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1 Complex Numbers (08/18)

The complex field C is R? with a pair of operations that makes it a field:
(w1,91) + (w2, 92) = (21 + 22, Y1 + ¥2), (¥1,91) - (T2, ¥2) = (L1722 — Y1Y2, T1Y2 + T2Y1)-
The point is that we have two elements: 1 = (1,0),7 = (0,1), and
i? = (0,1) - (0,1) = (=1,0) = —1.

Any complex number can be expressed uniquely as x + yi where z,y € R. If z = x + yi
with z,y € R, then

Re(z) = z,Im(z) =y, |z| = V2?2 + y>,Z = & — yi.

Conjugates are automorphism of the field C since

ZH+wW=Z+W,zW =2 -W.

Notice that 2z = |z|2.
We use the metric d(z,w) = |z — w| on C to make it a metric space. Note this is the
standard dy metric on R2. So we already know that C is a complete metric space.

Example 1.1. Describe the set {z € C: |z| + |z — 1| = 2}. It is an ellipse with foci at 0
and 1, major axis the real axis, and one vertex at 3/2.

If we switch to polar coordinates, then every non-zero complex number gets a unique
representation in the form (r cos(f),rsin(@)), where r > 0 and 6 € [0,27). By definition,
e’ = cos(t) +isin(t). So the polar representation can be expressed as z = 7' with r > 0
and 6 € [0, 27). This reveals some information about multiplication:

i(91 +92)

01 1?2 = rirge .

rie
This tells us that the map M,, : C — C given by M,,(z) = wz consists of the composi-
tion of a homothety with factor |w| and a rotation anticlockwise by the angle § such that
w = |w|e?. Note the map S : C — C given by S(z) = Z is a reflection.
Example 1.2. Determine all solutions to the equation z* = i with 2 € C. Write the
solutions in the form x + iy. Use polar representation, say z = re?, then z* = r*e*? = .
This tells us that 7* = 1 and r = 1. Thus e*? =i = e2?. Thus,

40:g+2k7r,kez,

T 1
9—§+§kﬂ',k€Z.

The 6 in the polar representation is an argument of the complex number. If z = re'

then arg(z) = 6. Note that arg is not a function — it has many values. In Complex Made
Simple (CMS), the principle argument is defined to be the unique argument that lies in
(—m, 7). Tt is denoted by Arg(z).



2 Differentiability and the Cauchy-Riemann Equations (08/20)

We consider functions f : C — C. These can be regarded as functions from R? to R2.

Definition 2.1. Let V C C be an open set, f: V — C, and p € V. Then f is complex
differentiable at p if the limit
lig @+ R) = f(p)

h—0 h

exists.

If the limit exists, then it will be some complex number w. Then we will have

(2.1) f(z) = f(p) +w(z —p) + E(2)
where E(p) =0, and lim,_,, fﬁzp) = 0. Conversely, if we have an expression like 1) then

f is differentiable at p and its derivative at p is w.

Recall that a linear map 7' : R? — R? can be represented by a 2 x 2 matrix [T]. The
column of [T] are T'(e;) and T'(e2) and it has the property that T'(v) = [T]v. What if we
think of R? as C and consider the linear map M, : C — C given by M,(z) = wz? What
is [My]?

Let w = a + bi. In C the standard basis is 1,4. Then

My(l)=wx1=w=a+ bi,

My(i) =w xi=(a+bi)i=—b+ ai,

and so
a b
M) = [—b a] ’
Among all linear maps T : R? — R?, those that are complex linear are precisely the ones
whose matrix has the form —ab Z .

Say we have an openset VCC,peV, f:V = C. Let f =u+iv, whereu: V — R
and v : V — R. Say that f is real differentiable at p. Then

(2.) ot o) = 1) +7([| =+ B3]

where E(p) = 0 and F is sublinear at p. We know that u,(p), uy(p), ve(p), vy(p) all exist.
Moreover,

is the Jacobian matrix.



Note that (2.2)) would say that f is (complex) differentiable at p if T" is actually complex

. . . . —b
linear. We just found out that this happens when the matrix of 7" has the form [Z a
and, in that case, it is multiplication by a -+ bi. This means that f is complex differentiable

at p if

(2.3) Uz (p) = vy(p)
and
(2.4) Uy (p) = —vz(p)

When this happens, f/'(p) = uy(p) + vz(p)i. Equations (2.3) and (2.4 are called

Cauchy-Riemann equations (C-R equations) . We have the exact equivalence:

(real differentiable at p and satisfy CR equations) & <complex differentiable at p)

Recall from Advanced Calculus: If f =u+iv:V — C,p € V, uy, uy, vz, vy all exist on
V', and are continuous at p, then f is real differentiable at p. In particular, if u,v: V — R
are C'! and satisfy CR equations, then u + iv is complex differentiable at every point of V.



3 Power Series (08/22)

Definition 3.1. A power series is a series of the form

oo
Z en(z — 20)".
n=0

Here cg, c1,c2,--- € C, 2,29 € C, and we have the convention that (z — zg)°

means 1.

Theorem 3.2. Given a power series Y -~ cn(z — 20)"

R = sup{r > 0: (c,r") is bounded}.

we define

The power series is uniformly absolutely convergent on any compact subset of the disk
D(z, R). (Note that R € [0,00) U {00}, D(zo, R) ={2€ C: |z — 20| < R}.)

Proof. Let the compact set be K C D(zp, R). Then there is a number 0 < r < R such
that K C D(zp,r) (compact: each open cover has a finite subcover, pick the largest one),
unless R = 0. Note that R = 0 is trivial, and so we shall assume that R > 0 and choose
such a r. It suffices to show that the series converges uniformly absolutely on D(zg,r).
There is a number p such that r < p < R and (¢,p") is bounded. Let M be a bound for
(cnp™). Thus |epp™| < M for all n > 0. Equivalently, |¢,| < Mp~" for all n > 0. Suppose
z € D(zp,r). Then

r n

p) '

Note 0 < £ < 1. The (geometric) series Yoo M (5)" converges. By the Direct Com-
parison Test, > o |cn(z — 20)"| converges uniformly on D(zg,r). Thus > > cn(z — 20)"
converges uniformly absolutely on D(zp, 7). O

.
en(z = 20)"| < Jewr™] = leng(0)"] < M(

We know that the sum of a power series on D(zg, R) is continuous (Uniform Limit
Theorem: the uniform limit of any sequence of continuous functions is continuous). In
fact, a power series is differentiable on D(zp, R). Say that f(z) = o2 cn(z — 29)" with
z € D(z9, R). Suppose that w € D(zp, R). Then

f(w) = enlw = 20)"
n=0



If z # w then we get

00 n—1
f(z):f(w) :ch (z = 20)" " (w — 2)
oW n=0 7=0
Let
00 n—1
@(z,w):ch (2 — 20)" 1 (w — 20)
n=0 7=0
If we set z = w in ® we get
oo oo
zz Z z—zo B :chnz—zo n=l

= n=1

To conclude that f is differentiable and that f/(z) = >_°° | e,n(z — 20)" !, all we need
is that @ : D(zp, R) x D(z9, R) — C is continuous. We can show that this is so by using
the Weierstrass M-test. We can do this by comparison with a series y -, n{%}”_l as

before.

Corollary 3.3. Say that f(z) = > o2 o cn(z — 20)" is a power series with positive radius
of convergence R. Then f is infinitely differentiable on D(zp, R), we have

forn >0, and f uniquely determines (cy,).

Definition 3.4. Let > 7 jan, > oo qbn be two complex series. The Cauchy product is

defined as - - -
Se=Ymdh
n=0 n=0 n=0

where ¢,, = Z?:O ajbn_j.



4 Sin, Cos and Exp (08/25)

For z € C, we define exp(z) = > o ; 12" Note that |ﬁz("+1)| = n%‘ﬂ%z”\ and so
the sequence (|1;2"|) is decreasing once n 4+ 1 > |z|. It follows that (|1;2"() is always
bounded. Thus R = oo for this power series and so we get an infinitely differentiable

function exp : C — C. We have

exp’(z)

o
DR
n!

oo
1
> "
n!
n=0

= exp(z).

Fix w € C and consider g : C — C given by g(z) = exp(—=z) - exp(z + w). By the
Product and Chain Rules, g is infinitely differentiable. Also

g (2) = —exp(—2) - exp(z + w) + exp(—2) - exp(z + w) = 0

for all z € C. Two possibilities to show that ¢'(z) = 0 = ¢ is constant: One is to use
the Mean Value Inequality ([|¢(z) — ¢(y)[| < supyepy DO - [|# — yl|) from Advanced
Calculus, since ¢'(z) is just a special case of the Fréchet derivative. Second possibil-
ity is to show that g is given by a power series with center 0. (Note: exp(z + w) =

S gz rw)t =3 L > i=0 <ZL> ZJw™J = ...) and then use the Cauchy product

n=0 n!
and the corollary. We deduce that g is constant. So g(z) = ¢(0) for all z. That is,
exp(—z) - exp(z + w) = exp(—0) - exp(0 + w) = exp(w) for all z,w € C. Set w = 0,
we get exp(—z) - exp(z) = 1, and so exp(—z) = exp(z)~!. Now multiply the identity
exp(—z) - exp(z + w) = exp(w) by exp(z) to obtain

exp(z + w) = exp(z)exp(w),Vz,w € C.

Remark 4.1. This implies that exp(z) # 0 for all z € C.



For z € C,

1 > 1
_ -2m . 2m 2m+1_2m-+1
2 )’ +z::(2m+1)!’ ?
_1\m
!

m=0
= 1) m . = (_1)m m
=2 (2m) & Hz:: (2m—|—1)!Z2 "

m=0 m=0

= cos(z) +isin(z).
The series imply that cos is even, sin is odd, and so

iz —iz iz, —iz
cos(z) = %, sin(z) = %
for all z € C. Note that if y € R then

eliy) 1 e=illy) o=y 4 oy
2 2

cos(iy) = = cosh(y),
i(iy) _ o—i(iy) —Y _ oY —Y _ eV Y_ ey
sin(iy) = < 21,6 _— T < - > < =i 26 — isinh(y).
Previously, we define e’ = cos(#)+isin(#). Now this is true by definition of cos, sin, exp.
This justifies the polar representation that we used before. Note if z = re®® with r > 0,
then z = (") . ¢0 = ()+0 This tells us that exp(C) = C — {0}.

Remark 4.2. For z =z +iy € C, |exp(z)| = exp(z).

10



5 Preliminary Results on Holomorphic Functions I (08/27)

Definition 5.1. If X is a metric space then a curve in X is a map 7 : [a,b] — X for
some a < b that is continuous. The interval [a,b] is the parameter interval and ~([a, b]) is
denoted v* and called the trace of .

Definition 5.2. A curve v : [a,b] — C is smooth (better “piecewise smooth”) if there is a
partition a =ty < t1 < --- < t, = b such that

(D) Y1ty 8 Clfor1<j<m

(2) The one-sided limits of 4/ exist at each ¢;(0 < j < n).

Definition 5.3. Let V' C C be open and « : [a,b] — V a piecewise smooth curve. Let
f:V — C be a continuous function. Then we define

b
2)dz = ") dt.
Lf() Lf@@h@)t

This is the path or contour integral of f over ~.

Remark 5.4. Note that f(v(t))v'(t) is Riemann integrable because it is bounded and the
set of discontinuities is at worse a finite set (hence a zero set). Also, if a = tg < t1 <
<o < tp, = b is a suitable partition for v then

b n t]'
[ rowr =3 [7 rawn o
“ j=17ti-1

Lemma 5.5 (Cauchy’s Theorem for Derivatives). Let V' C C be an open set, f : V — C
continuous and suppose that there is an F : V — C such that F' = f. Let v be a piecewise
smooth curve in V. Then

where [a,b] is the parameter interval for . In particular, f,y f(z)dz = 0 if v is closed
(means +(a) = (b)),
Proof. By the Chain Rule for vector functions, we have

d

7 F0M) = F(v(1) -7 (t) = f(+(t) -7 (1)

for all ¢t where the derivative 7/ exists. Let a = tg < t; < --- < t, = b be a suitable

11



partition. Then

/ f2)dz =Y / ") ()t
v j=17ti-1
=Y [ e
j=17ti—1

- Z [F((t)) = F(y(tj-1))]

= F(y(b)) = F(v(a)).

Definition 5.6. If 7 : [a,b] — C is a piecewise smooth curve then the length of v is

b
L) = [ Wl

Lemma 5.7 (ML Inequality). Let V' C C be an open set, f : V. — C be continuous, and
suppose that |f(2)] < M for all z € v*, where v : [a,b] = V is a piecewise smooth curve.

Then
/ f(z)dz
.

/yf(z) dz

< ML(v).

Proof. We have

b
/ FO )W (1) da

b

< / FOO) Y ()] de
b

g/ Mh/(t)‘ dz

¢ b
= / 1 (t)] d=
= ML(7).

12



6 Preliminary Results on Holomorphic Functions II (08/29)

Definition 6.1. Let S C C. Define A;(S) to be the free abelian group on the set of
piecewise smooth curves in S. That is to say,

d
A1(S) = {Z njyjln; € Z,~; is a piecewise smooth curve in S}.
j=1

If f € C(S) then we have defined f,y f(2)dz € C for each piecewise smooth path in S.
Ifr = Z;l:l n;v; then we can define [, f(2)dz = 2?21 n; fw f(z)dz e C.

Definition 6.2. B;(S) is defined as
Bu(S) = {T € A4,(S)| / F(=)dz = 0 for all f € C(S)}.
T

Remark 6.3. This is a subgroup of A1(S5).

Definition 6.4. The chains in S are elements of A;(S)/B1(95).

Remark 6.5. Two chains T1 =T if [ f(z)dz = [, f(z)dz for all f € C(S).
Example 6.6. Define

71t [Oa 7T] - (Cv’Y(t) = exp(it),
Y2 i [m,2m] = C,7(t) = exp(it).

We have v = y1+72 in the group of chains in C. To verify, let f € C(C). Then

2
/f(z)dz: ; f(exp(it))iexp(it) dt

™ 2
= /0 f(exp(it))iexp(it) dt + f(exp(it))iexp(it) dt

™

= [ f(z)dz+ | f(z)dz

gat 72

:/. f(z)dz.
Y1+72

Thus v = 1 +72 in the group of chains in C.

There is a map 0 : A1(S) = Ao(S), where Ay(S) is the free group on S. It satisfies
A(y) = v(b) — v(a) if [a,b] is the parameter integral of ~.

The critical thing we need is that d(y) = 0 if v € B;1(S). If so then we can define the
9(y) for v a chain.

13



Definition 6.7. A cycle is a chain in the kernel of 0.

In the example, 0(7) = 1-1=0,0(n1+72) = 0(n)+0(12) = [(-=1)=(D)]+[1-(-1)] =
" If z,w € C, then [z, w] denotes the curve
~v:[0,1] = C
such that y(t) = (1 —t)z + tw.

Example 6.8. Show that [w, 2] = —[z,w].
Solution. [w, z] is the curve

7 : [0,1] = C such that v1(t) = (1 — t)w + tz.
—[z,w] is the curve
72 : [0,1] = C such that v(t) = —[(1 — )z + tw].
Let f € C(C), then
1
f(z)dz = / F((1=t)w +t2) -7, (t) dt
" 0
1
:/0 f((I—tw+tz) - (z —w)dt
0
= /1 fluw+ (1 —u)z) - (z —w) - (—1) du (change of variable)
1
= —/0 f((1—=t)z+tw) - (w—z)dt
= [ f(z)d=.
72
Thus [w, z] = —[z,w].

Definition 6.9. If a,b,c € C then define [a, b, c] to be the triangle with vertices a, b, c.

By definition, dla, b, c] = [a, b]+b, c]+[c, a.

7 Preliminary Results on Holomorphic Functions III (09/03)

Theorem 7.1 (Cauchy-Goursat). Let V C C be an open set, and f : V — C a (complez)
differentiable function. Suppose that T C V is a triangle. Then faT f(z)dz=0.

14



Proof. Suppose not. Take a triangle T' C V such that f@T z)dz # 0. Let n =
| o f(2)dz| # 0. Call T Ty and note that | [, f(2) dz| =n. erte To = THUT? UT3UT0
and note that

f(z)dz
7o
Thus there is at least one j € {1,2,3,4} such that

/BT]_ f(z)dz

0

<

f(z)dz

ory

f(z)dz

oTy

f(z)dz

or}

f(z)dz

o1

Call Tg with this property 77. We have

1

f(z)dz| > e

T

We repeat this process to construct a sequence (7},)72, of triangles such that
( )To:)Tl DTy --

(2) diam(7},) = 27 "diam(Tp)

(3) L(0Ty) = 27" L(9Tv)

(4)

/mf( 2)dz

From a general fact about complete metric space, we know that N> 7}, = {p} for some
p € V. Now f is differentiable at p and so f(z) = f(p) + f'(p)(z — p) + E(2). Note that
/ )2
E(F(P)2) = f(p) and LEPEEE) = f(p)(z — p) and s0 [y, f(2) dz = for, B(2) d=.
Let € > 0. Then there is some 6 > 0 such that |E(z)| < €|z — p\ for all z such that
|z — p| < d. Choose an n such that T,, C D(p,d). Then

4 > 47"

f(z)dz

Ty

E(z)dz
Ty,

< /a OIS
< e-diam(T,,) - L(0T),)

=¢-27" - diam(Tp) - 27" - L(9T,)
= e-diam(7y) - L(0T,,) -4~
We conclude that for any € > 0 there is an n such that

n-47" <e-diam(Tp) - L(0Tp) - 4~

Thus
n <e€- diam(To) . L(8T0>

for all € > 0. This implies n = 0, a contradiction. Thus no such triangle exists. ]

15



Proposition 7.2. Let V C C be a conver open set and f : V — C be a continuous
function such that faT f(z)dz =0 for any triangle T C V. Then there is a differentiable
function F : V — C such that F' = f.

