Fig. 4.3.5 Mechanical and Physical Properties of 7075 Alloy Extrusion (Ref. 4.1)
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Alloy Hy-Tuf | D6AC 4A,:§(l) AlISI | 0.40C | 0.42C
N k
4330V | 4335V D6AC 4340 | 300M | 300M
Form All wrought forms All wrought forms Bar, forging, tubing
Condition Quenched and tempered Quenched and tempered Quenched and tempered
Basis S S S S S S S S S S
Mechanical properties:
F.. ksi 125 160 180 200 220 220 260 260 270 280
F,, ksi 100 142 163 176 185 190 215 215 220 230
F., ksi 109 154 173 181 193 198 240 240 236 247
F.., ksi 75 96 108 120 132 132 156 156 162 {68
Fu, ksi:
%: 1.5) 194 230 250 272 297 297 347 347 414 430
%: 2.0) 251 300 326 355 385 385 440 440 506 525
Fuey, ksi:
I_e)_: 1.5) 146 202 230 255 267 274 309 309 344 360
% =2.0) 175 231 256 280 294 302 343 343 379 396
€, percent:
L 10 - - 10 8 7
T 5 - - - - -
E, 10" ksi: 29.0
E., 10 ksi: 29.0
G, 10" ksi 11.0
u 0.32
Physical properties:
w, Ib/in.” 0283

(Bearing allowables are ‘dry pin’ values)

Fig. 4.3.6 Mechanical and Physical Properties of Low-Alloy Steel (Ref. 4.1)

4.4 AIRWORTHINESS REQUIREMENTS

The term plasticity of a material implies yielding under steady load, and it is defined as the
property of sustaining visible permanent deformation without rupture. In aluminum alloys, there
are two basic properties (ultimate and yield strength) in stress-strain curves which directly affect
the value of the margin of safety (MS) and the ability of the material to support limit loads without
detrimental permanent deformation; both must be considered to meet airworthiness requirements.

(a) Curve A: f,orF,>(0.67)F, property (see Fig. 4.4.1):

In this case, the material's allowable stresses of ultimate tensile (f.,) or bearing (fi.)
govern the MS which meets airworthiness requirements (by ultimate loads).
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Margin of Safety

[ ) X Fracture

—  Factor of Safety
(1.5 Limit Load)

Fy
-1)

MS = (

fu

Tensile Stress

/
L
__..I l._ 0.002 Strain (in./in.)

where: f, — Actual stress at limit load
(Ultimate Design Allowable Stress = F,,)

Fig. 4.4.1 Stress-Strain Curves for Aluminum Alloy (F, > 0.67F )

(b) CurveB: F,orF,<(0.67)F, property (see Fig. 4.4.2):
In this case, the material’s allowable stresses of yield (f.,) or bearing (fi,) govern the
MS needed to meet airworthiness requirements and prevent detrimental permanent

deformation (by limit loads).

Margin of Safety
]

F,
41. 5}:ty e Fracture
w2
§ tu ]r—
77
= - Factor of Safety (1.5)
Z by
L f.
- 7 4 1.5x Fy
/ fu
/
/

/
—  |—0.002 Strain (in./in.)

where: f, — Actual stress at limit load
(Ultimate Design Allowable Design Stress = 1.5 X F,,)

Fig. 4.4.2 Stress-Strain Curves for Aluminum Alloy (F,, < 0.67F,,)
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4.5 TOUGHNESS AND CRACK GROWTH RATE

The toughness (K = stress intensity factor) of a material may be defined as the ability of a component
with a crack or defect to sustain a load without catastrophic failure as shown in Fig. 4.5.1. This
toughness data become increasingly important in the evaluation of a design for a fail-safe
structure. Material toughness is also known as the quality of a material to resist failure in the
presence of a fatigue crack, as shown in Fig. 4.5.2. Fracture toughness and fatigue resistance must
be designed to handle tension structures in an airframe.

100

[ | e

T\ Where K = Fpvia * f { A
80 N\ \ .
K¢ value (Plane stress)\ 2024-T3

Critical stress intensity

60

at crack tip

—]
u 7075-T6 \ ) 7 -
AN |

K - Critical Stress Intensity Factor (ksi vin.)

K¢ value (Plane strain)
20 \ N /
'¥ f
0
0.04 0.1 04 1.0 2.0 3.0

t - Skin Thickness (in.)

(After a certain thickness is reached, the critical stress intensity factor K remains constant as K )

Fig. 4.5.1 Aluminum Alloy Stress Intensity Factor (Toughness) vs. Thickness

100 fy (Gross Stress)
‘ t = 0.16 in.

80
tod \ \
§ 60 f,
AN
7 \ \ \ 2024-T3
S 40 \ &
3 AN
2 \\ 7075-T6

20

7178-T6 [
0 4 8 12 16

Fig. 4.5.2 Fracture Stress vs. Critical Crack Length (Residual Strength)
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Application of cyclic loads less than the critical static residual strength of a cracked part will result
. . da - . .
in a crack propagation rate (d—N). Crack growth characteristics of a material under cyclic stresses

are a measure of its ability to contain a crack and prevent it from rapidly attaining critical length,
as shown in Fig. 4.5.3. For most good, ductile, structural materials this is an orderly, stable process
having the same general characteristics. Continued cycling eventually raises the crack size to be
critical for that stress level and catastrophic failure occurs.

20 { ] l I
L 7178-T6 ~*— Stress Cycled
at 16,000 + 7,000 psi
(Fastener Hole) L
1.6 :
- |
"’l = 0.25"
5 12
g
Lk ;
7075-T6

£ 08
=
'3 -
» -
8 /A‘024~T3
o 04 //

- /

— | 1
| 1 ! |
0 4 8 12 16 20 24 28 32

Cycles (103)

Fig. 4.5.3 Crack Length vs. Cycling Load

4.6 MATERIAL USAGE

General aircraft applications are listed below for reference (Note: Structural efficiency, SE = ratio
of material ultimate stress/density and the higher the SE the ligher the structure):

(a) Aluminum Alloys (density = 0.101 Ibs/in.’; SE = 752):

* The most widely used materials in airframe structures

« Inexpensive, easily formed and machined

» 2000 series alloys provide better medium-to-high strength than other aluminum alloys

e 2019 alloy has comparatively superior strength at cryogenic temperatures

« 2024 alloy materials are widely used in fatigue-critical areas; slow crack propagation

* 5000 and 6000 series alloys can be readily brazed and welded

» 7075 alloy is a high strength material used primarily in high compression construction
(This alloy is not usually welded, and has poorer ductility, notch toughness, and
formability than other aluminum alloys)

e Al-Lithium alloy is 10% lighter and stiffer than other aluminum alloys, but costs more
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Magnesium Alloys (density = 0.064 Ibs/in.*; SE = 610):

» This material is seldom used for primary structures and is usually prohibited from
use on airframes

« Also has compatibility problems with other materials, especially in humid or salty
atmospheres

Titanium Alloys (density = 0.16 Ibs/in.’; SE = 981):

* Good structural efficiencies and good cryogenic temperature endurance
¢ More expensive than aluminum alloys

» Lightweight and corrosion resistant

* Can be formed, machined, and welded

¢ Good toughness

* Ti-6Al-4V alloys are widely used in annealed and heat-treated forms

» Ti-5A1-2.5S8n alloy is extremely weldable

Steel Alloys (density = 0.283 lbs/in.’; SE = 884):

e Steel alloys are not widely used on airframe structures with the exception of landing
gear

* Do not use any PH corrosion resistant steel such as 17-7PH, 17-4PH, or AM350 in
the annealed or solution treated forms because their corrosion resistance is
appreciably lowered

» For low strength requirements, use 300 series stainless steel alloys

« For high strength, use type 301-1/ 4H, 301-1/ 2H or 301-H

» Non-magnetic temperature resistant material required:
— A286 for low strength
— Inconel 718 for high strength
— Titanium can be used to save weight

e Use only types 321 or 347 stainless steel when fusion welding or when a 300 series
stainless steel is required

» AISI 4130 steel — thickness less than 0.5 inch and H.T. < 180 ksi
AISI 4340 steel — thickness greater than 0.5 inch and H.T. = 180 ksi

Nickel Alloys (density = 0.3 Ibs/in.’; SE = 517):

« Exhibit good properties from the cryogenic range to 1800 — 2000 °F
< Corrosion-resistant, readily welded (solution-treated)
» Typical materials are Inconel X-750, X-600, X-625, and X-718

Beryllium Alloys (density = 0.066 1bs/in.’; SE = 1152):

« Has very high structural efficiency (the ratio of material ultimate stress/density)

< Expensive material

+ Has limited formability; difficult to join, drill and machine; notch sensitive and not
weldable

* Produces toxic gas

Uranium material (density = 0.68 1bs/in.’);

+ This is a non-structural material and is used for balance weight because of its very
high density
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4.7 MATERIAL SELECTION PROCEDURES

Follow these steps to select the final material:

(1) MATERIAL APPLICATIONS

(a) Operational features — Description of principal loads and environment for the component

(b) Principal design requirements — Most important design properties for satisfying the

operational features

(c) Material form — Sheet, plate, extrusion, forging, casting, bar, etc.

(2) RATING CATEGORIES

(a) Static strength properties:

Property basis — A, B or S value

F. — Ultimate tensile stress

F, — Tensile yield stress

F., — Compressive yield stress

F., - Ultimate shear stress

Fin, Fry — Ultimate bearing stress; bearing yield stress
E, E. — Modulus of Elasticity and tangent Modulus

(b) Durability and damage tolerance properties:

Kic, K¢ — Fracture toughness: plane strain and plane stress
K scc — Stress corrosion resistance crack
SCC - threshold stress corrosion resistance
da . .
AK(W) — Fatigue crack propagation rate

S-N curves — Fatigue toughness
Corrosion resistance — Resistance to exfoliation, pitting, galvanic corrosion, etc.

(¢) Producibility:

Cost — Basic raw material cost

Availability — Lead time for material delivery

Fabrication — Machinability, formability and heat treatment characteristics
Current applications - Similar applications for new aircraft

Specifications — Data and information available

(d) Serviceability:

Reliability — Performs satisfactorily for at least a given period of time when used

under stated conditions

Resists cracking, corrosion, thermal degradation, wear and foreign object damage

for a specified period of time

Performs in accordance with prescribed procedures and conforms to specified

conditions of utility within a given period of time
Ease of inspection for damage

(e) Final selection:
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Airframe Stress Analysis and Sizing

Chapter 5.0

STRUCTURAL ANALYSIS

The purpose of this Chapter is merely to review some of the common methods which are practically
useful for airframe structural analysis and sizing. All the derivation procedures for equations,
which can be found in textbooks or in the references in the back of this Chapter, are generally not
repeated herein. Sign conventions should be the same as those defined in Chapter 2.0.

5.1 REVIEW OF HOOKE’S LAW

All structural members which undergo stress are strained as described in the material stress-strain

curve in Chapter 4.0. Hooke’s law states that when an element undergoes stress it can be expressed

simply as “stress is proportional to strain” which is valid until the material is stressed to its elastic
limit.

(a) In an one-dimensional element of an isotropic material there is only one elastic constant

of Modulus ‘E’. The strain can be expressed as a linear function of the stress or vice versa:

f
=— Eq. 5.1.1
sE q.5.1

(b) In a two-dimensional element of an isotropic material there are only two independent
elastic constants (namely modulus ‘E’ and Poisson’s ratio ‘w’). Each of the three strain

components can be expressed as a linear function of the three stress components or vice
versa:

* Axial strains:

f, — uf,
= Eq.5.1.2
€ E g. 5.1
f, — uf,
s,:% Eq.5.1.3
¢ Shear strains:
fx
Vo =G Eq.5.1.4

(c) In a three-dimensional element of an isotropic material there are also two independent
elastic constants (E and ). Each of the six strain components can be expressed as a
linear function of the six stress components or vice versa:

* Axial strains:
fx - p“(fy + fZ)

= Eq.5.1.5
€ = q
e = f, — ;Léfz+fx) Eq.5.1.6
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Cf-wE +£)

2 Eq.5.1.7
E q
» Shear strains:
fx
Yay = Gy Eq.5.1.8
_tn Eq.5.1.9
Yy = G q. J.1.
= Lo Eq. 5.1.10
'\]’zx“ G q. .1,

(d) In a three-dimensional element of anisotropic materials there are a total of 36 elastic
constants.

Refer to Chapter 4.0 for the three elastic constants E, G, and p shown in above
equations.

Each material has a proportionality constant E, shown in Eq. 5.1.1, and the expression for axial
deflection can be obtained as shown:

E=—=

f
€

oo

where: f=£A (stress)
e=38 (strain)

Therefore, the member deformation (or elongation) by axial load is

_PL

- Eq.5.1.11
AE 4

Example 1:

Determine the load applied to the angle A by plate B in the structure shown when the modulus of
elasticity for the steel is E = 30 x 10° psi and for the aluminum is E = 10 x 10° psi.

A o

g1
B
0.125" (steel)
L [ 6,000 1bs.
D ——(.125" (aluminum) ! T~

T

Assuming the deflection (3) is the same for plates B and D, the following relationship may be
derived. From Eq. 5.1.11:

SB - PB LB

AyE;
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_ Pl
AD ED

Assume 3, equal to 3y then

PiLs _PoL,
AsE,  AoEp

As equals Ap and Ly equals Ly, Therefore Eq. (A) reduces to :

P P o PuFy
E."E, or Pg= E,

To balance the free body Py + P, must equal 6,000 lbs, then
P: = 6,000 - Py Eq. (C)
Combine Eq. (B) and Eq. (C) to obtain:

Es
DED

dp

Eq. (A)

Eq. (B)

P = 6,000 - Py

6,000
Py = o 0% 10° - 1,500 Ibs.

10 x 10°
Ps = 4,500 1bs.
Example 2:

Consider the same problem as given in Example 1, except let plate B be aluminum and its
thickness equal to 0.063 inch. From Eq. 5.1.11:

5, = PsLs
AsEg
PoLp
d d 8 =
an D ADED
For this analysis, 8; = 8, L; =L, and Ex=E,
ore, Lo Po —p, Qe
Therefore, A As or Py=P; A Eq. (D)
To balance the free body Ps + Pp must equal 6,000 1bs and then,
P, = 6,000 - P, Eq. (E)
Combine Eq. (D) and Eq. (E), to obtain:
A
PD—Af =6,000 - P,
_ 6,000
b =
As
1 +AD
_ 6,000
T 1+2x0.063
2x0.125
= 4,000 lbs.

and Ps=2,000 Ibs.

(Note: The previous examples show that the loads transferred through a multi-member structure are proportional to their
areas and modulus of elasticity when the members’ lengths are the same)
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5.2 PRINCIPAL STRESSES

Rational design methods for structural members comprise essentially three operations:

* The determination of loads to which the structure may be subjected

* The stresses produced by the loads

* The proportioning of the component members of the structure to resist these stresses
without rupture or undue deformation

In the analysis of stressed members, it is usually convenient to determine stresses only on specific
planes at a given point under consideration. In some cases the load-carrying capacity of a member
is controlled by its ability to resist bending stresses or longitudinal shear stresses, but often the
critical stresses act on planes other than those on which the stresses have been determined. Hence
a problem arises:

* Given the stresses on a certain plane at a point in a stressed member, find the
maximum normal and shear stresses or a critical combination of normal and shear
stresses at a point

Consider a point situated at some arbitrary position in a given stressed member, the stresses acting
upon the horizontal and vertical planes passing through this point are assumed to be known. The
stresses, shown in Fig. 5.2.1, that act upon some arbitrary chosen inclined plane (angle &) and two

stress components on this inclined plane are

* One perpendicular to the plane (f, normal stress)
* One parallel to the plane (f, shear stress)

. x'
&
\%‘J ‘/
] fo
y
fxy
fx
Axial stress:  f, =~f‘+Tfy + (—f‘;&fy)cos 24 + £,y sin 2¢
f,-f, .
Shear stress: f,,, = ( 5 ) sin 2¢ - £, cos 2¢
Fig. 5.2.1 Principal Stresses
The principal stresses can be calculated by the following equations:
_f+f, f,—f1, .2
f, = > + /( 5 Y+ £, Eq.5.2.1

(a) The maximum principal stress:

£, +1, £t
faw = 2524 /(5 N 4 £ Eq.5.2.2
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(b) The minimum principal stress:

_f
(334f+ﬁf Eq. 523

_ L+
fmin - 2 -

These principal stresses act on inclined planes (principal planes), defined by the angle ¢ in Eq. 5.2.4.

2f,
an 2¢ s Eq.5.2
The maximum and minimum shear stresses act on planes defined by Eq. 5.2.5; these planes are
always 45° from the principal planes.

fro= % (ﬂ;ﬁf+ﬁf Eq.5.2.5

(a) The maximum principal shear stress:

e =+ JESEF 11 Eq.5.2.6

(b) The minimum principal shear stress:

fxy, min = = (fl;zf)’_)z + fxy2 Eq 5.2.7

MOHR'’S CIRCLE GRAPHIC METHOD

Mohr’s circle, as shown in Fig. 5.2.2, is a simple method of obtaining geometric properties of
stresses which are plotted on f, and - f,, at point A and on f, , f,, at point B. Draw a circle through
points A and B and locate the center of the circle at point O on the f, , f, axis. The principal
stresses Of fi., T and 2¢ are read from the graph. This is a good approximation method and was
often used in the good old days when engineers used slide rules to do calculations.

o f

— 1

o P

Fig. 5.2.2 Mohr’s Circle Graph
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5.3 EQUILIBRIUM AND COMPATIBILITY

These are the two important conditions which must be satisfied by any stable structure:

(a) Condition of equilibrium — For a stable structure the resultant of all external loads
(both applied and reactive) must be zero and the external
loads must be balanced by internal stresses.

(b) Condition of compatibility — Similarly in the deformed state the compatibility or the
continuity of the structure as a whole and each individual
member must be maintained along with the applied
constraints.

Every member or particle in the universe is in static or dynamic equilibrium; therefore, all the
external forces and inertial force acting on a member or particle are always in equilibrium or
perfect balance. Consequently, the algebraic summation of all the forces or of all the moments
acting on a member must equal zero.

A member must be shown to balance freely in space before valid analysis can proceed and it may
not always be necessary to define all the forces numerically in order to establish the validity of the
analysis. If two or more free bodies that are shown to be in balance are interconnected, the
interfacing forces become internal forces and the remaining external forces still produce a perfect
balance.

As shown in Fig. 5.3.1, a force in space is most conveniently defined by its components in three
directions and its moments about three axes. The six equations of equilibrium are summarized as:

Forces: SF=0; XF=0;, SEFE=0 Eq.5.3.1
Moments: ZM,=0; IM,=0; EM,=0 Eq.5.3.2
IFy =0

o IFx=0

iIF, =0

Fig. 5.3.1 Equilibrium of Forces (Right-hand Rule)

Rectangular axes (mutually perpendicular) are generally preferred. Six equations of equilibrium may
be used to obtain the magnitude of balancing forces on a free body. If the forces or moments shown
on a member being structurally analyzed are not in perfect balance, then one or more of the forces
shown is in error. Therefore, any subsequent analysis of internal forces or stresses may be erroneous.

Stress analysis has to satisfy both equilibrium and compatibility conditions which enable us to
write down as many equations as required to evaluate the unknown quantities. This can be done in

85



Chapter 5.0

two ways using either the force (flexibility) approach or displacement (stiffness) method:

(a) Force method — In this method, the redundant reactions or member forces are treated as
unknowns and are obtained by satisfying compatibility of structural
nodes.

(b) Displacement method — In this method the nodal displacements of the structure are
regarded as unknowns and are obtained by satisfying equilibrium
of structural nodes.

Example:

Assume the total load applied on this structure is P and obtain the load distribution in these two
rods (areas A, and A,).

Ay

&
LUUINTIINIINNIUONNINY
\\\\\\\\\\>\\\\\\\\\\\

NN AN
ANNNIRN

Az Rigid supportt

The structure is redundant to the first degree as one of the two rods can safely be removed.
(a) Force method:
Let P, be the load in rod A,

From statics:

P,=P-P,
PL
di=—7
"7 AE
P,L
5, =
‘T AE
As the two rods are rigid against rotation, 8, = 8, (compatibility condition)
PL _(P-P)L
T AET AE
Therefore,
__PA,
Pr=ar A
__PA,
and P, = At A

(b) Displacement method:
Let & be the elongation of the rods and

_3AE

P, T
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S AE
L

But, P = P, + P, (Equilibrium condition)
3AE + SAE  J3E(ALA)

and P, =

P=

L L L
PL
dd=——""-—
an (A + A)E
— PAI - PAZ
Therefore, P, = ATA A and P, = AT A

(Conclusion: Same result as obtained in force method)

5.4 DETERMINATE STRUCTURES

A statically determinate structure is one in which all external reactions and internal stresses for a
given load system can be found by use of the equations of static equilibrium, and a statically
indeterminate structure is one in which all reactions and internal stresses cannot be found by using
only the equations of equilibrium.

For a planar structure such as beam or frame structures only three relationships (or three equations
as shown in Eq. 5.4.1 through Eq. 5.4.3) must be satisfied:

Horizontal forces: 3 F, =0 Eq.5.4.1
Vertical forces: XF, =0 Eq.5.4.2
Moments: 3M,=0 Eq.5.4.3

For a statically determinate structure the reactions under given loading can be calculated using
these relationships. For any structure in equilibrium, any part of it, isolated as a “free-body”, must
be in equilibrium under the applied loading.

(1) BEAMS

In aircraft design, a large portion of the beams are tapered in depth and section, and also carry
distributed load. Thus to design, or check the various sections of such beams, it is necessary to
have the values of the axial loads, vertical shear loads and bending moments along the beam. If
these values are plotted as a function of the x-coordinate, the resulting curves are referred to as
axial load (if any), shear loads, and bending moment diagrams. The principal of superposition can
be used for beam analysis:

» This principle is used for linear structural analyses and enables engineers to determine
separately the displacements due to different loads

¢ The final displacements are then the sum of the individual displacements

(A) THE METHOD OF SECTIONS

The internal loads acting on any cross section along a member can be determined by the method of
sections using free-body diagrams. This method is generally applied after all external loads acting
on the structural member are computed.

To compute the axial load, shear load, and bending moment as a function of the x-coordinate, the
beam is sectioned off at some arbitrary distance x-coordinate. Applying the equations of
equilibrium to the sectioned structure, namely % F, =0, 3 F,= 0, and 3 M, = 0, one obtains the axial
load, shear load, and bending moment as a function of x-coordinate. They will be discontinuous at
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points where the beam loading abruptly changes, i.e., at points where concentrated loads or
moments are applied. Therefore, the beam must be sectioned between any two points where the
loading is discontinuous.

Example:

Use the method of sections to draw axial load, shear load, and bending moment diagrams for the
beam as shown under uniform loading.

50 Ibs/ft

\ 3 \ y
AT77IARBZIZZL 177 2ZCANRLL4 D

“ 8.0 N2

. d
Ll L L o o 2ol ol

——»T B C Td—— 300 lbs

300 lbs

300 lbs 300 Ibs

(A) Axial load (P), shear load (V), and bending moment (M) calculations:

(a) Beam section just to the left of B, 0 < x < 2 (Section between point A and B)

50x
Xx/2

l-x-—lv ‘ —:B—O

Axial loads: XF, =0, . .Pyp=0
Shear loads: 2F,=0, -V, -50x=0,
" VAB = ‘SOX

Moment: ZM,=0, M+ (50x) (%) =0
. M =-25%°

(b) Beam section just to the left of C, 2 < x < 10 (Section between point B and C)
Axial loads: 3F, =0, Py +300=0

. Pge =-300 Ibs.
Shear loads: XF,=0, 300- Vg —50x=0,
. Ve =300 - 50x
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50x

F-——- —-—1

— %2 WM
N PTTTIZ7 7] l;‘ Poc

—_— | B

300 Ibs
[ 300 Ibs |
~ X i

Moment:  IM,=0, (50x) (%) + Mie —300(x =2) = 0
", Mac = =25x* + 300 X =600

(c) Beam section just to the left of D, 10 < x < 12 (Section between C and D)

50x
rTTT TTTTT WM
A [/////// 7 Pep=0
—p | B C[
300 Ibs ? 300 Ibs T v
300 Ibs 300 1bs
X 4"
Axial loads: 3F,=0, P+ 300~300=0 S Peo=0

Shear loads: ZF,=0, 300+ 300-50x-Vep=0, .". Vo =600 - 50x
Moment:  IM, =0, (50x) (%) + M — 300 (x — 2) - 300(x — 10) = 0
. Mo = ~25x* + 600x — 3,600

(B) Axial load, shear load, and bending moment diagrams:

Beam Section  Axial L.oad Shear Load Bending Moment
0=sx=<?2 Pw=0 Vs =-50x My = -25%°
(Section A — B)
2=x=10 Poc = -300 Vec =-50x +300 My = -25x* + 300x - 600
(Section B — C)
10=sx=<12 Po=0 Voo =—50x + 600 Mo = —25x* + 600x ~ 3,600
(Section C - D)
' x=2 ft x=10 ft
A ‘

V777 77"

(a) Axial Load (Ibs) Diagram
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200

F??i\ ~
I~
| -200

(b) Shear Load (Ibs) Diagram

I 300 I

x=2.54 ft

7
-100 -100
x=9.46 ft

(¢c) Bending Moment (ft-1bs) Diagram

f

(B) SUMMATION METHOD

In cases where a beam is subjected to several concentrated loads and/or moments, using the
method of sections to construct shear and bending moment diagrams can be quite laborious. The
summation method which is based on the differential relations between applied load, shear load,
and bending moment can then be useful. Without any derivation, the four basic relationships
between load, shear, and bending moment can be expressed as follows:

(a) The slope of the shear diagram at any point is equal to the load intensity at that point:
dv Eq.5.4.4

—=w

dx

(b) The slope of the moment diagram at any point is equal to the intensity of the shear load
at that point:

dM -V Eq.5.4.5
dx

(c) The change in shear between two points (a and b) is equal to the area of the loading
curve between a and b:

dV,, = [iwdx Eq. 5.4.6

{(d) The change in moment between two points (a and b) is equal to the area under the shear
diagram between a and b:

dM,, = 'V dx Eq. 5.4.7

The above relations simplify the drawing of shear and moment diagrams for beams with concentrated
loads and any distributed loads which have constant load intensity. For more complicated
distributed loading, the method of sections is probably easier to use.

Example:

Use the summation method, draw a shear and bending moment diagram for the beam with the
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loading shown below.

10 kipS 2.0 kips/ft
A t B Cy y ¥ Yy ¥p
/7/977
f st | st b sq
| 1 - -
RA RC

(a) First solve for the reactions:

SMc=0 R,x10-10x5+10x25=0 .. Ry =2.5kips
, SM,=0 10X5-Rcx10+10x12.5=0 .. Rc=17.5kips
(b) Shear diagram:

* The shear load at the left-hand end of the beam (section A — B) is equal to the
reaction R,

» Since there is zero load between A and B, the change in shear between A and B is
Zero

e At B, the shear changes by 10 kips due to the 10 kips applied load applied between
Band C

* AtC, the shear changes by 17.5 kips due to the reaction, Rc= 17.5 kips, at C

» Between C. and D, the shear load changes by the area under uniform load =
(2kips/ft.)(5 ft.) = 10 kips. Since the load is constant between C and D, the slope of
the shear diagram is constant (or a straight line)

* The shear load is zero at D, since it is a free end

1+ _

A B~ D
(+ Sign Convention) 7.5

(Shear Diagram in kips)

(c) Bending moment diagram:

* The bending moment at A must be zero, for this is a hinge support

» The moment between A and B increases by the area under the shear curve between
A and B, area = (2.5 kips)(5 ft.) = 12.5 ft.—kips. [Since the shear load is constant
between A and B, the slope of the bending moment diagram must be constant (or a
straight line)]

* The change in moment between B and C must decrease by the area (note: negative
area), area = (7.5 kips)(5 ft.) = 37.5 ft—kips. (Since the shear load is constant, the
slope of the moment diagram is constant)

* The change in moment between C and D must be the area under the shear diagram
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between C and D, area = (10 kips)(5 ft.)(%) =25 ft.—kips. (Since the area is positive,

the moment must increase. The shear diagram between C and D is always positive
but must decrease. The moment diagram must have a decreasing positive slope)

12.5 ft-kips
!
( * ) % C D

A B

(+ Sign Convention)
-25 ft-kips

(Moment Diagram)

(2) TRUSS ANALYSIS

This section introduces two methods of solving planar truss structures, namely the method of
joints and the method of sections, as shown in Fig. 5.4.1.

(A) THE METHOD OF JOINTS

Each joint in the truss is isolated as an individual ‘free-body’ and placed in a state of equilibrium.
Since all loads pass through a common point, only two equilibrium equations are required, 2 F, =0
and 2F, = 0, to solve for two unknown loads. For example, at point C solve for Pyc and Pcp, the
forces in members of BC and CD respectively, as shown in Fig. 5.4.1(a). Then consider each other
joint in sequence in a similar manner.

cut line
I E X p
P
B l / Joint
A C )
7 ox N
~ /
J)CD P
PDH i
Py
P BC - C
‘ P BC e C
P Sectioin X - X (at cut line)
(a) The method of Joints (b) The method of Sections P

Fig. 5.4.1 A Typical Planar Truss Structure
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(B) THE METHOD OF SECTIONS

A cross section is taken through the truss and the part of the truss to one side or the other of the
section is treated as a “free-body”, as shown in Fig. 5.4.1(b), and placed in equilibrium. In this
case, three equations of equilibrium are required, 3 F, = 0, X F, = 0, and M, = 0. This method is
useful when the loads in only a few specific members are required. It should be noted that only
three members whose loads are unknown may be cut at any one time. Consider the truss to the
right-hand side of Section X—X, as a “free-body” as shown in Fig. 5.4.1(b), then solve for Pgp, Poe,
and Psc using three equations of equilibrium.

Example 1:

Determine forces in all members of the truss structure as shown.

2.000 1b
1,000 1bs s l600 Ibs

800 Ibs y F B l

RAX

'

1,000 1bs

10
. B 45°(Typ)
A
R

Ay

(a) Use the method of joints:
The first step is to place the structure in equilibrium, i.e., calculate reactions at A and B.

Take moments about A, then
M, =10x 800+ 10 x 2,000 + 30 x 600 + 40 X 1,000 - 20 X Ry, =0

. Ra, = 4,300 Ibs.
SP, =-1,000 - 2,000 — 600 — 1,000 + 4,300 + R, =0
. Ry =300 Ibs.
SP, =800-R. =0
. Rac =800 Ibs.

Consider joint ‘C’,
3P, =-1,000 + P, sin 45°=0

1,000
D = sin 450— 1,414 le C
EPx = _PCD COS 450 + PBC = O
1,000 Ibs

__Looo
T ‘sin 45°

.. Psc =1,000 Ibs.

)COS 450 + PBC =0
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Consider joint ‘D’

SP, =—600—( %’Oooo)cos 45° + Py cos 45° =0
sin 45 600 Ibs
. _ 1600
P = 5o s, 2263 1bs. Pp b
3P, =P, sin 45° + Py sin 45° =P =0 ' /\
P,
1,000 . . o 1,600 _ . o _ CD
= (sin 450)sm 45° +( cos 45° )sin 45° - Py =0

PDE = 2,600 le

Continue in the same manner for joints ‘A’, ‘B’, ‘E’, and ‘F’.

Example 2:

Use the same structure shown in Example 1 to determine forces by the method of sections in
members CD, BD, and BC.

600 1b
: L feoms

\ .
e |

1,000 1bs

First, cut a cross section through the members to be solved (only three members whose loads are
unknown may be cut at any one time). Treat the structure to the right side of the section line as a
free body and place it in equilibrium. Take moment about ‘B’, then

Ppr Y
— 600 1bs
D
X
Ppg
/

7 ~
— e i (’
B Ppe- l

{,000 1bs
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SM;=1,000x20 +600x 10-Prex 10=0
.. Ppe=2,600 Ibs.
3P, =-600-1,000 - Py, cos 45°=0

1,600
87 cos 45°Ibs.

SP, =-2,600 —Pgpsin 45° + P =0

1,600
cos 45°

.. Pac = 1,000 Ibs.

=-2,600 - (-

)Sin 450 + PBC = 0

(3) SPACE TRUSS ANALYSIS

A space truss (or three dimensional structure) is one designed to react forces in three mutually
perpendicular axes. This method is mainly used on determinate structures for landing gear and
engine truss support analysis. The method of solving these structure is essentially the same as for
the planar structure already covered except that six equations of equilibrium must be satisfied, see
Eq. 5.3.1 and Eq. 5.3.2. As shown in Fig. 5.4.2, the components of force along three mutually
perpendicular axes X, y, and z can be obtained as follows:

P,=Pcos Eq.5.4.8
P,=Pcosvy Eq.5.4.9
P.=Pcosf Eg. 5.4.10
If all three component forces are known, then the resultant force P can be obtained from:
P=vVP’+P +P} Eq.5.4.11
y
by
T4 P

B A P,

Fig. 5.4.2 Force Components Relationship of Space Truss Member

Example:

Determine forces on a aircraft nose landing gear as shown. Applied loads: P, = 20,000 lbs and Py =
40,000 lbs.

Determine the true length of drag brace

Length of brace = V(70" + 30%) = 76 in.
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Component forces Rax and Ra,:
70

Rax =RA—~——76.16=0'919 Ra
30
R.. =Ra 76.16 0.394 R,

(Use positive sign convention, as shown,
and right-hand rule for moments)
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Take moments about trunnion center line,
M, =5 x 40,000 + 50 x 20,000 - 20X Ry, =0
.. Ra, = 60,000 Ibs.
. Ra =25,723 lbs.
.. Ra =65,288 Ibs.
Take moments about z-axis at trunnion right-hand bearing,
M, =20,000 x 10 - 60,000 x 15 +20 xR, =0
. R =35,000 lbs.
2 P, = 20,000 - 60,000 + 35,000 + R, =0
.. Ry = 5,000 1bs.
Take moments about x-axis at trunnion right-hand bearing:
M, =-40,000 x 10+25,800x 15 +20X R, =0
.. Ry, =650 Ibs.
3P, =40,000-25,800 - 650 -Rg, =0
.. Rg, = 13,550 1bs.
Resultant force on left-hand bearing: R. =V35,000% + 650° = 35,006 Ibs.
Resultant force on right-hand bearing: Rk = m = 14,443 lbs.

5.5 INDETERMINATE (REDUNDANT) STRUCTURES

There are many methods for calculating beam deflections and load distributions and each
particular method has its own merits and drawbacks, To choose which one is most applicable to
airframe structures is not a simple matter. For instance, the ‘Moment Distribution Method’ was the
most favored means for structural engineers in the past (slide rule age) but now it is no longer
needed since the advent of FEM (Finite Element Modeling) on computer.

The calculation of deflections of beam or element analysis is important in airframe structures for

two main reasons:

* A knowledge of the load-deflection characteristics of the airframe is of primary
importance in studies of the influence of structural flexibility, i.e., Structural Influence
Coefficients (SIC), on airplane load performance

* Calculation of deflections are necessary in solving for the internal load distributions
of complex indeterminate (or redundant) structures

For a planar structure such as a simple beam or frame structure only three force relationships (see
the following three equations, Eq. 5.4.1 through Eq. 5.4.3) must be satisfied to solve three
unknowns and they are:

Horizontal forces: 2F, =0
Vertical forces: SF,=0
Moments: 3M, =0

Indeterminate structures which have more unknowns than the three available equations are those
for which the stress distribution cannot be determinated by these three equations alone.

A structure may be indeterminate in support reactions or may be indeterminate integrally and a
physical interpretation of structural redundancy can be made using the concept of load paths. If
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there are more than the minimum number of load paths required to maintain stability, the structure
is statically indeterminate or redundant.

The easiest way of determining the degree of redundancy is to find out the maximum number of
reactive forces, as shown in Fig. 5.5.1(b), and/or members, as shown in Fig. 5.5.1(c), that can be
removed without affecting the stability of the structure. As in Fig. 5.5.1(b), any of the supports,
and in Fig. 5.5.1(c) , the member BC can safely be removed, both the structures are therefore
redundant to the first degree.

TEERERREERE

(a) Determinate Structures

2 3 r ly

e Y I4 ’’

A C B

(b) Indeterminate Structures (First degree of redundancy)

A c
/
/
/
/ D
B
A !
P

(c) Indeterminate Truss Structure (First degree of redundancy)

Fig. 5.5.1 Statically Determinate vs. Indeterminate Structures

(1) STRAIN ENERGY (OR WORK) METHOD

Work as defined in mechanics is the product of force times distances. If the force varies over the
distance then the work is computed by integral calculus. The total elastic strain energy of a
structure is
U= fP dx Mzdx T dx Vidx N J-qzdx dy
2AE 2EIL 2G1 T 2AG 2Gt
P - Axial force (Ibs.)

M - Moment (in.-1bs.)
T — Torsion (in.-lbs.)

Eq.5.5.1
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V - Shear force (Ibs.)

q - Shear flow (Ibs./in.)

G — Modulus of rigidity (psi)
E — Modulus of elasticity (psi)
] — Torsional constant (in.*)

1 —Moment of inertia (in.*)
A — Cross section area (in.”)

t — Web thickness (in.)

It is seldom that all the terms of the above equation need be employed in a calculation; some are of
localized or secondary nature and their energy contribution may be ignored.

(A) VIRTUAL WORK (MINIMUM POTENTIAL ENERGY) METHOD

One of the most powerful deflection methods is the “Virtual Work method”, which is also called
the “Unit Load Method”. The rate of change of strain energy with respect to deflection is equal to
the associated load. In structural analysis the most important use of this theorem is made in
problems concerning buckling instability and other non-linearity.

dU _p  (load) Eq.5.5.2
s

(B) CASTIGLIANO’S THEOREM METHOD

The rate of change of strain energy with respect to load is equal to the associated deflection.
Castigiliano’s theorem is quite useful in performing deflection calculations. Do not use this
method for non-linear problems.

dU _5  (deflection) Eq. 5.5.3
dpP

(C) LEAST WORK (CASTIGLIANO’S SECOND THEOREM) METHOD

In any loaded indeterminate structure the values of the loads must be such as to make the total
elastic internal strain energy, resulting from the application of a given system of loads, a minimum.

Castigliano’s second theorem provides a powerful method for analyzing indeterminate structures,
and is very effective in the analysis of articulated indeterminate structures. In the case of
continuous beams or frames, in the past, most analysts used some other method, usually that of
moment distribution.

The basic equations for this method are:

1.0X8 = f:(%)dx (for deflection) Eq.5.5.4

1.0x0= f:(%)dx (for rotation) Eq. 5.5.5

where: m — bending moment caused by unit load or moment
M - bending moment caused by given loads
& — beam deflection where unit load is applied
© - beam rotation where unit moment is applied
L - beam length

[T}

These equations are valid for bending deformations .only. The term “m” represents the bending
moment due to the virtual load (unit load) or the virtual moment (unit moment), depending on
whether bending deflections (8) or rotations (0) are desired.
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Example 1:

Calculate the deflection and rotation at the free end of the beam due to the load P.

