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Group Exercise

106. Remembering the six sum and difference identities can be

difficult. Did you have problems with some exercises
because the identity you were using in your head turned
out to be an incorrect formula? Are there easy ways to
remember the six new identities presented in this section?
Group members should address this question, considering
one identity at a time. For each formula, list ways to make

107.

108.

Give exact values for sin 30°, cos 30°, sin 60°, and cos 60°.

Use the appropriate values from Exercise 107 to answer
each of the following.

a. Issin 2-30°, or sin 60°, equal to 2 sin 30°?

b. Issin 2 -30°, or sin 60°, equal to 2 sin 30° cos 30°?

it easier to remember.

Preview Exercises

109. Use appropriate values from Exercise 107 to answer each of
the following.

a. Is cos (2-30°), or cos 60°, equal to 2 cos 30°?

Exercises 107-109 will help you prepare for the material covered

in the next section.

Use the double-angle
formulas.

Use the power-reducing
formulas.

Use the half-angle formulas.

Use the double-angle formulas.

b. Is cos (2-30°), or cos 60°, equal to cos?30° — sin? 30°?

Double-Angle, Power-Reducing,
and Half-Angle Formulas

We have a long history of throwing things. Prior to 400

B.C., the Greeks competed in games that included

discus throwing. In the seventeenth century, English

soldiers organized cannonball-throwing

competitions. In 1827, a

Yale University student,

disappointed over failing

an exam, took out

his frustrations at

the passing of a

collection plate in

chapel. Seizing the

monetary tray, he

flung it in the direc-

tion of a large open space on campus. Yale students see this act of frustration as the

origin of the Frisbee.

In this section, we develop other important classes of identities, called the double-

angle, power-reducing, and half-angle formulas. We will see how one of these formulas
can be used by athletes to increase throwing distance.

Double-Angle Formulas

A number of basic identities follow from the sum formulas for sine, cosine, and tangent.
The first category of identities involves double-angle formulas.

Double-Angle Formulas
sin 20 = 2 sin 6 cos 6
cos 20 = cos? 0 — sin® 6

2
tan 20 = _ctan0 6;
1 — tan” 60

To prove each of these formulas, we replace a and B by 6 in the sum formulas
for sin(a + B),cos(a + B), and tan(a + B).
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Study Tip

The 2 that appears in each of the
double-angle expressions cannot be
pulled to the front and written as a
coefficient.

Incorrect!

n 20 = 2 tan

The figure shows that the graphs of
y = sin 2x

and
y=2sinx

do not coincide: sin 2x # 2 sin x.

e
AN

[0, 277,%] by [-3,3,1]

Figure 5.6 sing = % and 6 lies in
quadrant II.

° sin20 = sin (0 + 6) = sinfcos O + cos Osin @ = 2 sin O cos O
We use
sin (o + B) = sin « cos B + cos « sin B.
* cos20 = cos (0 + 0) = cos 0 cos § — sin 6 sin § = cos®# — sin® §

We use
cos (a + B) = cos a cos B — sin « sin .

_ tanf +tan6  2tan6
) = 1 —tanftan6® 1 — tan6

e tan 20 = tan (6 + 0

We use
_ tana+tan B
I (8l = I—tanatnfB’

Using Double-Angle Formulas to Find Exact Values

If sinf = % and 6 lies in quadrant II, find the exact value of each of the following:

a. sin 20 b. cos 26 ¢. tan 26.

Solution We begin with a sketch that illustrates

. 5 vy
0=-—==.
MIT BT
Figure 5.6 shows a quadrant II angle 6 for which sin 6 = % We find x using
x> + y? = r% Because 0 lies in quadrant II, x is negative.

x>+ 52 =13? x2 + y? = r?

x>+ 25 =169 Square 5 and 13, respectively.
x> =144 Subtract 25 from both sides.
x=-V144 = =12 Ifs% = 144, thenx = +\/144 = +12.

Choose x = —\V/ 144 because in
quadrant ll, x is negative.

