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Abstract—In this paper, we study a Gaussian relay-interference
network, in which relay (helper) nodes are to facilitate competing
information flows between different source-destination pairs. We
focus on two-stage relay-interference networks where there are
weak cross links, causing the networks to behave like a chain of
Z Gaussian channels. Our main result is an approximate charac-
terization of the capacity region for such ZZ and ZS networks.
We propose a new interference management scheme, termed in-
terference neutralization, which is implemented using structured
lattice codes. This scheme allows for over-the-air interference
removal, without the transmitters having complete access the
interfering signals. This scheme in conjunction a new network
decomposition technique provides the approximate characteriza-
tion. Our analysis of these Gaussian networks is based on insights
gained from an exact characterization of the corresponding linear
deterministic model.

Index Terms—Deterministic model, Gaussian wireless network,
interference neutralization, lattice codes, relay-interference net-
work, structured codes.

I. INTRODUCTION

HE multicommodity flow problem, where multiple inde-
T pendent unicast sessions need to share network resources,
can be solved efficiently over graphs using linear programming
techniques [1]. This is not the case for wireless networks,
where the broadcast and superposition nature of the wireless
medium introduces complex signal interactions between the
competing flows. The simplest example is the one-hop inter-
ference channel [2], where two transmitters with independent
messages are attempting to communicate with their respec-
tive receivers over the wireless transmission medium. Even
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for this simple one-hop network, the information-theoretic
characterization has been open for several decades. To study
more general networks, there is a clear need to understand and
develop sophisticated interference management techniques.

Recently, a new approach on the capacity characterization of
wireless networks has been initiated. This approach asks for ap-
proximate instead of exact characterization. The first such result
is the capacity of the two user Gaussian interference channel to
within one bit by Etkin, Tse, and Wang [3]. This characteriza-
tion involves new upper bounds for the capacity of the network
and showing that the Han-Kobayashi scheme [2] performs close
to these upper bounds. More recently, Avestimehr, Diggavi, and
Tse considered relay networks in [4], wherein a message has
to be transmitted from one transmitter to a (set of) receiver(s)
over a network with an arbitrary network topology and number
of nodes. Characterization of the capacity of such network has
been an open problem, even for very simple cases since 1979
[5]. The authors introduced a deterministic model for the ap-
proximation of wireless network. This model allows the anal-
ysis to focus on signal interactions rather than the randomness
of the noise. They first derived a complete characterization for
the capacity of deterministic relay networks, analogous to the
max-flow min-cut theorem in wired networks. Then the insight
obtained by this characterization is used to devise a new relaying
strategy called quantize-map-and-forward for Gaussian relay
networks. This scheme, unlike all the schemes previously pro-
posed in the literature, was demonstrated to be within a gap from
the cut-set upper bound which does not depend on the channel
parameters.

Building on this progress, a natural next step is to study the
approximate capacity region of small-scale interference-relay
networks, where there are potentially multiple hops from the
sources to destinations through cooperating relays. Studying
even simple two-hop topologies could help develop techniques
and build insight that would enable a (perhaps approximate)
characterization of capacity for more general networks. We are
interested in our work in a universal type of approximation,
in that it should characterize the capacity to within a constant
number of bits, independently of the signal-to-noise ratio and
the channel parameter values.

The focus of this paper is to study the two-stage relay-inter-
ference network illustrated in Fig. 1. In particular, we give an
approximate characterization of the capacity region for special
cases of these networks when some of the cross-links are weak.
These are illustrated in Figs. 3(a) and 4(a), which we refer to
as the ZS and ZZ Gaussian models. These networks are formed
by concatenation of two layers of Z (S) networks. A Z network
is able to model a common situation in a wireless network, that
is when two base stations communicate to two user nodes, one
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Fig. 1. Two-stage relay-interference network.

located close to one of the base-station, and the other one is on
the boundary of the coverage areas of two base-stations. The
Z7 network occurs for example when these user nodes act as
relays; it could also occur when the user nodes are replaced by
dedicated relay stations which have a similar connectivity. We
first study a deterministic version of these problems by using
the linear deterministic model introduced in [6]. An exact ca-
pacity region characterization in the deterministic case is then
translated into a universally approximate characterization for
the (noisy) Gaussian network. In particular, for ZS and ZZ net-
works we have a capacity region characterization within 2 bits
(or less), independent of the operating signal-to-noise ratio and
the channel parameters. The outer bound as well as the encoding
schemes proposed for the Gaussian networks are inspired by the
analysis of the deterministic networks. We will discuss it later
in detail in Sections IV and V, where we illustrate the relaying
strategies used for the deterministic networks through some ex-
amples, and then give an outline for the encoding scheme pro-
posed for the Gaussian network.

The main tools used in literature for achievability are the
Han-Kobayashi coding scheme, which includes “interference
suppression” (i.e., decoding part of the interference and peeling
it away) and message splitting with appropriate power alloca-
tions. Another known technique for interference management
is interference alignment. In this work, we propose a new in-
terference management technique,! called “interference neutral-
ization”, which in the Gaussian interference-relay network re-
quires the use of lattices to properly allow “over-the-air” cancel-
lation of parts of the interference, without the relays decoding
the interference. We do use the deterministic framework to get
insight into the problem, but the deterministic network solution
is new in this paper and leads to both new coding schemes as
well as outer bounds. The deterministic approach also suggests
anetwork “decomposition” approach to the achievability, which
we appropriately translate to the Gaussian case through mes-
sage/rate splitting. We also develop a new form of genie aided
outer bounds for the interference-relay network. These outer
bounds are in fact tighter than the information theoretic cut-set
bounds. These new ideas enable us to obtain an approximate
characterization to the networks studied in this paper, within a
universal constant.

! A noise nulling technique is proposed in [7] to mitigate correlated noise in an
amplify-forward relaying strategy for a single unicast “diamond” parallel relay
network. However, the difference in our technique is that we use the structure
of the codebooks (without necessarily decoding information) to neutralize in-
terference, and not noise statistics. Moreover the multiple-unicast nature of the
problem necessitates strategic partitioning and rate-splitting of different com-
ponents of the messages.
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A way to interpret the achievability results for the ZS net-
works is that the relays perform a partial-decoding of strate-
gically split messages from the sources, and then cooperate to
deliver the required messages to the destination, again through
strategically splitting the messages. The power allocated to each
of the sub-messages is determined using the insight derived
from the deterministic model, that messages that are not in-
tended be decoded arrive at the noise-level. The achievability
for the ZZ network is slightly more sophisticated, in the sense
that one of the relays is required to only decode a function of
the sub-messages. The function is chosen such that its signal
in combination with the transmission of the other relay causes
the unwanted interference to be canceled (neutralized) at the
destination. This interference neutralization is enabled in the
Gaussian channel using the group property of a structured lat-
tice code.

Work in the literature over the past decade has examined
scaling laws for multiple independent flows over wireless net-
works, see for example [8]-[10]. The goal there is to charac-
terize the order of the wireless network capacity as the net-
work size grows. In contrast, in our work, instead of seeking
order arguments and scaling laws, we try to characterize the ca-
pacity (perhaps within a universal constant of a few bits) for
specific topologies. The interference channel is a special case
of such networks, where there is only one-hop communication
between the sources and destinations. There has been a surge
of recent work on this topic including cooperating destinations
[11] and use of feedback in inducing cooperation at the transmit-
ters [12]. The deterministic approach developed in [6] has been
successfully applied to the interference channel in [13]. The fun-
damental role of interference alignment in K -user interference
channel (still a one-hop network) has been demonstrated in [14],
[15].

The paper is organized as follows. Section II introduces our
notation and the basic network models we study. The main re-
sults are given in Section III. Section IV illustrates the transmis-
sion techniques used in this paper through simple deterministic
examples. These examples are followed by the proof outline for
the Gaussian networks in Section V. The achievability and con-
verse for the deterministic ZS network is given in Section VI,
and many of these ideas are translated into the precise proof
for the corresponding Gaussian ZS network in Appendix A.
Section VII follows a similar program for the ZZ network, by
first identifying the capacity region for the deterministic ver-
sion. This allows illustration of ideas such as interference neu-
tralization, as well as genie-aided outer bounding techniques.
The precise translation of these results into Gaussian ZZ net-
works is given in Appendix B. Section VIII concludes the paper
with a short discussion.

II. PROBLEM STATEMENT

A well accepted model for wireless communication is a linear
Gaussian model. In this, the received signal y;[t] at time ¢ and
node 4, is related to the transmitted signals {z;[t]} as

yilt] = Z hijz;[t] + zi[t] (1



MOHAIJER et al.: APPROXIMATE CAPACITY OF A CLASS OF GAUSSIAN INTERFERENCE-RELAY NETWORKS

where z;(¢) is i.i.d. (unit-variance) Gaussian noise, and h;; rep-
resents the fading channel from transmitter j to receiver i.

A. Deterministic Model

In [6], a deterministic model was proposed, to capture the
essence of wireless interaction described in (1). The advantage
of the deterministic model is its simplicity, which allows exact
characterizations; its purpose is to build insights for the noisy
wireless network in (1). The deterministic model of [6] simpli-
fies the wireless interaction model by eliminating the noise and
discretizing the channel gains through a binary expansion of ¢
bits. Therefore, the received signal Y;, which is a binary vector
of size ¢, is modeled as

Yilt] = ZNinj [1] @

where N;; is a ¢ X ¢ binary matrix representing the (discretized)
channel transformation between nodes j and ¢ and X isa g x 1
vector that contains the (discretized) transmitted signal. We will
drop the time index ¢ when it does not play a role for simplicity.
All operations in (2) are done over the binary field, F,. We use
the terminology deterministic wireless network when the signal
interaction model is governed by (2). The model in (2) is an
approximate representation of a Gaussian fading channel, which
attempts to capture the attenuation effect of the signal caused
by the channel gain. This can be interpreted as the number of
significant bits of a binary representation of the input, z;, that
is above the noise level. More precisely, typically the model in
(2) assigns N;; = J97 " where J is a shift matrix, i.e.,

o o o0 --- 0
1 0 0 0

J=10 1 0 0 . 3)
0 -~ 0 1 0/ ,,

For real channel gain h;; in the Gaussian model (1), we calculate
n;jasn;j = [%log|h;j|*]. The parameter g is chosen such that
q 2 max;, j |—% log |h1‘j|2—| .

An example of a deterministic network is illustrated in Fig. 2.
Each node contains several channel inputs and outputs, which
are called sub-node or level through out this paper. Source S;
can only send one bit to node A and no bit to node B; source
S5 can send its two MSB to both A and B, and its LSB to node
B. The transmitted bits from nodes S; and S interfere on the
LSB that node A receives.

In a deterministic network, given a cut that separates nodes &/
from node V, the cut-value equals the rank of the transfer matrix
between the nodes in ¢/ and V. For example, in Fig. 2, the cut
that separates nodes Y = {S1,S2, A, B} and V = {Dy, D5}
equals

rank

OO R Rk OO
o= OO oo
_ o O O oo
_ o O O oo
OO OO oo
OO OO oo

@

S1rO @ Ar@® O1D1
O
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Fig. 2. Deterministic network.

The rows of this transfer matrix correspond to the six transmitted
inputs by nodes A and B, while the columns to the six receives
outputs at nodes D; and Ds.

B. Interference-Relay Network Model

Our goal in this paper is to derive approximate capacity char-
acterizations for a class of 2-user relay-interference networks
shown in Fig. 1, which we call the XX network. We start by de-
scribing our notation for Gaussian channels.

Two transmitters, S; and S5, encode their messages W3 and
W, of rates R; and Ra, respectively, and broadcast the obtained
signals to the relay nodes, A and B. Denote the transmitted sig-
nals by z;1 and x5, and the received signals at the relays by y}
and 5. Then

y1[t] = Vanm[t] + grawa[t] + 21 [t]
Yo[t] = /92121 [t] + \/gazzalt] + 25[t] ®)

where 21, 2} are unit-variance Gaussian noises, independent of
each other and of x1, xs.

The relay nodes perform any (causal) processing on their re-
ceived signal sequences {y/[t]} and {y5[t]} respectively, to ob-
tain their transmitting signal sequences, {z}[t]} and {z}[t]}.
The received signals at the destination nodes can be written as

yilt] = Vhua [t] + v/ hazas[t] + 211

yo[t] =/ hor2 [t] + / hooxh[t] + 22[t] (6)

where z; and 2z, are independent zero-mean unit-variance
noises, which are also independent of x; and ws. There is a
power constraint for each transmitted signal, that is, IE[J}%] <1,
E[z3] < 1, E[z?] < 1 and E[z7] < 1.

Each destination node D;, ¢ = 1, 2, is interested in decoding
its message W;, using its received signals {y;[t]}. We define
a rate pair (Ry, R2) to be admissible if there exist a transmis-
sion scheme under which D; and D> can decode W7 and W5,
respectively, with arbitrary small (average) error probability in
the standard manner [16]. This would allow two end-to-end reli-
able unicast sessions at rates (R, Rz) for the source/destination
pairs (S1, D7) and (S3, D2).
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A useful tool to examine the network problem defined above
is to study its deterministic version, based on the model devel-
oped in (2). Using the deterministic approach, we can rewrite
(5)—(6) as

Y{[t] = M1 X1[t] + M2 X5 ]t]
Y5 [t] = Moy X [t] + Moy Xo[t] (7

and

Yi[t] = N X [t] + N2 X5]t]
Ya[t] = Noi X [t] + Noa X, [t] ®)

where the matrices {M;; } and {V;;} approximately model the
channels in (5)-(6), i.e.,M;; = J9™ ™ N;; = J97 ", The
matrix J is defined as in (3), while m;; = [} log|g;;|?] and
nij = [3loglhi]*].

It is worth mentioning that though this network looks like cas-
caded interference channels, there is an important difference.
Unlike the interference channel, the messages sent by the relays
at the second layer of transmission need not independent, i.e.,
we can try to induce cooperation at the relays to transmit in-
formation to the final destinations. This distinction makes this
network more interesting than a simple cascade of interference
channels. In this paper, we focus on two specific realizations of
the network, namely, the ZS and the ZZ networks, which further
simplify the connectivity models of (5)—(6). We describe these
two networks in the following, and give an approximate charac-
terization of their admissible rate region in Section III.

Notation Alert: Throughout this paper, we use the lowercase
letters x and y for the signals transmitted by the sources and
received signals at the destinations in the Gaussian networks.
The received and transmitting signals by the relays are denoted
by v’ and 2/, respectively. Similarly, uppercase letters will be
used for the deterministic networks.

C. ZS Network

The ZS network is a special case of the interference-relay
network defined in (5)—(6). In the ZS network one cross link in
each layer has a negligible gain and, therefore, does not cause
interference, as illustrated in Fig. 3(a). In particular, we assume
g21 = h12 = 0 in the Gaussian network, and mo; = n12 = 0in
the deterministic network. The resulting Gaussian ZS network is
shown in Fig. 3(a), and the deterministic model for this network
is given in Fig. 3(b).

D. 77 Network

The ZZ network is another special configuration interference-
relay network, wherein one cross link in each layer has zero
gain. However, the difference is that, here the missing links
are in parallel. In particular, we assume go; = ho; = 0 and
mo1 = mo1 = 0 in the Gaussian and deterministic networks,
respectively. The Gaussian and corresponding deterministic ZZ
networks are shown in Fig. 4.

