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The Teaching & Learning Plans
are structured as follows:

Development Team

Aims outline what the lesson, or series of lessons, hopes to achieve.

Prior Knowledge points to relevant knowledge students may already have and also
to knowledge which may be necessary in order to support them in accessing this new
topic.

Learning Outcomes outline what a student will be able to do, know and understand
having completed the topic.

Relationship to Syllabus refers to the relevant section of either the Junior and/or
Leaving Certificate Syllabus.

Resources Required lists the resources which will be needed in the teaching and
learning of a particular topic.

Introducing the topic (in some plans only) outlines an approach to introducing the
topic.

Lesson Interaction is set out under four sub-headings:

i. Student Learning Tasks — Teacher Input: This section focuses on teacher input
and gives details of the key student tasks and teacher questions which move the
lesson forward.

ii. Student Activities — Possible and Expected Responses: Gives details of
possible student reactions and responses and possible misconceptions students
may have.

iii. Teacher's Support and Actions: Gives details of teacher actions designed to
support and scaffold student learning.

iv. Checking Understanding: Suggests questions a teacher might ask to evaluate
whether the goals/learning outcomes are being/have been achieved. This
evaluation will inform and direct the teaching and learning activities of the next
class(es).

Student Activities linked to the lesson(s) are provided at the end of each plan.



Teaching & Learning Plan 9:
The Unit Circle
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Aims
e To enable students to become familiar with the unit circle

e To use the unit circle to evaluate the trigonometric functions sin, cos and
tan for all angles

Prior Knowledge

Students should be able to plot and read coordinates on a Cartesian plane. They should
recognise that the circle, as the locus of all points equidistant from a given point, the
centre, is uniquely defined by its centre and radius. Students should be familiar with
the concept of a function as a one to one or many to one mapping, and with the
domain and range of a function. Students should recall the theorem of Pythagoras
and be able to calculate sin x, cos x, and tan x from the right-angled triangle,

mx

, , , , S
i.e. the trigonometric ratios (SOHCAHTOA) and know that tan x =
COS X

Learning Outcomes

As a result of studying this topic, students will be able to

e associate the coordinates of points on the circumference of the unit circle
with the cos and sin of the angle made by the radius containing these
points, with the positive direction of the x-axis

e use the reference angle to calculate the sin, cos and tan of any angle 6,
where 0° <6 < 360°

¢ find values of sin, cos and tan of negative angles and of angles >360° from
the unit circle

e solve equations of the type cosx = =

N | —
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Teaching & Learning Plan 9: The Unit Circle

Relationship to Leaving Certificate Syllabus

Sub-topics Ordinary Level Higher Level
2.2 Coordinate Recognise that x?+y?= r?
Geometry represents the relationship

between the x and y
co-ordinates of points on
a circle centre (0,0) and

radius r.
2.3 Trigonometry Define sin x and cos x for | Solve trigonometric
all values of x. equations such as
Define tan x. a sin nH=0 and
€os nh="%, giving all
solutions.

Resources Required

Compasses, protractors, clear rulers, pencils, formulae and tables booklet, Geogebra,
Autograph, Perspex Model of Unit Circle (last 3 desirable but not essential).

Introducing the Topic

Trigonometric functions are very important in science and engineering, architecture
and even medicine. Surveying is one of the many applications. Bridge builders and road
makers all use trigonometry in their daily work.

The mathematics of sine and cosine functions describes how many physical systems
behave. As a playground Ferris wheel rotates, the height above a central horizontal line
can be modelled by a sine function. The displacement of the prongs of a vibrating tuning
fork from the rest position is described by a sine function. The resulting displacement
with time of a weight attached to a spring when it is displaced slightly from its rest
position is described by a sine function. Tidal movements and sound waves are two
other vibrations described by sine functions. Anything that has a regular cycle (like
the tides, temperatures, rotation of the earth, etc) can be modelled using a sine or
cosine function. The piston engine is the most commonly used engine in the world. Its
motion can be described using a sine curve. http://www.intmath.com/Trigonometric-
graphs/2_Graphs-sine-cosine-period.php (Scroll to the bottom of the web page to get
the piston applet.)

