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Abstract

Some novel physical consequences of the Extended Relativity Theory in C-spaces
(Clifford spaces) were explored recently. In particular, generalized photon dispersion
relations allowed for energy-dependent speeds of propagation while still retaining
the Lorentz symmetry in ordinary spacetimes, but breaking the extended Lorentz
symmetry in C-spaces. In this work we analyze in further detail the extended
Lorentz transformations in Clifford Space and their physical implications. Based on
the notion of “extended events” one finds a very different physical explanation of the
phenomenon of “relativity of locality” than the one described by the Doubly Special
Relativity (DSR) framework. A generalized Weyl-Heisenberg algebra, involving
polyvector-valued coordinates and momenta operators, furnishes a realization of an
extended Poincare algebra in C-spaces. In addition to the Planck constant &, one
finds that the commutator of the Clifford scalar components of the Weyl-Heisenberg
algebra requires the introduction of a dimensionless parameter which is expressed
in terms of the ratio of two length scales : the Planck and Hubble scales. We finalize
by discussing the concept of “photons”, null intervals, effective temporal variables
and the addition/subtraction laws of generalized velocities in C-space.

Keywords : Clifford algebras; Extended Relativity in Clifford Spaces; Doubly Special
Relativity; Quantum Clifford-Hopf algebras.

In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces) and
Clifford-Phase spaces were developed [1], [2]. The Extended Relativity theory in Clifford-
spaces (C-spaces) is a natural extension of the ordinary Relativity theory whose general-
ized coordinates are Clifford polyvector-valued quantities which incorporate the lines, ar-
eas, volumes, and hyper-volumes degrees of freedom associated with the collective dynam-
ics of particles, strings, membranes, p-branes (closed p-branes) moving in a D-dimensional
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target spacetime background. C-space Relativity permits to study the dynamics of all
(closed) p-branes, for different values of p, on a unified footing.

Our theory has 2 fundamental parameters : the speed of a light ¢ and a length scale
which can be set equal to the Planck length. The role of “photons” in C-space is played
by tensionless branes. An extensive review of the Extended Relativity Theory in Clifford
spaces can be found in [1]. The polyvector valued coordinates x*, xt1k2 grik2is are
now linked to the basis vectors generators +#, bi-vectors generators 7, A 7,, tri-vectors
generators v, A Yu, A Yus, ... of the Clifford algebra, including the Clifford algebra unit
clement (associated to a scalar coordinate).

These polyvector valued coordinates can be interpreted as the quenched-degrees of
freedom of an ensemble of p-loops associated with the dynamics of closed p-branes, for
p=20,1,2,...., D—1, embedded in a target D-dimensional spacetime background. C-space
is parametrized not only by 1-vector coordinates z* but also by the 2-vector coordinates
xM, 3-vector coordinates x#“, ..., called also holographic coordinates, since they describe
the holographic projections of 1-loops, 2-loops, 3-loops,..., onto the coordinate planes .
By p-loop we mean a closed p-brane; in particular, a 1-loop is closed string. When X is
the Clifford-valued coordinate corresponding to the C(1, 3) algebra in four-dimensions it
can be decomposed as

X =51+ o'y, + 2" Ay + 2" A ANy, + 2Ty Ay Ay Ay (1)

where we have omitted combinatorial numerical factors for convenience in the expansion
of eq-(1). To avoid introducing powers of a length parameter L (like the Planck scale L),
in order to match physical units in the expansion of the polyvector X in eq-(1), we can
set it to unity to simplify matters.

The component s is the Clifford scalar component of the polyvector-valued coordinate
and dY is the infinitesimal C-space proper “time” interval

(dX)* = (ds)® + dx, da* + dx,, d2 + ... (2)

that is invariant under CI(1,3) transformations and which are the Clifford-algebraic
extensions of the SO(1, 3) Lorentz transformations [1]. One should emphasize that dX is
not equal to the proper time Lorentz-invariant interval dr in ordinary spacetime (dr)? =
gudrtds” = dx,dz". Generalized Lorentz transformations (poly-rotations) in flat C-
spaces were discussed in [1]. In this work we shall provide an extensive analysis of the
C-space generalized Lorentz transformations and their physical implications.