III. MAIN RESULTS

In this section we present the main results of this paper, which
is the approximate capacity characterization of the Gaussian ZS

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 5, MAY 2011

z1
JAT 4 !
xl g1 i 1 v/hiy Y1
51 ® Y BH— YDl
Zl—> th
\/_ 29—
g12 /
Ya
S + D
Qsz V922 Zxé hoo ~ yzY 2
25
(@)
Xl mi1 ni1 YlY
D,
/ )
Y, 2
D
ma2 Y 199 y2T 2

(b)

Fig. 3. ZS network. (a) The Gaussian ZS network. (b) The deterministic ZS
network.

and ZZ interference-relay networks. In order to obtain such an
approximate characterization, we have a complete characteriza-
tion of the deterministic versions of the ZS and ZZ networks.
The coding strategies for the Gaussian problems are outlined
in Section V. The detailed analysis of these strategies and the
corresponding outer bounds which lead to Theorems 2 and 4
are given in Appendices A and B, respectively. Most of the in-
sights are obtained by analyzing the deterministic versions of
these problems, and the exact characterizations are summarized
in Theorems 1 and 3, respectively. We prove these results in
Sections VI and VII, respectively. The achievability and outer
bound results for the Gaussian cases are directly inspired by
these results.

A. ZS Network

The ZS deterministic network illustrated in Fig. 3(b) and the
corresponding Gaussian ZS network is given in Fig. 3(a). The-
orems 1 and 2 give the exact and approximate (within 2 bits)
characterizations of their capacity regions.

Theorem 1 (Capacity Region of Deterministic ZS Network):
The capacity region of the deterministic ZS network is specified
by RP%S, where RP?S is the set of all rate pairs (Ry, R2) that
satisfy

Ri1 <myy, (DZS-1)
Ry < max(mqa,ma2), (DZS-2)
R1 + Ry <max(mi1, mi2)+(maz—mi2)™
(DZ5-3)
Ry <mys + naa, (DZ5-4)
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Fig. 4. Z7 network. (a) The Gaussian ZZ network. (b) The deterministic ZZ
network.

Ry + Ry <may + max(nii, na), (DZ5-5)
Ry + Ry < max(mq1,mi2) + naa, (DZ5-6)
Ry <ni1, (DZS-7)
Ry < max(nay, no2), (DZS-8)
Ry <maa + noa, (DZ5-9)

R1 + Ry < max(nag,na2)+(n11—na1)t. (DZS-10)

Here and elsewhere (x)™ denotes the positive part of x, which
is formally defined by

(2)F = {g

7

ifx>0
otherwise.

Theorem 2 (Approximate Capacity Region of Gaussian ZS
Network): Let RS%> be the set of all rate pairs (R, R2) which
satisfy (GZS-1)-(GZS-10) given below. Then R¢%® is an outer
bound for the capacity region of the Gaussian ZS network.
Moreover, for any (R, Ry) € R®%°, there exists a transmission
scheme with rates (R}, R}) = ((R1 — o)1, (Ry - 62)+),
where §; = 1 and 62 = 1.5 are universal constants, independent
of the channel gain, and required rates.

1
Ry < 3 log(1 4+ g11) (GZS-1)
1
Ry < 5 log(1+ g12 + g22) (GZS-2)
1 I 922
Ry 4+ Ry < -log(l+g11 4+ g12) + slog | 1+ =—
2 2 g12
(GZS-3)
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Ry < 510g(1+ guo) + S log(1 +hos)  (GZ54)
Ry + Ry < S 10g(14922) + 3 log(1+huy +hz1) (GZS5-5)
Ry + Ry < % log(1+g11+g12)+ % log(1+ha2) (GZS-6)
Ry < 3 log(1+ huy) (625-7)
Ry < %log(l + hoy + hos + 2\/@) (GZS-8)
Ry < 5log(1+ g) + S log(1 +hoy)  (6Z59)

Ry + Ry < %bg(l + hao1 + hoo + 2\/@)
+ 1o <1 + %) , (GZ5-10)

The outer bound for the results above are fairly standard argu-
ments based on reducing a multiletter mutual information into
single-letter forms by appropriately using decodability require-
ments at the different destinations. The details of these are given
in Section VI-A and Appendix B.1, respectively.

The coding strategy achieving these regions is based on two
ideas. One is that of a network decomposition illustrated in Ex-
ample 1 in Section IV, for the deterministic network. The insight
from the network decomposition leads to the idea of strategic
rate-splitting and power allocation in the Gaussian channel. For
the Gaussian coding scheme, we need to strategically partition
the messages and allocate powers in order for the relays to par-
tially decode appropriate messages and setup cooperation. The
details of this strategy are outlined in Section V.

B. Z7Z Network

The deterministic ZZ network illustrated in Fig. 4(b) and the
corresponding Gaussian ZZ network is given in Fig. 4(a). Al-
though superficially the ZS and ZZ networks may look similar,
the subtle difference in the network connectivity, makes the two
problems completely different, both in terms of capacity charac-
terization, as well as transmission schemes. It will be shown that
anew interference management scheme, which we term as inter-
ference neutralization, is needed to (approximately) achieve the
capacity of this network. The most intuitive description for inter-
ference neutralization is to cancel interference over air without
processing at the destinations. This scheme can be used when-
ever there are more than one path for interference to get received
at a destination. We will explain it in more detail in Sections V
and VIL

Theorems 3 and 4 give the exact and approximate (within 2
bits) characterizations for the capacity region of the determin-
istic and the Gaussian ZZ networks, respectively. Another new
ingredient used here is a genie-aided outer bound that gives the
output of the first (noisy) cross link of the first (or correspond-
ingly second) layer to the first destination (or correspondingly
to the relay). This genie-aided bound allows us to develop outer
bounds that are apparantly tighter than the information-theoretic
cut-set bounds by utilizing the decoding structure needed.

Theorem 3 (Capacity Region of Deterministic ZZ Network):
The capacity region of the deterministic ZZ network is given by
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RPZZ, where RP?% is the set of all rate pairs (R1, R2) which
satisfy

Ry <myq, (DZZ-1)
Ry <may, (DZZ-2)
Ry <nqy, (DZZ-3)
Ry <nao, (DZZ-4)
Ri+ry < max(ma1, mia)+(mas—ma2) " +n12
(DZZ-5)
Ri+ Ry <max(niy, n12)+(n2—ni2) t+mas.
(DZZ-6)

Theorem 4 (Approximate Capacity Region of Gaussian ZZ
Network): Let RG% be the set of all rate pairs (Ry, R2) which
satisfy (GZZ-1)—-(GZZ-6) given below

1
Bi<g log(1 + g11) (GZZ-1)
1
Ry <5 log(1 + g22) (GZZ-2)
1
R; < 5 log(1+ h11) (GZZ-3)
1
Ry < 3 log(1 4 ha2) (GZZ-4)
1 1
Ry + Ry < - log(1 4 g11 + g12) + 7 log (1 + @>
2 2 g12
1
+ = log(1 + hi2), (GZZ-5)
2
1 1 h22
Ry + R> S—log(1+h11+h12)+ —log |1+ —
2 2 hio
+5 log(1 + g12). (GZZ-6)

Then, any admissible rate pair (R;, R2) for the Gaussian
ZZ network belongs to R?Z. Moreover, for any rate pair
(Ry1, Ry) € RC?%, there exists an encoding scheme with rates

(BB = (= D' (R = D).

IV. EXAMPLES ILLUSTRATING TRANSMISSION TECHNIQUES

In this section, we illustrate through examples some of the
main interference management techniques we will use to (ap-
proximately) achieve the capacity of our relay-interference net-
works. For simplicity in demonstrating the ideas, we focus on
deterministic networks throughout the examples. However, sim-
ilar techniques will be used later for Gaussian networks as well.

We also present a simple Gaussian example at the end of this
section, to illustrate the message splitting idea used in many
places throughout this work.

Example 1 (Network Decomposition for the ZS Network): A
deterministic ZS network can be always decomposed into two
sub-node-disjoint networks, where the first partition consists of
a set of sub-nodes of S, A and D1, and looks like a line net-
work. The second partition is, however, a diamond network,
with a broadcast channel from Ss to A and B in the first layer,
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Fig. 6. Interference Neutralization; (R, R>) = (2,2) is achievable.

and a multiple access channel from A and B to D in the second
layer. This diamond network can be used to send information
from Ss to Ds. Since these two networks are sub-node disjoint,
there would be no interfering signal, and each of them can be
analyzed separately. This is more illustrated in Fig. 5.

In a Gaussian ZS network the network decomposition can be
done using message splitting, superposition coding and proper
power allocation. We will use this technique to achieve an ap-
proximate capacity for the Gaussian ZS network.

Example 2 (Interference Neutralization): This technique can
be used in networks which contain more than one disjoint path
from S; to D; for i # j, where D; is not interested in de-
coding the message sent by the source node S;, and therefore, it
receives the interference through more than one link. The pro-
posed technique is to tune these interfering signals such that they
neutralize each other at the destination node. In words, the in-
terfering signal should be received at the same power level and
with different signs such that the effective interference, obtained
by adding them, occupies a smaller sub-space in the signal space
of the receiver. To the best of our knowledge, this technique is
new and has not been appeared in the literature before [17].

Fig. 6 shows a network in which interference neutralization is
essential to achieve the desired rate pair (Ry, R2) = (2, 3). Here
D1 has only two sub-nodes who can receive information from
A. These two sub-nodes are also connected to B, and receive
interference from B. However, notice that there are two disjoint
paths (S2, A, D1) and (S2, B, D1), which connect S5 to D;. As
it is shown in Fig. 6, using a proper mapping (permutation) at
the relay nodes, one can make the interference neutralized at
the destination node Dj, and provide two non-interfered links
from S to Ds. Note that this permutation does not effect the
admissible rate of the other unicast from S to D>, and the cost
we pay, is to permute the received bits at D>. A more general
illustration of this phenomenon is given in Fig. 7.
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Fig. 7. Interference neutralization.

Example 3 (Use of Lattice Codes to Implement Interference
Neutralization Over Gaussian ZZ Network): The idea of inter-
ference neutralization illustrated in Example 2 can be also used
in Gaussian networks. In this case a group structured code, such
as lattice code, is required to play the role of composition and
decomposition of the signal and interference in two layers of the
network. Consider the Gaussian ZZ network in Fig. 4(a). We can
use message splitting and interference neutralization to improve
the achievable rate pairs of this network.

Let the second source split its message into two parts as Wy =
(W2<N)7 WZ(P) ), namely, the functional (neutralization) and pri-
vate parts, of rates Ry y = Iy and Ry p = R>—R;. Both trans-
mitters use a common lattice code to encode W and WZ(N), and
map them into ng) and xéN), respectively. The other message
WZ(P) can be encoded to x, ’ using a random Gaussian code.2
We assume that both the lattice code and the random Gaussian
code have average power equal to 1. Then, the transmitting sig-
nals would be a linear combination of the codewords with a
proper power allocation, i.e.,

x1=vanxi™, xy = /BaxY) + /BexS” (9)

where the power allocation coefficients satisfy any < 1 and
On + Op < 1. The transmitters choose the power allocated
to ng) to ng) in a way that they get received at A with the
same power. In this way, their summation would be again a lat-
tice code and can be decoded at A by treating xgp) as noise. A
similar strategy will be used for signaling at the relay for trans-
mission in the second layer of the network. The only difference
is that instead of sending xéN), the relay node B sends —ng).
Then, the lattice point observed at D; would be exactly ng)
and it can find Wj. The other decoder can simply first reverse
—ng) to xéN), and then decode it. This idea is illustrated in
Fig. 8.

Example 4 ( Gaussian Z Network): Consider the Gaussian Z
network shown in Fig. 9, with channel gains g11 > 1, g12 > 1,
and g22 Z 1.

2A random code of rate R and block length ¢ from distribution P(z) is a
collection of 2*# random sequences of length ¢, say {c‘(i) : i = 1,..., 2R},
each picked independently and randomly according to the distribution
P(ct(i)) = H§:1 P(c;(i)). In particular, a random Gaussian code is a
random code whose codewords are element-wise picked independently from
the Gaussian distribution with zero mean and certain variance.
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The source nodes F; wishes to encode and send message W;
to the destination node Gj, for i = 1,2. Denoting the rate of
message W; by R;, an approximate capacity characterization
for this network is given by

1
RE= {(R17R2) Ry < 5108'(1 + 911)
1
Ry < 3 log (14 g22)

1 1
Rl +R2 S —log(l + 911 +.l]12) + —log <1~|—%> }
2 2 912

(10)

It is easy to show that any achievable rate pair belongs
to R%, and hence, R* establishes an outer bound for the
capacity region. Moreover, one can show that the rate
pair ((R1— 5", (F2 - H)")
(R1, R2) € R“. The encoding strategy to achieve such rate
pair involves message splitting and proper power allocation.
We will discuss this in more details in Appendix C.

is achievable provided that

V. GAUSSIAN CODING STRATEGIES

This section is devoted to providing the basic ideas of the
coding schemes used in the Gaussian ZS and ZZ networks. We
also develop an outline of how to analyze these coding strate-
gies.

A. Gaussian ZS Network: Achievability

The coding strategy for the Gaussian ZS network is es-
sentially a partial-decode-and-forward strategy, along with a
strategic rate-splitting of the messages. Let the messages to
be sent from S, Se be denoted by W1, W, respectively [see
Fig. 3(a)]. We will break the ZS network into two cascaded
interference channels, where we require particular messages
to be decoded at the relays and forwarded to the destinations.
The first stage is a Z interference channel, with messages
Ul(l) £ W, and message W which is split into three parts:

U2(1)7 2(2), U2(3) . The intention of this strategic split is to
allow the node GGy (which is relay A in the original ZS network)
to decode (Ul(l), UQ(I), U2(2)) and node G'» (which is relay B

in the original ZS network), to decode (Uél), Uég)). This is

illustrated in Fig. 10. Here, U2(1) plays the role of a common
message which can be decoded at both receivers, whereas U. 2(2)
and U2(3) are the private messages for G; and G5, respectively.

The next stage of the ZS network is a S interference channel
depicted in Fig. 11. Here we take the messages delivered and de-
coded by the Z interference channel of the first stage and further
process them to ensure delivery of the desired messages to the
destination. In particular, we further split the decoded messages
from the first stage into several parts and require delivery of mes-
sages as shown in Fig. 11. This splitting and delivery of appro-
priate pieces, finally ensures that W; and W, are decodable at
the destinations. This is the encoding strategy in the ZS network.
In the following lemmas, we give the rates at which messages
at each stage can be delivered. Putting together Lemmas 1 and
2, we get the desired result given in Theorem 2. The proofs of
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Fig. 8. Using lattice codes for interference neutralization over a Gaussian ZZ network. The origin is specified by a cross “x . Power allocated to the messages

at the transmitters are chosen such that the two lattice points corresponding to xlN)

and x(zN) get received at B at the same power level, and their summation

becomes a point on the scaled lattice. The same strategy is used by the relays. The relay node B also reverses its transmitting lattice point in order to neutralize

the interference caused in the first layer of the network.
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Fig. 10. Z interference channel with particular message requirements, captures
the proposed coding scheme for the first layer of the Gaussian ZS network.

these lemmas follow fairly standard arguments, and are given in
Appendix C.
A formal statement of the argument above is given below.