Proof. Let zg € V. Define F(z) = f[ZO J f(w)dw. Note [z9,2] C V and so this is well
defined. For small enough h € C, z+ h € V and so

F(z+h) :/ f(w) dw

[20,2+h]

and

F(z—l—h)—F(z):/ f(w) dw
[20,2+h]+[2,20]

f(w) dw

A’O ,2+h)+[2+h,2]+[2,20] — [2+h,2]
= / flw) dw
Z[z4h,2]

= / f(w) dw.
[z,2+h]

F(z+h) - F(2) — f(2)h = /[ = s

Thus

Hence
Fe+h)-F@z) . 1 w) — f(2)) dw
) fe) =3 /Wh](f( )~ f(2)d

for all small enough h € C — {0}. It suffices to show

li !
m —
h—0 h

/ (f(w) — f(=)) dw =0
[2,2+h]

Let € > 0. Choose § > 0 such that if 0 < |h| < 0 then z+h € V and |f(w) — f(2)] < €
for all w € [z,z + h|. If |h| < 6 then

1/ 1

— flw)— f(z2))dw| < — -€-|h| =e.

P ) = S e < e

That confirms that limy,_o + f[z i (f(w) = f(2)) dw = 0. O

16



8 Preliminary Results on Holomorphic Functions IV (09/05)

Theorem 8.1 (Cauchy’s Theorem for Convex Sets). Let V' C C be convex and open and
f:V — C be differentiable on V. Let ~y be a closed path in V. Then f7 f(z)dz=0.

Proof. By Cauchy-Goursat Theorem, if T is a triangle, T" C V, then faT f(z)dz = 0.
Since V is convex, the fact that [ o1 f(2) dz = 0 implies that there is some F' : V' — C such
that F/ = f. By Cauchy’s Theorem for Derivatives, if v : [a,b] — V then f7 f(z)dz =
F(y(b)) — F(v(a)) = 0 because v(a) = (b). O
Theorem 8.2 (Morera’s Theorem). Suppose V. C C is open, f : V — C is continuous. If
Jor f(2)dz =0 for every triangle T C 'V, then f € H(V).

Theorem 8.3 (Cauchy’s Integral Formula). Let V' C C be open, r > 0, z9 € V and
D(zo,7) C V and also let v : [0,27] — V be the path v(t) = zo + re't. Suppose that
f:V — C is complex differentiable and z € D(zy,7). Then

f(z) = ;m/f(w)dw.
g

w—z

Figure 1:

Proof. Choose p > 0 so small that D(z,p) C D(zo,r) (see Figure . Let v, : [0,27] —
D(zg,7) be 7,(t) = 2+ pe'. Let g: V — {2z} — C be g(w) = I®) Then g is differentiable

w—z

on V — {z}. Note that o1+02+05 = 7=, (see Figure . This tells us that

Lg(w)dw—Lpg(w)dwz/01g(w>dw+/@g(w)dw/@g(w)dw.

17



Figure 2:

-

02

Figure 3:

We know that fal g(w)dw = 0 by Cauchy’s Theorem for Convex Sets (See Figure .
Similarly, ng g(w) dw = fgs g(w) dw = 0, and so f,y g(w) dw = f'Yp g(w) dw. Now,

/ g(w) dw = (w) dw
Yo Yo

w—z
27 it )
FEd Pt it gy
0 pe
2

=i f(z+ pe') dt.
0

18



Figure 4:

This means that

2
f(w) dw = lim i f(z+ pett) dt
yW—2Z p—0t  Jo

2w

=1 f(z)dt

0

=2mif(2)

because f is continuous at z and so f(z + pe') uniformly converges in ¢ to f(z) as p —
0. O

Remark 8.4. Cauchy’s Integral Formula implies that every (complex) differentiable func-
tion can be represented on small disks by a power series.

_ w—20

=
1 =/z—2z\" z— 29

= Z (provided <1)
w_ZOnZO w — 20 w — 20
> 1 zZ—Z

= ————(z — )" ided 01 <1).
> Gy e )" (provid ey
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This tells us that

with

Note then
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9 Elementary Results on Holomorphic Functions I (09/08)

Theorem 9.1 (Cauchy’s Integral Formula for Derivatives). Let V' C C be open, zy € V,
r > 0 such that D(zo,7) C V, f : V. — C be differentiable. Let v : [0,2n] — V be

v(t) = 20 + ret. Then w
= ™[ fw)
F(z) /7 (w — z)m+1 dw

2

for allm >0 and z € D(zp,7).

Proof. Choose p > 0 so small that D(z,p) C D(zo,7). Let 7,(t) = z + pe'’. By the
argument in the proof of Cauchy’s Integral Formula we get

m)! f(w) _m! f(w)
sri | G e 0= 3 | G S
= ")

by the fact that z is in the center of the circle ;. O

Theorem 9.2 (Cauchy’s Estimates). Let V' C C be open, f € H(V), z €V, r > 0 such

that D(z,r) C V. Suppose that |f(w)| < M for all w € dD(z,r). Then

Mm!
<

()| <

rm
for all m > 0.

Proof. Let v :[0,27] — V be ¥(t) = z + re't. Then

!
myy = ™[ flw)
JE) 27i /7 (w — z)m+l v
We assume that |[f(z)] < M for all w € v*. Also, |w — z| = r for all w € v*. Thus

f(w) < M_ for all w € v*. The ML-inequality says that

(w—z)m+1| = p

m m! M
‘f( )(Z) SgrnﬁL(v)

m! M
T op pmtl ™
Mm!

rm

Notation. H (V) is the set of all functions holomorphic on V.

Definition 9.3. The elements of H(C) are called entire functions.
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Remark 9.4. If f is an entire function, and zg € C then

©  rm)(,
foy= 3 L0 (o gy
m=0

for all z € C.
Theorem 9.5 (Liouville’s Theorem). A bounded entire function is constant.

Proof. Let f € H(C) be an entire function such that |f(z)| < M for all z € C. Then

m!

- f£(m)
m=0

for all z € C. Fix m > 1. The Cauchy’s Estimate for D(0,r) says that

’f(m)(O)’ < Mm!'

rm

Note that this estimate is valid for » > 0. Let » — oo then ‘f(m)(O)‘ < 0. Thus ‘f(m)(O)‘ =
0 for all m > 1. Thus f(z) = f(0) for all zp € C. That is, f is constant.

Theorem 9.6 (Fundamental Theorem of Algebra). Let P € C[z] be a polynomial with
complex coefficients. If P is non-constant, then P has a root in C.

Analysis: Say that P(z) = a,z"+---+agp with a,, # 0. Then the term a,2" dominates
when |z| is large. For example,

n—1
1P(2)] = Janz"] = Y la;2|
=0
n—1 |CL |
= |Zn‘ |a’n| - Z |Znij|
7=0

n—1
lail )
> |2 | lan| = Zﬁ (if |z > 1),
j=0

n—1
Thus P(2) has no roots in the set where |a, | — JET Y
Y00 a

lan|

> 0 and |z| > 1. This is equivalent

to |z| > max{1, }. Also, it follows that limj,|_, le)l =0.

Proof of Theorem [9.6. Suppose not. Then % € H(C) and % is bounded because lim; |, ﬁ

0. Thus % is constant by Liouville’s Theorem, contrary to our assumption. O
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10 Elementary Results on Holomorphic Functions IT (09/10)

Proposition 10.1. Let  C C be a connected open set, f € H(QQ), zo € Q and suppose
that f(™(29) = 0 for all m > 0. Then f is constant (in fact f = 0).

Proof. Let
C={zeQf™(z) =0 for all m >0}

— N {z € Q™) = 0},
m=0

Since each f(™) is continuous, C is closed. Now zp € C' and so C' # (. We claim that C is
also open. Let w € C and r > 0 such that D(w,r) C Q. For z € D(w,r) we have

© () (4
=3 Wi _wym oo
m=0

m

That is, f|p(w,r) = 0. Since D(w,r) is open, this implies that f™ = 0 on D(w,r) for all
m > 0, and so D(w,r) C C. This confirms that C is open. Thus C' = Q (Q is connected),
as required. ]

Definition 10.2. Let @ C C be a connected open set, f € H(Q), z9 € § such that
f(z0) = 0. Assume f is not constant. Then the order of zy as a zero of f is the least N
such that fV)(zg) # 0. A zero of order one is called a simple zero.

Theorem 10.3. Let V. C C be open, f € H(V), zo € V, and f has a zero of order n
at z9. Then there is a holomorphic function g € H(V') such that g(z0) # 0 and f(z) =
(z—20)"g(z) forall z€ V.

Proof. Let Q be the connected component of V' that contains zy. Choose r > 0 so such
that D(z9,7) C Q and write f(w) = Y oy cm(w — 29)™ for w € D(zp,r). Note that
co=c1=--=cp_1=0, ¢, #0, and so

flw) = Z em(w — zo)™

m=n

for w € D(zp,r). Define g : V.— C by

/() if 2 # 2

Cn, if z = 2.

Note that gly_(.,3 € H(V—{20}). Also, ifw € D(z0,7)—{20}, then g(w) = 3" cm(z — 20)™ "
This equation is also true if w = zp. This tells us that g[p(, . € H(D(z0,7)). Since
V — {20} and D(zp,r) are open, g € H(V) as required. Note g(zp) = ¢, # 0 by assump-
tion. O
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Corollary 10.4. Let V' C C be open and connected, f € H(V) non-constant, zg € V a
zero of f. Then there is a disk D(z9,r) C V such that f(z) # 0 for all z € D(zo,7) —{20}.

Proof. Let n be the order of zp as a zero of f. Write f(z) = (2 — 20)"¢g(z) with g € H(V),
g(z0) # 0. g is continuous and g(zp) # 0, so there is a disk D(zp,7) C V such that g(z) # 0
for all z € D(zp,r). The identity f(z) = (z — 20)"g(2z) now implies that f(z) # 0 for all
z € D(z0,7) —{%0}- O

11 Elementary Results on Holomorphic Functions III (09/15)

If V.c Cis open and D'(z,7) = D(z,7) — {z} C V then a function f € H(V) is said to
have an isolated singularity at z. It is enough to study H(D'(z,r)).

Theorem 11.1 (Riemann’s Removable Singularity Theorem). If f € H(D'(z,r)) and f
is bounded then there is some g € H(D(z,7)) such that g|p/(.,y = f-

Proof. Let h: D(z,r) — C be defined by
h(w) = (w—2)2f(w), ifwe D' (zr)
0, if w=z.

We claim that h € H(D(z,r)). Certainly h is differentiable at every point of D'(z,r).
Now if w € D'(z,r), then

h(w) —h(z) _ (w—2)*f(w)

w—z w—z

Thus |W| = |(w— 2)f(w)| < M|w — z| where M is a bound for f. It follows that

lim h(w) — h(z)

w—sz w—z

=0.

Thus h is also differentiable at 2z and h'(z) = 0. So h € H(D(z,r)) and h has a zero of
order at least two at z. Let the order be N (if h is constantly zero then so is f and the
conclusion is easy). There is a ¢ € H(D(z,r)) such that

h(w) = (w — 2)Np(w),Yw € D(z,r).

This implies that f(w) = (w — 2)V2p(w),Vw € D(z,7). We take g € H(D(z,7)) to be
g(w) = (w — 2)M2p(w). O

Next, what if f € H(D'(z,r)) is not bounded?

Definition 11.2. The function f has a pole at z if lim,,_,, | f(w)| = co. It has an essential
singularity if lim,,_,, | f(w)| does not exist (is not finite and is not o).
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Example 11.3. (i) f: D'(0,1) — C given by f(z) = 1 has a pole at 0.
(ii) g : D'(0,1) — C given by g(z) = exp(2) has an essential singularity at 0. (Note that
g(D'(0,1)) = C — {0} for any r > 0.)

Proposition 11.4. Let f € H(D'(z,r)) and suppose that f has a pole at z. Then there
is some N > 1 and ¢ € H(D(z,r)) such that f(w) = w(zg)]\” Vw € D'(z,1),¢(z) # 0.

(w—

Proof. Since lim,,_,, |f(w)| = oo, there is some 0 < p < r such that |f(w)| > 1 for all
w € D'(z,p). In particular, f has no zeros in D'(z,p) and so g : D'(z, p) — C defined by
g(w) = ﬁ is holomorphic. Also, |g(w)| < 1, Vw € D'(z,p). It follows that g extends
to a holomorphic function on D(z,p). Note that g is not constant (for f is not) and
limy—, |g(w)| = 0. Thus ¢ has a zero at z. Let N be the order of this zero. Then 3
Y € H(D(z,p)) such that g(w) = (w — 2)V¢(w) and ¥(z) # 0. Thus thereisa 0 < o < p
such that ¥ (w) # 0 for all w € D(z,0). On D'(z,0) we have

f) = ey = A

(w—2)N(w)  (w—2)N

if we let ¢ = i Note that ¢(z) # 0. Note that if we define ¢ : D(z,r) — C by letting it

be a function we already have on D(z,7) and ¢(w) = (w — )" f(w) on D(z,7) — D(z, %)
then it follows that ¢ € H(D(z,r)). O

Theorem 11.5 (Identity Principle). If F,G € H(V), and F(w) = G(w) forw e S CV
where S has a limit point in V. Then F = G on the connected component of V' containing
this limit point.

Remark 11.6. If g € H(V) and g is not a polynomial then h : C — {0} — C given by
h(z) = g(%) has an essential singularity at 0.

Remark 11.7. If f has a pole at z, then & has a removable singularity at z. This is because
Ir such that f € H(D'(z,7)) since limy,—,, | f(w)| = oo, there is some 0 < p < r such that

|f(w)] > 1 forw € D'(z,p). f has no zeroes in D'(z,p) and so % € H(D'(z,p)). Also,

\ﬁ| <1 for w € D'(z,p) and so z is a removable singularity by Riemann’s Removable

Singularity Theorem. In fact, f(lz) = 0.

Example 11.8. Suppose that f € H(D'(z,r)). Can f’ have a simple pole at 07
A simple gole means “poles of order 1”7. g has a pole of order 1 at 0 if the

i) g(2) = M2 with h e H(D(0,1)), h(0) # 0.

ii) g(2) = £ + k(z) with k € H(D(0,1)).

iii) lim,_,0 2g(#) exists and is nonzero.

iv) g(z) = “F4+co+caz+---.

(
(
(
(
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If f' has a pole of order 1 then f'(2) = 2 + k(z), k € H(D(0,1)), A # 0. Take
v(t) = 3e",0 <t < 2m. Then

/Wf'(z)dz:/wfdz'%-/wk(z)dz

27 A1 .
:/ 1,tie“tdt—|—//’<:(z)dz
0 €2 v

= 2miA+ / k(z)dz.
v

By Cauchy’s Theorem for Derivatives, we have f7 f'(z)dz = 0. By Cauchy’s Theorem for
Convex Sets, we have f7 k(z)dz = 0. Hence 0 = 2miA 4 0, and so A = 0. Contradiction.

Example 11.9. Suppose that f € H(D'(z,r)) has an essential singularity at z. Is it true
that % also has an essential singularity at z7
f has an essential singularity at z means: (i) f € H(D'(z,r)); (ii) limy—, | f(w)| does

not exist. If f € H(D'(z,r)), then % € H(D'(z,m)\Z(f)). % does not necessarily have an

essential singularity at z because % may not have an isolated singularity.

For example, f(z) = exp(1) — 1, f(527) = 0 for k € Z\{0}, so % € H(D(0,1)\{{0o} U
{51+ : k € Z\{0}}}). 0 is not an isolated singularity.
Another example is f(z) = exp(1). f(lz) = exp(=}) does not have essential singularity

at 0.

12 Elementary Results on Holomorphic Functions IV (09/17)

Parseval’s Formula

Let V.C C be open, f € H(V), zo € V, r > 0 such that D(zp,r) C V. Our aim is to
calculate f027r |f (20 + rett)|? dt.

