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1 "The heavens declare the glory of God; and the firmament sheweth his handywork.

2 Day unto day uttereth speech, and night unto night sheweth knowledge.

3 There is no speech nor language, where their voice is not heard. "

(Psalm 19:1-3, KJV)
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Preface

The present book consists of 6 papers that [ and some colleagues developed
throughout the last 3-4 years. The subjects discussed cover wireless energy
transmission, soliton model of DNA, cosmology, and also solutions of Navier-
Stokes equations both in 2D and 3D.

Some additional graphical plots for solution of 3D Navier-Stokes equations are also
given. Hopefully the readers will find these papers at least interesting to ponder.

The author wishes to express his sincere and deep gratitude to Our Father in
Heaven, Jesus Christ and Holy Spirit who have enabled him and helped him
throughout so many troubles and desperate time. Jesus Christ is the Good
Shepherd.

Soli Deo Gloria!

Indonesia, 17 May 2017

Ir. Victor Christianto, MTh., DDiv.

Cellular: (62) 812-30663059 (incl. WhatsApp)

Twitter: @Christianto2013

Line: @ThirdElijah

IG: @ThirdElijah

URL: http://researchgate.net/profile/Victor_Christianto
URL: http://independent.academia.edu/VChristianto

Email: victorchristianto@gmail.com, vicito4@hotmail.com
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Abstract. It is known for quite a long time that Self-Dual Yang Mills (SDYM) theory reduce to
Korteweg- DeVries equation, but recently Shehata and Alzaidy have proved that SDYM reduces
to modified KdV equation. Therefore, this paper discusses an exact solution of modified Korteweg-
DeVries equation with Mathematica. An implication of the proposed solution is that it is possible to
consider hadrons as (a set of) KdV soliton.

Introduction

It is known for quite a long time that Self-Dual Yang Mills (SDYM) theory reduce to
Korteweg- DeVries equation [1][2], but recently Shehata and Alzaidy have proved that SDYM
reduces to modified KdV equation [3]. Therefore, this paper discusses an exact solution of modified
Korteweg- DeVries equation with Mathematica. I use Mathematica rel. 9.0. An implication of the
proposed solution is that it is possible to consider hadrons as (a set of) KdV soliton.

Self-Dual Yang Mills theory and its canonical reduction to Korteweg-DeVries equation

It has been shown since 1990s that many, and possibly all, integrable systems can be obtained by
dimensional reduction of self-dual Yang Mills.[1] Moreover, according to Schiff [1] a
remarkable piece of evidence for this was produced a few years ago by Mason and Sparling, who
showed how to obtain the Korteweg-de Vries (KdV) and Nonlinear Schrodinger (NLS) equations
from SDYM. Schiff also showed how the reduction method of Mason and Sparling could be
extended to obtain certain three dimensional versions of the KdV and NLS equations from
SDYM.[1] But it seems no one tries to reduce SDYM to mKDYV, see also [2].

In this regard, it seems very interesting that A.R. Shehata and J.F. Alzaidy were able to reduce
SDYM to mKdV equation in their 2011 paper.[3] The following is a summary of their
canonical reduction of SDYM:

The SDYM equations can be written in compact form as follows [3, p.148]:

P +[P.R]=0, 0
-0, -[0.R]=0.
& (2)
Let P take the canonical form
[' 0 I
-k o0 J
‘ ' (3)
0 —U_ — 2’
R= 3
u_ +2u 0
(4)

SciPress applies the CC-BY 4.0 license to works we publish: https://creativecommons.org/licenses/by/4.0/


http://dx.doi.org/10.18052/www.scipress.com/BSMaSS.12.1

2 Volume 12

0 0 u

—u 0

' ' (5)
From eq. (5) then they obtain the mKdV equation:

2
u, +6u " +u__ =0
t x xox ( 6)

Solution of KdVequation with Mathematica
The KdV equation can be written as follows [6]:
u, +6u u+u__ =0 )

Meanwhile the non-dimensional KdV equation and its solution are given by:

DSolve[D[u[t, x],t] + D[u[t, x],{x, 3}] — 6u[t, x]D[u[t, x], x] == 0,u[t, x], {t, x}]