Let us provide several examples of generalized Lorentz transformations in C-space. For
example, given vy the transformation involving the rotor Ry = cosh(/2) —~o2 sinh(5/2)
corresponds to an ordinary Lorentz boost transformation along the X? direction and
involving the ordinary temporal variable X°. The ordinary Lorentz boots generators are
given by the bivectors 7,,, and which in turn are also expressed as the commutators
(Y4 7). The physical significance of the latter commutators is that they represent a
“rotation” along the X* — X" directions.

However, since one may also write the bivector 7pp as the commutator [yi2,v01] =
—27%02, the transformation involving the above rotor R; also corresponds to an areal boost



along the X'? direction but involving the areal temporal coordinate X°'. Namely, it is a
"rotation” along the X'? — X% directions. Whereas the ordinary boost is a “rotation”
along the X? — X° directions.

After writing

(XP) Tp = (cosh(B/2) — yoz sinh(B/2) ) (X" Ta) (cosh(B/2) + yoz sinh(B/2) ) (3)

straightforward algebra yields the transformation of the following bivector coordinates

(X12)Y = X' cosh + X" sinhfB (4a)
(XY = X coshB + X' sinhf (4b)

One has a mixing of the spatial and temporal areal bivector coordinates in the new frame
of reference.

Furthermore, since [yo13, 7123] ~ 702, the transformation involving the above rotor R
also corresponds to a 3-volume boost along the X'?* direction but involving the 3-volume
temporal coordinate X°'3. Namely, it is a "rotation” along the X'?3 — X3 directions
giving

(X2 = X' coshB + X" sinhf (5a)
(XOBY = X8 coshf + X'2 sinhf (5b)

One has a mixing of the spatial and temporal trivector coordinates in the new frame of
reference. The ordinary Lorentz boosts of the vector coordinates give

(X?) = X% coshf + X° sinhf (6a)

(X% = X" coshf + X? sinhf3 (6b)

while the remaining coordinates remain invariant and such that the quadratic form
XAX, = (X4)(X,4) remains invariant. Straightforward algebra leads to

- (X(I))Q + (X{)2 - L (X(/)1)2 + L (X12)2 - L™ (X(/)13)2 + L (X{23>2 -

— (Xo)? + (X1)? = L7 (Xo)® 4+ L% (X12)® — L% (Xows)® + L7* (X123)*  (7)

The quadratic form is defined as

< XIX > = Xa X4 = %+ X, XF+ Xy XP2 40X

1 ph2

. X H1H2--BD (8)

where X' denotes the reversal operation obtained by reversing the order of the gamma
generators in the wedge products. The symbol < T'y 'y > denotes taking the scalar
part in the Clifford geometric product of I'y I'g. It is the analog of the trace of a product
of matrices. Such scalar part can be obtained from the (anti) commutator relations of the
Clifford algebra generators as displayed in the Appendix. For example
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< Y 7> = 5Za < Vpape YR > = - 5/“71121/2

viverg — vivav3 Viv2v3va _ Viv2v3va
< Yorpops Y > = Opapartn s < Yurpopspa Y > = 0 et (9)

One should note the presence of + signs in the right hand side of eqs-(9). They are
connected to the even/odd behavior of the reversal operation (y¢)' = £v¢.
The quadratic form is invariant under the isometry transformations

X' =RXL, RRF =1, LLT =1 = < XX > = < XIX > (10)
due to the cyclic property of the scalar part projection

<X'X > = <LXRIRXLl, > = < LXI XLl > =
<LILX'X > = < XX > (11)

where R, L are Clifford-valued rotors acting on the right and left respectively.