Note: (i) |f|? is continuous on the set {z : |z — 29| = 7} so the integral exists. (ii) We
have a power series f(z) = > .77, cn(z — 20)™ that converges uniformly absolutely to f on
D(Zo, 7”) .
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We have

(20 + re")|? = F(z0 +ret) f(z0 + re)

o o
= g cprte™ g Crr™Melmt
n=0 m=0

n=0 m=0
oo 1
= Zchrje’ gt le =Dt
1=0 j=0
00 l
_ Z ’l“le_ilt Z ijemjt
1=0 j=0
) l
_ Z Tl Z Cjcl_]6(2]fl)zt
=0 j=0

and this converges absolutely and uniformly in ¢. So

27 oo ! 27
/ ’f(ZO + ,reit)|2 dt = Zrl Z cjcl—j/ €(2jfl)itdt
0 =0  j=0 0
0o
= Z AR
k=0

Hence % fozﬂ |f(z0 +ret)|?dt = pDyad |ex|?r2k.
Note: % 027r |f(z0+7e™)|? dt is the average value of | f|? over the circle {z : |[z—2| = 7}
since

1 27 ) 1 27 ) 1 27 )
- |f(zo+7"e”)|2 ds = 2777“/0 \f(zo+relt)|2rdt: 27r/0 |f(zo+r6”)\2dt.
From
1 [ it |2 - 2. 2k
oo [ 1ot re)Pde =" lelr
0

k=0

[ee]
= leof? + 3 fe 2
k=1

= [f(z0)l> + D lex[*r®

k=1
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we conclude that | f(z0)]? < 5= \ (20 + re't)|? dt with equality if and only if ¢, = 0 for
k > 1. This is equivalent to | f (z0)| <5 f027r | f(z0 + reit)|? dt with equality if and only if

f is constant on D(z,r).

Theorem 12.1 (Maximum Modulus Principle). Let V' C C be a connected open set and
f € H(V) be non-constant. Then |f| does not achieve a mazimum at any point in V.

Proof. Let zp € V and 7 > 0 be such that D(zp,7) C V. Since f is not constant in V and
V' is connected, f is not constant on D(zg,r). Thus

2
|f(20)]? < 2177/0 | f (20 4 re™)|? dt.

Thus there is some point w such that w — 29 = 7 and | f(w)|? > | f(20)|>. This implies that
|f(w)| > |f(20)]- Since r > 0 can be taken as small as desire, it follows that zp is not a
local maximum point for | f|. O

Remark 12.2. (i) If V C C is a connected open set and f € H(V)NC (V) is non-constant,
then | f(2)| < max{|f(w)|:w € OV} forall z€ V.

Example 12.3. Let f(z) = exp(z). Let V = {z = = + iy|z > 0}. Notice that |f| =1 on
OV, and |f(z)| = exp(x). So the modulus |f| increases along the z-axis.

Example 12.4. Let f € H(D(0,1)) and f(D(O0, )) D(0,1). Suppose that f €
C(D(0,1)). Suppose also that f(0) = 0. Let g(z) = ) for z € D'(0,1). Note that
g has a removable singularity at 0. So g € H(D(0,1)). We have [g(z)| = ‘f(z)| L —1

ST

when |z| = 1. By Maximum Modulus Principle, |g(z)| < 1 for all z € D(0, 1) It follows
that |f(z)| < |z| for any z € D(0,1).
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13 Logarithms, Winding Numbers and Cauchy’s Theorem
I (09/19)

Theorem 13.1. Let V C C be an open set and f € H(V). Then there exists FF € H(V)
such that F' = f if and only if fv f(z)dz =0 for all closed curve v in V.

Proof. (=) We know that if 3 F € H(V) with F' = f then fvf(z) dz = 0 for all closed
curves in V. (This is Cauchy’s Theorem for Derivatives.)

(<) Suppose that fy f(z)dz = 0 for all closed curves v in V. We may write V as a
union of its connected components. It suffices to verify that 3F € H(Q) such that F/ = f
on {2, for each connected component €2 of V. Note that the connected components are all
open sets — this is important. Now say that 2 is a connected component of V. Then €
is path connected. Fix zp € 2 and define a function F' :  — C by F(z) = f% f(w) dw
where v, is any smooth curve from zg to z in 2. Note that the hypothesis implies that
F(z) does not depend on the choice of 7,. Once again using the hypothesis, we have
F(z+h)—F(z) = f[z,z+h] f(w) dw once h is small enough that it lies in a disk contained
in © and centered at z. This implies that

lim F(z+h) - F(z) 1),

h—0 h

Thus F' works on 2. O

Remark 13.2.5 € H(D'(0,1)), fv Ldz can be non-zero. For ezample, f,y%dz = 2mi
where (t) = €', t € [0,2n].

Now we turn to logarithms.

Definition 13.3. Let V' C C be an open set. A function f € H(V) is said to be a branch
of logarithm in V if exp(f(z)) = z for all z € V.

Remark 13.4. (i) If there is a branch of the logarithm in 'V then 0 € V. This is because
if it were then exp(f(0)) = 0 which is impossible.

(ii) A branch of the logarithm in 'V is always one-to-one. This is because if f is a branch
of the logarithm in V, z,w € V, and f(z) = f(w), then z = exp(f(2)) = exp(f(w)) = w.

(i3i) If f is a branch of the logarithm in V, z € V, and z = re* is a polar representation
of z then

f(z) =In(r) + 0 + 2mik
0

for some k € Z. This is because exp(f(z)) = z and exp(In(r) + i0) = re? = 2. From
Assignment 1, this implies that

f(z) =In(r) + 16 + 2mik

for some k € 7.
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Lemma 13.5. Suppose that V C C, f € C(V), and exp(f(z)) = z for all z. Then f is a
branch of the logarithm in V.

Proof. We have to show that f is differentiable. If z € V and h # 0 is small enough, then
m is defined. (This is because f must be one-to-one by a similar argument to
one above). Also,

h (+h) =2 _ explf(z+1) —exp(f())

TR —f(z) f+h)—f) fz+h) - f()
) = 0. This implies that

Since f is continuous, limy_o(f(z + h) — f(2)
(

h _ iy P2+ h) —exp(f(2))

W T h) —f(2) s fz+h)—f(2)
= exp(f(z)) (since exp is differentiable)

As before, 0 ¢ V', and so

Thus, f is differentiable. O

Theorem 13.6. Let V C C be open with 0 ¢ V. Then there is a branch of the logarithm
in V if and only if f(z) = % has an antiderivative in V.

Proof. (=) We just saw that the equation exp(F(z)) = z, Vz € V implies that F'(z) = 1
forall ze V.

(<) Conversely, suppose that F € H(V) and F'(z) = L for all 2 € V. Let G(z) =
zexp(—F(z)). Then G € H(V) and

G'(2) = exp(=F(2)) + zexp(=F(2)) - (- F'(2))

= exp(—F(2)) + zexp(=F(2)) - (~7)
=0.
Thus G is constant on each connected component of V. That is, for each component €2 of

V', 3 cq such that
exp(F'(z)) = cqz.

Note that cq # 0 because exp(C) does not contain 0. Choose cq such that exp(cq) = cq
and define L : V' — C by L(z) = F(2) — cq. Then L € H(V') and exp(L(z)) = z. So L(z)
works. O

Remark 13.7. V C C is an open set. 3 f € H(V) such that e/?) = z if and only if

(1) 0¢V;
(i) f,y Ldz =0 for all closed curve v in V.
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Remark 13.8. V C C is an open set, f € H(V). g € H(V) is a branch of logarithm of
fif e9®) = f(2) for all z € V.. Such g exists if and only if
(i) Z(f) "V £ 0;

Remark 13.9. We will see that if g € H(V') where

(i) V is simple connected,

(ii) g does not vanish in 'V,

then g has a logarithm in V. That is to say, there exists f € H(V) such that e/?) = g(2).
Then g has a m-th root h(z) = exp (f( )) € H(V) such that g(z) = h(2)™

14 Logarithms, Winding Numbers and Cauchy’s Theorem
IT (09/22)

lp = ¢, p(to) = o(0)

),Vtel
o is a hft of o above P

Figure 5:

Let I =[0,1]. Given a metric space X then define
m(X) = set of all continuous maps o : I — X,

Q(X) = set of all continuous loops o : I — X,0(0) = o(1).
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So Q(X) C 7(X), and 7(X) is a metric space with

dx(0,w) = sup dx (o (1), ().
tel
Q(X) is a subspace of 7(X).

We want to study «(S) and Q(S), where S ={z € C: |z| = 1}.

Let Sy = {z € S : Re(z) > 0}. Define ¢ : S — R by ¢(2) = arctan(grelgg). From
basis trigonometry, we have ¢(1) = 0 and p(p(z)) = z for all z € S;. ¢ is continuous
and if ¢ : Sy — R such that (1) = 0 and p(¢(2)) = z for any z € Sy, then ¢ = 9.
Here is a non-elementary way to prove this. Let k(z) = ¢(2) — ¢(z). Then exp(ik(z)) =
exp(i(¥(z) — ¢(2))) = z- 271 = 1. So ik(z) € 2miZ. That is, k(z) € 27Z. k(z) is
continuous and k(1) = 0 and so k(S;) is a connected subset of 27Z that contains 0. Thus
E(St+) = {0} and so ¢ = 1.

Remark 14.1. ¢ : Sy — R is similar to “inverse functions” like arcsin, arccos, - --. It is
an inverse once the domain is restricted.

More formally, let zg € S, let S;(20) = 205+ be the half-circle centered at zy, choose
to € R such that p(tp) = zo. Then 9 : Sy(z0) — R given by ¢ = T, o @ o RZO—I is an
inverse map for p such that ¥ (zy) = to and it is unique among continuous maps with these
properties. Here Ry, : S — S is Ry,(2) = wz, Ty : R - R is T-(t) = t + 7. Check the
properties of v: it is continuous because Ti,, @, RZO—I are all continuous.

¥(20) = Tio (p(R_-1(20))) = Tio (p(1)) = Tio (0) = o + 0 = Lo

and

_ZO'RZO—I(Z)
—zo-zo_l-z
=z.

Theorem 14.2 (Path Lifting for the Circle). Let o € w(S) and choose ty € R such
that p(ty) = o(0). Then there is one and only one 6 = w(R) such that 5(0) = to and

p(a(t)) = o(t).

Proof. Let U = {zS,|z € S} be an open cover of S. Then ¢ = {o~ (u)lu € U} is an
open cover of I. Choose a Lebesgue number A > 0 for £&. This means that if [sq,s9] C I
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and sg — s1 < A then [s1, s9] is entirely inside one element of £. Thus o([s1, s2]) is entirely
inside one half-circle in S. Partition I into

O=s0<s1 <9< "< Sp1<8,=1

such that sj—s;_; < A for all j. Then o([so, s1]),o([s1,52]), - ,0([Sn—1, sn]) are all inside
half-circles in S. We can now use the inverse maps 1 previously constructed to write down
¢ on each interval. Finally, ¢ is unique by connectedness argument. O

All this says that every path o : I — S has the form o(t) = exp(if(t)) where 0 : I — R
is continuous. Also 6 is uniquely determined once 6(0) is chosen.
If o is a loop (0(0) = o(1)) then A(1) and #(0) differ by a multiple of 27.

exp(if(1)) = (1) = o(0) = exp(i6(0))
implies that (1) — 6(0) € 27Z.
Definition 14.3. We define the index of o by

ind(o) = —(8(1) — 6(0)).

T om

Remark 14.4. Note that although 0 is not unique, once you have one 0, the others are
0. = 0+ 2wk. Then
Ok (1) — 6,(0) = 0(1) — 6(0).

So index is well defined.
Index is easy to compute for explicit map.

Example 14.5. Say o(t) = exp(4rit). For this loop, 6(t) = 4t and so ind(0) = 5 (6(1)—
0(0)) = 5= (47 — 0) = 2.

15 Logarithms, Winding Numbers and Cauchy’s Theorem
IT1 (09/24)

Recall from last time: If ¢ : I — S is continuous then o can be expressed as o(t) =
exp(if(t)) where § : I — R is continuous. 6 is uniquely determined by 6(0). If o is
smooth, so is #. The correspondence o ~ 6 is “continuous”. Given o > 0, thereisa é >0
such that if d(g)(o,w) < § and &,w are lifts of o, w, then d (g)(6 — &(0),w — w(0)) < 0.

Definition 15.1. We define ind : Q(S) — Z by
1
ind(0) = 5= (6(1) — 0(0))
27

where o(t) = exp(i0(t)), 6 continuous.
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In fact, ind is continuous (even uniformly continuous). There is 6 > 0 such that if
o,w € Q(S) and dg(g)(0, w) < § then ind(o) = ind(w).

Definition 15.2. If v : I — C — {0} then we define o : I — S by o(t) = % We define
Ind(y,0) = ind(0).

Figure 6:

The map v — o is continuous. In fact,

n(t) ' ‘Iw )Im(t) — [ (t)(t)
Mm@ |’Y2 )l [y ()] |2(2)]
_ ‘l’m( (71 (t) = 2()) + [y2(t)[r2(t) — [71(t)r2(t)
71 (®)[[72(t)]
< @) =2e@] | [e®] = @)
T m@) [71(8)]
< 2m @) =2 ()]
-
Given 71, One can choose 1 > 0 such that |y;(¢)| > n V¢ and then

T(t ’
\71 |’Y2 )|
This shows that v — %I is continuous (not uniformly so). This tells us that v — Ind(y, 0)

from Q(C — {0}) — Z is continuous. Finally, if a € C and a ¢ 7*, then we define
Ind(y,a) = Ind(y — a,0).

I (t) = @)
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If K C Cis a compact set then C— K always has a unique unbounded component. Here

is the reason. Choose R > 0 such that K C D(0,R). Then C — D(0,R) = {w € Cl||w| >
R} € C— K and is connected. The component that meets this set is unbounded because

it contains the set. Every other component does not meet this set and so is contained in
D(0, R) and hence is bounded.

Theorem 15.3. Let~ : I — C be a loop. Then the function a — Ind(~,a) from C—v* — Z
is constant on each component of C —~* and zero on the unbounded component.

Proof. The function a +— Ind(y,a) is continuous, since it is the composition of some
continuous functions:

C—~"—=QC—-{0}) - QS ~Z

y—a

a— y—a
|y — al

— Ind(v, a)

Thus if w is a component of C—~* then the image of w under a — Ind(v, a) is a connected
subset of Z. This must be a singleton. We may choose R > 0 such that the unbounded
component of C — v* contains {w||w| > R}. Choose a € C with |a|] > R. Consider the
map [1,00) — Z given by

.., 7 —sa
s+ Ind(v, sa) = ind( ).
[y = sal
As s — oo, g:zg‘ — —sgn(a) = — a7 uniformly. The index thus converges to ind(constant map) =
0. Since Ind(~, sa) is also constant, it equals 0. O

Theorem 15.4. If v is a smooth loop in C and a € v* then

1 1
Ind(y,a) = / dz.
gl

21 zZ—a

Proof. Let 0 be a lift of g:Z' and write p = |y — al. Then

A1) —a = y(t) —al- gg;_‘ — p(t) - expli6(1)).

So
(1) - exp(if(t)) + p(t) - iexp(if(t)) - 0'(t)

p(t) exp(i0(t)) + it/ (£)p(t) exp(i0(t))

Y (t) =
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and thus

Hence,

1 1 R AR d0)

2mi ),z —a 7 omi 0 () —a

! 01 <pl(t) —H’G’(t)) dt

T 2 p(t)

_ % (In(p(1)) — In(p(0)) + i(6(1) — 6(0)))
= - (001) ~ 6(0))

= Ind(vy, a).

O]

16 Logarithms, Winding Numbers and Cauchy’s Theorem
IV (09/26)

Lemma 16.1. Let V1, V5 € C be open, I' a formal sum of smooth paths in Vo, F : Vi x Vo —

C is (jointly) continuous and holomorphic in the first variable. Define f : Vi — C by
f(z) = Jp F(z,w)dw. Then f € H(V1).

Proof. First, f is continuous on V; because F' is continuous and I'* is compact. Let T' C V)
be a triangle, then

f(z)dz :/ (/ F(z,w)dw) dz
oT or \JT
= / ( / F(z, w)dz> dw (by Fubini’s Theorem for Riemann integrals)
r \Jor

= / 0dw (by Cauchy-Goursat Theorem)
r

0.

By Morera’s Theorem, f € H(V}). O

Theorem 16.2 (Cauchy’s Integral Formula, Homology Version). Let V' C C be open,
' C V a formal sum of closed curve, and suppose Ind(T';a) = 0 for all a € C\V. Let
fe H(V), then

1 f(w)

2 Jrw — 2

dw = Ind(T', 2) f(2)

for all z € V\I'*".
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Proof. Let Q = {w € C\I'*|Ind(T",w) = 0}. Then Q is open (it is a union of connected
components of C\I'*) and @ D C\V. Thus C = VUQ and also T* N Q = (. Consider
p:V xV — C given by

f2)=f(w) ¢ £ w,
plz,w) =4, "
fl(z) if z = w.