{{u[t, x] - # (C[1]— 8C[2]® + 12C[2])Tanh[tC[1] + xC[2] + C[3]]1))}}

2]
{{fu[t,x] = %[2] (C[1] — 8C[2]® + 12C[2])®Tanh[tC[1] + xC[2] + C[3]]19)}} [1,1,2]
C[1] — 8C[2]* + 12C[2]*Tanh[tC[1] + xC[2] + C[3])*
6C[2]

Solution of modified KdV equation with Mathematica
Shehata and Alzaidy obtained mKdV equation [3]:

2 —
u,+6uu” +u, =0

®)
Its exact solution is given by:

DSolve[D[u[t, x],t] + D[u[t, x],{x, 3}] — D[u[t, x], x]6u[t, x]*2 == 0, u[t, x],{t, x}]
{{u[t, x] = —C[2]Tanh[xC[2] + 2tvl§'[2]3 + C[3]]} {u[t x]
— C[2]Tanh[xC[2] + 2tC[2]* + C[3]]1}}

An implication of the proposed solution is that it is possible to consider hadrons as (a set of) KdV
soliton, see for example [8]. This proposition apparently deserves further investigations.

It seems worth mentioning here that there are also other approaches to find solutions of KdV/mKdV
equations for example using Backlund transformation [3][4], and also using numerical
programming [9].

Concluding remarks

It is known for quite a long time that Self-Dual Yang Mills (SDYM) theory reduce to Korteweg-
DeVries equation, but recently Shehata and Alzaidy have proved that SDYM reduces to modified
KdV equation. Therefore, this paper discusses an exact solution of modified Korteweg-DeVries
equation with Mathematica. An implication of the proposed solution is that it is possible to consider
hadrons as (a set of) KdV soliton. This proposition apparently deserves further investigations.
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A Graphic Plot for a Soliton Solution of Sine-Gordon model of DNA
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ABSTRACT
There are many models of DNA, both the linear ones and the nonlinear ones. One interesting
model in this regard is the sine-Gordon model of DNA as proposed by Salerno. It belongs to
nonlinear model of DNA which is close to realistic model. Here we discuss a graphical plot of
soliton solution of such a sine-Gordon model of DNA.

Key Words: soliton solution, sine-Gordon, DNA, graphic.

Introduction

There are many models of DNA, both the linear ones and the nonlinear ones [1]. One interesting
model in this regard is the sine-Gordon model of DNA as proposed by Salerno [2], see also
Daniel and Vasumathi [3]. It belongs to nonlinear model of DNA which is close to realistic
model. A review of physical significance of such a sine-Gordon model was given in [6].

Here we discuss a graphical plot of soliton solution of such a sine-Gordon model of DNA.

Soliton solution of a sine-Gordon model of DNA

Assuming the wavefunction W to be a function of x and t, then the sine-Gordon model of DNA
can be written as follows: [3, p.7]

llutt - IIUZZ + Sln(llu) = 0 (1)
or in Mathematica expression:

¥Y=U[x-c t];
pde=D[Y¥, x,x]-D[¥,t,t]-sin[¥Y]?0

Now we will use Mathematica 9.0 to simplify and give graphical plot [3, p.443].To simplify with
Mathematica:

*
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—sin[U[z]] + U"[z] — c?U"[z] = 0
The result is known as kink soliton wave: [3, p.444]
® = 4ArcTan[cSinh[x/Sqrt[1 — ¢”2]]/Cosh[ct/Sqrt[1 — c"2]]]
or in Mathematica:
4ArcT Sh[ ct ]S'h[x]
rcTan |cSec in
Vil e
Differentiating for t, it yields:
6(4A Tan |cS h[ ot ]S'h[ ad ])
rcTan |cSec in
‘ V1 —c2 V1 —c2
2 ct . x ct
~ 4c*Sech| W]Smh[—W]Tanh[ W]
ct . X
v1—-c?(1+ CZSech[m]ZSmh[m]z)
Simplifying the above result, it yields:
2 ct . x ct
Simplify | - 4c?Sech [ sinh | 25| Tanh | 55
N — o2 2 ot Poinp [ 2)
1—-c¢ (1+c Sech[m] Smh[m]
. ct . X
_ 8c251nh[m]51nh[ﬁ]
——> /1 2 2¢t > 2x
V1—c?(1—c?+ Cosh[m] +c Cosh[m])
The 3D plot is given below for ¢c=0.72
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Published by QuantumDream, Inc.