The second example corresponds to the case when there is a mixing of different grades.
It involves the commutator [yp123,73] ~ Y012 and such that the transformation involving
the rotor Ry = cosh(B'/2) — vo12 sinh(3'/2) corresponds to a boost along the spatial X
direction but involving now the temporal 4-volume polyvector-valued coordinate X123
The reason being that vy12 can be rewritten as the commutator of 74123 and 73, so we have
now “rotations” along the X3 — X°23 directions. Straightforward algebra yields now the
transformation of the following (poly) vector coordinates

(X3 = X3 cosh(B) — L X" sinh(B) (12a)
(XUBY = X912 cosn(8) — L* X*sinh(B) (120)

In this case one has a mixing of polyvector-valued coordinates of di f ferent grade. In the
new frame of reference the spatial X? coordinate and the temporal 4-volume coordinate
X912 are mixed.

Furthermore, since [yo3,7123] ~ 7012, the transformation involving the rotor Ry =
cosh(B'/2) — ~o12 sinh(’/2) also corresponds to a boost along the spatial trivector X'
direction but involving now the temporal bivector coordinate X®. These transformations
are

(X123 = X' cosh(p) — L X* sinh(j3) (13a)
(X9 = X% cosh(B') — L' X' sinh(B) (13b)

In the above equations we have used the relations

V=1, W= =02 V=1 =02

{72:7%2} =0, [Yo123:7012] = —2 73, {70123, Y012} = 0



Yo2 Y12 Yo2 = —712, [7012, 73] = 2 Y0123, {7012,’73} =0,.... (14)

cosh?(&) — sinh?(€) = 1, cosh?(€) + sinh?(€) = cosh(2€), sinh(2¢) = 2 sinh(€) cc>(3h()§)
15

Given in general a transformation of the form

(cosh(B/2) — T sinh(B/2)) XA T4 (cosh(B/2) + Tc sinh(B/2)) = X'P Ty (16)

one learns that

X'B = XPB cosh*(5/2) — X sinh*(3/2) < T¢TaTeT? > +
X4 cosh(B/2) sinh(B/2) < [[a, T¢] T8 > (17)

The generator I of generalized Lorentz boosts is of the form (7ou,up...,_,) With the
provision that under the reversal operation it changes sign

('70u1m)-.-1m—1)T = 7 Yopipz.pn— (18&)

so that RR' = 1. This condition will restrict the values of n to be n = 2,3,6,...and
obeying

(Voprpzpin—)” = 1 (180)

Generalized spatial rotations don’t involve the temporal directions and are generated by
Vot i, ODEYING

(7u1#2-~um)T = = Yuipo..pm (19)

and
('7u1u2~-um)2 = —1 (20)

For instance, a generalized rotation in D > 4 and generated by 75 ¢ involving the

parameter o!?+¢ yields a rotor whose Taylor series expansion becomes
R = 6a12u_6 Y12....6 008(0412""6) + Yo12...6 sz’n(au"ﬁ) (21>
due to the condition (y12..6)> = — 1 which is similar to having the imaginary unit

i2 = —1 and the expression e = cos(#) + i sin(). Whereas a generalized Lorentz boost

is like having a “rotation” with an imaginary “angle” leading to the hyperbolic functions

R — . =5 yoal 5 COSh(/@012....5> + 7012 5 Sinh(512"'5) (22)

due to the condition (yp12..5)° = 1.
Eq-(17) only simplifies considerably in the very special case when the values of the
polyvector valued indices A, B, C' are such that



< TeTaTel? > = —1, < [y, TP > = £2 (23)

and it leads to the type of transformations displayed above. In general, for a given set of
values of B, C, one must sum over all the A indices in eq-(17). For this reason the most
general expression for X’ given by eq-(17) is more complicated than that given by the
above equations. Another special case occurs when

< TeTalcl? > =1, < [[4, TP > =0 (24)

leading to X’ = XP so that these particular polyvector coordinate components remain
invariant.