Recall that we showed that ¢ can be written locally as a sum of a power series in z,w.
It follows that ¢ is continuous and holomorphic in each variable separately. We define
P, :VC by

Dy(2) = ! /go(z,w)dw.

~2mi Jr
By Lemma ¢, € H(V). We define ®3 : Q2 — C by
1
by = —— f(w) dw.

2 Jpw — 2

By Lemma oy e H(V).
Next, I want to check that if z € VN Q, then ®1(z) = ®5(2). Let z € VN Q, then
z ¢ T, Ind(T', 2) = 0, and so
1 1

2 Jpw — 2

dz =Ind(T",z) = 0.

Thus
qn(z)—;m/rw(w) dw
1 [ f(2) = f(w)
_ 2m./rz_walw
21 Jp z —w 2w Jp 2 —w
Ly
= —f(2)Ind(T, 2) + Pa(2)
= @2(2).

It follows that & : C — C given by

() = {@1(2), ifzeV

(I)Q(Z), if z€Q

is holomorphic. That is, 2 is entire. We know that the (unique) unbounded component
of C\I'* is contained in 2. Thus

@(z):;ri/rj(ﬁ})zdz
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for all z with [z] large enough. It follows that lim|,| . ®(2) = 0. Liouville’s Theorem
says ® is constant, and then ® = 0 because of the limit. So ®;(z) = 0 for all z. This
says that 5 [ FE=F®) gy = 0 for all z ¢ T*, and this can be rearranged to give the

Z—w
conclusion. 0

Remark 16.3. This proof is due to John Dixon (A brief Proof of Cauchy’s Integral The-
orem, 1971, Proceedings of the American Mathematical Society. ).

17 Logarithms, Winding Numbers and Cauchy’s Theorem
V (09/29)
Theorem 17.1 (Cauchy’s Theorem, Homology Version). Let V C C be open, ' C'V be a

formal sum of closed curves. Suppose that Ind(T';a) =0 for alla € C\V. Let f € H(V),
then

[ fwydw=o.

Proof. Choose zy € VA\I'*. Let g(z) = (2 — 20)f(2). Apply Cauchy’s Integral Formula,
Homology Version to g, we get

1 [ g(w)
21 Jr w — 2o

dw = Ind(T, 29)g(20) = 0.

On the other hand, 51 [1. 24 duw = ;L [ f(w) dw and so [;. f(w) dw = 0. O
Definition 17.2. Let 0 < r < R < co. We define, for a € C,
A(a,m,R) ={2z€C|r < |z —a| < R}
and call this the annulus centered at a with radii r, R.
Remark 17.3. D'(a, R) = A(a,0,R), C — {a} = A(a,0,00).
Theorem 17.4. Let f € H(A(a,r,R)). Then there are functions fi € H(D(a,R)) and

fo € H(A(a,r,00)) such that f = fi + fa on the common domain and lim,_,~ f2(z) = 0.
Moreover, f1, fo are unique.

Proof. We may assume, after translating, that a = 0. For r < p < R, let v, : [0,27] —
A(0,7, R) bey,(t) = pe'. Let r <r1 < R < R (see Figure, note that Ind(yg, =y, ¢) =
0 for all ¢ ¢ A(0,r, R). Thus we may apply Cauchy’s Integral Formula, Homology Version
to Yr, —¥r, - If we do so, then we get

Ind(7R1 ;’Yruz)f(z) = 1/ ) i(w) dw
YR, =Yry



Figure 7:

for all z € vk, Uy, In particular, if 7 <7y < |2] < Ry < R, then

z :i f(w) alw—L (w) dw.
/(2) /

w— 2z 21 ey W Z
1 71

If Ry < Ry < Rand r <rj < |z| < Ry < R then

R (PR Ry e (L
21 vr, W2 21 YRy W2

again by Cauchy’s Integral Formula, Homology Version. Similarly if r < r{ < 9 then

1 flw) 1 f(w)
27r2‘[mw—zalw_%ri/7 w—zdw'

2

We now define f; : D(0, R) — C by

where R; is any number such that |z| < Ry < R. We also define fy : A(0,7,00) — C by

1 f(w)
falz) = ‘%/ w2

where 71 is any number such that r < r; < |z|. These functions are well defined and holo-

morphic by Lemma|16.1] We already observed that f = fi;+ fo. We have lim,_, f (_11;3 =0
uniformly for w € ;. Thus lim, , f2(z) = 0.

39



Finally, suppose fi, f2» have all the same properties. Then f1(2)+ f2(z) = f1(2) + fa(2)
for all z € A(0,r, R). So fi(z) — fi(z) = fa(z) — fa(z) for all z € A(0,r, R). It follows that
F:C — C given by

F(z) — {fl(z’) - fl(z), ?fz c D(O,T)
fa(2) = fa(2), if z € A(0,r,00)

is entire. Moreover, lim, ,o, F(z) = 0. Thus, FF = 0 by Liouville’s Theorem, and so

fi(z) = fi(z) and fo(2) = fa(2). m
Theorem 17.5. Let f € H(A(a,r, R)). Then there is a Laurent series

Z cn(z—a)"

nel

that converges uniformly absolutely on compact subsets of A(a,r,R) to f. Moreover,

1 f(w)
ehn=— | ————dw
2mi ), (w—a)*tt

forallneZ,r < p<R.
Proof. Once again, we may assume a = 0. Write f = fi + fo as in Theorem Define

g:D'(0,1) = C by g(z) = fo(). Then lim._,0g(2) = 0 because lim._, f2(z) = 0, and

so g extends to a holomorphic function on D(0,1) with g(0) = 0 by Riemann’s Removable
Singularity Theorem. We know that fi(z) = > o0 a,2" and g(z) = Y o2 by2" with
uniformly absolute convergence on compact subsets. Thus

FE) = A +90) =D a4 Y b () = Y "
n=0 n=1

neZ

with uniformly absolute convergence on compact subsets. To get the formula for ¢,, note
that we are justified in integrating term by term. O

18 Logarithms, Winding Numbers and Cauchy’s Theorem
VI (10/1)
Definition 18.1. Let V C C be open. If 7,71 are loops in V' then 7,1 are said to be
homotopic in V, denoted as g ~ =1, if there is a path from 7y to v in Q(V'), where Q(V)
14
is the space of all loops in V' with the sup-metric.
Example 18.2. Let V C C, ~(t) = sin(nt), t € [0,1] and v1(¢) = 0,¢ € [0,1]. Define

7: I — Q(C) from vy to y;:
7(s)(t) = (1 — s) sin(mt).
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Now 7 is continuous as a function of two variables, and
7(0)(t) = sin(7t) = (),
(L)) =0 =mn(t),
7(5)(0) = (1 — s)sin(70) = (1 — s) sin(wl) = 7(s)(1).
Hence 7y and ; are homotopic in V' = C.

Remark 18.3. If X is path connected then there is a path through loops from a loop based
anywhere to a loop based at p € X.

Suppose V' C C open, 79,71 are loops in V., 79 ~ 71, a € C\V. Then Ind(yp,a) =
Vv
Ind(~1,a). We know that v +— Ind(v,a) is continuous. Since 79 ~ ~; there is a path o
v

from 7p to 1. The function s — Ind(o(s),a) is constant. So it is constant.

Remark 18.4. This implies that vo ~ 1 then Ind(y1—0,a) = 0 for all a € C\V. Thus
\%

the Cauchy’s Theorem, Homology Version applies to the formal sum of paths T' = v1—.
Thus [, f(z)dz= [, f(z)dz for any f € H(V).

Example 18.5. Let V = C — {—1,1}, v be the Barnes’ double circuit as in Figure|8 In
this case, Ind(vy,1) = 0, Ind(y,—1) = 0, v ~ constant path.
1%

Definition 18.6. Let f € H(D'(20,7)). We know that f(z) = Y .7 cn(z — 20)" with
uniformly absolute convergence on compact subsets of D’(zg, 7). We define the residue of
f at zp to be

Res(f, Zo) =C_1.

Let v(t) = 2o + pe', t € [0,27], 0 < p < 7. Then

Lf(z) dz = ch/y(z —20)"dz

ne’
=2mi-c_q
= 2mi - Res(f, z0).
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Figure 8:

19 Logarithms, Winding Numbers and Cauchy’s Theorem
VII (10/3)

Theorem 19.1 (Residue Theorem). Let V' C C be an open set. Suppose that S C V
is closed in V' and every point of S is isolated in S. Let I' C V\S be a formal sum of
closed curve such that Ind(T',a) = 0 for every a € C\V. Let f € H(V — S). Then the set
{p € S|Ind(T", p) # 0} is finite and

1
27

/F f(z)dz = Z Ind(T, p)Res(f, p).

peS

Example 19.2. Let A > 0 and f(z) = eng(fiz). Then f € H(C—{+i}). T = y1+72 where
1(t) =tfort € [-R,R], R > 1, y2(t) = Re® for t € [0,7]. (To apply Residue Theorem,
we should parametrize I' using a single interval so that T" is a closed curve. It makes no
difference.) Let S = {%i}. Note that I' C C\{£i} provided R > 1. To use the Residue
Theorem, we need Ind(T',¢) and Ind(T", —7). We know Ind(T", —i) = 0 because —i is in the
unbounded component of C\I'*. It is a fact that Ind(I",7) = 1. One way would be to show

that I' ~ o where o is a small circle centered at i. Then Ind(c,7) = 1 by computation,

42



so Ind(T",7) = 1. Next, we need Res(f,1).

exp(idz) _ exp(idz) 1 :<e/\ ) 1.‘

L TP R Sy

Thus Res(f,i) = % By Residue Theorem,

1

2mi

/F F£(2)dz = nd(T, ) - Res(f, 1) + Ind(T, —i) - Res(f, —i).

Thus [. f(z)dz = me™.
On the other hand,

Now
exp(iAz)
22+1
exp(idz —Ay)| | e
22+1 2241

[F ()l =

exp(i\(z + iy))
2241
Ay

1

m ( for z such that y Z O)

Thus

L
22 + 1]

/72 f(z)dz

< <max > -mR  ( ML-inequality)
2€75
1

S R

So far, we have re=> = [T, ) gy 4 F(R) where |F(R)| < R’;If Let R — oo in this

—R t2+1 1°

R At
ne = g | xp(iAt) o
R—o0 R t +].

equation, we get

because limp_,o F(R) = 0.

o0 : Ry :
/ exp(iAt) g — lim / exp(iAt) it

—oo t2 —+ 1 R1—00,R2—00 Ry t2 —+ 1
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R exp(iAt)
t2+1

dt, we know that [* =F @) 3¢ converges.

provided this exists, it equals limpg_, o f dt. But [~ RR might exist even when the

other doesn’t. By comparison with [

Th oo 1+t2 t2+1
us
o At R At
/ o JGA) T / OPUM) gy _ e
—00 t + 1 R—o0 R t + 1
N oo sin(At) _ sin()\t) . oo cos(At) _ Y
ote that f s 24T dt = 0 because is odd. Thus, fioo o dt = me™ ", for
A > 0. Finally, /% Co;( +i‘t) dt = [, C?ngr)‘f ) dt and [ tQ}H dt = 7, so we can remove the

restriction on .
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20 Counting Zeroes and the Open Mapping Theorem I (10/6)

Let V C C be open and f € H(V) is not constant on any component of V. Say zg € Z(f),
we can write f(z) = (z — 20)"g(z) where g(z0) # 0, g € H(V). Then n = ord(f, zo) is the
order of zero at zg. Then

f'(2) = n(z = 20)""1g(2) + (2 = 20)"d (2)

and so

FE_ g

f(z) 2=z g(2)
This is valid as long as we stay close enough to zg that g is non-zero, except for z5. We
conclude that fT/ € H(V — Z(f)) has a simple pole at zp with residue Res(f%, 20) =n =
ord(f, z0).

Theorem 20.1 (The Argument Principle). Let V' C C be open, f € H(V), and f is not
constant on any component of V.. Let ¢ € C and define S = {z € V|f(z) = q}. Suppose
that v C V\S is a closed curve such that Ind(y,a) =0 for all a € C\V and Ind(y,a) =0
or 1 for a € C\n*. Let Q = {z € V\~v*|Ind(vy,z) = 1}. Define 7 in C — {q} to be
4 = fo~. Then the number of solutions to the equations f(w) = q with w € Q, counted
with multiplicity, is equal to Ind (7, q).

Proof.

Tnd(3 )—1/1d¢—1 L
T Jy¢—q® T iy A0 —q)

2m/ f(v(t f,(V(t))"Y/(t) dt
f'@)
2m/ F(y(t) ' (t) di
[
) —

f'(z
27rz/ f(z)—q dz

1 U,
- o o F—q *

= Z Ind(’y, w) . Res <(f(z)_q)/7 ’U))
weZ(f(2)—q)
(f(z) —a)
= Res | % w
wez(f%):—q)ﬁﬁ ( f(z) —q )

- Y ad(f(2) - qw)

weZ(f(2)—q)NQ

= number of solutions to f(w) = ¢ in Q counted with multiplicity.
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Remark 20.2. “Counted with multiplicity” means ), .q, ord(f(w) — q,w).

Example 20.3 (Basic Case). V = D(0,1), f € H(V) is f(z) = 2F (k € N), y(t) =
teit t € [0,2n]. Here Q = D(0,3), 7(t) = (3¢)F = 2%6““. So Ind(%,0) = k. f has a
single zero in §2, but the order of the zero is k. So the Argument Principle works in this
case. We know that ¢ — Ind(¥, ¢) is constant on components of C\5J. Thus Ind(7,q) = k
for all ¢ € D(0, 2%) Thus z* = ¢ has k solutions counted with multiplicity, in Q = D(0, %)
Except for ¢ = 0, these k solutions are all distinct.

Definition 20.4. A function ¢ : X — Y between two metric spaces is said to be an open
map if (U) is open whenever U is open.

Theorem 20.5 (Open Mapping Theorem). Let V' C C be a connected open set and
f € H(V) be non-constant. Then f:V — C is an open map.

Proof. Let U C V be a nonempty open set. Let ¢ € f(U). We have to show that ¢ is
an interior point of f(U). Choose p € U such that f(p) = ¢. Choose r > 0 such that
D(p,r) C U and f takes the value ¢ on D(p,r) only at p. Let v be dD(p,r). Then
the Argument Principle applies. It tells us that the number of solutions to f(w) = ¢
in D(p,r) is equal to Ind(7,q) where ¥ = f o~. Since f(p) = ¢, Ind(7,q) # 0. Let
W be the component of C\3* that contains q. Then Ind(7,s) # 0 for all s € W. By
the Argument Principle again, the equation f(w) = s has solutions in D(p,r). That is,

W C f(D(p,r)) C f(U). Also, W is an open set. Thus, ¢ € int(f(U)), as required. O

Remark 20.6. Open Mapping Theorem distinguishes complex differentiability and real
differentiability. For example, on the real line, the function f(x) = x? is not an open map,
since it maps an open integral (—1,1) to a non-open set [0,1).

21 Counting Zeroes and the Open Mapping Theorem II
(10/8)

Say that v and 77 are two loops in C — {0}. Define ~, for s € [0, 1] by

Ys(t) = (1 = s)v0(t) + s71(2).

This is a homotopy from 7y to 71 in C. This is a homotopy in C — {0} provided ~,(t) # 0
for all s,t. If v5(t) = 0 for some s,¢ then 0 is in the segment of [yo(t),71(t)]. So 7s is a
homotopy from vy to 71 in C — {0} if and only if |y1(¢) — v (¢)| < |71(¢)| + |70(t)| for all
t. I |y1(t) — v (t)| < |v1(t)] + |v0(t)] for all ¢, then Ind(yo,0) = Ind(y1,0).

Theorem 21.1 (Rouché’s Theorem). Let V' C C be a connected open set. Let vy be a
closed curve in V' such that Ind(y,p) = 0 for all p € C\V and Ind(y,p) = 0 or 1 for
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all p € C\v*. Let Q = {z € C\v* : Ind(~,2) = 1}. Let f,g € H(V) and suppose that
|f(z) —g(2)| < |f(2)| + |g(2)| for all z € v*. Then f and g has same number of zeroes
counted with multiplicity in ).

Proof. 1If f and g are both nonconstant, then define ¥y = f o+, 7, = go . We have

75 (#) = Fg (O] < 175 + 179 (2)]

for all ¢ by the hypothesis on f,g. So Ind(5¢,0) = Ind(74,0) by preliminary discussion.
By the Argument Principle, both of these count zeroes in €2 with multiplicity.
If f or g (or both) are constant then the claim follows by considering cases. O

Example 21.2. Let f(z) = 2"(z — 2) — 1. Take g(z) = 2"(z — 2). Take v to be 9D(0,1).
Then f(z) — g(2) = —1 and so to apply Rouché’s Theorem we need

1 <|2"(z—2) =1+ |2" (2 — 2)]
for all z with |z| = 1. This is equivalent to
1<|z"(z—2)— 1]+ |z — 2|

for all z with |2| = 1. Now 1 < |z — 2| for all z with |z| = 1 except z = 1. Note that the
other summand does not vanish at z = 1 and so we have the inequality. This implies that
f and g have the same number of zeroes counted with multiplicity, in 2 = D(0,1). For
g this number is n. This means there are n zeroes of f in D(0,1). By the Intermediate
Value Theorem, f has a zero slightly larger than 2.