200

)

@)



DNA Decipher Journal | December 2014 | Volume 4 | Issue 3 | pp. 199-202 201
Christianto, V. & Umniyati, Y., A Graphic Plot for a Soliton Solution of Sine-Gordon model of DNA

Figure 1. Mathematica plot of soliton solution on sine-Gordon equation for ¢=0.72

Perturbed Sine-Gordon Equation (SGE)

Perturbed SGE come in a variety of forms. One common form is a damped and driven SGE [7,
p.17]:

Yy + ¥, — ¥, +sin(¥) =F 4)
In addition, the following two versions of the perturbed SGE have been studied in the literature,
including:
a. Directly forced SGE: [7, p.19]

Y. — ¥, +sin(¥) = Mf(wt) (5)
b. Damped and drived SGE:

Y — ¥, +sin(¥) = Mf(wt) —a¥; +1 (6)

In the meantime, (2+1)D SGE with additional spatial coordinate (y) is defined as [7,p.21]:

In their in-depth review of SGE, Ivancevic and Ivancevic [7] discuss potential applications of
SGE solitons in DNA, protein folding, microtubules, neural impulse conduction and muscular
contraction soliton. New insights may be expected in the near future in these biological fields,
based on sine-Gordon equation soliton.

Conclusion

There are many models of DNA, both the linear ones and the nonlinear ones [1]. One interesting
model in this regard is the sine-Gordon model of DNA as proposed by Salerno [2]. It belongs to
nonlinear model of DNA which is close to realistic model. Here we have discussed a graphical
plot of soliton solution of such a sine-Gordon model of DNA.

Considering that sine-Gordon equation has been used extensively by particle physicists, it would
be interesting to study possibility to improve or alter DNA using electromagnetic field/pulse
such as laser. This may be considered as a DNA enhancement method. New insights may be
expected in the near future in these biological fields, based on sine-Gordon equation soliton.
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ABSTRACT
In the present paper we argue that it is possible to find an exact solution of coupled magnetic
resonance equation for describing wireless energy transmission. We also make an analogy
between the graphical plot of this problem with the spiral galaxies.

Key Words: coupled ODE, wireless, energy transmission, magnetic resonance.

Introduction

There are some interests in the literature on possible methods to transmit energy wirelessly.
While it has been known for quite a long time that this method is allowed theoretically (since
Maxwell and Hertz), until recently there is slow progress in this direction.

For instance, Karalis et al. [1] and Kurs et al. [2] have presented their experiments with coupled
magnetic resonance, and they reported that the efficiency rate of this method remains low.
However, we do believe with that progress in material science research will someday bring new
applications to the proposed concept.

In the present paper we argue that it is possible to find an exact solution of coupled magnetic
resonance equation for describing wireless energy transmission, as discussed by Karalis [1] and
Kurs et al.[2]. We also make an analogy between the graphical plots of this problem with the
spiral galaxies.

This paper is a follow up paper of our 2008 paper [3].

A matrix model of coupled magnetic resonance

Kurs et al. [2] argue that it is possible to represent the physical system behind wireless energy
transmit using coupled-mode theory. The simplified version of the system of two resonant
objects is given by Karalis et al. [1, p.2] as follows:

X
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da . . .
—L =—i(@ —iT'))a, +ika,,
dt
and
da : . .
d—2 =—i(w, —il',)a, +ikaq,
t

Therefore we can write the above two equations in matrix coupled ODE as follows:

[a]=[Cl]la],
where:
1]
lal=| . |,
a,
[ai]={al},
a,
Cl= —ix ik
[ ]_LK —iﬁ}’
and
o=(w-i)),
and
B=(w —il,).

or in Mathematica expression, the above matrix ODE (3)-(8) can be expressed as follows:
A={{-ioa,ix}, {iK,-1B}};
B:{O/O};
Eigenvalues[A]
X[t_] = {x[t], yltl};
system=X"'[t]=A.X[t]+B;
sol=DSolve[system, {x,v},t]
particularsols=Partition[Flatten[Table[{x[t], yI[t]}/.sol/.{C[1l] -
1/11 Cl2]- 1/3}/ {i1_201201 61}, {jl_201201 6111, 21;