"
;
Bending moment, M = -Px A o / B
‘..____‘ L — )
I)
(a) Deflection at free end (at point ‘A’)
Apply a unit load where deflection is required and obtain unit moment “m”
I—-—b- X /
/
Unit moment, m=—(1.0)x =-x A B
. —
1.0 1bs
Set up virtual work equation from Eq. 5.5.4 and solve
mM
1.0Xx 8, = fﬁ(—i)dx
—x)(-P
RIS
P
=T Jixidx
or _pL’
* 73R
The deflection is positive in the direction of the unit load (downward).
(b) Rotation at free end (at ‘A’)
Apply a unit moment where rotation is required and obtain unit moment ‘m’,
1.0 in-lbs |/ X
Unit moment: m =1 A B
] “

Set up virtual work equation from Eq. 5.5.5 and solve

M
l.OX9A=f5(%)dx

_ o =DHEPY)
—fn[ EI Jdx
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P.
=.ﬁka dx
PL?

or 0a=——-
* T 2EI
The rotation is positive (counter clockwise) in the direction of the unit moment.

Example 2:
Calculate the mid-span bending deflection of the beam shown due to the uniformly tapered load.

w (kips/ft)

wL . L

Mg;=0, RixL-(—)() =
M, XL - 2 ) 3) 0
L L
" RA=W6— and RB=WT
Determine the bending moment equation for the beam,
(w/2L)x2

s X >
wL/6
wx’. x. wL
M+( 2L )(3)__6—)(:0
LI
M= 6L * + 6 X
Apply a unit load at mid-span and solve for bending moment,
1.0 kip
f ) i
0.5 kip 0.5 kip

101



Chapter 5.0

For first half of beam 0 < x <_L2_

0.5 kip

For second half of beam % <x<L

0.5 kip

m+(l.0)(x—%)— =0

Lom=

X
2

X
2

S

Set up virtual work equation from Eq. 5.5.4 and integrate,

wx’ L L x., wlLx
T G )

6

L
Lx wl
1.0 X 8cEI =f<;%(W6 X

WX
LS
oL

Solving the above equation yields,

E13C=(W_U_W_U)+ (_v_vL"_ ISwL' _ 7wL' | 31WL4)=SWL“
288 1,920 32 768 288 1,920 768
or dc= SwL” (Deflection at mid-span at ‘C”)
T68EI

(2) ELASTIC-WEIGHTS METHOD

The deflection at point A on the elastic curve of a beam is equal to the bending moment at A due
to the M/EI diagram acting as a distributed beam load.

Likewise, the angular change at any section of a simply supported beam is equal to the shear at

that section due to the % diagram acting as a beam load.

(A) MOMENT-AREA METHOD

In many designs this method proves to be a simple and quick solution to determine beam slope and
deflection. Their relationship is shown in Fig. 5.5.2.
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(M/EI Diagram)

Fig. 5.5.2 Beam Slope and Deflection

The moment-area method is based upon the following propositions:

(a) 1stproposition — The change in slope of the elastic line of a beam between any two
points A and B is numerically equal to the area of the % diagram

between these two points.
do, = f,‘i(%)dx Eq.5.5.6

(b) 2nd proposition — The deflection of a point A on the elastic line of a beam in bending
normal to the tangent of the elastic line at a point B is equal numerically
to the applied moment of the %area between points A and B about
point A.

8 =xdb, = xfi(—gil)dx Eq.5.5.7

Example:

Determine the maximum deflection in the beam under a load of 3 kips (kip = 1,000 Ibs.) as shown.

3 kips

e—— 10 in. —»
A C B

+Forr e

, 30 1n.

(Assume EI = 10x10 kips.—in.?)
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M = 20 in.-kips

(Moment diagram)
Assume x = 0 at point ‘A’
R, =1.0 kips and Ry = 2 kips
Change of slope between A and B:

M 1 20 10, _ 300
Br =B 20X 5 +20x ) =0

Vertical distance between B and tangent at A will be given by the moment of the

about B,
M 1 20 20 1
B EI[(20x > ) (10 + 3 )+(20x )(2X
1
= (4,000)
_ 4,000
~10x 10°
= (0.4 in. as measured from B

180

Slope at A is 030 = 0.0133 radian or 0.0133 x (——) = 0.76°

0

EX

E

Ni diagram

Maximum deflection will occur where slope is equal to zero, therefore the change in slope (EI

diagram) between A and x should be equal to zero.

20/10x103

16.31/10x103

————— X = 1631 in— |

(Conjugate-beam —]_EM_I diagram)

2005~ )(—)
ML__ -
0.0133 =~ o5 =0
X’ =266 . x=16.31in. from A

104
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From I diagram, taking moment about A and the vertical distance between A and tangent at

x = 16.31 in. which is the max. deflection,

16.31 | 16.31 16.31 . . )
Gox109( 2 )@Ex—37)=0.1450n. deflection at x = 16.31 in.

(B) CONJUGATE-BEAM METHOD

The conjugate structure is an extension of the method of elastic weights into two dimensions. In
the evaluation of deflections of single-story rigid frames, either single or multi-span, the method is
extremely useful.
In general, the conjugate-beam method is of much greater practical importance than the moment-
area method.

¢ The conjugate structure is positioned in a horizontal plane

e The slope and deflection:

Real beam support Conjugate beam
Slope — Shear
Deflection —> Moment

« The end of the conjugate structure corresponding to the end of the real structure that
deflects always has a fixed support

« The conjugate structure, for a given real structure, is the members and their relative
position as shown in Fig. 4.5.3

Case (a)

Case (b)

) b . k

7,

Case (¢)

N
5
U

(Real Beam) (Conjugate Beam)

Fig. 5.5.3 Beam Supports of Real Beam vs. Conjugate Beam
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Before deciding to use the conjugate beam method, it is important to note that:

e The %/If diagrams have been drawn on the side of the conjugate beam corresponding

to the compression side of the real beam

¢ The %/If load i$ always considered to push against the conjugate beam, whether it be

up or down
+ Moments causing tension at the bottom side of the beam are considered to be positive
* The real beam at any location will deflect toward the tension side of the conjugate
beam at the corresponding location

Example:

Find the maximum deflection at the middle of the beam at point ‘C’ by using the conjugate beam
method and E = 10,700 ksi

10 kips
’4__—5() in.———+—-50 in, ~———ptt—— 50 in. ——-.’4—— 50 in. __..1
\
777 = 3,
Al=500in* B 1=700in* © D I=500in2 g
i 200 in. 4
5 kips 5 kips

(Real Beam)

M¢ = 500 in.-kips

Mp = 250 in.-kips
Mg = 250 in.-kips

(Bending Moment Diagram)

5007700

250/500kE

250/700L% ~

100/3

50/3

’TZ | b & 3 ”Tg

(Conjugate Beam)
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250 . 50 100 250 250, .100.
200R, - (GEg D) (GII150-+3) +1501 - () (100)(100) ~ (o -0y (109 1)
=0
2,500 3571.43 1785.72 _
200R, — E ~ E “-T =0
. Ra = 39}'3286 or R,=0.00376 radian at support ‘A’
The maximum deflection at ‘C’,
39, 286 250 .50 250 500 250 . 50, .50
Be =52 (100) - (3250 +) - (G G025 - (50 ~ 2o I
8. = 3,928.6 B 833.33 B 446.43 B 148.81
‘" E E E E
3,928.6  1,428.57
SC = -
E E
8(; =&EOO or SC = 0234 in.

(3) ELASTIC CENTER AND COLUMN ANALOGY METHOD

Inside an aircraft fuselage body there are numerous numbers of rings or closed frames to maintain
shape and provide stabilizing supports for the longitudinal shell stringers. At some point relatively
heavy frames or bulkheads are needed to transfer concentrated loads between the fuselage and tail,
landing gear, power plant, etc. In general, these frames undergo bending forces in transferring the
applied loads to the other resisting portions of the fuselage. The Elastic Center method (also
similar is the Column Analogy Method which will not be discussed here) can give a reasonably
close approximation and it is recommended for use in obtaining frame and closed ring bending
loading for preliminary sizing purposes.

The Elastic Center Method is:

+ Particular to the analysis of a fixed-end arch and airframe fuselage ring applications
¢ Both the Elastic Center and Column Analogy methods are limited to a maximum of
three redundant reaction components for preliminary sizing

As applied to single-span rigid fixed-end frames and arches, the Column Analogy method is very
similar to that of the Elastic Center method and selection of one in place of the other is a matter of
personal preference.

In this text, it has been demonstrated that the analysis of these types of structures, i.e., arches,
frames, rings, etc., can be considerably simplified if the redundant reaction components are
considered to act at the centroid of the elastic areas. This point ‘0’ is known as the elastic center or,
some times, as the neutral point.

By applying the Elastic Center method:

» For the frame example, shown in Fig. 5.5.4, remove either one of the end supports
from the frame structure (in this case support at A was removed)

* The redundant forces are assumed to be acting at the elastic center ‘0’ of the frame
which gives resulting equations (independent of each other)

* Support ‘A’ and centroid ‘0’ are connected by a rigid bar or bracket (a non-deformed
member)

* In general, moment diagrams are plotted on the compression stress side of the
members. However, in this example the positive moment is plotted on the outside of
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the member and the negative moment is plotted on the inside of the member

It is good practice to try a condition such that the Bl diagram is symmetrical about one axis or, if

possible, about both x and y axes through the elastic center. It makes one or both of the redundant
X, and Y, equal to zero, thus reducing considerably the amount of numerical calculation.

A

(The point of ‘0’ is the point of the centroidal axes for the values of % of the structure and the

value of M,, H,, and V, are the forces going through this point)

Fig. 5.5.4 Remove End Supports of a Frame Structure

The redundant loads designated as H,, V,,, and M, which act on the centroid of the elastic areas and
the general terms of the equations are:

>,
M,=- 3ds Eq.5.5.8
EI
Sy — E‘I’,\»x(II”)
H, = — Eq.5.5.9
I,
L(1 - Iny)
L,
S¥x - 3Wy( ; )
V, = — Eq.5.5.10
r,
Iy(l - I-xiy—
M, - Moment (in.-1bs.)
H, - Horizontal forces in x-axis (Ibs.)
V, — Vertical forces in y-axis (1bs.)
T, = Mﬁ is the value of area of theM diagram
EI EI
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For symmetry about one axis (the y-centroidal axis is often an axis of symmetry in airframe
structures) through the Elastic Center eliminate E (Modulus of elasticity) since, in practical design,
they are constant over the entire structure:

Area of -Mf diagram
MU

= Total elastic weight of structure

S,
=S5 Eq.5.5.11

1

Moment of —1;1 diagram about x-axis

0

~ Elastic moment of inertia about x-axis

=§%i Eq. 5.5.12
M .. .
Moment of T diagram about y-axis
* = Elastic moment of inertia about y-axis
Al
=_Efd Eq.5.5.13
Y

Before solving the three equations, the frame must become a determinate structure by the removal
of supports as shown in Fig. 5.5.5

P P p
P/2“P/2
X f
Hinge Cut
Free Fixed Roller Hinge Hinge Hinge Fixed Fixed
3, o A T 747

@ ® © (]

Fig. 5.5.5 Frame Configurations After Removal of Support

Example 1:

(This is an one-axis symmetrical case).

Given a frame structure with fixed supports at point A and D and reacting a concentrated load of
20 kips (kip = 1,000 lbs.), find the bending moment diagram along entire frame structure.
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Y20 kips
—’1-60 in.l-——- 180 in. —-.' C gl
B i
E I=10 ¥ ,
3,600 in.-kips
240 in 40 in. T
=10
r=1 I=10 |
160 in.
A D l
Py ———— = —— ppPy X ] 7 y
e 120 in. - - ﬁ-a,(,oom.-kips
Mua=M,s=M,=0 Mm, moment Diagram
M, =-3,600 in.-kips [Moments (in.-kips) are plotted on compression
M..» =-3,600 in.-kips stress sides of the frame members]
ds 2 2
Mem =T X y Qx Qy Qx Qy
A-B %%Q =24 0 120 0 24 x 120 0 24 x 1207
=2,880 = 345,600
240 ) )
B-C 0 = 24 120 240 24x 120 24x240 24 x 120 24 x 240
=2,880 =5,760 = 345,600 = 1,382,400
C-D 2T4OQ =24 240 120 24x240 24x120 24 x240° 24 x 120°
=5,760 =2,880 =1,382,400 =345,600
Ed—IS =72 38,640 311,520 3 2,304,0000 3 1,843,200
T, I, L. =Qy*+ 1T, L, =Qx*+1,
115,200 0 115,200 + 345,600 = 460,800 0
0 115,200 1,382,400 + 0 =1,382,400 115,200 + 345,600 = 460,800
115,200 0 345,600 + 115,200 = 460,800 1,382,400 + 0 = 1,382,400

31, = 2,304,000

S 1, = 1,843,200

Calculate the terms of T', and I', which are the elastic moments of inertia of each member about its

own centroidal x and y axes:
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_.| |.._ VI = 1/10

BJSHJ
N
_ bh®
i Ix— 12
. ' 240 1 5
X' — [y _ (240
12
= 115,200
1
. bh®
I, = 12
A, D 1
y UG
T
Location of elastic center ‘0’:
>0x 8,640 _ "
_EQy _ 11,520 _ "
Yo= SQ 0 1”2 T 160

Find moments of inertia at elastic center ‘0’:

Lo =L.-2QY3}
=2,304,000 — 72 x 1607
= 2,304,000 — 1,843,200
= 460,800

0

Structural Analysis

1= 1/10

bh®

=13

1
) 240(1—03) N
12
_bh’
12

R IPPPe
(10)240

=——12———— = 115,200

Il

I, =L,~ QX2
= 1,843,200 — 72 X 1207
= 1,843,200 — 1,036,800
= 806,400

Find the value of {, = M(%sf), the area of the % diagram:

M (%) on member of B — C:

3,600, ,180

Uooc = () () =-32,400

10 2
ds
M (_ﬁ) on member of C —D:

3,600
LIJ.\, c-D— ( 10

Total M (%?) on entire frame:

)240 =-86,400

S = (Wpe) + (Woco) =-32,400 — 86,400 = -118,800
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For symmetry about y-axis through Elastic Center ‘0’ and eliminate E (Modulus is constant over

the entire structure):

From Eq. 5.5.11:

-118,800
72

= 1,650 in.-kips (clockwise)

From Eq. 5.5.12:
2y
Ix
= —32,400 x 80 + 86,400 x 40

Hu =

460,800
= 1.875 kips — (to the right)

From Eq. 5.5.13:

S Px

V() =
Iy

= -32,400 x 60 — 86,400 x 120

806,400
=15.27 kips | (up)

Moments due to M,, H, and V, at elastic center ‘0’:

M().A= Mu + Hu X 160 - Vu X 120

=1,650-1.875x160-115.27 x 120

=117.8 in.-kips

M,s=M,-H,x80-V,x 120
=1,650-1.875x80~-15.27x 120
= - 332 in.-kips

Mu,C = Mn e Hu X 80 + V(, X 120
=1,650-1.875x 80+ 15.27 x 120
=3,332 in.-kips

M,p=M,+ H,Xx 160 + V,x 120
=1,650 + 1.875 x 160 + 15.27 x 120
= 3,782 in.-kips

112

le— 120 in. |
V, = 15.27 kips
M, = 1,650 in-kips
—
1 Hy = 1.857 kips
160 in.
‘L Yeoda
A b ’
3,332
o
@ 3,332
332
117.xh
3,782
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- 2182 —
l 38.2 1
X1 |- M(),C: 3,332
in.-kips
4B / .J. _J_
T o E v C
180  ——————

My = -332 in. kips

240-X5 _ X . _ .
3332 332 .o xg=21.81in.
38.2 . )
M,g =332 218 = 581.8 in.-kips

Final moments due to applied load of 20 kips:
Mi=M.oa+M,, =0+ 117.8 = 117.8 in.kips
Mg =M, s + M,,s =0 — 332 =-332 in.-kips
M¢=Mc + M, =-3,600 + 3,332 =-268 in.-kips
Mp=M,,» + M,p =-3,600 + 3,782 = 182 in.-kips
Me =M, e+ M,: =0+ 581.8 = 581.8 in.-kips

33 268
332 — 2 ’

117.8 182

[Positive moments (in.-kips) are plotted on outside of frame members]
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Example 2:
(This is a two-axes symmetrical case analysis).

Given a ring structure of constant cross-section subjected to symmetrical loads, P = 5 kips, as
shown determine bending moment diagram along the entire ring.

5 kips 5 kips

a= 450 \
E - F /
gz~ Roller — -— Hinge -

R =80 in.

o'

(Given ring and loads) Mm, moment diagram [Positive moments (in.-kips)

are plotted on outside of ring member]

The elastic center coincides with the center of the ring due to its symmetry about two axes.

The value of area of the % diagram:

160  502.65
I I
The elastic moment of inertia about x and y axes through center of the ring,
I, =1, =7 xR’ =1 x 80* = 1,608,495 (assume ring width = 1.0 in.)
The bending moments at A, B, C, and D due to two concentrated loads of 5 Kips:
Mm'A = Mm.B = Mm,C = Mm,D = 5(80 - 80 CcOS 450) = 11716 in.-kips
The area of portion ©,
Y., = PR*(oe — sin o) where o =45°

ds
— - X
pY B

=5 X 802(45 X~ —0.707
X 80°(45 X7~ 0.707)

=5 x 80°(0.7854 - 0.707) = 2,508.8

The area of portion @,
i

U,, = PR*B(1 —cos a) where a =45° and B =90°= >

=5x 802(%)(1 —0.707) = 14,727.79
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The areas of portion O and @:

SU=4X U +2 X P2 =4x2,508.8 +2x14,727.79

=10,015.2 +29,455.58

=39,490.78

Because of two axis symmetry,
2y =0 S Hy=0
2Yx=0 SoV,=0

The bending moment due to M,,
M,=M,a=M,3=M.c=M,p
-2
ds
*T
_39,490.78
502.65

= —78.57 in.-kips

The final moments:
Mi=M.ua+ M,

=117.16 —78.57 = 38.6 in.-kips
MA = MB = Mc = MD= 386 in.—kips

Mg = Mi=M,e + Mok
=0+ (-78.57)
= —78.57 in-kips

(4) SLOPE-DEFLECTION METHOD

Structural Analysis

8.57 in. -kips

78.57

[Positive moments (in.-kips) are plotted
on outside of ring member]

The slope-deflection method is a displacement method which is another widely used method for
analyzing all types of statically indeterminate beams and frames. In this method:

» All joints are considered rigid such that all angles between members meeting at a
joint are assumed not to change in magnitude as loads are applied to the structure

115



Chapter 5.0

For a member bounded by two end joints, the end moments can be expressed in
terms of the end rotations

For static equilibrium the sum of the end moments on the members meeting at a
joint must be equal to zero

The rotations of the joints are treated as the unknowns

The equations of static equilibrium provide the necessary conditions to handle the unknown joint
rotations and when these unknown joint rotations are found, the end moments can be computed
from the Slope-deflection equations.

Thus for structures with a high degree of redundancy, the Slope-deflection method should be
considered as possibly the best method of solution which can be programmed by Finite Element

Modeling.

The end deformation and moments are obtained by using the following equations:

(a) Case 1 — Derivation by rotation:

Using st moment-area proposition,

(M, + ML

2FI O

Using 2nd moment-area proposition and taking moment about ‘A’,

ML L ML 2L _
(ﬁ)(§)+(‘2ﬁ)(‘3—)—0

Solving,
4E10
M, = . Eq.5.5.14
L
2EI6,
M, =-—2 Eq.5.5.15
L
R, = _R, = SE16,
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Using 1st proposition from moment-area method,

My +Ms)L
2EI h
Using 2nd proposition from moment-area method and taking moment about ‘A’,

0

ML L ML 2L

Solving,
6EId
M., = 5 Eq. 5.5.16
L
2EIB
M =-—7 Eq. 5.5.17
L
12EIS
R, =R = 5

Using above relationship, the moments M.,z and Ms, for the beam A-B can be expressed as
follows:

e
Aj_L S

TS T

A
B
M, o JEIBy | 2EI0, 6E£8
L L L
=2k (20, + 0: — 3) Eq. 5.5.18
M, < AEI8s | 2E19, 6E£8
L L L
=2k (205 + 0, ~ 3d) Eq. 5.5.19

where k =% and ¢ =% (assumes clockwise moments as positive).

The fixed end moments (FEM) of a beam are calculated when the beam is held fixed at beam ends
of ‘A’ and ‘B’ under the applied loading. The rotation of 6, and 05 are then calculated by using

equilibrium equations for the beam end of ‘A’ and ‘B’ as follows:
M, s =FEM, (at ‘A’ end of the beam) Eq.5.5.20
Mas =FEM; (at ‘B’ end of the beam) Eq.5.5.21

Symmetrical frameworks can be solved by a similar procedure by treating the rotations of joints
(in place of the supports as in a continuous beam) as unknowns.

Example:

Given the following continuous beam with a 30 Ibs./in. uniformly distributed load and one
concentrated load of 800 lbs. as shown below. Determine moments at supports.
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800 1bs.
30 1bs./in. l

y

y C

Y ‘
B 77 775
4————— 20 1in. 10 in. ——l‘— 10 in. ——»1

>
AN SN

(Bl =20x 107 Elye=10x107)

Calculate fixed-end moments (FEM) at A and B,

20° .
FEM,; =30 X T —1,000 in.-1bs.
FEMBA = 1,000 in.-]bS.
20

FEMpc = -800 X 3= —2,000 in.-1bs.

FEM; = 2,000 in.-lbs.
107
20
10
20

kas =20 X = 10" in.-Ibs.

kge =10 X =0.5x 10 in.-1bs.

= 3 = 0 for all supports as there is no translation

Slope-deflection Equations:
M.e = FEM.s + 2kas (204 + 05) =—1,000 + 2(107) X 65
Mea = FEM, + 2kas (205 + 6,) = 1,000 + 2(107) X 265
Mac = FEMac + 2ksc (205 + 8c) =-2,000 + 2(0.5x107) (265 + 6c)
M = FEMcs + 2kac (26c + 65) = 2,000 +2(0.5x107)(20c + 05)

For equilibrium, £ M; =0 and ZMc =0:
1,000 + 4 X 10795 — 2,000 + 2 X 10765 + 1076 =0

2,000 +2x 1070c + 1076, =0
. 605 + 0. = 1,000 x 10”7
" 85 +26c =-2,000 x 107
Solving:
s = 363.6 x 107
8c=-1,181.8 x 107
M, =M =-1,000+2 x 10" x 363.6 x 107
—272.8 in.-lbs.
M; =Mz, = 1,000 + 4 x 107 x 363.6 x 107
=1,000 + 1,454.4
=2,454.4 in.-lbs.
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(5) MOMENT-DISTRIBUTION METHOD

The moment-distribution method is:

An approximation method

A practical and convenient way of analyzing such structures as continuous beams,
stiff-jointed frames etc.

A displacement approach using what is mathematically called a relaxation technique
which does away with the necessity of direct solution of a large number of
simultaneous equations

The method is simple, rapid and particularly adapted to the solution of continuous
structures of a high degree of redundancy

It avoids the usual tedious algebraic manipulations of numerous equations

Many who use moment distribution do not actually understand the why of it; they
merely know how to perform the balancing operation

This whole operation can be largely automatic and can require very little thought

The moment-distribution method considers:

Any moment considered at the end of a member will always be the moment the
member exerts on the joint or support

In order to balance any joint, it is necessary only to determine the magnitude and
sign of the unbalanced internal moment that must be distributed to the various
members intersecting at that joint to make 3, M for the internal moments equal zero
This unbalanced internal moment, with sign reversed, is distributed to the members
intersecting at the joint in accordance with the distribution factors

The carry-over operation then performed will usually upset the previous balance of
one or more joints, and these must be rebalanced

The carry-over from these joints will upset other joints, and so on, the corrections
becoming smaller and smaller until they are no longer significant

Prior to the advent of computer calculation, this method was a proven means whereby many types
of continuous frames, which were former]y designed only by approximation methods could be
analyzed with accuracy and comparative ease.

The moment-distribution method uses the following displacement results in its derivations:

(a) The far end is fixed:

Ra
e L !
My + Mg
) Ay B K
v . __ .
0 e
/\
Ry
M, =218 Eq.5.5.22
L
6EI0

Eq. 5.5.23
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M, = 2EI6
L
6EI0

RB = - LZ

Eq. 5.5.24
Eq.5.5.25

h_l

B

Rp
Eq. 5.5.26
Eq. 5.5.27
Eq. 5.5.28
Eq. 5.5.29

Consider a case, shown in Fig. 5.5.6, where three members AB, AC and AD meet in a stiff joint

CAD

A’ and B and D are fixed while C is pinned. Let joint ‘A’ be restrained against translation.

Fig. 5.5.6 A Moment Applied on a Joint with Three Members
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Apply a moment M to joint ‘A’ and let 6 be the rotation of the joint due to the applied moment of M,

M., = 4ELf _ 3ELeH _ 4EL.0
AB ™ LAB s AC — LAC 1 AD — LAD

For equilibrium:
M = Mapg+ My +Mao

4ELe = 3El + 4ELp

M=0CT "+ Lo "Ly
M =0 (K + Kic + Kio) Eq.5.5.30
4ElLs . .
e Ku= L can be considered as the stiffness of AB
AB

) S
Kic = L ¢ can be considered as the stiffness of AC
AC

4ElL o
Lo

e K= can be considered as the stiffness of AD

« Total stiffness at joint ‘A’ is K = Ky + Kac + Ko

Therefore, the applied moment, M, carried by each member is proportional to its stiffness ‘K’ and,
thus, the distribution factor (DF) for a member at a joint is the ratio of the member stiffness to joint
stiffness.

M, = mKae Eq.5.5.31
K,

My =M Koc Eq. 5.5.32
K.

M = MK Eq. 5.5.33
Ki

The carry-over factors (COF) are obtained from the following equations:

M, = N;'“‘ (fixed-end at ‘B’)
Mc =0 (Pinned-end at ‘C’)
Mp, = N;AD (fixed-end at ‘D’)

1
2

The moment-distribution method uses these distribution factors and carry-over factors to solve
indeterminate structures by the following approach:

Carry-over factors are — for fixed-end and O for pinned-end.

¢ Clamp all joints and calculate fixed end moments due to applied loads

« Satisfy equilibrium at all joints by applying additional moments equal and opposite
to the out-of-balance moments; distribute and carry over the applied moments by
using the appropriate carry-over factors
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+ Check each joint for equilibrium and if it is not satisfied, continue the process of
balancing, distributing and carrying over until equilibrium is satisfied within
reasonable limits

Example:

Given the following continuous beam with two uniformly distributed loads and two concentrated
loads, as shown, find the moments at the supports.

(a) Distribution factors (DF):

31 _3El . 21 SEl _ _ 3.8 _ 17EI
KBA—4EX20— 5 ,Knc-—4EX15— 15,KB—KBA+KBC—'(5 +15)EI— 15
3EL
.5 _9 _
DFu = J2r =—7= 053
15
8EL
15 8
DFse ="7pr =17 =047
15
21 8EI 3R] 8 3 SEI
K =4 —_— = — = ——— ={" —_ = -
e =4EXTs="5" Ko =797 Ke= Qg +7)El ==
SEI
- __15 _16 _
" Dl =—55= 5= 064
6
3E1
10 9
DFep =551 = 55 =036
6

(b) Fixed-end moments (FEM):

20° .
2= 2,000 in.-Ibs.

FEMAB = FEMBA = 60 X

2

6 6
FEM;¢ = 300 x 9° 1—5—2+ 600 x9 XF
=648 + 864 = 1,512 in.-1bs.

- 2, 9 2, 6
FEMc; =300 x 6°X 152+600x9 X1s
=432 + 1,296 = 1,728 in.-lbs.

2
FEMcp = FEMp = 30 X —11%— =250 in.-1bs.
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The calculation can be accomplished in a tabular form as shown below:

Structural Analysis

600 lbs.
300 1bs.
J 60 Ibs./in. -6 in.~‘ 6 i+ 30 1bg /i
A
31 B} C D
Ra 20 in - 15 in 10 in _:‘f
. R . ) 5
DF 1.0 0.53 | 047 0.64 | 0.36 0
FEM -2,000 2,000 | -1,512 1,728 | 250 250
Balance ‘D’ (pinned-end)
carry over to ‘C’ -125
Starting moment —2,000 2,000 | —-1,512 1,728 | =375 0
Balance and distribute —258 | =230 -866 | —487
Carry over -129 —433 -115
Balance and distribute 230 | 203 74 | 41
Carry over 115 37 102
Balance and distribute =20 | -17 -65 | -37
Carry over -10 -33 -9
Balance and distribute 17 | 16 6|3
Carry over 8 3 8
Balance and distribute =2 | -1 =513
Carry over
3, Moments -2,016 1,967 | -1,967 858 | -858 0
Beam support reactions can be obtained from free-body diagram method:
(a) Beam A -B:
2,016 in-lbs. 60 Ibs./in. 1,967 in-lbs.
( \ 1 l Y 1 4 )
1 A B y §
- 20 in. g
Ry Rpa
Take moment about point ‘B’,
2
RoX 20— 2,016 ~ 60—’;20—+ 1,967 =0
R.=602.5 lbs.

Rpa = 1,200 - 602.5 = 597.5 lbs.
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(b) Beam B -C:

600 1bs.
300 lbs. 1

i

C
B : , )
( 6 in.— 3 in. l— 6in
Ren

1,967 in-lbs. 858 in-1bs.

Rpe

Take moment about point ‘C’,
Rpc X 15-1,967-300x 9 - 600x 6 +858 =0
ac =494 Ibs.
Res =900 — 494 = 406 lbs.

(c¢) Beam C-D:

858 in-lbs. 30 1bs./in.

QQC}JI‘lJ b

)
%—— 10 in, ——]

Rep Rp

<

Take moment about point ‘D’,

2
RCDx10-858—30XTIO=O

Rep =235.7 1bs.
Rp =300 —-235.7 = 64.3 lbs.

(d) Summation of beam support reactions at A, B, C and D are as follows:
R, =602.5 lbs.
Ry =Rga + Rec =597.5 + 494 = 1,091.5 lbs.
Rc =Res + Rep =406 + 235.7 = 641.7 lbs.
o =64.3 lbs.

5.6 FINITE ELEMENT MODELING (FEM)

Finite Element Modeling (FEM) is a powerful computer tool for determining stresses and
deflections in a given structure which is too complex for classical analysis. Material properties
such as Young’s modulus (E) and Poisson’s ratio () are entered along with boundary conditions
such as displacements (), applied loads (P), etc.
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\The FEM method has these characteristics:

* Arrays of large matrix equations that appear complicated to the novice

» Fundamentally simple concepts involving basic stiftness and deflection equations

» The first step is the construction of a structural model that breaks a structure into
simple shapes or elements located in space by a common coordinate grid system

e The coordinate points, or nodes, are locations in the model where output data are
provided

e Essentially, FEM geometrically divides a structure into small elements with easily
defined stress and deflection characteristics

The method appears complex because a model of an airframe structure can have thousands of
elements or members, each with its own set of equations. Because of the very large number of
equations and corresponding data involved, the finite-element method is only possible when
performed by computer.

With FEM, modeling is critical because it establishes the structural locations where stresses are
evaluated, thus:

+ If a component is modeled inadequately, the resulting computer analysis could be
quite misleading in its predictions of areas of maximum strain and deflection

* Modeling inadequacies include the incorrect placement of elements and attempting
to define a structure with an insufficient number of elements

¢ Such errors can be avoided by anticipating areas of maximum strain, but doing so
requires engineering experience

* In most cases, the finer the grid, the more accurate the results

* However, the computer capacity and time required and cost of analysis increase with
the number of elements used in the model

* The efficiency can be increased by concentrating elements in the interested areas of
high stress while minimizing the number of elements in low stress areas

It is not uncommon to develop FEM for prototype design for which experimental data can be
obtained. Strain gaging is probably the most common method of obtaining experimental data in
structural tests. Once FEM results and experimental data have been correlated, design modifications
can be made, and these subsequent changes are often tested through FEM before being
implemented on the actual prototype.

¢ FEM is useful in design work, such as structural repair or modification, where a
structural beef-up or change is contemplated

¢ A FEM baseline model can be made for an existing structure for which stress and
deflection data are known

* A comparison is made between FEM results and known experimental data to
calibrate the FEM results

* Proposed design modifications can then be evaluated to the baseline modeling
knowing that the new FEM results will have the same accuracy and requires the
same calibration as the baseline case

(A) ANALYTICAL MOTIVATION

The requirements of airframe structural analysis for both new design and repair are undergoing
change due to different requirements and a broadened analytical concept as shown below:

« Different environment (aircraft flight altitude, speed and etc.)
« Different construction

* Refined detail

* Expanded analysis coverage
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¢ Broadened analytical concept
* Expanded use of computers

Motivated by these changes in analytical requirements, the effective use of the computer is of
paramount necessity and importance. Environment change has precipitated the search for
improved structures to meet the requirements of high performance aircraft. The changes in altitude
and speed have not only motivated a search for lighter structures but have necessitated the
considerations of heated structure.

As shown in Fig. 5.6.1, a major structural discontinuity occurs at the juncture of components such
as the wing and fuselage section. At such structural junctions, a major redistribution of stresses
must occur and the flexural dissimilarities of the wing and fuselage must be accounted for in
design. Regardless of the construction details at this juncture, the major components affect each
other. In those example cases where the proportions of a component are such that beam theory can
be employed, it is common practice to assume the behavior of one of the components and
correspondingly analyze the other component. In the example case of the wing/ fuselage juncture
just mentioned, such a procedure could assume the fuselage to provide a cantilevered support
boundary for the wing and then analyze the wing by beam theory.

Wing,/fuselage
section

Fuselage

Wing

Fig. 5.6.1 Equilibrium and Compatibility Analysis of a Wing / Fuselage Junction

Such conventional procedures will essentially ensure that the analytical forces that occur between
the wing/ fuselage will be in equilibrium. Unfortunately, the actual elastic structural compatibility
usually enforces a different distribution of forces between these two major structures (wing and
fuselage). Thus a change in analytical requirements is required and analytical technology must be
powerful enough to ensure both stress (force equilibrium) and deflection (compatibility) at the
structural discontinuity.

(B) AIRFRAME INTERNAL LOADS

Of most interest to stress engineers are the structural internal loads which are used to size the
structures or to obtain a minimum Margin of Safety (MS). The accuracy of internal loads not only
affects aircraft safety but structural weight issues as well. Airframe requirements must be satistied
by both:

* Force equilibrium
» The elastic deflection compatibility
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REDUNDANT STRUCTURES:

Redundant structures represent a broadening of the analytical concepts to include both equilibrium
and compatibility requirements which gives the actual structural load or stress distribution.
Furthermore, most airframe structures are very redundant (or indeterminate) which means, in other
words, the analysis of redundant structures leads to the need to solve sets of more than thousands
of simultaneous linear algebraic equations. If the actual redundant structure is large, the set of
simultaneous equations will be very large. In the good old days, when faced with redundant
structures the structural engineer was tempted to make assumptions on the relative force-
displacement behavior of connecting structural members, and thereby use equilibrium methods
and avoid the problem of solving large ordered sets of simultaneous equations.

It is important to indicate the structural characteristics that should be present to justify the use of
equilibrium methods. Fig. 5.6.2 is the first example of a case which examines a one-bay uniform
stiffened cylinder in bending:

» The twelve stiffeners are equal in area
» Stiffener spacing is equal
= Skin thickness is constant

Skin Stiffeners
~ Deflection
e -
Stiffener:
\\ S / /Stress
\‘ /
/4
/]
. /
/
/
Uniform stiffened cylinder

Fig. 5.6.2 Stress and Deflection Distribution of Uniform Stiffened Cylinder

If it is assumed that the skins are carrying only pure shear load, the problem has nine unknown
stiffener forces. The strain energy solution of this problem, which requires solution of nine
simultaneous equations, results not only in linear displacements along the cross section but also

linear stresses as shown in Fig. 5.6.2. However, if the beam bending theory (% — an equilibrium

method) had been used, an engineer would get the same results without solving any simultaneous
equations.

For the second example of this case, use the same circular cross section, same stiffener spacing,
and same shell thickness, but use irregular stiffener cross sectional areas, as shown in Fig. 5.6.3.
The stiffener cross sectional areas are unequal, ranging from one to four ratio. The application of
the Finite Element Modeling method yields very nonlinear stress and deflection distributions. This
solution requires the solution of nine simultaneous equations to obtain the stresses that are in
equilibrium and corresponding compatible deflection.
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Stiffeners
Stiffeners Deflection

Skin |
|
/
/
A
’// Stress
/7
v
/
/
/
/

Irregularly stiffened cylinder

Fig. 5.6.3 Stress and Deflection Distribution of an Irregularly Stiffened Cylinder

It is clear that in the second example of this case, the equilibrium method alone (i.e., simple beam
theory) would be an inadequate analysis. Thus, there are very restricted conditions that will justify
the use of the equilibrium method only. It is readily seen that the analysis of the practical
structures will lead to a large computation problem which has three major components:

e Speed

* Reliability

* Accuracy
Obviously, when the analysis involves the solution of thousands of simultancous equations, the
Finite Element Modeling method, which uses a computer, is an essential part of the analysis and
computation task.

(C) ANALYSIS METHODS

Matrix analysis is the basis of Finite Element Modeling to solve complex redundant structures.
There are basically two approaches:

(a) In the matrix force approach the internal element loads and external reactions are
considered to be the unknowns, the correct system of loads being that which satisfies
the compatibility equations.

(b) In the matrix displacement approach the displacements are considered to be the unknowns
and the equations of equilibrium are enforced to give the correct displacement system.

In order to compute the aerodynamic loading and/or structural internal loads for an aircraft and its
deflected shape owing to this loading, and to analyze such parameters as dynamic response and
aeroelastic characteristics, the deflection and slope flexibility matrices are required. The technique
used in the forming of these flexibility matrices is a complex analysis which is beyond the scope
of this book. There are many books and reports within public domain for the interested engineer.

(D) EQUIVALENT STRUCTURES

Modeling experience is invaluable to simplify certain areas or segments of structures to reduce the
cost of Finite Element Modeling:

« Use equivalent structural elements to reduce a large number of unnecessary grids
and nodes

e Accuracy is not sacrificed because the retained segments have stiffness properties
such that their response is consistent with the original structures
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EQUIVALENT SHEAR WEB THICKNESS:

In finite element analysis, the web or skin with cutouts may be temporarily analyzed by first filling
in the cutouts by introducing “fictitious” elements with equivalent thickness (T.).

» The equivalent thickness defined by equal shear deflection is calculated based on the
same energy under shear
* The shear stiffness (Gt) of a solid web or skin not subjected to buckling

The following formulas calculate the shear stiffness of various types of shear webs in terms of the
thickness of an equivalent solid plate.