Now we can use values for x, y, and r to find the required values. We will use

_x_ 12 _Yy__ 5 A
cosf = P and tan 0§ = P 12.Weweregwensm@ BRER
. . 5 12 120
a. sm20—251n00080—2(13)< 13)— 169
12)\? 5\ 144 25 119
b. cos20 = cos“ 6 — sin” 0 ( 13) <13) 169 169 169
2(_5) 55
e tan20 — 2tan6 12 B 6 __6
1 — tan’ @ 1 5\? 1— 25 119
12 144 144
5\/ 144 120
- ( 6)(119) BT ®

(@) Check Point | Ifsin# = 2 and 6 lies in quadrant II, find the exact value of each

of the following:

a. sin 20 b. cos 26 c. tan 26.



Section 5.3 Double-Angle, Power-Reducing, and Half-Angle Formulas 609

Using the Double-Angle Formula for

Tangent to Find an Exact Value

Find the exact value of %.
1 — tan” 15°
Solution The given expression is the right side of the formula for tan 26 with
6 = 15°.
tan20= _2tanf “"20
1 —tan” 0
2tanlS 0 150) = tan 300 = Y3
1 — tan“15 3 )

¢Check Point 2 Find the exact value of cos® 15° — sin’ 15°.

There are three forms of the double-angle formula for cos 26. The form we
have seen involves both the cosine and the sine:

cos 20 = cos? 0 — sin’ 6.

There are situations where it is more efficient to express cos 26 in terms of just one
trigonometric function. Using the Pythagorean identity sin> + cos>6 = 1, we can
write cos 20 = cos®> # — sin® 0 in terms of the cosine only. We substitute 1 — cos” 6
for sin’ .

cos 20 = cos’># — sin’ @ = cos># — (1 — cos®h)
=cos’f — 1 + cos’f =2cos’H — 1

We can also use a Pythagorean identity to write cos 26 in terms of sine only.
We substitute 1 — sin” g for cos” .

cos20 = cos’6 — sin?0 = 1 — sin®0 — sin®6 = 1 — 2sin’ 0
Three Forms of the Double-Angle Formula for cos 260

cos 20 = cos’> 6 — sin® 6
cos20 = 2cos?0 — 1
cos20 =1 — 2sin%0

Verifying an Identity

Verify the identity: cos 30 = 4 cos®§ — 3 cos 6.

Solution We begin by working with the left side. In order to obtain an expression
for cos 360, we use the sum formula and write 360 as 260 + 6.
cos 30 = cos(20 + 0) Write 30 as 20 + 0.

= cos 260 cos 6§ — sin 26 sin 6 cos(a + B)

= cos awcos 3 — sina sin B
2 cos? 0 — 1 2 sin 0 cos 0

_ (2 cosf — 1) cos 0 — 2 sin 0 cos 6 sin 6 Substitute double-angle formulas.
Because the right side of the given

equation involves cosines only, use
this form for cos 26.

=2c0s’0 — cos @ — 2sin’6 cos 0 Multiply.

1 —cos? 0
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9 Use the power-reducing
formulas.

cos 30 = 2 cos® § — cos § — 2 sin® 6 cos 0 We've repeated the last step from
the previous page.
=2co0s’f — cosf — 2(1 — cos’0) cos @  To get cosines only, use
sin?0 + cos” 0 = 1and
substitute 1 — cos? 6 for sin? f.

=2cos’# — cos — 2cos § + 2 cos’ 0 Multiply.

=4cos’9 — 3cosh Simplify:
2¢c08° 0 + 2c0s° 0 = 4 cos® 6
and
—cos ) — 2cos60 = —3cos 0.

We were required to verify cos 30 = 4 cos®# — 3 cos 6. By working with the left
side, cos 36, and expressing it in a form identical to the right side, we have verified
the identity. [ J

@ Check Point 3 Verify the identity: sin 30 = 3sin § — 4 sin’ 6.

Power-Reducing Formulas

The double-angle formulas are used to derive the power-reducing formulas:

Power-Reducing Formulas

1 - 20 1+ 20 1 - 20
cos o020 = cos an? 6 = cos

)
= t = 2
sin” 6 2 ¢ 2 1 + cos 26

We can prove the first two formulas in the box by working with two forms of

the double-angle formula for cos 26.

This is the form This is the form
with sine only. with cosine only.

cos20 =1 — 2sin’6 cos26 = 2 cos*f — 1
Solve the formula on the left for sin? 6. Solve the formula on the right for cos .