The solution is given by:

301

(1)

2)

3)

“4)

(&)

(6)

(7)

)

{%i(—a—ﬁ—\/az — 2ap + B? +4K2),%i(—a—ﬁ+\/a2 —2ap + B% + 4K?)}

{{x = Function[{t}, ((e%it(_a_ﬁ_‘/m)a - e%it(_a_m‘/m)a
_ e%it(—a—ﬁ—\/m)ﬂ n e%it(—a—ﬁh/m)'g
+ et CamBVat-2ap+f2ha) [ 008 1 B2 4 4k2
4 e%it(—a—ﬁh/m)\/az —2aB + B2 + 4k2)C[1])
/(2 a? — 2apB + B2 + 4x?)
(e%it(—a—ﬁ— [a2—2af+P2+4K2) _ e%it(_a_lpﬁ/az—zaﬁ+/32+4xz'))KC[2]

\/az —2af + B? + 4k?

1,
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(e%it(—a—/?— [a2—2af+B2+4K2) _ e%it(_a_/h.,/az—zaﬁ+/32+4xz'))KC[1]
Jaz —2ap + B2 + 4x?

n ((_e%it(—a—ﬁ—,/az—2aﬁ+ﬁz+41c2)a n e%it(—a—ﬁ+,/a2—2aﬁ+ﬁ2+41c2)a

n e%it(—a—ﬁ—w/az—2aﬁ+ﬁz+4xz)’8 _ e%it(—a—m,/az—2a3+32+4x2)ﬁ

B G Tl LT D N ey por ey e

+ ezt apr/a=2aB+ R0 (o7 o0 p 4 B2 1 4k2)C[2])

/(2 a? = 2aB + B% + 4x2)]}}

y — Function[{t}, —

Comparison with other similar problem of coupled ODE

Now we would like to compare the above problem with a coupled ODE of the form:

[a]l=[Clla,], 9)
Where:

"ll

[c'l]{. } (10)
a,
a

[%]{ } (11)
a,

1=’ (12)

|5 =50

The solution is given by Mathematica as follows:
A={{7,-8},{5,-5}};
B={0,0};
Eigenvalues[A]
X[t_] = {x[t], y[t]};
system=X"'[t]==A.X[t]+B;
sol=DSolve[system, {x,y},t]
particularsols=Partition[Flatten[Table[{x[t], yI[t]}/.sol/.{C[1l] o~
1/11 C[2]_) 1/3}1 {11—201201 6}1 {31-201201 6}]]r 2];
ParametricPlot[Evaluate[particularsols], {t,-35,35}, PlotRange
-> All, PlotPoints— 70, Method->{Compiled - False}]
{1+2i1-2i}
{{x - Function[{t}, —4e‘C[2]Sin[2t] + et C[1](Cos[2t] + 3Sin[2t])],y

— Function[{t}, e*C[2](Cos[2t] — 3Sin[2t]) + ;etC[l]Sin[Zt]]}}

The result can be plotted graphically as follows:
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2% 1015}

2x1015  3x1015

“3x1015 —2x 1015 - A% 1015

—2x1015

Figure 1. Graphical plot of solution of coupled ODE with Mathematica

It is interesting to remark here that the graphical plot seems to be analogous to spiral arms of
spiral galaxies. Provided that both equations of coupled ODE (6) and (12) have similar values,
then it may be possible to suppose that the spiral galaxies can be modeled as a coupled-magnetic
problem. This possibility may be worth exploring further, both numerically and also as physical
model.

Conclusion

There are some interests in the literature on possible methods to transmit energy wirelessly.
While it has been known for quite a long time that this method is allowed theoretically (since
Maxwell and Hertz), until recently there is slow progress in this direction.

In the present paper we argue that it is possible to find an exact solution of coupled magnetic
resonance equation for describing wireless energy transmission, as discussed by Karalis [1] and
Kurs et al.[2]. We also make an analogy between the graphical plot of this problem with the
spiral galaxies.