Lemma 1: Consider the Gaussian Z interference network
with channel gains (g11, 912, g22), and decoding requirements
as shown in Fig. 10. Denoting the rate of the sub-message Ui(] )
by Y, ;, any rate tuple (Y1 1, To,1, Yo 2, T2 3) which satisfies

Ti1 < 2

1 912 1\*
21 <1 + ;) - 5) (12)

1 n\*
2 log (1 + g12) — 2 (13)

1 n\*
<§ log (1 + g11) — —> (11)

IN

Yoo

To1+ Yoo <
Nt

log (14911 +!]12)—§> (14)

1 922) 1>+
Slog (1+22)22) (s
2 g( g12 2

1

~lo

Tos

IN

To1+Tos <

Ti14+To14+Too < <

is achievable.

The next lemma gives an achievable rate region for the second
layer of the ZS network, which is a S interference network de-
picted in Fig. 11.

Lemma 2: Consider the Gaussian S interference network
with channel gains (h11, ka1, he2), and decoding requirements
as shown in Fig. 11, where ©; ; denotes the rate of message
‘/I(J) Any rate tuple (@1,1, @1,2, @2,1, @2,2, @2,3, @2,4, @2,5)
which satisfies

01,1 +012+02; +033

1 1\"
< <§ log (1 + h11) — 5) a7
hi1 1\ "
IOg <1 + h_12> - 5) (18)
h21 1 +
( hn) - 5) {19

Nt
1+ hay) — 5) (20)

O1,2

IN

O34

IN

By5 <

1
©11+033+05,< <2

Nt
—1 1 - = 21
5 0g (1 + haa) 2) 1)
©11+021+022+023+024+ 035

1 1\*
< 510%‘(1+h21+h22)—§ (22)

is achievable.
B. Gaussian ZZ Network: Achievability

The encoding scheme needed for the ZZ network is slightly
more sophisticated than the ZS network. An additional compo-
nent to strategic message splitting is that of interference neutral-
ization. This was illustrated in Examples 2 and 3 in Section I'V.
This along with message splitting inspired by the network de-
composition illustrated in example 1 of Section IV, form the
basis of the encoding scheme for the ZZ network.

More formally, the interference that has to be neutralized,
will be combined with the main message in the first layer ac-
cording to some partial-invertible function. In the second layer
the inverse of the function is applied on this combination and
the other interference received through the cross link. The re-
maining parts of the interference has to be either decoded or
treated as noise. The neutralization is implemented using lattice



MOHAIJER et al.: APPROXIMATE CAPACITY OF A CLASS OF GAUSSIAN INTERFERENCE-RELAY NETWORKS

2845

Fy
1 2 1 2 3 4 h
(‘/1( )7V1( ),V2( )7‘/2( ),VQ( )"/2( )) Y%l 11
Z2
<V2<1>7V2<2>7V2<5>> Y.
Fy hao

21
R
O—RY (W00, 0)
Y2 ~ (1) (1) 2 (2) 7 (3) v (4) (5
2T (W00 00, 00, 1)
Go
V)

Fig. 11. S interference channel with particular message requirements, depicting the proposed coding strategy for the second layer of the Gaussian ZS network.

codes and the rate-splitting along with appropriate power allo-
cation is also used.

We formally define a partial-invertible function and a Z-neu-
tralization network in the following. The Gaussian ZZ network
is essentially a cascade of two Z-neutralization networks. An
achievable rate region for the Z-neutralization network is given
in Lemma 3 . This rate region will be later used to obtain an
achievable rate region for the Gaussian ZZ network. We will
analyze the performance of the Gaussian encoding/decoding
schemes in Appendix B.2.

Definition 1: LetU and V be two finite sets. A function ¢(-, -)
defined on U/ x V is called partial-invertible, if and only if having
¢(u,v) and u, one can always reconstruct v for any u € U and
v € V. Similarly, » can be obtained from ¢(u,v) and v.

An intuitive way of thinking about a partial-invertible ¢ (u, v)
is the following. An arbitrary function defined on a finite sets I/
and V creates a table with rows corresponding to the elements of
U and columns corresponding to the elements of V, and each cell
of the table consists the value assigned to its row and column by
the function. A function will be partial-invertible, if and only if
no two cells in the same column or row of its table be identical.

Note that summation over real numbers, and multiplication
over nonzero numbers are two examples of partial-invertible
functions. However, it is clear multiplication over real numbers
is not partial-invertible, since w = ¢(1,0) = ¢(2,0), and,
therefore, having w and v = 0, u can be anything.

Definition 2: Consider the Z network shown in Fig. 12, which
consists of a Gaussian broadcast channel from F5 to the re-
ceivers and a Gaussian multiple access channel from F; and
F5 to G1. A Z-neutralization network is a Z network, wherein
the first source node has two messages (Ul(o), Ul(l)) of rates T
and T, respectively. Similarly the second source observes two
independent messages (UZ(O), Uz(l)) of rates To and Yo.

The second receiver is interested in decoding U. 2(0) and UQ(I),
while the first destination wishes to decode ¢(U. 1(0), UZ(O)) and
Ul(l), where ¢(-,-) can be any arbitrary partial-invertible func-
tion. A rate tuple (Yo, Y1, Y2) is called achievable if the re-
ceivers can decode their messages with arbitrary small error
probability.

Lemma 3: Consider the Z-neutralization network defined in
Definition 2 with channel gains (g11, 912, g22) (see Fig. 12). Let

A2 min{gi1, 912, 922} (23)

and
52 max {gu,gu,gm, glgli” } . (24)
Any rate tuple (Yo, Y1, Y5) satisfying .
1 1
Ty < (5108‘()\) - 5) (25)
1 +
To+ T < (5 log (g11) — 1> (26)
1 +
To+ 7Ty < (5 log (g22) — 1> 27
1 3\ "
To+T14+ 7T < §1Og(u)—§ (28)

is achievable.

As mentioned before, we strategically split the messages and
require functional reconstructions for some of them at the relay
nodes to facilitate neutralization at the destinations. More pre-
cisely, in the first layer of the network, each source node splits
its message into two parts, namely, “functional” and “private”
parts, W; = gUfO), Ufl)) and Wy = (UQ(O), Uél)). The func-

tional parts U. 10)7 UZ(O) both have the same rates Y. Both trans-
mitters use a common lattice code to encode their functional
sub-messages. Now the first layer encodes the message such that
the first receiver (which is relay A in the original ZZ network)
can decode U. 1(1) and (j)(Ul(O)7 UZ(O)), and the second one (relay B
in the original ZZ network) can decode U. 2(0) and U. 2(1). Lemma
3 gives the rates at which these can be sent reliably. The second
stage operates in a manner similar to the first stage, by splitting
the messages into functional and private parts. The first sender
(relay A in the original network) uses Ul(l) and ng(Ul(O), UQ(O))
as the private and functional parts and the other one (relay B)
uses Uz(l) and U. 2(0) as the private and functional parts.

The functional parts are sent appropriately, using a common
lattice code in both stages. Let ng) and xéN) be the lattice code-
words, corresponding to U 1(0) and UQ(O), respectively. The power
allocation in the first layer is done so that two lattice points get
received at A at the same power (see Fig. 8). The group structure
of the lattice code implies that the summation of two received
lattice point, x(N) = ng) + ng) is still a valid codeword, and
can be decoded by A. The function ¢(+, -) is in fact the decoded
message from x(V) In the second stage, relay node B, sends the
inverse of the the received lattice point, that is XIQ(N) = —xéN),
while A forwards the sum lattice point, xll(N) = %), Again
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Fig. 12. Gaussian Z channel.

these lattice points are scaled properly so that they get received

at D, at the same power. Thus, their summation would be a lat-

tice point and equals x'(N) + x'(N) = (x3 (V) éN)) — ng) =
( ) , which will be decoded to U; (0)

receives —xg

. The other destination D>,
) finds its inverse xg ), and finally decodes it to
U, () This idea is illustrated in Example 3, and the precise de-

talls of this argument are given in Appendix B.2.

VI. DETERMINISTIC ZS NETWORK

In this section, we prove Theorem 1 . We present this proof
in two parts. First we present the converse proof, which shows
any achievable rate pair belongs to RP%°. Then for any rate pair
in this region, we propose an encoding scheme which is able to
transmit messages up to the desired rates.

A. Outer Bound

In this section we show that any achievable rate pair (R1, Rs)
for the deterministic ZS network belongs to RP?S. Assume there
exists a coding scheme with block length ¢ which can be used
to communicate at rates 12; and R» over the network. We use
bold face matrices to denote ¢ copy of them, as the transfer ma-
trix applied over a codeword of length £. Such matrices can be
written as the Kronecker product of identity matrix of size £ and
the single letter transfer matrix of the channel, e.g., M; = I, ®
M. Here, the Kronecker product of matrices Ay, xn = (a; ;)
and Bpyxq = (b; ;) is defined as Cr,pxng = A @ B, where

Clm—1ptp [0~ Vata'] = Gmr = bpr g

form’ = 1,...,m,n/ n,p =1,...,p,and ¢ =
1,...,q.

The following simple lemma which relates the entropy of a
random projected vector to the rank of the projection matrix will
be frequently used in the following proof. We will prove this

lemma in Appendix C.

=1,..

Lemma 4: For any matrix (1, the entropy of G; X can be
upper bounded by

H(G1X) < rank(Gh).

Moreover, for matrices G; and G5, we have

H(G1X|G2X) < rank {gl
2

} —rank(Ga).

All of the bounds in Theorem 1 except (DZS-3) and (DZS-10)
can be obtained straight-forwardly using the generalized cut-set
bound in [18], which shows that in a linear finite-field network,
the maximum reliable rate can be transmitted through a cut is
upper bounded by the rank of the transition matrix of the cut.
Here, we only present the proof of (DZS-5) to illustrate this idea.
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Then we prove the two remaining bounds, which are tighter than
the cut-set bound.

(DZS-S) R1 + R2 S Mmoo + max(nll,ngl): Recall the
notation used in Fig. 3(b) for transmitting and receiving sig-
nals. This bound corresponds to the cut s = {S1, S, A} and
Qg = {B, D1, Dy}. The transition matrix from the input of the

cut Xo, = (Xo, X]) to its output Yo, = (Yy,Y1,Y2) can be
written as
Yy¢ My, 0O . 0
Y| = N X Xy
1 = 0 11 XIE 0 2 (29)
YZZ 0 N21 1 N22
Ga, .o,

Therefore, from [18], we have
(Ry + Ry) <rank(Gq, q,) = rank(May) + rank [Nll }

=fmaos + ¢ max(nn, ngl).

As mentioned before, we skip the proof of those bounds
which follow from the generalized cut-set bound. In the fol-
lowing we present the proof of the two remaining inequalities
which are tighter that the cut-set bound.

(DZS-3) R1 + Ry < max(mn, m12) + (m22 — m12)+: In
order to prove this bound, we can start with

U(R1+ Rp) < I(Xf: X3 Y7, Yzz)
< T(XT, X5V, ¥50)
— I(XF X/, Y//) + I(X/ X[' YIE|YI/)
1,2, 41 15432y, 22 1
=I(X{, X3 Y{) + H(Y;[Y{")
- H(YQIZ|Xf7 ng Yllz)
=1(X1, X3: V(") + H(Y;[Y{")

(3D

(32)
where in (31) we used the data

(Xf/Xg) A (YIIZ/YZIE) A (XievXée) - (Y127Y2Z) (33)
and (32) holds since Y3 is a deterministic function of X in the

Z part of the network. Now, using Lemma 4 it is clear that
I(X{, X5 Y% <rank [My; My ] = £max(miq,mia).
(34
In order to bound the second term, we can write

H(Y; (") = H(Y; (", X{", YY) (35)

< H(Y;", Wh|Y", X1, YY)

= H(Y; V(" X35 Y, W)+ H(Wh Y], X{5, YY)

< H(Y5 V{5 X1V W) + Ley (36)
=H(Y, Y, XY W, X)) + ey (37)
< H(Y V" = My X7) + ey

= H(May X£|M12X3) + leg
< frank [%Z } — frank (Myy) + Leg (38)

= {max(miz,maz) — Imya + Lleg

={l(mas —mi2)t + Leg (39)

where (35) holds since X is completely determined by Y/*,
and Y{ is also a deterministic function of X/ in the S part of the
network. We used Fano’s inequality in (36), where W; should
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be decodable based on Y{'. Here, e, — 0 as £ grows. Equality in
(37) holds, since X f is determined by W1, and finally, we used
Lemma 4 in (38). Summing up (34) and (39), we get the desired
bound.

Note that the cut-set bound for the cut Q;, = {5y, S>} and
Qg = {A, B, Dy, Dy} gives us

Mll M12

g(Rl +R2)§rank |: 0 M22

} =/{max(mi1+maz, M12)

(40)
in which the RHS can be arbitrarily larger than the RHS of the
presented bound. The reason for this difference is the following.
It is inherently assumed in deriving the cut-set bound that the
receivers can cooperate to decode the messages of rates R; and
Rs, and no decodability requirement is posed for individual re-
ceivers. However, the setup of this problem imposes an extra
constraint, that is B alone should be able to decode W5. Incor-
porating this decodability requirement shrinks the set of admis-
sible rates, and gives us a tighter bound.

(DZS-10) R1 + Ry < max(ngl, nn) + (n11 — 7‘L21)+.‘ The
last inequality captures the maximum flow of information from
the relays to the destinations, such that D; and D, be able to
decode W7 and W5, respectively. We again start with

E(Rl + R2) < I(va Xga Y1£7 YQZ) = H(lev Y2l)
= H(Yy) + H(Y{|Y3). @1
The first term can be easily bounded by
H(YZ[) S I'&Ilk [N21 N22 ] = f IH&X(’I?Ql7 7122). (42)

In order to bound the second term, we use the fact that W5 can
be decoded from Yy . Therefore

H(Y{|Yy) <H(Y{, Wa|Yy)

= H(Y{|YS, Wa) + H(W,|Yy)
H(Yl |Y2 , Wz) + ey 43)
= H(YHYS, Wy, X5, Y55 X)) + Ley

< H(Y{|YS — Ngo X4) + Ley

H(

N1 X1 Noy X1°) 4 Leg

N1
Noy

={(n11 —no1)"

IN

Krank[ } frank(Na1) + le,  (44)

+ ley. (45)
In (43) we used the Fano’s inequality, as well as the fact that X 5 s
Y,¢, and X are known having W5. We again used Lemma 4
in (44). Finally, the desired bound is obtained by replacing (42)
and (45) in (41).

It is worth mentioning that this bound is tighter than
the cut-set bound for the cut 3 = {51,852, A, B} and
Q4 = {D1, D>}, which is

Rl + R2 S max(nll + Nn22, nlg). (46)
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B. Achievability Proof

Network Decomposition: The achievability scheme pre-
sented here is based on decomposition of the deterministic ZS
network into two sub-node-disjoint networks. In fact, such par-
titioning depends on the demanded rate pair (R1, Ry) € RP%S.
The resulting family of separations immediately suggests a
simple coding scheme. We will show that this separation is
optimal, and does not cause any loss in the admissible rate
region of the network.