One should emphasize that the functional form of the most general transformations are
even more complicated than those described in eq-(17). Let us write the rotor associated

with a “rotation” along the X4 — X7 directions in C-space with parameter a4?, after
writing the commutation relations [['4, '] = f45T¢, as follows
R — eaAB Talsl _ eaAB Iip T _ BTc BC — oAB fABC (25)

where f,5 are the structure constants of the algebra. There is a summation over the C'
indices (but not over the A, B indices) in eq-(25) and the reversal condition reads

T4, Tl = — [['4, 5] = RRI =1 (26)

and which is satisfied in particular when I'l, = —T'4; T}, = —T'p giving I'l, = —T'c. This
is a result of the relations (I'4I'g)" = (I'p)"(I'4)" = I'sl'4. In the most general case, for
arbitrary dimensions, due to the summation over the C' polyvector indices in eq-(25), the
rotor R cannot be expressed in the form displayed in eq-(16) after performing a Taylor
series expansion of the exponentials. For instance

oo 90 (cosh(B™) + or sinh(8™)) (cosh(8%) + Aoas sinh(5%))
(27)
as a result of the Baker-Campbell-Hausdorf formula. Because [yo1, Yo23] 7 0 the left hand
side of eq-(27) does not factorize.
We shall study next another dif ferent approach to the construction of generalized
Lorentz transformations involving only polyvector components of equal grade. One may

define a generalized Lorentz algebra in terms of anti-Hermitian operators J4% = — 784
as !

[jAB, jCD] — GAC jBD + GAD jBC _ GBD jAC + GBC jAD (28)
where A, B,C,.... are polyvector-valued indices. One must emphasize that J47

[['4, 5], except in the case J* = 1[y*,7"]. To simplify matters, the generalized metric

'We choose anti-Hermitian operators in order to avoid having to introduce i factors in the right hand
side of the commutators



GAB = GP4 shall be chosen to be GAZ = 0 when the grade A # grade B. And for the
same grade metric components gl@192-ax] b1b2-be] of GAB the metric can decomposed into
its irreducible factors as antisymmetrized sums of products of % given by the following
determinant [8]

77a1b1 77a1b;c
GAB = (et U U = GBA
77akbl nakbk

(29)
The spacetime signature is chosen to be (—,+, 4+, ...., +).
Omne can verify next that a realization of the algebra (28) can be obtained in terms
of polyvector-valued coordinates and momenta X4, PB operators obeying the generalized
Weyl-Heisenberg algebra

(XA, PP = i (n)(AIHIBI/2 GAB - gAB — B4 (30)

where |A|, |B|, = grade of A, B, respectively.
The C-space polyvector-valued momentum is defined as

dX
P:./\/ld—z:PAFAzw+p“7u+p””'yu/\'yy+ ...... (31)

where (d¥)? =< dX' dX >. Y is the analog of “proper time” in C-space. To match
physical units, powers of a suitable mass/length parameter must be introduced in eq-(31).
Like the Planck mass and length. If X and P are taken to have length and momentum
dimensions, respectively, then M has mass dimensions. By inspection one learns that
the commutator of the zero grade components, the scalar parts of X4 and ]53, does not
involve A but a dimensionless parameter that can be given by the ratio of an ultraviolet
Lp and infrared Hubble scale Ry as follows

Lp
[§, ] = i R

G** is the scalar-scalar component of the generalized metric GAZ. The classical limit
is attained when Lp/Ry — 0 so that the above commutator vanishes. This ratio
Lp/Ry is also related to the observed vacuum energy density p ~ (Lp/Rg)* (Mp)* ~
107122 (Planck Mass)*.

Hence, if 742 = 0 when the grade A # grade B, a Weyl-Heisenberg algebra allows to
find a realization of the dimensionless anti-Hermitian generators J4Z in eq-(28) as follows

G (32)

7

AB vA DB v B pA A A .
J :W(XP —XP)Z—JB,JB:01f1A|7é\B|(33)

X4 and PP are Hermitian operators.



To sum up, when |A| = |B|, GAZ # 0, 74P # 0; and GAP = 0, 748 = 0 for |A| # |B],
a generalization of the Poincare algebra involving polyvector-valued indices is given by
the commutators in eq-(28) and

[T, PO = — GO PP 4 GPOPA[PA PP =0, (XY X =0, (34)

where P4 are the polymomentum operators and J“Z are the generalized Lorentz gener-
ators. The [74B, JCP], [JAB, PC), ... commutators obey the Jacobi identities.