It is interesting to remark here that the graphical plot of a coupled ODE seems to be analogous to
spiral arms of spiral galaxies. Provided the both equations of coupled ODE (6) and (12) have
similar values, then it may be possible to suppose that the spiral galaxies can be modeled as a
coupled-magnetic problem.
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Report
An Exact Solution of Riccati Form of
Navier-Stokes Equations with Mathematica

Victor Christianto”

Malang Institute of Agriculture, Malang - Indonesia

ABSTRACT
There are many obtained solutions for 2D Navier-Stokes equations. This paper discusses an
exact analytical solution of Riccati form of Navier-Stokes equations with Mathematica. To our
best knowledge, this solution has never been presented elsewhere before, and it is faster
compared to solution of Riccati equation using Differential Transform Method (DTM).

Key Words: exact solution, Riccati form, Navier-Stokes equestion, Methematica.

Introduction

Many solutions for 2D Navier-Stokes equations have been obtained, see for example [3][7]. This
paper discusses an exact analytical solution of Riccati form of Navier-Stokes equations using
Mathematica. | use Mathematica ver. 9.0.

To our best knowledge, this solution has never been presented elsewhere before, and it is faster
compared to solution of Riccati equation using Differential Transform Method (DTM), see [6].

Standard solution of Riccati equation

Based on Mathematica software, the standard solution of Riccati equation is obtained as
follows:[4, p.178]

Clear["Global™*"]
ode=y'[x]+a y[x]"2+y[x]/x+1/a[10
sol=DSolve[ode,y,x]

l+yM

a X

+aylx]* +y'[x] == 1)

Applying DSolve, we get:
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Funet —BesselY[1, x] — BesselJ[1, x]C[1]
{y - Function [{x}, a(BesselY[0, x] + Bessel][0, X]C[l])l}

And

y=y[x]/.sol[[1]]
—BesselY[1, x] — Bessel][1, x]C[1]

a(BesselY[0, x] + Bessel][0, x]C[1])

Solution of Riccati form of Navier-Stokes equations

Argentini obtained a general exact solution of ODE version of 2D Navier-Stokes equations in
Riccati form as follows [1][2]:

L.Il—a.U12+ﬂ=0’ (2)
where:
1
oa=—,
20
and

1.4 c
p=—=(D-f)s==.
v p v

The solution of Riccati equation is notoriously difficult to find, so this author decides to use
Mathematica software in order to get an exact analytical solution.

The Mathematica code to solve this problem is not quite straightforward. First we express
equation (2) as follows:

Clear["Global*"]

de = y'[x] == ay[x]"2 — B;
soln=DSolve[de,y[X],X];
soln=y[x]/.(soln/.{(x"4)N(1/2)->x"2})/[First

The result is given below:

B JBTanh[xva,/B + Va,/BC[1]]
Va

To “get rid of” the Bessel functions of order +5/4 we need to apply the reduction rules:

rule = Bessel][p + s,x] = (2p/x)Bessel][p, x] — Bessel][p — s, x];
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rulel =rule/.{p » 1/4,s - 1,x - x"2/2}
rule2 = rule/.{p - —(1/4),s - —1,x - x"2/2}

Then the results are as follows:
2

5 x? 3 x2 Bessel][%,x?]

Bessel][z,7] - —Besse]][—zl7] + x—z
2

5 x2 Bessel][—%,%] 3 52

Bessel][—Z,T] - — 72 - Bessel][z,7

]

When we make these substitutions and adjust the arbitrary constant notation, we get the

following simple form:
soln = soln/.{rulel,rule2, C[1] = 1/c}//Simplify
Then we get the following solution of equation (2):

_ \/ETanh [(1+cx2\/5\/ﬁ]
Va

702

which is an exact analytical solution of Riccati expression of 2D Navier Stokes equations. To our
best knowledge, this solution has never been presented elsewhere before, and it is faster
compared to solution of Riccati equation using Differential Transform Method (DTM), see [6].

The next step is to transform the solution from trigonometric function to exponential form:

JBTanh[ &
Va

(1+cx Wa /B (1+cx Wa /B
(—e c +e )\/E

(1+cx)Wa /B A+ex)Wa /B
(e ¢ +e < )Va

TrigToExp[— ]

and then we can make a graphical plot:

A+cxWa/B (1+cx)Va /B
(—e= ¢ +e < B

(A+ex Wa/B (1+cx Wa /B
c c

Manipulate[Plot[—

(e +e Wa

The plot is shown below for certain values of c, alpha and beta:
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10

05

©05[1

10 ¢

Figure 1. Graphical plot of solution of Riccati expression of NS equation

Concluding remarks

This paper discusses an exact analytical solution of Riccati form of Navier-Stokes equations
using Mathematica. | use Mathematica ver. 9.0.