When students have drawn the graph of sin x, it would then be useful to show the
applet on the piston as it may not make much sense initially. Alternatively, show it
initially and again after Student Activity 7 when it should make more sense.

The fundamental background of trigonometry finds usage in an area which is a passion
for many people i.e. music. Sound travels in waves and in developing computer
generated music, combinations of sine and cosine functions are used to generate the
sounds of different musical instruments. Hence sound engineers and technologists who
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Teaching & Learning Plan 9: The Unit Circle

research advances in computer music and hi-tech music composers have to relate to the
basic laws of trigonometry.

Techniques in trigonometry are used in navigation particularly satellite systems
and astronomy, naval and aviation industries, oceanography, land surveying, and in
cartography (creation of maps).

Domestic a.c. is supplied at 230 V, 50 Hz. The period is 0.02 seconds, and the range is
approximately [-325V,325 V].

+325

: 004
-325 v \./
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Teaching and Learning Plan 9: The Unit Circle

Student Activity 1

Development Team

Student Activity 1A

1
— T~
// 0.9 \\
~ N B

0.8 \\

c 0.7
0.6
0.5

/ Second quadrant | | First quadrant \
/ 03 \
/ 02 \

0.1
-1| -0.9 -0.8 -0.7 -0,6 -0,5 -0.4 -0.3 -0,2 -0,1 o] 0.1 0.2 0,3 04 0.5 0,6 0,7 0.8 0.9 |1

0.1

0.2

\ 03 /
\ Third quadrant 04 Fourth quadrant /

\ /

\ 05
0.6 E
0.7
0.8
0.9 L

D T— //

! The Unit Circle

The unit circle - A circle whose centre is at (0,0) and whose radius is 1

Any point on the circumference of the circle can be described by an ordered pair (x,y).
The coordinates of B are (0.6, 0.8)

What are the coordinates of C, D, and E?

C= ,D= ,E=

In which quadrant are both x and y positive?

In which quadrant is x negative and y positive?

In which quadrant is x positive and y negative?

In which quadrant is x negative and y negative?

Angles in standard position - the vertex is at the origin, with the initial ray as the

positive direction of the x-axis, and the other ray forming the angle is the terminal ray.

Student Activity 1B

Angles in the first quadrant
Draw an angle of 30° in standard position on the unit circle on Student Activity Sheet
1A. Mark the initial ray and the terminal ray. Label the point where the terminal ray
meets the circumference as 6.

The coordinates of 0 are

© Project Maths Development Team 2009 www.projectmaths.ie 15



Teaching and Learning Plan 9: The Unit Circle

Student Activity 2

Development Team

Student Activity 2A

Drop a perpendicular from Q to the x-axis to construct a right angled triangle, centred at (0, 0).
What is the length of the hypotenuse?

What is the length of the opposite?
What is the length of the adjacent?
Using trigonometric ratios, (not a calculator), calculate the sin 30°, cos 30°and the tan 30°.
sin 30° = cos 30° = tan 30° =

Compare these with the values of the x and y coordinates of Q. What do you notice about the

x and y coordinates of Q and the trigonometric functions sin 30°,cos 30° and tan 30°?
Check the answers using a calculator.

sin 30° = cos 30° = tan 30° =
Student Activity 2B jon =1
1 P(x,y)
Application to any angle in the first quadrant 0°<6<90° / “::7
sin 0 = cos 0 = tan 6 = 1

Gol | of ¢ Jam

NI

1(0.-1)

Student Activity 2C

What signs will sin, cos and tan Trigonometric function | Sign in the first quadrant

have in the first quadrant ? Why [Sin
cos

tan

have sin, cos and tan got these

signs in the first quadrant?