A question still remains whether or not it is possible to construct the generators of
the algebra displayed by eq-(28) in terms of a judicious superposition of Clifford algebra

generators like
T = MAZTC (35)

By inspection one learns that J4Z # [['4, T'®], nor proportional to the commutators,
except in the case J* = i[’y“, 7*]. Therefore, the coefficients M2 # f45 are not given
by the structure constants. Inserting the ansatz of (35) into the commutators (28) leads
to an algebraic set of equations involving MAB, fA5 GAB as the indices A, B, C run from
1 to 2P. Tt is unknown (to our knowledge) if a solution for the coefficients M45 exists
given the complexity of the (anti) commutator relations in any dimension provided in the
Appendix. A computer algebra package would be required.

We learnt from Special Relativity that the concept of simultaneity is relative. The
typical example arises when a moving observer inside a train sees the front and back doors
of a train opening simultaneously. Due to the spatial separation (AX? # 0) between the
two doors, an observer at rest in the platform will see the doors opening at dif ferent
times

(AX®Y = AX° cosh(B) + AX? sinh(B) # 0, (36)

despite AX? = 0 due to the fact that AX? # 0.

Something analogous, and more general, occurs in C-space. Let us denote by AX? =
Xy — Xy AXO = X% — X the spatial and 4-volume separation, respectively,
between two events 1 and 2 in a given frame of reference in a flat C-space. From eqs-(12)
it follows that in the new frame of reference one has

(AX?) = AX? cosh(B) — L™ AX"'™ sinh(B) (37a)
(AXBY = AX"Beosh(B') — L* AX3sinh(j3) (37b)

if AX023 £ ( one has that (AX?) # 0 despite that AX? = 0. Therefore, because
(AX3) = 0 the observer in the new frame of reference does not experience events 1,2 at
the same location.

An “extended” event in C-space described by eqs-(37) can be envisaged as follows. An
observer assigns to a physical event the coordinate values X# where the index A spans
20 values corresponding to the dimension of a Clifford algebra in D-dim. In particular
X3, X012 Event 1 can be described in terms of a spherical bubble (a closed 3-brane)
moving in spacetime whose 4-volume (swept by the 3-brane at a given time X?l)) is
given by X(}**. The center of mass of such bubble is given by the X{j, coordinates, in
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particular X(gl) represents the z-component. Whereas event 2 is described in terms of
another spherical bubble of dif ferent size in spacetime whose 4-volume at a given time
Xy is given by X{7°. The center of mass of such bubble is given now by X, coordinates,
in particular Xé). If the centers of mass of the small and large bubble coincide one has
that AX3 = 0, while AX%? £ ( since the bubbles are of dif ferent size. Consequently
one learns from eq-(37a) that (AX3)" # 0 in the new frame of reference : namely, the
centers of mass of the bubbles in the new frame of reference do no longer coincide.

Concluding, the concept of spacetime locality is relative due to the mixing of 4-volume
coordinates with spacetime vector coordinates under generalized Lorentz transformations
in C-space. In the most general case, there will be mixing of all polyvector valued coordi-
nates. This was the motivation to build a unified theory of all extended objects, p-branes,
for all values of p subject to the condition p+ 1 = D. Therefore, the Extended Relativity
Theory in C-spaces (Clifford spaces) were provides a very different physical explanation of
the phenomenon of “relativity of locality” than the one described by the Doubly Special
Relativity (DSR) framework [7].

Recently it was found in [4] that the constant (energy-independent) speed of pho-
ton propagation is always compatible with the generalized photon dispersion relations
in C-spaces. Another important consequence was that the generalized C-space photon
dispersion relations allowed also for energy-dependent speeds of propagation while still
retaining the Lorentz symmetry in ordinary spacetimes, while breaking the extended
Lorentz symmetry in C-spaces. This does not occur in DSR nor in other approaches, like
the presence of quantum spacetime foam.