2sin’6 =1 — cos 20 2c0s’6 =1 + cos 20

sin2 @ = 1 — cos 26 cos § = 1 +¢c0820  pivide both sides of each

2 2 equation by 2.

These are the first two formulas in the box. The third formula in the box is proved by
writing the tangent as the quotient of the sine and the cosine.

1 — cos 260 .
tan20=Sin20= 2 _ 1 —cos26 Z _ 1 —cos26
cos’® 1+ cos?26 /12 1+ cos20 1+ cos?26
2

Power-reducing formulas are quite useful in calculus. By reducing the power of
trigonometric functions, calculus can better explore the relationship between a
function and how it is changing at every single instant in time.

Reducing the Power of a Trigonometric Function

Write an equivalent expression for cos®*

trigonometric functions greater than 1.

x that does not contain powers of
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Solution We will apply the formula for cos? 6 twice.

cos* x = (cos? x)2

2 1+ 260
— <1+C052x> Use cos? O = L L eoeEl with 6 = x.
) 2
2
— 1 + 2cos2x + cos”2x Square the numerator:
4 (A + B)2 = A? + 2AB + B2

Square the denominator.

1 1 1 - .
=1 + ECOS 2x + ZCOS 2x Divide each term in the numerator by 4.
We can reduce the power of
cos? 2x using
cos? = 1T cos 260
with 6 = 2x.
- 1 + 1 cos 2x + 1 1 + cos 2(2x) Use the power-reducing formula for
4 4 2 cos? O with 0 = 2x.
1 1 1 )
=7 + 5 cos 2x + g(l + cos 4x) Multiply.
1 1 1 1 ;
= 1 + > cos 2x + 3 + 3 cos 4x Distribute g throughout parentheses.
3 1 1
=§+50052x+§0054x Simplify: 3 + 5 = 2+ 5 = o.
Use the half-angle formulas Thus, cos* x = 2 + 1 cos 2x + § cos 4x. The expression for cos* x does not contain
' powers of trigonometric functions greater than 1. @
Study Tip @ Check Point 4 Write an equivalent expression for sin* x that does not contain
The } that appears in each of the half- powers of trigonometric functions greater than 1.

angle formulas cannot be pulled to
the front and written as a coefficient.

Half-Angle Formulas

Incorrect!

Useful equivalent forms of the power-reducing formulas can be obtained by replacing
6 with %. Then solve for the trigonometric function on the left sides of the equations.

The resulting identities are called the half-angle formulas:

Half-Angle Formulas
The flguxre shows thai[ the graphs of a N 1~ cosa
y= sinz and y = Esinx do not Sln2 = 72
o .x 1
coincide: sin— # —sin x. a /1 + cos
2 2 CosS— = £y |———
2 2
g
A e m an — 4 [L=cosa
an— = —
2 1+ cos a

The + symbol in each formula does not mean that there are two possible values
for each function. Instead, the + indicates that you must determine the sign of
the trigonometric function, + or —, based on the quadrant in which the

a .
0,27, 7] by [-2.2,1] half-angle 5 lies.
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If we know the exact value for the cosine of an angle, we can use the half-angle
formulas to find exact values of sine, cosine, and tangent for half of that angle. For

2
example, we know that cos 225° = - In the next example, we find the exact

value of the cosine of half of 225°, or cos 112.5°.

Using a Half-Angle Formula to Find an Exact Value

Find the exact value of cos 112.5°.

o]

Solution Because 112.5° = 5 we use the half-angle formula for cos% with

a = 225° What sign should we use when we apply the formula? Because 112.5° lies
in quadrant II, where only the sine and cosecant are positive, cos 112.5° < 0. Thus,

we use the — sign in the half-angle formula.

225°

112.5°
cos >

COS

1 + cos 225° a 1+ cos a
= =\ Usecos — = — | ————with o = 225°,
2 2 2

2
cos 225° = —
) 2
Discovery

Use your calculator to find =
approximations for

V2

2 2
and cos 112.5°. What do you observe? 27— \/2

Study Tip

Multiply the radicand by %:
1+ | ——
V2-1V2 < 2)22\@

S L B S Simplify: \/4 = 2.