Eq.5.6.1

q’(ab)
2G

where: vy — Shear strain
f, — Shear stress
t — Web thickness
T. — Equivalent web thickness
q - Shear flow
G - Modulus of rigidity (or shear modulus)
G. — Equivalent modulus of rigidity of equivalent thickness (T,) material

Energy =

Eq. 5.6.2

(a) Web with mixed material and thickness

*  Web with two different thicknesses:

h Gty Goty

--—bl-——- sz
h———— [,

Te=""3 2 b
1 2
GG G,
where: G, — modulus of rigidity of equivalent thickness (T.) material

G, — modulus of rigidity of t, material
G; - modulus of rigidity of t, material

Eq.5.6.3
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If all use the same material (G.=G, =G,):

T.= L Eq.5.6.4
b, b,
LG

« Web with three different thicknesses:

L

T=% "% b Eq.5.6.5
e+
t, t, ty

(b) Picture Frame (without web):

PRS- .
A Y SA A NS AN \‘__f
N NI b
N] AN
\\\\\Y\\\\\\\ l
L.
v b -

Tc=“—’24;37h Eq. 5.6.6
G.bh(—+7)
I, 1.

where: I, — moment of inertia of top or bottom member for bending within plane of
panel.
I, — moment of inertia of side members

(¢) Truss beam:

I
J |

¢
—

T
4

S 2
4

Y

bh. EA
Tc= (E)(EdW) Eq. 5.6.7

where: A ~ cross-sectional area of one diagonal member and summation extends
over all web members.
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(d) Shear web with circular holes:

J@i—g@ﬂ

T.= (@)1~ -] Eq. 5638

The above equation is empirical and valid only below buckling stress. Within accuracy
limits of the formula, stiffness is unaffected by flanges around holes. (Ref. NACA
Wartime report L.-323)

(e) Shear web with deformable fasteners:

£S

:
LA

-
- 0
s
ni
a1
*» & & 9

—
| L
Gt 1
To=(=)(—"=57)
G. np Gt Eq. 5.6.9
1 + WL q

where: n — total number of fasteners
p — pitch of fasteners
¢ — spring constant of fastener (shear force necessary to produce unit relative
displacement of two strips jointed by one fastener)

(f) Heavy web with rectangular cutout:

IR

| RS |

T.= Eq.5.6.10

1 1. bH
G Gw, 2
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24E
where: t. = th[ £+£)] (see Eq. 5.6.6)
Ih Ih

3

Wi

b=t

3

—t

b=t
L=2w,+b
H=2w,+h

(g) Machined web with diamond-shaped cutout:

A, —area of diagonal member

1 \I
>
1, |

e —————————

- | ——————»]

L
T. =
(i [(HLE) N (VH + 4L22)3]
2E° 121, AH
(h) Diagonal truss web:
Y
)
b ° d
JAL o
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Load on diagonal member (d): pa=qd

d2
Diagonal member displacement: 3 = ?AE

_9 _D_. d 1 _ &
Y =162 G = 9AEa
E. (Aab)
To= () > Eq.5.6.12

(Note: shear deflection is the angular distortion of the field, while the edges remain without elongation)

EQUIVALENT BEAM AXIAL AREA:
The following formulas are given an equivalent axial area (A.):

(a) The unbuckled web of a beam in bending will add to the beam stiffness and this
addition is represented by adding the equivalent area (A.) to the area of the beam caps

(or chord).
A, _é__] :l . Aeéi - T
he

-

=
(=2
[
=

The cap centroidal height is equal to the web height (h).

th’ _ Aeh’

12 2
The equivalent web area:

th

A, =—6- Eq. 5.6.13
If the cap centroidal height (h,) is different than the web height (h), then the equivalent
web area is

_th b,
A.= 6 (hc) Eq.5.6.14
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(b) Stepped member in axial load

A i_.l
Ay 2 t——p P
P

E L

)
E.”" L L L.
(A1+A2+"'+A,.

A, =(

] Eq. 5.6.15

)

where: E. - Equivalent modulus of elasticity of equivalent area (A.)

LUMPING STRINGER AREAS:

If using skin-stringer panels or integrally-stiffened panels to construct a wing box, obviously for
analysis there are too many stringers and they should be evenly lumped (except spar caps) into a
number of “lumped members” (substitute stringers, bundled stringers, etc.), as shown in Fig. 5.6.4,
to simplify the Finite Element Modeling work. This lumping system has been proven by
experience to give acceptable answers and to yield reasonably accurate values.

The following considerations should be borne in mind before lumping structural members:

134

Use skin and web center line as box perimeter lines on which all lumped areas
should be placed

The lumped stringer areas placed on the perimeter lines should be proportionally
reduced to be consistent with the same moment of inertia of the original box
properties under beam bending, as shown in Fig. 5.6.5

In compression panels, use the effective width of the buckled skin (use 15t on each
side of the stringer as a ball-park number for preliminary sizing)

If it is non-buckled skin, use full skin width (use engineering judgment to make this
choice)

For skin-stringer type boxes, the use of the spar cap plus the local skin as one
individual lumped member is recommended, as shown in Fig. 5.6.5

For multi-cell boxes, combine the spar cap plus the local skin as a single lumped
member (see Fig. 5.6.5) »

All the results from calculated axial loads and shear flows should be de-lumped back
to the original structural configuration

Use internal loads, i.e., axial tension or compression loads and shear flows, rather
than stresses from output of Finite Element Modeling analysis because this could
easily be misleading
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L L T

(Actual box) Spar cap ‘

Stringers

t
.

_r_r:_,r.r

|

" ; \ *-\)'\O

J Skin centerline

<l

L

L d b ;
(Lumped box) Skin centerline '

| ) SR W

(Transport wing box)

Q_I I I | l (Actual box)

Skin centerline

—

(LLumped box)

Skin centerline

(Fighter wing box)

Fig. 5.6.4 Lumping Skin-Stringer Axial Areas into One Lumped Member
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Skin
o
| —F - - P -
- F!' - Aupper ‘
] c.g. of upper stringer
hSl hSk
Y .| c.g. of lower stringer
T Afower
| = - - V
’ .l
Skin
(Original) (Lumped)

Lumped area (A) of skin and stringers:
Allmer OF Ajwer = A + A

A=A, (%)2 (Equivalent Stringer area)
sk

A4 = Skin area and A, = Stringer area

Fig. 5.6.5 Lumped Stringer Area
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BEAM STRESS

6.1 BEAM THEORY

Beam theory, also called classic beam theory, considers an initially straight beam and applies a
moment, M, so that the beam is bent with a radius of curvature, R, as shown in Fig. 6.1.1.

* Assume that plane sections remain plane after bending and that the strain along the
neutral axis (NA) is zero because the length a-b is unaltered

* Another assumption is that the load acts in a plane of symmetry so that the beam
does not twist

For the triangle b-c'-c", the increase in the length of the beam at a distance, y, from the NA is &
and the strain at y = i= €. It can be seen that the triangle O-b'-a' is geometrically similar to that

of triangle b-c'-c".

Eq. 6.1.1

= \NA%)M

N\

Axis of zero strain

Fig. 6.1.1 Beam Bending within the Elastic Limit
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The Young’s Modulus (E =?f, see Eq. 4.2.2), which pertains to the elastic limit of the beam

material, can be rewritten as follows:

P =é also from Eq. 6.1.1, 8=Ey
¢ E _Ey Eqg. 6.1.2
y=R or f= R
where: f — stress
€ — strain

y — distance from Neutral Axis (NA)

For equilibrium, the internal moment due to the stress distribution across the beam cross section
must be equal to the applied moment M, as shown in Fig. 6.1.2.

Fig. 6.1.2. Internal Balance Moment in a Beam Cross Section

Ap=AAXf
Substitute for f, see Eq. 6.1.2, then
Ey
Ap _AA—E—

Ey
AM = (AA%T)Y

E 5.2
2M=(E)(Ey dA)

But 3, y*dA is the moment of inertia (I) or the second moment of area, then

M _E _f
IRy
M
From which, f= Ty Eq. 6.1.3

This is one of the most commonly used equations in stress analysis and is known as the “beam
29 L&

bending theory”, “bending formula”, or ‘flexure’.
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6.2 SECTION PROPERTIES

When the internal load has been determined, each component or member must be analyzed for its
strength and rigidity. In stress analysis the fundamental shape of features and other related
properties of the member are expressed by equations that show the relationships of loads and
shape to strength and rigidity. The shape characteristics which are associated with the cross section
of the member are known as section properties. The section properties which are commonly used
in design calculations are the following:

* Area(A,in})

* Centroid or neutral axis (NA, in.)
*  Moment of inertia (I, in.")

* Radius of gyration (p, in.)

(A) MOMENT OF INERTIA OF AREAS

To determine certain bending stresses in beams, and also in the design of columns, a quantity must
be determined that is called the moment of inertia and denoted by the symbol ‘I’. The moment of
inertia of an area with respect to any axis not through its centroid is equal to the moment of inertia
of that area with respect to its own parallel centroid axis added to the product of that area
multiplied by the square of the distance from the reference axis to its centroid.

When the number of areas is finite, I,= 3 Ay’, by which equation the moment of inertia may be
obtained. When each area is infinitesimal, or dA, and the number of areas is finite, I,= [y’dA, by
which the exact moment of inertia may be obtained, as shown in Fig. 6.2.1.

Centroid of Area, A

'/iA

=

b

x,ref

(a) L =AY or L= [y'dA (b) L= SIu + SAY
[Where y is the distance between the parallel axis x-X (or reference axis) and the neutral
axis (NA) of the element areas]

Fig. 6.2.1 Moment of Inertia with Respect to a Reference Axis

In practical engineering language, the moment of inertia of the cross-sectional area of a beam or
column of a given material with respect to its neutral axis may be said to represent the relative
capacity of the section to resist bending or buckling in a direction perpendicular to the neutral axis.

A useful value for structural column problems is the radius of gyration of an area. For an area,
having a moment of inertia about the x axis, the radius of gyration is defined as

1
= /= Eq. 6.2.1
Similarly, the radius of gyration about the y axis is
I
RN Eq. 6.2.2

140



Beam Stress

Example:

Find the moment of inertia ‘I’ and radius of gyration ‘p’ of the following T-section.

| U T ) { p—

2.0 (Typ) @®
o=
6.0 ® Y =55
Reference Axis l 1 X, ref
Segment Area, A (in.%) y (in) Ay (in.) L (in.%) Ay® (in.*)
3
) 2x10=20.0 7 20x 7 =140.0 10X12—2= 6.67 20x7*= 980
3
) 2x 6 =12.0 3 12x3= 36.0 2X16—2=36.0 12x3*= 108
3 32.0 176.0 42.67 1,088
Ay  176.0
y="2 o255
A 32.0

Lo =2Iva + 2 Ay* =42.67 + 1088 = 1130.67 in.*
Lixa = Lo — AY?=1130.67 - 32.0 x 5.5* = 162.67 in.*

Ix,NA

px,NA = 2

>

62.67 .
= 2 - 2.255 in.

Another section property used in structural analysis is the product of inertia for an area. This term
gives a general indication as to how the area is distributed with respect to the x and y axes. The
product of inertia, I,,, is defined by

L, = [xydA Eq. 6.2.3
For a section which is symmetric with respect to the x and/or y axis, the product of inertia (I,,) is

zero. Unlike moment of inertia, the product of inertia can be a positive or negative value. The
product of inertia about an inclined axes is shown in Fig. 6.2.2

[\

Yi \ ;Y ‘yéﬁ

S
\“c\‘“e/

l

.- >

| G
A

X1 "
|

\
A

Fig. 6.2.2 Moment of Inertias about Inclined Axes
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The moments of inertia shown in Fig. 6.2.2. are:
I, =I,cos’d —1I,sin2¢ + I, sin’b
I, =1sin’d +1I,sin 2 +I,cos’d

I.—1)sin2
Liyi =1 cos2d + E__yz_)_s_m_(b

where & is the angle from the x axis to the x; axis

(B) PRINCIPAL MOMENTS OF INERTIA AND AXES

Principal moments of inertia,

L+1 I -
Ln=—F7"+./L}+ (—y)2 (Max. value)
2 2
Ix + Iy 2 I,( il .
Loin = - L, +( > Yy (Min. value)
The angle of principal axes is
1, 2L
b= 2 tan (—Iy—Ix)

Eq. 6.2.4
Eq. 6.2.5

Eq. 6.2.6

Eq. 6.2.7

Eq. 6.2.8

Eq. 6.2.9

These special axes are called principal axes where I, and I, are maximum and minimum principal

moment of inertias when L, = 0.

The above values of L, I... and L, can be obtained by the Mohr’s Circle graphic method as
shown in Fig. 5.2.2 by replacing the values of f,., fu.. and f,, with L., L. and I, respectively in

the graphic.

Example:

Calculate the moments of inertia about the x and y axes and the product of inertia for the following

Z-cross section,

} 4 y,ref .,®

01" [+07"
. ©®
.
— =010
' ~o0g - O
i S

- —? T—» x,ref
©)]

Segment A(in.%) x(in.) y(in.) Ax(in.’) Ay(in.) Ax’(in.*) Ay’(in.*) Axy(in.) Iya.(in*) Lua,(in*)

1 0.07 035 195 0.0245 0.1365 0.0086 0.2662 0.0478 0.0001 0.0029
2 020 075 1.0 0.150 0.20 0.1125 0.200 0.0667 0.0002
3 008 1.2 005 0096 0.004 01152 0.0002 0.0048 0.0001 0.0043
p2 0.35 0.2705 0.3405 0.2363 0.4664 0.2026 0.0669 0.0074
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0.2705 0.3405
0.35 0.35

Lo = 0.0669 + 0.4664 = 0.5333 in.!
oo Li=La — A Y*=0.5333 - 0.35 (0.9729) = 0.202 in.*
L. =0.0074 +0.2363 = 0.2437 in.*
oo L =L — A X?=0.2437 - 0.35 (0.7729)* = 0.0346 in*
Ly = 0.2026 in *
oo Ly = Ly — A XY =0.2026 — 0.35 (0.7729 x 0.9729) = ~0.0606 in.*

X= =0.7729in.; Y= =0.9729 in.

Find principal moments of inertia,

Maximum and minimum moments of inertia from Eq. 6.2.7 and Eq. 6.2.8, respectively, are

L+, /., L-1.
Imﬂx" 2 + IXY+( 2 )

_0.202 +20.O346 + \/(—.0.0606)2 + (0.202 —20.0346 )2

=0.222in.*

L+, R
2 - I’(y+( 2 )

=0.015in.*
The angle of the principal axis (see Eq. 6.2.9) is

Imin =

1, 2l
d)-ztan (L,—Iy)

—0.0606

_ 1, =0.0606
=5 205505~ 0.0346

]=18"

6.3 BENDING OF SYMMETRICAL AND UNSYMMETRICAL SECTIONS

(A) SYMMETRICAL SECTIONS

If one of the axes is an axis of symmetry, the bending stress can be determined by:

M M,
fh=—(1-’—)’5+(IJ Eq.63.1
y x

If the bending stress calculated above is negative (—), this means the stress is in compression. The
stress distribution for a section with two moments M, and M, applied along the x and y axes,
respectively, is shown in Fig. 6.3.1.
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" y
ATY
T / \/1 T /
T , N <<
1 TN <
// \ N Y
M X // \ Y
TN
/ \ AD
— N ‘b\
O & / /
\ < .l
_ | N c 2
T C J
C C
(T - tension stress C - compression stress)
(Positive signs are shown and use right-hand rule for moments)
M.(y) + -M,(x) _ M) MK
I, I, - I, I,
(Stress distribution (Stress distribution (Combined stress distribution
due to M,) due to M,) NA plane of zero stress)
Fig. 6.3.1 Bending Stresses on Symmetric Section
Example:

Symmetrical rectangular section with biaxial bending moments. Find stress at point A,

y

|
- 6.0 -

]
]
M,=43.3 in-kips 12.0

Y
Y
-

P

Ay

My:25 in-kips

The moment of inertia:

bh’ 12} o
I“_12 _6x—12 = 864 in.
hb’ 6 s
1,_—12 = 12x—12 =2161in.

From Eq. 6.3.1, the bending stress at point ‘A’ is:

¢ _—25x3+43.3x(—6)_
T 216 864

0.647 ksi
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(B) UNSYMMETRICAL SECTIONS

The bending stress on an unsymmetrical section is shown in Fig. 6.3.2.

l

*.{

AN

\

AN

NV

(Positive signs as shown, right-hand rule used for moments)

Fig. 6.3.2 Unsymmetric Section Geometry

The bending stress at any given point on an unsymmetrical section is determined by:
~M,L+ M,L)x + M, I+ ML)y

I, - (L)
The bending moments are assumed to be positive, as shown in Fig. 6.3.2 (right-hand rule), when

they produce compression stress (—) in the first quadrant of the area, where x and y coordinates are
positive.

fi =

Eq. 6.3.2

From Eq. 6.2.9, the angle ¢ of the principal axis is:
21
L-1,
where: I, I, - moments of inertia about the origin of x and y coordinates, respectively
I, —product of inertia

X, y — distance to any point from the origin of x and y coordinates,
respectively

tan 2 =

(The above section properties were introduced in Section 6.2 of this Chapter)

When the X and Y axes are principal axes of the section or either one of the X and Y axes is an
axis of symmetry, the product of inertia is zero (I, = 0), and the equation used to determine the
bending stress at any given point on the section is exactly the same one shown previously (see Eq.
6.3.1):

o —My)x Moy
f, = L + L
Example:

Determine the bending stress at point ‘A’ for the given cross section and loading shown below.
Given section properties are:

I, =0202in
I, =0.0346 in.*
I, =-0.0606 in.’
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Applied moment components:

M, =M cos 30° = —1,000(0.866) = —866 in.-lbs.

M, = Msin 30° = 1,000(0.5) = 500 in.-1bs.

(Refer to Chapter 2.0 for use of the right-hand rule for moment sign convention)
From Eq. 6.3.2
_ -M,L+ML)x + ML+ M,L,)y

b LL - (L)’

f= —[(500 x 0.202) + (—866) (-0.0606)] x + [(—866 x 0.0346) + (500)(-0.0606)]y
(0.202)(0.0346) — (-0.0606)"

= Z15348x ~ 60.264y

0.00332
f, =—-46,229x — 18,152y
At point A, x =0.7 + 0.1 - 0.773 = 0.027 in. and y = 2.0 — 0.973 = 1.027 in. and the bending
stress at A is
fia =—46,229(0.027) - 18,152 (1.027)
=-1,248 - 18,642
=-19,890 psi

6.4 PLASTIC BENDING

Few designs utilized in modern airframe structures are concerned with the effects of plasticity.
The curve shown in Fig. 4.2.2 is the typical stress-strain relationship of common aluminum alloys.
The “flat top” of the stress-strain curve for a particular material means that any fiber of that
material will support ultimate stress while undergoing considerable strain and this characteristic is
essential for plastic bending.

The term of plasticity implies yielding or flowing under steady load. It is defined as the property of
sustaining visible permanent deformation without rupture. A beam of rectangular cross section
subjected to bending is used to illustrate both the elastic and plastic ranges in Fig. 6.4.1.
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A
et v B
M M NAJ- " 2c
1

Bending Section A - A

|
|
‘
I~
|

5 -

y y

Linear Strain Linear Stress Linear Strain Non-linear Stress
(Elastic Range) (Plastic Range)

Fig. 6.4.1 Rectangular Cross Section Subjected to Bending

In the region below the elastic range (or proportional limit) on the stress-strain curve, the stress
o . M
distribution follows the linear apparent stress ——I—)L shape. As the outer fiber stresses approach the

ultimate stress, they undergo continuing strain until inner fibers also approach ultimate stress
under proportional strain. The stress at any point on the cross section may be found by simply
entering the stress-strain curve at the proper strain and reading the corresponding stress. The linear
shape of the strain distribution is assumed to hold throughout the plastic range. By plotting the
stress distribution and then computing the internal moment, the ultimate allowable external
moment that can be applied to the section can be obtained.

(A) SECTION FACTOR

The ultimate bending moment of a section is a function of the cross-sectional shape. The shape can
be represented by the section factor ‘k’ which is obtained by the following formula:

L_2Q Eq. 6.4.1
s
C

where: Q — The first moment about the principal axis of the area
between the principal axis and the extreme fiber (in.”)
I — Moment of Inertia of the whole section about the principal axis (in.*)
¢ - Distance from the principal axis to the extreme fiber (in.)

Fig. 6.4.2 shows the range of values of ‘k’ for some common shapes. Fig. 6.4.3 through Fig. 6.4.6
give the values of ‘k’ for channels, I-beams, round tubes and T-sections.

k 1.0 1.5 10-15 {10-15{127-17 1.5 -2.00

—% o % ' "El"/}f ;EL;

(( Sections with “k’ greater than 2.0 should not be used)

Section | —

Fig. 6.4.2 Range of Values of Section Factors 'k’
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Before using plastic bending analysis, the engineer should understand the following:

ty/h

148

0.6

0.5

04

03

0.2

0.1

The section factor ‘k” which is 1.5 for rectangular sections, varies with the shape of
the section and can easily be computed for any symmetrical section

For a rectangular section (i.e., end pad of a tension fitting, see Chapter 9.9), the total
allowable moment becomes 1.5 times the moment produced by F, = ?

Round tube or solid pin sections are frequently used in pin bending for shear lug
fitting (see Chapter 9.8)

Compression crippling or lateral bowing cutoffs are not critical

The application of plastic bending on airframe structures is not often used

The most effective sections are the rectangular section or bulkier sections which are
used only to react the very high bending moment under structural space limitation or
restriction on shallow integrally-machined beams such as fighter wing spars, landing
gear support beams, flap track supports, wing-mounted pylons, etc.

It is preferable to design cross sections that are symmetrical about both axes (e.g.,
I-section, circular bar, tube, etc.), or at least symmetrical about one axis (such as a
channel section) to avoid complex calculations

Check the structural permanent deformation of material yield criteria

- b -
+ - i :- ‘H I LIRS | ;el lr il
- - =
: } AN SAA e LA AN R EARRRRES
: T R R = :
s ¥ T : b T T ol et
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Fig. 6.4.3 Section Factor ‘k’ for Channels and I-beams
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Fig. 6.4.4 Section Factor, k, for T-sections
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180 (-
1 7178-T6, Extrusions
160
7075-T6, Forgings
‘ : and extrusions
140 e 7079-T6, Forgings
Apparent :
stress 120 .2014-T6, Forgings
Mc . .
T(kSl) 2024-T4, Extrusions
100
40 soddrde oyt I"!l)
1.0 1.2 1.4 1.6 1.8 2.0
Section Factor, k
(a) Aluminum Alloys
Heat Treat
500 — —= (Values of Fy,, ksi)
‘ £1260
450
400 220
: 24200
350 (= 180
Apparent
stress
300 150
Mc, .
1 (ks) I
250
125
150 £
100 L

Section Factor, k

(b) Steel Alloys

Fig. 6.4.6 Plastic Bending in Aluminum and Steel Alloys
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(B) CALCULATION PROCEDURE

(a) Calculate the section factor ‘k’ or obtain from Figs. 6.4.3 through 6.4.5.

Mec

(b) Determine the “apparent stress”, I,from Fig. 6.4.6:

Mc . . . C
Ty s the stress corresponding to a linear stress-strain distribution caused by the

ultimate moment.
+ Itis not the actual stress in the member, but it is convenient for use in calculating the
ultimate moment

(c) Multiply the “apparent stress” by % to obtain the ultimate allowable moment (M,).

(d) Calculate the MS,:

Mu

MS, = -1
m

where: MS, — Ultimate margin of safety
M, - Ultimate allowable moment
m, - Ultimate applied moment

It is important to note that the yield margin of safety is usually critical for sections designed by
plastic bending effects. The yield margin of safety must always be checked and in many cases will
govern the design of the part.

Example 1:

For the rectangular section shown, calculate the Margin of Safety (MS) for ultimate strength. The
ultimate applied moment is M, = 480,000 in-1bs and the material is a 2014-T6 forging.
bh,  h
Q=3I

Y. 5 I NP
= (FF ) =4in

Refer to Fig. 6.4.6 with 2014-T6 and k = 1.5, obtain % = 95,500 psi

M, =95,500 x (%6—) = 509,000 in-1bs

M, , 509,000  _
MS, = 12— 1 = e = 1= 006
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Example 2:

The channel section shown is subjected to an ultimate bending moment of 35,000 in.-1bs.
Determine the margin of safety using the plastic bending curves provided. Assume section is
stable when extreme fibers in compression are stressed to F,, (ultimate tensile stress of the
material).

Material is 7075-T6 extrusion

Moment of inertia:
1=0.3937 in*

c=1.0in.

,4_ 1.0 —]
L

0.2(Typ) —pl |t—

M=35 in-kips
e e m 2.0

L

From Fig. 6.4.3, when tF =0.1 and £ =0.2, obtaink = 1.24

From plastic bending curves of Fig. 6.4.6:
F, =92,000 psi

M, =F,()= 92,000(0'39037) =36,220 in -Ibs.
M, . 36220

1=0.03

MS, =G~ 1=35000 ~ 1 =003

6.5 SHEAR STRESS IN BEAMS

Consider a rectangular cross section in which a vertical shear load acts on the cross section and
produces shear stresses. It is assumed that:

(a) The vertical shear load produces vertical shear stresses over the exposed surface.
(b) The distribution of the shear stresses is uniform across the width of the beam.

Consider the element shown in Fig. 6.5.1: since one side of the element contains vertical shear
stresses, equal shear stresses must be on the perpendicular faces to maintain equilibrium. At any
point in the beam the vertical and horizontal shear stresses must be equal. If this element is moved
to the bottom or top of the beam, it is apparent that the horizontal shear stresses vanish because
there are no surface stresses on the outer surfaces of the beam. Therefore, the vertical shear
stresses must always be zero at the top or bottom of the beam.
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Zero shear stress

hear stress

v h Pt b s

—b \_{

Fig. 6.5.1 The Shear Load on the Vertical Surface of an Element

Zero shear stress

(A) SYMMETRICAL SECTIONS

When a beam is bent, shearing occurs between the plane sections. The shear produces what is
called the horizontal shear stress, as shown in Fig. 6.5.2

L/H side R/H side
| ——— q ——-—H
M NA : M+Va
e —— e —
v v

(a) External loads

4 ks

Ne 22077, —7
yT y max NA

L EN

Ymax —-l‘— 2 | / AP
== =

fg(a x b)

(b) Stress distribution

Fig. 6.5.2 Shear Stress Distribution in a Beam Cross Section

For a portion of segment ‘a’ of a beam, the value of the shear, V, at the right-hand (R/H) side must
be equal to the value of shear at the left-hand (L/H) side, since no external loads are applied;
therefore the vertical components of the horizontal shear must be equal to the V value. From the
flexure formula (see Eq. 6.1.3), the bending stress, f, due to M is
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L/Hside: f' =¥
R/H side: f"=¥+an x%

Take a section through the element at distance y' from the N.A. and balance the shaded portion
above the section line as shown in Fig. 6.5.2(b). The out-of-balance load due to the moment is

AP:(VXaX%)AA

The load on the shear plane y' = f,(a X b); for the load equilibrium, then
f.(axb)-[3"(Vxax %)dA =0

which gives
f = (%I) [rydA Eq. 6.5.1

The integral term of [ i‘.““ydA is often noted as Q which is the first moment of area of the cross
section above y' with the moment arm measured from the NA. Then the basic shear stress formula is
- vQ Eq. 6.5.2
T Ib
where  V — applied shear load
I — Moment of inertia about the beam NA
b — Beam width
Q - first moment of area [}"ydA
f, — shear stress

Example 1:

Find shear stress for a rectangular section as shown:

4 ymax
< -
N\ \\\\\ __yv
— lg_fs’max:l.S(V/hh)
h Enaens nuse e B0 1 -y——-NA . - — X — NA
NA
vV
Za— Zero shear stress
— b —=
Calculate the shear stress at level y' for the rectangular section as shown,
h .
Q=/f7"ydA=b(-y)y +——F—]1
2 2
b h "
= 3[(7 —(y')’] (The first moment of area of segment about the N.A.)
VQ V K 2
b= =2rtq ~O71
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3

12

The max. shear stress occur at y' = 0 which is at the N.A. (substituting I =
\%
fs.mux - 1'5( bh)

. , .V . . .
The peak stress is 1.5 times the average shear stress (f, = E) for the section and the stress is zero

at the top and bottom of the section of the beam

Example 2:

Calculate the maximum shear stress in the section shown if the total shear load applied is 5,000
Ibs. The properties for the upper and lower spar caps are given below and assume the web to be
effective in resisting bending stress.

Spar cap
0;6" ) I
—
‘ 54" -
L 1= 0.2 in.4
A =095 in.2 l —a{le— 0.056" 12"
B T TNA
web
\
I = Iwch + Icnpx
0.056(12)
= [—(—)—] +2[02+0.95 (2 -0.6)*]
12 2
=63.87 in.*

The first moment of area :
Q=0.95(5.4) + 6(0.056)(3) = 6.14 in.’
Maximum shear stress occurs at mid-height of the section:
_ 5,000(6.14)
63.87(0.056)
= 8,580 psi
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(B) UNSYMMETRICAL SECTIONS

The basic shear stress formula of Eq. 6.5.2 does not apply for unsymmetric sections; It is based on
f=My
I
complex bending sections, a generalized bending formula was developed to be used to calculate
bending stresses for unsymmetric sections. This generalized formula can also be rewritten in terms
of external shear loads instead of external bending moments. The shear flow in an unsymmetric

section can be calculated by the following equations:

q = _(KJVX - KIVy) Qy - (KZVy - Kle)Qx Eq 65.3

or shear stress :

(see Eq. 6.1.3) and is valid only for sections which are bent about their principal axes. For

q — ‘[(KJVX - KIV)’) Qy - (KZVy - KlVX)QX]

f=— Eq.6.54
- n q
where: Q,, Q, — first moment of areas about the x and y axes, respectively
Q.=[;"ydA
Q = Ji"xdA
— Ly
CLL-@)
I
Kiy=—~———
TLL- (L)
K3 = Ix

- IXI)’ - (Ixy)2
V, — shear load in x direction
V, — shear load in y direction

t — thickness or width of the cross section

Example:

The loads, V, = 5,000 lbs. and V, = 8,667 lbs. are applied at the shear center for the Z-section:
calculate the shear stress at points ‘a’ and ‘b’.

Given: I, =0.6035in.} 1.0 |
I, =0.0574 in.* =——x a
I, =-0.1305 in.!
0.1 —»jla—
Therefore:
I
=—2 _-_588 . — —
L - @) 3.0 Tl NA
I
Kiy=—2—-=32
2 L - (L) 3.259 1.5
P TP I
LI, - ()
Shear flow:

q =—[34.269(5,000) — (~5.88)(8,667)]Q, — [3.259(8,667) — (~5.88)(5,000)] Q.
= (171,345 + 50,962) Q, — (28,246 + 29,400)Q,
=-222,307Q, -'57,646Q,
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(a) Atpoint ‘a’:
Q:=0.1x1.0x145=0.145
Q,=0.1x(-045)=-0.045
q. =—222,307Q, - 57,646Q,
=-222,307 x (-0.045)—- 57,646 x 0.145 = 10,004 — 8,359
= 1,645 Ibs./in.

or shear stress:

1,645 _ .
f, = 01 - 16,450 psi

flange area=0.1 in2

/

"“"k\'\%.’\ﬁ“’g‘fﬁ} a

[}

e—-0.45

_center line

1.45

NA b

(b) At point ‘b’:
Q.,=0.145+14x0.1x0.7=0.243

Q, =-0.045
Shear flow:
qn =-222,307(-0.045) — 57,646(0.243) = 10,004 — 14,008
=—4,004 lbs./in.
or shear stress:
f, = -?)’(1)04 =-40,040 psi

(C) SHEAR STRESS IN THIN OPEN SECTIONS

A modification of the basic shear stress formula is applied to open thin sections. The following
assumptions apply:

¢ The cross sectional thickness is thin, so that all section dimensions will be measured
between the centerlines of the elements

*  All shear stresses are zero which act perpendicular to the thickness or the section
* The cross section is open
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To calculate the shear stress in an open thin section, the following equation is used. Note that this
is fundamentally the same as the basic shear equation of Eq. 6.5.2.

(- VQ
Ib

Example:

Load V is applied to the thin symmetric channel section shown such that it does not twist the cross
section. Draw the shear stress distribution for the web and flanges.

The general shear equation is f, = VQ/It (see Eq. 6.5.2)
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where, Q= [;ydA

s — length along flange or web

The first moment of area:

(a) Flange between ‘a’ and ‘b’” (0 <s < w) J

ths

Q—t.s( )=

The shear stress:

_VQ _Vh
T 2L

Flange shear stress at point ‘a’
f.=0
Flange shear stress at point ‘b’, when s = w

Vhw
21,

f,

f.\.h =

Upper flange

s -—o]|
'ﬁ——EMét

h/2

— NA

(b) Web segment between ‘b’ and ‘¢’ (w< s < %)

The first moment of area:

Q = Qﬂmlge + chh

h h s
= tew (7 + t,s X iy
Q= w3 G -3
(first moment of {web (web moment
area of flange) area) arm)

At top of web at point ‘b’:

t;wh

s=0 and Q= >

Upper flange i

few § _

)|

HTo a 1

h/2

c
—x-r- fe— y — -—— NA
h/2 | '~ web

-L d e
P_W_.I\ Lower tlange

Upper tlange

b — W—=

S

— NA
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%-fs‘azo
b

H 1 wt—— ) atpme e |

fsxc k - —_—— NA

. _, V twh
fu= (S

At neutral axis (N.A.) of web, when s = %:

h _tewh b’
s=7 and Q= 2 + 8
. _ .,V _twh t.h’
Pe=G 0y 730

Since this is a symmetric cross section, therefore, f,,=f,. =0, f,, =f,,, and f',, = ', ,.

(D) SHEAR FLOW

The activity of off-loading a panel boundary member by shearing the load into a thin sheet and
transferring that load some distance to another boundary member while simultaneously developing
the required balancing “couple forces” in other members has been given the descriptive name of
“shear flow”.

For beams consisting of flange members and shear panel webs, the panels are subjected to shear
flow due to bending moment on the beam. The shear flow can be determined by considering “free
body” diagrams for the flanges and the webs. The value of shear flow is constant along the length
of a panel.

The basic assumptions are:

» The thin sheet carries all shear loads

* Longitudinal members such as beam caps, stringers, and longerons carry all axial
loads. The cross-sectional areas of these members (plus their effective width of
sheet) are assumed concentrated at their respective centroids

* A shear force acting on a member causes a change in axial load, or a change in axial
load will produce a shear force

* Shear flow in the web of any rectangular panel is constant. The only way the shear
flow can be changed is by changing the loads in the bounding members or by
applying components of loads in skewed or slanting boundary members

The shear flow unit is Ibs./in. which is a constant value along the four edges on a thin web or skin
of a beam or closed-box structure which comes from:

» Shear forces on a simple beam (q = %)
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* Shear flows also can be found from torsion on a thin-walled closed section (q =
%, refer to Eq. 6.8.5 in this Chapter and to Chapter 8.0).
On a thin-web beam, axial loads are carried by the beam caps and leaving the web to carry shear

load only, as shown in Fig. 6.5.3. Actually, the shear flow can be derived directly from the basic
shear stress formula of Eq. 6.5.2 which can be rewritten and becomes:

f.= Yo (replace beam width ‘b’ with web thickness °t’)

It
A
T9T
d=h/2

I

P
Thin Web

— ¥
Cal;_ﬁ)

(Assume areas of upper and lower cap are equal)

Fig. 6.5.3 Idealized Thin-Web Beam

The first moment of area is

Moment of inertia (assume d = %):

_oag o AN
I=2Ad" = )
Then the shear flow on this thin web is
. vQ 2VAh V Eq. 6.5.5
a=fxt=Goxt =20 =7

The shear flows are constant around four edges of a rectangular panel which always are two
pairs of shear flows but opposite as shown in Fig. 6.5.4.

L = qL-n
T T T de=h
| P ——

t N

r q Web L q1

Py 9

Fig. 6.5.4 Free-body of Shear Flows on a Thin Web
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Example:

Assume a cantilever beam carrying two 1,000 Ibs. loads as shown below. Determine the shear
flows and beam cap axial load distribution.

a b c Ry

10 in.
d e f

i

e 20 in. —»]
P=10001bs.  P= 1,000 ibs,

|
SNOUN NN NSNS
Z

1,000 X (20 +20) + 1,000 X (20)

Ry=R.= 0 = 6,000 1bs.
Shear flow around the beam web as shown below:
1,000 .
Qe = 0 = 100 Ibs./in.
Qe = % =200 Ibs./in.

a,A_/.__A_;__.. b<.;_ 4__.,__.‘_.._.C

Qabed = 100 lbs./in.| r Qbcfe = 200 1bs./in.

I §

- s

Load distribution along the length of 40" on upper cap, a-b-c:

(Axial compression load distribution on upper beam cap)
P. = 6,000 Ibs.

~—~— Ry = 6,000 1bs.

6.6 SHEAR CENTER

One of the assumptions of the basic flexure formula is that the load acts in a plane of symmetry so
that the beam does not twist. If vertical loads are applied on a cross section that are not in a plane
of symmetry, the resultant of the shear stresses produced by the loads will be a force parallel to the
plane of loading, but not necessarily in that plane. Consequently, the member will twist. Bending
without twisting is possible provided that the loads are in the same plane that the resultant shear
stresses act, or in more general terms, bending moment without twisting will occur when the loads
are applied through the “shear center”. The shear center is defined as the point on the cross section
of a member through which the resultant of the shear stresses must pass for any orientation of
loading so that the member will bend but not twist.
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Example 1:

Find the shear center of the following channel section so that when load V, passes through the
shear center it produces no twist.

c W l—_i
| b ch a —f'tf
Vy
h
} tw  Peg=Pab
=t

The resisting resultant shear loads in the flanges (P,,) are shown. The upper and lower flange
resultant must be equal so that 3 F, = 0. The resultant P,, can be calculated by integrating the area
under the shear stress distribution.

Shear distribution
Fs.b in tlange
b

a

J&

Pab

i

t/h
The first moment of area at ‘b’: Q =t,w (%) = -'2—W
The shear stress at ‘b’: f,, = X& = m
Ixtf 2Ix
Total shear load along flange a - b:
fo0) (te
p = L))
V,h
(W)
2
w’ht,
=V
The sum of the moments about the flange/ web junction, point c, yields,
Vxe=Poh= Xy
!
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_ wht,

©=TuL

where:

t,h’

so that the shear center distance

Example 2:

e=

(P:% + 2wty)

wt:h®
2

Beam Stress

Determine the position of the shear center ‘¢’ and web shear flows between stringers under the
given load of 10,000 lbs as shown.