Example 21.3. Let A € C — {0} and f(z) = zsin(z) — Acos(z) and g(z) = zsin(z). I
claim that for a fixed A, |f(z) — g(2)| < |g(z)| on a rectangle provided that 7" and m are
large enough. This inequality is |A| - | cos(z)| < |z| - |sin(z)| for any z in the rectangle (see
Figure E[) In general,

| sin(2)|? = sin?(x) + sinh?(y), | cos(2)|? = cos®(x) + sinh?(y),

where z = x 4 1y.

On side (D), we need ||| sinh(y)| < |z|y/1 + sinh?(y). So |\|-|sinh(y)| < w 1 + sinh?(y)

is sufficient. All that is necessary if || < w This can be done by making m big

enough. Side (3 is similar.
On side @), we need |)\|-\/cos2(x) +sinh?(T) < |z]4/1 4 sinh?(T). So |A|-y/cos?(x) + sinh?(T) <

T- \/sin2(a:) + sinh?(T) is enough. || - 1/1 4 sinh?(T) < T - sinh?(T) is enough. We can
do this by making T large. @ is similar.

In the box, g has a double zero at 0, and a simple zero at +m, +2x, - , £mm. This is
2m + 2 zeroes inside the rectangle in total. Thus f also has this many once T and m are
large enough. The equation

zsin(z) = Acos(z)
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Figure 9:
is equivalent to
tan(z) = 2
an(z) = —.
z

This equation has 2m + 2 real solutions in the rectangle, so all solutions are real if A > 0.
If A < 0, then there are only 2m real solutions, so there must be 2 non-real solutions.
They are purely imaginary.

Theorem 21.4 (Hurwitz’s Theorem). Suppose that D is an open set, f, € H(D), fn — f
uniformly on compact subsets of D, D(z,7) C D, and f has no zero on 0D(z,r). Then
there exists N such that f, and f have the same number of zeroes in D(z,r) for alln > N.

Proof. Let € = min,epp(z,) |f(w)|, which exists and is non-zero since |f| is continuous
and 0D(z,r) is compact. Since f,, — f uniformly on compact subsets of D, there exists
N such that for w € 9D(z,r),

[fn(w) = fw)] < e < |f(w)] < [f(w)] + [g(w)]

for all n > N. Then Rouché’s Theorem implies that f, and f have the same number of
zeroes in D(z,r) for all n > N. O
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22 Product Formula for Sine Function I (10/13)

The objective of this chapter is to prove the following two formulas

00 2
: z
(22.1) sin(nz) = 7z H(l - ﬁ) Vz € C,
n=1
(22.2) =13 (L) veeowz
: meot(mz) = — P o, z .

n=1

(22.2) is basically a partial function decomposition of 7 cot(mwz). The function has simple
(sin(72)")
sin(7z)

poles at every integer and the residue at each pole is 1 because 7 cot(nz) = (recall

I has simple poles at zeroes of f with residue ord(f,p)). First aim is to prove (22.2).
Formula comes from using Cauchy’s Integral Formula. The idea is to come up
with a function with 7 cot(7z) as a residue and the terms in the sum as residues. Then
show that as some parameter — oo, the integral itself goes to zero.
The first thing I need is an estimate for the size of cot(wz) away from its poles.

Lemma 22.1. There is a constant M such that |cot(rz)| < M if Im(z) > 1 or Re(z) €
1

1tz

Proof. Let z = x + iy. Then

| cot(mz)[? = |cos(mz)>  cos?(mx) + sinh?(my)
|sin(7z)[?  sin?(7x) + sinh?(7y)
If |y] > 1 then
1+ sinh® 1 1
ot < 2T g L g, 1
sinh?(7y) sinh?(7y) sinh? ()
This shows that | cot(7z)| is bounded on the set |y| > 1.
Now say x € % + Z. Then
)
mmw@F:4§35§QfgL
1 + sinh*(7y)
This shows | cot(7z)| is bounded on the set z € 1 + Z. O

Let N > 1 be an integer. I will use the contour Qy (see Figure . Fix z € C\Z.
Assume that N is large enough that is inside the contour Qn. Let f: C\(ZU {z}) - C

be
7 cot(mw)

flw) =

w—z
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Figure 10:

The function f has simple pole at every point in Z U {z}. The residues are

Res(f,n) =

Vn € Z,

n—z’
Res(f,z) = mcot(mz).
Thus

1 N

1
QM,/QN f(w) dw = 7 cot(mz) + Z

n—=z

n=—

by the Residue Theorem. If we could show limp_, ﬁ fQN f(w) dw = 0 then we get

N

. 1
meot(mz) = ]\}lm
—00 Z—n
=N

which is equivalent to what we wanted.

The required limit is true, but relies essentially on symmetry of Q.
To prove

AN
mweot(mz) = ]\}im Z
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the only thing that remained was to show

T cot(mw

fm [ T g, g,

N—o0 Qn w—z

m cot(mw)
w

/ 7 cot(mw) dw = 0
N

The key is to note that w +— is even. Thus

w

because contributions from opposite sides cancel. (Note: This is why the sum 2712/:7 N Zin

has to be symmetric.) Thus

/ W(Zt_(ﬂzw) dw:/ <7r2(])t_(7rzw)_7rcog7rw)> dw:/ ﬂ;(cflztiﬂ:;) dw.

We know that |7 cot(rw)| < M on Q} by Lemma So

7z cot(mw) M - ||
/NUJ(W—Z)dw‘ = (N+LH(N+1-2)) 42N +1)

1
(provided |z| < N + 5)

— 0 (as N — oo, as required).

So
A
Wcot(ﬂz):]\}gnoo Z P
=N
1 i( 1 1 )
oz z—n z+n
n=1
for z € C\Z.

Remark 22.2. If we set z = ia in the formula, where a € R\{0}, then we get

[e.9]

1 Z 1 1
t ) = — s
m cot(mia) ia+n 1<ia—n+ia—|—n>

cos(mia) 1 & 2ia
> T = — T E——
: ia " ; —a? —n?

mia
sin(7ia)

cosh(ma) 1 - 2ia
S = -
i sinh(wa)  ia + nz; —(a? 4+ n?)
cosh(ma) 1 <= 2a
ST = = =
7Tsinh(Tra) ot Z a? + n?

o0

1 1 1
:>§:1 m = % <’/TCOth(7TCl) — a) .

n—



For example,
o0

1 1
; 7127_’_1 = 5 (7rc0th(7r) — 1) .

Also, you can solve the Basel problem by letting a — 0. You could also differentiate

with respect to a (needs justification). Then as a — 0, you could evaluate Y 22 | ~ L

23 Product Formula for Sine Function II (10/15)

The next task is to show that p(z) = w2 [, (1 — Z—z) is a holomorphic function.
Lemma 23.1. Let wy,--- ,w, € C. Then

n
H1+w] )| < exp Z|wj\ — 1.

J=1

Proof. Well,

n
—H(l—i—w] Zw]—i— Z Wi, Wi, + Z Wi Wi Wiz + -+ +Wiwa -+ - Wp
j=1

1<j1<j2<n 1<51<j2<g3<n

SZI%’H Yoo lwpwpl+ D lwwpw| 4 fwiws - wy,
j=1

1<j1<j2<n 1<j1<g2<g3<n
2 3 n
SZ|WJ|+§ ZM! +tg ZM! AR Z|wj|
j=1 7=1 7=1 7=1

(by multinomial theorem)

n
<exp [ > |ws| | —1.
j=1

Next, we want to think about convergence of a product

P = ﬁ(l + wj).

We make the partial products

We say P converges if Py — P.
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Lemma 23.2. Suppose that (w;) is a sequence of complex numbers and 327 |w;| con-
verges. Then H;il(l +wj) converges and it doesn’t converge to 0 unless one of the factors
18 zero.

Proof. Let Py = H?’:l(l + wj). First, we show that (Py) is bounded. Well,

N
1= Py|={1- ] +w)
7=1

N
lw;| | —
J=1

< exp Z\wﬂ -1
j=1

and so

o0
|Py| <1+[1—Py|<exp | |wj|| =5

j=1
Say N1 < Ns. Then
No N2
1P, = P =Py [1= J] Q+w)|<B-{exp| Y Juy|| -1
J=N1+1 j=Ni+1

by Lemma[23.1] Let € > 0, then we can choose 17 > 0 such that B(exp(n) —1) < e. We can
choose N such that if N < N; < Ny then Z] Ny 41 [wjl < n because 3777 [w;| converges.
If N < N; < N3 then

|Pny — Pn,| < B - lexp(n —1)| <e.

Thus (Py) is Cauchy and so converges to some P.
Lastly, we have to show that P # 0 provided that w; # —1 for all j. If M > 11is an
integer then

oo
(14+wj)| <exp Z|wj| -1

oo
-1
j=M =M
By making M sufficiently large, we can make
> 1
1< =
exp Z lw;| < 5
j=M
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Thus for M this large,

[e.o]

1= [ +w)| <

j=M

and so []72,,(1 +w;) # 0. Also H]Aizl(l + w;) # 0 and so

N

M-1

P=J]Q+uw)-

Jj=1 J

(1+wj) #0

=]

as required. ]

Remark 23.3. This result applies to products of functions uniformly.
IfIT521(1+ gj(2)) is such that 3772 |g;(2)| converges uniformly on some set then the
product also converges uniformly and the zeroes are the obvious ones.

24 Product Formula for Sine Function III (10/17)

The series > 7, ]fL—z| converges uniformly on all compact subsets of C. Thus

(3] 52
p(2) —WH (1- ﬁ)
n=1

converges uniformly on compact subsets of C and is zero only at integers. The partial
products

N 22
() =m= [0 2
n=1

are polynomials. So they are all holomorphic. It follows that p is holomorphic on C.
Moreover,

Py =1
uniformly on compact subsets of C. It follows that on compact subsets of C\Z,

/ /
p uniforml
Py wniformly P
PN p

<

In general, fT/ is called the logarithmic derivative of f, denoted as D. That is, D(f) = fT
Main thing about D:

D(fg) = D(f) + D(9)-

o4



So

N 2
z
Dow) = D= [ (1= 55)
n=1
N 22
:D —_— —
(m)+D(2)+ Y _D(1 )
n=1
1 -z
— n
=0+-+) 5
n=1 n2
N
—2z
_z+nz::1n2—22
_1+N 22
oz n:122—n2
1 N( 1 1 )
=-+
z Z—n Z+n
n=1
N z—n
n=—N

for z € C\Z. So

Z—nNn

N
. , 1
D(p) = lim D(py)= lim _E ’

= 7 cot(mz)
= D(sin(7z)).

Now we know that D(p) = D(sin(wz)). Thus

D (Sm(”)> = D(sin(n2)) — D(p) = 0

p
d% <singrz)> 4

sin(7z)

on C\Z. So

and (since C\Z is connected) is constant. There is some ¢ € C such that

0 22
i —erz[[(1- 5.
sin(mz) = ez 11 ( nQ)

55



So

SlIl —C7TH 1_7

So
. sm(
iy 0 o T 0
hence
T = ¢,
and so
c=1
Thus
. a 22
sin(nz) = 7z H(l - ﬁ)
n=1
for all z € C.

Example 24.1. For example, if we set z = %, we will get

s T - 1
Sln(g) ) H(l—m),
n=1
oo
1 2
1—-—)=—
n=1
oo
n? -1 2
= ==
H 4n? w’
n=1
o
2n—1)(2n+1) 2
=] > ==,
oot (2n) ™
™

= = .
H 2n—1 2n—|—1)

\)
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25 Inverses of Holomorphic Functions I (10/20)

Theorem 25.1. Let V C C be an open set and f € H(V) be a one-to-one function. Then
f'(2) #0 forall z€ V.

Proof. Suppose that p € V and f/(p) = 0. Note that f’ is not identically zero since f is
one-to-one. So p is an isolated zero of f’. Choose r > 0 so that D(p,r) C V and the only
zero of f" on D(p,r) is at p. Let v = dD(p,r) and 4 = f oy. We know that Ind(7, f(p))
is equal to the number of zeroes of f — f(p) in D(p,r). By hypothesis, f'(p) = 0 and so
Ind(%, f(p)) > 2. Thus Ind(%, q) > 2 for all ¢ close enough to f(p). Choose ¢ close to f(p)
and consider the solutions to f(z) = ¢ with z € D(p,r). These solutions are all simple
zeroes of f —¢q. Thus there must be at least two of them. That is, there is z1, 20 € D(p,r)
with f(z1) = ¢ = f(22). This contradicts f being one-to-one. So f/(z) # 0 at all points
zeV. O

Remark 25.2. (i) The implication cannot be reversed. An example would be f(z) =

exp(z).
(ii) If f is one-to-one, then all solutions to f(z) = q are simple.

Theorem 25.3 (Inverse Function Theorem for Holomorphic Functions). Let V' C C be
an open set, f € H(V) be one-to-one, W = f(V) and g : W — V the inverse function.
Then g € H(W).

Proof. Differentiability is a local property, so it suffices to show that if ¢ € W then g is
differentiable on some open set containing q. Take ¢ € W and choose p € V such that

f(p) = q and r > 0 such that D(p,r) C V. Let U = f(D(p,r)). By Open Mapping
Theorem, U is open. Also, it contains ¢q. Let u € U and consider the integral

| wf'(w)
— —————dw = J.
2mi /BD(p,r) f(w) —u Y

First, note that J makes sense since u & f(0D(p,r)). Second, the integrand has one

singularity in D(p,r). This occurs at whichever point a € D(p,r) satisfies f(a) = u. We

J(Zu(;“_)u = (J}((qfu)):z)l has a simple pole at a

wf’(w
fw)—u

know that f — u has a simple zero at a. Thus 7

with residue equal to 1. (Slightly imprecisely - since a might be 0) we can say that
has a simple pole at a with residue a. Thus by Residue Theorem,

1 wf'(w)

= — ——2 dw=ua-1=a.
271 Jop(p.ry f(w) —u

Note a = g(u). That is,

1 /
glu) = — / wf(w) dw
270 Jop(p,r) flw) —u
for all u € U. By the lemma about integral being holomorphic, it follows that g|y is
holomorphic. O
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Lemma 25.4. Let V. C C be a convex open set. Let f € H(V). Then if z1 # 2z,
21,20 €V, LG piog in the closed conver hull of f'(V).

21—22
Remark 25.5. If A C C is a set then there is a minimum closed convex set that contains
A. It is called the closed convex hull of A. One way to get it is to consider the intersection
of all closed convex sets that contain A.

Proof of Lemma |25.4] We know that

f(z2) — f(z1) = / f(w)dw (note [21,29] C V because V is convex)

[31722]

1
- /D F((A=t)z1 +tz) (22 — 21)dl

and so
_ 1
fl2) = fl1) _ / FU1 =)z + tz)dt
zZ9 — 21
JE&Z 0= Dot g
& im S,.

n—oo
But 7 j. 1 = 1 and so Sy, lies in the closed convex hull of f/(V') for all n. Then lim,,_,~ S,
also lies in the closed convex hull of f/(V') because it is closed. O

26 Inverses of Holomorphic Functions II (10/22)

Theorem 26.1. Let V C C be a convex open set, f € H(V) a non-constant holomorphic
function, K a closed convex set such that 0 ¢ int(K) and f'(z) € K for all z € V.. Then
f is ome-to-one.

Proof. We must first consider functions with constant derivative. If the derivative is

constant then f(z) = az 4+ b with a # 0. This is indeed one-to-one.
Now suppose f is not a linear function. Fix z; € V and consider g¢,, : V\{z1} — C

defined by
f(z) = f(=1)
z—z1
Then g, € H(V\{z1}) and g, is not constant. Thus g, (V\{z1}) is an open set by Open
Mapping Theorem. Thus

o (J2) =S

zZ9 — 21

9z (Z) =

|21,20 €V, 21 # 20} = U 9z (V\{21})

z1€EV

is an open set. By our previous result using convexity, Q C K and so Q C int(K). Thus
0 ¢ Q and so f is one-to-one. O
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Remark 26.2. A typical example would be f € H(D(0,1)) such that Re(f'(z)) > 0.

Theorem 26.3. Let V C C be open and f € H(V), z0 € V, and f'(z0) # 0. Then there
is an open set U C V containing zo such that f|y is one-to-one.

Proof. Note that f is not constant. Choose p > 0 such that 0 & D(f’(zp),p). Choose
r > 0 such that f'(D(z9,7)) C D(f'(20),p). By Theorem with V' = D(zp,7), K =
D(f"(20), p), we can conclude that f|p(., ) is one-to-one. O

Theorem 26.4. Let V. C C be open, f € H(V), zg € V and suppose zy is an m-fold
zero of f. Then there is an open set U C V containing zy and a g € H(U) such that
f(z) = (g(z))™ for all z € U. Moreover, g has a simple zero at z.