To our best knowledge, this solution has never been presented elsewhere before, and it seems to
be faster compared to solution of Riccati equation using Differential Transform Method (DTM).

The next question is how to generalize the obtained result for 3D case of NS equations.
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Abstract

In this paper, we will solve 2 Riccati ODEs using Maxima computer algebra package with
applications in: (a) generalized Gross-Pitaevskii equation, (b) cosmology problem. The results
presented below deserve further investigations in particular for comparison with existing

analytical solutions.

1. Introduction
The Riccati equation, named after the Italian mathematician Jacopo Francesco Riccati, is
a basic first-order nonlinear ordinary differential equation (ODE) that arises in different
fields of mathematics and physics.[4]
Riccati differential equations are known to have many applications in nonlinear physics
[1]. In this paper, we will explore only 4 of possible applications of Riccati ODE in
literature, i.e. (a) generalized Gross-Pitaevskii equation, and (b) cosmology problem.
Instead of using standard solution method to solve Riccati ODE, we will use Maxima
computer algebra package.
We hope that our results may stimulate further serious investigation on finding numerical
solutions of Riccati ODE in various domains of nonlinear physics, number theory, and

cosmology.



2. Problem 1: Generalized Gross-Pitaevskii equation (GPE)
The authors in [4] presented the generalized GPE in (3+1)D for the BEC wave function

u(x,y,z,t) with distributed time-dependent coefficients: [4]

B()

i0,u+ = A+ 2Ol u+a@yr’u = iytu, (1)

Which can be transformed easily into a Riccati ODE form as follows:

da o pt)a® —at) =0 @)
dt

The above Riccati ODE (2) can be rewritten as follows:[3]

a(t)+2.b(t) - a(t)’ —c(t) = 0. 3)
Maxima expression of Riccati ODE (3) is as follows:[2]
‘diff(a(t),t)+2*b(t)*a(t)*2-c(t)=0 “4)

The Maxima result for this problem is as shown below:

(%i14) 'diff(y,x)+2*b*yr2-c=0;

d -
(301ld) — y+2 by —-c=0

dx
(%116) ode2(%,y,x);
Is kbec positive or negative?negative;
|F*\|?b }r\i
atanl mJ
%o0l6 =x1%c

3. Problem 2: Cosmology problem
It can be shown that in Friedmann-Robertson-Walker spacetime the set of Einstein’s
equations with the cosmological constant set to zero reduce to differential equations for
scale factor a(t), which is a function of comoving time t.[5] Choosing the equation of
state to be barotropic and after some transformation and introducing conformal time, the

equation reduces to a Riccati equation as follows:[5]

u'+cu’ +kc=0, 5)



The above equation of cosmological Riccati equation has been obtained previously by

Faraoni, see [5].
Equation (5) can be rewritten for Maxima as follows:

‘diff(a(t),t)+c*a(t)"2+k*c=0 4)
The result is given below:

(a) Option 1: k=negative constant

(%i24) 'diff(y,x)+c*(yA2+k)=0;
d -
(3024) — y+e(y2+k)=0
dx

(%125) 04e2(%,y.%);

(%025) - —x+%c

(b) Option 2: k=positive constant

(©) (%i27) 'diff(y,x)+c*(y*2+k)=0;
d -
(%3027) — y+c(y +k)=0
dx

(%128) (4e2(%.y.%):

ive?positive;

4. Concluding remarks
In this paper, we solve 2 Riccati ODEs using Maxima computer algebra package with

applications in: (a) generalized Gross-Pitaevskii equation, (b) cosmology problem. The



results as presented below deserve further investigations in particular for comparison
with existing analytical solutions.
It is highly recommended to verify these results with other computer algebra packages,

such as Maple or Mathematica.
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Abstract. In two recent papers, Sergey Ershkov derived a system of two coupled Riccati ODEs as solution of non-stationary
incompressible 3D Navier-Stokes equations. Now in this paper, we solve these coupled Riccati ODEs using computer algebra
packages, i.e.: a) Maxima and b) Mathematica 11. The result seems to deserve further investigation in particular in comparison
with rigid body motion, which will be discussed elsewhere.

