SUBSPACE CORRECTION METHOD AND AUXILIARY SPACE METHOD

LONG CHEN

In this chapter we shall discuss subspace correction method and auxiliary space method
developed by Xu [5, 7, 8] on solving the linear operator equation

posed on a finite dimensional Hilbert space V = R" equipped with an inner product (-, -).
Here A : V — V is an symmetric and positive definite (SPD) operator, f € V is given, and
we are looking for u € V such that (1) holds. How to solve (1) efficiently remains a basic
question in numerical PDEs (and in all scientific computing).

1. SPACE DECOMPOSITION AND SUBSPACE CORRECTION METHODS

In the spirit of dividing and conquering, we decompose the space V as the summation of
subspaces and correspondingly decompose the problem (1) into sub-problems with smaller
size which are relatively easy to solve. This method is developed by Xu [5].

LetV; CV ,i=1,...,J, be subspaces of V. If V = 25:1 V;, then {V,} is called a
space decomposition of V. By the definition, for any u € V, we can decompose w as

J
u:Zui, w €V, i=1,...,J.

i=1

. J . . . ..
Since )7, V; is not necessarily a direct sum, decompositions of u € V of the form
U = Z;']=1 u; are in general not unique.

We introduce the following operators for¢ = 1,1,...,J:
e [;:V, — V the natural inclusion;
e Q;: V — YV, the projection in the inner product (-, -);
e P,: V —V, theprojection in the inner product (-, -) 4;
e A;:V; =V, therestriction of A on the subspace V; x V;;
e R, :V,— YV, anapproximation of A;l which is often known as smoothers or

local subspace solvers.
We then explore relations between these operators. By definition
(QTvi,v) = (v, Qiv) = (vi,v) = (Liv;,v) Vo, €V, veV,

therefore ()] coincides with the natural inclusion I; or equivalently I] = @Q;. In the
continuous level, /; is the identity operator and thus skipped in many places. In the imple-
mentation, the prolongation matrix is the representation of I; relative to certain bases and
the transpose I is the restriction matrix. The matrix or operator A is understood as the
bilinear function on V x V. Then the restriction on subspaces is A; = IT AI,.

It follows from the definition that
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namely we have the following commutative diagram.
vV A, v

[n e

Vi L Vi

The consistent notation for the smoother R; is B;, the iterator for each local problem.
But we reserve the notation B for the iterator of the original problem.

Last, let us look at 7; = R;Q);A = R;A;P;. When R; = A, L from the definition,
T, = P = A 'Q,A. When T} v, : V; = V,, the projection P; is identity and thus
T;lv, = R;A;. With a slight abuse of notation, we use Ti_1 = (T;]v,)~*. The action of T;
and T; ' is

(Tiui,ui)a = (RiAjug, Ajug), (Tflu,u)A = (R;lu,u).

Now we describe the method of subspace correction. For a given residual r, let r; = Q;r
denote the restriction of the residual to the subspace, we shall solve the residual equation
in the subspaces

Aief =T by €; = R,"/‘i.
Subspace corrections e; are assembled to give a correction in the space V and therefore the
method is called subspace correction method.

Basically there are two ways to assemble subspace corrections.

Parallel Subspace Correction (PSC). This method is to do the correction on each sub-
space in parallel. In operator form, it is

() Upy1 = u + Ba(f — Aug) = (I — BoA)ug + Ba f,
where
J
3) B, =Y LRI
=1

The subspace correction is ; = IZ-RZ-IiT (f — Auy,), and the correctionin Vis € = Z;.Izl €;.

Successive Subspace Correction (SSC). This method is to do the correction in a succes-
sive way. In operator form, it reads

4 vl =y, 0Tt =0t 4 LRII(f— Av)i=1,...,J, upy = v/ T

The iterator B, is not easy to formulate.

S VN
r — V, — e
NV A r—=Vise—sr—=Vose—sr—Vs—e
(a) PSC (b) SSC

FIGURE 1. Illustration of PSC and SSC.

We have the following error formula for PSC and SSC.
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e Parallel Subspace Correction (PSC):

J
U— Uyl = I*ZTi (u — ug);
i=1

e Successive Subspace Correction (SSC):

J
U— U1 = H(I =T (u—ug).
i=1

Thus PSC is also called additive methods while SSC is called multiplicative method. In the
notation H;]:l a;, we assume there is a build-in ordering from ¢ = 1 to N i.e. H;]:l a; =
apdy ...AaAN.