Proof. We can write
f(z) = (z = 20)"h(2)

where h € H(V') and h(zp) # 0. By choosing a small enough disk centered at zo for U we
may choose

(1) U is simple-connected.

(2) h|y does not vanish.
(1), (2) imply that h has a logarithm on U. Thus h has an m-th root. We get k € H(U)
such that k™ = h. Then g(z) = (2 — 20)k(2) works. O
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27 Conformal Mappings I (10/27)

Definition 27.1. A Riemann sphere is a set Coo = C U {oo} where oo ¢ C.
We want to make C, into a metric space. We consider the stereographic projection

2z 2y |22 -1
L+ 12127 142127 1+ |2)?

) €S2

S(z) = (

If we extend S : C — S% — {(0,0,1)} to S : Coo — S? by
S(o0) =(0,0,1),

then S becomes one-to-one and onto.

Figure 11: Stereographic Projection

We can make C,, into a metric space by saying doo(p,q) = ||S(p) — S(q)||2- This is
automatically a metric on Cg.

Note that d|c is not comparable to the usual distance. However, if B C C is bounded
then do|p is comparable to the usual metric. This means that convergence of sequence
in C is unchanged provided the sequence is bounded. Explicitly, (z,) C Co and z € C
then z, — z in C iff (1) 2z, € C for all sufficiently large n and (2) z, — z in the usual
sense once oo terms are discarded. Also, z, — oo if |z,| — oo with the convention that
|oo| = 0.

The function k : Cos — Co given by k(z) = 1 if 2 € C\{0}, k(0) = o0, k(o) = 0
is continuous, bijective, and its own inverse. One way to see this is to compute that the
corresponding map of S? is (u1,us,u3) — (u1, —u2, —u3). This is continuous, so k is.

Definition 27.2. Let V C C, be an open subset of C,,. We say h : V — Cq is
holomorphic if

(i) h is continuous.

(ii) The function h(z), h(2), h(lz), ﬁ are holomorphic (in the usual sense) on the set where
their argument lies in V' N C and tfley are finite.
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Example 27.3. Define ¢ : Co, — Coo by @(2) = 22 if 2 & {—1, 00}, p(—1) = 00, p(c0) =

z+1
1. Then ¢ : Coo — Cx is holomorphic. To check the first condition, it is easy to see that
 is continuous for most points. ¢ is continuous at —1 because lim,_, 1 % = 00, p is

continuous at oo because lim,_, o ji? = 1. To check the second condition, I need

(1) ¢(z) = £2 is holomorphic on C\{—1},

(2) 90(%) lf;—?: is holomorphic on C\{0, —1},

(3) ﬁ = % is holomorphic on C\{—2},

(4) @(g) = 2 is holomorphic on C\{0,—3}.

This confirms that ¢ : Cooc — C is holomorphic.

Suppose that V' C C is an open set and f : V — C is holomorphic. What does this
mean more concretely? Say that V' is connected. Then there are two possibilities. One
is f is constantly oco. If this doesn’t happen, then the set of points at which f takes the
value oo is relatively closed and discrete in V. So there exists S C V that is closed in V,
every point of S is isolated in S, f[y\g € H(V\S), and f has a pole at each point of 5.
This class of functions is denoted by M (V') and they are called meromorphic functions on
V.

28 Conformal Mappings II (10/29)

Lemma 28.1. Let V C Cy, be open and connected, S C V' be closed and nonempty, and
C be a component of V\S. Then cly(C)NS # .

Proof. Suppose cly(C) NS = . Then cly(C) C V\S is a connected set and C C cly (C)
and so C is closed in V. Since disks in Cy, are connected, C is also open in V\S and
hence in V. Since V is connected, either C' =V or C' = (). Components are never empty
and so C'= V. But then S = (), contrary to our assumption. ]

Proposition 28.2. Let V C Cy be open and connected, h : V. — Cs a holomorphic
function and S, = {z € V|h(z) = p}. If h is not constant, then every point of Sy is
isolated in Sp. Also Sy is closed in V.

Proof. S, = h™1({p}) is a closed set in V because h is continuous. By replacing h by
h —por %, we may assume that we are considering Sp. We know that S, is closed in V.
Suppose that Sy has a limit point in Sy. Let C' be the component of V\ S, that contains
this limit point. Both h(z) and h(1) are holomorphic where they are defined on C. From
the Identity Principle, h is constantly zero on C. Thus h is identically zero on cly (C)
because h is continuous. If Sy, # @), then Lemma implies that cly (C) N Se # 0 and
so h takes the value 0 and oo simultaneously at some point, which it can’t. Now, we know
that C' =V and h =0 on V. It follows that if & is not constant then every point of Sy is
isolated in Sj. ]

Proposition 28.3. If f : Cooc — C is holomorphic, then f is either constant or onto.
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Proof. Let f: Coo — C be a holomorphic function and assume that f omits a value. We
may assume that it omits co. (If it omits ¢ # oo then ﬁ omits 00). Thus f: Co — C.
Now f(Cs) is compact and so bounded. This means f|c is entire and bounded. Thus f|c
is constant by Liouville’s Theorem. Since f is continuous, f is constant. O

Theorem 28.4. If f: Co, — Cy is holomorphic, then there are polynomials P, Q € C[z]

such that f(z) = gg;,v,z eC.

Proof. 1f f is constant, then this is clear. Assume f is not constant. Then Sy and S, are
closed subsets of C, in which every point is isolated. Thus they are both finite sets. At
each point of Sy N C, f has a zero of some order. We can choose a polynomial P having
zeroes of the same order at each of these points. Similarly, we may find a polynomial @
such that é has poles at each point of S, N C with the same order as the pole of f at

this point. The function %f : Coo — C4 is holomorphic which does not take the zero

or oo on C. Since two values are missing on C, %f is not onto, thus it is constant. So
_cP _ P

f=9=a -

By definition, Aut(Cy) is the set of all holomorphic functions f : Co, — C that
are both one-to-one and onto. Note that if f € Aut(Cy) then f=! : Coo — Cq is
automatically holomorphic.

Definition 28.5. A continuous function ¢ : Co, — C is said to be a linear-fractional
transformation if there are a,b, ¢, d € C such that ad — bc # 0 and

az+b
cz+d

p(2) =
for all z € C.

Theorem 28.6. Aut(Cy,) consists precisely of the linear-fractional transformations.

Proof. Suppose f: Coo — C is an automorphism which is non-constant, so

P(z)
Q(z)

for some polynomials P, which may be assumed relatively prime. Thus Sy = Z(P)
and S, = Z(Q) both have one point. Moreover, p € Sy and ¢ € S are simple zeroes
and poles. Thus P, @ are linear. Thus f(z) = gjig and ad — be # 0 because f is not
constant. ]

f(z) =

29 Conformal Mappings IIT (11/1)

Proposition 29.1. Let ¢ € Aut(C) then ¢(z) = az+ b for some a € C*,b € C.
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Proof. Let ¢ € Aut(C). Then ¢! : C — C is holomorphic, and in particular, continuous.
If K C C is a compact set, then ¢~ !(K) is also compact. This implies that lim, o, ¢(z) =
oo. If we define ¢(0c0) = oo, then we extend ¢ to an element of Aut(Cs,). Thus there
exists A, B,C, D with AD — BC' # 0 and ¢(z) = éjig,v,z € C. Since p(o0) = 00,C = 0.
Thus D # 0 and so ¢(z) = %Z + %,VZ € C. Finally, % # 0 because ¢ is one-to-one. [

Definition 29.2. Let U,V C C be open sets. A function f : U — V that is holomorphic,
one-to-one and onto is said to be biholomorphic. A biholomorphic map is also called a
conformal mapping between U and V.

Definition 29.3. A conformal map f : U — V is defined to be a map that is holomorphic
and has non-vanishing derivative.

Example 29.4. exp : C — C is a conformal map.

Remark 29.5. Lots of people use “conformal map” as a synonym for “conformal equiv-
alence”. If the conformal map is from one open set to another open set, then it actually
means conformal equivalence.

We want to consider
M ={p:Csx — Cxlyp is fractional linear}.

Note that M is a group which acts on Co. The action is effective (namely, if p(z) =
2,Vz € Cx, then ¢ =e.)

The form ¢(z) = ZZZIS with ad — bc # 0 suggests considering the matrix A = (CCL Z .

This is an invertible matrix by the condition ad — bc # 0. The group of all invertible
2 x 2 complex matrices is usually denoted by GL2(C). One can check that the map
GL2(C) — M given by A+ ¢4 is a homomorphism. That is,

PAB = PA - ¥B-

This homomorphism is onto.
The next question is when is @4 = id? If so then ‘CLZZIZ = z for all z. So cz? +
(d—a)z—b =20 for all z € C. Thus ¢ =0,b =0 and a = d. Thus p4 = id if and

only if A = <g 2) = aly for some a € C*. It follows that M = GL2(C)/N where

N = Z(GLs(C)) = {(g 2) Lac (C*}.

Let C be the collection of all lines and circles in C (in C, lines should include oo).
Note that X € C has an equation of the form

Az +y*) + Bz +Cy+ D =0.
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This may be rewritten as
Az +Re(¢z) +D =0
where ( = B — Ci. I want to verify that if X € C and ¢ € M then ¢(X) € C. To achieve
this, I am going to find a generating set for M. If ¢ = 0, then
az+b a b
=z+ .

cz+d:d d

If ¢ # 0, then

az+b %(cz+d)—%d+b

cz+d cz+d
ad

a (6]
¢ cz+d
a —A
c
a

+m (A:ad—bc)

n —AJe
c cz+d

These two expressions show that M is generated by

B = {Tylw e CYU {My|w e C*} U {J}

where
Tw(z) =2z 4+ w,
My (z) = wz,
1

What this means is that if ¢ € M then ¢ may be expressed as a composition of elements
of B.
If
Alz2+Re(Cz)+D =0
is the equation of an element of C and w = J(z) = 1 then z = % and so the equation of
the image under J is
1 1
Al=> +Re(C—) + D =0,
w w
A (w
=  —5+Re(+5)+D=0
wpp ) TP
= A+ Re(¢w) + D|w|? =0,
= A+ Re(fw) + D|w|* =0,
which is another element of C. To verify the corresponding thing for T3, and M,,, for T,
use A(z% + y?) + Bx + Cy + D = 0 form, for M, use A|z|?> + Re(¢z) + D = 0 form.
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30 Conformal Mappings IV (11/3)

Now let’s consider the action of M on Cg,

Definition 30.1. If G acts on X then G is m-transitive if given any two lists p1, -+, pm
and q1,--- , gn of distinct points, there is some g € G such that gp; = ¢; for 1 < j < m.
The action is sharply m-transitive if the g is unique.

Theorem 30.2. The action of M on C is sharply 3-transitive.

Proof. Given distinct points p1, p2,ps, we can show that there is a ¢ € M such that
o(p1) = 0,0(p2) = 1,p(p3) = oo. This will establish 3-transitivity. Build ¢ up by
composition. Start with ¢ which is the identity if p3 = oo and ¢1(2) =
©1(p3) = oo and we let ¢1 = ¢1(p1) and g2 = p1(p2). Note that ¢; and g2 are distinct and

not oo. Let o be pa(2) = 2z — ¢q1. Finally, take @3 to be ¢3(2) = (g2 — 1)~ '2, which is
possible since g1 # go2. Take ¢ = @3 0 g 0 1, then it works.

To show that ¢ is unique, we need only that if ¢ € M and ¥(0) = 0,9(1) = 1,9(c0) =
oo then 1 = id. Let ¢(z) = Zzzig with ad — be # 0. Since 1(c0) = oo, ¢ = 0 and the
map may be written as ¢(z) = Az + B. ¢¥(0) = B = 0 and then ¢(1) = A = 1. So
P(z) = 2. O

Recall from geometry that given three distinct points p1, pa, p3, there is a unique ele-
ment of C through all three. (If three points are co-linear, there is a unique line; if three
points are not co-linear, there is a unique circle.) We conclude that M acts transitively
on C. Take C1,Cy € C, choose three distinct points p1,p2, p3 on Ci and g1, g2, g3 on Cs.
Choose ¢ € M such that ¢(p;) = ¢; (1 < j < 3). We must have ¢(C;) = Cs.

31 Conformal Mappings V (11/5)

7t = {x +iy|ly > 0} is conformally equivalent to D by a fractional linear transformation.
First, we construct ¢ : 7+ — .

et &z —i| < |2+

S P
Z+1
Z—Z

& e D.
z+1

Sop(z) = 2 = i a conformal equivalence from 71 to D. The matrix of 9 is [1 _ZZ] whose

1
inverse is % [_Zl ﬂ ~ [ 21 J So




So 9e(z) : D — 7T is a conformal equivalence, called the Cayley transform.
Next, we want to study the disk D in great detail. The first question is what is Aut(ID)?

Theorem 31.1 (Schwarz Lemma). Let f : D — D be holomorphic with f(0) = 0. Then
|f(2)] < |z| for all z € D and |f'(0)| < 1. Moreover, if | f(w)| = |w]| for some w € D — {0}
or |f'(0)] =1 then f(2) = cz for some ¢ € C with |c| = 1.

Proof. Let g: D — C be
@, if2z#0
9(2) =9 ..\ .
1(0), if z=0.

By Riemann’s Removable Singularity Theorem, g is holomorphic. On |z| =7, |g(z)]| < %

for 0 < r < 1. This means that |g(z)| < 1 for all z with |z| < r by Maximum Modulus
Theorem. It follows that |g(z)| < 1 for all z € D. This gives the first two conclusions.

For the “moreover”, g would achieve a maximum modulus in D and hence be constant.

]

We want to use Schwarz Lemma to determine Aut(D).

Proposition 31.2. If ¢ € Aut(D) such that (0) = 0 then ¢(z) = cz for some ¢ € C with
le| = 1.

Proof. By the Schwarz Lemma, |¢'(0)] < 1. Let ¢ : D — D be ¢~ !. By the Schwarz
Lemma, |o~1(0)] < 1. By the Chain Rule,

'Ol O < 1.
Thus |¢'(0)] = [¢/(0)| = 1 and the conclusion follows from the Schwarz Lemma. O

The next step is to show that Aut(D) acts transitively on D.
For a € D let ¢, be the map

a—z
Pa (Z) - 1—az
Note that ¢, is holomorphic on C\{1}. In particular, ¢, is holomorphic on the disk I
because |Z| = ﬁ > 1.
Next,

a— 2z a—7z

1—](pa(z)\2:1— l—az 1-az
(I1-az)(1-az)— (a—2)(a—2)

11— @z|?
_ 1o — |2 +Jaf? - |22
N |1 —az|?
_ A —fo)A —|2[%)
|1 —az|?
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Notice that if z € D then it follows that 1 — |p,(2)|?> > 0 and so ¢,(z) € D. Thus
¢©q : D — D. Note that ¢,(0) = a and p,(a) = 0.

Next, we calculate @, 0 po. Of course, you could do this directly, but there are other
ways. Here is the one.

#al2) = 1a—_azz
So
, —(1—-az) — (a—2)(—«a
FEEEE SRR
_ a1
(1 —az)?
In particular, ¢/, (0) = |a?> — 1 and ¢/, (o) = (1|f||2aT21)2 = |a|21_1. Thus
(a0 9a)'(0) = ¢a(£a(0)) - ¢4 (0)
= @ala) - 5, (0)
= =y (el =1
=1.
Also,
(@a © ¢a)(0) = @a(pa(0))
= pa(a)
0.

By the Schwarz Lemma, (¢ 0 ¢4)(2) = cz for some ¢ € C with |¢| = 1, and actually ¢ = 1
because (¢q © ¢a)'(0) = 1. Thus ¢, ! = ¢,. In particular, ¢, € Aut(D). This shows that
Aut(D) acts transitively: If a, f € D then (¢pq 0 p5)(8) = a.

Theorem 31.3. If ¢ € Aul(D) then ¢ can be expressed uniquely in either of the forms

(31.1) Y = Mc o pa,

(31.2) ¥ =gpp0 M,

where a, f € D, a,c € C with |a| = |c| = 1, and My, M. are the maps given by multiplication
by a and c respectively.

Proof. Let ¢ € Aut(D). Let 8 = 1(0). Consider pgo1 € Aut(D). We have (pg01)(0) =
vs(B) = 0 and so pg o1 = M, for some a € C with |a| = 1. Thus ¢ = ¢z o M,. This

gives If ¢ = ¢g o M, then ¥(0) = pg(My(0)) = ps(0) = B and so S is uniquely
determined as ¢(0). Then M, = pgo1 is also uniquely determined. Thus a = (¢g01)’(0)

is uniquely determined. To get apply to L. O
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This tells us that as a set
Aut(D) +» D x {w € C||lw| = 1}.
Unfortunately, it is “hard” to compute the group operation in this representation:

(M, 0 pqa,) o (M., © ¢a,) = horrible expression.