Keep in mind as you work with the half-angle formulas that the sign outside the radical is

determined by the half angle %. By contrast, the sign of cos a, which appears under the

radical, is determined by the full angle a.

o [1 — cos a
31n2—:t Y

The sign is determined
by the quadrant of %.

the quadrant of cv.

. 3
@Check Point 5 Use cos 210° = —\2/ to find the exact value of cos 105°.

a . .
There are alternate formulas for tanE that do not require us to determine

what sign to use when applying the formula. These formulas are logically connected

to the identities in Example 6 and Check Point 6.
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Verifying an Identity

1 — cos 20
sin 20

Solution We work with the right side.

Verify the identity: tan 6 =

4 20 .
1 — cos 20 1-(1-2 sin? 0) The form cos 20 = 1 — 2 sin” 0 is used because it
produces only one term in the numerator. Use the

sin 26 2sin § cos 6 double-angle formula for sine in the denominator.
2sin 0 Simplify th t
- mplr e numerator.
2 sin 6 cos 0 v
sin 0
= Divide the numerator and denominator by 2 sin 6.
cos 6
sin 6
= tan 0 Use a quotient identity: tan 6 = .
cos 0
The right side simplifies to tan 6, the expression on the left side. Thus, the identity is
verified. (]
. sin 26
Check Point 6 Verify the identity: tanf = —————.
¢ y y 1 + cos 26

Half-angle formulas for tan% can be obtained using the identities in Example 6
and Check Point 6:

1 — cos 260 sin 20
tan = ——— and tanf = ——.
sin 20 1 + cos 20

. L .
Do you see how to do this? Replace each occurrence of 6 with 5 This results in the
following identities:

Half-Angle Formulas for Tangent

«a 1 — cosa
2 sin «

sin «
2 1 + cosa

EXAMPLE 7 ) Verifying an Identity

. . . a
Verify the identity: tang = csca — cota.

Solution We begin with the right side.

1 cosa 1 —cosa !
csca — cota = — - — = P = tan =
sin « sin « sin « 2

Express functions in terms This is the first of the

of sines and cosines. two half-angle formulas

in the preceding box.

We worked with the right side and arrived at the left side. Thus, the identity is
verified. L

S€C o

¢Check Point 7 Verify the identity: tan— = )
2 secacsca + csca
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Study Tip

To help remember the correct
sign in the numerator in the first
two power-reducing formulas and
the first two half-angle formulas,
remember sinus-minus—the sine
is minus.

Exercise Set 5.3

Chapter 5 Analytic Trigonometry

We conclude with a summary of the principal trigonometric identities
developed in this section and the previous section. The fundamental identities can

be found in the box on page 586.

Principal Trigonometric Identities
Sum and Difference Formulas

sin(a + B) = sinacos B + cosasin B sin(a — B) = sinacos B — cos asin B

cos(a + B) = cosacos B —sinasin B cos(a — B) = cosacos B + sinasin B

tan @ + tan 8

tan « — tan 8
— tan(a — =
1 — tan a tan B ( A)

t +B) = =
an(a + B) 1 + tan a tan B

Double-Angle Formulas

sin 20 = 2 sin 6 cos 6
cos20 = cos’6 — sin’6 = 2cos’f — 1 =1 — 2sin’ 6

2 tan 6

tan2(77=72
1 —tan“ 0

Power-Reducing Formulas

. 9 1 — cos 20 ’ 1 + cos 260 2 1 — cos 20
sin“f = ———— cos“f =—— tan“ = ——
) 2 1 + cos 26
Half- Angle Formulas

e " 1 — cosa a i 1 + cosa
sin— = 4,/ —— CcoS— N -
2 2 2 2
o N ll—cosa_ 1 —cosa  sina
2 1 + cosa sin « 1+ cosa

.—>

I

=
\
|

In Exercises 1-6, use the figures to find the exact value of each

trigonometric function.

In Exercises 7-14, use the given information to find the exact value

of each of the following:
b. cos 26

7. sinf = %, 0 lies in quadrant II.

a. sin 20 c. tan 26.

8. sinf = %, 0 lies in quadrant II.

cos 6 = %, 0 lies in quadrant I'V.

3 > 9.
0 //’_l 7 10. cos O = %, 0 lies in quadrant IV.