We present algorithms of PSC and SSC in the following form to emphasis it is a pro-
cedure to solve the residual equation, i.e., given a residual r, return a correction e. One
iteration of PSC or SSC can be used as a preconditioner in PCG.

function e = PSC(r)

% Solve the residual equation Ae = r by PSC method
for i = 1:J

ri = Ii’xr; % restrict the residual to subspace

ei = Rixri; % solve the residual equation in subspace

e = e + Iixei; % prolongate the correction to the big space
end
function e = SSC(r)

o

% Solve the residual equation Ae = r by SSC method

rd = r;
for i = 1:7J
ri = Ii’«*rd; % restrict the residual to subspace
el = Ri*xri; % solve the residual equation in subspace
e = e + Iixei; % prolongate the correction to the big space

rd = r - Axe; % update residual
end

Comparing the above PSC and SSC functions, one can immediately see that in SSC,
the residual is updated for each subspace correction while not in PSC. In terms of rate of
convergence, SSC is superior. On the other hand, PSC is embarrassingly parallel while
SSC is essentially a sequential method.

Example 1.1. Let us consider the matrix equation

Au =,
where A is an N x N SPD matrix. Let us take the trivial decomposition of RY =
Z?]:l span{e;}, where {e;,i = 1,..., N'} is the canonical basis of R". Then

e for R; = wl, PSC is Richardson method;
e for R; = A; ', PSC is Jacobi method;
e for R; = A; ', SSC is the Gauss-Seidal method.

Later we shall also view PSC as a Jacobi method and SSC as a Gauss-Seidel method
for a big system formed in a product space formed by subspaces.
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2. AUXILIARY SPACE METHODS

In this section, we present a variation of the fictitious space method of Nepomnyaschikh [4]
and the auxiliary space method of Xu [6]. We follow the presentation in [1].

Let V and V be two Hilbert spaces and let IT : V — Vbea surjective map. Denoted by
7 : V — V the adajoint of II in the default inner products

(ITTu,9) = (u,115) forallu e V,o € V.

Here, to save notation, we use (-, -) for inner products in both V and V. Since II is surjec-
tive, its transpose 11T is injective.

Theorem 2.1. Let V and V be two Hilbert spaces and let 11 : V = Vbea surjective map.
Let B : V — V be a symmetric and positive definite operator. Then B := 1IBIIT : V — V
is also symmetric and positive definite. Furthermore

) (B™'v,v) = inf (B7'3,9).

Proof. We shall adapt the proof given by Xu and Zikatanov [9] (Lemma 2.4).

It is obvious that B is symmetric and positive semi-definite. Since B is SPD and IIT
is injective, (Bv,v) = (BIITv,IITv) = 0 implies [ITv = 0 and v = 0. Therefore B is
positive definite. 3

Let o* = BIITB~!v. Then I1%* = v. For any w € V

(B7Yo*, ) = (II"B~ v, w) = (B~ v, IIw).

In particular

(B~1o*,9%) = (B~ 0, 115*) = (B~ 1w, ).

For any v € V denoted by v = Ilv, we write v = v* + w with ITw = 0. Then
: R—1~ ~\ _ R—1/~% AN ~
Hlpf (B7'9,0) = ngulio(B (7" +w),0" +w)

vV=v

Il
v
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<
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oe]
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The symmetric positive definite operator B can be used as a preconditioner for solving
Au = f using PCG. To estimate the condition number «(BA), we only need to compare
B~!and A.

Lemma 2.2. For two SPD operators A and B, if co(Av,v) < (B~ v, v) < ¢1(Av,v) for
allv €V, then k(BA) < ¢1/co.

Proof. Note that BA is symmetric with respect to A. Therefore

(BA) = )‘max(<BA)_1) = Ssup M = sup M

AL =
wen\for  (u,u)a wev\fo} (Au,u)

min

Therefore (B~ v,v) < ¢;(Av,v) implies Apin(BA) > ¢;*. Similarly (B~'v,v) >
co(Av,v) implies Apax(BA) < ¢;*. The estimate of #(BA) then follows. O
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Theorem 2.3. Let V and V be two Hilbert spaces and let 11 : V — V be a surjective map.
Let B : V — V be a symmetric and positive definite operator and B = 11 BIIT. If

(6) co(Av,v) < Hlp_f (B7'9,%) < ¢1(Av,v) forallv eV,

then
/{(BA) S Cl/Co.