Stringer area = 1.0 in.?
Ina =2%x2(1.0x 5% =100in.*

Load on stringers (assume the stringer length, L = 1.0 in.):

10,000 lbs

A

Stringer (4 places) A
J O

4

M
P =(—)yA
N.A.
10,000 x 1.0
=(——5n ) ¥(1.0)
=100y
. . . P . P .
Stringer y (in.) P (Ibs.) L (in.)* T (Ibs.fin.) Quen = (Ibs./in.)
a 5.0 500 1.0 500
500
b 5.0 500 1.0 500
1,000
c -5.0 -500 1.0 -500
500
d -5.0 -500 1.0 -500

(* Here assume the stringer length L = 1.0 in.)
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For zero twist on the section the applied shear must act through the shear center. Take the moment
center at stringer ‘c’,

3T.=10,000xe-500x4x10=0

Therefore, the shear center distance, e =2.0 in.

6.7 TAPERED BEAMS

If the beam is constant in height the shear flow is constant throughout the web where a constant
shear force is applied. In airframe structures, there are many applications where the beams are
tapered in depth. Consider the beam shown in Fig. 6.7.1:

c
Ca ~ l -
p b a
N B Upper Cap
3
hy A
h /
hz
]
Lower Cap
Pc,al +0G (a)
Ptan oy 24 B A

p R
h Ve

oy

P tan (12'17- - (‘

Pc,(12 +g

P tan (11~L-_—P:-=’-

Pclag

—‘-—-;
P tan o -—l -

1)c,(”-2
Fig. 6.7.1 Beam Tapered in Height

Fig. 6.7.1 shows a beam consisting of two concentrated sloping cap (flanges or chord) areas,
separated by a thin web. An applied load, V, is applied at the free end of the beam at A, putting a
total shear force of V throughout the length of the beam A-B. It is assumed that:

* The cap can take axial load only
* The web is ineffective in bending
» Sloping caps are inclined at angles a, and a; to the horizontal
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(A) RESISTANCE BY BEAM WEB AND CAPS:

Since the caps are inclined and can resist axial load only, the resultant cap loads can be separated
into horizontal and vertical components. The couple loads, P, of the horizontal component of the
caps resist the applied bending moment, M, and the vertical components of the caps resist part of
the shear force resulting from V. Unlike a constant height beam where the web resists the total
shear force, a tapered web beam’s shear force is resisted by both the web (V.,) and the caps (V.) as
shown in Fig. 6.7.1(a).

V. =P xtan a;+ P X tan o, = P(tan o, + tan o, ) Eq. 6.7.1
For the loading shown in the Fig. 6.7.1(b),

b
P—Vxh
SO _vb

Vo=V-Ve=V(D)

V., =V -P(tan o, +tan «,) Eq.6.7.2
By similar triangles from Fig. 6.7.1(a), % = % which leads to the final expressions for total shear

force resisted by the web at B:
Vw=V(%) Eq. 6.7.3

At any section along the beam A-B, the total shear force:
V=V+V, Eq. 6.74

(B) RESISTANCE BY BEAM WEB:

The shear flow in the web at A;

ga = ho Eq. 6.7.5
The shear flow in the web at B:
h()
v. Y& v,
ds =T =—h—= hz Eq 6.7.6
h()
o s = Qa (3’ Eq. 6.7.7

(C) BEAM CAPS:

The horizontal load component of the caps, denoted P, must be equal to the total bending moment,
M, divided by the beam height, h. The vertical components of the cap loads are equal to P times
the tangent of the angle of cap inclination (a). The total shear force resisted by the caps at B
(watch positive or negative sign of angles of a) and from Eq. 6.7.1

V. =P(tan o, +tan o)  [see Fig. 6.7.1(b)]
V. =P(-tan a, + tan ;) [see Fig. 6.7.1(c)]
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By similar triangles from Fig. 6.7.1(a), % =
tan o + tan Q, =1C1-
or v=pPx(dy
c
h - hu
)
(a) Upper sloping cap (a,):

or V.=V(

==

¢ Vertical component of shear load in the cap:

V. - V(tan o;)(h-h,)
“* 7 h(tan a; + tan o)

* Axial load in the cap:

V(h-h,)
P = h(tan a; + tan o)
oo oS o

(b) Lower sloping cap (ow):

* Vertical component of shear load in the cap:

V. - V(tan a;)(h - h,)
o h(tan oy + tan (12)

* Axial load in the cap:
V(h-h,)

_ h(tan oy + tan (12)

- oS

P

It is seen that this secondary shear caused by the sloping beam caps can have an appreciable effect
on the shear flows in the web and hence must not be neglected. Since the web shear flows are
computed by the difference in stringer and cap loads at successive stations divided by the distance
between stations, it is apparent that the shear flows as computed represent the average values

between stations.

Another effect is that wherever the taper changes, such as the spar at the side of the fuselage
(dihedral or anhedral angle) the component of load in each longitudinal due to the break must be
transferred by a rib to the shear beams. This can impose sizable shear and bending loads on the rib.

Fig. 6.7.2 shows three cases of shear flows which should be kept in mind when evaluating shear

flow in tapered beams.

- Z
{+)) 2
P

Positive shear flow in panel

(a) Positive shear flow
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Eq. 6.7.10

Eq. 6.7.11
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L
= %

=T : -] / ’

/
P Zero shear flow in panel
(b) Zero shear flow

= -

< qu -

b [~
P -

Negative shear flow in panel
(c) Negative shear flow
Fig. 6.7.2 Three Cases of Shear Flows
Example 1:

Find the shear stress on the 0.04 thickness beam web at section B-B:

o = 50
B A-—-L

11.82 in.

4 = |

’ V = 10,000 1bs.

(@) UseEq.6.7.2,V, =V —P(tan o, + tan o,):

Calculate the coupled load of P = 10,000 x 60 = 40,000 Ibs.

15

V.= 10,000 — 40,000 (—tan 5° + tan 8°) = 10,000 — 2,121 = 7,879 Ibs.

f, =J%2 x 0.04 = 13,132 psi
(b) UseEq.6.7.6,qs = \:l?“ :
Vh, . _
Qs = = 10,000 x 1182 15222 =525.3 Ibs./in.

f, = %: 13,132 psi (which agrees with f, above)

Beam Stress
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Example 2:

Calculate the shear flows in the web from x = 0 to x = 100 in. as shown below.

R |l
L )/
9 in. l ‘ , 14in.
| — ; %
2
et 100 in. /
10,000 Ibs.
The solution lends itself to making a table by using Eq. 6.7.3 V,, = V(%):
x (in.) h (in.) %— V., (lbs.) q= % (Ibs./in.)
0 9 i 10,000 1,111.1
20 10 0.9 9,000 900
40 11 0.818 8,180 743.8
60 12 0.75 7,500 625
80 13 0.692 6,923 532.5
100 14 0.643 6,429 459.2

Example 3:
Find the shear flow in each web and draw a free-body diagram of elements. Assume caps resist

axial load only and web is ineffective in bending.

2 " 20"
s

| B C
Mp =36 X 20 = 720 in.-kips M = 36 X 40 = 1,440 in.-kips
(Given Beam and Load)

4
R, =36X —1—(21 = 120 kips and R, = 120 kips
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Py
—c = -— 120 k
™ q;
92
O T —.
. 42
Q2 @
=
q2
q2
—
P

(Free-body Diagram)

Q =74 = 9 kips/in. (From Eq. 6.7.5)
36(:5)
Q@ =" = 1.0 kips/in.  (From Eq. 6.7.6)

qQ = ?—6 = 3 kips/in.

or @ =%+q,=2x%+1.0=3kip5/in.
36, 12-4 204 .
P, =(7)( D )(-4—)=61.2 kips
612 ...
Qe = 204 = 3 kips/in.

P, = 61.2(2%—04) = 60 kips

_4

P3 =61.2(204

) =12 kips

6.8 TORSION

For all uniform straight members in pure torque for unrestrained torsion in the elastic range, the
applied torque is balanced by the section itself. Twisting of any section along the member is about
a longitudinal axis of rotation passing through the shear center.

(a) The rate of change of the angle of twist, 6, is constant along the member and given

in radians,
TL
0=— .6.8.
GI Eq. 6.8.1

where: T — Applied torsional moment
L — Length of member
G — Modulus of rigidity
J — Torsional constant (see Fig. 6.8.3) dependent on the form of the cross
section; use polar moment of inertia for circular sections
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(b) The torsional shear stress, f,, at any section along the member is
f. =l Eq 6.8.2

J

For the torsional equations given above it is assumed that the material is stressed in the elastic
range and Hooke’s law applies. Stress in the plastic range will not be discussed because applications

in airframe structure are rare.

(A) SOLID SECTIONS

When a solid circular section is twisted about its own axis, all sections remain plane. No warping
occurs on the member. The torsional shear stress distribution is linear along any radial line from
the axis of rotation and the maximum shear stress occurs at the outer surface, see Fig. 6.8.1.

fis

Section A - A

Axis of Rotation

Fig. 6.8.1 Torsional Shear Stress Distribution - Circular Section

(B) NONCIRCULAR SECTIONS
When a noncircular solid section is twisted about its own axis, the sections warp with respect to
their original planes, see Fig. 6.8.2. The torsional shear stress distribution is nonlinear with the

following exceptions:
At any point where the outer surface is normal to an axis of symmetry, the

distribution is linear
The maximum shear stress occurs at a point on the surface closest to the axis of

rotation

b_|

fis

% |
/é~mumlllﬂ]] g

fis
[
Section A - A

Axis of Rotation

Fig. 6.8.2 Torsional Shear Stress Distribution - Noncircular Section
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The torsional shear stress, f., of a solid section is

m% Eq.6.8.3

where: n— A coefficient related to the cross-sectional shape and the point at which
the stress is to be determined, see Fig. 6.8.3.

Expressions for the torsional constant, J, and the torsional shear stress, f,, of solid sections are
given in Fig. 6.8.3. The expression for f, .. includes the specific expressions for value of n that are
required to produce the maximum shear stress for each section.

Solid sections are included as thick-walled closed sections since their torsional shear stress
distribution follows that of solid sections.

CROSS TORSIONAL CONSTANT TORSIONAL SHEAR STRESS
SECTION J fu= %n
T .
foms = 7 R, at the radius R,
4 J
j= TR
2 T
from = "J-R at the outer surface
f = —T—R at the radius R
TR R/ o = R sR.
= 5 T
foomm = TR at the outer surface
ma'b’ ; )
=2+ b = at point ¢
c A T
a J=ka'b fumn = bl point ¢
[«
—ib/2 l" T k, and k, are given below.
e b —

§
T
T
T
c .3
B T
f T T
Hana 1
& ek e
a o) 1|~»r_‘,__'4t‘|'
= ¥ B
& < ,2 T
= A O
P C o
fa b/2 = ot s
e— b R A
s IR V RN
] Lt it iy
0 2

b/a

Coefficients k, and k; for Rectangular Sections

Fig. 6.8.3 Torsional Constant (J) and Torsional Shear Stress (f,) — Solid Sections
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(B) THIN-WALLED CLOSED SECTIONS

Torsion of thin-walled closed section members is balanced at any section by a uniform shear flow
‘q’ around the median line of the section, see Fig. 6.8.4. The stress is assumed to be constant
across the thickness at any point on the section.

Median contour
of Section

Section A - A

Axis of Rotation

Fig. 6.8.4 Torsion of Thin-Walled Closed Sections

Maximum stress occurs at the thinnest point on the section. The torsional constant, J, for all thin-
walled closed sections subjected to a torque, T, is given by:

2 2
L . /s 5 Eq.6.8.4
ds  sb
t i=1 L
where: A — The area enclosed by the median contour
b — The segment length of the median contour
ds — Length of a differential element of the median contour
t — Wall thickness
The shear flow, g, and the torsional shear stress, f,, are
T Eq.6.8.5
9524
and
= T Eq.6.8.6
"7 2A¢

Expressions for the torsional constant J and the torsional shear stress f, of thin-walled closed
sections are given in Fig. 6.8.5. Thin-walled closed sections with stiffeners, or with more than one
cell, are covered in Chapter 8.0.
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CROSS TORSIONAL CONSTANT TORSIONAL SHI?I_AR STRESS
ECTI 1 =
SECTION f AL
t
I=2mRt fo= TZ
2@ Rt
R to midpoint of t
t is constant
t
a ___4ma’b’t f T
T V2@ + ) “7 2mabt
b -
a and b to midpoint of t
t is constant
_2ua’h T T
_L_T T at, + b, 7 2ab, "7 2abt,
g "'t
1 tgl a fo=t=t:
\ I A
2ta’b’ T
J=—7 W=
b — a+b ey
4A° 4A° T .
== fu =7 at point ¢
[ds §be 2AL,
t [
‘ > A = Area enclosed by the median contour
‘ 4 b = Length of median contour
d If t is constant:
_ant T i
J=4A b f.= AL at any point
. All dimensions defining the shape of a section are taken at the median contour.
2. It is assumed that sufficient stiffness exists at the ends of the member so that a
section will maintain its geometric shape during torsion.

Fig. 6.8.5 Torsional Constant (J) and Torsional Shear Stress (f.) -~ Thin Walled Sections

Example 1:

0.1 1n.

A thin-walled extruded aluminum section shown below is subjected to a torque of T = 8,000 in.-
Ibs., G = 4 x 10° psi. and member length L = 12 in.
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(a) Find the max. torsional shear stress using equation of f, = %
J = %(R;’ ~RY = %(2.14 ~2.0"=542in*
8,000x2.1 .
fo= s 42 = 3,100 psi
(b) Find the max. torsional shear stress using equation of f,, = —i’;—t
8,000 .
b= Xmx2.05x 0.1 = 030 psi
. . . TL
(c) The angle of twist using equation of 6 = GI
8,000 x 12
=——————=(.0044 rad.
@ X 10° (5.42) rad
. . . TLS .
(d) The angle of twist using equation of = AAGH (S = circumference)
8,000 x 12)(2 x 2.05 x
_ ) ™) — 0.0044 rad.

T 42052 x W4 x 10°)(0.1)

Example 2:

The tubular rectangular section shown is subjected to an external torsional moment of T = 80,000
in.-lbs. and assume G =4 x 10° psi.

Calculate the torsional shear stress in each side and the angle of twist per unit length.

The solution lends itself to making a table :

Segment ds (in.) t (in.) gf-
® 25.25 0.04 631
@ 15.7 0.05 314
® 25.3 0.032 791
@ 13.4 0.04 335
0
s 201 .
t ° ds = 25.30"
4A’  4x3874° . s
J= ds = 2.071 =290 in.
2T
T 80,000 .
= A" 2x3874 = 103 Ibs./in.
The shear flow is equal on all sides,
Segment q (Ibs./in.) t (in.) f,= %(psi)
@ 103 0.04 2,575
@ 103 0.05 2,060
® 103 0.032 3,220
@ 103 0.04 2,575
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The angle of twist per unit length (assume L = 1.0 in.):

o/in. =1L _ 80.000x 1.0

= = 0.000069 rad./in.
Gl ~ (4 x 10°(290) rac./m

(C) THIN-WALLED OPEN SECTIONS

Torsion of a thin-walled open section is balanced at any section by a shear flow ‘q’ about the
periphery of the section, see Fig. 6.8.6. The stress distribution is assumed to be linear across the
thickness of the section. The stress at one edge is equal and opposite in direction to the stress at the
other edge.

Axis of Rotation
Fig. 6.8.6 Torsion of Thin-Walled Open Section

The torsional shear stress, f., for thin-walled open section is obtained by:

fo=1t Eq.6.8.7
i
7 =%(§lbi ) Eq.6.8.8

where: b, — Length of i" element
t, — Thickness of i" element

Expressions for the torsional constant, J, and the torsional shear stress, f,, of specific configurations
of thin-walled open sections are given in Fig. 6.8.7.
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CROSS TORSIONAL CONSTANT | TORSIONAL SHEAR STRESS
SECTION ] f,= %t
Thin Rectangular
t
1 _3T
% J= 3 bt fo= e
LN

Thin Circular

t
y=2are f, =L
3 2mRt?
R
R = Mean radius
Any thin formed section
L 3T
I= 3 bt fi= b

=

Sections composed of 2 or
more thin rectangular elements

t (typ) " E At any elementi =

fo,=—t,

J bt
At ti=t
r (typ) : " m

Fig. 6.8.7 Torsional Constant (J) and Torsional Shear Stress (f..) — Thin-Walled Open Sections

rr

1]
-—.l'—]

w|—
T

Example 1:

The section shown below is subjected to a torque of T = 1,000 in.-1bs. and it is assumed that G =
4 x 10° psi. Calculate the max. torsional shear stress and the angle of twist per unit length.
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_ O
TP
;8: %——l~.156(ryp)
R IO

e 1.6720 — ]
1.750" — o1

The solution lends itself to making a table :

Segment b (in.) t (in.) bt’
® 1.672 0.156 0.00635
@ 1.344 0.156 0.0051
® 1.672 0.156 0.00635
Sbt'=0.0178
o 23bt’ _ 0.03178 _ 0.00593

Fume = T =T 000593 - 26,307 psi
The angle of twist per unit length (L = 1.0 in.):
orin. = = LOOOXLO 605 o in.

TG (4 x 10°)(0.00593)

Example 2:
The round tube below has an average radius of (R) and wall thickness (t). Assume the ratio of

RT =20 and tube length L = 1.0.

Compare the torsional strength and the stiffness of this tube with a tube with identical dimensions
except for a small slit as shown. Both tubes are thin-walled, so work with the centerline
dimensions.

Slit
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Non-Slit Tube Tube with Slit
T=2nR’ 2nR ¢
J=
3
¢ _TR T o= 3T
== J T2mwR% = 2uR)¢
O/in. = = 0/in, = =L

~GI T 2mR)G ~ 2mRG

(a) The torsional shear stress comparison:

T
f, (non-slit)  2mR’t TQwRE) ¢ 1

f,(withslity = 3T ~ 3T2wR%) 3R 60
2mRE

Note: The torsional shear stress in the slit tube is 60 times higher than the closed tube.

(b) The torsional stiffness comparison:

TL

6 (non-slit)  @wR0G _ ¢ 1 1

0 (withslity  3TL  3R® 3(20)" 1,200
(2mRE)G

Note: For a given torque, the open tube rotates 1,200 times as much as the closed tube.

6.9 CRUSHING LOAD ON BOX BEAMS

The crushing load occurs on a beam bending due to its curvature, as shown in Fig. 6.9.1. This load
can be ignored on solid beams but not on box beams.

Curvature

.. Upper panel
Pecrush (pSl) pper P

_ 2 L/

Perush (psi) f \ 1 T f

Lower panel

(Wing up-bending)

Fig. 6.9.1 Crushing Load

When an up-bending moment acts on a box beam, the upper panel is in compression which
produces downward crushing load normal to the upper surfaces; the opposite occurs on the lower
surface. In a box beam, these crushing loads are reacted by intermediate ribs (vertical stiffeners).

2N? .
pcmsh = m (pSl) Eq. 69.1
2
OF Poun = 2tht (psi) Eq.6.9.2
t,h . M? .
OF Do = %5— (psi) Eq. 6.9.3
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Beam Stress

where: N - Load intensity in pounds per inch width (Ibs./in.)
E - Panel material of modulus of elasticity (psi)
t. — Equivalent panel thickness including skin and stringer per inch width

(in.) .
h, — Beam depth between the centroids of the upper and lower panels (in.)
f — Applied stress in panel (psi)
M - Applied moment (in.-1bs.) at the beam cross section
I — Moment of inertia of the total beam cross section (in.*)

Actually the crushing load (psi) along the chordwise length of a wing box is not constant because
the beam axial stress (f) or the load intensity (N) varies (high at rear spar and low in front spar);
therefore, Eq. 6.9.1 and Eq. 6.9.2 should be used. Eq. 6.9.3 is used at the preliminary design stage
due to the lack of chordwise variation of f or N.

Example:

Assume an ultimate load intensity N = 20,000 Ibs./in. at the front spar and N = 28,000 Ibs./in. at
the rear spar. Determine the wing crushing load (pews) and the running load (w) at the rib.

E =10.7 x 10° psi
t. =0.3"
h. = 22" (at front spar)
h, = 20" (at rear spar)
Upper panel
N — . N
T I T T—
| Rib | I
I Lower panel |
|

4

}
|
— 30" 44 30" -—-{

From Eq. 6.9.1:
_2ND 2000000 o
Penesn = Eth, 107X 10°X 03 x22 .33 psi (at front spar)
2N’ 2(25,000)*

P = B T 0.7 10°x 03 x 20 — 1047 psi (atrear spar)

Assume the rib spacing is 30" and the running load (w — Ibs./in.) along the wing chord length of
the rib is:

Wiu = 11.33 x 30 = 340 Ibs./in.

Wi = 19.47 x 30 = 584 lbs./in.
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Front spar

| S
Werone = 340 le/-l—l:— 1 ‘,l

—

AR

Wiront = 340 lbs./ii 1 \I \I T L L !
— Wrear = 584 1bs./in.

T A4
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Chapter 7.0

PLATES AND SHELLS

7.1 INTRODUCTION

The plate shown in Fig. 7.1.1 is a two-dimensional counterpart of the beam, in which transverse
loads are resisted by flexural and shear stresses, with no direct stresses in its middle plane. The
thin flat sheet, by deflecting enough to provide both the necessary curvature and stretch, may
develop membrane stresses to support lateral loads. In the analysis of these situations no bending
stress is presumed in the sheet.

The skin may also be classified as either a plate or a membrane depending upon the magnitude of
transverse deflections under loads. Transverse deflections of plates are small in comparison with
the plates’ thickness, i.e., on the order of a tenth to half of the plate thickness. On the other hand,
the transverse deflections of a membrane will be on the order of ten times of its thickness.
However, most airframe skins fall between the above two extremes and hence behave as plates
having some membrane stresses.

~,

(a - Long edge; b - Short edge)

Fig. 7.1.1 Plate Subjected Normal Loading

The pressurized cabin of a modern aircraft, such as cylindrical fyselage and pressure dome, is a
pressure vessel. Shells that have the form of surfaces of revolution find extensive application in
various kinds of containers, tanks and domes. A surface of revolution is obtained by rotation of a
plane curve about an axis lying in the plane of the curve. This curve is called the meridian and its
plane is a meridian plane. The position of a meridian is defined by an angle 6 and the position of a
parallel circle is defined by the angle ¢ as shown in Fig. 7.1.2.
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Cylinderical shell
Spherical shell

/ Hat bulkhead

fx#"J ,“ —fy

—~

Fig. 7.1.2 Shells and Flat Panel Subjected to Internal Pressure

7.2 PLATES

Approximate criteria for classifying a plate subjected to normal loads may be classified in three
groups based on relation of maximum deflection () vs. thickness (t) :

* Thick plate — supports the load by bending (its— <0.5).

* Membrane (or diaphragm) plate — supports the loads by tension (tE > 5).

* Thin plate — supports the load by both bending and tension and this plate is the

primary class encountered in airframe structures (0.5 <% <5).

Corresponding characteristics from engineering beam theory and plate analysis are compared
below:

Simple Beam Plate
Dimensions X-axis x and y-axes
Poisson’s ratio () No affect Affect
. E¢’
Stiffness EI D =m
Moments M, M, and M,
Shears V. V, and V,

Boundary conditions for thin plates in airframe structures usually fall between hinged edges
(simply supported) and fixed edges (built-in edges). It is recommended that in most cases an
average of the two conditions be taken.
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Plate and Shell Stress

(A) THICK PLATE

In deriving the thick plate bending equations shown in Fig. 7.2.1, it was assumed that no stresses
acted in the middle (neutral) plane of the plate (no membrane stresses). However, practically all
loaded plates deform into surfaces which induce some middle surface stresses. It is the necessity to
hold down the magnitude of these very powerful middle surface stretching forces that results in the
severe rule-of-thumb restriction that plate bending formulae apply accurately only to problems in
which deflections are a few tenths of the plate thickness.

Fig. 7.2.1 Thick Plate Subjected Normal Loading

A common case is rectangular plates supporting uniform loads, p (psi). The major engineering
results are the values of the max. deflections (for stiffness) and the max. stresses (for strength).
These may be put in the form shown below (value “b” is the length of the short edge and assume
Poisson’s ratio p. = 0.3):

Case 1 — Plate with 4 hinged edges under uniform load (p):

Uniform load (p - psi)

TR N
|

Max. bending stress at the center of the plate:
. b’ .
f= B(p?) (psi) Eq. 7.2.1

Max. deflection at the center of the plate:
4

b .
d= a(pﬁ) (in.) _ Eq.7.22

Max. shear force at center of the long edge ‘a’:
V=kpb (lbs./in.) Eq.7.2.3

Where the coefficients a, 3 and k are given in Fig. 7.2.2

Case 2 — Plate with 4 hinged edges under concentrated load (P,) at center (uniform over small
concentric circle of radius r, which is greater than 0.5t):
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Concentrated LLoad (P,)

— T

Bending stress at the center of the plate:

f( z)[(1+u)1n( )+B] Eq.7.2.4

Max. deflection at the center of the plate:

2

5= a‘(%ttl ) (in.) Eq. 7.2.5

Where the coefficients o' and B’ are given in Fig. 7.2.2

Case 3 — Plate with 4 fixed edges under uniform load (p):

Uniform load (p - psi)

e / . 1 1 ’
4
V
/|
b 4 4
L’\ ’
AN
/ 7/ rarazararar dmaks
D |
Max. bending stress at the center of the long edge ‘a’:
=-PB (p ) (psi) Eq.7.2.6
Bending stress at the center of the plate:
. b’ .
f=PB.(p t—z) (psi) Eq.7.2.7
Max. deflection at the center of the plate:
b .

Where the coetficients o, 3, and B, are given in Fig. 7.2.3

Case 4 — Plate with 4 fixed edges under concentrated load (P,) at center (uniform over small
concentric circle of radius r, which is greater than 0.5t):
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Case 5 —

Concentrated Load (P,)
7

e e e ady . X
Mg
Bending stress at the center of the plate:

f=(

3P, 2b ,

S+ wIn() + B

Bending stress at the center of the long edge 'a":
£=—B:(F5) (psi)

Max. deflection at the center of the plate:

p,b’ .
=) (in)

§=a(

Where the coefficients o, 3, and B, are given in Fig. 7.2.3

Plate with 3 fixed edges and 1 free edge under uniform load (p):

- Free edge
AN
b /

_L — X

T

y

Uniform load (p - psi)
Max. bending stressat x =0 and y = O:

b’ .
f=-B:i(p<7) (psi)
Shear force at x =0 and y =0

V =k pb (lbs./in.)

Bending stress at free edges, x =0 and y = b:

F=Ba(p ) (psD)

Bending stress at free edges, x = i'% andy=b:
bZ
f==Bs(p) (psi)
Max. shear force at free edges, x = i% andy =b:

V.=t pb (Ibs./in.)

Where the coefficients B:, B., Bs, ki, and k, are given in Fig. 7.2.4

Plate and Shell Stress

Eq.7.2.9

Eq. 7.2.10

Eq.7.2.11

Eq.7.2.12

Eq.7.2.13

Eq.7.2.14

Eq.7.2.15

Eq.7.2.16 .
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Case 6 — Plate with 2 fixed edges and 2 free edges under uniform load (p):

y
fFree edge

s
N
Free edge

4

N
~
N

a —w

Uniform load (p - psi)

Max. bending stress at x =aand y =0:
b’ .
f=-R:(p2) (psi) Eq. 7.2.17

Shear force atx =aand y =0:
V=xk,pb (lbs/in.) Eq.7.2.18

Bending stress at free edges, x =0andy =b:
b’ .
=-Ba(p7) (psb) Eq.7.2.19

Max. shear force at free edges, x =0 and y =b:
V=k;pb (lbs./in)) Eq. 7.2.20
Where the coefficients B, 8., ki, and k; are given in Fig. 7.2.5

Case 7— Cantilever plate of infinite length with a concentrated load (P,) aty =c and x = 0:

186
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Bending stress at x =0 and y = y:

f= km( ) (psi) Eq.7.2.21



Plate and Shell Stress

Deflection along the free edge, y = a and x = x (assume p = 0.3):

2
1;‘?,) (in.) Eq.7.2.22

§ = 3.476k,(

Where the coefficients k. and k, are given in Fig. 7.2.6

T
L3
\
0 = C 3 e
1 — = 0.5
4 P
/]
4/
N .
/ o
B’ (Concentrated load)
04
/
//""_1
[ 1% ]
/ L1
/
A B (Uniform load)
/ 7 v
o A 03 2
3 A =
=% /7
e 4 S
2} | kS
§ sl 2
5 05 T g
& 2
& 7 2
2 b=
o / &
O
/) o (Concent\xated load) 02
/ S H TN
/ L 4~
>
JARDZa
A —
/] - I T
-~ e _ \
L o (Uniform load)
—
»” 0.1
”
Hinged Edges
"l a - Long edge
b - Short edge f
g Uniform load or concentrated { b
load at plate center (x = 0; y = b/2) T }
Max. shear load at x=0; y=0 & x = 0; y = b =X
Max. bendingat x=0 & y=0;x=0&y=b [+ 2 -
0 6 - Max. deflection at plate center
1 2 3 4

a/b

(4 hinged edges)
Fig. 7.2.2 Coefficients o, B and « for Rectangular Plate With Uniform Load or Concentrated load
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1.0 - 0.1
y ~1
B2’ (Concentrated load)
/ Ik
0.09
,
0.08
] o v ;
|~
of a’(Concentrated load)
//
."/ 0.07
y
- ‘ -—-4
& 006 &
) MR . <
. I By' (Concentrated load) %
& "
- o]
Z s
© 05 005 3
3 A a
a L 2
2 3]
2 /] _ &
§ K| S
’ 81 (Uniform load)
7 a (Unil:orm load)
4 : \
1 ] - 0.03
| AT
' P +——1 'J_‘* T :—{y—o e
14 1T AT
)73 B2 (Uniform load)
17 0.02
a - Long edge Fixed Edges
b-Shortedge N AW W W .
Uniform load or concentrated N y b
load at plate center (x = 0; y = b/2) 1 \
Max. shearload at x = 0; y=0& x=0,y=b TR ——!—#X
Max. bending at plate center (x = 0; y = b/2) l_ I
0 JT 8 - Max. deflection at plate center 2
l 2 3 4

a/b

(4 fixed edges)

Fig. 7.2.3 Coefficients a, B and k for Rectangular Plate With Uniform Load and Concentrated load
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Coefficients of £, B, B3 x; & %,

20

18

1.6

14

12

1.0
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06

04
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Fig. 7.2.4 Coefficients a, B and « for Rectangular Plate With Uniform Load

Plate and Shell Stress

(3 fixed edges and 1 free edge)

Frele Edge
1 )
; 4 R b y)
2 Wl VI Y wn g -\—L—'x P
4
l‘— a _"l 4
a - Long edge
b - Short edge C
Uniform load y, 7 B:
Max. shear load at x = xa/2;y=b 7 )
Max. bending at plate center (x = 0; y = 0) 7
y )
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B3 | A P4
Y
y,
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/ \
y KZ
/
/ 4
/ //
y /
/
—
J, / / Ky A
117/ B
Yy 1 Y/
/1/
A& V
/11 1 7
VAP 4
/ //
) )
J/Av/4 .
it
/A /N
1/ B2
4|
/]
A y
A /
Y /' ¥
7.4 /
7D &V
L ANAV, %4
//
L
0 1 )
a/b
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Coefficients of 8; B, x; & x,
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1.8

1.6

1.4

1.2
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0.8

0.6

0.4

02

);~— Tee Edge . "
/7 Vi
N /
N b /]
1/
: —L—-’ X /
y
0o {
B A
a - Long edge = 7 B2
b - Short edge
Uniform load
Max. shear load at x =0; y =0 A
Max. bendingatx =a & y=0 V/
/i/
/ s P
b /
/4 7
A y
Al /
Yy /
/
K y
S / | /
S
g /i // X2
Y
/’ A/
4 /
/
4
/
4 /4
/s <
l/’ 4 ﬂl
/ 4
Vv
4194
)
0 02 04 0.6 0.8 1.0
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(2 fixed edges and 2 free edges)
Fig. 7.2.5 Coefficients o, B and « for Rectangular Plate With Uniform Load
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P 'H:'!‘”HTM '—]Hé ]x
! Bendmg stress alongx-axns =0 x—x) :
o h ka(6P "“;fi:‘.‘:

RSN

\Assume p=03) 15
3 =3 476k1(P,a2/B3) A

Fig. 7.2.6 Coefficients k,, and k, for a Cantilever Plate of Infinite Length

Example:

Assume an aluminum plate (E = 10 X 10° psi and p. = 0.3), a=7.5" and b = 5" with thickness t =0.1"
under a uniform load p = 10 psi or concentrated load P, = 1,000 Ibs. Determine its max. stresses
and deflections with following edge conditions:

(a) The max. bending stresses under uniform load of 10 psi:
-4 hinged edges (Eq. 7.2.1 from Case 1 and {3 from Fig. 7.2.2):

2

f=B(p %) at the center of the plate

2

=0.485(10 X %) = 12,125 psi
4 fixed edges ( Eq. 7.2.6 from Case 3 and B, from Fig. 7.2.3):

2
f=-B, (p%) at the center of the long edge ‘a’

52
o) =
3 fixed edges and 1 free edge (Eq. 7.2.12 from Case 5 and 3, from Fig. 7.2.4):

=-0.455(10 X

—11,375 psi

2

=_Bl(p%) atx=0andy=0

52
0 lé ) =-19,250 psi

2 fixed edges and 2 free edges (Eq. 7.2.17 from Case 6 and 3, from Fig. 7.2.5):

=-0.77(10 X
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f=—p, (p )atx_aandy 0

52

=_1'17(10XW

) =-29,250 psi
(b) The max. deflections under uniform load of 10 psi:

4 hinged edges (Eq.7.2.2 from Case 1 and o from Fig. 7.2.2):

3 =a(p _lgt_’) at the center of the plate
54

T0x10°% 0.1 =

4 fixed edges (Eq. 7.2.8 from Case 3 and o from Fig. 7.2.3):

=0.085(10 x 0.053 in.

4

o =a(p Ti?t_a) at the center of the plate

4
> ) =0.01S in.

=002 00X 0% 0% 0w

(c) The max. bending stresses under concentrated load of P, = 375 lbs (assume r, =

4 hinged edges (Eq. 7.2.4 from Case 2 and B' from Fig. 7.2.2):

) + B/ ] at the center of the plate

3x375 2x5
(2 0121+ 078

=(17,905){(1.3)In(12.733) + 0.84] = 74,260 psi
4 fixed edges (Eq. 7.2.9 from Case 4 and B, from Fig. 7.2.3):

) +0.84]

(2 2)[(l + p)ln( — )+ B, ] at the center of the plate
3x375
= GQmor )t 025 ]

=(17,905)[(1.3)In(12.733) + 0.032] = 59,793 psi

(d) The max. deflection under concentrated load of P, = 375 Ibs:
4 hinged edges (Eq. 7.2.5 from Case 2 and o' from Fig. 7.2.2):

. Pb

d=ua'( EC ) at the center of the plate
52

0xi0°x 0. = 18in.

4 fixed edges (Eq. 7.2.11 from Case 4 and «' from Fig. 7.2.3):

=0.166(375 X

d=a'( l; —-) at the center of the plate
2
——im) =0.053 in.

=0.0765(375 x 10X 10°

192

0.25):



Plate and Shell Stress

(B) MEMBRANE (DIAPHRAGM) PLATE

It is useful to consider the limiting case of the flat membrane (diaphragm) plate which cannot
support any of the lateral load by bending stresses and hence has to deflect and stretch to develop
both the necessary curvatures and membrane stresses (tension stress) see Fig. 7.2.7. If the plate is
made so thin as to necessitate supporting all pressure loading:

» It stretches and developes membrane stresses

* Permanent plate deformation results in quilting which is not acceptable for airframe
design

+ Strong framework of stringers and/or bulkheads is required

» Localized pad-up where the plate is attached to the framework by fasteners is required

Structurally the most efficient form to handle membrane stress is the spherical and cylindrical shell
in which the lateral pressure loads are supported by tensile stress alone in the curved walls. Since
the membrane plate is seldom used on airframe applications it will not be discussed.

Fig. 7.2.7 Membrane Plate Subjected to Normal Loading

(C) THIN PLATE

The most efficient plate designs generally fall between the thick and membrane plates. The exact
analysis of the two-dimensional plate which undergoes large deflections and thereby supports
lateral loading partly by its bending resistance and partly by membrane action is very involved; see
Fig. 7.2.8.

* An approximate solution of the large deflection plate can be obtained by combining
the flat thick and membrane plate solutions

* No interaction between these stresses is assumed and since the analysis is non-linear,
the result can be an approximation only
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Fig. 7.2.8 Thin Plate Subjected to Normal Loading

The approximation equation is somewhat conservative. The pressure load coefficient (

4
}211" ) versus

plate deflection (8), membrane stress (f,) and total stress (f = membrane + bending) are plotted in
Fig. 7.2.9 and Fig. 7.2.10.

It is, in fact, useful to consider the analysis of the thin plate which cannot support any lateral loads
by bending stresses alone. It has to deflect and stretch to develop the necessary curvatures to
produce membrane stresses or a combination of partial bending and membrane (diaphragm)
stresses to support the lateral load.

However, these presumed conditions are seldom encountered in practice for the following reasons:

(a) Since thin plate and membrane analyses are non-linear, it follows that the exact stresses
cannot found by a superposition.

(b) If the skin is made so thin as to necessitate supporting all normal pressure loads by
stretching and developing membrane stress, this results in permanent deformation which
is not permitted in airframe design becasue it requires that structures have no
permanent deformation under design limit loads.

(¢) The heavy membrane tensile forces developed during large deflections will cause the
surrounding supports to deflect towards each other thereby increasing the thin sheet skin
deflection and relieving some of the stresses. In an actual design having the boundary
conditions of elastic edge structural supports, such as a framework of stringers, a frame
or bulkhead, errors on the order of 30% are likely if the framework elasticity is
neglected in analysis.

(d) Itis seldom that the design of a panel is such that the skin handles only normal pressure
loads — most often the skin panel on the framework of stringers and frames or bulkheads
must simultaneously transmit in-plane loading as well as normal pressure loads. Since
thin plate analysis is a non-linear and cannot be calculated by a superposition method, the
magnitude of the error is very difficult to estimate in the absence of an exact analysis.
The alternative is expensive structural testing.
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f - Total stress (psi) &
—1— f4 - Diaphragm stress (psi) 4
E - Modulus A
a - Long side
b - Short side
50 t - Thickness y 2.0
p - Nommal pressure (psi) —
d - Max. deflection at plate center f (Fixed Edges)* ____
alb=1 y P
vy I T
A | A
SV x / i &
T andn .
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40 a y 4 1
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v
J, ,/’
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Fig. 7.2.9 Large Deflection of Square Plates (il— = /.0) under Uniform Load
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t f - Total stress (psi)
fg - Diaphragm stress (psi)

[~ E - Modulus
~a -Long side y N
b - Short side O (Hinged Edges)
[~ t - Thickness ” 2.0
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Fig.7.2.10 Large Deflection of Rectangular Plates under Uniform load



Plate and Shell Stress

Example:

Given: Panel size: a =20" long and b = 10" width, and thickness, t = 0.08".
Normal (lateral) pressure loading: p = 10.55 psi.
Material: Aluminum alloy, E = 10.3 X 10° psi.