Student Activity 2D

Mark angles of 0° and 90° degrees in A/° 0° 90°

standard position on the unit circle, and Coordinates on
from what you have just learned, without | the unit circle

using a calculator, write down the sin, cos, | cos A

and tan of 0° and 90°. sin A
tan A

© Project Maths Development Team 2009 www.projectmaths.ie 16



Teaching and Learning Plan 9: The Unit Circle

Student Activity 3

Development Team

Student Activity 3A

Angles in the second quadrant 90° < 6 < 180°

On the unit circle on Appendix A, mark an angle of 150° in standard position. Read the
x and y coordinates of the point Q’, where the terminal ray intersects the circumference.
(x, y) of point Q' are

Using what you have learned about the coordinates of points on the circumference of
the unit circle, fill in the following:

cos 150° = sin 150° = tan 150° =
Check these values using the calculator.

cos 150° = sin 150° = tan 150° =
Compare with

cos 30° = sin 30° = tan 30° =

Student Activity 3B

Drop a perpendicular from point 1(,1) r[=1
Q’, to the negative direction of the — jj\
x- axis, to make a right angled Q'(-0.87,0.5) /35'-@=15NQ(0.87,0.5)
triangle, with angle A at the origin. ' 1 \’,»'\

RN N A
What is the value of A in degrees? (-1,0) \B R :0' RS / (10)

~_ T _—
1(0.-1)

Using the trigonometric ratios on triangle OB’Q’, what is sin A = COs A=

Student Activity 3C

A is called the reference angle. Describe the reference angle?

© Project Maths Development Team 2009 www.projectmaths.ie 17



Teaching and Learning Plan 9: The Unit Circle

Student Activity 3D

Development Team

What do you notice about the sin and cos of the reference angle and the sin 150° and
cos 150°?

What is the image of triangle OB’Q’ by reflection in the y- axis?

What is the relationship between triangle OB'Q’ and its image in the y- axis?

Hence what is the relationship between ratio of sides in triangle OB’Q’ and the ratio of

the sides of its image in the y- axis?

Therefore 150° in the second quadrant has a reference angle of in the first quadrant

sin 150° = sin 30° = cos 150° = cos 30° =

Application to any angle in the second quadrant

R sin 0 =
1.1 rj=1 cos 0 =
/:\ tan 0 =
P'(-X,V)/ 4_.\ \ P(x.V) sin A = opp/hyp = (A in the 2nd quadrant)
1o \ .t ’ : cos A = adj/hyp = (A'in the 2nd quadrant)
+ AN 1 sin A = (A'in the 1st quadrant)
ANT.-A '\ ' ,
ey L L —— —— =t COS A = (Ain the 1st quadrant)
(-1,0) \ 1° / (1,0)
1(0.-1)
Express A in terms of 6 and 180° Equation (i)

Write down the relationship between sin 6 in the second quadrant and sin A in the first

quadrant

Rewrite the answer using equation (i) above

Write down the relationship between cos 0 and the second quadrant cos A in the first

quadrant

Rewrite the answer using equation (i) above

Write down the relationship between tan 6 in the second quadrant and the tan A in the

first quadrant
Rewrite the answer using equation (i) above

© Project Maths Development Team 2009 www.projectmaths.ie 18



Teaching and Learning Plan 9: The Unit Circle

Student Activity 3D

Development Team

Fill in the signs for cos and sin and tan of an angle in the second quadrant.

Trigonometric function Sign in the second quadrant

sin
cos
tan

Using the reference angle, how would you calculate the sin 130°, cos 130°, tan 130°?

Using the reference angle, how would you calculate the sin 110°, cos 110°, tan 110°?

Using the reference angle, how would you calculate the sin 170°, cos 170°, tan 170°?

Mark an angle of 180° degrees in standard position on the unit circle, and using
coordinates, not a calculator, write down the sin, cos, and tan of 180°. Check the

answers using a calculator.

A/° 180°
Coordinates on the unit circle
cos A
sin A
tan A

© Project Maths Development Team 2009 www.projectmaths.ie 19



Teaching and Learning Plan 9: The Unit Circle

Student Activity 4

Development Team

Angles in the third quadrant 180° < 6 < 270°
On the unit circle on Appendix A, mark an angle of 210° in standard position. Read the x

and y coordinates of the point Q”, where the terminal ray intersects the circumference.

(x, y) of point Q" are Hence: cos 210° = sin 210° = tan 210° =
Check these values using the calculator. cos 210° = sin 210° = tan 210° =
Compare with cos 30° = sin 30° = tan 30° =

Is there a relationship between trig functions of angles in the first and third quadrants?