Before introducing the network decomposition, we define an
equivalence class for the sub-nodes (levels) in a network.

Definition 3: In a Z (or S) deterministic network, two sub-
nodes a and b are called related sub-nodes, and denoted by a ~ b
if any of the following conditions hold:

e a =10

* @ is connected to b;

e b is connected to a;

¢ there exists a sub-node ¢ such that ¢ broadcasts to both a

and b;
* there exists a sub-node d where both a and b are connected
to.
Note that this relation is reflective, symmetric, and transitive.
Therefore, it forms equivalence classes for the sub-nodes.

We denote by A and N> the partitions of the network. As-
sume we wish transmitting at rate Ry = r < min(my1,n11)
from S7 to D1. The first part of the network N7, includes the top
(m11—ma12)T levels as well as the lowest (r — (mq11 —ma2) )T
levels of S; who are connected to A. It also includes all the re-
lated sub-nodes of S5, and the receiver levels of A and B. Simi-
larly, in the second layer of the network, A includes the lowest
(n11—n21) 7T levels as well as the top (7 —(n11 —n21)™) ™ nodes
of the transmitter part of A. All related sub-nodes of the trans-
mitter part of B, as well as D1 and D also belong to A;. The
second part of the network A5, is formed by all the remaining
nodes.

We will use N7 for transmitting data from S; to D;. Simi-
larly AV is only used to communicate from S5 to Ds. Therefore,
we have two unicast networks, and each pair of transmitter-re-
ceiver can communicate up to the capacity of their own partition,
which is the min-cut of the partition [6].

It is worth mentioning that any two “related” sub-nodes be-
long to the same partition. Therefore, these two networks are
sub-node-disjoint, and do not cause interference for each other.
This allows us to derive the capacity of each network separately,
and argue that (R, R2) can be achieved simultaneously for the
original network, if R; and Ry are achievable for partitions A7
and Ns.

Encoding Scheme: A transmission from S; and S5 to Dq
and D, is performed as follows. S transmits only on its sub-
nodes which belong to A7, and keeps its other sub-nodes silent.
Similarly, Se encodes its message on the sub-nodes included in
N3, and sends zero on the other levels. Therefore, the effective
communication over each partition is a simple unicast.

Fig. 13 shows the effective parts of the network. It is easy
to see that the diamond network in Fig. 13(b) is also a linear
shift deterministic networks. However, note that the lowest (r —
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Fig. 13. Effective separated ZS network. (a) Effective channel for (S, Dy).
(b) Effective channel for (S2, D>).

(m11 —mi2)T)T levels of A belong to N7. Therefore, the gain
of the channel from S to A in N3 can be computed as

mia(r) =miz — (r — (mag — mya)*)*
=myy — max(r — (my —mi2)",0)
= min(miz + (m11 — ma2)* —r,m12)

(47)

= min(max(mi1, mi2) — 7, M12).
Similarly, the other channel gains can be written as

mhy(r) = min(max(mi1, mi2)+(maz—mi2)t —r,mas) (48)
(49)
(50)

n'zl(r) = min(max(nn? TL21) -, TL21)

?

min(max(n11, no1 )+ (nog —n21 )T —7, nas).

S
S~
N
~—

=

Il

Achievable Rate Region: The cut values of A can be easily
computed as
Q= {S1} : (m11 —ma2)" + (r — (m11 — mz)")*
= max{(my —ma2)T,r}>r
Q={S1,A}:(r — (n11 — n12)+)+ + (n11 — n12)+
= nlax{(n11 — n12)+7r} Z r.

Therefore, any rate in RP?>(r) = {R; : Ry < 7} can be
conveyed from Sy to D; through Nj.

The capacity of A, can be found using the generalized
max-flow min-cut theorem [6]. Hence, the rate region of the
second partition N3 would be

'REZS(T) = {Ry : Ry < max(m/y(r),mhy(r))  (51)
Ry <y (1) + mig (1) (52)
Ry <mijp(r) + nins(r) (53)
Ry < max(ny (1), n5(r))}.  (54)

Therefore, by using this decomposition, any rate pair in the set
RIDZS(T) X REZS(T) = {(Rl, Rg) : Ry € R?ZS(T), Ry €
R5%5(r)} can be achieved. It remains to prove the following
lemma.

Lemma 5: For any deterministic ZS network
RP=C | (RYB(r) x REP(r)).

r<min(mi1,n11)

(55)

We will prove this lemma in Appendix C.
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VII. DETERMINISTIC ZZ NETWORK

In this section, we prove Theorem 3 . This is done in two
parts, that provides the converse and achievability proofs.

A. Outer Bound

In the following we will show that any achievable rate pair
(R1, Ry) satisfies constraints (DZZ-1)-(DZZ-6). The indi-
vidual rate bounds can be directly obtained by the generalized
cut-set bound introduced in [18], where the maximum flow of
information through a cut in a linear deterministic network is
upper bounded by the rank of the transition matrix from the
sender part of the cut to its receiver part. Hence, we skip the
proofs of (DZZ-1)-(DZZ-4).

The sum-rate bounds in (DZZ-5)-(DZZ-6) are, however,
genie-aided bounds which are tighter that the cut-set bounds. In
the following, we focus on these two bounds, and present their
proofs in detail. Again we assume that there exists a coding
scheme with block length ¢ which can be used to communicate
at rates ;1 and Rs over the network.

(DZZ-5) Ry + Ry < max(ma1,mi2) + (maz — miz)™ +
n12. In order to prove this inequality we focus on the flow of
information from the sources to the relays. The key idea here
is to provide A with the information sent by B to D1, as side
information. In such condition, the information A has received
about W is stronger than the information available at D+, and,
therefore, A can decode W since D; can do as well. Once W;
is decoded at A, it can determine the transmitted codeword from
S1. By removing the interference from Si, A can also partially
decode Ws.

More precisely, we can write

Z(Rl +R2) I(X{,Xg’Y{[7Y2I[) = H(Y{[YZI[)
H(Y{,Y",T9)
H(Y{',T%) + H(Y{ V{15
H(Y{")+ H(T3) + H(Y;|V{",T3) (56)

INIA

IN

where Fg = N X él is the part of the signal received at D»
from B as in Fig. 4(b). The first two terms are easily bounded
by £ max(my1,mi2) and £nqo, respectively. Deriving an upper
bound for the last term is more involved.

Similar to 'S, we define I'{ = M2 X§ = Y{* — My, X{,
where we have

H(Ty|Y{",T3) =H

(V" = MuX{|y7.T%) (57
(M1 X{]Y74,T%)

(XT]Y{, %)

(WA |Y{",T%)

(WL Y/, X1,T5)

(Wi|Np X{ 4+ 19)

(

Wi YY) < Ley (58)

where eg — 0 as £ grows. We have used the invertibility
property of the deterministic multiple access channel in (57),
and (58) follows from the Fano’s inequality, and the fact that
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D1 can decode the message sent by S;. Therefore, we have
H(TY|Y{4,T5) < fe,. Hence

H(Y; |Y{*,T5) <H(Y;" T{[Y{*,T5)
= H(Y;|T7, Y}, Ia2) + H(T[[Y{", T3
< H(Y3'|TY) + Lee
= H (Mg X5 Mo X5) + leg
<l(maoy — mys)T + Leg (59)

where the derivation of the last inequality above is based on
Lemma 4 and very similar to that of (39), and hence, we skip
it here. Replacing the upper bound for each term in (56), we get

Ri + Ry < max(my1,mi2) + nia + (maa —mya) . (60)

It is worth mentioning that the cut-set bound for
O, = {51,852} and Q4 = {A, B, D1, Dy} gives us

Ry 4+ Ry < max(mqy + maz, my2) (61)
which is looser than the genie-aided bound.

(DZZ-6) R1 + Ry < max(nu, TL12) + (n22 — 7’1,12)+ +mio:
The last inequality captures the maximum flow of information
from the relays to the destinations. Intuitively, this inequality
says that the number of interfering bits can get neutralized at
Dy cannot exceed the minimum of m1s and n1s. In order to
make this intuition formal, we provide T¢, the partial informa-
tion about W5 which is available at A, as side information for
D;. We then have

URy + Ro) <I(Y{,Ys; X{,X5)=H(Y{Y;)
SH(Y1[7Y2[7Fi>
<H(Y{)+ H(TY) + H(YS[Y{,TY).

Again, we can simply upper bound the first two terms by the

rank of the corresponding matrices. In order to bound the last

term, similar to the proof of (DZZ-5), we use the following

bounding technique:
H(Fg|Y1£7 F%) = H(Yle - N11X1[|Y1£7 Fli)

(X1vY, 1)

(Y{|yy,Iy)

= H(Mun X1 + |y, TY)

(Xilyy,ry)

(X11vy)

(WA|YY) < ey,

NET NIRRT

IN N IA

(62)

where (62) follows from the Fano’s inequality. This inequality
can be used as

H(Y5 Y], T) < H(Ys, T|Y{, TY)

Yy |05, Y, IY) + HTS|Y{ )
Y5 |T5) + Leg

Noo X5 N1 X5) + Ley

L(nag — n12)T + Leg.

IN

H
H
H
H

A~ o~~~

IN

(63)
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We again used Lemma 4 in the last inequality. Now, we have

Ry + Ry < max(nig,n12) + mis + (nag —ni2)t.  (64)

Again, it is easy to show that this bound is tighter than the
cut-set bound for Q, = {S1, 52, A, B} and Q4 = {D1, D>}

Ry + Ry < max(nii + naa, ni2). (65)

This completes the proof of the converse part of Theorem 3.

B. Achievability Proof

In this part we will show that all rate pairs satisfying inequal-
ities (DZZ-1)-(DZZ-6) are achievable. In particular, we intro-
duce a coding scheme which achieves such rates. Our coding
strategy provides the interference neutralization at the destina-
tion. This is performed by splitting the messages into two parts,
namely private and functional parts. The private sub-messages
can be decoded at the relays, and forwarded to the destinations.
The functional sub-message of the second source can be also
decoded at B. However, A only receives a combination (xor)
of the functional sub-messages, and cannot decode them. It only
forwards such combination on proper (power) levels such that
the interference caused by the functional sub-message of S, get
neutralized over the second layer of the network, and D can
decode the sub-message of its interest.

Our analysis is based on characterizing the number of pure
and combined bits can be sent through each layer of the net-
work. In the following we focus on one layer of the network,
and obtain an achievable rate region for these numbers. Next,
we use this region to build the encoding scheme for the ZZ net-
work, and obtain an achievable rate region, which matches with
the outer bound.

Definition 4: Consider a deterministic Z network, with
gains (n11,M12,M22). as shown in Fig. 14. Each of the
transmitters has a set of information bits to transmit to the
receivers. This set for F; includes Y; private bits and Y
functional bits, namely, W; p = {W; p(1),...,W; p(Y;)}
and W; v = {W; n(1),...,Xin(Yo)}. The second receiver
wishes to receive all the private and functional bits of F5, while
the first receiver is interested in receiving the private bits of F1,
and the xor of the functional bits of F; and F5. More precisely,
denoting by Wi the set of bits G is interested in, we have

W1 :WLPU{VVLN(j)éWLN(j)@WQ,N(j) J=1,...,Y0}
Wa=Ws pUWs N.

We term this network with the described decoding demands as
deterministic Z-neutralization network. The goal is to charac-
terize the set achievable tuples (Yo, Y1, Y2) for the determin-
istic Z-neutralization network.

The following lemma gives an achievable rate region for the
deterministic Z-neutralization network. The proof of this lemma
can be found in Appendix C.
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Fig. 14. Deterministic Z-neutralization network with the message demands.

Lemma 6: Consider the deterministic Z-neutralization net-
work defined in Definition 4 with channel gains (n11, 112, 122)
(see Fig. 14). Any rate tuple (Yo, Y1, T2) satisfying

To <A 2 min{nii, nia, nan}, (66)

To+ 7T <nuy, (67)

To + To <noo, (63)
To+ T+ Ty <p2 max{nii, niz, N2z, N11 + Naz — Ni2}.
(69)

is achievable for this network.

Now, having an achievable rate region for the deterministic
Z-neutralization network, we are ready to present the coding
scheme and analyze its rate region for the ZZ network.

Recall that the ZZ network consists of two cascaded Z net-
work. In first layer, the source nodes split their message into
private and functional parts. They can send these parts to the re-
lays as long as their rates belong to the achievable rate region of
the first layer given in Lemma 6. Once the relays receive these
sub-messages, forward them to the destination nodes using the
same scheme for the private and functional sub-messages. This
can be done if the rate tuple for the sub-messages satisfy the cor-
responding inequalities for the second layer as well. Note that
functional bits received at the destination are

Wl,N(j) ® Wa n(j)
= [Wi,n(4) ® Wao,n ()] ® Wa n(5) = Wi n(j)-

Therefore, the interference of these bits get neutralized, and pure
information bits will be received at the destination.
The achievable rate region of this scheme is given by

RDZZ _ {(R17R2) 1370, Y1, T2 >0

ach
Ry =To+ T
Ry =9+ 1>
To < min{Ap, \n}
Yo+ Y1 < min{mi1,n11}

<
Yo+ Yo < min{mos, naa}

To+ T4+ T < min{pim, pin} - (70)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 5, MAY 2011
Wi,n(1) & Wa,n(1),

e Win(To) ® Wa,n(To)

QRQROQQQ

{Wy,p(1),...,W1,p(T1)}

{Wa,n(1),...,Wan(To)}

G2

QROQOQQ

{Wz_p(l), ey W2‘P(’r2)}

Here we used subscripts /m and n to denote A and p parameters
for the first and the second layers of the network, respectively.
Applying Fourier—Motzkin elimination [1] on this set to project
it on the (R, R2) plane gives us the rate region claimed in the
theorem.

VIII. DISCUSSION

Interference management is perhaps the most fundamental
open problem in wireless networks. The recent progress in (ap-
proximate) characterization of the interference channel capacity
and the utility of the deterministic approach inspired the ques-
tions studied in this paper. Even though the interference-relay
networks studied in this work were special, they revealed several
new features needed for information transmission. In particular,
the interference neutralization and network flow decomposition
techniques were uncovered through the study of ZZ and ZS net-
works. The main idea behind this technique is to reduce the
power of an interfering signal received at a destination through
different paths over the network. This is done by processing the
received signal at the relays in a way such that the total effec-
tive interference power becomes negligible. Note that even if
a complete neutralization is impossible, this technique can be
still used to reduce the interference power, and hence improve
the transmission rates. Moreover, we believe that the neutraliza-
tion technique is robust to channel uncertainties and one could
get partial neutralization in such situations. Although it is only
illustrated for the ZZ network in this paper, we believe that the
technique can be generalized to larger networks. This is a topic
of ongoing work.

We also saw the importance of using structured lattice codes
for interference neutralization. This result suggests that, unlike
the single unicast or multicast networks for which using random
codes is almost optimal, more structured codes are required
when there are more than one flow of information in the net-
work, which have to be delivered to different receivers.

We also believe that the outer bounding techniques developed
in this work could have more general applicability in the wire-
less multiple-unicast problem. The two-unicast problem in ar-
bitrary layered wireless networks would be a natural next step
arising out of our work. The deterministic approach for this
problem has already provided some interesting new techniques
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Fig. 15. Gaussian ZS network.

