NIKI MYRTO MAVRAKI

ABSTRACT. We introduce the Weil conjectures, concerning the problem of counting solu-
tions to a system of polynomial equations over a finite field. The real aim in number theory
is to count solutions to such a system over Z or the ring of integers of a number field.
However, this problem is much harder than counting the solutions over a finite field and
the two problems are related via various local global principles. An object introduced to
count certain objects of geometric, arithmetic and algebraic nature is zeta functions. We
will introduce some zeta functions and state some related conjectures. Most of these notes
are adapted from [Must, Introduction].

1. MOTIVATION WEIL CONJECTURES: THE RIEMANN ZETA FUNCTION

The prototypical example of a zeta function is the Riemann zeta function, first studied by
Euler and later studied by Riemann who thought of it as a function on the whole complex
plane and in this way was able to use complex analysis. The Riemann zeta function is defined
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The unique factorization of an integer as a product of primes gives an expression for this
global zeta functions as a product of local zeta functions, each corresponding to a single
prime p € Z, as follows

)= [[ a=»™"

p prime

Riemann’s motivation to study this function was to understand the distribution of prime
numbers. He showed that although a priori {(s) is defined (and is analytic) for s € C with
Re(s) > 1, we can continue it meromorphically to the entire complex plane with a simple pole
as s = 1. Moreover, he showed that ((s) satisfies a functional equation. More precisely he
showed that if {(s) = 77 3['(£)((s), then £(s) = £(1 — s). Last but not least, he conjectured
what is referred to as the ‘Riemann hypothesis’, which states that the zeroes of ((s) all lie
on the line Re(s) = %, with the exception of the ‘trivial zeroes” at —2n. Although this might
seem like a really special conjecture about a rather special meromorphic function, these ideas
gave birth to a more and more popular study of several zeta functions introduced to analyze

the distribution of various objects of arithmetic or geometric interest. In the following we
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will introduce some of these zeta functions and state the Weil conjectures, which are the
main subject of this seminar.

2. THE HASSE-WEIL ZETA FUNCTION
To state the Weil conjectures we will use the Hasse-Weil zeta function.

Definition 2.1. Let X C A} be the common zero locus of the polynomials fi,---, f, €
klxy,--- 2], where k =F, is a finite field. Let

Ny = {u € X(Fgm)}| = {u € Fyn : fi(u) =0, foralli=1,--- 1}
The Hasse-Weil zeta function of X is

Z(X,t) = exp (Z %tm> € Q[[t]],

m>1
where t = q~°. We write Z(X,t) := ((X,s).
2.1. Connection with the Riemann zeta function. To see how this zeta function is

connected with the Riemann zeta function, consider X, C A}Fp be the zero locus of f(z) =
x € Fplz]. Then,

(X)) = exp (Z (p_s)m> — exp(—log(1 = p) = (1 - p~),

m>1 m
and the Riemann ¢ function is the product of these Hasse-Weil zeta functions over all primes,

C(s) = H (X, 8) = H (1-p~5)L

p prime p prime
3. WEIL CONJECTURES

Weil made three conjectures regarding this zeta function, aiming to understand the number
of solutions to a system of polynomial equations over a finite field. In the following we
introduce these conjectures, namely the rationality conjecture, the functional equation and
the Riemann hypothesis.

Conjecture 3.1. (rationality) Z(X,t) is a rational function.

The rationality conjecture was proved by Weil in the case of abelian varieties. The general
case of a smooth projective curve, was proved by Dwork and also by Grothendieck who
developed étale cohomology for this purpose. We point out here that the rationality of
Z(X,t) is equivalent to the following fact regarding the number of F,n» —points of X, denoted
by N,.

Remark 3.2. There are algebraic numbers oy, -+ , g, 81, , B for k, k" € N such that
Ny =o'+ +op" = B"—--- =0y, for allm € N.



The equivalence of the two statements follows from the following calculation.

exp (Z(a{”—l—'--—i-oz;”—ﬁin— — Bi) > Hexp log(1 — at) Hexp log(1 — B;t))

_Hj:l( _62')_ ~ex N
T an) 07 p(Z m! )

i=1 m>1
The second conjecture asserts that the Hasse-Weil zeta function satisfies a functional
equation, much like the Riemann zeta function.