Remark 2.4. In literature, the condition (6) is usually decomposed to the following two
conditions; see, for example, the fictitious space lemma of [4].
(1) Forany v € V, there exists a & € V, such that ITo = v and 1ol1%_, < eallvll%
(2) Forany @ € V, |I19% < ¢5*[|9]1%_,

3. AN AUXILIARY SPACE OF PRODUCT TYPE

Given a space decomposition V = E;.le Vi, we construct an auxiliary space of prod-
uct type V = Vo x Vi x ... x V, with the standard inner product for product spaces
(a,0) := Z;—’:l(ui, v;). We define IT : V — V as ITa, = Z;.Izl u;. In operator form II =
(I1,I,--- , 1) if we treat @ = (ug,- - ,u;)T as a column vector. Since V = 271:1 Vi,
the operator II is surjective.

Let A = IITAII and f II7 f. If @ is a solution of Au = f by multiplying IIT both
sides, it is straightforward to verify that then u = IR is the solution of Au = f.

We shall derive PSC and SSC by classical iterative methods of solving A = f . To
this purpose, let R; : V; — V; be nonsingular operators, often known as smoothers,
approximating A;" ! Deﬁne a diagonal matrix of operators R = diag(Ro, R1,--- ,Ry) :
V — V which is also non-singular.

By direct computation, the entry a;; = Q;Al; = A;PI;. In particular a;; = A;. The
symmetrlc operator A may be s1ngu1ar with nontrivial kernel ker(IT), but the diagonal of
Ais always non-singular. Write A=D+L+Uwhere D = d1ag(A0, Aq, - Aj), L
and U are lower and upper triangular matrix of operators, and LT=U.

Considering the iteration

(7) lipy1 = g + R(f — At).
Let u, = Ilug. Applying II to (7) and noting that
f=T1"f and Ay = IIT Auy,

we obtain the PSC method
J

Ugp1 = Ug + ZRiQi(f — Auy),

i=1
The multiplicative method is more subtle. Followmg [3] we shall view the SSC for
solving Au = f as a Gauss-Seidel type method for A@i = f.

Lemma3.l. Let A= D+ L+Uand B= (R~ + L)~". Then SSC for Au = f with
local solvers R; is equivalent to the Gauss-Seidel type method for solving Al = f

(8) Gy = g, + B(f — Ad,).
Proof. By multiplying R~ + L to (8) and rearranging the terms, we have
R gy = R Yy, + f — Ligyr — (D + Uiy
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Multiplying R, we obtain
1 = g + R (f— Lig1 — (D + U)ftk) ,

and its component-wise formula, for: =1,--- ,J

i1 J
i _ i ~ j - j
Upt1 = Uk+Ri(fi - E @ijUpqr — E :aij“k)
=1 =i
J

1—1
= up+ RQi(F - AN ul, - A ).
j=1

g=i

Let the dynamic update

i J
i 1 i i+1 INT J J
V' =T (Upgqs oy Upys Uy ey up)T = g up g+ E uj,.

j=1 j=i+1

Noting that v* — v?~!

:“Z-H —u};,wethenget,fori =1,---,J+1
vt =0 RQi(f — Av' Y,
which is exactly the correction in the subspace V;; see (4). (]

Recall that for SSC, for each subspace problem, we have the operator form v**! =
v* + R;(f — Av"), but it is not easy to write out the iterator for the space V. Let us define
B, to be the error operator so that

I—BnA=(I-R;Q A I —Ry_1Qs_14)..(I — RyQoA).

We can then derive a formulation of By, from the auxiliary space method. Let B,, =
(R~' + L)~! and its symmetrization as

9) By, = BT + B,, — BT AB,, = BI (BT + B} — A)B,,..
Lemma 3.2. For SSC, we have

B,, =TB,1I" and B, =1IB,II.
Proof. Let uy, = Ilug. Applying II to (8) and noting that

f=T1"f and Ay, =IIT Auy,

we then get
Uk4+1 = Uk + HBmHT(f — Auy,).

The formulae for B,,, follows from a similarly computation. (]

4. IDENTITIES FOR ADDITIVE AND MULTIPLICATIVE METHODS
The operator for the additive method is
J
(10) B, = IIRIIT = ZIiRiIlT.

i=1

Applying Theorem 2.1, we obtain the following identity for preconditioner B, .