32 Conformal Mappings VI (11/10)

Given w, z € D define d(w, z) = |pw(2)|. (Recall p,(u) = =) Actually, this is a metric
on D.

w—z

dtw,2) |

1 —wz

This shows that d(w,z) > 0 and d(w, z) = 0 only when z = w.

d(z,w) =

z—w‘_ lz—w|  |w—z| _ d(w, 2)
,2).

1—zw| |1—-zw| |l-wz|

The only thing that remains to check is the triangle inequality, which is postponed. d is
called the pseudohyperbolic metric.
Let U C C be an open set, 7 : [0,1] — U be a piecewise smooth curve. One can define

1
() = /0 W (0)] - p(y (1)) dt

where p: U — [0,00) (is a density function).

Theorem 32.1 (Pick’s Theorem, Schwarz-Pick Theorem, Invariant Schwarz Lemma). Let
f:ID — D be a holomorphic function. Then

(i) d(f(w), f(2)) < d(w, 2),Vw,z € D;

(i) 7p < . V2 € D.

If (i) is an equality for any z # w or (ii) is an equality for any z € D, then f € Aut(D).
Conversely, (i) and (ii) are equalities if f € Aut(D).

Proof. Let z € D. Define a = f(2) and ¢ = ¢4 0 f 0 .. Note that g : D — D is
holomorphic, g(0) = 0, and g € Aut(D) if and only if f € Aut(D). From Schwarz Lemma
we know that |g(w)| < |w| for all w € D. Then

|falf(@z(w)))] < wl

for all w € D and so

[P (f(pz(pz(w)))] < |z (u)]
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for all u € D which implies that . (f(u))| < |@.(u)| for all uw € D (o, = ¢,.) Recall that
a = f(z) and so this inequality is

[0 5(2) (f ()] < lopz(u)]

for all w € D. That is,
d(f(2), f(w)) < d(z,u).

This establishes (i).

If f € Aut(D) then so is g and so we get |g(w)| = |w|. If you start from this point,
you get d(f(z), f(w)) = d(z,w) if f € Aut(D). If d(f(2), f(w)) = d(z,w) for z # w then
lg(w)| = |w| for w # 0. So g € Aut(D) and then f € Aut(D) too.

To get (ii), we use |¢’(0)] < 1 with equality if and only if g € Aut(D). The chain rule
tells us that

g'(0) = ¢i(@) - f'(2) - £2(0)
1

— = () (1= |22
R AORUEIED
1 ! 2
E—— (1 —
et AC R
and so )
? 2 !
L= 2)?) = |g(0)] < 1.
/2P (1—1[2[7) = |g'(0)]
This gives
IO
2 = 2"
L—=[f(z)? ~ 1z
The case of equality follows as before. O

Remark 32.2. Let f : D — D be holomorphic but not an automorphism. Suppose that
f(p) =p,flq) =q forp+# q inD. Then

d(f(p), f(q)) < d(p,q)

by Schwarz-Pick Lemma, which is equivalent to d(p,q) < d(p,q), a contradiction. Thus
such f have at most one fized point in D.

We will have to verify that d satisfies the triangle inequality. We want
d(u, z) < d(u,w) + d(w, z), Yu,w, z € D.
This is equivalent to

d(pw(u), pu(2)) < d(pw(u), pu(w)) + d(w(w), Pu(2))
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or
d(pw (1), pw(2)) < d(pw(w),0) 4 d(0, pu(z)).
It is actually enough to show that

d(z,w) <d(z,0)+d(0,w),Vz,w € D.
Now d(z,0) = |z|,d(0,w) = |w]|, so we need to show that
d(z,w) < d(|z], =[w]).

From here, the triangle inequality will follow.
On D we had defined dp(w, z) = |¢y(z)|. We had reduced the triangle inequality for
dp to the inequality d,(w, z) < |w| + |z|. Previously,

(L —|af?)(1 —|2[%)

- lealo) =1 =
Thus
~lwl2)(1 = (22
- ot = D
(1 —[w[*)(1 — |2*)
T (Tt (wl]])?

(1= |=|wl®)( — 12l
(1 — (—fw])(|2]))?
=1 — | (2D

and 50 |y (2)| < |¢_jw|(|2])]. Thus dy(w, z) < dp(—|w],|z|) for all w, z € D. This says

—|w| - ||
1= (=[wl) - [2|

w|+ |z

d < =
) < ETER

This verifies that (D, d)) is a metric space.

- 1 1+ |z (w)]
dp(z,w) = 5 In (1—|¢<w>y>

is the hyperbolic metric.
Next, I will show that (D, d,) is a complete metric space.

First, let dg(z,w) = |z — w|. Note that d,(z,w) = 2wl 3dg(z,w). Second, say

—1—zw|

that (2,,) C D is a d)-Cauchy sequence. Then (z,) C D is also dg-Cauchy. Thus 2, 5 p for
some point p € D. Third, I want to show that p & . Suppose p € 9D, then p = e for
some . If T replace (z,) by (e7%2,) then this is still d,-Cauchy and now e =%z, — 1. T will
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simply assume that p = 1. Since (z,) is d,-Cauchy, I can find N such that if n >m > N
then dp(zn, zm) < 3. That is,
|z, — 2m| 1

11 —Zpzm| 2

for all n > m > N. Let n — co. We know that znd—E> 1 and so

I ’Zn_zm| o ‘1_Zm’ o
im — = =1.
n—oo |1 = Zpzm| |1 — 2]
But
lim 7|Znizm‘ <1
n—oo |1 — Zpzm| 2

and this is a contradiction. Thus p & 0. That is, p € D. Finally, we want to show that

dp
Zn — .
. T ‘Zn _p| _
i dp(za,p) = lim = =0
because lim;, o0 |2, — p| = 0 and lim,, o0 |1 — Zpp| = |1 — Pp| = 1 — |p|> > 0. This verifies

d
that z, — p. So (D, dy,) is complete.
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33 Normal Families and the Riemann Mapping Theorem 1
(11/12)

Say (X, dx) is a compact metric space. Say (Y, dy) is a complete metric space (usually R
or C in the consideration of this course). Then you can make the space

C(X,Y)={f:X —Y]|f is continuous}
into a metric space. The metric is

p(f,9) = rxrgdy(f(x),g(x))-

Convergence in this metric is the same as uniform convergence on X. That is, (f,) C
C(X,Y) converges to f € C(X,Y) in the p-metric if and only if f,, — f uniformly on X.

Remark 33.1. (C(X,Y),p) is complete.
Can we characterize compact subsets of (C(X,Y), p)?
Definition 33.2. A subset of a metric space is precompact if its closure is compact.

Lemma 33.3. A set is precompact if and only if every sequence in the set has a convergent
subsequence. (The convergent subsequence does not have to converge to a point in this set.)

Can we characterize precompact subsets of (C(X,Y),p)? Yes — that is what the
Arzela-Ascoli Theorem does.

Remark 33.4. In compact metric space, point-wise continuity is the same as uniform
continuality. But we may consider point-wise continuity so that it can be applied to non-
compact metric space.

34 Normal Families and the Riemann Mapping Theorem II
(11/14)

Definition 34.1. A set F C C(X,Y) is pointwise precompact if {f(p)|f € F} is a
precompact subset of Y for all p € X.

Definition 34.2. A set F C C(X,Y) is equicontinuous if for all p € X and all € > 0 there
is a § > 0 such that if x € X and dx(x,p) < d then dy (f(x), f(p)) < € for all f € F.

Theorem 34.3 (Arzela-Ascoli Theorem). Let X be a compact metric space and Y a
complete metric space. A set F C C(X,Y) is precompact if and only if it is pointwise
precompact and equicontinuous.
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Here is the sketch to show that F is totally bounded.

Assume that F is pointwise precompact and equicontinuous. I want to show that F is
totally bounded. Let € > 0. For each p € X choose d, > 0 such that J, works for § in the
definition of equicontinuous. {Bx (p,dp)|p € X} is an open cover and so we choose a finite
subcover {Bx (p,dp)|p € A} where A C X is finite. Consider the product y = [, Up,
where y,, = cl{ f(p)|f € F} C Y. By assumption, y, is compact for all p € A. So [[,c 4 yp
with the ds.-metric is also compact. So Hye 4 Yp is totally bounded. Choose a finite set
G1 C [] e yp such that By(v, §),7 € G1 cover y. There is a map F — [[c 4 yp given by
sending a function to the tuple of its values at each p € A. Let G C G be the set of ~
such that B, (v, §) intersects the image of this map. Choose f, that maps into B (v, §) for
each v € G. We claim that {Bo(x,y)(Fy, €)|y € G} covers F. If f € F, then f maps into
[1pca ¥p and its image lands inside some By (v, §) for v € G. Thus dy (f(p), f,(p)) < §
for all p € A. Also if x € X then x € Bx(p,d,) for some p € A and so dy (f(z), f(p)) < §
and dy (fy(z), f(p)) < §. Thus dy (f(x), fy(z)) < e for all z € X.

35 Normal Families and the Riemann Mapping Theorem
ITT (11/17)

We have proved that if X is compact, Y is complete, then F C C(X,Y) is precompact if
and only if it is pointwise precompact and equicontinuous.

What if X is not necessarily compact?

One reasonable type of convergence in C(X,Y) where X need not be compact is
uniform convergence on compacta (u.c.c.).

Definition 35.1. A sequence (f,) C C(X,Y) converges uniformly on compacta to f €
C(X,Y) if (fn|x) converges uniformly to f|x for all compact K C X.

Definition 35.2. X is said to have a compact exhaustion if there is a sequence (K,) of
compact subsets of X such that

(i) Ky, Cint(Kp4q) for all n > 1,

(i) X = U, K.

Note that if X has a compact exhaustion, then X = U ;int(K,,). Further, if K C X
is any compact subset then K C int(K,) for some n. This follows because {int(K,)|n > 1}
is an open cover of X.

Any open set V' C R™ has a compact exhaustion. One way to see this is to define

K, = {zx € V|dist(z,0V) > — and ||z|| < n}.

1
n
With this definition, K, is automatically

e a subset of V,
e closed
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e bounded.

So K, is compact (closed, bounded = compact). Say that = € K,. Then ||z|| < n and
dist(z,0V) > L. We need to find € > 0 such that B(z,€) C K,11. Since V is open, we
can choose € > 0 small enough that B(x,e) C V. If y € B(z,¢€), then

lyll = [lz + (y — z)||
< lzll + ly — =
<n-e

and so € < 1 will ensure that ||y|| <n+ 1. Then

disc(y, 0V') > dist(z, 0V) — ||z — y|
1
> — —€
n

and

di ov) >
ise(y,0V) 2

provided that € < m Combining these, we find € > 0 such that B(z,€) C Ky4+1. Thus
x € int(K,41). (Another way to see it is to use the inverse limit, and define partial order
K, < Kp41 if K, Cint(Kp41).)

Let X be a metric space with a compact exhaustion (k). Suppose that you have a
family of functions (g,) where g, € C(K,,Y) for each n. Suppose that g,+1|x, = gn for
all n > 1. Then there is a function g € C(X,Y) such that g|x, = gn.

We can certainly define g : X — Y by g(x) = gn(x) for any n such that x € K,,. Why
is this continuous? Let € > 0. Suppose that x € K,,. Then z € int(K,+1) and so there
is ;1 > 0 such that B(z,01) C Ky,41. Since gn4+1 is continuous there is dy > 0 such that
if dx(z,y) < d2 then dy (gn+1(2), gnt1(y)) < €. Let 6 = min{dy,d2}. If dx(z,y) < J then
y € Kpy1 and

dy (9(z), 9(y)) = dy (gn+1(2), gn+1(y)) <.
(The condition K,, C int(K,+1) is very critical here.)

36 Normal Families and the Riemann Mapping Theorem
IV (11/19)

Next, we want to consider all the space C(K,,Y) at once. One natural way is to consider
their product:

ﬁ C(K,,Y).

n=1
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Theorem 36.1. Suppose that (Zy,,dy,) is a sequence of metric space. Let

oo
7 = Hzm.

m=1

Defined: Z x Z — R by

(=), w(m)
=D

~ (2(m), w(m))

Then (Z,d) is a metric space. Moreover, a sequence (zy) in Z converges to z € Z if and
only if z,(m) — z(m) for all m. Finally, if (z2m,dm) is compact for all m > 1, then (Z,d)
18 compact.

Proof. We give the main ingredients for the proof.
To verify the triangle inequality, observe that t — %th is increasing on [0,00). If
z,w,u € Z, then

dp(2(m),u(m))  _  dp(2(m), w(m)) + dy(w(m), u(m))
1+ dm(2(m),u(m)) =1+ dm(z(m), w(m)) + dm(w(m), u(m))
)

A sequence (by,) in (Z,,,dy,,) converges to b € Z,, with respect to the metric d,, if
and only if it converges to b € Z,, with respect to the metric li’gm. The reason is that
T + - < dm and d,,, < 2- ’"m when d,,, < 1. This suffices to show that the convergence
is the same.

The next claim is that a sequence (z,,) in Z converges to z € Z if and only if z,(m) —

z(m) for all m > 1.

z1 = (2’1(1),Z1(2),Z1(3),21(4), .. )
22 = (22(1), 22(2), 22(3), 22(4), - - )

zn = (2n(1), 2n(2), 2n(3), 2n(4),- - +)

Say zp(m) — z(m) for all m. Let € > 0. Choose N such that

Z 9 m

m=N-+1

l\D\m
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Then

zn(m), 2(m))
1—|—d (zn(m), z(m))

zn(m), 2(m)) €
1+d Gn(m), 2(m)) 2

va

I can choose L such that n > L. Then

din(2n(m), 2(m))
1+ dm(zn(m), z(m))

forall 1 <m < N.If n>L, d(z,,2) < e Thus z, = z in Z.
The inverse is also true. O

<

N ™

If all (Z,,d,,) are compact, then (Z,d) is compact. Take a sequence (z,) in (Z,d)
with (Zp,,d,) are compact. Find infinite set J; C N such that (z,(1))nes, converges to
w(l). From (2,(2))nes,, choose infinite Jo C J; such that (2,,(2))nes, converges to w(2).
Continue the process. Now make a subsequence (2, )necs. J contains the smallest element
of Ji, the smallest element of Jo which is larger than that, the smallest element of J3
which is larger than both, and so on.

Theorem 36.2 (Arzela-Ascoli Theorem, version 2). Let X be a metric space that has a
compact exhaustion. LetY be a complete metric space. There is a metric on C(X,Y) such
that convergence in this metric is the same as uniform convergence on compact subsets.
With this metric, F C C(X,Y) is precompact if and only if it is pointwise precompact and
equicontinuous.

Proof. Choose a compact exhaustion (K,,). Let p, be the metric on C(K,,,Y) that
corresponds to uniform convergence. Consider

oo
Z = 1] C(Kn,Y)
m=1

with the metric

d(f.q) = i oom_Pm(f:9)

el 1+pm(fag)‘
Note that there is a one-to-one function ¢ : C(X,Y) — [[,o_; C(Ky,,Y) given by

We define the metric on C(X,Y") to be v(f,g) = d(¢(f),¢(g)) (the pull-back metric). This
metric on C(X,Y) has the required property.
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Say F C C(X,Y) is pointwise precompact and equicontinuous. Let F;, be the closure
of the image of F under ¢ at the m-th coordinate. That is, F,,, C C(K,y,Y) is the closure
of the set {f|x,, : f € F}. {flk,, : [ € F} is pointwise precompact and equicontinuous
and so F, is compact by the previous Arzela-Ascoli Theorem. Now «(F) C [[o_; Fm
which shows that ¢(F) is precompact. Last thing is to be careful about the image of ¢. [

37 Normal Families and the Riemann Mapping Theorem V
(11/21)

Definition 37.1. Let V' C C be open and F C H(V). Then F is a normal family if for
every compact subset K C V there is a constant M such that |f(z)| < M for all z € K
and f € F.

Remark 37.2. To check that a family is normal, it suffices to show that if D(w,r) C V
then there is some M such that |f(z)| < M for all z € D(w,r) and f € F.

Theorem 37.3 (Montel’s Theorem). Let V' C C be an open set and F C H(V) be a
normal family. Suppose that (f,) is a sequence in F. Then (f,) has a subsequence that
converges uniformly on compact subsets of V.

Proof. We have to verify that F is precompact in the topology of uniform convergence on
compact subsets. To do this, we want to apply the Arzela-Ascoli Theorem (Version 2).
Well, H(V) ¢ C(V,C), V has a compact exhaustion, and C is a complete metric space.
It remains to verify that F is pointwise precompact and equicontinuous. The precompact
subsets of C are the bounded subsets. If z € V then {f(2)|f € F} is bounded because
{#} is compact. So F is pointwise precompact. Let z € V. I wish to show that F is
equicontinuous at z. Choose r > 0 such that D(z,2r) C V. Suppose that w € D(z,7).
Then

1 f(©) 1 f(Q)
- =|— ¢ — — .
|f(z> f(w)| 2mi /8D(z,2'r) ¢(—z ¢ 2mi 0D (z,2r) (—w ¢
1 z—w
=|— ———d
57 e O T T
1 |z — w]
— ————d(].
= 2m /BD(Z,QT) |f(C)| ’C - Z‘ ) ’C - w‘ | C|
Choose M such that |f(¢)] < M, Vf € F, V¢ € D(z,2r). So
1 _
£(2) — )] < -2 22 ooy
M
=— |z —w|
,
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for all f € F,w € D(z,7). Let € > 0, choose § > 0 such that § < r and 2§ <e. Of f € F
and |z —w| < § then

£(2) = F(w)| < % e —w| <.