Find the max. deflection (8), membrane or diaphragm stress (f,) and total stress (f) at center of the
plate.

(1) The panel aspect ratio: % = % = 2 and assume four edges are hinged supports.
pb* _ (10.55)(10)
Et*  (10.3x10°(0.08)*

(2) The pressure load coefficient,

(3) From Fig. 7.2.10, find:
The max. deflection: 3 =2.2t=2.2 X 0.08 = 0.176 inch.
13.2(10.3 x 10°)(0.08)°
10°
23.6(10.3 x 10°)(0.08)’
10°

The membrane stress: f, = = 8,701 psi

The total stress: f = = 15,557 psi

7.3 CYLINDRICAL SHELLS

Structurally, the most efficient form of pressure vessel is one in which the lateral pressures are
supported by tensile stresses alone in the curved skins of the body, as shown in Fig. 7.3.1. The
skins of these bodies have zero bending stiffness and hence have the properties of a membrane or
diaphragm stress. The stresses developed, lying wholly in tangential directions at each point, are
called membrane stresses.

Fig. 7.3.1 Cylindrical Shell
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(A) BASIC EQUATIONS:

The hoop tension load: N. =pR. (lbs./in.) Eq.7.3.1
The hoop tension stress: f, ___ka (psi) Eq.7.3.2
I pR/ TR

Radial displacement: AR = (E_t)(l - 7) (in.) Eq.7.3.3
o pR. .

The longitudinal load: N, =5 (Ibs./in.) Eq.7.34
o pPR. .

The longitudinal stress: f. T (psi) Eq.7.3.5
o . pR.L .

The longitudinal elongation: AL = B (0.5-p) (in.) Eq.7.3.6

where: p —Internal pressure (psi) or pressure differential
E — Modulus of elasticity (psi)
. - Poisson's ratio
R. — Radius of the cylindrical shell
t - Thickness of the cylindrical skin

(B) DOUBLE-CYLINDER SECTION:

Double-cylinder (double-lobe or double-bubble) fuselage sections are frequently used on narrow
body fuselages to give more lower deck cargo volume as shown in Fig. 7.3.2. The upper and lower
cylinders still act as individual cylindrical shells but the floor member will pick up tension load (Ng):

Nr=p(Reu cos 8y + Re cos 6.) (Ibs./in.) Eq.7.3.7

where: p - Internal pressure (psi) or pressure differential
Rcy — Radius of the upper cylindrical shell
Rc. — Radius of the lower cylindrical shell
8y — Tangential angle of the upper cylindrical shell
6. - Tangential angle of the lower cylindrical shell

Upper cylinderical shell

Lower cylinderical shell

Fig. 7.3.2 Double-cylindrical Section
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7.4 HEMISPHERICAL SHELLS

A hemispherical surface of a low curvature is commonly used as a pressure dome, as shown in Fig.
7.4.1, in aircraft fuselage design; this dome supports the pressure loading by membrane stresses.
Generally, a reinforcing ring, placed at the seam, resists the radial component of these stresses.

The meridian and tangential (perpendicular to meridian) membrane stress (perpendicular to
meridian) are identical which is equal to the smaller longitudinal stress (f) of cylinderical shell:

\ pR :
f,=f,==— (psi) Eq.7.4.1
2t
where: f, — Skin tangential stress (psi)
f, — Skin meridian stress (psi)
p — Internal pressure (psi)
R — Radius of the hemispherical shell (in.)
t — Thickness of the hemispherical shell skin (in.)

Hemispherical shell

6 — Tangential angle
¢ — Meridian angle

Fig. 7.4.1 Hemispherical Shell

The selection of end bulkhead configurations for pressurized cabin fuselage design are discussed

below:

(a)

Hemispherical bulkheads:

This type of bulkhead is highly desirable from a structural standpoint, but because of
space limitations, as shown in Fig. 7.4.2, it is physically impossible to assemble the
complex joint.
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Joint (area of space limitation)

Henuspherical bulkhead

(Aft fusclage)

Fig. 7.4.2 Fuselage Bulkhead with Full Hemispherical Shell

(b) Flat bulkheads:
This type, as shown in Fig. 7.4.3, is structurally inefficient and heavier but it

¢ Provides more useful volume as shown in Fig. 7.4.3 in fwd fuselage radome area
* Is used when a passageway in aft bulkhead is requireed (e.g., DC9, B727, BACI 11,
etc.)

Aft flat bulkhead
with passage way
Fwd flat bulkhead

Il
R*io M (Fwd pressunzed fuselage) (Aft fuselage)

Fig. 7.4.3 Fuselage with Flat Bulkhead Applications

(c) Semi-spherical bulkheads (dashed head):

This type of bulkhead, shown in Fig. 7.4.4, is a compromise design which supports the
pressure loading by membrane stresses in the same manner as a hemispherical
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bulkhead. A bulkhead ring, as shown in Fig. 7.4.5, is required to assemble this bulkhead
to the fuselage and also to resist the compression loading which results from internal
pressure on the semi-spherical shape.

R
N = N, cos & = (pT) cos b

_ R

R " sin ¢
pcosd R
NBR—( 2 )(Sin(b)

The compressive loads acting on the bulkhead ring are:

Eq.7.4.2

where: ¢ — Meridian angle
p —Internal pressure (psi)
R~ Radius of the semi-spherical shell (in.)
R. —Radius of the cylindrical shell (in.)
Ngr — Uniform radial load acting inward on the bulkhead ring (Ibs./in.)

e — compression load acting on the bulkhead ring (lbs.)

Bulkhead conjunction  Ngp Ne Ner |
! / ® Ngr
g g Nx:&l Fax
R/ o N |
R | l b ~ 60° Nl

/J

Bulkhead ring | Q\ )
| \I Bulkhead ring

/! N

; ? Fpr———»
Fwd fuselage Aft fuselage /
NBr N, Semi-spherical bulkhead

Semi-spherical bulkhead

Bulkhead ring

Fig. 7.4.4 Semi-spherical Bulkhead and Fuselage Body Conjunction
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Crown cap

Fail-safe
Straps

Crown ring

- . Inside gore

‘ , _ Stiffener
]
L * outside gore
- Shaded areas represent skin doublers
additional small doublers at penetrations.
Cap
Qutside gore

Crown ring

Outside gore

Inside gore Stiffener 1
Inside gore

Inner frame
View 'B'
Section A - A

Skin Doubler Skin

Stringer Stringer

Outside gore

Tension fitting Inside gore

(Bulkhead ring = frames + inner frame)
Inner frame A..J Stiffener

View 'A’

Fig. 7.4.5 Semi-Spherical Bulkhead Used on Pressurized Transport Fuselage
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Example:

Assume a fuselage, as shown in Fig. 7.4.4, having cabin-differential pressure of 8.77 psi and a
diameter of 200" at the pressurized semi-spherical bulkhead with a meridian angle ¢ = 60°.
Determine the bulkhead ring compression load.

From Eq. 7.4.2, the bulkhead ring compression load is:

2 2
Fox = (sz“ Jcot &b = (8—'7—7;—1(&)c0t 60° = 25,317 Ibs.

7.5 HONEYCOMB PANELS

Applications for honeycomb materials which are used in sandwich construction are many and
varied. The most desirable honeycomb structures is that made of composite materials because it
has the lowest structural weight and is easily fabricated. Nearly every aircraft or missile that flies
today, or that will fly in the future, utilizes composite honeycomb sandwich construction in the
structures of the airborne unit (e.g., see Fig. 7.5.1).

The reasons for the aircraft designer's choice of a honeycomb panel rather than more conventional
construction (e.g., skin-stringer type) usually include:

» Its high strength-to-weight ratio

+ Vastly improved sonic damage resistance; impact resistance; resistance to battle

damage

* High rigidity per unit weight

= Superior surface smoothness

* Insulation

¢ Economy (use of composite materials and precludes corrosion problems)

Structural panels (Exterior panels):
Wing and empennage fixed leading and trailing edge panels, control surfaces, fairing, radome, tail cone,
landing gear doors, fuselage floor panels, etc.

Non-structural panels (Interior panels):
Fuselage side-wall panels, ceiling, partition, lavatory, decoration panels, etc.

Fig. 7.5.1 Honeycomb Structure Applications
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The function of the honeycomb or sandwich panel, shown in Fig. 7.5.2, may best be described by
making an analogy to an I-beam. The high density facing of the honeycomb panel corresponds to
the flanges of an I-beam, the object being to place a high density, high strength material as far
from the neutral axis as possible, thus increasing the section modulus. The honeycomb in the
sandwich structure is comparable to the web of an I-beam, which supports the flanges and allows
them to act as a unit. The honeycomb in a sandwich panel differs from the web of an I-beam in
that it maintains a continuous support for the facings, allowing the facings to be worked up to or
above their yield strength without crimping or buckling. The adhesive which bonds the honeycomb
core to its facings must be capable of transmitting shear loads between these two components thus
making the entire structure an integral unit. When a sandwich panel is loaded as a beam, the
honeycomb and the bond resist the shear loads while the facings resist the forces due to bending
moment, and hence carry the panel bending or tensile and compressive loads. The results from
bending have been found to be influenced by several parameters:

» Facing thickness and material
» Core material and thickness.

Facing Core

Adhesive

Completed honeycomb panel
(Note: The adhesive may be eliminated if prepreg material is used as facings)

Fig. 7.5.2 Honeycomb Structure

The facing thickness alone will cause variations because the skins are able to carry shear loads in
addition to what the core carries and, furthermore, they are able to take on additional shear loads
after the core has reached yield strength. Thus far the primary application for honeycomb panels
on airframe structures is for normal pressure loading (aerodynamic pressure) cases. Whether
honeycomb panels could ever be used as columns to carry primary compression loads remaines to
been seen due to lack of reliability.
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(A) DESIGN REQUIREMENTS

Honeycomb structures should be designed to meet the basic structural criteria listed below when
these criteria pertain to the type ot loading under consideration:

» The facings shall be thick enough to withstand the tensile or compressive stresses
imposed by the design load

» The core shall have sufficient strength to withstand the shear stresses induced by the
load

* Honeycomb structures shall have sufficient flexural and shear rigidity to prevent
excessive deflections under load

e The core shall have sufficient compressive strength to resist crushing by design
loads acting normal to the panel facings

» The core shall be thick, strong and stiff enough to prevent overall buckling, shear
crimping, face wrinkling and inter-cell dimpling when the honeycomb panel is
loaded in edgewise compression

» The adhesive bond shall be strong enough to withstand any flatwise tensile and
shear stresses induced by the loading

» The honeycomb panel close-outs and attachment points shall have sufficient strength
and tie in with the core and facings to transmit load to the rest of the structure

Modes of failure in honeycomb structures are shown in Fig. 7.5.3.

FACING FAILURE

Initial failure may occur in either compression or
tension face. Caused by insufficient panel thickness,
facing thickness, or facing strength.

Tensile failure in facin;

TRANSVERSE SHEAR FAILURE

Caused by insufficient core shear strength of panel

thickness. ] 11 [ 1 |l

Fig. 7.5.3 Honeycomb Failure Modes under Normal Pressure

When using composite materials, both the facing fiber and core directions should be called out on
the drawings to insure that the strength required is obtained; see Fig. 7.5.4.
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1
g b
- 900 [T
¥ 900
0o Qo
|
T
'—4— a ————|
0° and 90° warp direction 45° and - 45° warp direction
(Strong in bending) (Strong in in-plane shear which is
not used in plate bending)
(a) Facing Material (warp direction)
(Long edge)

W (Transverse
direction)

Ribbon direction
(Short edge)

(Usually the ribbon direction (L) is placed along the short edge of the panel to carry high shear load)
(b) Core Material (Ribbon direction)

Fig. 7.5.4 Orientations

(B) FACING MATERIALS

After familiarity is gained in honeycomb construction as to where, why, and how it is used, the
proper selection of material becomes quite obvious. The following points should be considered
when selecting materials:

(a) Care should be taken in selection of different materials which would be in contact with
each other and the effects of thermal expansion must be taken into consideration.

(b) It is very difficult to completely seal a honeycomb panel against outside environmental
conditions. Even though it may be assumed that moisture or other contaminants would
not come in contact with the core materials, in actual practice this is generally not true.
The core material, as well as the facing material, must be able to maintain its properties
when thus subjected to the outside elements.

(c) Care should be taken to select the most economical of the various material combinations
suitable.
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In a panel it is generally desirable to use the same facing material on each side of the honeycomb
structure. In cases where dissimilar skins are required (not desirable), caution must be used to
eliminate skin distortion due to unequal thermal expansion coefficients. This may be particularly
troublesome during the honeycomb panel curing cycle.

Where parts are of a complex contoured shape, reinforced composite material faces should be
considered. These may frequently be laid up prepreg plies of composite materials and cured as an
integral assembly of skin and core. Even where pre-cured skins are a requirement, tooling costs may
be less for fabrication of these materials than for formed metal facings, and the tolerance problem
less severe.

Composite materials, i.e., fiberglass, Kevlar, graphite, etc., have been widely used in airframe
secondary structures. Fig. 7.5.5 shows compressive and tensile stress allowables for fiberglass epoxy
laminate materials.
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] /
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~ 4 T
é + - 3 181 type 1 ———{—
g 7 l !
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AN | BN NN T 4
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—
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. 5 P ;4 e " ql PR

Phies

Fig. 7.5.5 Compressive and Tensile Allowable Stresses for Fiberglass Laminate Materials

207



Chapter 7.0

(C) HONEYCOMB CORE

Honeycomb cores are produced in a variety of materials including paper, fiberglass, composite
materials, aluminum of various alloys, stainless steel, and many super alloy materials. Fig. 7.5.6
shows the shear strength properties of non-metallic Nomex (HRH10) and it is apparent that
normally expanded honeycomb is stronger in the ‘L’ direction than it is in the ‘W’ direction.

Whenever possible, a structural engineer should take advantage of this fact.

Plate Shear
Honeycomb “L” Direction “W?” Direction
designation Strength Modulus Strength Modulus

psi ksi psi ksi
Material — Cell — Density Typ. Min. Typical Typ. Min. Typical
HRH 10 - !T -1.8 90 65 37 50 36 2.0
HRH 10— % -3.0 190 165 7.0 100 85 35
HRH 10 - —é— -4.0 270 225 9.2 140 110 4.7
HRH 10— -;— -50 325 235 — 175 120 —
HRH 10 - % -6.0 370 260 13.0 200 135 6.0
HRH 10 - % -80 490 355 16.0 275 210 78
HRH 10 - % -9.0 505 405 17.0 310 260 9.0
HRH 10 ~ -l% -20 110 80 45 60 45 22
HRH 10~ -1 -3.0 160 130 538 % 70 35
HRH 10— l‘;—ﬁ -4.0 245 215 7.8 140 110 4.7
HRH 10 - 13—6—45 290 225 9.5 145 110 4.0
HRH 10 - % -6.0 390 330 14.5 185 150 6.0
HRH 10 - —41— -1.5 75 45 30 35 23 1.5
HRH 10— % -2.0 110 72 42 55 36 2.8
HRH 10 - —4—1‘— -3.1 170 135 7.0 85 60 3.0
HRH 10 - % -4.0 240 200 7.5 125 95 35
HRH 10 - % -15 75 45 3.0 35 23 L5
HRH 10 - % -2.0 110 72 42 5§ 36 22
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Honeycomb core shear strength will vary with core thickness such that thicker cores have lower
shear strength and rigidity than thinner ones. In view of typical core thickness values in actual
usage, as well as aircraft company and military specifications, honeycomb core is generally tested
at the thickness of:

. 0.625 inch for aluminum materials.
. 0.500 inch for non-metallic materials.

Honeycomb manufacturers are often asked to qualify core materials to other thickness values and
the engineer should use the correction factor for each material being considered. Fig. 7.5.7 gives
approximate correction factors for both aluminum and non-metallic honeycomb core for
preliminary sizing use.

L4
tLe
AY
N
N
s 1.0
g \
8 \\‘\ I~
= _—
- (AI i
g [~ \lgnlnllm)
S os \Fol; T
Metaljcy T~
0.6
o 0.5 1.0 15 2.0 2.3

Core Thickness (inches)

(Note: Use each material’s available correction factor)

Fig. 7.5.7 Approximate Correction Factors for Honeycomb Core

(D) PANEL CLOSE-OUTS

It is generally good practice to close off the edges in honeycomb panel construction. The edge
closure will protect the core from accidental damage, serve as a moisture seal, and provide edge
reinforcement to facilitate transfer and distribution of edge loads; see Fig. 7.5.8.

Decorative trim Facing Outer facing
r"/" ! /

// 1 T
AL ] Jr| D

I z

—

Potting compound

IFacing Inner facing

(a) Square Edge (Interior Panels) (b) Tapered Edge (Exterior Panels)

Fig. 7.5.8 Panel Close-outs
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Good design always involves choosing the best approach from several alternatives. Certainly
selecting ways to close-out a honeycomb panel and assure proper load transfer from the facings
and core to the attachment points is probably the most critical aspect of honeycomb panel design.
To do this with the least amount of cost and weight premium involves knowing how the part will
be fabricated in shop. The most common configurations are:

210
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(b)

Square Close-outs:

Square close-outs, as shown in Fig. 7.5.8(a), are used for interior panels such as floor
panels, side-wall panels, ceiling panels, partitions, etc., inside of the fuselage. Most of
these panels, except the floor panels, are for decoration purposes and are non-structural
panels which are easily made, and are light structures.

Tapered Close-outs:

Tapered close-outs, as shown in Fig. 7.5.8(b), must be used on exterior panels such as
wing and empennage leading and trailing edge fixed panels and removable doors and
fairings due to their higher surface normal pressure load and moisture intrusion. Due to
aerodynamic smoothness and low drag requirements, the close-out used must:

* To meet the shear strength requirements (see Fig. 7.5.9) in the tapered area caused by
static, fatigue or sonic loads

» Form a continuous aerodynamic surface with adjacent structure

e Maintain minimum edge thickness as shown in Fig. 7.5.10

* Contain the fastener countersink (countersunk head height) within the edge thickness
to avoid knife edge, as shown in Fig. 7.5.11

* Meet tension allowables for edge fastener pull-through, as shown in Fig. 7.5.12

Fastener Doublers*

Edge thickness l R =10%0.5 in. (typ) Basic outer facing

() ‘ATapered area

v Basic inner facin
Min. 0.5in. g

* Use same type and number of plies in the facing laminates on each side

Edge load Facing laminate at tapered area
(Ibs./in.) (Basic panel facing plus additional doubler fabric plies below)
Inner facing Outer facing
50 3 plies of 120 3 piles of 120
80 4 plies of 120 4 piles of 120
100 2 plies of 181 2 plies of 181
150 3 plies of 181 3 plies of 181

Fig. 7.5.9 Allowable Edge Load in Tapered Area of Panel Close-out Transition
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Fig. 7.5.10 Edge Thickness vs. Bending Moment

Aluminum Rivets Aluminum Rivets Steel Fasteners
(standard) (shear head) (shear head)
5 3 1 5 3 | 3 | 5

D, Fastener dia. (in.) — - — =L = L 0 1

32 16 4 32 16 4 16 4 16

Tension allowable (1bs.) 490 700 1,240 360 520 930 1,220 2,280 3,670
Head height — t, (in.) 0.055 0.070 0.095 0.036 0.047 0.063 0048 0.063 0.07

Note: Edgc thickness: t. = 1.5t, ort, = tskin whichever 1s greatest.
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¥ 4

e, S
P

tean - Adjacent skin Edge thickness (t¢)
panel thickness

Fig. 7.5.11 Typical Countersunk Fastener Tension Allowables and Head Heights
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Fig. 7.5.12 Fastener Tension Pull-through Allowables for 181 Type Fiberglass Fabric Laminates
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The tapered transition shown in Fig. 7.5.13, which is commonly used as the wedge of a wing flap,
aileron, elevator, rudder, etc., is occasionally accomplished by bonding one facing to a constant
thickness core; machining the core to the desired taper and then bonding a second facing to the
core. This multi-stage bonding may reduce the strength of the adhesives which are subjected to
thermal cycling, but in some cases multi-stage bonding is the most practical assembly technique.

Adhesive

Fig. 7.5.13 Tapered Transition

(E) CORE-INSTALLED INSERTS

The load imposed on an insert is one of those shown in Fig. 7.5.14

Insert

(a) Tension {b) Shear

Fig. 7.5.14 Types of Load Imposed on a Insert

Since honeycomb panels generally have thin facings, the shear and tension loads in particular
should be transmitted to the entire honeycomb core, as shown in Fig. 7.5.15, whenever possible.
For this reason, most inserts are bonded to the core by means of a potting adhesive. Selection of
such inserts depends on the following factors:

* Panel thickness
¢ Specific strength requirements
* Environmental exposure

Near side facing

e faci
Potting compound Far side facing

Fig. 7.5.15 Potted Inserts Used in Honeycomb Panels
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The installation of a potted inserts, shown in Fig. 7.5.15, is used in non-metallic panels in which
the insert is potted into the core and it provides the best structural strength since the adhesive
bonds the fastener to both facings and the core. The near side facing is the most effective to react
shear loads. Figs. 7.5.16 and 7.5.17 provide tension (P} and shear (P.) allowable loads in panels of
fiberglass facings and Nomex core.

3-120 3/8 ] ,
| \ - 7 Tension (P,)
Plies Type Cell size T 1
J P e e k= T
3 Shear (Py)
1
300 f"’ 600
= I\
3-120 (3/8)
/]
~ / -
< ya £
= ¥ 13120 (1/a) [ 3-120 (1/4) X
c | \ £
- et F=]
£ 2001 S mm — 400 £
< 61_74 - 5 Lt i
E — g"“:- E
= 1-120 3/8) T | 1 3-120 3/8) 2
‘B / \ [ 3
E 3 AR TS &
1-120 (1/4) T 1o
4 b
]
0 ] | ] 1-120 (3/8)
1 v 200
L
P . L 1-120 (1/4)
A Insert (Shear-Lok, SL-606) —
w2 R A AR | 1
- F | frazzs ! B |
T ] s T RN T
4 L], P T
f - Near side facing
P Pidt bty
0.25 0.5 0.75 1.0
t

(Note: Insert potted in panel with 120 type fiberglass facings and Nomex core (HRH10)

Fig. 7.5.16 Tension and Shear Load Allowables through Insert Potted Honeycomb Panels
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Tension Load Allowables, P,, (Ibs.)
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(Note: Insert plotted in panel with 181 type fiberglass facings and Nomex core (HRH10)

Fig. 7.5.17 Tension and Shear Load Allowables through Insert Potted in Honeycomb Panels
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Example:
Given:  Panelsize: a=30in. and b=20in. . a =30 in. L
30 i g}
Panel aspect ratio: b =50 =15 t g+ + + + t+ f
g 0% Warp direction
Normal uniform pressure load: p =5 psi + £ -
(Assume a plate with 4 hinged edges) +3 +
Material: Facings — Fiberglass plies - §
(type 120 and 181 fabric) ° 1
Nomex core (HRH10) B+~ v~ v 4
Edge fasteners: Dia. =—3— (100° steel
16 p=>5psi

Requirement: The max. panel deflection (3)
under given uniform load
should not be greater than 0.5".

Assume a plate with 4 hinged edges under uniform load (Case 1 in Cahpter 7.2)

(1) Design and sizing practices are as follows:

* Use thicker facing on compression side, if possible

» Assume centroid depth (h) between two facings and core thickness, t.=H —

« This is a process of trial and error method

+ First assume a honeycomb panel configuration as shown below:

L
|4

101n _—>i

tomer = 0.0135 in.

'HHHL_]

3 120

Goner _O 0135 in.

}

countersunk standard head) to4ot t } I 1 [

tuuler _

2 2

b =20 in.

tinm:r

(2) Find max. bending stress at the center of the plate (use Eq. 7.2.1 and B from Fig. 7.2.2):

2

f =pB( p%) at the center of the plate

20°
)

=0.485 (5 X

= 9— (solid plate thickness)
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Plate and Shell Stress

(Assume unit width of 1.0 in.)

t¢ - facing
NN S S S S S S SSSSY
NN T T
' I |
> M t l (Hor}eycomb panel) h M
4 N
Iy = 3/12 ] ‘
(Moment of inertia of solid plate) t - facing

3)

Ip=tch2/2
(Moment of inertia of honeycomb panel)

3
Moment of inertia for solid plate: I, =

12
S t;h’ . .
Moment of inertia for honeycomb panel : I, = 5 where t, =facing plies
Let I, =1, and then,
b’
127 2
£ = 6t,h? Eq. (B)
2
t* = (6t;h*)3 Eq. (C)
From Fig. 7.5.5, use 3 plies of 120 type (t, =3 X 0.0045 = 0.0135 in.),
300 1bs./in. .
FIZ() = ( 0.0135 ) = 22,222 pSl
Combining Eq. (A) and Eq. (C) and let f = Fy, = 22,222 psi to obtain,
- 22 _ 970
C=06uhy =5

h = 0.34 in. (Required honeycomb core thickness for bending moment strength)

Max. deflection at the center of the plate (use Eq. 7.2.2 and o from Fig. 7.2.2):
(use E = 2.6 x 10° psi, see Fig. 7.5.5)

pb’
d=af Etj)
20*
=0.085(5 X 2.6 X 10° X t’)

Substitute t* = 6t;h’ [from Eq. (B)] into the above equation and let them equal to 3 = 0.5
in. (requirement):
20"

=008 X —————————)=0.5
8 =0.085( 2.6x106x6t1-h2) 0

h=0.804 in. '(Required honeycomb care thickness for stiffness) > 0.34 in.
Therefore, the final core thickness: t. = h —t; = 0.804 — 0.0135 = 0.79 in. for this panel.
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(4) Find max. shear load at the center of the long edge of ‘a> (Eq. 7.2.3 and k = 0.485 from
Fig. 7.2.2):

V=kpb=0.485X5x20=48.5Ibs./in.

(5) Determine the core material with t.=0.79 in.:

Use Nomex honeycomb core (HRH10 3 2.0); from Fig. 7.5.6 obtain the shear

16
allowable 80 psi (L) and 45 psi (W).

With core thickness t. = 0.79 in., from Fig. 7.5.7 find the correction factor = 0.91 and
the shear allowable in the ‘L’ direction is

Va =80x0.91x0.79 = 57.51bs./in. > V = 48.5 lbs /in. OK.

(6) Close-out at tapered area :
From step (4), the max. shear load along the edge of a = 30" is V = 48.5 lbs./in.
Doublers required in tapered area; refer to Fig. 7.5.9,
Inner facing: Requires 3 plies of 120 type
Outer facing: Requires 3 piles of 120 type
(Discussion: Besides the basic outer facing of 3 plies of 120, add a set of doublers:
3 piles of 120.
(7) Close-out - edge thickness:
From step (4), the max. shear load along the edge of a =30"is V = 48.5 Ibs./in.
The moment distribution is shown below:
M =1.0x48.5=48.5 in.-1bs./in.
Assume: M, = 60% M =48.5 X 60% = 29.1 in.-lbs./in. (at taper end)
M, =40% M = 48.5 x 40% = 19.4 in.-1bs./in. (at fasteners)

End of tapered area

| V =48.5 1bs./in.

Fastener

At end of taper, the moment is M, = 29.1 in.-lbs /in.
From Fig. 7.5.10, the edge thickness, t., = 0.068 in.
From Fig. 7.5.11, the min. edge thickness due to countersunk head height t, = 0.048

(steel D =%in.),

te.r=1.5x0.048 =0.072 in.
The final edge thickness, t. =0.072 in.
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(8) Fasteners:
From step (7), the moment at fasteners is M, = 19.4 in. lbs /in. Assume fastener's pitch
is 2.0 in. and use fastener edge distance ofe =3D =3 (—) = 0.56 in. The max. tension

load on each fastener is:

V = 48.5 1bs./in.
0.56 in. 1
te = 0.072 in. Fe——— M, = 19.4 in.-Ibs Jin.
i ) N i,
3/16 in. Dia. steel fastener - te
. L (2/3) X 0.56 y
(Pitch = 2.0 in.) b
3
P=2X(V +L2)
0.56 x *3—
=2 X(48.5 + 194 )
0.56 X?

= 201 Ibs. tension load per fastener

From Fig. 7.5.12 with t, = 0.072 in. and steel D = % in. fasteners, obtain the pull-
through allowable load of 208 1bs./fastener which is greater than the required P; =201

Ibs. O.K.

(9) Final configuration as sketched below:

(Note: This is one of many alternatives for design of this panel; final selection depends
on structural weight, fabrication cost, service experience, etc.)

Fastener (steel, 7 16 3 piles of 120 doublers (on each facing)

056m

(20° - 30°) 3 plies of 120

l
L]

'III‘

K

te=0.79 .

Nomex core — HRH 10——1%-2.0

(—' cell size and 2.0 1bs./ft.%)
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Chapter 8.0

BOX BEAMS

8.1 INTRODUCTION

This chapter is primarily concerned with the box beam (Ref. 8.3) which is a construction of thin
skins or webs and stringers (flanges, caps, chords, etc.). The design of such a box beam involves
the determination of the distribution of shear, bending and torsion loads at any section of a wing or
fuselage into axial load in the longitudinal stringers and shear in the skins (upper and lower skin-
stringer panels) and webs (vertical spar webs). This chapter gives the engineer practical methods
of analysis to perform the preliminary sizing of box beams.

Since the individual caps and shear web of a simple beam alone are incapable of resisting torsion
(approximately true in most cases) it follows that a single-web beam can resist a shear load only
when the load is applied to the shear center. The single-web beam cannot usually be used by itself
as a structural member due to its inability to resist torsion (because of the very small torsional
constant value of ‘J’, as discussed in Chapter 6.0).

1t is therefore customary to use a closed box section, a cylindrical beam such as a circular fuselage
section, a two-spar wing box to form a closed section, or by combining one or more webs to form
a multi-cell box, as shown in Fig. 8.1.1. The shear flow distribution in a box beam cannot be
determined by the bending stresses alone, as it is impossible to find a point of zero shear flow that
will be independent of the external loads.

= s

ELIIILL
VN SR S S SR R Al o

(Skin-stringer panels design)

(a) Transport Wing (Two-cell Box)

Fig. 8.1.1 Wing Box Beams
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C I 7

(Multi-spars design)

(b) Fighter Wing (Multi- cell Box)

Fig. 8.1.1 Wing Box Beams (cont’d)

Most box beams used in transport aircraft (in thicker areas of wings or in the tail) use single-cell
boxes although in a very few cases two-cell box construction is used. The thinner wing boxes used
on fighters and supersonic aircraft utilize multi-cell boxes which provide a much more efficient
structure. Due to broad and comprehensive analysis of box beams, it is obviously impossible to
cover all aspects in this chapter. However, the most important information and design data for
practical design requirements and preliminary sizing will be covered in this chapter. The analyses
in this chapter cover only one and two-cell boxes; refer to the references at the end of the chapter
for information on other multi-cell box designs. References 8.9 and 8.10 describe the torsional
shear flows in a multi-cell box beam by the method of successive approximation, which provides a
simple and rapid method for determining the shear flows.

A practical description of a box beam is a rectangular shape with skin-stringer panels on top and
bottom connected by two vertical beams (a single-cell box) or by more vertical beams (a multi-
cells box). Box beams have the following characteristics:

» They consist of wide skin-stringer panels which are subjected to shear flow due to
bending moment and torsion

e The thin skins take little of the axial compression load

+ The thin skins carry shear loads very well and even though they may buckle under
the loads they do not fail but continue to carry the buckling loads plus significant
additional shear loads

» Stringers carry axial loads, and shear flow induces a change in axial load in the
stringer

* The usual cross-section of a wing box is unsymmetrical both in shape and in
distribution of material
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¢ The resultant bending moment and shear at a section are usually not normal to the
neutral axis

» Since conventional wing boxes taper in planform and section as well as in area, the
effects from taper are accounted for directly

« It is necessary to compute the principal axes of the beam before the axial stresses
can be determined

Once a good grasp of the fundamental analysis is obtained, it facilitates the design of actual box
beam structures. The effects of “shear Iag” due to cutouts and discontinuities, tapers in depth and
planform, and building-in at the root which restrains warping, are quite important and may have
significant effect on the design.

Not only is the box beam an important construction method, but applications are found in the
primary structures of all current airframe designs. Much past research and testing indicates that
box beam applications are generally recommended for airframe designs as follows:

+ Single-cell box beams are used for thicker wing airfoils such as transport wings, tail
sections, control surfaces, fuselage shells, etc.

*  Two-cell box beams are used for single-spar airfoil sections in general aviation or
for three-spar wing boxes designed for stiffness or other purposes

e Three or more cell box beams are basically for thin airfoil applications (approximate

wing thickness ratio % = 3 — 8%) such as fighter aircraft and supersonic aircraft

The “Unit Method of Beam Analysis” described in Reference 8.8 is a simple hand calculation
method which covers:

¢ A single-cell box

+ Shear lag effect

» Effect of taper in depth and width of the beam

= Principal axes

* Calculation done by hand using a simple desk-top calculator

It is customary to designate the reference axes of the box beam cross-section as x (horizontal), z
(vertical) and y (perpendicular to the cross-section or the box beam) axes. The common
coordinates used in box beam analysis are shown in Fig. 8.1.2.

+7, +M,

+X, +M

+y, +My

Fig. 8.1.2 Positive Sign Conventions
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Use of positive signs to represent unknown loads is recommeded, as shown in Fig. 8.1.2. If
calculations show the unknown load to be negative, the direction of the assumed load is then the
opposite.

The usual cross-section of a wing box is unsymmetrical with respect to both vertical and horizontal
axes, and the loads that act on the box are:

M, — Beam bending moments
P, —Beam shear

M, — Torsion

P, — Chord shear

M, — Chord moment

M,, P, and M, listed above are ignored in preliminary sizing because they are not the primary
design loads except under special design conditions such as 9.0 g crash landings or ditching, etc.
(see Chapter 3.0).

In this chapter it is appropriate to review the term “flexural center” which has been a source of much
confusion to engineers since there are so many similar terms, i.e., center of shear, center of flexure,
elastic center, elastic axis, torsional center, center of twist, center of least strain, etc., which are used
in technical reports, books, papers, etc. The following observations relate to preliminary sizing:

* “Shear center” is used in open section beams and is defined as a point through which
the line of action of a load must pass to not cause twist. This problem can usually be
ignored in box beam design because the nature of the box resists torque and the
loads not always pass through the “shear center”

« In box beam design use of the term “flexural center” refers to the neutral axes of the
cross-section

* “Torsional center” is when torsional moment torques through the shear center and
produces only rotational movement but no lateral translations

* The “Flexural center” does not quite coincide with the “torsional center” but
approximates it for preliminary sizing

(A) SHORTCOMINGS OF BEAM THEORY

There is no doubt that the shell type of box beam is widely used in airframe structures, particularly
for wing, tail, and fuselage applications. However, for determining beam axial stresses due to
bending, the classic "beam theory” has serious shortcomings:

(a) Under pure bending (no shear) the assumptions of classic “beam theory” are valid

(b) When the beam bending is the result of the shear load which is being transmitted by the
structure it can no longer be assumed that the plane cross section remains plane

* As shown in Fig. 8.1.3, the axial loads in the top and bottom panels of the box beam
which increase from wing tip to root, are applied along the lines of attachment of the
vertical shear webs and must travel across the horizontal panel material

= This relatively long path permits appreciable shear deflection which causes the cross
section to-distort from the assumed plane section

* The result is an increase in axial stress in the panel near the vertical shear webs and
a decrease in that portion farthest away from the webs, as compared with the results
of the classic beam theory

e This phenomenon, which is called “shear lag effect”, has received much attention in
box beam analysis because of the nature of a deformed thin panel box construction
under shear loads
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(c) Other fundamental errors involved in applying the classic beam theory for shear stress
to the box beam occurs when the beam has taper in width and depth.

» Shear stresses derived from beam theory assumes a beam of constant cross section
and does not give a true picture for beams with a tapered cross sections

» The effect of taper in depth for simple beams is discussed in Chapter 6.0 and box
beams in Chapter 8.6

— Stress

l %4

/d
Shear flows — / <Upper panel
Y

Spar.

Actural stress distribution

— — —'Beam theory' stress distribution

Fig. 8.1.3 Shear Lag Effect in a Wing Box Beam

(B) STIFFENED PANELS WITH THIN SHEETS

Variations in the configurations of stringer and end restraints under torsional moment or torque
have the following effects on load distribution in the box:

(a) The effect of the torsional rigidity of open stringers such as Z, I, J, open hat-section, etc.
on the design of skin-stringer panels is as follows:

» The torsional rigidity of each individual stringer as compared to the box beam
section is so small that it can be ignored, at least in preliminary sizing

» The rigidity of the closed stringer is greater than that of the open section of the same
size

» For detail sizing, the contribution from closed type stringers could be considered and
a simplified procedure is given in Reference. 8.6

« In practice, the open stinger sections are used on the current wing, tail or fuselage box
beam designs due to the need to inspect for corrosion problems, except in special
cases such as using a few closed hat-sections as an air vent on a wing upper panel

(b) The effect of end restraint is not taken into consideration in preliminary design:

» For the equations used in this chapter it is assumed that the torsional boxes are free
to warp out of their plane and that no stresses are produced normal to their cross-
sections
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» End restraint analysis should be done by computer due to its redundant nature

* The end restraint should be considered in detail analysis where:
— the cantilever wing box attaches to the rigid fuselage side.
— the landing gear support attaches to the wing, necessitating a heavy bulkhead
— the pressure dome and fuselage meet, necessitating a heavy bulkhead

8.2 SHEAR FLOW DUE TO TORSION

The basic rules and assumptions governing the computation of shear flow in flat panels do not
change if the panels are curved around a closed structure as in a section of a fuselage or wing box
with many longitudinal stringers. The major differences in analysis come about as a result of
differences in the manner of loading of the multiplicity of load paths in the structure. There are
also some subtle complications such as out-of-plane load components on stringers. The engineer
should realize that the thickness of the skin or web does not influence the shear flow distribution.

Since the single cell is a statically determinate structure it is usually simpler to determine the load
distribution in the section by simple equilibrium. Various statically determinate sections are shown
in Fig. 8.2.1.