[19]. In summary we believe that the deterministic approach is a
promising methodology to make progress on the wireless mul-
tiple-unicast problem.

APPENDIX A
GAUSSIAN ZS NETWORK

A) Outer Bound: In the following we will prove each of
the inequalities in (GZS-1)—(GZS-10), separately. We will use
the notation as shown in Fig. 15, and assume that the rate pair
(Ry, Ry) can be achieved with small enough decoding error
probability using a code of length £.

Lemma 7: Any achievable rate pair (R, R2) satisfies

(Ry <I(xf3yy) + Lleg (A.1)
(Ry < I(wh;y5) + Lleg (A2)
U(R1 + Ro) <I(zf, 7591, y5) + Lee. (A3)

Note that e, — 0 as £ grows.

This lemma is a consequence of the Fano’s lemma combined
with the decodability requirements imposed by the problem, and
its proof is given in Appendix C.

Most of the inequalities in (GZS-1)—(GZS-10) are cut-set type
bounds, although the proof presented here is slightly different
than the standard argument. However, the sum-rate bounds in
(GZS-3) and (GZS-10) are different from the well known cut-set
bounds. These two bounds are in general tighter than the cut
values for the corresponding cuts.This is because in deriving a
cut-set bound, the decoders are inherently allowed to cooperate,
while individual decoding abilities are imposed in this problem.
In the following we first present the proofs of (GZS-3) and
(GZS-10), which are more involved, and then prove the cut-set
type bounds.

1) Proofs of Non-Cut-Set Type Bounds
« (GZ5-3) Ri + Ry < ilog(l + g1 + gi2) +

% log (1 + Z%): We start with Lemma 7 for the sum-rate
which implies

U(Ry + Ry) <I(af, 2535, y5) + lee
Sf(x€7x27yllz,y2)—|—£€[ (A4)
=1(2], o yt") + I(w], 2y |yi) + Leo

< Zlog(1+ gi1 + g12) + h(yy [yi)

N | o>

- h(y |y1 73717172) + leg (A.5)

where (A.4) follows from the data processing inequality.
Now, note that

l

Ml o, 25) = h(:) = Tlo(2me)

Moreover

Wy, Walyl') = h(y51yi") + HWaly, v5)
= H(Wilyi) + h(yy W1, y1)

< HWily) + h(ys W, y5).

Therefore
h(ys lyi') < h(ys W, ¥i) + Lee

<h(y "Ixﬁyi‘) +€5z (A.6)
h( |$1a V912 332 + 21 ) + Leg (A7)
<h(y/g2 $2+Z2 lVg1225 + 21) + Leg
h(\/92 zh+ 2y
_V (\/—[+/Z)| [—|—/[)—{—£

\/g_ 9129 T 21 )|\/ 91279 T 27 €
<h( — Y= 922 210) + Ley
V912
- glog(%re) (1 n ‘%) 4 e (A8)

where (A.6) holds since x{ is a function of W7y, and in (A.7)
we used the invertibility property of the function y{ =

ozt + /gt + 2. Replacing h(y4|yif) from (A.8)
in (A.5), we get the desired bound.

e (GZS-10) Ry + Ry < Llog (1 + ’) + Llog(1+ hoy +

haoo 4+ 2v/ha1has): The sum-rate can be upper bounded as
in Lemma 7. Next, we have

U(R1 + Ry) ($17$2a yl 92) + leg
(.1171 7172 ayl UZ) +£6[
=1(2, 2% 5) + 1(25 5yl ys)

+ Iz yil2y , ys) + Leo.

<I
<I

(A.9)
The first term in (A.9) can be simply upper bounded as

/
I(z!f, 2l yb) < 2 log(1 + ha1 + haa + 24/ ha1has). (A.10)

In order to bound the second term, we can use the fact that
Wy can be decoded from yé, and write

(@595, Walys) = I(5591lys) + 1(2y s Walyl, y5)
=125y |Wa, ys) + I(ay; Walys)
< I3 y5|Wa, ys) + H(Walys)
< 1(372 ’y1|yz Wa) + Leg.
Therefore
1(372 ,y1|y2) < 1(5172 ; y1|"JQ> Wa) + Lleg
<I(yy'; yilys, Wa) + leg = Leg (AL11)
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where the second inequality follows from the fact that ¥
is a function of %4, and (A.11) holds since ¥4 and y{ are
independent if W, is given.

Finally, we bound the last term as follows:

I(xl ’?/1|$2 »yz)
=1I(aff 7y1|ﬂ€ horof + 25)

=h(vhua! + 2z, horz + 25)

- h(y1|x27 h21$1 +727 115)
7
<h(y/hya!f + 20 — Ll \/ horzy + 25)) — h(z})
L hi1
<Zloe [ 14+ 222 A.12
<! < + hm) (A12)

Replacing the bound derived for the three terms, (A.10),
(A.11), and (A.12) in (A.9), we get the desired bound.

2) Proofs of Cut-Set Type Bounds
e (GZS-1) Ry < %log(l + g11): We start by Lemma 7, and

write
(Ry =I(z0;9)) + Ley
< I(zb: ) + tey (A.13)
Sl(i’?i’%ayi )+ Leo
=I(zt; 28) + Iz 9 2h) + Ley (A.14)
SEI (14 g11) + Leg (A.15)

where (A.13) follows from the data-processing inequality
for the Markov chain z¢ « y/f ' « yf, and in
(A.14) we used the fact that z{ and 2§ are independent. It
is worth mentioning that this inequality essentially bounds
the maximum flow that can be transmitted through the cut
Qs = {Sl} and Qd = {52, A, B, Dl, DQ}

* (GZS-2) Ry < Llog(1 + g1 + g20): Again starting from
Lemma 7, we have

(—)1,‘1

{Ry <1I a:g,yQ) + Ley

< Iz, 3 ) + Llee (A.16)
x5, i,y ) + Lee

3757«’171) + I(%ayieayz |371) + ley

— Ry, y5 |t 75) + Leg

Va1 + 24, /2w + 2 ) — h(z1, 25 ) + Ley

V4
=5 log(1 + g12 + g22) + Le¢ (A.17)

where the data processing inequality implies (A.16) for the
Markov chain x5 « (v, v) < (2, 2%) < y¢. Note
that this bound is essentially the cut-set bound for the cut

QS = {SQ} and Qd = {51,A7B7D1,D2}.
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* (GZS-4) Ry < Llog(1+ g12) + L log(1+ hoo): Again we
use Lemma 7 to upper bound R as

Ry < 2,y2) + Ly

s 2ty yé)+£€e

2 a$2a$1) + I(ay 7%791 C yslat) + Leg

2a$2ay1 ) + (2, w5 yslol, v)f) + Lee

oyl o) + 12y 0 o, 25) + 1z ys o, 1)
I(xs;yslal, yi' o) + Leg (A.18)

(5 94 ) + T(as yslat, yif) + Leg
y4
log(1 + g12) + B log(1 + haa) + Le.

1
<I

T
T

(
<I(z
(5
(
(

I Il
~+-~

IN
CRIN

(A.19)

Note that we used the fact that the second and fourth terms
in (A.18) are zero. This follows from:

1(172 7y1 vgllxi - v912$g|1’i7$g)

:I(x2,2[|x§,x£) =0

I(%,’yi |$17372)

and

I(a:Q,y2|x1 ?/1 axél)

Sl(x%yzixlv /1[71112[)
< I(:cg;yg h21£171 2V h22x2 |:1:1,:1:1 ,:172

<I(f‘72722|4’71 /[ /e)_o

 (GZ5-5)Ri+Ry < tlog(1+g22)+ 5 1log(1+hi1+ho) :
We start from Lemma 7 and write

LRy + Rs)

< I(yy,ys: @, @) + ey (A.20)

(yuyz,wl ,xh) + Leg

(U17312 U2 ;T 71172) + leg
:I(y2’=’172) (yanl |x2)+I(y1,y2,$1,x2|y2)+€€p
=I(yy s 25) + I(yy, ys: o1, w2y ) + Ley
= I(ys; w5) + h(yy, yslaty ) — hiyt, yslah, o7, 2%) + Leg
<I(yy;m5) + h(Vhuat + 21, Vhaa!l + 25)

— h(zf, 28) + tey

14 l
<3 log(1 + g22) + 3 log(1+ hi1 +h21) +Lee (A21)

where (A.20) follows from the data processing in-
equality for the Markov chain (z%,25) < (v, v%) <
(i, 2%) « (yt,y5). Note that this bound essentially
captures the maximum flow of information through the

cut Q, = {51,52714} and Q4 = {B7D17D2}.
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* (GZ5-6) R1+ R < 3log(1+g11+9g12)+ 3 log(1+hao):
Similar to the previous bounds, we start from Lemma 7 and
write

Ri+ Ry <I(y1 yZ,xl,wz) + ley
<I(yy 77/27331 5) + Lleg
<I(yy, yss @y, w5, o) + Leg

:I(Zh ;o] 75) + I(?/1 sy |2, m5) + Iyss a5 |y))
+ Iy oy, ah il ) + Leg (A.23)
=I(yi' 21, 25) + I(ys: 5 |y)°) + Leg

(A.22)

/
<3 log(1 + g11 + g12)+1(y%: 2 |yi) +Lep. (A24)

Note that in (A.22) we used the data processing inequality.
An argument similar to that is used in the proof of (GZS-4)
shows that the second and fourth terms in (A.23) are zero.
Now, we have

I(yss 25 i) = h(yslyt) — hlyslay yl)
< h(712|33/1 ) — (U2|5U1 »552 U1 )
=h(\V/hoawty + 25|7Y) — h(zg)ay, x%y o)
(

<h h22x’2[ + zé) — h(zé)
ﬂ

5 1og(1+ ha). (A25)

Finally, we obtaln the desired bound by replacing (A.25) in
(A.24). It is worth mentioning that this bound is the same
as the cut-set bound for the cut Qs = {S1,53, B} and
Qa = {A, D1, Da}.

* (GZS-7) Ry < ilog(1 + hqy): Using Lemma 7 and the
data processing inequality, we can write

(Ry <T(zf;yd)+le < I(z'fsyl)+lep < = ‘ log(l—i—hn) +Ley.
(A.26)
e (GZS-8) Ry < % 10g(1 + hot1+ hos +2v/ h21h22)2 Starting
from Lemma 7 and applying the data processing inequality
for the Markov chain 5 — (yi',y%) < (zf,2%) < v5,
we have

(R, <I(‘T27y2) +lee < 1(371 »wz 7y2) + Leg
{
<= log(l + hoy + hoo + 2/ ha1hag) +Leg. (A27)

Note that 2/’ and z¥ are not independent. However, their

variance is upper bounded by (v/hao1 + v/h22)2.

e (GZS-9) R, < %log(l + g22) + %log(l + ho1):
Consider the cut which partitions the network into
Qs = {51,52,4,D1} and Q4 = {B, Dy}. We have

(Ry < I(zh; yz) +Lleg

<I(xyf, w3y, ys) + L
:I(%’ ) +I(Q71 Y |~"72) +I(5171 ,y2|y )
+ I(zh; yslysy , 1) + Lee (A.28)
I(ahyy) + I('5 y5lys ) + Lee
=I(w%; %) + I yslys’ o) + Leg
< glog(l + g22) + glog(l + ho1) + leg. (A29)
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We again used an argument similar to that is used in proof
of (GZS-4) to show that the second and fourth terms in
(A.28) are zero.

This completes the proof of the outer bound in Theorem 2.

B) Achievability Proof: In this section, we provide an en-
coding scheme for the Gaussian ZS network, and show that the
rate region that can be achieved using this scheme is only a con-
stant bit gap away from the outer bound.

Large Channel Gains: In this part, we assume that all
channel gains are at least 1, i.e., g;; > 1, and h;; > 1. Note
that if any of the gains is small, then either one of the rates is
small (of the order of our constant bit gap), or the cross links
are negligible. We will discuss these cases later.

The encoding scheme proposed for the
network consists of two separate parts. We first split the
message of the second source nodes as W; = U 1(1) and
Wy = (U2(1)7 U2(2)7 U2(3)), where U2(1) can be decoded at both
relay nodes A and B, and U2<2) and U2(3) can be decoded
only at A and B, respectively (see Fig. 10). Denoting the rate
of message Wi(] by T; ;, the following rate constraints are
imposed by this message splitting

Ry =711 (A.30)
Ry =Y914+ Y224+ To3. (A.31)

An achievable rate region for this message splitting is given in
Lemma 1.

In the second layer of the network (see Fig. 11),
relay node A further splits its mess?es as follows:

W, = Ul(l) (V1(1)7V1(2)>, U2(1) V2(1)7V2(2)), and
UZ(Q) (V2(3),V2(4)) . A similar message splitting is also
(v, V) and

Gaussian ZS

performed at node B to obtain U, (1)

U(3) V<°) This message splitting imposes the following rate
equations:
T11=011+0612 (A.32)
To1 =021+ 0, (A.33)
Yoo =023+ 0, (A.34)
YTo3=025 (A.35)

where ©; ; denotes the rate of the message Vi(j ). Next, the relay
nodes have to convey the messages to the destination nodes such
that D can decode V<1) V(Q) V<1) and V2(3) and D» be able
to decode Vl(l) Vz(l) V(2) V2(3) V(4) and V, %) An achievable
rate region for this transmission scenario is given in Lemma 2.
Putting the rate constraints in Lemma 1 and Lemma 2 to-
gether with the equations in (A.30)—(A.31) and (A.32)—(A.35),
we obtain the following achievable rate region for the Gaussian
ZS network:
REE = {(31;—’%2) 13711, 72,1, T2, To3
01,1,01,2,021,022,023,02 4,025 >0
Ry =7,
Ry ="91+ Y224+ Vo3
Y11 =0114+012
To1 =021+ 02>
To2 =023+ 02,
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To3 =095
Nt
Y11 < log (14 g11) — 5)
Nt
Yoo < (= log <1 n gﬁ) - —)
922 2
Nt
To1+Top < log (1 + g12) — 5)

1 +
Ti1+ Y14+ T < log (1 + g11 + g12) — —>

2
log <1 +

92) _ 1>+
g12 2

N = N~ N= N = N =

T273 <

|
N N T N NS N NS N, N, NN

1 n\"
Yo1+Yo3< 2 log (1 + ga22) — 3
1 \*
0114+012+0214+033 < B log (1 + h11) — 3
1 hi1 1\ "
O, < [ =1 1+— ) —=
1,2 = 2 Og( + h12> 2)
1 han 1\ "
Oy, < [ =1 1+-—)—=
2,4 = 2 8 < + h11> 2)
1 1\"
O11+03+0,,4< 3 log (1 + ha1) — 3
1 \*
B5 < B log (1 + haa) — =

2
O1,1+0214+022+0235+03,+055
< <llog(1 + hoy +h22)—1)+}.
—\2 2
(A.36)

We apply the Fourier—Motzkin elimination on this region, to
project it on the coordinated R; and Rs, and obtain the fol-
lowing rate region. After some simplifications, we get

GZS 1 1\ "
Rach = {(RhRZ) Ry < | 5 log (g11) — 3

1 1\ T
Ry < 5108'(9124-!]22)—5
1 1 922 1\t
< [ Z10e oo | 222 ) - =
Ri+ Ry < (Zlog(gn +912)+ 210g <912> 2)
Ro < (S1og (g12) + = log (has) — »
2 S B 0g (g12 5 0g (22 2
1 1 1\*
R+ Ry < ilog (go2) + 3 log (h11 + ho1) — 3
1 1 1\*
Ry + Ry < glog (g11 + g12) + glog (h2o) — 3
1 Nt
R < (5108;(’111)— 5)
1 1\t
Ry < ( 5 log(ho1 + haa) — 5
2 2
1 1 1"
< (=1 Z1 _ =
Ry < (2 0g (g22) + 5 og (ha1) 2)
1 1 h 1\*
Ry + Ry < ( = log (hoy + has) + = log | = | — = }
2 2 h21 2
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Note that this rate region is characterized by a set of constraints
which are similar to the inequalities in the definition of R¢%S,
except for the additive constants, and the fact that log(1 + ) is
replaced by log(z). Note that since > 1, we have

1 1 1
5 log(1+z) — 5 log(z) < 3 (A.37)
Hence, the difference between the RHS’s of two sets of inequal-
ities do not exceed 1 for Ry, and 3/2 for Ry and Ry + R». There-
fore, for any rate pair (R, Ry) € R®%°, we have (R — 1, Ry —
1.5) € RE%>. This completes the proof.