To finalize we shall discuss the concept of “photons” and generalized velocities in
C-space. Superluminal particles were studied within the framework of the Extended
Relativity theory in Clifford spaces (C-spaces) in [5]. As discussed in detailed by [1], [3]
one can have tachyonic (superluminal) behavior in ordinary spacetime while having non-
tachyonic behavior in C'-space. Hence from the C-space point of view there is no violation
of causality nor the Clifford-extended Lorentz symmetry. The analog of “photons” in C-
space are tensionless strings and branes [1].

Let us take the spacetime signature to be (—,+, 4, +,...... ,+) and factorize the C-
space interval in eq-(2) as follows by bringing the ¢?(dt)? factor outside the parenthesis

5 o o [ L* ds., 1 dX;., 1 dXij., 1 dXopi
(dZ) —C(dt) (Cz(dt) —1+g(ﬁ) +L262(dt) —LQCz(dt) ........
(38)
where the spatial index ¢ range is 1,2, ..., D — 1. The Clifford space associated with the
Clifford algebra in 4D is 16-dimensional and has a neutral /split signature of (8, 8) [3], [1].
For example, the terms (dXo;)?, (dXoij)?, (dXo0123)? will appear with a negative sign, while
the terms (dX;;)?, (dX;;x)* will appear with a positive sign.

There are many possible combination of numerical values for the 16 terms inside
the parenthesis in eq-(27). As explained in [3], [1], superluminal velocities in ordinary
spacetime are possible, while retaining the null interval condition in C-space (dX)? = 0,
associated with tensionless branes. The null interval in C-space (dX)? = 0 can be




attained, for example, if each term inside the parenthesis is £1 respectively. Since there
are 8 positive ( +1) terms and 8 negative ( —1) terms one has that 8 — 8 = 0 and the null
interval condition (dX)% = 0 is still satisfied despite having superluminal speeds.

A very different combination of numerical values, as compared to the previous one,
leading also to a null interval condition in C-space (dX)? = 0, occurs when

(e e e ) =1 (390)
o (22 + G2y (B2 -
L ((d;‘fl)? (Donye <d§}°’>2) (390)
e (B ) - L

Another description of C-space “photons” can then be given in terms of an ef fective
temporal variable T' comprised of all the temporal coordinates in the interval of eq-(38).
In order to simplify matters let us work with D = 3 instead of D = 4. The effective
temporal variable T" is defined as

dXo 1 dXo

1 dx,
2 012
a ) ety

PUTY = ) + g ( Pt e )

c2

(40)

so that the C-space interval can be rewritten, after factoring out the ¢?(dT)? term, as

@y = - eary (1= LGy -

1 <dX1)2 1 dX2 9 1 Xmg
c2 N dT

2
) e )
(41)
The last expression has the same functional form as the ordinary spacetime interval in
MInkowski space. Namely one can write the C-space interval (dX)? in the form

(dx)? = — FdT)?* (1 — V—Q) (42)

c2

where the generalization of the magnitude-squared of the spatial velocity divided by ¢? is

V2 L2 ds 1 dX1 1 dXQ 1 dX12
- = 3 (=) - (=) = (=) + 5o ( )?
c ¢ dT ¢ dTl ¢z dl’ L?c? ° dT

Another description of C-space Photons is obtained from the null C-space interval condi-

tion (dX)% = 0 which is equivalent to setting V?/c* = 1 in eq-(43) and where the velocity

squared is defined with respect to the effective temporal variable T'.

(43)
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To finalize let us write down the addition law of generalized velocities based on the
extended Lorentz transformations described in this work. Upon defining f§ = —f' in
eqs-(12) and differentiating gives

dX} = dX3 coshf + L dXg1a3 sinhf3 (44a)
dX}193 = dXo1a3 coshf + L* dX3 sinhf3 (44b)
such that
0% g 17 5
dX{i93 1+ 13 % tanhf

Using the following definitions of the generalized velocities (in ¢ = 1 units)

dXs
Vs = . VI' = L73 tanhp, 46
DT dXom ’ o)

corresponding, respectively, to the generalized velocity V3 of a polyparticle with respect to
the temporal 4-volume X% coordinate (as measured in a given frame of reference) and
the generalized velocity V3’ of a moving observer associated with the generalized boost
transformation with parameter 5. Hence, eq-(46) can be rewritten as