N
Q

\% “r

P

(a) Two-Stringer Open Shell (b) Two-Stringer Closed Shell (c) Closed Shell Box Beam

Fig. 8.2.1 Statically Determinate Sections

(A) TORSION AND SHEAR FLOWS

Assume a general closed section, as shown in Fig. 8.2.2, with sufficient support elsewhere to
effectively maintain the shape even when loaded. In order to satisfy the equilibrium requirement
that the applied torque, M,, must not develop any net load unbalance, the shear flow, q, due to the
torque must be constant around the perimeter and the sum of all the moment due to the shear flow
must equal the applied torque. Then, for any incremental distance ‘ds’ along the perimeter,

dM, = qxds X h Eq. 8.2.1
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Fig. 8.2.2 Torque around a Closed Section

The moment of the force qxds about any arbitary selected point (reference point ‘0’) is the product
of the force and the moment arm, h. Since the term of ds X h (segment area) is twice the area of the
shaded triangle, and summing all torque and triangles around the section,

Torque: M, =q X 2A Eq. 8.2.2

M, Eq. 823
2A

where: A —Enclosed area along the entire perimeter

or Shear flow: q=

Such a uniform torsional shear flow applied to the end of a closed section structure develops
constant reacting shear flows in the full structure identical to those developed in single flat panels
by in-plane loads as discussed in Chapter 6.0.

(B) TORSION OF CELLULAR SECTIONS

Analysis of single-cell structures subjected to torsion has already been discussed. They could be
analyzed in a straight forward manner by consideration of static load (e.g., equilibrium) alone.
With multi-cell sections this is not possible and as in the indeterminate (redundant) structures
already discussed, both equilibrium and compatibility have to be considered to develop enough
relationships to evaluate all the unknowns (see References 8.6 and 8.7 for further information).

Fig. 8.2.3 shows a cellular section subjected to a torque, M,. Consider the element a-b-c-d
subjected to a shear flow, q, due to the torque. Let 8 be the deflection due to the shear flow, and
the strain energy stored in the element is given as:

From the strain energy equation:

Force X displacement _ q ds 8
2 2

f,
G

dU =

Shear strain in element = vy =% =— per unit length

where f,, = shear stress due to torsion =tg (q is shear flow and t is thickness)
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- R B L B I

b b
1
a f/ { c
[}
A B (s
d!
My L
D C
Fig. 8.2.3 Twist of Single Cell
M,
Also 9=54
_ f. _9q_ M,
G Gt 2AGt

where: A = Enclosed area of the box A-B-C-D

Strain energy:
qdds
2

oM, M, ds
_(2A)(2AGt ) 2 )

dU =

2

._.( MV
TV 8AGt

)ds
Total strain energy:
M,
U - d;(gAZGt)dS
— Myz
- (SAZG

ds
)SBT

where di% is the line integral and is the integral of the expression d_ts around the cell. If web

thickness is constant for each wall, 5[5%5— is the summation of the ratio of wall length to wall

thickness for the cell.

Using Castigliano’s Theorem, the twist angle ‘8’ will be obtained by:
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_aU _a(SAZG)d;-t_
T oM, oM,

M,
m)gﬁ—

2A

]

=(§~AE)43QT

The above expression has been derived from a unit length of the box. The twist over the entire
length, L, of the box will therefore be obtained by:

0 = (2 ICUARS
The above equation can be rewritten for a single section as below:
o = 4A°  M,L
- 360 G2 (T =6
where: gﬁé —ﬂ (From Eq. 6.8.4)
q= 2A’ (From Eq. 8.2.3)

Consider the two cell structure shown in Fig. 8.2.4 and let q, be the shear flow on the free walls of
cell 1 and g, the shear flow for the free walls of cell 2.

Fig. 8.2.4 Shear Flow Distribution of Two-Cell Box

Torsional moment in terms of internal shear flow:
Taking moment of shear flow about a joining point ‘¢’
M,.=2q: (A + Az) + 2Q:A5 — 2q3An
=2qA +2q1An + 2q2 A0 - 23 An
=2q:A +2q1An + 2Q:A2 - 2(q, — q2)Ax

=2q,A +2q:A;
When a given torque is applied to the multi-cell box beam, consideration of equilibrium requires that
M, =3, (2q:A)) Eq. 8.2.4

The moment of internal shears for a multi-cell box structure is equal to the sum of twice the area
of each cell multiplied by the shear flow in its free walls.

If q5 is the shear flow in the common wall, then for equilibrium:

q:=qgi —q2
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Also condition of compatibility requires that the twist of all the cells must be the same, i.e.

2AG)§5— Eq.8.2.5
Combining of Eq. 8.2.4 and Eq. 8.2.5 to obtain the values gin and q; ...... g. and 9 in a multi-cell
box structure.
Example:
Determine shear flows in all walls as shown below:
t=.051in. t=.051in.
D ———— N
T i
10 in. t=1in. = .1 in. t=.11n
_L Cell 1 Cell 2 @: 10x10° in.-1bs.
y -
| t=.05in. 4, t=.05in N
| T | —
10 in. 12 in. G = Constant

Assume the shear flow in cell 1 is q, and in cell 2 is q,. Their angles of rotation are:

I 1010 10
268 = (ox 10’ 9 o1 005 Y 01 005) qZ( )]
2G6,=6q|—
I 12 10 12 10 10
2G8: = (155 1221905+ 01 0,05 T 0.0 ¢ )
17 5
266, = (5)9: - (),
But e|=ez

60~ a2 = (F)a: - (Da,

q:= (j—é)ql Eq. (A)
Also for equilibrium:

M,=2A.q: +2A.q:

10° = 200q, + 240q; Eq. (B)
Solve Eq. (A) and Eq. (B), obtain:

q,=12,242 Ibs./in.; q,=2,298 1bs./in.

Qi =q.—q:=-561bs./in.

230



Box Beams

Final loading:

2,242 1bs./in. 2,298 Ibs./in.

. 5 .
2,242 Ibs./in. 36 Ibs./in. ,298 lbs./in.

—. O e———

2,242 1bs./in. 2,298 Ibs./in.

(C) SHEAR CENTER

The shear center for any beam bending becomes a main reference point for both shear and torsion
loading. Since the torsional stiffness and strength of an open section is quite small, it is
recommended to keep the applied load at or close to the shear center as shown in Fig. 8.2.5 and for
any segments of shell structures, the following rules should be kept in mind:

« The applied load acts parallel to a straight line connecting the centroids of the two
adjacent flanges (or stringers)

. 2A, . . .
* Passes through the shear center a distance e = T from this straight line.

* Has the magnitude =q h

The shear center for open cells is located by maintaining rotational equilibrium between the
applied load and reacttve web shear flows.

(©)

Fig. 8.2.5 Shear Center of Three Open Shell Sections

The familiar D section, shown in Fig. 8.2.6, which is a part of a nose section of an airfoil, is used
for ailerons, elevators, rudder, flaps, etc., on general aviation and small aircraft airframes. The D-
section may be considered a combination of a beam and a torsion box. Since this closed cell is
stable under bending and torsion loads, a different procedure is required:
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P, — Resultant of shear flow
on nose skin

P.— Resultant of shear flow on
vertical web

Fig. 8.2.6 Shear Center of a D-Cell Section

D-CELL WITH TWO-STRINGERS SECTION:

Assumptions

(a)

(b)

()

Bending moment is taken by beam stringers only:

* The vertical load, P,, must act parallel to the vertical web of the D-cell beam
* There can be no component of load in any other direction since there is no stringer
to resist it

Torsion moment is taken by the cell (the shear flows are carried by both the nose skin
and vertical web).

The total shear load acting on the cell may be resolved into two components:

* The shear load P,, acting in the web plane
* The shear load P, in the forward or aft skin acting at the shear center of the section

From static:

Therefore,

Also,

SF,=0: P,=-P,-P,

SM, =0: P,d=DP,e, - P, =Pé_d
Since e, =—zﬁ then, P, = P.dh
h 2A0
P,dh _ dh
Po==P=Ta, = P50
_b __Pd Eq.8.2.6
qu - h - 2 .
b _ 1 d Eq.8.2.7
qu= h =-P, h +2A(,

With the skin and web thickness known, the shear stresses are:
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Box Beams

M
The stringer (flange) stress can be found from the beam bending formula of f=—", which in this

1
case becomes f = hlA-’ where h is the beam height and A is the beam stringer area.
The angle of twist per unit length of this D-cell can be determined as follows:
T
b=ar
4A}
Since T=2qA, and J=—-—
ds
t
2q _f_i_tS_
0 = AG Eq. 8.2.8
Substituting Eq. 8.2.6 and Eq. 8.2.7 into Eq. 8.2.8, the angle of twist per unit length is:
1 ann qwh
6 = + Eq.8.29
R Te WA a

where: S, — Perimeter of nose skin contour
t, — Nose skin thickness
t., — Web thickness
G — Modulus of rigidity (shear modulus)

Note that in Eq. 8.2.6 and Eq. 8.2.7:

» If P, is applied at the web, q, becomes zero
» If P, is applied at the shear center for the nose skin, then q.. becomes zero
« If P, is applied at the shear center for the cell, then the angle of twist, 6, is zero

The location of the shear center can be obtained from Eq. 8.2.9. Thus, assuming the shear modulus
are equal, G, = G, (common practice in airframe design).

Sll —__ 1 h
2A.t, dt,  2A.t,

From which, the distance from web to shear center, d = e

_ZAntn

Example:

Given section with geometry and load as shown below, determine the shear stress in the skin and
web, and the location of the shear center for the cell.

P, = 3,000 Ibs.

P, =3,0001lbs. and My =-24,000 in.-1bs. \
t, =0.032 in.

S, =38 in.(nose perimeter)

t, =0.04 in.

h, = 8.6 in.

A,=144in’?
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From 2 M, = 0 about lower point on the web:
—-24,000+3,000X5=q.Xx2x144 .. q,=-31.31bs/in.
From %P, =0:
3,000=-31.3x8.6+q.X8.6 .. qw=3181bs./in.
The shear center can be determined from Eq. 8.2.10 (assuming that G, = G,):

_ -2x144X0032
T 38x0.04 +8.6x0.032

The minus sign , of course, indicates the distance to the left of the web, see Fig. 8.2.6.

e -5.13in.

The shear stresses are:

. _ 313 _ .

In the nose skin: fun = 0032 980 psi

In the vertical web: fyy = 1= 7,950 psi
MY 004 7

D-CELL WITH THREE-STRINGERS SECTION:

The procedure for three-stringers section is:

(a) Solve for the closed cell web shear flows. If the applied loads are not applied at the shear
center, the cell will undergo some angle of twist.

(b) Calculate the shear flow which would twist the cell back into its original position.

(¢) The sum of shear flows from step (a) and (b) represent the shear flow in the cell when
the load is applied at the shear center (zero twist).

(d) Locate the line of action of the shear center by maintaining rotation equilibrium
between the shear flows in step (¢) and the applied load.

Example:

Calculate the line of action of the shear center for the three-stringer closed cell as shown below.

t, = 0.08" S = 10" P, = 2,000 1bs.
to = 0.06" Sk = 10"
t. = 0.04" S..=25"

Cell enclosed area, A, = 100 in.’

Cell circumference = 45 in.

The web shear flows can be found by static:
IM,=0:
—2,000x5=2q..x 100
. Que =-=50Ibs./in.
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LF=0: P, = 2,000 lbs.
Qe X 10 = qu. X 10
. Que ==50 Ibs.fin.

3F, =0
g X 10 + q. X 10 =2,000
. Qun = 150 Ibs./in.

¢ Qb

The cell with the 2,000 lbs. load applied at 5 inches away from a-b will undergo bending and
rotation. A balance shear flow, q,, is then applied to this cell to twist it back to its original position.

d
. Eq(Ts ds
From Eq. 8.2.8, the angle of twist is 6 = SAG Therefore, Eq(T) = 0 and solve for q,

(counterclockwise is positive):

~50(25) , q.(25) _50(10) , q,(10) , 150(10) _q.(10) _,
0.04. 004 006 0.06 0.08 0.08

C. g =22.73 1bs./in.

The resulting shear flows represent the shear flows in the cell when the 2,000 lbs. load is applied at
the shear center. The final shear flows are shown below:

a qe = 22.73 Ibs.Jin. qtac = 27,27 Ibs./in. a

qac = 50 lbs./in.

qab= 150 Ibs./in.

qfab= 172.73 1bs./in.

T

[ —————

e = 50 1bs./in. © qe = 22.73 Ibs Jin. qebe = 27.27 Ibs.Jin.
(Shear flows, q) (Shear flows, q) (Final shear flows, gy,

The shear center, e, is calculated below:

P, = 2,000 Ibs.

€ |je—
qfac = 27.27 lbs./in.

qrab= 172.73 1bs./in.

C -

gebe = 27.27 Ibs./in.

The distance ‘e’ can be then calculated from M, = 0:
2,000 x e = 2(27.27)(100)

J.e =2.73in. (the distance to shear center)
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8.3 SINGLE-CELL BOX (TWO-STRINGER SECTION)

The method of analysis for a single-cell box was discussed previously under Shear Center; now a
“cut” web method to determine shear flows will be introduced. The determination of shear flows in
the webs of a single-cell section due to a concentrated load which is not applied at the shear center
and which produces bending and torsion in the cell section is slightly more complicated than the
determination of shear flows in an open-cell section. The complication arises because each end-
load carrying element has two reaction load paths and only one equation of equilibrium, that is,
3 F, = 0. To overcome the difficulty the following procedure can be adopted:

e Cut one of the webs, thus making the cell an open cell, and therefore a statically

determinate structure

* Solve for the shear flows in the open cell, the so-called qo system
¢ Replace the cut web and apply a closing torsional shear flow gt system
e The sum of the q, and q, shear flow systems represents the final shear flows in the

cell webs

Consider a typical nose D-cell of a wing section in which the vertical web represents the shear
beam and the nose skin has no reinforced stringers. Obviously classic beam theory does not apply
directly to this cell structure because it has two shear flow paths namely in the nose skin and the
vertical web. The following example will illustrate the simple method of solution:

Example 1:

For a typical nose cell of a wing section, calculate the shear flows in the webs.

P, = 10,000 Ibs.
Area of upper and lower stringer:

A=1.0in?
Enclosed area of the D-cell

A,=100in?

Cut the nose skin as shown to form an open cell:

Balance the open cell:

a
dn= 0 -
—
gl Qw
v . -
“C(cut)
~ —
= b
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Moment of inertia about the neutral axis:
I, =2(1.0x5)=50in.’
Upper and lower stringer axial loads:

A
P, =P, = (P, X Iy

) X Zsuinge: X Aslringer

x

= (10,000 X -15—0) X 5% 1.0 = 1,000 Ibs.

Close cell:

Determine the torque unbalance, M, which must be applied to create internal shear flows, q .,
(positive shear flow as shown) to establish equilibrium. Take the moment about point ‘b’ and, then,

SM,.=0=-10,000%3 +q, X2 X 100 P, =10,000 Ibs.
", qu =150 Ibs/ in. a

3

3 in.

Find the sum of the shear flows of q, and q, as shown below:

a qi= 150 1bs./in.

) +
qo= 1,000 lbs./in.
b b
(Shear flow q. (Shear flow q, (Final shear flows
in open cell) in closed cell) in closed cell)

Example 2:

Given a cylindrical shell (D = 10") with upper and lower stringers as shown below, determine the

shear flows in the skins.
P, = 1,000 Ibs.
m10* 5 in-»

Enclosed area of the shell, A, = 2

10 in.
q1 l
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SF,=0:

1,000 .
~q1 == 0 - 50 Ibs./in.

M, =0:

T -5,000 10 _ .
qu=qu= AT 2 (m X 4 ) =-32 1lbs./in.

Therefore, qi=q,.i+q., = (-50) + (=32) = -82 Ibs./in.
Q2= Qo2 + Qo= 50 + (=32) = 18 Ibs./in.

q1 = 50 Ibs fin.

qr,1= 82 Ibs./in.

.8

+ + —_—
M, = 1,000 x5
P, = 1,000 1bs. = 5,000 in.-lbs/J " \
qi¢= 32 lbs./in.
Q2= 50 1Ibs./in. Qra= 18 Ibs./in.
(2F, = 0) (EMy = 0) (Final shear [ows)

8.4 SINGLE-CELL BOX (MULTI-STRINGER SECTION)

As mentioned in simple beam analysis, it is assumed that the bending moments are resisted by the
. Mz . . .
stringers (flanges) in proportion to the I distribution. The shear flows must be such as to produce

these stringer loads or vice versa. Since the distribution of stringer loads to resist bending is
assumed to be the same for the open as for the closed sections:

e The closed cell could be simplified by temporarily assuming one of the skins or
webs is cut

» The shear forces act at the shear center of this open section

« Having satisfied the bending conditions, the remaining unresisted loading on this
section is the torsional moment caused by transferring the shear forces to the shear
center

. . . M
This unbalanced moment will act on the torsion cell as a uniform shear flow q = =

2A
which will add directly into the shear flows for the temporarily cut section without
affecting the stringer axial loads

It will be recalled that in an open section the shear center is located so as to produce shear flows in
Mz
I
distribution will be maintained regardless of the location of the external shear force:

e . Mz
distribution in the stringers. In a cellular structure, however, the —

the webs that maintain the I

* The shear center for a cell is therefore thought of as the point at which an external
shear force must be applied so as to obtain no torsional rotation or twist of the section

e It should be noted that the shear flows determined by equilibrium conditions are
independent of the web thicknesses while the shear center of the closed cell will be
greatly affected by the shear deflection and therefore the web thicknesses
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The shear flows distributed to the webs or skins of the cell:

Must be in static equilibrium with the externally applied forces at any cut section

It is more convenient not to work with the shear center of the temporarily cut section
Any reference point can be selected (usually select the c.g. of the section)

The difference in torsional moment, M,, from the externally applied loads and that
of the cut section shear flows must simply be corrected by a uniform shear flow q =

M, .
A acting all around the cell.

There are other considerations should be kept in mind when doing calculations:

Creation of a tabulation with help from a desk top calculator facilitates calculation
The basic data supplied to the computing group must be accurate

The sign conventions must be consistant through out the entire calcualtion, see
Chapter 2.0. for more information

If there are too many stringers in a box beam, they should be evenly lumped (except
spar caps) into a number of groups to simplify the calculation (refer to LUMPING
STRINGER AREAS in Chapter 5.6)

Results of calculations must be carefully inspected and spot-checks made

An inadvertent reversal of the sign of a torsional moment or torque results in
completely misleading shear flows

A simple multi-stringer single cell box is used to illustrate the procedure for determining shear
flow in the webs or skin between stringers. Refer to Reference 8.8 for the method of detail analysis
which should be consulted. This reference explains the procedure used by most of the aircraft
industry for the analysis of box beam structures. It is essential that the stress engineer shall be
familiar with this method.

Since the true neutral axis would vary with each condition investigated, the standard procedure is
to work with reference axes parallel to the box axes through the c.g. of the section, as shown in
Fig. 8.4.1. The box is usually unsymmetrical and bending stresses on this section should be
considered; this phenomenon was discussed in Chapter 6.3 (refer to Eq. 6.3.2 and change the y to
z) The true axial stresses in the longitudinals are then obtained from the following equation:

ML+ MIL)x+MI +M.IL.)z

f
" Isz— (Ixz)z

Eq. 8.4.1

+z, +M;

A
A
l—— X f

b

—-E?—T
dA

Z

— X, +My

(Use right-hand rule for moments)

Fig. 8.4.1 The Principal Stresses
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(A) SHEAR FLOWS

From simple beam theory and Eq. 6.5.2 the shear stress is,

vQ

f=T

or the shear flow is q = =
M dA
(—)[fz( )

szxz

5 (dA) - ( —=122)(dA)

Ay
_ (f)(dA) - () (dA)
Ay
_P,-P
==

Where P, and P, represent longitudinal axial load in a given stringer at successive stations apart,
and, q, is the shear flow inducing this change, as shown in Fig. 8.4.2.

+Z

+X

Fig. 8.4.2 Axial Load and Shear Flows on a Member

S . . M.,z .
The longitudinal axial stresses are determined from I When calculating these stresses the

principal axes must be considered. These stresses are multiplied by the appropriate longitudinal
area to get load, P.

Once the axial stress is computed for adjacent sections, the procedure for computing shear flow in
the skins or webs connecting the stringers is the same as previously described.

The procedure is as follows:

(a) Cut any one web or skin between stringers in the box (it is good practice to place the
“cut” where the shear flow is near zero).

(b) Cut redundant webs and calculate “cut-web” shear flows by using:

= If not symmetrical (from Eq. 8.4.1):

240



Box Beams

_ ‘—(MZI, + MXIXZ)X + (Msz + MzIxz)Z
- LI —(.)

* Let M, = 0 because the contribution of stress on f, is small since the M, value is
generally relatively small and the I, value is quite large

f,

-M.I)x+(M,1,)z
f, =
b LI, — (L.} Eq. 8.4.2
* If symmetrical about x - axis (I, = 0) and let M, = 0.
. . M,z
Using f, = I Eq.8.4.3
b AP = fhiAi
AP

e “Cut-web” shear flows, q, = Ay

(¢) Impose:

« 3IM;=0
» Check balancing shear flows: q,

(d) Add q.to “cut-web” shear flows, q,, to final shear flows for the box beam.

(B) SYMMETRICAL BOX

The procedural steps and assumptions are as follows:
(a) Cutany one web or skin between stringers in the box
(b) Determine “Cut-web” shear flows by using:

» Symmetrical about x - axis (I, = 0) and M, = 0.

Using f, = M,z
hd AP = fhiA.
e “Cut-web” shear flows, q,= ﬁ—ly)

(¢) Impose:

+ IM,=0
¢ Check balancing shear flows: q,

(d) Addq, to “cut-web” shear flows, q., to obtain the final shear flows for the box beam.

Example 1A:

(Note: This is the first of four example calculations which use four different box beams as well as
different methods of analysis to illustrate the solutions for these types of structures).

Given a constant symmetrical wing box section (symmetrical about the x-axis) and load as shown
below, determine the shear flow in the various webs. Assume there are two adjacent stations,
namely station | and station 2, and the distance between them is y = 10 in. (wing spanwise).

Assume a vertical load of P, = 5,000 Ibs. applied at station | and assume moment
+ Atstation @ is M, , = -500,000 in.-1bs.
+ Atstation @is M,,=M,, + (-P, X 10) = =550,000 in.-1bs.
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Stringer areas:

A1 = 05 in.2
A,=05in’?

VA

T 1
A;=0.5in? 5 ﬁ)
A.=10in’ , x
As=10in? 75 o | ‘
A.=0.5in> —fé- +—7.5in.—} 10 in.

(1) Set up a table to determine section properties:

Stringer No. A X z Ax Az Ax AZ
1 0.5 20 10 10 5 200 50
2 0.5 20 0 - 10 0 200 0
3 0.5 10 0 5 0 50 0
4 1.0 0 0 0 0 0 0
5 1.0 0 10 0 10 0 100
6 0.5 10 10 5 5 50 50
3 4.0 30 20 500 200

=7.5in. and Z= 20

Locationof c.g.: X = 30 5= Sin.

4
Moment of inertia:
[,=SAZ-3AXZ =200-4(5"=100in.’

I=3Ax’ -2 A XX =500-4(7.5"=275in"

(2) Determine stringer load P, (at station 1) and P, (at station 2) values:

{(Note: Since P; is up, the induced load in stringers No. 1, 5, and 6, which are above the
neutral axis, must be compression).

M..(z-Z) M.:(z-7)

Stringer A (z-Z) fi= I f, = I P=fixXA P,=f;XA
No. (in)  (psi) (psi) (Ibs.) (Ibs.) (Ibs.)
1 0.5 +5 -25,000 -27,500 -12,500 —13,750
2 0.5 -5 25,000 27,500 12,500 13,750
3 0.5 -5 25,000 27,500 12,500 13,750
4 1.0 -5 25,000 27,500 25,000 27,500
5 1.0 +5 -25,000 —27,500 —25,000 -27,500
6 0.5 +5 -25,000 -27,500 -12,500 -13,750

(3) With the station distance Ay = 10.0 in. and skin 6-1 temporarily cut and the ‘cut’ shear
flows, qa,:

242



Box Beams

P, = 5,000 lbs.
Station 2 ‘} ‘Cut-web' +z, +M,
A
Station 1
5
/ +X, +M,
= 10in
4 +y, +My

(Note: Counterclockwise shear flow is positive torque moment, M, , (right-hand rule)
and the following “cut” shear flows are independent of torque (P, X d) and web thickness).

Stringer No.  WebNo. AP=(P,-P,) Aq —i—l; q.=2Aq

1 -1,250 -125

2 ;g 1,250 125 ‘12(5)

3 34 1,250 125 125

4 s 2,500 250 375

5 -2,500 -250

6 56 -1,250 -125 125
6-1(cut) ’ 0

The following calculations are for the above “cut” shear flow, q, = 3 Aq:
o2 =Aq:2=-1251bs./in,
o23 = Qorz + AQea =-125+ (125) =0
Qo34 = Qoz1 + Aqaa =0+ (125) = 125 Ibs./in.
Qoas = Qoa + AQas =125 + (250) =375 Ibs./in.
Qoss = Qoas + AQse =375 + (=250) = 125 1bs./in.

Qooi = Qose + AQer = 125 + (—125) = 0 (Shear flow in this web should be zero
because it was cut)

szs =2.500 Ibs. Pz_(,il.250 Ibs. P, =1,250 Ibs.
Station 2 /, - /
LA
o
| / o /
Station |
h / - TS

Py 4=2,500 Ibs. Py3=1250 Ibs.

(Reaction Forces)
(Free-body Diagrams — counterclockwise shear flow is positive rYH))
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244

“)

®)

(©)

N

Take the moments about the c.g. as the reference point “0” (any arbitrarily selected
point could be used, but in this case the c.g. of the section was used) to calculate each
“segment area” as shown:

Awia= 10X (30—;7—'5—) = 62.5in” A
P
. d z
10X5 ., e 7.5 —rf—C— 7.5 —
An.2-3 = 7 =25 in. R L 7?
SN0 Aosb /’ Aosr . !
A(\.3-4= 105 =25in2 \ ~ / -
2 Aod-s = Aoz 10 in.
c.gN  ~
Apas=A0XTS 37551 P —
2 - A03-4 Ao,2-3 ™~ ~
10X 5 Yo -
A(),S-ﬁ = 2 = 25 in.z 4 3 2
A 1—10X5—251n2 "—‘—IOif\-—»t«——— Lo T p——
0,6-1 — 2 - .

(Define the segment areas, A,, in the box)

The torsion moment, M,.,, due to the “cut” shear flows, q., is computed below:

Web No. qo 2A M,,=q,X2A
1-2 -125 125 -15,625
2-3 0 50 0
3-4 125 50 6,250
4-5 375 75 28,125
5-6 125 50 6,250
6-1 0 50 0
32A =400 in.’ 3 M, = 25,000 in.-lbs.

(Above moment, 2M,, = 25,000 in.-1bs. is due to a “cut” shear flow )

A moment summation is then made about the same point (at c.g.) as before in order to
determine the torque unbalance, M,,. which must be applied to create internal shear
flows to establish equilibrium.
M., =P, Xxd+M,,+M, =0
= 5,000 x5 +25,000 +M,, =0

M,, =-50,000in-lbs.=2q,A
. M,, 50,000 . }
From which: q, =2A = a0 - —125 Ibs/ in. (clockwise shear flow)

The final shear flows become:

Web No. (due tg “cut”)  (dueto balanc(;d torque, M,,) (final shgar flows)
1-2 -125 -125 -250
2-3 0 -125 -125
3-4 125 -125 0
4-5 375 -125 250
5.6 125 —125 0
6-1 0 -125 -125
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(8) The correct final shear flows are shown on the sketch below and the arrows indicate the
shear flow direction.

i i 125 Ibs./in.
125 1bs /in. 1251bs/in. 125 Ibs/in. 01bs /in. 3 Ibs./in

E g g g = E
= = = = = =
p: P 2 s =\ 2 g
£ (“Cut” shear,q,) £ ; £  (Balanced Shear,q.) = = (Final shear flows) g
vy vy

\ v el el
& S ! o I Q

o —r— o S

7

7 N . ; = N
“125mbssin. 10 * 4 125lbs/in. 3 125Dbsfin. ot gposn P (25 tbssin,

(Final Shear Flow Diagram — reaction forces)

Example 1B:

Use the same given beam as in the previous Example 1A, except assume a vertical load of P, =
5,000 1bs. still applied at station 1 and assume moment at station 1 is M, ; = 0 and then at station 2
is M, . =-P, X 10 = -50,000 in.-Ibs. The total load application is exactly the same as example 1A.
and the results are also the same as shown by the following calculation.

Determine stringer load P, and P, values:

X, - Z Mx -
Stringer A (z~2) f1=M"(IZ ) f,= 'Z(IZ Z) P=f XA P,=f,XA
No-in®y (iny (psi) (psi) (Ibs.) (Ibs.)
1 05 45 0 —2,500 0 ~1,250
2 05 -5 0 2,500 0 1,250
3 05 -5 0 2,500 0 1,250
4 10 -5 0 2,500 0 2,500
5 1.0 +5 0 -2,500 0 -2,500
6 05 45 0 -2,500 0 -1,250
The “cut” shear flows, q.:
AP

Web No. AP=(P,-P) Aq = Ay q.=3Aq
1-2 ~1,250 -0 =-1,250 ~125 -125
2-3 1,250 — 0 = 1,250 125 0
3-4 1,250 - 0= 1,250 125 125
4-5 2,500 - 0 = 2,500 250 375
5-6 ~2,500 — 0 = -2,500 -250 125
6-1 -1,250 -0 =-1,250 -125 0

The above values of ‘q,” are identical to that of the previous calculation (step (3) of
example 1A) and final shear flows are therefore a repetition of those shown previously.

(C) UNSYMMETRICAL SECTIONS

The procedure steps are:
(a) Cut any one web or skin between stringers in the box.

(b) “Cut-web” shear flows by using:
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e letM,=0
e From Eq. 8.4.2:
M L)x+ (M, 1)z

f, =
" IxI7 - (le)2
4 AP = fhiAi
*  “Cut-web” shear flows, q, = %

(¢) Impose:
e XM=0
* Check balancing shear tflows: q,

(d) Add q.to “cut-web” shear flows, q., to obtain the final shear flows for the box beam.

Example 2:

Use the same given loading and box beam used in Example 1A, except rearrange locations of
stringers No. 5 and 6 to make this box become an unsymmetrical section as shown below:

e AtstationlisM,, =0
e Atstation 2is M,, =0+ (-P, x 10) = -50,000 in.-Ibs.

Stringer areas:

A;=05in’ Z P, = 5,000 Ibs.
,=05in. T \
A,;=05in’ 5 6 I
A,=05in? Q O 9
As;=1.0in7? le— 8.75 in. c.g. I
A.=1.0in’ T#' e—~7.5 in.—» 10 in.
6.25 in.

| TN 3 1 J
3 2
le——10 in.—-l-— 10 in.—

(1) Set up a table to determine section properties:

Segment A(in?) x(in.) z(in.) Ax(in’) Az(in.) Ax*(in*) AzZ’(in.*) Axz(in.*)

4

1 0.5 20 10 10 5 200 50 100
2 0.5 20 0 10 0 200 0 0
3 0.5 10 0 5 0 50 0 0
4 0.5 0 0 0 0 0 0 0
5 1.0 0 10 0 10 0 100 0
6 1.0 10 10 10 10 100 100 100
h) 4.0 35 25 550 250 200
35 ., 25 .
X = 10> 875in.; Z = 10" 6.251n.

I, = SAZ - AXZ'=250-4.0(6.25)'=93.75in.
I, =S Ax*— A X X*=550-4.0(8.75)* =243.75in."

246



@)

Station 1

Box Beams

I, =S Axz-AXXXZ=200-4.0(8.75x6.25) =-18.75 in.*
Let 3, = (IL,) - (I,)* = 93.75 X 243.75 — (-18.75)* = 0.0225 x 10 in.*
With the station distance Ay = 10.0 in. and skin 6-1 temporarily cut and the “cut” shear
flows (f; =0 and P, = 0 at station 1):
_ ML) -X)+ M)z -Z) _ 0

f
' LI - (1.
. -MLL)E-X)+ (M,.1)(z-7Z)
i LI - (1,)
P,= 5,000 Ibs.
Station 2 Cut-web' +z, +M,
5 Vi
—
/M +X, +M,

Ay = 10.0 in.

+y, +My

StringerNo. A (x-X) (z-7) 3.=-(M))(L)(x-X) 3;=M.)L)(z-2Z) 3,43,

I 05 1125 3.75 ~10.55 X 10° ~457 % 10° 56.25 X 10°

2 05 1125 -6.25 ~10.55 X 10° 76.17 X 10° 65.62 x 10°

3 05 125 -625 “1L17X 10° 76.17 X 10° 75X 10°

4 05 -875 —625 8.2 X 10° 76.17 X 10° 84.37 X 10°

5 10 -875 3.75 8.2 X 10° —457 % 10° ~37.5x 10°

6 10 125 375 LT X 108 —457 % 10° —46.87 X 10°
Stringer No. Web No. f, = ? P,= f;X A Aq =3ZA;—P' q.=3Aq

1

1 2,500 ~1.250 ~125

2 ;g 2,916 1,458 146 - 1;;?

3 i 3,333 1,667 167 28

4 s 3,750 1,875 187 375

5 e ~1,667 1,667 -167 508

6 e ~2,083 2,083 208 0

The following calculations are for the above “cut” shear flow, q, = 2 Aq:
Qo2 = Aq; =-125 Ibs./in.
Qo23 = Qo2 + Aqy =—125 + (146) = 21 1bs./in.
Qo4 = o2z + Aqs =21 + (167) = 188 Ibs./in.
(oas = Qosa + Aqs = 188 + (187) =375 Ibs./in.
Qose = Qoas + Aqs =375 + (=167) = 208 lbs./in.

Qoo = Goss + Aqe =208 + (=208) = 0 1bs./in. (Shear flow in this web should be zero
because it was cut)
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P, <= 1,667 Ibs. P2s = 2,083 Ibs. P, = 1,250 Ibs.

Station 2 /Y o

Station

(Reaction Forces)

(Free-body Diagrams — counterclockwise shear flow is positive FH\)

(3) Taking moments about c.g. as the reference point ‘0’ and each segment area (2A.):
2A,..=10x11.25=112.5in

o @
24,03 = 10X 6.25=62.5 in.? 5 ~ ~ A(),S»() 67’/\0,6-1/ - ! T
.2 ~ / —
2A‘,,3.4 =10x6.25=62.51n. cg\ =
. 2 Acas ™~ Ao.i-2 10 in
2A,45=10x8.75=87.51n. - ~ :
. - \ ~
2A.s56= 10X 3.75 = 37.5 in. T Agza b Aeza l
2A,01= 10X3.75=37.5 in d : = ;
re— () in, —»re— 10 in. —l
Web No. qo 2A, M,.=q,X2A,
1-2 -125 112.5 -14,063
2-3 21 62.5 1,313
34 188 62.5 11,750
4-5 375 87.5 32,813
5-6 208 37.5 7,800
6-1 0 37.5 0

3,2A=400in.? 2M,,=139,613 in.-lbs.

(Above moment, ZM,, = 39,613 in.-1bs. is due to a ‘cut’ shear flow)

(4) A moment summation is then made about the same point as before in order to determine
the torque unbalance, M, ., which must be applied to create internal shear flows to
establish equilibrium.

M., =P, xd+3XM,,+M,, =0
=5,000Xx(20-7.5-8.75) +39,613 +M,,=0
M, =-18,750-39,613 = -58,363 in-lbs. = 2q, A
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(5) The final shear flows become:

qu ql q
Web No. (due to ‘cut’)  (due to balanced torque, M,,) (final shear tlows)
1-2 -125 -146 =271
2.3 21 -146 -125
3.4 188 —146 42
4-5 375 —146 129
5.6 208 -146 62
6-1 0 -146 -146

(6) The final shear flows are shown on the sketch below and the arrows indicate the shear
flow direction.
208 Ibs./in. 146 Ibs./in. 146 Ibs./in. 62 lbs./in. 146 Ibs /in.
S lil ﬂiﬂ - S./In

O
O - l

9 6 R 6

W

6

146 1bs./in.

(Final shear flows)

(“Cut” shear, q.) (Balanced Shear, q,)

271 Ibs./in.

125 1bs./in.
146 lbs./in
B e o

I
129 Ibs./in

375 Ibs./in. |
D e

O

2 4 Libssin. 3 125bssin. 2

O L N}

: s - ¢ - —_———=
4 188ibsfin. 3 21Ibs/in. > 4 1461bs/in. 3 146 Ibs/in.

(Final Shear Flow Diagram ~ reaction forces)

8.5 TWO-CELL
(A) TWO-STRINGER BOXES (SINGLE SPAR)

Frequent practical application is made of this type of structure which is usually applied on aircraft
control surfaces (ailerons, elevators and rudders), flaps, slats, single-spar wings or tail sections. If
another cell is added to the section, as shown in Fig. 8.5.1, then the section becomes statically

indeterminate.
+
Force

+ Moment
or torque

Fig. 8.5.1 Single-Spar Airfoil Section With Two Cells
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Since there are three unknowns (q., q., and q,), three equations relating to these quantities are
needed.

The first is from F,=0:

P.,=(-q.+qutq)h Eq.8.5.1
The second is from M, = 0:
P,xd=qg,X2A,+g.X2A, Eq.8.5.2

The third equation is obtained from the condition that elastic continuity must be maintained,
namely, the twist angle of nose cell ‘n” must equal to that of tail cell ‘v’

eII = er
From Eq. 8.4.3, the twist angle per unit length is,
qn
n_ 2A )(éG t“ (ds)
0= (550

In evaluating the line 1ntegrals in the above equations, it should be noted that the integration must
be complete for each cell and that the web, w, is common to both cells and must therefore be
included with each integration.

S.qa hwqw
G°e"_(2A")( ta t, )
~h,q.  S.q,
6’_(2A,)(—tw +—t‘ )

Therefore,

St“q" + h:qw “‘h:qw " Strqr
A“ = Ar Eq 853
The simultaneous equations of Eq. 8.5.1, Eq. 8.5.2 and Eq. 8.5.3 will determine the values of q., q.,

and q...

Example:

For the section shown in Fig. 8.5.1, given the following data, determine the shear stress in the skin
of the nose, tail and vertical web.

P, =2,0001bs. d =3.0in.

A,=1001in. t, =0.025in. §,=45in.

A, =200 in. t. =0.025in. S, =601in.
t, =0.04 in. h, = 10.0 in.

From Eq. 8.5.1:

2,000=(-q.+q.tq.)x 10

-q.tq.+q,=200 Eq. (A)
From Eq. 8.5.2:

2,000 X 3.0 = g, X 2 X 100 + g, X 2 X 200
200q, + 400q. = 6,000
q.=30-2gq, Eq. (B)
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Combining Eq. (A) and Eq. (B) obtain,
qw=230-13q,

From Eq. 8.5.3:

S.uqa + h.q. —h.q. + S.q:
ta tw ty t,

Au Af

45X q, + 10Xq. -10Xq. + 60 X q,
0.025 004 004 0.025

100 200
18q. +2.5q. =-1.25q. + 12q;
189, +3.75q. - 12q, =0

Solve above Eq. (B), Eq. (C) and Eq. (D), obtain,
18 (30 -2q.)+3.75(230-3q.)-12q,=0
q.=23.67 Ibs./in.
23.6

Shear stress, f,, ==——— = 946.8 psi
0.02

(W NN |

FromEq. (B): q.=30-2(23.67)=-17.341bs./in.
17.34
0.025
From Eq. (C): q.=230-3(23.67) = 158.99 1bs./in.