Explanation of the relationship

Drop a perpendicular from point Q”, to the negative

((0,1) =1
/ ] \ direction of the x- axis, to make a right angled
Q'(-0.87.0.5) - Q087.05  triangle OB’Q"”. What is the value of A in degrees? _
[ /A Y i) Using the trigonometric ratios on triangle OB’Q”,
1.9l [F g Bl (1,0) . .
i whatis sinA= Cos A =
Q"(-0.87,-0.5) / Q08705 A is called the Reference angle. Describe the
o reference angle?

What do you notice about the sin and cos of the
reference angle and sin 210° and
cos 210°?
What is the image of triangle OB’Q” by S?
What is the relationship between triangle OB’Q” and its image by S ?

Hence what is the relationship between ratio of sides in triangle OB’Q"” and the ratio of

the sides of its image by S ?

Therefore 210° in the third quadrant has a reference angle of in the first quadrant.
sin 210° = sin 30°= , cos 210° = cos 30°=
:(0,1) |I"|=1 I. " I . h h. d d
T Application to any angle in the third quadrant.

/ 1 \ sin 0 =
P'(-x,y)/ o P(x.y)

N7 \ cos 0 =
)

/'.'.Nf.\. oA ) \ tan 0 =

ol S)/'o - (1,00

sin A = opp/hyp = (A'in the 3rd quadrant)

P (-X,1y) o5 : / cos A = adj/hyp = (A'in the 3rd quadrant)
~_ |~ sin A = (Ain the st quadrant)
(0.,-1) COS A = (A'in the 1st quadrant)

© Project Maths Development Team 2009 www.projectmaths.ie 20



Teaching and Learning Plan 9: The Unit Circle

Student Activity 4

Development Team

Express A in terms of 6 and 180°. equation (i)

Write down the relationship between sin 6 and the sin A in the third quadrant and then
rewrite the answer using equation (i) above.

Write down the relationship between cos 6 and the cos A in the third quadrant and

then rewrite the answer using equation (i) above.

Write down the relationship between tan 6 and the tan A in the third quadrant and

then rewrite the answer using equation (i) above.

Fill in the signs for cos and sin and tan of an angle in the third quadrant.

Trigonometric function Sign in the third quadrant
sin
cos
tan

Using the reference angle, calculate the sin, cos and tan of 220°.

Mark an angle of 270° degrees in standard position on the unit circle, and using
coordinates, not a calculator, write down the sin, cos, and tan of 270°. Check the

answers using a calculator.
A/° 270°
Coordinates on the unit circle
cos A
sin A
tan A
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Teaching and Learning Plan 9: The Unit Circle

Student Activity 5

Development Team

Angles in the fourth quadrant 270° < 6 < 360°
On the unit circle on Appendix A, mark an angle of 330° in standard position. Read the x

nm

and y coordinates of the point Q™, where the terminal ray intersects the circumference.

(x, y) of point Q" are

Hence: cos 330° = sin 330° = tan 330° =
Using the calculator: cos 330° = sin 330° = tan 330° =
Compare with: cos 30° = sin 30° = tan 30° =

Is there a relationship between trig functions of angles in the first and fourth
quadrants?

Explanation of the relationship

+ Drop a perpendicular from
10 | |r=1 P @ perpencict

— T point Q™, to the negative
—

/ 1 \ direction of the x- axis, to
Q'(-0.87.0.5) o5 Q(0.87,0.5) make a right angled triangle

~ Jo \, -7 OBQ™. What is the value of A in

I(-I1.I0I) Iié'l \"\;,Iél’;jj(l) ) B (10) Using the trigonometric ratios
:,,«"\ “Z: on triangle OBQ™,
Q"(-0.87,-0.5)\ e Q"(0.87,-0.5) sin A =
\::/ COs A=
1(0.-1)

A is called the reference angle. Describe the reference angle?

What do you notice about the sin and cos of the reference angle and that of
330°?

What is the image of triangle OBQ™ by S, ?
What is the relationship between triangle OBQ™ and its image by S ?