Conjecture 3.3. (functional equation) If E = (A?) € Z is the self intersection number of
the diagonal A — X x X and n = dim X, then

1 n

Z (X, —> = ¢ tPZ(X, ).
q"t

Finally, the third conjecture analogous to the Riemann hypothesis, predicts the modulus

of the zeroes and poles of this (rational) zeta function.

Conjecture 3.4. (Riemann hypothesis) Let n = dim X. One can write
Pi)B5(1) - - - Panta(t)
Po(t)Pa(t) -+ Poy(t) ’

with Py(t) = 1 —t, Py =1 —¢"t and for 1 <i < 2n—1, Pi(t) = [[;(1 — a;;t) with o, ;
1/2

Z(X,t) =

algebraic integers such that |a; ;| = q

Remark 3.5. There is a connection between the polynomials P; and the cohomology of X.
In fact deg(P)) = b;(X), the i—th Betti number of X and E = > 7" (=1)ib;(X).

Remark 3.6. Conjecture 3.4 also implies that the algebraic numbers ay,--- , oy, 81, -+, Brr
i Remark 3.2 are in fact algebraic integers.

It is worth pointing out that the Hasse-Weil bounds for the number of F,—points on a
curve X follow as a corollary of the Riemann hypothesis Conjecture 3.4.

Corollary 3.7. Let X be a curve of genus g. We have
I X(Fy)| — 1 —q] < 2gq2.
Proof. Let X be a curve of genus g. Then dim X = 1 and Remark 3.5 yields that deg(P;) =
2g. Hence, Conjecture 3.4 yields
29
= (1 — a4t
Z(X t): Hz:l( a )’
(1—=1)(1—qt)
where «; are algebraic integers with |a;| = ¢2. This in turn, in view of Remark 3.2, yields
N = [X(E)

=1+q¢"—a" = —ay, , forallmeN.



In particular, for m = 1 we get that
1
IX(Fy)[ =1 —ql =] —on — -+ — agl| < 2gg7,

where in the last inequality we invoked the fact that |a;| = g2 foralli=1,..., 2g. O

4. THE ZETA FUNCTION OF AN ARITHMETIC VARIETY

If X C AY is defined by the ideal (f1,---,fs) C Zlxy,---,x,], we may consider it’s
reduction modulo p for any prime p. That is, for each prime p € Z, we consider X, C Agp

be the F,—curve that is carved out by the reductions of f; modulo p, denoted by fi,--- , fa.
Then, for each X, we have the Hasse-Weil zeta function and we define

L) = [[ 2(Xpp .

p prime

We already saw an example of such a zeta function in Section 2, when we considered X =
Z(x) and got Lx(s) = ((s), the Riemann zeta function. Later in this course we will see that
L is always defined in some half-plane {s € C : Re(s) > n}. It is conjectured that when X
is a smooth projective variety one can continue Ly meromorphically to the whole complex
plane. Furthermore, it is conjectured that after a suitable normalization taking into account
the primes of bad reduction of X, Lx also satisfies a functional equation. Both conjectures
remain open in most cases. They are only known for P, elliptic curves and some special
varieties (toric varieties and flag varieties).

5. THE POINCARE POWER SERIES

Although most of this course will be about counting points of a variety over a finite field,
it is worthwhile mentioning here the related problem of counting points of a variety with
coordinates in Z / pm7- To tackle this problem, we introduce the Poincaré power series of
f € Z[xq,...,x,). For each m € N we let

e = |{u € (Z/me)n : flu) =0},

and we set ¢y := 1. The Poincaré series of f is defined to be

Py(t) := ) cnltp™)™ € Q[[1]].

m>0

Borevich conjectured that Py is a rational function (recall here that the related Hasse-Weil
zeta function Z(X,s) is a rational function). The method of p—adic integration allowed
Igusa to prove this conjecture. In the next section we will introduce p-adic integration, used
to defined another zeta function, the Igusa zeta function. We will see that the Igusa zeta
function relates with the Poincare power series in a way that the rationality of the one is
equivalent to the rationality of the other.