Shear stress, f,,, = 158.99
0.04

Shear stress, f,, =

= 3,974.75 psi

The final shear flows are shown below:

q.=23.67 Ibs./in.

Box Beams

Eq. (C)

Eq. (D)

(Above are action shear flows)
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(B) MULTI-STRINGER BOX (THREE SPARS)

Fig. 8.5.2 Multi-Stringer Box Beam with Three Spars

The procedural steps to analyze the two-cell box shown in Fig. 8.5.2, are similar to those shown in
Section 8.4 except as shown below:

(a) Cut any two webs or skins between stringers in the box.
(b) Calculate “Cut-web” shear flows by using:
¢ If not symmetrical (from Eq. 8.4.1):

- MIL+MIHx+ M, I+ M)z
- Isz_(Ixz)z

* Let M, = 0 because the contribution of stress on f, is small since the M, value is
generally relatively small and the I, value quite large. From Eq. 8.4.2,

_ _(MxIxz)x + (MxIl)Z

f

f
’ LI - (1)}
. Mz . . .
¢ Using 1 if symmetrical about x - axis (I, =0) and M, = 0.
< AP=f,A;
¢ “Cut-web” shear flows, q, = 'AIE
(¢) Impose 6,=60,
. < 9XdsxL
Calculate 8i = E—-———2A Oxt
(Be sure to include both “cut-web” shear flows in all twist calculations)
(d) Impose:
= IM=0
hd 91 = 92

» Check balancing shear flows: q., in cell @ and q.; in cell®

(e) Add q., and q., to “cut-web” shear flows, q., to obtain the final shear flows for the box
beam.
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Example 3:

Use the same given loading and box beam used in Example 1A except add a middle spar to make
the box become a two-cell section (three spars) as shown below.

¢ Atstation 1isM,, =0
« Atstation 2 is M, ; =0 + (<P, X 10) =-50,000 in.-1lbs.
Stringer areas are the same as those used in Example 1A:

Stringer areas:

A, =0.5in} z P, = 5,000 lbs.

A2 = 05 in.2

A,=0.5in’ 5 6 ﬁ .

A4 =10 in.2 c! o

As=1.0in? 7.5 in. 4

A(, = 05 in.z i C'g .

_ e—7.5 in. 10 in

Web thickness, t = 0.1 in. (typ) l )

5in. l
O- -, X
4 3 2
~——o10 in. 10 in.——’

(1) The section properties (from Example 1A):

Locationof c.g.: X = *3;:)“ =75in. and Z = % =5in.

Moments of inertia:
[,=100in* I,=3AX*-SAXX*=500-4Xx75"=275in?

(2) With the station distance Ay = 10.0 in. and web 1-2 and 3-6 temporarily cut and the
“cut” shear flows, q.,: (Both AP and Aq are from Example 1A)

P, = 5,000 Ibs.

+z, +M,

Station 2

+X, +M;

(Positive sigus shown)
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AP
Stringer No. WebNo. AP=(P,-P)) Aq =A—y q. =2Aq
(from Example 1A)
1 -1,250 -125
2 1-2 (cut) 1,250 125 0
2-3 125
3 3.4 1,250 125 250
4 4‘ 5 2,500 250 500
5 5' p ~2,500 -250 550
6 6-1 -1,250 -125 125
3-6 (cut) 0
Jo23= qu =125 1bs./in.
Qo34 = (o223 + Aq; =125+ (125) = 250 1bs./in.
Qo4s = Qosa + Aqa =250 + (250) = 500 Ibs./in.
Qo.s6 = Qoas + AQs = 500 + (=250) = 250 Ibs./in.
Jo.6-1 = Qose T Aqe =250+ (-125) = 125 Ibs./in.
Qo12 = Qost + Aqi= 125 + (=125} = 0 (web 1-2 was cut)
Qo6 =0 (web 3-6 was cut)
P, 5=2,500 Ibs. P36=1,250 Ibs. P, =1,250 Ibs.

Station 2

Station 1

(Reaction Forces)

(Free-body Diagrams — counterclockwise shear flow is positive F))

(3) Angle of rotation 0, and 0,:

O
~—r— 6 ———t—— 1

From Eq. 8.2.5, assume L = 1.0 (unit length): > cell [1] cell 21
_ 2.q..ds E t % %
0, = 2A.Git or 2A,G,6, = q|.12 ¢ qui Gz
_ 2, q..ds ﬁ t e~ Z
62— 2A2G2t or 2A2G292—q|_22 t p 3 5

(The above equations include shear flow in “cut-web™)
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In cell [1], the torsional angle, 6,:
2AG.B, = 250(10) N 500(10) N 250(10) qu(10) qu(10) gu(10) ~ qu(10) . q.2(10)

0.1 0.1 0.1 01 01 01 0.1 0.1
2A,G,9, = 25,000 + 50,000 + 25,000 — 100q. — 100q,, — 100q,, — 100q,, + 100q,,
2A,G,8, = 100,000 — 400q,, + 100q. Eq. (A)

In cell [2], the torsional angle, 6,:

2A,G,, = 125(10) | 125(10) _ qu(10)  qu(10) ~ qux(10) ~ qux(10) | qui(10)

0.1 0.1 0.1 0.1 0.1 0.1 0.1
2A,G,0, =25,000 -400q,, + 100q,, Eq. (B)
In this case, A, = A; and G, = G,. These two cells will rotate at the same angle, namely
0, =0,.
100,000 — 400q,, + 100q.. = 25,000 — 400q,. + 100q.,
500q., —500q,,=75,000 or q,i—q.=150 Eg. (C)

(4) Shear flows required to balance the unbalanced torque M, =0:

Define the segment areas, Ao, in the cross-section:

5‘\ A 6‘ T\ P, = 5,000 Ibs, ?l
: 2-5-6 A
. ™~ \\

\ \ Az16
Azgs ™~

10 in.
N
~\ l
N
j«<—7.51in.—>

~—— 10in. —»}«—— 10 in, ——

Enclosed area of cell [1]; 2A,=200in.’
Enclosed area of cell [2}; 2A,=200in’

10x 10
2

10x 10
2

(10+10)x 10
2

¥M,, =0 at stringer No. 2:
—5,000(7.5) + 125(2A1.16) + 2502 As54) + 500(2A546) — G (2A 1) — q.2(2A2) =0
-5,000(7.5) + 125(100) + 250(100) + 500(200) — 200q,.—200q,, =0
200q., +200q,, = 100,000 or q. +q..=500 Eq. (D)
Solving Eq. (C) and Eq. (D) obtain:
q. =3251bs./in. and q.,= 175 Ibs./in.

h

~o
w O

2A2—1—6 = 2(

)=100in.>

A2,5,(,=2( ) = 100 in.z

2A2,4.5=2[ ] =200 in.z
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(5) Final shear flows are obtained by adding above q., and q,, to the ‘cut-web’ shear flows
given below:

Jo qu 9.2

Web No. (due to “cut”) (due to balanced torque, M,,) (final shsar flows)
1-2 (web) 0 0 175 175

2-3 125 0 175 300

34 250 325 0 575

4-5 (web) 500 325 0 825

5-6 250 325 0 575

6-1 125 0 175 300
3-6(web) 0 325 175 gui—9q.2= 150

(6) The final shear flows are shown below and the arrows indicate the shear flow direction

(reaction forces):

575 Ibs./in. 300 Ibs./in.

s 250 Ibs fin. 125 Ibs./in. 325 Ibsfin. 175 Ibs./in. N
c 6 1 3 A 61 7 R . 6 i
= £ s £ £ g - £
Z s 3 S 3
-4 +hs s A= A :
? [ s glhe & 5 s 2
o a ey A o
4 9501bssin. 3 1251bssin. 2 4 325Ibs/in. 3 (7Sibs/in. 2 575 Ibs./in. S 300 Ibs/in.
(“Cut” shear, q.) (Balanced Shear, q..) (Final shear flows)

8.6 TAPERED CROSS-SECTIONS

For most current aircraft the wing sections and tail sections are tapered in planform as well as in
vertical depth (spar web) as the wing root is approached. The effect on a simple beam was
discussed in Chapter 6.0.

Since the box beam shear webs carry load only in the vertical web and the longitudinal stringers
can only carry axial load from bending, any sudden change in taper can impose large loads on the
rib at the “kink” station as shown in Fig. 8.6.1. A typical case where this occurs is where the wing

is attached to the fuselage (root joint locations).

Root Joint
Engine . // ! Kink E‘ig"e
: ¢ 7 : Root Joint
Kink J 7 4 Skin-Stringer -
; i Joint
| ’
b L
o V
b 1
‘ :/‘,_/.47 -------------- |
i

Fig. 8.6.1 Wing Box Planform Taper with Kink
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(A) TAPER IN DEPTH

The case of a shear load applied on a beam tapered in depth, where the shear flow varies
throughout the vertical spar web, was discussed in Chapter 6.0. Fig. 8.6.2 is a typical commercial
transport wing box depth distribution showing maximum depth of the wing box as well as its front
and rear spars. The following example uses a rectangular box beam with constant width but a taper
in depth to illustrate the nature of the error involved in using classic beam theory to calculate the
shear distribution on a tapered beam.

WBL 0.0
40
Rear Spar
30~ Front Spar Tip
Max. Depth :
2
10 (Wing Reference Plane)

(Inches)
[ =]

-10F
Max. Depth
Front Spar
-30 - Rear Spar
40
Fig. 8.6.2 Typical Transport Wing Box Depth Distribution
Example 4:

Use the same given box beam used in Example 1A in Chapter 8.4 except this is a tapered box
beam with different loading arrangements as shown below.

At cross-section A - A (station 1), the moment is M, , = -P, X 50 = -5,000 x 50 = -50,000 in.-Ibs.

Stringer areas:

— 1 2
Ai=05in P, = 5,000 lbs.
.=0.5in.” Iy r : _ 4
. 2
A;=05in. 4 | Fr
. Lo = ] ] 10 in. L r 13iin.
Y/
— 1 2
As;=10in. T_ o 50 in. T al ¥
s=05in? in,
80 in.
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(1) The section properties (from Example 1A):

Locationof c.g.: X = % =7.5in,
20 .
and Z = 4 =5in.
Moment of inertia:
I,=100in.
[,=SAx*—3A XX =500-4(7.5)

z P, = 5,000 lIbs.

=275 in’

Fo ¥
4 3
l“‘_ 10 in. —*—10 in. ——-I

(2) Find the net shear load at cross-section A - A:
_ M, )(@z-Z) _(250,000)(z-2)

f, L 100 = 12,500 psi
13-5
tan o = 820 =0.05
. A P=f,xA V; = (P X tan o)

Stringer No. (in2) (z~-2) (Ibs.) (Ibs.)
1 0.5 5 -6,250 -312.5
2 0.5 -5 6,250 312.5
3 0.5 -5 6,250 312.5
4 1.0 -5 12,500 625
5 1.0 5 -12,500 -625
6 0.5 5 -6,250 -312.5

3V =2,500
P, =V, +2V, =5,000 lbs.

V. = Shear taken by web = V,(—};-lﬁ) = 5,000(%) = 2,500 Ibs.

2V, = Shear taken by stringers = V,_(h~—hﬁ) = 5,000(%) =2.500 Ibs.

2

Section A - A

(3) Determine “cut” shear flows, q., by using the vertical total shear load taken by web, V,,

=2,5001bs.:

In this case, use the station distance Ay = 1.0 in. (unit distance) and web 4-5
temporarily cut (Note: If Ay =10 in. is used instead of Ay =1.0, the result should be the

same).

Assume at Station 1 the M, , = 0 and therefore the values of P,=0and f, =0

The bending moment at Station 2 is:
M, =2,500 x 1.0 =2,500 in.-lbs. (use this M, , to calculate P, and f,)

M, .(z-Z) _2,500X5.0
I, T 100

AfX A

Af =

=125 psi

AP
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Station 2 V= 2,500 lbs.

— ) V +Z, +M,
Station | /
6
———fd

5 1
'‘Cut-web' 7.5 in. - +X, +Mx
o
= | Ay = 1.0 in.
4 3 2,7 +y, +My

Str.  Web A (z-Z) Af= _M”(IZ "2 Aq=AP=AfXA q.=3Aq

No. No.isy (in) (psi) (bs.fin.) (Ibs./in.)
1 0.5 +5 -125 —62.5
2 ;g 0.5 -5 125 62.5 ~ 1‘8275(5)
3 3: 1 0.5 -5 125 62.5 135
4 s MO 5 250 125 )
R 250 -125 125
6 0.5 +5 ~125 625 iy

Qoss = Aqs =—125 lbs./in.

Qost = Qoso + AQe =—125 + (-62.5) = -187.5 Ibs./in.
Qo2 = Goot + Aqy =—187.5 + (-62.5) =250 lbs./in.
Qo231 = Qurz + AQy =-250 + (62.5) = —187.5 Ibs./in.
Qo34 = Qo2s + AQs = —187.5 + (62.5) =125 Ibs./in.
Qo5 = Qois + Aqs=—125 + (125) = 0 (cut web)

P,5=125 lbs. Py =62.5 Ibs. Py, =62.5 Ibs.

Z P /

Station 2

Station 1

P24=125 Ibs. P,,=62.5 Ibs.

/-
o

Ay = 1.0 in.

(Reaction Forces)

(Free-body Diagrams — counterclockwise shear flow is positive F\)
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(4) Assume a shear flow q, (positive shear flow as shown below) required to balance the
unbalanced torque M, = 0 and taking a reference point at stringer No. 2:

Box enclosed area:

> — 9
2A, =2(10 X 20) P.= 5,000 Lbs.
=400 in. Vis=625 lbs. Vis=312.5 lbsﬁ Vi =312.5 Ibs.
Segment areas:
10X 10 125 Ibs.fin, 187.5 Ibs./in.
2A0016= Z(T) 5 : 6 y) —
r\ ) w\ ~—7 Y1
.2 G B
=100 in. ~ Aozse Agg £ T
10X 10 ™ N
2Au‘2-5-6 = 2(—) e \ F“'\',.S in. = 10 in
2 Agzas ~ h q &
.2 ' ~ \ t
=100 in. ~
qe qu N
O A =_._7;~:&$
4 ~——rf— 3 - 2
125 Ibs./in. 187.5 Ibs./in.
v‘——- 10 in. —-#4——- 10 in. ——»f
|
Vi =625 Ibs. V3 =312.5 Ibs. Vi2=312.5 lbs.

M, =-5,000(7.5) + (Vs + Vis)(20) + (Vis + Vi) (10) = (Qoot) 2 A21s) —
(Qose) (2Aczss) + Q(2A,) =0

SM,, = -5,000(7.5) + 2 X 625(20) + 2 X 312.5(10) — (187.5)(100) — (125)(100) +
q.(400)=0

q,=93.8 Ibs/in.

(5) The final shear flows become:

qo 9 q
Web No. (due to ‘cut’ web)  (due to balanced torque, M,,)  (final shear flows)
1-2 =250 93.8 -156.2
2-3 -187.5 93.8 -93.7
3-4 -125 93.8 -31.2
4-5 0 (cut web) 93.8 93.8
5-6 -125 93.8 31.2
6-1 -187.5 93.8 -93.7
(6) Final shear flows are shown in the sketch below and the arrows indicate the shear
direction
1251bs./in.  187.5 Ibs./in. 938 Ibs./in.  93.8 Ibs./in, 31.21bs./in.  93.7 Ibs./in.
e _— g SRS et
5 6 1 5] & 6 g | sl & ¢ !
('Cut' shear, q,) + | i (Balanced Shear, Qx)-sj = é (Final shear lows)
R =S &
2 .3 .2 4 ] 2 4T LY g2 in C
125 Ibs./in. " 187.5 Ibs./in. 93.8 Ibs./in. * 93.8 lbs./in. 31.21bs./in. = 937 Ibs./in.

(Reaction Forces)
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(B) TAPER IN WIDTH

A box beam which is tapered in planform is another sizing consideration for wing box structures.
Important practical knowledge on how the stringers should be arranged in a tapered box beam,
including interface with ribs and spar and cost effective fabrication is illustrated below:

(a) It will be noted that the wing surface panel as shown in Fig. 8.6.3 is poorly designed as
the increase in bending material occurs along the center of the panel. This requires the
shear flow to be carried across the entire panel. This not only causes very high panel shear
stresses but also, as a secondary effect, causes undesirable shear lag effects which result

in higher stringer stresses along the beams than is shown by the f = _1\;I_y beam theory.

Stringers

/
/.

~__

(Spor and stmgers)
WWW

= -\

Shear flows from spar

\

Fig. 8.6.3 Wing Stringers Convergence to Center (Poor Design)

(b) In the case where the stringers are all parallel each other, the shear web shear flow
causes a chordwise running load which must be resisted by the skin or ribs all along the
wing span, as shown in Fig. 8.6.4.

Reaction loads
(Spar cap)

N, Stringers
= q
» - —
= -
g . —
=% —
g —
S & —»
2.8 —»
Q=
[P -
XL
> — )
— = 9 Shear flows from spar

Fig. 8.6.4 Wing Stringers in Parallel

The tactors which control the Jay out of the stringer orientation are as follows:

= Locate a series of spanwise access manholes (a high priority on lower wing panels)
as close to the center as possible

» Make all stringers parallel to the rear spar cap to avoid or minimize stringer run-outs
which are areas of very high stress concentration

» Fig. 8.6.5 shows an optimum arrangement of stringer run-outs at the front spar
where the axial stress is generally lower
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Dry bay I

Lllotlalll

L

Stringers 2 2 :.:;
Ribs 2 Z
. 7| O
ront spar 57 agm E% O |
’ il @]}

-, "‘| - -
| y
-~ . I
HT.Y Landing gear beam
<3 g Rear spar
” p Root
Fuel tank access holes
> " Kink
l
Tip

Fig. 8.6.5 Stringer Layout and Access Holes on Wing Box

8.7 SHEAR LAG

“Shear lag” (Reference. 8.3) can be described as the effect of stresses in idealized shells under
loading conditions that produce characteristically large and non-uniform axial (stringer) stresses.
Axial loading by concentrated forces and bending produced by transverse loading in wide beam
flanges (skin-stringer panels) diminishes with the distance from the beam web and this stress
diminution is called “shear lag” as shown in Fig. 8.7.1.

Skin-stringer panel

Stringer load distribution
(Beam theory)
Stringer load distribution
(Actual)

Fig. 8.7.1 Shear Lag Effect on Wide-flange Beam
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(A) SWEPT WING BOX

It is common engineering knowledge that in a box beam the bending stresses do not always
conform very closely to the predictions of classic beam theory.

* The deviations from the theory are caused primarily by the shear deformations in the
cover skin-stringer panels of the box that constitute the flanges of the beam
* The effect of skin shear strains in the skin-stringer panel causes some stringers to

resist less axial load than those calculated by beam theory (%) which assumes that
plane sections remain plane after bending

The problem of analyzing these deviations (shear lag) is not taken into consideration in classic beam
theory. Shear lag is more pronounced in shells of shallow section (e.g., wing and empennage box
structures) than in shells of deep section (e.g., circular fuselage shell structures). Consideration of
shear lag effects is therefore much more important for wings than for the fuselage (if the basic
method of construction is similar).

In a wing box, the cover panel skin is loaded along the edges by shear flows from the beam spar
webs. These shear flows are resisted by axial forces developed in the longitudinal members of spars
and stringers. According to the beam theory, the stringer stresses should be uniform chordwise at
any given beam station. However, the central stringers tend to lag behind the others in picking up
the load because the intermediate skin, which transfers the loads in from the edges, is not perfectly
rigid in shear. In such a case the inside stringers would be out of action almost entirely. With the
inside stringer stresses lagging, the outside stringers and spar caps must carry an over-stress to
maintain equilibrium.

In general, the “shear lag” effect in sheet-stringer box structures is not appreciable except for the
following situations:

¢ Cutouts which cause one or more stringers to be discontinued
» Large abrupt changes in external load applications
* Abrupt changes in stringer areas

A wing root of a swept wing configuration, which produces a triangular stress re-distribution area
(see shape triangular area), higher stress occurs toward the rear spar at point ‘B’ because of shear
lag effect, as shown in Fig. 8.7.2. More material should be added in the area of ‘A-C’ to build-up
axial stiffness to relieve the stress or loads in the point ‘B’ area.

Center section

Stress distribution

High

Rear spar

—— ——Stress distribution

Fig. 8.7.2 Stress Distribution Along Wing Box Due an Up-Bending Moment
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(B) TWO-STRINGER PANELS

The methods shown in Fig. 8.7.3 (see Reference 8.3) are useful to give a quick answers when
analyzing certain redundant structures such as joints, doubler reinforcements, etc.

—p- X

], ~_..l
A

e X

J 2 e 2
/ —‘f— P -——0 -
N RN
MNERNNY P NN P
P = AN P [\ AN p
q A \Al
(Casea) (Case b))
Fig. 8.7.3 Loading Cases on a Two Skin-stringer Panel
The shear lag parameter ‘K’ :
Gt 1 1
K= Eb)(Al + e Eq. 8.7.1

where K - Shear-lag parameter (for panels of constant cross-section)
Ar=A+A;

A, — Cross-section area of member 1

A, — Cross-section area of member 2

b - The distance between the centroids of members 1 and 2
G —Modulus of rigidity

E —Modulus of elasticity

t — Thickness of the web between members

The following comments relate to these formulas:

* These calculations relate to the elastic range

» These equations are only valid for conditions of constant web thickness (t) and
constant modulis (E and G).

» In practical design, the finite length of ‘L.’ should always be used.
» Cases ‘@’ and ‘b’ become identical if the panel is very long.

The following formulas are used for panel analysis:
(a) Case ‘a’ (Local doubler reinforcement), see Fig. 8.7.3 (a):

Axial stress in member 1:

. P A,cosh Kx

tl_(AT)(1+ A]COShKL) Eq 8.7.2
Axial stress in member 2:

. P cosh Kx

f,=( AT)(1 ~ osh KL) Eq.8.7.3
Shear stress in web:

. PK ., A,sinh Kx

t.\ _( t )( ATCOSh KL Eq 8.7.4

264
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Case ‘a’ can be applied in the sizing of a doubler which is either bonded or fastened to a
skin panel, as shown in Fig. 8.7.4.

Or use bonding

\ ' D}ubler

} L1 JI i { : 1
| - 1 1 7P
t 7
_ j
, B ead
Skin Fasteners l

€

Fig. 8.7.4 Doubler Reinforcement

(b) Case ‘b’ (load transferring), see Fig. 8.7.3(b):
Axial stress in member 1:
P

f = (m)[A[smh KL + A;sinh Kx — A;sinh K (L - x)] Eq. 8.7.5
Axial stress in member 2:

. P . , . .

f,= (ATAzsinh KL)[Azsmh KL = A,sinh Kx + Asinh K (L — x)] Eq. 8.7.6
Shear stress in web:

. PK

_ _ _ 7
t. = (——_—tATsinh KL )[A cosh K(L — x) — A,cosh Kx] Eq. 8.7.7

This case may be used to determine load transfer in a fastened or bonded joint, as shown
in Fig. 8.7.5 below.

lasteners  Splice plate Splice plate

-/

Pt v 4 1
ﬁ-—»P 7 41)_..]‘)

Bonded line Splice plate

Pe— = I ST SO SN
— } ! }

Splice plate

AENNNNNRNNNV i

(t. - Equilvalent web thickness
from fastener stiffness)

(A) Fastened

te
ANSAANNNNRRn

(t. . Equilvalent web thickness
from adhesive stiffness)

(B) Bonded

Fig. 8.7.5 A Fastened or Bonded Splice

Example 1:

Use Case ‘a’ formulas to determine the end fastener shear load on a reinforced doubler as shown

below.

« This is an approximate method to calculate the end fastener load on a constant cross-

section doubler
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Assume a stiffener (member 1) reinforced by a doubler (member 2) with fasteners

and symmetrical about the centerline

(1) Given doubler reinforced joint as shown below:

I 10 in, ——————
¢
' Doubler | Sin. ——wd t=0.09 in.
\ e d ¢ b a l
P Vo —1 ] 1 _
- 1 1 L]
Ly o T !
T . Skin | 1.0in. (Typ) -] f—
t=0091n.  Fagteners (d = 1/4" dia., steel)
(Aluminum plates; E=10x 10°psi and G =3.9 X 10° psi)
A=A,=1.0"x0.09=0.09in’ 0.09 1n.
b =distance between centerlines of plates
B Y SN NNNANG
009 009 . .
=T, T, =W le—1.0 in. T
¢
L= 5in. ————’l
AT™X  A;=0.09in’] |
Té / /_-—Doubler
Fa= SN N
b =0.09 in. / \\\ \ \
'__Z._\.\ A \\ . 1)
7 N T '
7 A=009in?  Skin

(2) Convert fastener spring constant ‘k’ to an equivalent web thickness (t.):

Shear strain, y = G?( .

f y\\t,:\\ ]~
NN\

fa——5 = 1.0 in.—}

qxb P b

d = = =
YXb GXt, (S)(Gxtc)

P; = applied force of fastener

s = fastener’s spacing or pitch
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Box Beams

'EL=P1- sXGXt

Fastener spring constant, k = 5 ( P, xb )
‘= bxk
¢ sxG
6
_0.09x0.16x10° _ 0 o oin
1.0x3.9x10°

Where k = 0.16 X 10° Ibs/in. (spring constant for dia. =% in,, steel fastener from Fig. B.6.2)

(3) Stress distribution in member 2 (doubler):
The shear lag parameter (from Eq. 8.7.1 and use t =t = 0.00369):

[Gt. 11
K=/ a7+ 4,

_%3.9x10“x0.00369)( 1,1
= 10x10°x0.09 ’10.09 © 0.09

) =0.596

(4) Axial stress in doubler (member 2) from Eq. 8.7.3:

P cosh Kx
=)0~ Cosh kL)
—( P )1 - cosh 0.596x )
~10.18 cosh 0.596 X 5.0
cosh 0.596 x
= (5.555P)(1 - g5

(5) End fastener shear load (P,) at ‘a’ (x =4 in.);
cosh 0.596 x 4
9.869

= (5.555P)(1 — %‘619 =2.476P

Doubler stress: a4 = (5.555P)(1 - )

Doubler axial load P, s = 5,2 X A,
=2.476P x0.09 =0.223P

or fastener shear load at ‘a’: P, =P, ,.,=0.223P

| . . fa
x=0in x=11in. Doubler X =4in. ——‘
T | M / I /
0.449p ~7 WA 77T=F I 7774777
t - P\ i > _f'$ L
Py x20 | P, 2, x=1, , + Pa, P,
! g ) A e
0.551P <a—[_ | g | { I _{—=P
Lo e

(6) Fastener shear load (P,) at ‘b’ (x =3 in.):

cosh 0.596 X 3 )
9.869

3.072

= (5.555P)(1 - gges) = 3.83P

Doubler stress: f,, = (5.555P)(1 -

Doubler axial load P, ,.s =1, s X A,
=3.83P x0.09 = (0.345P
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Then, the fastener shear load at ‘b’ : P, =P, — P s

=0.345P - 0.223P =0.122P

A
b 2
PZ, =3 t———e I\S S N N\ — Pz x=4
ks

(7) Tastener shear (P,) at ‘e’ (x =0in.):
Atx=0in.:

Ctrnees £ _ cosh 0.596 x 0
Doubler stress: . = (5.555P)(1 - T o860 )

l
= (5.555P)(1 - 9369 )=4.99P
Doubler axial load Py .o = f3,.0 X A3

=4.99P x 0.09 =0.449P
Atx =1.01n.:

h 0.596 (1.0
Doubler stress: 1., = (5.555P)(1 - <21 0:396(1.0)

9.869
1.183
= (5.555P)(1 - 9.869 ) =4.889P

Doubler axial load Po,., =5, X A,

=4.889P x 0.09 =0.44P
Then, the fastener shear load at ‘¢’ : P.=P, .o — P, <

=0.449P - 0.44P = 0.009P

e A
PZ, X=0 ———— @ —— PZ, x=1
]
| Pe

(8) Discussion: This calculation relates to the elastic range and the fastener load distribution
as follows:
There are 5 fasteners on each side of the centerline, and the doubler should take 50% of

the ultimate load of ‘P’, and each fastener should carry an equal amount of load as:
P

2 _

Pu = 5

0.1P

(a) Fastener shear load (P,) at ‘a’:

The fastener shear load (P,) in the elastic range is 2.23 times higher than that of
ultimate fastener shear load (P..) and P, load is very important in estimating
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structural fatigue life. Therefore, try to reduce fastener load, P., by any means to

meet the structural fatigue life requirements (refer to Chapter 9.0)

(b) Fastener shear load (P.) at ‘e’ :

Since the fastener shear load of P. in the elastic range is only 9% of the ultimate
fastener load, which is obviously very low, structural fatigue life will not be affected.

Example 2:

Use the method from Case ‘b’ to determine the end fastener load on a spliced joint held together

by fasteners (dia. = % in., steel) as shown below.

« This is an approximate method to calculate the end fastener load on a constant cross-

section doubler

» Assume two plates (member | and member 2, identical to those in Example 1) are

fastened
« Determine the end (first) fastener shear load

(1) Given the splice joint shown below:

t=0.09 in.

Fasteners (d = 1/4" dia., steel)

Plate 2 l
[ ] } | |
p —{ 1 I T i ]|
L H 1 i f .
e \ d c b a T
t=0.09 in. Plate 1 1.0 in. (Typ) —| [

(Aluminum sheets)
A =A,=1.0x0.09=0.09in.’
Use b =distance between centerlines of plates

0.09 0.09 .
5 + > =0.09 in.

o X A;=0.09 in’

e« L=5 117—/—! Plate 2
P < —
\\\\ \(;véb) \\\\\ b= 0.09 in.
N\ A\ \\\ |

\ p

Plate 1 A;=0.09 in.’

(2) From Example I, the equivalent web thickness:
t. = 0.00369 in.

(3) From Example 1, shear lag parameter:
K =0.596

269



Chapter 8.0

(4) Axial stress in plate 2 from Eq. 8.7.6:

p

f, = (m)[Agsmh KL — A,sinh Kx + A;sinh K(L — x)]

p
(0.18)(0.09) sinh (0.596 X 5)
+ (0.09)sinh 0.596 (5 - x)]

p
(0.18)(0.09)(9.819)

£, = [6.287P][0.887 — (0.09)sinh 0.596x + (0.09)sinh 0.596(5 — x)]

f,= [ 11(0.09) sinh (0.596 X 5) — (0.09) sinh 0.596 x

f, =] 1[0.884 — (0.09)sinh 0.596x + (0.09)sinh 0.596(5 — x)]

(5) End fastener shear load (P,) at ‘a’ (x =4 in.):
f, = [6.287P][0.884 — (0.09)sinh 0.596(4) + (0.09)sinh 0.596(5 — 4)]
f, =[6.287P][0.884 — 0.484 + 0.057] = 2.873P (psi)

Plate 2 axial load P, .. =124 X A,
=2.873P x 0.09 =0.259P

or fastener shear load at ‘a’ : P, =Py = 0.259P

x=0

Plate 2
x=2in._.i X=3in._.l x=4in,—.|
i [l [l 1
P a—{ | ¥/ A0 5 | A/ /YL A
—t— —p ] —t ——
‘ . PZ. x= Pc sz x=3 P2, x=4 P.
-—— -—— —egm -
— ] | | | — ¥
| e d c b a

(6) Fastener shear (P.) load at ‘¢’ :
Atx=3in.:
f, = [6.287P][0.884 — (0.09)sinh 0.596 X 3 + (0.09)sinh 0.596(5 — 3)]
f, = [6.287P][0.884 — 0.261 + 0.135] =4.766P

Plate 2 axial load Pj,; =143 X A,
=4.766P x 0.09 = 0.429P

Atx=2in.:
f, = [6.287P]{0.884 — (0.09)sinh 0.596 X 2 + (0.09)sinh 0.596 (5 — 2)]

f, = [6.287P][0.884 — 0.135 + 0.261] = 6.35P

Plate 2 aXIal load sz x=2 — fz_ w2 X Az
=6.35P x0.09=0.572P

Then, the fastener load at ‘c’: P.=P,,; ~ P23
=0.572P - 0.429P =0.143P

(7) Discussion: There are 5 fasteners on this joint and each fastener, under ultimate load
design, should carry on equal amount of loads as :

P, = (15)-) =0.2P
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(a)

(b)

Box Beams

Fastener load at ‘a’ (P, should be much higher than that of ultimate load):

Since the fastener load in the elastic range is 30% higher than that of the ultimate
fastener load, this value is very important in estimating structural fatigue life.
Therefore, try to reduce fastener load, P,, by any means (see Chapter 9.12) to meet
or increase the fatigue life.

Fastener load at ‘¢’ (P, should be lower than that of ultimate load):

P. _ 0.143P

P, = 02p ~072

Load ratio =
Since the fastener shear load in the elastic range is only 72% of the ultimate shear

load, the structural fatigue life is obviously not affected (compared with P, =
0.259).
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Airframe Stress Analysis and Sizing

Chapter 9.0

JOINTS AND FITTINGS

9.1 INTRODUCTION

The ideal airframe would be a single complete unit of the same material involving one manufacturing
operation (and this may occur in future composite material airframe construction). However, the
majority of the present aluminum airframe structures consist of built-up construction. Also, the
requirements of repair and maintenance dictate a structure of several main units held together by
fastened joints utilizing many rivets, bolts, bonding, lugs, fittings, etc.

For economy of manufacturing, structural and stress engineers should have a thorough knowledge
of shop processes and operations. The cost of fitting fabrication and assembly varies greatly with
the type of fitting, shape and the required tolerance. Poor layout of a major fitting arrangement
may require very expensive tools and jigs for shop fabrication and assembly.

The philosophy of airframe stress analysis differs from the usual approach in that it is generally
based on a statistical as well as an analytical basis. Either by governmental specification or by
company regulation, the stress engineer is told what load he can put on a fastening element.

* Such policy is the result of some unfortunate past service experience in which riveted
aircraft joints became loose, fastened joint failed in fatigue, and other fasteners
failed to function after what was considered a short service life

¢ The replacement of even a small percentage of fasteners is a serious problem, since
rivets and rivet installation are very expensive

* A good joint design is one for which fasteners can be installed under normal shop
conditions, without producing a structural weakness in the service life of the aircraft

Practically all aircraft are constructed by attaching many small parts together with rivets, screws,
and bolts. Since holes must be drilled in the members to make the attachments, it is not possible to
attain ultimate allowable stresses in the gross areas of tension members.

» This reduction in area has very little effect on stiffness because only a very small
percentage of the total material is removed

* A study of the stress variation around holes (in the commonly used aluminum
alloys) shows that in the elastic range the stress at the edge of holes is as much as
three times the average stress

* In the plastic range (ultimate load design case), however, the load tends to distribute
uniformly over the remaining material

Three reasons why the effect of holes and stress concentrations are not more serious at ultimate
loads are:

¢ The material develops permanent deformation at local points of high stress
concentration and shifts excess loads to adjacent material
* Holes are filled by rivets or screws which help prevent inward deflection
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* The biaxial tensile stresses which develop around the holes help “streamline” the
flow of load

Joints are the most common source of failure for airframes as well as other structures, and failures
may occur because of many factors, all of which are difficult to evaluate to an exact degree. These
factors not only affect static strength and stiffness but have a great influence on the fatigue life of
the joint and the adjacent structures. Splice joints generally fail in one of the modes shown in Fig.

9.1.1.
- -7

(a) Tension failure (b) Tension cleavage failure

Pl

(c) Shear-out failure (d) Bearing failure
A %pt
i /] }
L ( C |
Qé»’ =
(e) Fastener shear-off (f) Fastener pull-through

Fig. 9.1.1 Typical Failure Modes of a Splice Joint

The following are the general design requirements for joints:

(a) Fitting factor:
An ultimate fitting factor of 1.15 (per FAR 25.625) shall be used in the joint analysis:
* This factor of 1.15 shall apply to all portions of the fitting including the fastening
and bearing on the joined member
* For each integral fitting, the part must be treated as a fitting up to the point at which
the section properties become typical of the member

No fitting factor need be used:
» For joints made under approved practices and based on comprehensive test data
«  With respect to any other design factors for which a larger special factor is used
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(b)

(c)

(d)

Joints and Fittings

Overall joint efficiency:

It is a primary consideration that the efficiency of the joint will be equal to or greater
than that of the parent structure. One side of the joint should not be designed for
maximum efficiency at the expense of a weight and fabrication cost penalty on the
other. The joint should be located at support structures such as stringers, stiffeners,
bulkheads, etc. to improve joint efficiency as shown in Fig. 9.1.3.

Eccentricities (unsupported joint):

Moment produced by eccentricities in a joint, especially the lap joint as shown in Fig.
9.1.2, will induce excessive loading and secondary tension loads on end fasteners. The
stress on the plate is no longer uniform stress, and the maximum tensile stress in the
elastic range (critical for fatigue consideration) is,

4P
)= t

f=%+ (%)(% (1.0 inch-wide strap) Eq.9.1.1

T i
P <——4l— Stress = 4P/t
e .

Fig. 9.1.2 Excessive Stress Due to Eccentricity

The excessive stress induced by eccentricity on the members of a lap joint is reduced in
the plastic range for ultimate strength design.

Supported joint:

All airframe structural joints are supported joint designs, as shown in Fig. 9.1.3, which
provide structural integrity to reduce significant local high local stress due to eccentricity.
The supported joint is located at a stringer, stiffener, bulkhead, etc. and it always uses
double or staggered rows (in fuselage hoop tension applications triple rows may be
used) of fasteners for wing fuel tank design.

Skin Skin
I/ \- i ! 1 /\

(| N S { ; ! Ty 1
L — — i | =

Stri
Splice stringer «— Stringer

Fig. 9.1.3 Supported Joints
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(e) Joint rigidity:
Insufficient or excessive rigidity of the surrounding structure may cause excessive
deflections under highly concentrated loads and consequently changes in direction and
magnitude of the loads on a joint, e.g., in structural support areas of engine pylons,
landing gear, flaps, etc.

(f) Mixed fasteners and fits:
Generally it is not good practice to use mixed fasteners and different fits on the same
joint since the tighter fit holes will start to pick up load early and the looser holes will
not pick up the load until the joint starts to deflect. This will cause premature failure of
structural life. Every fastener should be installed wet (it reduces bearing allowables
compared to dry) per the specifications of the government, industry, or the individual
company.

(g) Mixed splice materials:
Joints should be strain analyzed based on the stress-strain data of the splice and parent
materials to avoid the problem of insufficient or excessive rigidity.

(f) Fastened and bonded joint:
It is difficult to determine the load distribution for a fastened and bonded joint but the
bonded area will pick up most of the load:

* The use of bonding on a fastened joint will provide extra fatigue life and increased
corrosion resistance at the bondline

* Provide sufficient fasteners to carry all of the static ultimate loads, as no load is
carried by the bonding

(h) Permanent set:
Under the limit load no permanent set is allowed to occur as is the requirement for any

airframe structure. Use the material bearing yield allowable, F,,, if it is lower than I:"g‘

(see Fig. 4.4.2) and for the similar situation of F,,.