4 24 11. cot @ = 2, 0 lies in quadrant III.

12. cot 6 = 3, 0 lies in quadrant III.
1. sin 26 2. cos 26 3. tan 20 13. sin§ = —4;, 0 lies in quadrant I1I.
4. sin 2« 5. cos2a 6. tan 2« 14. sin 6 = —%, 0 lies in quadrant III.
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In Exercises 15-22, write each expression as the sine, cosine, or tan-
gent of a double angle. Then find the exact value of the expression.

15. 2 sin 15° cos 15° 16. 2 sin 22.5° cos 22.5°

17. cos®75° — sin? 75° 18. cos®105° — sin® 105°

2T Ch w2
19. 2 cos 3 1 20. 1 — 2 sin o

2 tan% 2 tan%
21, —m—— 22, ———

T
1 — tan’>—

a
1 — tan’~
12 ang

In Exercises 23-34, verify each identity.

2 tan 6
1+ tan’6

2cotf

23. sin 20 = —_—
1 + cot” 0

24. sin 260 =

25. (sin 6 + cos #)> = 1 + sin 26

26. (sin® — cos 9)> =1 — sin 20

27. sin® x + cos 2x = cos® x

cos 2x sin 2x

28. 1 — tan®x =

29, cotx = —
cos® x 1 — cos2x
1 + cos2x

30. cotx =
cotx sin 2x

31. sin2¢ — tant = tant cos 2t
32. sin 2t — cott = —cot t cos 2t
33. sin4t = 4sintcos’t — 4sin’r cos ¢

34. cosdr = 8cos*t — 8cos?t + 1

In Exercises 35-38, use the power-reducing formulas to rewrite
each expression as an equivalent expression that does not contain
powers of trigonometric functions greater than 1.

35. 6sin* x 36. 10 cos* x
2 2

37. sin® x cos® x 38. 8sin® x cos® x

In Exercises 39-46, use a half-angle formula to find the exact value
of each expression.

39. sin 15° 40. cos 22.5° 41. cos 157.5°

42. sin 105° 43. tan 75° 44. tan 112.5°
7 3
45, tan% 46. tan%

In Exercises 47-54, use the figures to find the exact value of each
trigonometric function.

5
3
7
0 @

4 24
.0 0 0
47. sin 2 48. cos > 49. tan >
.o o o
50. sm2 51. cos2 52. tan2

.6 6 .« o
53. 2s1n20052 54. 2 sm200s2

In Exercises 55-58, use the given information to find the exact
value of each of the following:

b. cos> tan—
. COS—_ C¢. tan—.
2 2

55. tana = 3,180° < a < 270°

.«
a. SIn—_
2

56. tana = %, 180° < a < 270°
57. seca = —15—3,%< a <
58. secca =37 <a<m

In Exercises 59-68, verify each identity.

.20 _sech — 1

6 csc — cotd
59. 2 R eE—
s 2 2sech

60. sin“— =
s 2 2csch

,0 sinf + tan @ 20  sech + 1

61. cos"- = ———— 62. cos“— =

2 2tan 6 2 2sect
63 tang — ta&
) 2 seca +1
64, > tan® — sinlza +1 - cos’a
2 sin a(1 + cos )
65. cot’ — SI¥ 66. cot’ = 1T cosx
2 1 — cosx 2 sin x
X X X X
7. =+ — = . - - — = -
67. tan > cot > 2 csc x 68. tan > cot2 2 cot x

Practice Plus

In Exercises 69-78, half of an identity and the graph of this half are
given. Use the graph to make a conjecture as to what the right side
of the identity should be. Then prove your conjecture.

cotx —tanx 9

" cotx + tan x

LAY AT
ARV RV Y

[-2m, 27, 2] by [3,3, 1]

2(tan x — cot x)
70. ﬁ = ?
tan“ x — cot” x

FANANE ANFAY
(WARY IRV

[-27,2m, 2] by [3,3, 1]
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2
X X

71 (sin> + cos> | =?
(sm2 COSZ)

AV AW,

[-2m, 27, Z] by [3,3,1]

72. sinzg — COSzg =7

PN BN
RN VAN

[-2m, 2, Z] by [3,3,1]

sin2x  cos2x
sin x coS X

M
AL

[-2m, 2, Z] by [3,3, 1]

74. sin2x sec x = ?