6. INTEGRATION ON Q,.

Let G be a commutative topolical group, that is a group endowed with a topology which
makes the group operation G x G — G, mapping (g, h) — gh and the inverse map G — G
such that ¢ — ¢~! continuous. Such a group has a non-zero, translation invariant Borel
measure which is unique up to multiplication by a non-zero constant. This measure is called
the Haar measure.

For us G will be Q, with the addition operation, which is an abelian and locally compact
group. We write | - |, to denote the p—adic absolute value on Q,. We denote the Haar
measure on (Q,,+) by p and we normalize it such that the unit ball in Q,, that is Z, =
{r €Q, : |z|, <1}, has measure equal to 1. That is,

w(Zp) = 1.
Some properties of the Haar measure are the following.

e 1u(U) > 0 for every non-empty open U C Q,.
o u(K) is finite if and only if K is a compact subset of Q,,.

We will compute some first integrals with respect to this measure below.

6.1. Examples of integrals.
Example 6.1. u(p™Z,) =p ™.

Proof. We write Z,, = U a+ p"Z,. Then we have

aéﬁ
Zp
aEm
By the invariance of the Haar measure under translation, this yields that
1= p" u(p™ Lp).
Hence pu(p™Z,) = p~™, as claimed. O

Remark 6.2. The uniqueness of the Haar measure up to multiplication by a constant, to-
gether with our computation in example 0.1 imply that for any a € Q) and any Borel set U,
we have

p(al) = lalpp(U).
In the following example we will see that points have Haar measure zero.

Example 6.3. u(Z,\ {0}) = n(Z,) = 1.



Proof. We write Z, \ {0} = U32p’Z. Then in view of Remark 6.2 we have

w(Zy \ {0}) = Zp T(Z) ZP_J — u(pZy))

=) pl(l-p ) =1
=0

7. THE IGUSA ZETA FUNCTION

Having defined the Haar measure on (Q,,+) we are now able to define the Igusa zeta
function associated to a polynomial. The Igusa zeta function of f € Z,[x,. .., z,] is defined
by

Z4(s) = | 1r@hdn

where d"p is the product measure dp X - - - dy.

Igusa showed that Z; is a rational function of ¢ = p~*; proving in this way Borevich’s
conjecture concerning the rationality of P;. The connection between Py is stated precisely
in the following proposition.

Proposition 7.1. Let f € Zy[x1,...,x,]. We have
1 — Zy(s)

Py(t) = ——

—S

,where t =p

Proof. We have
29 = [ If@lu= | @)
zy zr\f=1({0})

If we write F; = {z € Z} : |f(x)], = p~*} so that Z7 \ f~'({0}) = L2, F}, we have

= pu(F
i=0
It remains to calculate p(F;). To this end, we write
Fi={xeZ, : ordy(f(z)) > i} \{r € Z, : ord,(f(z)) =i+ 1},
and we calculate u({z € Zy : ord,(f(z)) > i}). Notice that and an application of the Taylor
expansion yields that if zo € Z;! satisfies ord,(f(zo)) > i, then ord,(f(zo + p'Zy)) > 4. This
in turn implies
{veZy : ord,(f(x)) > i} = L T+ 'Ly

f(xz0)=0 mod p?



Therefore, pu({x € Z : ord,(f(x)) >i}) = ¢;p~™, and
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The proposition follows. O

7.1. Examples of Igusa zeta functions.

Example 7.2. In this ezample we compute the Igusa zeta function for f(x) = x € Zy[z].
We will show that Zs(s) = 1,—<+1 In particular Z¢(s) has a meromorphic continuation to
the entire complex plane as a mtzonal function of p~*

Proof. We have

Z(s) :/ x|y dr = / 2|5 dx
Zp\{0} Z |zlp=p~7
— Zp—jslu(pjzg) _ Zp—j(s—i-l)(l _p—1>
=0 =0

1—p!
1— p_(5+1) ’
as claimed. 0

Example 7.3. We will compute the Iqusa zeta function for f(x) = a* — 1 € Z,[x], where
p # 2. We will show that Z;(s) = (p—2)p~' + 2p_1_81_1pi+;1), which as in the previous
example is rational function of p—*°

Proof. We have

210 = | =1 —Z/WZ a2~ 1.