Thus f is equicontinuous at z. Since z was arbitrary, F is equicontinuous. By Arzela-
Ascoli Theorem, it follows that F is precompact in the topology of uniform convergence
on compact subsets. O

Here are a few remarks:

1. In the topology of uniform convergence on compact subsets, H(V') is a closed
subset of C(V,C). To verify this, we have to show that if (f,) C H(V) and f, — f in
this topology, then f € H(V). We already know this. This means that the limit of the
subsequence in Montel’s Theorem is always a holomorphic function.

2. The map D : H(V) — H(V) given by D(f) = f’ is continuous for the uniform
convergence on compact subsets topology. We need to show that if f,, — f in H(V') then
L= f/in H(V). We also already know this.

3. The conditions in Montel’s Theorem are actually “if and only if” conditions. That
is, if F is precompact, then F has to be normal.

4. It F C H(V) is a normal family then {|f’(z)| : f € F} is bounded for each z € U. In
fact, the sup is achieved by some function g € cl(F) (because the closure of F is compact
if F is a normal family and apply the extreme value theorem).

5. If f,, = fin H(V) and each f,, is one-to-one then f is either one-to-one or constant.
Why? Suppose f is not constant, but there are p,q € V such that f(p) = f(q) but p # q.
There are some r, > 0 and some 7, > 0 such that D(p,r,), D(g,74) C V, f does not take
the value f(p) = f(q) on dD(p,rp),dD(q,74) and D(p,r,) N D(q,74) = 0. Now f, — f
uniformly on D(p, r,)UD(q,r,). By Hurwitz’s Theorem, when n is large enough, f, takes
the value f(p) in D(p,7p) and in D(q, 7). But then we get z € D(p,7p) and w € D(q,rq)
with f,,(2) = f(p) = fn(w). This contradicts f,, being one-to-one.

38 Normal Families and the Riemann Mapping Theorem
VI (11/24)

Theorem 38.1 (Riemann Mapping Theorem). Let V' C C be a non-empty, open, proper,
simply connected, connected set. Take zg € V. There is one and only one conformal
equivalence f:V — D such that f(z0) =0 and f'(z9) > 0.

Step 1: Uniqueness.

Suppose that f,g: V — D such that f(29) = g(20) = 0 and f'(29) > 0,¢'(20) > 0. The
function ¢ = fo g~ : D — D is holomorphic, one-to-one, and onto. That is, ¢ € Aut(DD).
Also, ¢(0) = (fog1)(0) = f(20) = 0. From our knowledge of Aut(D), we know that

o(w) = e®w for some . Now ¢/(0) = 588; by chain rule. Thus ¢'(0) > 0. Well,

©'(0) =€ > 0 and so e =1 and ¢ = idp. This says that f = g.
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Example 38.2. Let S = {z +iy| —1 <z < 1} and f : S — D be the Riemann map (the
conformal equivalence) such that f(0) = 0 and f/(0) > 0. Show that f(—z) = —f(z) for
all z € S.

One way is to consider g : S — D defined by g(z) = — f(—z). Note that g is one-to-one
and onto, holomorphic, ¢g(0) = —f(—=0) = —f(0) = 0, ¢'(0) = f’(0) > 0. Thus g = f by
the uniqueness in the Riemann Mapping Theorem and so f(—z) = —f(2).

Step 2.

If we could find f : V. — D such that f(zp) = 0 then we could arrange to have
1" (z0) > 0. We know that f’(zg) # 0 because f is one-to-one. We may choose 6 such that
e f'(z) > 0. Then g : V — D defined by g(z) = ¢ f(z) would satisfy ¢’(zp) > 0 and
g(z0) = 0. This means we only have to worry about f(zp) = 0.

We know that if V' is simply connected, then a non-vanishing holomorphic function on
V has a holomorphic square-root.

Theorem 38.3 (Riemann Mapping Theorem, restated). Let V' C C be a non-empty,
open, connected, proper, and such that every non-vanishing holomorphic function on V
has a holomorphic square root. Let zg € V. Then there is a unique conformal equivalence

f:V = D such that f(z9) =0 and f'(z0) > 0.

Note that implies [38.1
Note that once we know this, we know that the square-root condition implies that V'
is simply connected.

Step 3.

We need to show there are one-to-one holomorphic functions h : V' — I such that
h(z0) = 0. Choose p € C\V. Then z — z — p is a non-vanishing holomorphic function on
V. Thus there is a holomorphic function g such that g(z)?> = z — p for all z € V. Choose
q € g(V). We know that g is not constant. Thus g(V') is open by Open Mapping Theorem.
Choose r > 0 such that D(q,r) C g(V). We claim that g(V) N D(—gq,r) = 0. Suppose not
and choose w € g(V)ND(—q,r). Then —w € D(q,r) C g(V). Thus we may find z1,29 € V
such that g(z1) = w,g(22) = w. This implies 21 — p = g(21)? = w? = (—w)? = 20 — p
and z; = 2. But then w = —w and so w = 0. So w =0 ¢ ¢g(V), a contradiction. Thus
g(V)N D(—q,7) =0 and so |g(z) +¢q| > r for all z € V.

Also note that g is one-to-one. Thus g(z) = g(zﬁq
we may choose a € C\{0}, b € C such that

is one-to-one and bounded. Now

satisfies f(z9) = 0 and f(V) C D. (Just choose a small enough that the diameter of ag(V)
is less than 1 and b so that f(z9) =0.)
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39 Normal Families and the Riemann Mapping Theorem
VII (12/1)

Step 4.

We know that F ={f:V = D|f € H(V), f(z0) =0, f one to one} is non-empty.

Next observation is that F is a normal family. By Montel’s Theorem, F is precompact
in the topology of uniform convergence on compact subsets of V. Thus cl(F) is a compact
set. The map g — |¢'(20)| is a continuous map from H(V) to [0,00). Thus (Extreme
Value Theorem implies that) this map achieves a maximum value on cl(F). That is, there
is some f € cl(F) such that |f’(20)| is @ maximum over all functions in cl(F).

Step 5.

We know that there is some g € F. Since g is one-to-one, ¢’'(z9) # 0. Thus |¢'(20)] > 0
and so |f'(z0)| > |9'(20)| > 0. This tells us that f is not constant. Since f is the limit of
sequence of functions in F, each of which is one-to-one, and f is not constant, it follows
that f is also one-to-one. Since g(z9) = 0 for all g € F, f(20) = 0. It is immediate (for
the same reason) that |f(z)| < 1 for all z € V. By the Maximum Modulus Principle, the
fact V' is connected, and the fact that f is not constant, it follows that |f(z)| < 1 for all
z € V. We have now shown that f € F. It remains to show that F is onto D.

Step 6.
Say g : V. — D with g(29) = 0. Define H, : V' — [0, 00) by
19'(2)]
Hy(z) = ——F—.
N EFIB]

Note that Hy(z0) = |¢'(z0)|-
Extend H, to all g : V' — I for the next lemma.

Lemma 39.1. Let ¢ : D — D be holomorphic. Then Hyoq(z) < Hy(2),Vz € V with
equality if and only if v € Aut(D) or ¢'(z) = 0.

Proof. By the Schwarz-Pick Lemma, we know that

[/ ()| 1
T [p(w)P = 1= [a]?

for all w € D and we have equality if and only if ¢» € Aut(ID). Substituting ¢g(z) for w in
this inequality, we get
el 1

1—(g(2))> — 1= 1g(2)?

with equality if and only if ¥ € Aut(DD). Multiplying both sides by |¢'(z)| we get
' (g(z)g' ()] o _1g'(2)]
1=[e(g(2)]> ~ 1—-1g(2)?
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with equality if and only if ¢ € Aut(ID) or |¢'(z)| = 0. This says Hyoe(2) < Hy(z) with
equality if and only if ¢ € Aut(D) or |¢'(z)| = 0. O

Now let’s go back to the main proof.

Step 7.

Suppose that our maximer is not onto D. Choose a € D not in the image of f. Consider
¢a © f. This omits the value 0 and so there exists h € H(V) such that h? = ¢, o f. If
h(zp) = B, then define F' = g o h. Note that F' is holomorphic, F(z) = ¢g(h(z0)) =
v3(B) = 0, F is one-to-one because f is, so pq 0 f is, so h is, so F' = pgoh is. This implies
that F”(z9) # 0. Since F(zp) =0,

|F'(20)| = Hp(20) = H%%F(ZO) (because ¢g € Aut(D))

= Hp(20) > Hyon(20) where ¢ : D — D is p(w) = w?

(because ¢ € Aut(D), h'(29) # 0 because h is one-to-one)
= H‘Paof(zo)

= Hy()

= |£'(z0)] (f(20) = 0).

This contradicts the assumption that f is the maximer. Thus f is onto.
This proves the Riemann Mapping Theorem, restated version and also the Riemann
Mapping Theorem.

Corollary 39.2. Let V C C be a connected, simple connected, open set. Then Aut(V)
acts transitively on V.

Proof. If V.= 0 it is trivial. If V = C, then the claim follows from our computation
of Aut(C). Otherwise, V is non-empty and proper and so there is a biholomorphic map
f:V — D. In addition, f is one-to-one and onto. We know that Aut(D) acts transitively
on . The claim follows. O
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40 Topology of Uniform Convergence on Compact Subsets
(12/3)

The set of all holomorphic maps from D to D is precompact in the topology of uni-
form convergence on compact subsets. This implies, for example, that if (o) C D and
apn — 1 then (¢4, ) must have a convergent subsequence. In fact, ¢,, converges to the
constant sequence 1 in the topology of uniform convergence on compact subsets. Note
that a,, (an) = 080 (pq, (an)) is not converging to 1! To show ¢,, — 1 in the topology
of uniform convergence on compact sets, let 0 < r < 1 and consider z € D(0,7). Then

Qp — 2
=T E
oon() =11 = | 222 1]
_ (an —2) — (1 —anz)
1—a,z
|l = 1)+ (@ — 1)z
N 1—a,z
<\an—1]+]an—1\r
- 1—r
1+7r
= Jan — 1| - :
[ | 1—r

Now I get ¢q,, |5(0’T) — 1 uniformly. Thus ¢,, — 1 in the topology of uniform convergence

on compact sets because any compact K C I is contained in D(0,r) for some 0 < r < 1.
The metric space H(ID) is not compact, but it is separable (that is, it has a countable
dense subset). We will verify that

P = {g|g polynomials on I with coefficients having rational real and imaginary parts}

is dense in H (D).

Choose a compact exhaustion (K,,) of D. Specifically, we could choose K, = D(0,7,)
where r, 1 (increasingly approach to 1). Say f € H(D). Let f(z) = > o7 qamz™ be
the Maclaurin series for f. Since f € H(D), we know that this power series has radius of
convergence at least 1. Also the power series converges uniformly to f on any compact
subset of D. In particular, the power series converges uniformly to f on K,,. In particular,
given n, I can choose some partial sum of the power series g, such that |g,(z) — f(2)] < %

for all z € K,,. Note g, € C[z]. Next, say gn(z) = 3.0 _ amz". Then if z € K,,, we have

m=0
N N N
> o = 3 00" < 3l bl
m=0 m=0 m=0
< (N +1)- max |apy — by



I may choose b, € Q(i) such that if h,, = Z%:o b 2™ then

gn(2) — ha(2)] < —

2n

for all z € K,,. Then h,, € P and we have

hn(2) ~ F(2)] < -

for all z € K,,. We hope that h,, — f in the topology of uniform convergence on compact
sets.

Let K € D be compact and € > 0. Choose L such that K C Kj, and % <e Ilfn>1L
then K C K, also, and so . .

ha(2) = f(2) < - < 7 <
for all z € K. This verifies that h, — f uniformly on K. Hence h,, — f in the topology
of uniform convergence on compact sets.

H(D) is also connected. Why — it is a vector space with the vector space operation
matching with the topology and so it is actually path connected. Given f,g € H(D) define
®:[0,1] - HD) by ®(t) = (1 —¢)f + tg. This is path from f to g in H(D). The only
thing we need to check is that @ is continuous.

Given N, let

Zy ={f € H(D)|f is not constant and f has at least N zeroes in D
counted with multiplicity}.

Show that Zy C H(D) is open. It will suffice to show that if g,, — f then g, is eventually
in Zy. First, choose a point w € D where f'(w) # 0. We know that g/, (w) — f/'(w)
and so gn/(w) # 0 for large enough 0. Thus g, is not constant once n is large enough.
Next, let wq,--- ,wi be N zeroes of f counted with multiplicity. Then wq,--- ,w; are
contained in D(0,r) for all large enough r < 1. Because the zeroes of f are isolated, we
may choose r large enough so that wy,--- ,w, € D(0,7) and flap(o,r) does not vanish. Let
€= %minzeaD(W) |f(2)| > 0 and choose L such that if n < L then |g,(z) — f(2)| < € for
all n > L and all z € D(0,r). By Rouché’s Theorem, g,, has at least N zeroes in D(0,r)
and so in D. This is what we needed.
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41 Determination of the Automorphism Groups Aut(A(0,r, R))
(12/5)

First, let 0 < r < R. Consider a homeomorphism f : A(0,r, R) — A(0,r, R) (a continuous
function that has a continuous inverse). Then f induces a permutation of the set of
boundary components. To see this, let > 0 be a small number and consider K =
A(0,74+n,R—n). Then f~'(K) is a compact subset of A(0,r, R). Thus there is a A > 0
such that
A(0,7, 7+ A) C A0, 7, R)\f1(K).
Then
JAQO,r,r + X)) € A0, 7, R\K = A(0,r,7 + 1) UA(0, R — n, R)

and f(A(0,r,7 + \)) is connected. Thus f(A(0,r,7 4+ X)) belongs to one of the two sets

A(0,r,m+n) or A(0, R—n, R). For definiteness, say f(A(0,r,r+ X)) C A(0,r,7+n). Also,
there is a 7 > 0 such that

A0, r,r+7) C f(AQO,r, 7+ X)) C A0, r,r +n).

(To see this, repeat the argument with f~!1.) If this happens, then the permutation induced
by f is the identity permutation. The other alternative is that there is a 7 > 0 such that
A0,R—7,R) C f(A(0,7,7+ X)) =C A(0, R—n, R). If this happens, then the permutation
is the one that exchanges the two boundary components.

Example 41.1. The map f : D’(0,1) — D’(0,1) given in polar coordinates by
fre®y=1-r)e? 0<r<1,0<6<2m,

is a homeomorphism. This homeomorphism interchanges the boundary components. No-
tice f does not extend continuously to the closure of D’(0,1) in R?!

Use this to compute Aut(A(0, 7, R)). First assume that » > 0. Then f € Aut(A(0,r, R))
is a homeomorphism and so it either interchanges or fixes the boundary components in
the sense discussed above. Define ¢ : A(0,r,R) — A(0,r, R) by ¥(2) = % Note if
r < |z| < R then '

>
2|

>

S| =
=vl

and hence
rR

E
So 1) preserves the annulus. ¥ o1 = id and % is holomorphic on A(0,r, R). This
automorphism interchanges the boundary components. By considering 1 o f if necessary
we may assume that f fixes the boundary components.
Assume f fixes the boundary components. This means that lim|,_,, [f(z)| = r and

r < <R

limp, g |f(2)] = R. Thus | f| extends continuously to A(0,r, R) by giving it the value r on
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the circle |z| = r and R on the circle |z| = R. Consider g : A(0,r, R) — C giving by g(z) =
@. Note that g is holomorphic on A(0,7, R) and |g| extends continuously to A(0,r, R)
with value 1 on both boundary components. Since g does not have a zero in A(0,r, R),
we conclude from Maximum Modulus Theorem and Minimum Modulus Theorem that ¢
is constant. In fact, g(z) = ¢ with |¢| = 1. This tells us that f(z) = ¢z for some ¢ with

lc| = 1. That is, f is a rotation about 0. So
Aut(A(0,7, R)) = {rotations} U {rotations composed with ¢ }.

We still have to look at » = 0. What is Aut(D’(0, R))? Suppose f € Aut(D'(0, R)).
Note that f has a removable singularity at 0. So f extends to an element of H(D(0, R)).
Suppose that f interchanges the boundary components. Then f extends to an element of
H(D(0, R)) and | f| extends to a continuous function on D(0, R) with value 0 on the other
boundary. By Maximum Modulus Theorem, f = 0 and this is impossible. Thus f does
not switch the boundary components. This tells us that the extended f satisfies f(0) = 0.
So Aut(D(0, R)) and hence f is a rotation.
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