INTRODUCTION

The Riccati equation, named after the Italian mathematician Jacopo Francesco Riccati, is a basic first-order
nonlinear ordinary differential equation (ODE) that arises in different fields of mathematics and physics.[4]

In fluid mechanics, there is an essential deficiency of the analytical solutions of Navier—Stokes equations for 3D
case of non-stationary flow. The Navier-Stokes system of equations for incompressible flow of Newtonian fluids
should be presented in the Cartesian coordinates as below (under the proper initial conditions):[1]

V.ii =0, (D
a—u+(ﬁ-v)ﬁ=—@+v-vzﬁ+ﬁ, (2)
ot Yol

Where u is the flow velocity, a vector field; p is the fluid density, p is the pressure, v is the kinematic viscosity, and
F represents external force (per unit mass of volume) acting on the fluid.[1]

In ref. [1], Ershkov explores the ansatz of derivation of non-stationary solution for the Navier—Stokes equations in
the case of incompressible flow, which was suggested earlier. In general case, such a solution should be obtained
from the mixed system of 2 coupled Riccati ordinary differential equations (in regard to the time-parameter t). But
instead of solving the problem analytically, we will try to find a numerical solution.

The coupled Riccati ODEs read as follows:[1]

w. w,
a':jy-az—(wx-b)-a—j(b2—1)+wz-b, (3)

b'=—v;"-bz—(wy-a)-b—%(a2—1)+wz-a @)



We are going to rewrite the above coupled equations in Maxima language, and then in Mathematica code.

COMPUTER ALGEBRA SOLUTION

The above coupled Riccati ODEs (1) and (2) can be rewritten as follows:[3]

a(r)'zg-a(nz —(u-b(t))-a(t)—%(b(r)z — 1)+ w-b(0), 5)

b(t)'= —%-b(r)z —(v-a(t))-b(t)—%(a(t)z —1)+w-a(t) 6)

We will find out the solution of the above coupled ODE equations using two computer algebra packages: Maxima,
then Mathematica.

A. Solving with Maxima

Maxima expression of coupled Riccati ODEs (5) and (6) are as follows:[3]
“diff(a(t),ty=v/2*a(t) 2-(u*b(t))*a(t)-v/2*(b()A2-1)+w*b(1), (7)
‘diff(b(t),t)=-u/2*b() 2-(v¥a(t))*b(t)-u/2*(a(t) 2- 1 )+w*a(t). (8)

The Maxima results are as shown below:

(%13) 'diff(a(t),t)=v/2*a(t)"2-(u*b(t))*a(t)-v/2*(b()*2-1)+w*b(t);

d (Bt -1)v a(e)Pw
(503) —alt)=blt)w + —alt)bl(t)u
dt 2 2

(%14) 'diff(b(t),t)=-u/2*b(t)"2-(v*a(t))*b(t)-u/2*(a(t)"2-1)+w*a(t);

bt u (a(t)-1)u
2 2

d
(Fo0d) —bl(tl=altlw-alt)blt) v
dt

(%15) desolve([%03,%04],[a(t),b(t)]);

(%05) [a(t)=1lt(-(
((laplace(b(t)"2,t,g34120)-laplace(a(t)"2,t,g34120))*v+2*1aplace(a(t)*b(t),t,g34120)*u-2*a(0))*
g34120M2+(
(2*laplace(a(t)*b(t),t,g34120)*v+(laplace(b(t)"2,t,g34120)+laplace(a(t)*2,t,g34120))*u-2*b(0))*
w-v)*g34120-u*w)/(2*g3412073-2*w"2%g34120),234120,t),b(t)=ilt(-(
(2*laplace(a(t)*b(t),t,g34120)*v+(laplace(b(t)"2,t,g34120)+laplace(a(t)"2,t,g34120))*u-2*b(0))*
g34120M2+(
((laplace(b(t)"2,t,g34120)-laplace(a(t)"2,t,g34120))*v+2*1aplace(a(t)*b(t),t,g34120)*u-2*a(0))*



w-u)*g34120-v*w)/(2*g3412073-2*w"2*g34120),234120,t)]

It is clear that the above result is undecipherable, so now we will try to compute the solution using NDSolve
function in Mathematica.