Small Channel Gains: We will show in this part that if any
of the channel gains is small, then the outer bound in Theorem
2 is still within a constant bit gap of an achievable rate region.
This argument is based on the analysis of a modified version
of the network, in which all the links with gain smaller than
1 are removed. One can show that the capacity region of this
modified network is within a constant gap from that of the orig-
inal one. On the other hand, we can argue that the gap between
the achievable rate pairs of the modified network and the outer
bound in Theorem 2 is bounded by a constant. Therefore, we can
conclude that if (R, Ry) € R®?S then (Ry — 61, Ry — 62) is
achievable for the original network, where §; = 1 and 65 = 1.5.

The main intuition behind this argument is the fact that since
all the nodes are assumed to have power constraint equal to 1,
the flow of information through a link with gain not exceeding
1 is upper bounded by $log(1 + SNR) < 2log(1+1) = 1
bit. Therefore, by removing such links from the network, the
achievable rates change by at most % bit. On the other hand, the
incoming signals over small channel gains may act as an inter-
ference on the original network, which cause a total noise power
not exceeding 1. Therefore, by doubling the noise variances of
the original network, we guarantee that capacity region of the
modified network is always smaller than that of the original one.

The advantage of analyzing the modified network instead of
the original one is that some of the links are removed in the mod-
ified network, which convert it to simpler network to analyze.

A precise analysis of the modified networks requires consid-
ering several cases separately. However, similar techniques and
ideas will be used for all cases. In the following we present one
illustrating example, and skip the details for the other cases.

Example 5: Consider the Gaussian ZS network in Fig. 3(a),
and assume that g1 = 0. Therefore, the first layer of the net-
work would be two parallel links as shown in Fig. 16, where
IE[Z?] = 2. Moreover, the rate region in (GZS-1)~(GZS-10)
will be reduced to

R; < %log(l +g11) (A.38)
Ry < 5 log(1+ g12) (A39)
R < %log(l + h11) (A.40)
Ry < 5 log(1 + o) (A41)

1
R+ Ry < 3 log(1 + ho1 + hoo + 21/ ho1ha2)

1 h
+§log(1+ “).

) (A.42)
hoq
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The encoding strategy for this network is fairly simple. Let
(R1, Ry) be a rate pair satisfying (A.38)—(A.42). The goal is to
show that (R — 1, Ry — 1) is achievable. Since (R; —1, Ry —1)
satisfies (A.38) and (A.39), transmission over the first layer of
the network from the source nodes to the relays is simply done
using random Gaussian codes.

The second layer of the network is a Gaussian S network.
Once the relays decode the messages received from the first
layer of the network, they encode them using an encoding
strategy similar to that of the Z network in Example 4 in
Section IV. Note that the sum-rate bounds in (A.42) and the
outer bound of the S network are slightly different. However,
their difference is upper bounded by

1 1
5 log(l + h21 + h22 =+ 2\/ hglhgz) — 5 log(l + h21 =+ hzz)

1 2v/ haihay
=—log |14+ —F————
2 14 ho1 + hao

< %log(l +1)==< (A.43)
Therefore, the loss caused by this difference is at most % bit,
and (Ry — 1, Ry — 1) would be achievable. On the other hand,
as we argued before, the capacity of the modified network is an
inner bound for the original one, and hence, (R; — 1, Ry — 1)
is achievable for the ZS network as well.

APPENDIX B
GAUSSIAN ZZ NETWORK

A) Outer Bound: In the following we present the proof
for each of the inequalities in (GZZ-1)—(GZZ-6), separately. We
again present the Gaussian ZZ network in Fig. 17, to clarify the
notation used in the proof. In particular, we use two variables,
which are the noisy signals received at A and D; through the
cross links assuming the direct links were absent, namely

Y1 =Vg12%2 + 71

Yo =/ h122h + 21.

Note that 3/} = \/g1121 + 71 and y1 = Vh112] + 72.
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Suppose that the rate pair (Ry, R) is achieved with a small
decoding error probability £, using a code of length /. The fol-
lowing chains of inequalities provide upper bounds on the in-
dividual rates as well as the sum-rate. We again use Lemma 7,
which essentially captures the decodability requirements of the
network.

The individual rate bounds in (GZZ-1)(GZZ-4) have
the same structure as the cut-set bound, although we derive
them through a slightly different argument. However, the two
sum-rate bounds in (GZZ-5) and (GZZ-6) are conceptually
different than the cut-set bounds. These two bounds which are
tighter than cut-set bounds are derived through a genie-aided
argument; that is, we assume that the signal sent over the cross
link of one layer is given by a genie to the receiver of the other
layer (relay node A in layer 1 and destination node D; in layer
2). Therefore, we present the proofs of (GZZ-5) and (GZZ-6)
first. The more standard cut-set type bounds are provided later
for completeness.

1) Proof of the Genie-Aided Bounds
» (GZZ-5)

1
Ri+ Ry < 2 log(1 + g11 + g12)

1 922 1
—log |1+ = —log(1+ h12) :
+2 Og( +g2>+20g( + 12)

We start with the sum-rate inequality in Lemma 7, and
write

LRy + R»)
§I(yi7y§;fﬂi w3) + Leg
Y1y w1, wh) + Lee
yi s vssat, xh) + e
i, s a1, 5) + I(U2 s, w5yl vs) + Leg
y1:72a371>372)+1( 7173717372|y1>72)+£€f
= (yiz;’haxi?a?z) +I(’Vi zf, z5|yy 75)
+1(y§[ oL, 5|y vs) + Lee
=I(y, s 25, m5) + I(vi; =0, w5 yi,vs)
+I(y2,:172|y1,71,72)+I(y2,x1|x2, 'yf,yé)—l—ﬁsg.
(B.1)

Each of the terms in (B.1) can be bounded as follows. In
order to bound the first term, we can simply write

I(yl 727‘1717:172) I’Y 73:173j + (yl 7:171 $2|72)
Y23 +h(y |72) h(y |$1ax2772)

(
(
(v3s 1, @) +h(yy) = h(y|at, z5) (B.2)
(
(

l
2
Z
:1717 2
I
Lo

IN

)
)
)
v 7517175172)+ (Uiaxi x5)

V23 ) (yl 7371 372)
V4
:510g(1+h12)+§log(1+g11+g12) (B.4)

£
2
£,
2
0,
2
£
2
l.
2

IN

T
I
I
I (B.3)
¢

where in (B.2) we have used the fact that conditioning de-

creases the entropy, and the Markov chain 7§ < 24 «



2856

£

Yt — (24, 28) « yif. Also (B.3) follows from the same

Markov chain.

For the second term, we can write

I(vi; o1, walyt's ve) = I(yY — o5 ot walyy’s )
I(\/—xh% 5172|y1 a’Y2)
<I(Wysah, o5yt 75)
SH(WI|ZJ17 2)
< H(Wilyy) < e (B.5)
where the last inequality holds since i = /hi1z}f ++5 =

HE) + 75 = fa(ylfss)-
In order to bound the third term in (B.1) we can write

I(y2 ,x2|y1 771 72)

= h(z5|yi 71, 75) — hms|vi’, v v1, 75)
< h(wh|vy) — h(aslyl’, vs 1, 75) (B.6)
= h(z5lyy) — [h(ah, 1 1y5 u 75) — bty v v5)]
:h(«'172|’Y1) [h (a:g tl|y’£ 5) — h(t[|y1 >y2 )] (B.7)
:h(x2|71) l(x2|y1 72’/2 771)
= h($2|71) h($2|$1 yz »’Yl) (B.8)
= h(zy|v) = [h(@s )y, 7)) +h(ag |25, v 1) — b2 ys 1)l
:h(«'172|’Y1) h(«’”2|92 771) (B.9)
:I(y2 ’372|’Y )
= h(yy 1) = h(ys 171, 75)
= h(ys 1) — h(ys |z5) (B.10)
—n(u -/t () = htof - Vst
gi2
= (= = /2t - nieled)
g12
<h <z'; — \/@zgf) h(z) (B.11)
g12
~Lo <1+@> (B.12)
2 g12

where in (B.6) we have used the fact that conditioning
reduces the differential entropy, and (B.7) holds due to
the Markov chain (z5,t5) « (yif,y%) < ~5. Then in
(B.8) we replaced (y;',~%) by (zf,7%) since there is an

one-to-one map, yi* = \/gi1x¢ + t{, between these joint

variables, and in (B.9) we used the fact that a:’i is inde-
pendent of (x5, 94, t{) to conclude h(z{|z5, v, v{) =

(:z:1|y2 ,71) h(z). Also (B.10) holds due to the Markov
chain 3% « x5 < ~{. Finally, (B.11) is true due to re-

moving conditioning and the fact that 2} is independent of

Zo.

Finally for the last term in (B.1) we have

I(y2 a$1|$2»y1 7’71 ’Yz)

(VAN VAN VAN VANRVAN

I(y2 ; W1|$2,y1 7’Y1 ’Yz)

H(
H(
H(
leg

W1|3727U1 7’}’17’Y2)
Walyt',vs)
Wl|y1)

(B.13)
(B.14)
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where (B.13) is due to the fact that ¥ = \/H:vl + 7L =
fi(yl) + 5 = fo(yi73) is a function of (y1°,75), and
(B.14) is just the Fano’s inequality.

Replacing (B.4), (B.5), (B.12), and (B.14) in (B.1), we get

1
Ri+ Ry < 3 log(1 + g11 + g12)

1 1
+=log <1 + @> + - log(1 + hi2) + 3l (B.15)
2 912 2

e (GZZ-6) Before proving this inequality, we present a
lemma which will be used in this proof. We will present
the proof of this lemma later in Appendix C.

Lemma 8: Let X; and X, be two (arbitrarily correlated)
random variables with variance constraints IE[X?] = o7 and
IE[X2] = 02, which form a Markov chain X; « I « X, for
some random variable I'. Also assume that Z is a zero-mean unit
variance Gaussian random variable independent of X7, X5 and
I". Then the conditional differential entropy of Y = X1+ Xo+72
is upper bounded by

1
(YD) < 5 log 2me(1 + of +a3). (B.16)
Now, in order to prove (GZZ-5), we start with Lemma 7
Z(Rl + RZ) < I(’ljf,’lj%xl,:lb) + Z‘E[
<I(yy, y5. 7125, 25) + Leg
= Iy}, v o1, w5) + 1(yh: 21, 25|yt 71) + Lo
¢,

=I(vi; oy, o%) + I(yi; o], 5)77)
+I(y2a$17x2|y17’71)+£€0 (B17)

Since v} is independent of x¢, the first term can be simply
bounded as

I(vy @y, o) =1(vi; 5) + I(t 21| zh)
V4
=I(y;25) + (21 2 ]ah) < 10%( + g12)-

(B.18)
For the second term we can write
Iyt o1, w5071) = h(yivg) — hlyilo], ©5,77)
h(y |’Yl) (yl|$1 7$2) (B.19)
h(Ul|’Y1) (Z1|5’7 /2[)
=h(Vhua! + Vhizah + 2571) — h(2))
Klo (2 e(l+ hi1 +h )) glo 2me
— T - = T
=3 123 11 12 2 g
(B.20)
/!
= 3 log(1 + hi1 + hi2) (B.21)

where (B.19) follows from the Markov chain y¢ « (a:’ll, w’ze)
(x4, 25,~%). In (B.20) we have used Lemma 8 for 74, 2/’ and
o which form a Markov chain, since

Vi
yl — V1. e ¢
I .
( \/gj 3 Y2 |71)

=I(z§; 95 1)) = h(zivg) — bz, v5) = 0.

I(xl 7$[|’Yl) I(yl 73/2 | 1)
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The third term in (B.17) can be further upper bounded by

I(ys;zf, 25|yt v1)

¢ 0.0 0 0 (L

h(y2|9177i) h(ya|w1, 25, y1,71)
<h(yslyi, 1) — hlysley) (B.22)
< h(yslyi,vr) — h(yslzy, 2yt 1) (B.23)
:I(y§7x17$2 |y1,71)
< I(ys, Vz,xl,wélyl )
(. b 10 gyt AL AL
=I(vg; 77, 372 1/1 V1)+I(U2a zh [Y1,71,72) (B.24)

where both (B.22) and (B.23) follow from the Markov chain

ys — o — (21,9}, 7%). Now, we have

I(vg: 2 25 |y ) =I(ys — vss 2 oy [y, )
:I(\/Ea:lvxlvxZ |y1 ’Yi)
<I(yfof aflyl,m)  (B29)
< Iyt — 152, 2 i, )

I(\/g—a:lva’,l?x |y1 'Yf)
SI(W17$17$2[|Z/17 1)
<H(Whlyp) < e (B.26)

where (B.25) follows from the fact that 2/
Finally

is a function of g

I(yz,iﬂi |y1 71772)
:h(y2|y1771,72) (y2|y1 7177271’1 737/2[)

[h

i 22 0.0 0

:h(yz_ _h 7291771»’}’2)
12

— h(ys — V haoaf ly1, 71, 75, 2, 2
h22
:h(35 - \/ hio Zi Ytis ’71»72) (Z2|U1»’Y1 'YQ» IZ /2[)
h
<h(zg =/ 5 —20) — hz1) (B.27)
4 hao
—_log 1+ 22 B.2
2 0g< + h12> (B.28)

Here, in (B.27) we have used the fact that conditioning de-
creases the differential entropy, and the fact that 25 is indepen-
dent of (yf,~%,~%, 27, 2%). Replacing (B.18), (B.21), (B.26),
and (B.28) in (B.17), we will obtain the desired inequality.