A change of variables setting x = j + py now yields

Zp |J+py—1)(J+py+1)| dy.



Notice that for j ¢ {1,—1} we have fzp |(j +py —1)(j +py + 1)[5dy = 1. Therefore,

Z(s)= -2 +p " | Ipy@2+pylidy+p~" / lpy(—=2 + py) 5 dy
Zp Zp

::<p-—2>p—1+—2p—L*%/‘|y@dy
Zyp

o . -1 —1-—s
=(@—-2p +2p =t

where in the last equality we used Example 7.3. 0

We will finish this note by introducing some more zeta functions that arose in group theory.

8. ZETA FUNCTIONS IN GROUP THEORY

8.1. Subgroup growth zeta functions. Let G be a finitely generated group. For every
n € N we let

an(G) :=|{H <G : [G: H|=n}|.

The fact that G is finitely generated implies that a,(G) is a finite number for all n € N.

To see this, let H be a subgroup of G of index n and denote by {g1, -, 9.} a set of coset

representatives of G/H. We can associate to H the map 0y : G — S, given by g — o, where

o is defined by gg;H = g,)H. It is easy to see that if H' # H then 0y # 0y and since G

is finitely generated there are only finitely many maps G — S,,. Therefore, a,(G) < +oc.
We can now define the subgroup growth zeta function associated to G.

Golo) = Y=y =G

n S
H<G n>1

As an example, we compute the zeta function associated to G = Z.
Proposition 8.1. We have (za(s) = ((s){(s —1)---((s —d +1).

Proof. Recall that each finite index subgroup of Z¢ has the form AZ?, where A is a d x d
matrix with integer entries that is invertible over Q, A € My(Z) N GL4(Q). The index
(% . AZ4) = |det(A)|. Moreover, two matrices A, B € My(Z) N GL4(Q) give the same
subgroup if and only if AB™' € GL4(Q). Therefore,

Cpa(s) =) |det(A

AeT

where T is a complete set of representatives of My(Z) N GL4(Q / GLgy( . Such a set is given

by lower triangular matrices A = (a;;)1<i j<ds such that a;; > 1 for all tand 0 < a;; < a;
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when j < ¢. The determinant of such a matrix is ai; - --agqy. Furthermore, the number of

such matrices with diagonal (ayy, -+ ,a4q) is ageass - - - aj;l. Therefore,
N —S
Cpa(s) =) |det(A)]
AeT
[o@) o
E : E : 2 d—1 —s
— e a22a33...add (all"'add)
a11=1 agqg=1
(o) o
_ E —s E d—1-—s
= all . .. add
aj1=1 agqg=1

= ((s)¢(s=1)---C(s —d+1).

We mention here that Proposition 8.1 can be used to prove that
a1(Z?) + -+ +an(Z%) ~ d7H¢(d)¢(d — 1) -+ ((2)N.

It is known that if the group G is solvable, then (s is analytic in a half-plane {s €
C : Re(s) > a(G)}. Moreover, if G is a nilpotent group the fact that G is a direct
product of its p—Syllow subgroups allows us to decompose (g as a product of local zeta
functions, as

()= ] Cenls)

p prime
where
Ca,(s) = Z am (G)p™ .
n>0

Furthermore p—adic integral methods can be used to show that each (¢, is a rational function
in p~°. It is an open problem to understand the behavior of (¢, as p varies.

We finish this note by introducing one more zeta function, aimed to count the represen-
tations of a group G.

8.2. Zeta functions in representation theory. For a group G, we can let r,(G) be the
number of equivalence classes of n—dimensional representations of G. We can then define
the representation zeta function

&P(s) =) ra(Gn".
n>1
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