SUBSPACE CORRECTION METHOD AND AUXILIARY SPACE METHOD 7

Theorem 4.1. If R; is SPDon 'V, fori =1,...,J, then B, defined by (10) is SPD on V.
Furthermore

J J
11 B lv,v)= inf R v, v;) = inf Lo, vi)
( ) ( ¢ ) ZiJ:1 Ui:v;( ’ ’ l) Z;] 1%—”%2 v
To compute Bm, we define the diagonal matrix of operators ﬁ diag(R1, Ra, -+ , Ry),
where, for each R;,7 = 1,--- , J, its symmetrization is

Ri=RI(R;T+R;' — A)R;.
Substituting B;;' = R~' + L,and A = D + L + U into (9), we have
Bp=[RT+L)V YR T+R - DR+ L)
= (RT+ L) '"RTRR YR + L)

12)
13)

It is obvious that Bm is symmetric. To be positive definite, from (13), it suffices to

assume R, i.e. each R;, is symmetric and positive definite which is equivalent to the
operator I — R; A; is a contraction and so is [ — R; A;.

© y .
Theorem 4.2. Suppose (C) holds. Then B,,, = HEWHT is SPD, and
J J
(14 (B, vv)=__inf Y i+ RIAR D vl ..
T vi=v i j>i '
—1 .
(15) (B, vv) = |vli+ ot Z IRT (A P; Zvj vi)|%
i=1 Vi=V
In particular, for R; = A;l, we have
. J J
(16) (B v,0) = [vlZ+ _inf > IR vl
Tl vi=vi j=i+1

Proof. From (13), we have
——1

= (+R0O)R (I+RD).
Using component-wise formula of

J J
~”L~))Z = Z &ijvj = Z Aif)ﬂ}j,

j=i+1 j=i+1

m

and Theorem 2.1, we get (14).

Before we prove the identity (15), we first prove the special case (16) to present the
main idea. Obviously (C) holds for the exact local solver R; = Ai_l. When R; = Ai_l,
B,, = (D + f/)*l and, by direct computation,

(17) B, =A+LD™'U.

Therefore
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For any v € ﬂ/, denoted by v = I1v, we have
(A7) = (IIT Allo, 0) = (AIL, I19) = ||v]|3,

and
J J J
(DU, U0) = Y (A7 Z A;Pvj, Z AiPvj) =Y 1P > vl
=1 Jj=1+1 j=i1+1 =1 Jj=i1+1

The identity (16) then follows.
In general let
M=RT+R'-D=RTRR™', #=D+U—-R"', ZL=%".

then R+ L=#/+Land A= .#+ L+ %. We then compute, from (12), that
=1 . L. . . - -
B, =(R'"+L)(RT+R*'-D)" YR T+LT)

= (M + LM M +U),

=A+2u U

~ ~ o~ - ~ T=—1lr._ . . ~

_ A+ [RT(D . R‘l)} R {RT(D YU R—l)]

The identity (15) then follows from the component-wise formula. (]

If we use the operator T; = R;A;P; : V — V,, then T} = RTA; P, T; =T, + T} —
Ti*Ti = EiAiPi, and (R;lui,ui) = (T;lui,ui),q. Here T;l = (Ti‘vi)_l : Vi — Vz
is well defined due to the assumption (C). The identity (15) can be written as the original
formulation in [9]

J
-1 : L *
Bulvo) =l + it S (T T, Twa

V; =0 .
i=1 "% i=1

with w; = Z‘.]:. v; — T v;. The identity (14) becomes the formula in [2]

K2

J

J J
(Er_nlv,v) = inf Z(T;l(vi + T Z vg), v + T Z Vk)A

J
i=1 ViTV g k=i+1 k=i+1

Combining Lemma 3.2 and Theorem 4.2, we obtain the X-Z identity for multiplicative
methods.

Theorem 4.3 (X-Z identity). Suppose assumption (C) holds. Then

- 1
(18) 1T = BrnAl% =1 = BnAlla=1- &,
where
J J
K= sup _ inf ) jvi+RIAP Y 2.
lvlla= 1320 1 V=Y =i i
Or
= 1
19 I —BnAllA =1 -BnAa=1- 7
(19) | 12 =1l | a e
where

cp = sup inf Z |RT(A;P; Zv] - ||2

lv]|la= 12 1Vi=Y i
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In particular, for R; = Ai_l,
1
1+ Co

(20) (I —=Py)I =Pjq)---(I=P)lh=1—

)

where
J

J
cp = sup inf | P; Z v;|%-
[lv] 1

J —
la=12;_q vi=v i jmit1
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