2) Proofs of Cut-Set Type Bounds

* (GZZ-1) R; < %log(l + g11): The individual rate bound
can be simply obtained from

(Ry =1(2f;y1) + Leg
<I($i,y1,y2)+€se (B.29)
=I(25 ' 1yy) + I(a; 45) + Leg
=h(y; |y'ze) h(yi s, v5)
< h(yy|zy) — h(z |21, 5 )
=h(vo1 331"‘2'1) h(l)‘i‘kl
K
5 log(1+ g11) + Leg (B.30)
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where (B.29) follows from the data processing inequality
for the Markov chain 7§ « (yif,y%) < %, and (B.30)
follows from the Markov chain /¢ « x5 < ). Note
that e, — 0 as £ grows. It is worth mentioning that this
bound is similar to the cut-set bound for the cut Q5 = {5}
and Qd = {SQ, A, B7 Dl, Dg}
* (GZZ-2) Ry < Llog(l + goo):
For the second rate bound, we can start with Lemma 7 and
write
(Ry <I(xh;yb)+le < I(xh;y)+ler < g log(1+g22)+Lee
where we have used the data processing inequality and the
Markov chain z§ < ¢ < 2 < 5§ in the second in-
equality. Note that this bound captures the maximum flow
of information through the cut specified by s = {S5} and
Qg = {S1,A, B,Dy,D>}.
e (GZZ-3) Ry < %log(l + h11): In order to prove this
upper bound, we use the cut-set bound for the cut 2, =
{Sl, SQ, A, B7 D2} and Qd = {Dl}

(Ry <I(xif;yf|a) + ey
= (yi|37 ) — (y1|:171 73?2) + Leg
=h(\/hiot + 2528) — h(2b) 2, i) + tey
<h(Vhaaat + 25) = h(z]) + Lee
14
< Eiog(l + hu) + Ley.

e (GZZ-4) Ry <
we can write

%log(l + hgo): Starting from Lemma 7,

1
(Ry <I(xy;yz)+ler <1(w5;5y5)+Lee < 5 log(1+haz) +Ler

where the second inequality follows from the data pro-

cessing inequality for the Markov chain z§ « ¢ «

Ty o Y.
This shows that the rate region in Theorem 4 is an outer bound

for the achievable region region of the Gaussian ZZ network.

B) Achievability Proof: In this section we present an en-
coding/decoding scheme, and derive an achieve rate region for
this strategy. We then show that the gap between the boundary
of this achievable rate region and that of the outer bound pre-
sented in Theorem 4 is upper bounded by a constant.

Similar to the Gaussian ZS network, we only consider the
large channel gain case, where we assume that all the channel
gains are lower bounded by 1. A similar argument to that we
used for the ZS network shows that for small channel gain cases
the network is reduced to a simple one and its gap analysis is
fairly simple.

We essentially use the result of Lemma 3 as an achievable
rate region for the Z-neutralization network. We use notation
(Ags 1tg) and (Ap, pp) to distinguish between A and & parame-
ters for the first and the second layers of the network.

In the first layer of the network, each source node splits its
message into two parts, namely, functional and private parts,
w, = (U, Ul(”s and Wy = (UZ(O),UQ(U
tional parts, have the same rate, i.e., Y190 = Y29 = Ty. Both

, where the func-
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transmitters use a common lattice code to encode their func-
tional sub-messages into x1 o = 1/1(U1(0)) and Xo9 = w(UZ(O)),
where 1 is the one-to-one encoding map induced by the lattice
code. We define the partial-invertible function by

o (U0, U =4 (p(U) +9(U) =9 (x1.0+5,0).
(B.31)
We denote the rates of the private sub-messages by Y; and
Yo, where ¥; = R;— Y, fort = 1,2. The goal is to encode and
forward messages to A and B in such a way that A can decode
Ul(l) and <Z>(U1(0)7 UQ(O)), and B can decode UQ(O) and U2(1). Based
on Lemma 3, this can be done provided that

1 1
Yo < <—108§()\g) 3

Yo+ T; <

3\ +
)

The second layer of the network is another Z-neutralization
network with transmitters A and B, and receivers D and Ds.
We use V) = 41 (gZJ(Ul(O)) + 'g/J(Uz(O))), v = U™ as
the functional and private messages of the first relay node, and
Vi = Y (—xa0) = ¢ H(—=p(US)) and VI = ULV for
the functional and private messages of second relay. Denoting
the corresponding rates by ©¢, 01, and ©4, we have

1
To+T1+ 7Ty < <§log(ug) -

0, =Y:; i=0,1,2. (B.32)

The goal is to encode and send these messages to the destina-
tions, such that D can decode c;S(Vl(O)7 VZ(O)) and Vl(l), and Dy
can decode V( ) and V2(1). Again, we use the achievable rate
region proposed in Lemma 3

1 1\ "
O < log (\n) — =
0> (2 Og I 2)
1 +
Op+0; < <2log (h11) — 1)
1 +
©p+ 03 < <210g (ho2) — 1)
®0+®1+®2S< IOg(.U'h)_§>

Note that the first destination observes gb(Vl(O)7 VQ(O)), which is
equivalent to

o (VO V) =471 (p(A”) + 9(vi))

= (w(UL) + 9V - p(U))
(B.33)

=u, (B.34)
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Therefore, combining it with V( ) = =U; (1) , the first destination
node can decode Wj. The second destination node D5 has VQ( )

and V(l) U(l) and can compute

v (o)) = Uf”

and hence, it decodes Ws.
This scheme can reliably transmit the messages with rate pair
in

(B.35)

RSﬁ%:{(Rl,Rz) :3Y),T1,72,00,01,05>0 (B.36)
R, =6¢+ 0,
Ry =00+ 0,
0; =1;, i=0,1,2
1 Nt
1 +
Yo+ 7T < <§10g (911) — 1>
1 +
To+ Ty < <§log (g922) — 1>
1 3\ T
To+ T+ 7T < ilog(/tg) -5
1 1\"
Op < [ =1 Ap) — =
o< (3160w - 3)
1 +
@0 + @1 S (510g (hll) — 1)
1 +
By + 0, < <— log (ha2) — )

3 +
G0+ 601 4+ 0, < <§log(uh) - 5) } (B.37)

It only remains to apply Fourier—Motzkin elimination to
project this region onto ( Ry, R2) space. This gives us

G 1 *
RGE = {(Rl,Rz) Ry < <—10g (g11) — 1)

+
< IOg h11 1>
1 +
Ry < <§10g g22) )
1
R2 <§ IOg h22 — 1>
1 1 3\ "
1 o1 _2
Ri+ Ry < <2 0g (Hg) + 5 log (An) 2>

R+ Ro < Slog (un) + ~log (A,) — = +}
1 2 < | 5 log (un) + 5 log(Ag) — 5 .

Note that the RHS’s of the sum-rate bounds depend on the
order of the channel gains. For most of possible orderings,
these two inequalities would be consequences of the individual
rate bounds. For example, if \;, = hoo, then the last bound is
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implied by the first and fourth bounds, since py, > g11. It can

be shown in general that RaGCZhZ is equivalent to

77 1 +
RSG = {(31732) Ry < <—108(911) - 1)

+
R < log g22) 1>

+
R2 S IOg h11 1>
Ry < >

Ri + Ry

IN

A\
/\/\/\/\

1 +
Ri+ Ry < 3 log(g12) — 5) }

Now, note that g1 > 1, g12 > 1, and go2 > 1. These imply

< log(pin) +

1 1
3 log(1 4+ g11 + g12) + 510g <1 + gﬁ)

gi2
2max{gi2, 922} )

IN

1
log(3 max{gi1,g12}) + 3 log <
912

. 1
log <max{g11,g12} max{gzm!]u}) n 5 log 6
912

IN
N~ N~ N

IN

1
log(pn) + 5 log 6. (B.38)

We also have

1 1 1
3 log(1+z) < 3 log(z) + 3 (B.39)

for all x > 1. Applying (B.38) and (B.39), we obtain the fol-

lowing achievable rate region, which is a subset of Rgczhz
Gzz 1 3\ "
Rachz = {(RlvRZ) R < | 5 log(1 4 g11) — 3
1 3\ "
Ry < (2 log(1 + g22) — 5)
1 3\ "
R < <§ log(1 + hi11) — 5)
1 3\ "
< ( Z10e1 2
Ry < (2 0g(1 + ha2) 2)
1
R+ Ry < <§ log(1 + g11 + g12)
1 922 1 7\t
—log |1+ =2 —log(l+ hi2) — =
+2 <+ 2>+20g( + h12) 2)
1
R+ Ry < (5 log(1 + h11 + hi2)
1 h 1 7\ "
+5log (14522 ) + Slog(l+g12) = 5 ) |-
h12 2 2

N}
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Therefore for any rate pair (R1, Ry) € RC%, the rate pair
(R — ,Rz — %) belongs to Rgcz}% and, therefore, can be

achleved using the proposed encoding scheme.

APPENDIX C
PROOF OF LEMMAS

A) Discussion of Example 4 in Section IV: The converse
proof is fairly simple and follows from a similar argument we
used to prove (GZS-1), (GZS-2), and (GZS-3) in Appendix A.

In the following we will present an encoding strategy which
guarantees to achieve rate pair (R; — %, Ry — %), provided that
(R1, Ry) € R”. This gives us an approximate capacity charac-
terization for the Gaussian Z network. In order to do this, we
consider the following two cases.

Case A: g12 > goo: Assume (Ry, Ry) be an achievable rate
pair. Then, the first receiver (G is able to decode W; sent at rate
R, and remove the signal associated to W; from its received
signal. The remaining signal provides a higher SNR to decode
W, than the signal received at G'5. Therefore, in this particular
regime, the first receive would be able to decode both messages.
Hence, we have a Gaussian multiple access channel from F
and F5 to GG1, combined with a line network from F5 to G5.
Therefore, the intersection of the rate regions of the Gaussian
MAC and the line networks is simply achievable. That is

1
Ra(‘h {(Rl-,RQ) : Rl S 5 log(l +g11)

1 1
Ry < Elog(l + g12), Ra —|—R2§§10g(1 + 911 +912)}
1
{(RI:RQ): Ry < 5108;(1 +922)}
1
= {(Rth) Ry < ilog(l + 911)

1
By log (1 + g11 + g12) }
(C.1)

1
R2S§10g(1+922),R1+R2S

Note that the individual rate bounds in R* and Rach A are the
same. Moreover, the difference between the sum rate bounds is
bounded by

1 g22
1 922
2Og< - 2)

Therefore, the gap between each boundary point of R? and
RZa 4 is at most 3 bit.

Case B: g12 < g22: The encoding scheme we introduce
for this case is similar to Han-Kobayashi’s scheme for 2-user
interference channel. We first split the second message W5 into
the common and private parts, Wo = (Wy, WY), with rates
RS and RY, respectively, where W5 can be decoded at both re-
ceivers and WP is only decodable at G. Sub-messages W1,
Ws, and WY are encoded by corresponding randomly generated
Gaussian codes to x;, x5 and xg, and the resulting codewords
are sent over the channel.

< %log(l +1)=- (C.2)



2860

Fig. 18. Achievable rate region of the Z-neutralization network whenn = g;;.

We allocate a, = 1/g12 fraction of the transmission power
available at £, to W2, and the remaining power o, = 1 — «,, is
allocated to Wy. Therefore, we have

X2 = Jaxh + Jaxh.

The first receiver, G1, decodes Wy and Wy treating Wé’ as
noise. Therefore, the effective noise power received at G; would
be E[,/g120%;, + z1]* = 2. According to the capacity region
of Gaussian multiple access channel, this can be done provided

that
gi1
log (1+437)
og|l+ 5

(14 g12
2

‘<1+911 +912>
g 2 .

Ry

IA

i

IA

= N = DN =
—
Q
F)

A
<)

Ry + RS (C.3)

|
I\

The second decoder first decodes W treating W2 as noise. It
then removes the corresponding codeword from the received
signal, and decodes W3 . This can be done as long as

.1 < 1+ g2 >
5 <=log| ——————
2 1+ g22/912

1
R g—log<1+gﬂ> .
2 g12

(C.4)

Note that we have two upper bounds for RS5. However, it is
1+g02 1+g12

easy to show that =->5%— > ' 52, for 1 < g12 < 922

and, therefore, the first bound dominates the second one. Using

Fourier—Motzkin elimination to write the achievable region in

terms of Ry and Ry = RS + RE, and after some simplification,

we get that the region

(C.5)

DN | =

1
Rl = {(R1.R2) : Ri < S log (14 g11) -
1 1

Ry < > log (1 + g22) — 3 (C.6)

1 1 1
Ry + Ry < —log(1+ g11+ g12) + = log (1 + gﬂ) — —,},
2 2 g12 2

(C.7)

is achievable. Therefore, if (R1, Ry) € R?, then (R — %, Rs—

1) is achievable. |

B) Proof of Lemma 1 in Section V: The following achiev-
ability scheme simply uses superposition encoding of sub-mes-
sages at F5, and a successively decode and cancel strategy at
G1 and G». We use a random codebook with a proper number
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of codewords, generated according to a zero-mean unit-variance
Gaussian distribution for each message. A proper power alloca-
tion for the messages at the transmitters allow the decoders to
apply a decode and cancel strategy. We denote the codeword
corresponding to the message Ui(J by x; ;, and the power allo-
cated to this message by «; ;.

The available power at F; can be arbitrarily allocated to its
sub-messages. In particular, we choose the power coefficients so
that they satisfy Qa2 2 < 1/922, 23 < 1/912, and Q21 = 1-—
a2, 2— g 3. Inthe decoding part, G; and G5 treat U2(3) and U2(2),
respectively, as noise. Therefore, the total noise at G; and G»
would be 21 = \/MXQ’g + 71 and 22 = MXQ’Q +
zo. However, the effective noise power cannot exceed 2 since
E[glga273 + 1] S 2 and E[g22a272 + 1] S 2.

The receiver F; observes a Gaussian multiple access channel
(with noise power upper bounded by 2), where Ul(l) is sent by
one user, and (UQ(l)7 UQ(Z)) is sent by the other user. The bounds
in (11)—(14) guarantee that these rates are achievable over the
multiple access channel.

On the other hand, the channel from F5 to G5 is Gaussian
point-to-point channel with modified additive noise. Therefore,
any total rate not exceeding its capacity can be reliably trans-
mitted. This is condition is fulfilled here since Yo 1 4+ Y5 3 sat-
isfies (16). Finally, the bound on the power allocated to U2(3)
upper bounds its rate as in (15). ]

C) Proof of Lemma 2 in Section V: Again, the achievability
scheme we propose for the Gaussian S interference network (il-
lustrated in Fig. 11) is based on superposition coding, and a suc-
cessively decode and cancel decoding strategy, such that the re-
quirements of the problem are fulfilled. A proper power allo-
cation is required to guarantee achievability of the rate tuples
mentioned in this lemma.

Note that GG; does not decode V2(2) and V2(4) , and treats them
as noise. We choose the total fraction of power allocated to V2(2)
and V2(4) to be at most 1/hqq, that is as s + az4 < 1/hq1.
Therefore, the total noise power received at G1 is upper bounded
as E[h11(a22 + a24) + 1] < 2.

Similarly, V1(2 is treated as noise at G». By bounding
the fraction of power allocated to this sub-message, we can
upper bound the effective noise power observed at G2 by
Elhi1(a22 + az4) + 1] < 2.

The point-to-point Gaussian channel from Fj to GGy can sup-
port any sum-rate below its capacity as in (17). Moreover, ©1 »
is bounded above since its allocated power does not exceed
1 / h12 .