ANEA
VoV

[-27, 27, 5] by [-3,3,1]

csc? x

. =7
cot x

M

I T

[-2m, 2, 2] by [-3.3,1]

76. tan x + cotx = ?

PO

Al AL TAE I

[-27, 27, 5] by [-3,3,1]

77. sin x(4cos?x — 1) = ?

AN
WSS S

[0,27,%] by [-3,3,1]

78. 1 — 8sin® x cos> x = ?

\AvavAvs

[0,27, 7] by [-3,3,1]

Application Exercises

79. Throwing events in track and field include the shot put, the
discus throw, the hammer throw, and the javelin throw. The
distance that the athlete can achieve depends on the initial
speed of the object thrown and the angle above the horizontal
at which the object leaves the hand. This angle is represented
by 6 in the figure shown. The distance, d, in feet, that the

athlete throws is modeled by the formula
2

d = Dginocos
=g Sin 0 cos o,

in which v, is the initial speed of the object thrown, in feet
per second, and 6 is the angle, in degrees, at which the object
leaves the hand.

a. Use an identity to express the formula so that it contains
the sine function only.

b. Use your formula from part (a) to find the angle, 6, that
produces the maximum distance, d, for a given initial
speed, vg.
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Use this information to solve Exercises 80-81: The speed of a
supersonic aircraft is usually represented by a Mach number,
named after Austrian physicist Ernst Mach (1838-1916). A Mach
number is the speed of the aircraft, in miles per hour, divided by
the speed of sound, approximately 740 miles per hour. Thus, a
plane flying at twice the speed of sound has a speed, M, of Mach 2.

SR-71 Blackbird
Mach 3.3

Concord
Mach 2.03

If an aircraft has a speed greater than Mach 1, a sonic boom is heard,
created by sound waves that form a cone with a vertex angle 6,

shown in the figure.

‘‘‘‘‘

The relationship between the cone’s vertex angle, 0, and the Mach
speed, M, of an aircraft that is flying faster than the speed of sound
is given by

sing—i
2 M

80. If 0 = %, determine the Mach speed, M, of the aircraft.

Express the speed as an exact value and as a decimal to the
nearest tenth.

81. If 6 = %, determine the Mach speed, M, of the aircraft.

Express the speed as an exact value and as a decimal to the
nearest tenth.

Writing in Mathematics

In Exercises 82-89, use words to describe the formula for:

82. the sine of double an angle.

83. the cosine of double an angle. (Describe one of the three
formulas.)

84. the tangent of double an angle.

85. the power-reducing formula for the sine squared of an angle.
86. the power-reducing formula for the cosine squared of an angle.
87. the sine of half an angle.

88. the cosine of half an angle.

89. the tangent of half an angle. (Describe one of the two
formulas that does not involve a square root.)

90. Explain how the double-angle formulas are derived.

91. How can there be three forms of the double-angle formula
for cos 26?

92. Without showing algebraic details, describe in words how to
reduce the power of cos* x.

93. Describe one or more of the techniques you use to help
remember the identities in the box on page 614.

94. Your friend is about to compete as a shot-putter in a college
field event. Using Exercise 79(b), write a short description
to your friend on how to achieve the best distance possible
in the throwing event.

Technology Exercises

In Exercises 95-98, graph each side of the equation in the same
viewing rectangle. If the graphs appear to coincide, verify that the
equation is an identity. If the graphs do not appear to coincide, find
a value of x for which both sides are defined but not equal.

95. 3 — 6sin®x = 3 cos 2x 96.4cos2%=2+2005x

.x 1 x 1
97. sin = 5sin x 98. cosy = 5C0s X
In Exercises 99-101, graph each equation in a {*277, 277,%} by
[—3,3,1] viewing rectangle. Then a. Describe the graph using

another equation, and b. Verify that the two equations are equivalent.

Ztanf

1 — 2cos2x 2
9. y=—"T"— 100. y = ————
2sinx — 1 2 X
1 + tan >

101. y = cscx — cotx

Critical Thinking Exercises

Make Sense? In Exercises 102-105, determine whether
each statement makes sense or does not make sense, and explain
your reasoning.