Hence what is the relationship between ratio of sides in triangle OBQ™ and the ratio of
the sides of its image in the y- axis?

Therefore 330° in the fourth quadrant has a reference angle of in the first
quadrant
sin 330° = sin 30°= cos 330° = cos 30°=
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Teaching and Learning Plan 9: The Unit Circle

Student Activity 5

Development Team

Application to any angle in the fourth quadrant.

((0,1) Ir[=1
sin 0 =
Q'(x v)/ \Q xy)  cos O =
T Ve ) \
R ./.'.‘.;;7 .2 )) ] tanfO=
Lo |\ [0t ieNl) Bl (o s .
VAR | D, sin A = opp/hyp = (A in the 4th quadrant)
1',' \ .
Q"(-X.-y)\ - Q"x-y) cos A = adj/hyp = (A in the 4th quadrant)
[ sin A = (A'in the 1st quadrant)
(0.-1)
COS A = (A'in the 1st quadrant)
Express A in terms of 6 and 360°. equation (i)

Write down the relationship between sin 6 and the sin A in the fourth quadrant and
then rewrite the answer using equation (i) above

Write down the relationship between cos 6 and the cos A in the fourth quadrant and
then rewrite the answer using equation (i) above.

Write down the relationship between tan 6 and the tan A in the fourth quadrant and

then rewrite the answer using equation (i) above.

Fill in the signs for cos and sin and tan of an angle in the fourth quadrant.
Trigonometric function Sign in the fourth quadrant
sin

cos
tan

Using the reference angle, calculate the sin, cos and tan of 315°, writing the answers in
surd form.

Mark an angle of 360° degrees in standard position on the unit circle, and using
coordinates, not a calculator, write down the sin, cos, and tan of 360°. Check the

answers using a calculator.

A/° 360°
Coordinates on the unit circle
cos A
sin A
tan A
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Teaching and Learning Plan 9: The Unit Circle

Student Activity 6

Development Team

Student Activity 6A

Summary on finding trig functions of all angles

Fill in on the unit circle, in each quadrant, the first letter of the trigonometric function

which is positive in each quadrant. [0,1)
Mark in an angle 0 and its reference angle A for each / [ \
quadrant. Use a different unit circle for each situation. ®
Fill in also in each quadrant, the formula for the reference AN ARG SN N B
. . (-1.0) Third I Fourth (1.0
angle given an angle 6 in that quadrant.
[0,-1)
1(.,1) [(0,1) [(0,1)
/ I° \ / ¢ \ / 1° \
ol o oo @e( | o Jao @e| | T [an
1(0.-1) [(0,-1) 0,-1)

Student Activity 6B
Negative angles
Find, without using the calculator. Show steps.
sin (-120°)
cos (-120°)
tan (-120°)

Student Activity 6C
Angles greater than 360°

Find, without using the calculator. Show steps.

sin 450° sin 1250°
cos 450° cos 1250°
tan 450° tan 1250°
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Teaching and Learning Plan 9: The Unit Circle

Student Activity 7

Development Team

Student Activity 7A

second T First /_ -G\
quadrant 4 quadrant
0.5 0.5
| irst

(-1,0) N (1.0) 1.0) \K/ dh "
< i )/ &;" i )/
[ 1

[(0,-1) [(0,-1)

If we know A, how do we calculate 6? Always draw a unit circle.

Quadrant in Ist 2nd 3rd 4th
which terminal
ray of 0 lies

Formula for A= A= A= A=
A (reference
angle)

Formula for 0 in | 6= 0= 0= 0=
terms of A

Student Activity 7B

. 1
Solve the equation cos 6 = 5 where 0° <6 < 360° (use Tables)

What are we trying to find?

In what quadrants could 6 be located and why?

As the reference angle is acute what sign will the trig functions of reference angles

have?

What is the value of the reference angle (the acute angle with this value of cos)?

Knowing the reference angle, what are the possible values of 6?

Solve the equation sin 6 = - ?
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Teaching and Learning Plan 9: The Unit Circle

Appendix A

Development Team

The Unit Circle
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