On the other hand, we have a Gaussian multiple access
channel from F; and F> to G5, with total noise power not
exceeding 2. The bounds in (19)—(22) guarantee that the de-
sired rates belong to the capacity region of this channel, and,
therefore, they are achievable. We skip the details of power
allocation here, but we point out that the achievability of the
region is a consequence of the Gaussian multiple access rate
region achievability. |

D) Proof of Lemma 3 in Section V: In this part we show
that any rate tuple satisfying (25)—(28) is achievable. The main
idea of this proof can be summarized as follows.



MOHAIJER et al.: APPROXIMATE CAPACITY OF A CLASS OF GAUSSIAN INTERFERENCE-RELAY NETWORKS

* Use a common codebook with group structure, such as lat-
tice codes, for Wl(o) and WQ(O), which maps them to x; ¢
and X2.0

» Choose a proper power allocation for x1 o and x2 ¢ such
that they get received at G; at the same power level; More
precisely, denoting their power allocation by «g and [y,
they should satisfy g119 = g12(3p. This condition guar-
antees that the two lattice points get scaled by the same
factor, and, therefore, the result is still a lattice point on the
scaled lattice and can be decoded as long as enough signal
to noise ratio is provided.

e Use random Gaussian codebooks to encode the private
sub-messages to x1,; and X1 2, and use proper power al-
location, a1 and f;.

The first receiver GG; needs to decode the partial-invertible ¢

which we define as

) = () o (1)

P! (x1,0 + X2,0)

where ) is the one-to-one encoding function which maps the
functional messages to the common lattice codebook. Note that
the group structure of the code impels that x; o + X2 g is still a
valid codeword. It is easy to check that this function is partial-
invertible.

Let us define

. 911922
7 = min {9117912;9227 } .
gi12

(C.8)

Depending on the minimizer in 7, we identify four cases. In
each case, the achievable rate region is a polytope, with a cer-
tain number of corner points. It suffices to show the achievability
only for the cornet points, since a standard time-sharing argu-
ment guarantees achievability for the rest of the region.

The proof details for each corner point includes message
splitting, and power allocation for sub-messages such that
the decoders be able to decode corresponding messages. In
the following we describe this strategy in details for the case
where 7 = g11. The extension of this method for other cases
is straight-forward, and, therefore, we skip it here to sake of
brevity.

Case I. n = g11: Itis clear from the definition of 7 that in
this case g11 < g12 < ga22, and, therefore, A = g11 and ;t = goo.
Hence, the desired region is characterized by all non-negative
rate tuples (P, P1, P») satisfying

1
Py+ P < 3 log (g11)

1
P0+P1+P2§§10g(922)-

This rate region is illustrated in Fig. 18. It suffices to show that
the corner points A, B and C' are achievable, since the points D
and F are degenerated from B and C, respectively.
« A:(Py, P, Py) = (0,0,3log(g22) — 3)
The encoding strategy for this corner point is fairly simple.
The second transmitter uses all its available power to send
Wél) , while the first transmitter keeps silent. That is, x; =
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0 and X9 = x32 . The first decoder has nothing to de-
code, and the second one can decode x» from y2 as long
as Py, < % log (1 4 g22). It is clear that in particular P, =
1 1og (g22) — 2 is achievable.

« B:(Py,Py,Py)=(}log(g11)—1,0,110g(922) — log(g11) — 3)
The first encoder sends its lattice codeword with power
allocation ag = (g11 — 1)/g11. The second encoder splits
its private message into Wzl) = (Wz(l’l)7 W2<1’2)) of rates
P51 and P> » where P> = P> 1 + P» 2. Then it sends

Xo = /f1,1%2,1,1 + vV BoX2,0 + /F1,2X2.1,2
where the power allocation coefficients are fixed
to be 12 = 1/g12, Bo = (911 — 1)/912, and
Bin = 1 — Py — Pi1,2. The signal received at the

destinations are

Y1 =/911X1 + /912X2 + 21
=912 — g11X2,11 + V911 — 1[X1,0 + X2,0]
+ X212+ 21
Y2 =+/g22X2 + Zo

/ _ / -1
— .(]22(.(]12 911)X271’1+ 922(911 )X270
gi2 g12
+ 1 %12 + 2. (C.10)
g12

The first node decode and cancel x5 1,1, Xo = X1,0 + X2,0,
and X5 1 in order, while the second one performs the
same decoding for X 11, X2,0, and Xy 1 2. It is easy to
show that the rates Py ;1 = %log (g12/911) — 0.5, Py =
%log (g11) — 1, and Py, = %log (ga2/g12) are achiev-
able, which implies the private rates Py = P 1 + Poo =
%log (922/911) — % for the second transmitter.
e C : (Po,Pl,Pz) =
(0,310g(g11)—1, 510g(g22) — 5log(g11) — 5)
For this rate tuple, the rate of the functional message is
zero. The second transmitter splits its private message sim-
ilar to that of corner point B. The transmission power is
distributed between among the sub-message as ag = 0,
a1 = 1,012 =1/g12, 00 = 0,and 11 = 1 — B12. A
similar argument to that of corner point B shows that the
rates P21 = 31og (g912/911) — 0.5, Py = 1 log (g11) — 1,
and Py 5 = %10g (922/912) are achievable, which implies
the achievability of the rate point C'.

(C.9)

E) Proof of Lemma 4 in Section VI-A: The entropy of any
random variable can be simply upper bounded by the logarithm
of its alphabet size. In particular, we have

H(G1X)<log|{G1 X : X eF1}|=log 27"K(FV) =rank(G,).

Note that this bound is tight and can be achieved by uniform
distribution on X. In order to prove the second inequality, we
can write

H(G1X|G2X) = 3 Pr(GoX = 2)H(G1X|G2X = x)
mng
< max H(G1X|G:X =x)

z€img(Ga)
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where img(G>) is the image space of the matrix G5. The linear
structure of the underlying spaces implies that H(G1 X |G2 X =
x) is the same for every z € img(Gz). Therefore

H(G1X|G2X) <H(G1X[G2X =0)
— ker(Ga)| — [ker(G) N ker(Ga))|

_ Gy
=rank [GQ] — rank(G3).

where ker(G1)={X : G1 X = 0} is the kernel space of G;. &

F) Proof of Lemma 5 in Section VI-B: Let
(Ri,Rs) € TRPZ be an arbitrary rate pair which satis-
fies (DZS-1)~(DZS-10). In particular Ry < min{mj,n11}.
We claim that (Ry, Ry) € RP%S(t) x RY?S(¢) fort = Ry, and,
therefore, (R1, Ry) is achievable using network decomposition.
In order to do this we have to show that any R, satisfying
(DZS-1)-(DZS-10), fulfills the constraints in the definition of
RYZS(Ry).

Using (DZS-2) and (DZS-3), we have

Ry

< min (max(mll,mlz) +(maz—mi2)t— Ry ,max(mlg,ng))
= min (max(mi1,m12) — R1,m12) + (maz — ma2)™
:m/12(R1) + (m22 - m12)+

<mip(Ra) + (may(Re) — mis(Ra))™

= max(m,(R1), mhy(R1))

(C.11)
(C.12)

where in (C.11) we have used the fact that
(min(a,b) — min(c,d))™ > min ((a —¢)*, (b —d)F).

Moreover, since R, satisfies (DZS-3), (DZS-5), and (DZS-8),
we have

Ry < min (max(mi1,my2) + (maz — mi2) — Ry
Moy + max(niy,no1) — Ry, maos + n21)
< min (max(my1,mi2) + (mas — mi2)t — Ry, mos)
(C.13)
(C.14)

+ min ( max(ni1,n21) — R1, n21)
=mie(R1) 4 nyy (Ry)

where (C.13) holds since
min(a, b) + min(c,d) > min(a, b+ ¢,b + d)

for non-negative a, b, ¢, and d.
In order to show that the third constraint is satisfied, we can
start with (DZS-4), (DZS-6), and (DZS-10)

Ry < min (max(mu, mi2) + nag + —R1,m12 + nao
max(ni1,n21) + (n2s — n21)t — Ry)
< min (max(mn./ mig) + —Rl,mlg)
+ min (max(ni1,n21) + (n22 — n21)* — Ry, ma2)
=mia(r1) + naa(r1). (C.15)
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Fig. 19. Deterministic Z-neutralization network. The upper 2 sub-nodes in G
are only connected to F5, and, therefore k> = 2. The next 3 sub-nodes receive
information from both I} and F», and hence, ko = 3. Although the lowest
sub-node is also connected to both transmitters, it only receives information
from F} since F5 keeps silent on its sub-nodes below n22.

Finally, using (DZS-8) and (DZS-10), we have

Ry <min (max(nll, no1)+(nag—na1 )T —7r1, max(nay, ngg))
= min ( max(ni1,no1) — rl,n21) + (nog —nop)™
=nby(r1) + (n22 — 1) "
<y (71) + (nga(r1) — ngy (1))

= max(nhy (r1), nh(r1)). (C.16)

Putting inequalities in (C.12) and (C.14)—(C.16) together shows
that Ry € R8?(R;), and completes the proof. [ ]

G) Proof of Lemma 6 in Section VII-B: The coding strategy
we present here is based a network decomposition, where the
sub-nodes and the links of the deterministic Z-interference net-
work are partitioned into two disjoint sets. We analyze the rate
region of each network, and derive an achievable rate region for
the original network based on this analysis.

We just point out here that in this coding strategy, the second
sender F5, never sends a bit on a sub-node which is not received
at Go, even if nio > nao.

The first partition of the network N7, consists of those sub-
nodes in G; which are connected to one of the top mq1 sub-
nodes of F; and one of the top mas sub-nodes of F5. All the sub-
nodes in the network which are related to (see Definition 3) any
of these sub-nodes also belong to the first network partition. The
remaining nodes and link form the second part of the network
N> Itis clear that these two networks are node-disjoint, and do
not cause interference on each other.

We first characterize the number sub-nodes in G; which be-
long to N7, by determining whether each of them can receive
a bit from Fj, F5, or both of them. We denote the number of
levels in GG; which are only connected to a transmitting level in
F by k. Similarly, the number of those only connected to a a
transmitting level (the top min(niz, n22)) in F» by k2. Finally,
ko denotes the number of levels which are connected to trans-
mitting levels of both F} and F5 (see Fig. 19).

First, we derive ko. Enumerate the levels of G1 from 1 (for the
highest) to ¢ (for the lowest). Let j be the index of a sub-node in
G belong to N1, i.e., it receives bits from both F; and F. Its
neighbors in F and F5 (if there is any) are indexed by j+n11—¢q
and j + nya — g, respectively. Therefore, j belongs to N7 if
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andonlyif 1 < j4+n11 —¢ < njpand1 < 5+ nyg —
g < min(n12, nes). Therefore, the number of such sub-nodes is
given by

ko = [min{q,q — n12 + nee} — max{q — n11,q — n12}]+

= min{n11,n12,n22, (n11 + 22 — n12) " }. (C.17)

It is clear from the definition of kg that the remaining n1; — ko
lowest levels of G; are only connected to sub-nodes of F}, and
hence, k1 = n1; — ko. Similarly, min{ni2,n22} sub-nodes in
(1 are receiving information from F5, where ky of them are
also connected to Fj. Therefore, the remaining sub-nodes are
only connected to G. Thus, ko = min{nis,n22} — ko.

We partition the network into two parts: The first part consists
of the kg sub-nodes of (G; connected to both F; and F5, and sub-
nodes connected to them. The remaining sub-nodes form the
second partition of the network. We characterize the achievable
tuples for each, denoted by (Qj, Q1, Q%) and (Qf, QY , Q%), re-
spectively. The fact that these two partitions are isolated allows
us to conclude that the summation of such achievable tuples is
also achievable for the original network.

Consider the first partition of the network. It is clear that any
of the kg levels of GG; connected to both F; and F5 and can
be used to communicate a functional bit, since G; naturally re-
ceives the xor of the transmitting bits. On the other hand, such
sub-node can be used to communicate one private bit from any
of F; or F5 to GG by keeping the other one silent. Therefore,
any rate tuple satisfying

Qo+ Q1+ Q5 < ko (C.18)

is achievable.

The non-interfered links of the second partition of the net-
work can be used to send private bits from the transmitters to
G simultaneously. Moreover, each transmitter can use one of
its non-interfering sub-nodes to send a functional bit to G1, and
then, G; computes their xor, after receiving them separately.
This can provide up to min{k;, k2 } new functional bits for G;.
Moreover, the lower (120 — 112)" sub-nodes of F» which are
connected to G2 but not to G; can be used to send private bits
to G» without causing any interference at G'1.

Hence, this strategy can transmit any rate tuple satisfying

6’ S min{k‘l, kQ}
0+ Q7 <k

04 QY <ky+ (nos —mnia)* (C.19)

Summing up the rates achieved on each partition of the net-
work, we have arrive at Q; = Q) + QY fori = 0,1, 2, where
(Qp, @1, Q%) sand (QF, QF, Q%) satisfy (C.18) and (C.19), re-
spectively. It only remains to apply the Fourier—Motzkin elimi-
nation to project the rate region on the (Qo, Q1, Q2) space. This
gives us

Qo < ko + min{kq,k2}
Qo+ Q1 <ko+ k1
Qo + Q2 <ko+ ka + (o2 — n12)™
Qo+ Q1+ Qa2 <ko + k1 + k2 + (n22 — n12)*.(C.20)
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Some simple manipulations show that the RHS’s of the inequal-
ities in (C.20) are the same as that claimed in the lemma. |

H) Proof of Lemma 7 in Appendix A.1: As mentioned be-
fore, we will use the Fano’s inequality in order to prove this
lemma. We have

(Ry = H(Wy) = I(Wy;yp) + H(Wily;)
<I(Wisyt) + Leg
<I(zf;y7) + Ley,

(C.21)
(C.22)

where (C.21) is implied by the Fano’s inequality, and in (C.22)
we used the data processing inequality for the Markov chain
Wy < zf < y!. Note that where e, — 0 as £ grows. The
proofs of the other two inequalities follow the same lines, and
we skip them to sake of brevity. |

1) Proof of Lemma 8 in Appendix B.1: Note that Z is in-
dependent of everything else, and X; and X, are conditionally
independent. Without loss of generality we can also assume that
wi(y) = E[X;|T' = ~] = 0 for Vv (otherwise for any given
I' = ~, we can shift X; by p;(), while the entropy does not
change). Let E[XZ|T' = 4] = 02(y) for i = 1,2. Therefore,
the conditional variance of Y can be bounded as

E[Y?T=1]=E[(X1+X2+2)*[T=1]=07(7) + 05(7) + L.
(C.23)
Therefore

YD) =Ep[h(Y|T = v)] = Er[h(X1 + Xa + Z|T = v)]

<TEr[log2re(oi(y) + 05(7) + 1)] (C.24)
< log 2me(Er[of (v) + 03 (y) +1]) (€.25)
= log2re(o} + o5 + 1) (C.26)

where in (C.24) we have used the fact that Gaussian random
variable has the maximum differential entropy among all
random variables with the same variance, and (C.25) follows
from the concavity of the function log(-). Finally, (C.26) is just
the tower property, IEr[[E[X?|T']] = E[X?]. |
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