(i) Splices adjacent to continuous members:
This joint should be designed to be as rigid as geometry will permit using ample material
and interference or tight fit fasteners to minimize slippage which might overload the
continuous members and cause premature failure. An example of this type of joint, as
shown in Fig. 9.1.4, is splicing a stringer which is attached to a continuous fuselage skin
(frequently used in repair of broken stringer).

) Doubler

Q- Fastener

Fig. 9.1.4 Fuselage Stringer Splice (Continuous Skin)
276



§))

9

Joints and Fittings

Fastener spacing and edge distance (%):

In normal metallic sizing, the minimum fastener spacing (pitch) is 4D and edge distance
e
D=

from the center of the fastener to edge of the part plus an additional margin of 0.03 inch

for tolerance or misdrill) as shown in Fig. 9.12.4,

in the direction of load is 2.0 (D is the diameter of the fastener and e is the distance

Minimum edge distance, % = 1.5 may be used, provided the following criteria are met:

» Low load transfer such as spar or rib vertical stiffener attached to web
* Assume non-buckled skin

Countersunk fastener:
Since the knife or feather edge, as shown in Fig. 9.1.5, is not allowed in airframe design
because of fatigue requirements, the minimum plate thickness (t) is:

t=1.5Xt, Eq.9.12

where: t — The plate thickness
t, — Countersunk fastener head height

44

N

T { P — e —

M

(m)

(a) Preferable (No Knife-Edge) (b) Poor (Knife-Edge)

b Hot bonded
44 /
S

T 3

(c) Acceptable (Bonded to Eliminate Effect of Knife-Edge)

Fig. 9.1.5 Countersunk Fastener Knife Edge

Adjacent skin buckling:

Buckling of the skin adjacent to the splice may change the local in-plane load distribution
and introduce a prying and tension load on a critical fastener. This buckling not only
affects the static strength and stiffness of the joint but also has a great influence on the
fatigue life of both the joint and the adjacent structures as well.

Fastener symbol code:

A fastener symbol system, based on the NAS 523 standard, is used on engineering
drawings. The symbol, as shown in Fig. 9.1.6, consists of a single cross with code
letters or numbers in the quadrants identifying fastener features.
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Basic fastener code Fastener dia. (in 32nds of an inch)

MEFD HD location:
\X X’;/ N - Near side
F - Far side
(If omitted, optional or obvious)
X X
. . 7 %\

Dimple and CSK information:
C - CSK instructure

Fastener grip length

D - Dimple (in 16ths of an inch)

2 - No. of sheets dimpled

(1) Symbol code

’m”‘w @ MS20470(B)4, protruding head, 5056-F rivet, 1/8" dia., MIF'D HD direction option.

Bé N G T MS20426(A)6, 100° CSK head, 1100-F rivet, 3/16" dia., CSK HID near side.

5_.2& _\'1820_426(7\)6 100° CSK head, 1100-F rivet, 3/16" dia., CSK HD far side
oC and dimple outer sheet and CSK g structure 100° both 'sides
(b) Lixamples
S ] ] g
X7ZK-6 M i ||
(Protruding head, dia. = 3/16") uﬂﬂ "
+ |t +
+ ks
XTJ-8 :F- -
(Protruding shear head, dia. = 1/4") ’iﬁ' :_.:_f:_
X ferger ||xager X3 {85 "_1.‘7' 149 "’?‘; u*n‘f
# g by 4+ e
= T

W ol g

() Typical drawing detail showing lastener callout)

Fig. 9.1.6 Fastener Symbol Code
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9.2 FASTENER INFORMATION

There are basically four groups of fastener systems, namely:

¢ Permanent fasteners (rivets), shown in Fig. 9.2.1. and Fig. 9.2.2
» Removable fasteners (screws bolts), shown in Fig. 9.2.3

¢ Nuts/nut-plates, shown in Fig. 9.2.4

¢ Washers, shown in Fig. 9.2.4

In making fastener selection, the engineer must consider all the conditions to be encountered by
the overall design as well as the allowable strength required. Blind fasteners which are part of the
permanent fastener group shown in Fig. 9.2.1 are only used in blind areas where conventional
installation or assembly is impossible.

All fasteners are installed wet (with sealant to prevent corrosion) per standard industry or company
specification. '

(‘W'w \("”'} (Protruding head - tension) (Protruding head - shear)

o U r

MS20426 MS20427
(Flush head) (Shear head) (Tension head) (Shear head)
ﬁ (Lockbolts)
MS20470

(Protruding head) (Protruding head - tension) (Protruding head - shear)

@ W T I =

(Mog'iﬁedh g (Tension head) (Shear head)
protruding hea

%f -

Briles rivet (MS 14218)
(Modified shear head)

L

(Slug)

(Hi-Loks)

| |
H U

MS 90353 MS 90354 NAS 1398 NAS 1399
(Blind fasteners)

Fig. 9.2.1 Permanent Fasteners
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100°
0.375"
(MS20470)  joa—r
222 - ;).oas" (MS20470) ' i
72 " i ? SZ 1 007" (Ms20426)

0.072" (LS13971) 0.004" (NAS1097) l .
0.009" (LS10052) 0.047" (NAS1097)
et

Comparison between MS20470 and 1.§13971 Comparison between MS20426 and NAS1097

(3/16" diameter protruding rivets) (3/16" diameter countersunk rivets)

Head height-—i S

Head diameter ]
Rivet Head diameter Head height

diameter (in.) MS20470 L.S13971 MS20470 LS13971

1/8 0.238-0.262 0.178-0.196 0.054-0.064 0.040-0.050
5/32 0.296-0.328 0.238-0.262 0.067-0.077 0.054-0.064
3/16 0.356-0.0394 0.296-0.328 0.080-0.090 0.067-0.077
1/4 0.475-0.525 0.415-0.459 0.107-0.117 0.093-0.103

Note: For countersunk rivets, see Appendix B.

Fig. 9.2.2 Permanent Fasteners — Comparison of Head Configurations

NAS 623 NAS 1801
(Screws)

Short threads

— 13

Countersunk head 12-point head bolt

Short threads

- PN
hd

Long threads

&S GE—=

Hex head bolts

12-point head fatigue tension bolt
(Bolts)
Fig. 9.2.3 Removable Fasteners
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B

Tension Nut Shear Nut Nut-Plates
(a) Nut and Nut-plates

i ﬁ
.\

Section A- A Countersunk Plain

Countersunk (C) and Plain (P) Washers
h/ Section A - A EIJ Section B - B

Convex Concave

Self-Aligning Washer

(b) Washers
Fig. 9.2.4 Nuts and Washers

(A) BASIC CRITERIA FOR FASTENER STRENGTH ALLOWABLES

The allowable loads are based on the lowest values of the following criteria:
(a) Fastener Shear-off load (See Fig. B.6.7 for correction factor):

2
Ps,:lll = qu(%l?') Eq 92.1

where: F,, — Allowable ultimate shear stress of the fastener material from Ref. 9.1.
D — Nominal fastener shank diameter.

Fig. 9.2.5 and Fig. 9.2.7 show some design allowables.
(b) Sheet bearing load (protruding head only):
Pb,;m = anDt Eq 922

where: F,. — Allowable ultimate bearing stress of the sheet material frome Ref. 9.1.
D - Nominal fastener shank diameter.
t —Nominal sheet thickness.
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Use “wet pin” bearing allowable data (the data from Ref. 9.1 is mostly “dry pin” bearing
allowables and it should be noted that these are higher than “wet pin” allowables. Use
80% of the “dry pin” bearing values until data is established by test results).

(¢) Countersunk fastener (flush head) and sheet combinations — the allowable ultimate and
yield loads are established from actual test data only.

Fig. 9.2.8 through Fig. 9.2.13 show some design allowables.

(d) The tension allowable in a joint is whichever of the following is the lowest:

¢ Rivet tension allowable:
Use test data or see Ref. 9.1; Fig. 9.2.10 through Fig. 9.2.13 show some design

allowables.

» Tensile allowable for threaded steel fasteners:
Pl,ull = Flu Am

where:

Eq.9.2.3

F. — Allowable ultimate tensile stress of the fastener material.

A, — Minor area of “the first thread” (not the shank) of fastener (see Fig.
9.2.6).

Use data from Ref. 9.1 or design allowables in Fig. 9.2.6 and Fig. 9.2.7.

* Countersunk fastener and sheet combinations ~ Allowable ultimate loads are
established from test data only (failure from fastener head breakage or fastener pull-
through).

Fig. 9.2.10 through Fig. 9.2.13 give a few design allowables

(e) Yield strength (fasteners and sheet combinations) to satisfy permanent set requirements
at limit load.

Fastener Diameter RN R R e S 2 3 A 1 2
32 8 32 16 4 16 8 16 2 16
I;/?;:Z:iz (IE;"D Ultimate Single Shear Load (Ibs./fastener)
1100F (A) 9
5056(B) 28 | 203 (363 | 556 | 802 | 1450 | 2295 | 3275
2117-T3 (AD) 30 | 217|388 ] 596 8621} 1555| 2460 | 3510
2017-T31(D) 34 | 247 (4421 675 9771765 | 2785 | 3980
2017-T3(D) 38 275494 | 75510901970 | 3115 4445
2024-T31(DD) | 41 [296 {531 | 814 [ 117512125 3360 | 4800
7075-T73(E) | 41
7075-T731 (E) | 43 | 311|558 | 854 (1230|2230} 3525 | 5030
A-286 CRES 90 | — | — | 1726 2485|4415 6906 | 9938
Ti-6A1-4V
95 | — | — | 182212623 |4660 | 7290 | 10490 14280 ;18650 (23610
& Alloy Steel
Alloy Steel 108 | — | — [2071 2982|5300 8280 | 11930]16240 |21210 {26840
125 | — | — 12397 |3452 (6140 | 9590 | 13810 18790 | 24540 | 31060
132 | — | — |2531 |3645| 6480 | 10120 | 14580 | 19840 | 25920 | 32800

(Ref. 9.1)
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Multiplied by the correction factors (See Fig. B.6.7),
if /D < 0.33 (for single shear) and /D < 0.67 (for double shear).

Fig. 9.2.5 Rivet Shear-off Strength Allowables
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Tensile strength of fastener,

Ultimate tensile strength, lbs

ksi 160 180 220 260 300
Fastener diameter :
Maximum MIL-S-8879
In. D minor arca
0.112 4-40 0.0054367 869 979 1,196 1,414 1,631
0.138 6-32 0.0081553 1,305 1,468 1,794 2,120 2,447
0.164 8-32 0.012848 2,055 2,313 2,827 3,340 3,854
0.190 10-32 0.018602 2,976 3,348 4,090 4,840 5,580
0.250 ;—-28 0.034241 5,480 6,160 7,530 8,900 10,270
0.312 15—6-24 0.054905 8,780 9,880 12,080 14,280 16,470
0.375 %-24 0.083879 13,420 15,100 18,450 | 21,810 25,160
0.438 17—6-20 0.11323 18,120 | 20,380 24910 | 29,440 33,970
0.500 l5-20 0.15358 24,570 | 27,640 33,790 | 39,930 | 46,100
0.562 19—6- 18 0.19502 31,200 | 35,100 42,900 | 50,700 | 58,500
0.625 ?; -18 0.24700 39,520 | 44,500 54300 | 64,200 | 74,100
0.750 %-16 0.36082 57,700 | 64,900 79,400 | 93,800 | 108,200
0.875 %-14 0.49327 78,900 88,800 | 105,500 | 128,300 | 148,000
1.000 1-12 0.64156 102,600 | 115,500 | 141,100 | 166,800 | 192,500
1.125 1 %-12 0.83129 133,000 | 149,600 | 182,900 | 216,100 | 249.400
1.250 | 1:- 12 1.0456 167,300 | 188,200 | 230,000 | 271,900 | 313,700
1.375 1 %-12 1.2844 205,500 | 231,200 | 282,600 | 333,900 | 385,300
1.500 | '5 12 1.5477 247,600 | 278,600 | 340,500 | 402,400 | 464,300
Thread per MIL-S-8879 D
Max. minor area, A,
(Ref. 9.1)

All values are for 3A threads per MIL-S-8879.

Nuts designed to develop the ultimate tensile strength of the fastener are required.

Fig. 9.2.6 Ultimate Tensile Strength Allowables for Threaded Steel Fasteners
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Bolt Dia. Bolt Area Moment of Inertia Single Shear Tension Bending
(in) (in*) (in*) (Ibs.) (Ibs.) (in-1bs.)
71— 0.0491 0.000192 3680 4080 276
% 0.0767 0.000468 5750 6500 540
% 0.1105 0.00097 8280 10100 932
% 0.1503 0.001797 11250 13600 1480
% 0.1963 0.00307 14700 18500 2210
% 0.2485 0.0049 18700 23600 3140
% 0.3068 0.00749 23000 30100 4320
% 0.4418 0.01553 33150 44000 7450
‘;— 0.6013 0.02878 45000 60000 11850
1.0 0.7854 0.0491 58900 80700 17670

Note: AN steel bolts, Fi, = 125 ksi, F., =75 ksi
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Fig. 9.2.7 AN Steel Bolt Strength Allowables (F,. = 125 ksi and F,, = 75 ksi)

Rivet Type MS 20426 AD MS 20426 D MS 20426 DD
""""""" (2117-T3) (2017-T3) (2024-T3)
(F. =30 ksi) (F =38 ksi) (F.. =41 ksi)
Sheet Material ....... Clad 2024-T42 and higher strength aluminum alloys
Rivet Diameter, in. 3 1 5 3 S5 3 1 3 1
(Nominal Hole 32 8 32 16 32 16 4 16 4
Diameter, in.) ........ (0.096)((0.1285){ (0.159) | (0.191)[ (0.159) | (0.191) | (0.257)| (0.191)|(0.257)
Ultimate Strength, lbs.
Sheet thickness, in.:
0.020 ..eeeeienenn 132 163 ...
0.025 v 156 221 250
0.032 oo v 178 272 348 324
0.040 ... 193 v 309 418 525 476 555
0.050 ....ccoeeeeee. 206 340 v479] 628 [v580 726 758 975
0.063 ..o 216 363 523 v705| 657 | v859 | 1200 | v886 | 1290
0071 e 373 542 739 690 917 1338 942 1424
0.080 ...ccociiinen 560 769 720 969 | 1452 992 | 1543
0.090....coiines 575 795 746 1015 1552 1035 v 1647
0.100 ..., 818 1054 | 1640 1073 | 1738
0.125 s 853 1090 1773 1131 1877
0.160 . 1891 2000
1970 2084
Rivet shear 217 | 388 | s96 | 862 | 755 | 1090 | 1970 | 1180 | 2120
strength ............

(continued on next page)
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Rivet Type .o MS 20426 AD MS 20426 D MS 20426 DD
(2117-T3) (2017-T3) (2024-T3)
(Fo =30 ksi) (F.. =38 ksi) (F., =41 ksi)
Sheet Material ....... . Clad 2024-T42 and higher strength aluminum alloys
Rivet Diameter, in. 3 1 5 3 S 3 1 3 1
(Nominal Hole 32 8 32 16 32 16 4 16 4
Diameter, in.) ........ (0.096)[(0.1285)[ (0.159) | (0.191)[ (0.159)} (0.191)](0.257)| (0.191}](0.257)
Yield Strength, 1bs.
Sheet thickness, in.:
0.020 e 91 98
0.025 oo 113 150 110
0.032 .ocieinnne 132 198 200 204
0.040.....coevmnen. 153 231 265 273 270 362
0.050 ..o 188 261 321 389 345 419 538 594
0.063 ..coveiee 213 321 402 471 401 515 610 614 811
0.071 oo 348 453 538 481 557 706 669 | 902
0.080 ..covrrirennes 498 616 562 623 788 761 982
0.090 ...ceneene 537 685 633 746 861 842 | 1053
0.100 ..o 745 854 | 1017 913 | 1115
0125 s 836 1018 | 1313 | 1021 | 1357
0.160 ..o 1574 1694
0.190 ... 1753 1925
(Ref. 9.1)

Use 80% of above bearing values for “wet pin” until data is established by testing.
+/ Values above line are for knife-edge condition.

Fig. 9.2.8 Bearing Allowables — Aluminum Countersunk 100° Rivet and 2024-T42 Clad Sheet

Fastener Type ......cccoveeviiioiiicinieie e, HL 11 Pin (Fsu = 95 ksi), HL 70 Collar
Sheet Material .......cccccovevveiiiiiiieeireniieens Clad 7075-T6
. . 5 3 1 5
Fastener Diameter, In. ........cccccceeeveiinveeeneennn. 35 6 a1 6
(Nominal Shank Diameter, in.) ......c....c....... (0.164) (0.190) (0.250) (0.312)
Ultimate Strength, Ibs.
Sheet thickness, in.:
0.040 ..o 734 v 837 v
0.050 i 941 1083 1343
0.003 .o 1207 1393 1762 2170
0.071 oo 1385 1588 2012 2463
0.080 oot 1557 1779 2281 2823
0.090 ..o 1775 2050 2594 3193
0700 o 1876 2263 2919 3631
0.125 oo 1950 2542 3765 4594
0.160 oo e 2007 2660 3970 5890
0.190 i 2694 4165 6105
0.250 1o .. - 4530 6580
0.312 i 4660 7050
0.375 e 7290
Fastener shear strength ..........cccccooiineinnin, 2007 2694 4660 7290

(continued on next page)
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Fastener TYPe ..ooovveeiciiriiie e HL 11 Pin (Fsu = 95 ksi), HL 70 Collar
Sheet Material ....c.cccovvvivevicenenninieree e, Clad 7075-T6
. . 5 3 1 5
Fastener Diameter, in. .....ccccccovovnivenvnecnenns 32 16 7 T
(Nominal Shank Diameter, in.) .....ccccconenee. (0.164) (0.190) (0.250) (0.312)
Yield Strength, Ibs.
Sheet thickness, in.:
0.040 ..o 674 794
0.050 i 835 982 1325
0.063 ..o, 1038 1230 1655 2141
0.071 oo 1130 1355 1813 2338
0.080 .eieiiicee e 1230 1480 2062 2620
0.000 ..o 1342 1625 2250 2880
0.100 ... 1440 1750 2470 3420
0.125 e 1670 2020 2930 3860
0.160 ...t 1891 2360 3480 4620
0.190 1o 2560 3840 5150
0.250 it 4440 6170
0.312 oot 4660 6900
0.375 oo 7290
Head height (nom.), in. .....ccocoeoiiiiineinenen. 0.040 0.046 0.060 0.067
(Ret. 9.1)

Use 80% of above bearing values for “wet pin” until data is cstablished by testing.
v/ Values above line are for knife-edge condition.

Fig. 9.2.9 Bearing Allowables — Ti-6Al-4V Countersunk 100° Fastener and 7075-T6 Clad Sheet

3 1 S| 3 1 S 03 L S

SIZE 32 8 32 32 8 32 32 8 32
STRENGTH
MS20470AD | 217 388 596 261 467 715 261 467 715
LS13971AD — 388 596 — 327 501 — 327 501
SHEET 6013-T6 THRU 7075-T6 |6013-T6 THRU 2024-T62| 7075-T73 & HARDER
THICKNESS SHEAR TENSION TENSION

0.020 163 80 145

0.025 188 278 118 125 185 240

0.032 211 329 437 172 197 205 230 317 382

0.040 217 368 507 228 279 307 261 390 491

0.050 388 566 256 382 434 458 603

0.063 596 261 455 599 467 710

0.071 467 672 715

0.080 715

Yield values are not shown because yield strength is greater than 66.7% of the ultimate value.

Fig. 9.2.10 Protruding Head Aluminum Rivets (MS20470AD and LS13971AD - 30 ksi shear)

with Aluminum Sheet
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3o L s [ 3|3 s 3|

SIZE 32 8 32 16 4 32 8 32 16 4
STRENGTH
LS15906E
MS20470DD | 296 531 814 1175 | 2125 356 638 977 1410 | 2552
LSI13971E — — — 1175 | 2125 — — — 987 | 1787
THICKNESS SHEAR TENSION

0.025 228 151

0.032 271 394 221 252

0.040 292 465 609 296 359 392

0.050 296 516 718 905 340 493 558 604

0.063 531 796 1067 356 599 774 863

0.071 808 1119 | 1703 619 862 1023 | 1194

0.080 814 1158 | 1860 638 924 1177 | 1435

0.090 1175 { 1977 955 1304 | 1703

0.100 2063 977 1348 | 1972

0.125 2127 1410 | 2393

Yield values are not shown because yield strength is greater than 66.7% of the ultimate value.

Fig. 9.2.11 Protruding Head Aluminum Rivets (MS20470DDand LS13971E - 41 ksi shear)
with Aluminum 6013-T6, 2024-T42 and 2024-T3 Sheet

1 S 3 1 1 3 3 1
SIZE 8 32 16 4 8 32 16 4
STRENGTH | 531 814 1175 | 2125 471 721 1040 | 1883
CSK head 028 036 047 063 028 036 047 063
height

THICKNESS SHEAR TENSION

0.032 263 154

0.040 352 408 229 241

0.050 443 546 621 324 356 374

0.063 507 691 833 415 509 555

0.071 521 743 937 | 1207 444 583 668 747

0.080 531 781 1033 | 1408 467 645 784 915

0.090 802 1108 | 1599 471 689 894 | 1104

0.100 814 1137 | 1774 594 721 951 1294

0.125 1175 | 2025 1040 | 1653

0.160 2127 1867

Yield values are not shown because yield strength is greater than 66.7% of the ultimate value.

Fig. 9.2.12 Countersunk 100° Shear Head Aluminum Rivets (LS10052DD ~
41 ksi shear) with Aluminum 6013-T6 or 2024-T3 Sheet

287




Chapter 9.0

3|11 32| 4L 3]s 31
SIZE 32 8 32 16 4 32 8 32 16 4
STRENGTH | 296 531 814 | 1175 [2125 | 332 | 594 909 | 1312 | 2376
CSK'head 036 | .042 | .055 | 070 | .095 | .036 | .042 | .055 | .070 | .095
height :
THICKNESS SHEAR TENSION
0.025 125 118
0.032 160v| 214 172v| 197
0.040 198 267v| 331 232 | 279v| 307
0.050 238 334 413v] 497 284 | 382 434v ! 472
0.063 283 406 521 626 v 317 | 491 599 671y
0.071 296 446 576 705 | 949 | 328 | 527 689 793 | 931
0.080 489 635 788 | 1069 | 332 | 560 763 923 | 1116
0.090 531 696 870 |[1203v 580 818 | 1056 [1322v
0.100 754 945 | 1336 594 859 | 1127 | 1528
0.125 814 | 1119 | 1615 909 | 1255 | 1955
0.160 1175 | 1956 1312 | 2238

Yield values are not shown because yield strength is greater than 66.7% of the ultimate value.

v/ Values above line are for knife-edge condition.

Fig. 9.2.13 Countersunk 100° Tension Head Aluminum Rivets (MS20426DD —
41 ksi shear) with Aluminum 7075-T73 Sheet

(B) COMMENTS

(a) Permanent fasteners:

* Solid aluminum rivets such as 2017, 2024, 2117 and 7050 are the most commonly
used

¢ Use 7050-T73(E) rivet to replace the 2024-T32(DD) “ice box” rivet

» Tension type — carries a higher tension load due to its greater head depth
« Shear type — Use of shallow countersunk head fasteners allows thinner sheet to be used
» Hi-Loks and lockbolts are considered to be permanent fasteners
« Blind fasteners are generally used in blind areas where assembly is impossible

(b) Removable fasteners:

¢ Use 12-point protruding heads for ultra-high concentrated load applications
» Standard aircraft bolts have rolled threads

¢ Screw threads must not be placed in bearing
¢ There are tension and shear bolts and screws

» Screw identifications:

(c) Nut/nut-plates:

AN — Airforce/Navy Standard.
NAS - National aircraft Standard.

« Select nut-plates which have a tensile strength equal to or greater than the mating
bolt or screw
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» Strength of tension nuts are 180-220 ksi

« Strength of shear nuts are 125 ksi

e Nut-plates are attached with two small rivets

* Use a nut whose strength is compatible to that of the bolt

* There are two groups of nuts, namely tension nuts and shear nuts

(d) Washer applications:

» Plain washers are used under nuts

¢ Make sure a countersunk washer is used under bolt (manufactured) heads
e Self-aligning washers are used with fasteners in non-paralle] joints

+  Washers are used under high tension pre-loaded bolts

9.3 SPLICES

Splices are necessary for the following reasons:

» Limitations on sheet width and length (manufacturing consideration)
» To obtain desired spanwise taper of section area (Cost consideration)
» For fail-safe design (safety consideration)

Spanwise (i.e., wing) splices are designed for shear flows. In some instances there is sufficient
chordwise loading to consider it in the splice analysis, but in the majority of cases chordwise loads
are small and can be ignored. Fuselage longitudinal skin splices are primarily designed for hoop
tension loading due to cabin pressurization but sometimes the local shear load must also be
considered. The analysis must consider both the skin and attachment. If the skin is designed to a
low margin of safety, as it should be, fastener hole-out efficiency must be maintained at
approximately 75 to 80 percent.

The desired object in the design of splices is to obtain the required strength at lowest possible
weight and cost. However, it is considered good practice to “balance” the design:

» If the sheet or skin margin is 10%, then the rivet margin should be approximately the
same

+ Experienced designers frequently design splices to the strength of the sheet and,
usually, the cost of adding a few more rivets is minor compared to the gain in
capacity

+ However, reducing the number of rivets is also important to lower the overall cost

In modern airframe design the most important joint is the wing root chordwise joint which is
usually located at the side of the fuselage; some designs may require a secondary chordwise joint
between the root and tip due to manufacturing limitations which do not allow the fabrication of a
one piece wing skin panel or stringer. Practically, however, it is not desirable to have such a
secondary joint.

Example:

The skin is lap-spliced at a given panel. One skin thickness is 0.055 inch and the other skin thickness
. . 3. .

is 0.071 inch with countersunk head fasteners (F,, = 41,000 psi) of diameter D = —— inch. Find the

16
margin of safety for both skins and rivets.
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0’4"‘1 "ﬂ r_04" q = 600 Ibs./in.
f = e

y
t; = 0.055 in. ——

4

t,= 0.071 in.

MS20426-DD6

Given material (2024-T42 clad sheet, use “B” values):
F. = 59,000 psi; F,, = 35,000; F,, = 35,000 psi;

Fun, = 112,000 psi and F,, = 56,000 psi (%: 2.0)

F. _ 59,000

Check: F, = 35,000 =1.68>15
Therefore, use F, ,=1.5% 35,000 = 52,500 psi
Fuy, _ 52,500
Fay=Fu( E, )= 35,000(59 000) 31,100 psi
. Fp, 112,000 _
Check: F, ~ 756,000 - 2>15 OK.

Therefore, use F,, ,=1.5X 56,000 = 84,000 psi

(1) The load on each rivet is the resultant of loads on the skin,

po (2 000)2+(6X 61(’)/0)21%

=737 Ibs. per rivet

(2) Use DD6 rivets (MS 20426; D = 3 inch, 2024-T31, F,, = 41,000 psi):

16
Rivet shear allowable: P ,; = 1,175 1bs. (see Fig. 9.2.5) x 0.98 (see Fig. B.6.7)
=1,152 Ibs.
MS=5"—=1152 1=0.56 OK.
P 737
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(3) MS of rivets in the skin of t, = 0.055 in.:

Bearing allowable load:

Finy XD X t, = 84,000 X % X 0.055 = 866 Ibs.

OK.

OK.

MS = % -1=0.18
(4) Allowable load for 13_6 countersunk head bearing in plate of t, = 0.071 inch is 942 lbs.
and its bearing yield strength is 669 lbs.:
—2—% =141 < 1.5 (not critical)
MS =235 - 1=028

(5) MS of the net section of skin, t, = 0.055 in.:

P 12,000
"' T 6x%0.055
= 36,364 psi (gross area tensile stress)
f.r=_600
0.055

= 10,900 psi (gross area shear stress)

Skin section reduction due to rivet holes (D = % :

(—1%) X 0.055 =0.0103 in.” per rivet hole

Gross area: A, =6X%0.055=0.33in’
Reduced area: A, =6x0.0103 = 0.0619 in.? (total holes in first row)

Therefore, % = (.188 and rivet hole efficiency: m=1-0.188 =0.812

¢

fui
l{l -—
T]Flu.y
36364
~ 0.812Xx52,500 0.853
f,.
Rx —
nFa.,
10900
= 0812 x31,100 - 0432
1
=" 1 -1
[(R)*+ (R
1
= - 1=0.046

[(0.853) + (0.432)]7
(6) MS of the net section of skin, t, = 0.071 inch:
(This skin is not critical compared to that of t, = 0.055 in.)

(7) Therefore, the min. MS = 0.046 (Net section critical of skin t; = 0.055 in.)

O.K.
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9.4 ECCENTRIC JOINTS

Concentric riveted connections which carry no moment are assumed to be loaded evenly, i.e., the
load is distributed equally to the rivets. This is approximately true, even when the rivets are in a
single line the end fasténers (or fisrt fasteners) are not overloaded as might be expected. All
fastened joints must be checked for the

¢ Shear value of the fasteners
e Bearing value of the fastener in the attached sheets

Where fastener clusters must carry moment load (M) as well as shear force (P) in members they
must be investigated for combined loads.on the fastener clusters, as shown in Fig. 9.4.1. The
solution of forces for a group fasteners subjected to moment is rather simple if the engineer
assumes that the force on each fastener is proportional to its distance from the centroid. This is
true of course only if the fasteners are all of the same size (also assume the same material).

-

/4\ \\(// i\‘Pm_,

s 1

P
Fastener 2 /A Fastener 1
® 4 7R

> Fastener 3

Fig. 9.4.1 Fastener Clusters

Shear load on given fastener 1, due to a concentrated load, P

A
Py, = P('{‘i—) Eq. 94.1
‘hear load on given fastener 1, due to moment , M,:
_ Ad,
Pm.l _M(EAdZ) Eq 942

where: A — Fastener area
d - Distance from centroid of the fastener clusters to given fastener

The above equations are based on the following:

* Fastener materials are the same
» Fastener bearing on the same material and thickness
» Fastener shear load assumes straight line distribution
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Procedure for determining fastener shear loads is as follows:

(D
@)

3)

)

(%)

(6)

Find out fastener areas and their shear allowables.

Determine centroid (c.g.) of the fastener clusters from a designated fastener:
X of c.g. — x-axis from a designated fastener
Y of c.g. — y-axis from a designated fastener
Fastener shear load (see Eq. 9.4.1 and assume at fastener 1) due to a concentrated load, P:
A
Ps. = P(E_Plx

(Assume load, P, goes through the centroid of fastener clusters )

Fastener shear load (see Eq. 9.4.2 and assume at fastener 1) due to moment, M,:
_ A1d1
P, = M(TAdz)

If areas of fasteners are equal and the fastener shear load (assume at fastener 1) due to
moment , M,:

d
PI = M( 2(112 )
Construct the vector diagrams for the loads on the assumed fastener 1 (Ps, and P,,,) and
measure the resultant vector (P, ).
Margin of safety:

M., - Fastener 1 shear allowable _
PSm. 1
or MS,.... = Sheet bearing allowable on fastener |

PSm. 1

-1

Example 1 (Symmetrical Joint With Same Size Rivets):

Assume a symmetrical rivet pattern of five rivets of equal size (D = -g— ), carrying a shear load of

P, = 10,000 lbs. upward and a moment load of M = 12,000 in-lbs. acting as shown in Fig. A.

» For this case the centroid of the rivet joint about which moment load will take place
is by inspection at the No. 5 rivet

« The center rivet cannot take any moment load because it has no lever arm, being at
the centroid

e The four outer rivets are equal distance from the centroid and take equal moment
loads

» The forces on the rivets are shown and the resultant forces on all rivets are different,
being the resultants of the forces due to the vertical concentrated load of (Py) and
moment load (M)

» For the condition shown rivets No. 1 and No. 4 carry the greatest load and would be
critical
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Py = 10,000 Ibs.

1.0" —»-

= 12,000 in.-1bs.

\L/
I

J—y
-y

P, 4 = 2,000 Ibs.

[+—2,000 lbs.+{

(Load scale)

Fig. A Five Equal Sizes of Rivets (D = g ") with Symmetrical Rivet Pattern

[
> 1S

(Centroid of rivet group is at rivet No. 5 and therefore rivet No. 5 has no load from moment)
3.
8

(1) Use D-rivet (2017-T31, F,, = 34 ksi) and rivet shear strength of dia. =

P, = 3,980 lbs. (Assume bearing is not critical)
Centroid of rivet group is at rivet No. 5 and radial distance to each rivet effective in

)

moment load is 1.41".
Rivet shear load due to Py = 10,000 1bs.:

_ 10,000 _ 2,000 Ibs. /rivet

(3)
P.= 5
(Assume Py = 10,000 lbs. load goes through the centroid of the group of rivets )

Rivet shear loads due to M = 12,000 in.-lbs.:

)]
12,000 .
P.= Ax14]° 2,130 1bs./rivet
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(5) The final loads on the respective rivets are the vector resultants of the P, = 2,000 lbs.
and P, = 2,130 1bs. loads; the max. resultant load is at rivets No. 1 and No. 4 and is
P.n 4 = 3,950 1bs. (by measuring the vector diagram):

(6) Margin of safety:

_ Pa 3980
MS =g - 1=F95 ~ 1 =001 OK.

Example 2 (Unsymmetrical Joint With Same Size Rivets):

Design the unsymmetrical rivet Py = 10,000 1bs.
pattern shown in Fig. B to carry

the external shear [« 1.0" \ 1.o" ——"I
P, = 10,000 Ibs and moment | X = 0.8"p
M = 12,000 in-lbs. with equal 2

3 " - -
size rivets (D = 3 ). 9\ jf%)

‘b/M_ 12,000 in.-1bs.
o | D

(Load scale)

Fig. B Five Equal Sizes of Rivets (D = g") with Unsymmetrical Rivet Pattern

(1) Use D-rivet (2017-T31, F,, =34 ksi) and rivet shear strength of dia. = % is

P., = 3,980 Ibs. (assume bearing strength is ample)
(2) Rivet shear load due to Py = 10,000 lbs.:

P, = *I‘Q"ém = 2,000 Ibs./rivet
3 "o, .
(3) Assume each ) rivet equal to 1.0 unit:
2(2x1.0)

X= X1.0=0.8"

5
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(4) Rivet loads due to M = 12,000 in.-1bs. are:

Rivet No. D (in.) A (in.) d (in.) Ad’
1 3/8 0.1105 1.28 0.181
2 3/8 0.1105 1.58 0.276
3 3/8 0.1105 1.58 0.276
4 3/8 0.1105 1.28 0.181
5 3/8 0.1105 0.8 0.071
> Ad* =0.985

Then the actual load on any rivet is equal to:
(Ad/XAd* )M
The load on river No. 4:
P..=(0.1105 x 1.28 / 0.985) x 12,000 = 1,723 1bs.

(5) The final loads on the respective rivers are the vector resultants of the P,, = 2,000
Ibs. and P,,, = 1,723 Ibs. loads, the max. resultant load is at rivers No. 1 and No. 4
and is P, = 3,300 lbs. (by measuring the vector diagram):

(6) Margin of safety:

Ms=i_1=3’_989_1=_(m OK.
P, 3300

Example 3 (Unsymmetrical Joint With Different Size Rivets):

Design a joint of unsymmetrical Py = 10,000 Ibs.
rivet pattern with unequal size I |
3 ” 1 " . 140" — 1.0" ——
i t = - = - 0.67"
rivets (D 3 and D 2 ) as f:_
shown in Fig. C to carry the My
vertical shear force P, = 10,000 Ibs . v,”M = 12,000 in.-1bs.
and moment M = 12,000 in-1bs.
Note:

This type of joint design using
differenct size of rivets is not

recommended in new design

except as rework or repair work

|

4

£

2,000 1bs.—{ §
o
I

(Load scale) T
o

el

4

Fig. C Unequal Sizes of Rivets, D = L and D =—§', with Unsymmetrical Rivet Pattern

4
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(1) Use E-rivet (material = 7075-T731, F,, = 43,000 psi) and assume bearing strength is ample:

1

Shear strength of rivets No. 2,3, and 5 (D = 1

and rivet area = 0.04908 in.?) is

P, =2,230 1bs/rivet

Shear strength of rivets No. 1 and 4 (D = % and rivet area = 0.1105 in.%) is

P, = 5,030 lbs/rivet

Rivet areas:

AreaforD==": A,= 0.0491 in.

AreaforD==": A, =0.1105 in?

8 4

(2) Determine centroid (c.g.) of the fastener clusters from a designated fastener 1 and 4 (Y =0
because it is symmetrical about x-axis):

_2X(2x0.0491) + 1 x(1x0.0491)

X= 2% 0.1105 + 3 X 0.0491 =067
(3) Rivet shear load due to Py = 10,000 1bs.:
OnD= *}4* rivet:
10,000 X 0.0491 _

Poo=Pos=Pus=35700491 +2x0.1105 ~ 1,333 Ibs.

OnD= 3 rivet:
8
P, =P.= 10,000 x 0.1105 — 3,000 Ibs.

3x0.0491 +2 x0.1105

(4) Rivet shear load due to M = 12,000 in.-1bs.:

The resisting moment for this rivet group which has a centroid at X = 0.67" and ZAd’
would be ( put the solution into tabular form as follows):

Rivet No. D (in.) A (in.?) d (in.) Ad’
3

1 ry 0.1105 1.2 0.159
2 % 0.0491 1.7 0.142
3 71{ 0.0491 1.7 0.142
4 % 0.1105 1.2 0.159
5 % 0.0491 0.33 0.005

SAd*=0.607

Then the actual load on any rivet is equal to:
Ad
sAdM
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The load on rivets No.1 and 4 (D = %"):
Ad, 0.1105x1.2
P, =P,,= SAL M = 0.607 12,000 = 2,621 Ibs.

The load on rivets No.2 and 3 (D = %"):

A,d, M = 0.0491x 1.7
SAE T T 0.607

Pm,Z = Pm,} = 12,000 - 1,650 le.

(6) The final loads on the respective rivets are the vector resultants of the P, , = 3,000 Ibs.
and P, , = 2,621 Ibs. loads; the max. resultant load is at rivets No.l and No. 4 and is
P...s = 4,950 Ibs (by measuring the vector diagram):

P 5030 oo OK.

MS =5= 4.950

9.5 GUSSET JOINTS

Gusset joints are generally used on truss beams, e.g., spars, ribs, floor beams, etc. However, these
types of structures are very seldom used in airframe primary construction today due to the
problems of weight, cost, and repair difficulty except very special applications.

* The stress or load distribution in gusset joints is usually uncertain and complicated
and there are no rules that will fit all cases

¢ Engineers must re