102. The double-angle identities are derived from the sum
identities by adding an angle to itself.

103. I simplified a double-angle trigonometric expression by
pulling 2 to the front and treating it as a coefficient.

104. When using the half-angle formulas for trigonometric
functions of %, I determine the sign based on the quadrant

in which « lies.

105. I used a half-angle formula to find the exact value of
cos 100°.

106. Verify the identity:

. . sin 2x
sin® x + cos® x = (sin x + cos x)(l - T)

In Exercises 107-110, find the exact value of each expression. Do

not use a calculator.
3 4
107. sin<2 sin”! \2[> 108. cos|:2 tan ™! ( - 3)i|
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) 3 . .
109 COSZ(5 i1 §> Preview Exercises

Exercises 113-115 will help you prepare for the material covered in

(1 3 the next section. In each exercise, use exact values of trigonometric

110. sin 75 3 functions to show that the statement is true. Notice that each statement

) ) o - ] expresses the product of sines and/or cosines as a sum or a difference.

111. Use a r}ght triangle to wrlt.e sin (2 sin x? as an alget?ralc 113. sin 60° sin 30° = %[cos (60° — 30°) — cos (60° + 30°)]
expression. Assume that x is positive and in the domain of

the given inverse trigonometric function. 114. cosZ cos T = 1|:cos<77 _ E) + cos <£ + 7T>J

112. Use the power-reducing formulas to rewrite sin® x as an 2 3 2 2 3 2 3

equivalent expression that does not contain powers of . T 1] . ™ . ™
: . . 115, sinmcos— = —|sin{ 7 + — ) + sin|{ 7 —
trigonometric functions greater than 1. 2 2 2 2

r(ChapterB Mid-Chapter Check Point

What you Know: Verifying an identity means showing that the expressions on each side are identical. Like solving
puzzles, the process can be intriguing because there are sometimes several “best” ways to proceed. We presented some
guidelines to help you get started (see page 593). We used fundamental trigonometric identities (see page 586), as well as
sum and difference formulas, double-angle formulas, power-reducing formulas, and half-angle formulas (see page 614) to
verify identities. We also used these formulas to find exact values of trigonometric functions.

Study Tip

Make copies of the boxes on pages 586 and 614 that contain the essential trigonometric identities. Mount these boxes on cardstock and
add this reference sheet to the one you prepared for Chapter 4. (If you didn’t prepare a reference sheet for Chapter 4, it’s not too late:
See the study tip on page 580.)

In Exercises 1-18, verify each identity. sec? x
14. sec2x = ———
1. cos x(tan x + cot x) = csc x 2 —sec’x
sin(x + tan’ @ — tan’ 8
e ) P S 15. tan(a + B)tan(a ~ ) =1 — o
( 37r> — tan” « tan” B
cos| x + — in 6
2 16. csc@-i—cotﬂzL
1 — cos6
3. (sin@ + cos 8)* + (sin @ — cos 9)? =2 1 2 tan x sect —1 1 — cost
. o = 18. =
g Sint—1 _cost— cott csc2x 1+ tan’x tsect t
* cost costcott . . .
Use the following conditions to solve Exercises 19-22:
5 1 — cos2x -
= X
sin 2x Sinaié, z<a<71'
cos (1 + cot 0) 5 2
6. sinfcosh + cos’) = ———= 12 37
csc 6 cosB=——, 7m<B<—.
13 2
sinx cosx
7. tan x i cotx SIIL K SHCOS Find the exact value of each of the following.
o sin2£ _tant — sin¢ 19. cos(a — B) 20. tan(a + B)
"2 2tant
an 21. sin 2a 22. cosg

1
9. sinacos B = —[sin(a + B) + sin(e — B)]
2 In Exercises 23-26, find the exact value of each expression. Do not

1+ cscx use a calculator.
10.W—cotx:cosx 3 5
23. sin(l + l) 24. cos®15° — sin? 15°
cotx —1 1 —tanx 4 6

11.

cotx +1 1+ tanx - -
12. 2sin® @ cos 6 + 2 sin 6 cos® O = sin 26 25. COS7 5 COsTy + SIS s

sint + cost  sint
13. =

- o
sect + csct  sect 26. tan 22.5