‘/3 _|__ V//
R ()
1+ 2%

leading to the addition law of the generalized velocities. In particular, one can see that
if the maximal generalized velocity is identified with the quantity c¢L~3, after restoring
the speed of light that was set to unity, we have that the addition/subtraction law of the
maximal generalized velocities cL 2 yields always the maximal generalized velocity

v Vs £ VY :L*3cj:'L*3c:L_3cli1:L_3c (48)
o BWE oy el 1+ 1

so that the mazimal velocity c¢L=3 is never surpassed and it is a C-space relativistic
invariant quantity. Meaning also that if the velocities of two polyparticles in a given
reference frame is maximal c¢L~3, their relative velocity is also maximal resulting from the
subtraction law in eq-(48).

Following the same procedure in eqs-(13) as performed above one arrives at

Vies + Vi d X123 dX
Vi = B Vigg = ¢ ———, Viyg = ¢ Litanh(f), Viy = 2 (49
123 L4 sz?; Viass 123 c iXo, 1 c L tanh(B), Vi c X1, (49)

where the maximal generalized velocity Vo3 is now cL. In general, the maximal values of
the generalized velocities are ¢ and c¢L™ where n is a positive, negative integer. The case
n = 0 corresponds to a generalized velocity associated with polyvector-valued coordinates
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of the same grade 2. Namely, ¢ (dX#1H2-#n /X O1V2--¥n=1) guch that the maximal velocity
is the speed of light. More research is warranted to explore many more novel consequences
of Clifford Space Relativity. Progress in the construction of generalized gravitational
theories in Clifford spaces can be found in [8]. We must remark that one has not been
trying to “squeeze” new physics out of Clifford algebras in this work. One the contrary,
it is the physics of p-branes that led us to Clifford space relativity in the first place.

APPENDIX

In this Appendix we shall write the (anti) commutator relations for the Clifford algebra
generators.

1 1
5{%, f)/b} = gab]-; 5[7% PYb] = Yab = — Tbay aab:172737"'am (Al)
[ Yas Woe ] = 2 gab Ve =2 Gac Vor { Yar Woe } = 2 Vabe (A.2)
[ Yaby Ved ] = =2 Gac Vod +2 Gad Voe — 2 9bd Vac + 2 Gbe Vad (AS)
In general one has [6]
pq = Odd, [lemz..‘.mp7 ry 1n2 q] - 2 ’lelé},,.g@p - 2!<p _ 2>!(q . 2)! [mll’l’fLQ Vmg ...... mp] +

QP'Q' [n1...nq ns....NgJ
4!(p . 4)!(q . 4)! [ml....m4 P)/m5 ...... mp] T teesescscans (A.4)
pq = even, {7m1m2..‘.mp7 e } =2 IlelTELé...:..;Inp N 2'(]7 - 2)'((] - 2)' {mllnz md3 ...... qr}q »l
2p'g mana moendl (A5)

4|(p _ 4)|(q o 4)| [m1....m4 ﬁ)/m5 ...... mp]

TL1TL2...‘7qu| (_1)p712p!q! [n1_mo...ngl

pg = even, ['lemg...‘mpa Y 1!(]9 _ 1)!((] . 1)| [m1 sz....mp]

<_1)p_12p'ql [nimang ng...ng|

31(p — 3)1(q — 3! “mimams Tmamy) F o (4.6)
ning....n (_1>p712p'ql [n na....ng|
pq = Odd7 { ,lem2....mp7 v e ¢ } = 1'(]7 _ 1)'(q _ 1)' [mll fymé,,,.mp} -

2We should note that the coordinate X% = ct is chosen to have length dimensions.
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(—1):0—12]9!(]! [nina2ng ng....ng) X (A 7)
3'(p — 3)'(q — 3)! [mimams Ima...mp] T et .

The generalized Kronecker delta is defined as the determinant

ol o Oy
a1ag..... a — 5(12 ... o e 6@2
51;111;22_..._1;: = det o _bi o _bk ______ (A.8)
Oy O
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