B. Solving with Mathematica 11

First, equations (5) and (6) can be rewritten in the form as follows:

x(t)'= g x(t)? = (- y(t))- x(t) — ; (Y(t)* =)+ w- y(©), )

. u u
y(@©)'= Y YO = (- x(0)- y() —E(x(t)2 —D+w-x(1) (10)
Then we can put the above equations into Mathematica expression:

v=1;

u=1;

w=1;

{xans6[t_], vans6[t_]}=
{x[t],y[t]}/.Flatten[NDSolve[{x'[t]==(v/2) *x[t]"2-(u*y[t]) *x[t]-(v/2) *(y[t] "2- D)+wW*y[t], y'[t]==-(u/2) *y[t]*2-

(vEx[tD*y[t]-(w2)*(x[t]*2-1)+w*x[t], x[0]==1,y[0]==0}, {x[t],y[t]},{t,0,10}]]

graphx6 = Plot[xans6[t],{t,0,10}, AxesLabel->{"t","x"},PlotStyle->Dashing[ {0.02,0.02}]];

Show|[graphx6,graphx6]

The result is as shown below:

X
25 x 10

20 x 108
15 x 1053
10 x 1058

50 x 1052

10

FIGURE 1. Graphical plot of solution for case v=u=w=1
The graphical plot of Mathematica solution for equations (5) and (6) shows some interesting features, such as

areas shown in shades and also areas showing blank points. These features need to be explored and analysed, but it
is beyond the scope of this paper.

SUMMARY AND CONCLUDING REMARKS

Using Maxima package we solve the two coupled Riccati ODEs as solution of non-stationary 3D Navier-Stokes
equations.[1][2]



However, we admit that the obtained computer solution is not easily plotted graphically using Maxima, therefore we
decided to verify this result with other computer algebra package, i.e. Mathematica 11.

The solution obtained here opens up new ways to interpret existing solutions of known Navier-Stokes problem in
physics and engineering fields, especially those associated with nonlinear hydrodynamics and turbulence modelling.
The result seems quite interesting to compare with solution of rigid body motion which is to be discussed later on by
Ershkov.
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n223= V = 1
u=1;
w=1;
{xans6[t_], vans6[t_]} =
{x[t], y[t]} /. Flatten|
NDSolve[{x'[t] = (v/2) »x[t]1~2- (uxy[t]) »x[t] - (v/2) » (y[t]~2-1) +wxy[t],
y'[t] =-(u/2) «y[t]*2- (vex[t]) *»y[t] - (u/2) » (x[t]"2-1) +wxXx[t],
x[@] =1, y[0] =0}, {x[t], y[t]l}, {t, @, 10}]]

. NDSolve: Att==1.5642693104281447", step size is effectively zero; singularity or stiff system suspected.

. . D in: {{0., 1.56
oupze= {InterpolatingFunction | J Ozx)iltr']s{c{alar }} 11t

D in: {{0., 1.
InterpolatingFunction | /\ Oi;?jjl: s{c{glarl 6} [t}

in229:= graphxé =
Plot[xans6[t], {t, @, 10}, AxesLabel -» {"t", "x"}, PlotStyle -» Dashing[{0.02, 0.02}]];
Show[graphx6, graphx6]
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ni= V= 0.1;
u=1;
w=1;
{xans6[t_], vans6[t_]} =
{x[t], y[t]l} /. Flatten[

NDSolve[{x'[t] = (v/2) »x[t]1~2- (uxy[t]) »x[t] - (v/2) » (y[t]~2-1) +wxy[t],
y'[t] == _(u/z) *y[t1~2- (vex[t]) «y[t] - (u/z) * (x[t]172-1) +w=x[t],
x[@] =1, y[e] =0}, {x[t], y[t]l}, {t, 0, 10}]]

ou= {InterpolatingFunction | ,\ Pomain: {{0. 104} 1t

Output: scalar ’

D in: {{0., 10.
InterpolatingFunction | [_ OE:;?: s§2|;r10}} |1t}

In[5]:=
nel= graphxé =
Plot[xans6[t], {t, @, 10}, AxesLabel -» {"t", "x"}, PlotStyle -» Dashing[{0.02, 9.02}]];
Show[graphx6, graphx6]
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ng= V =1;
u=90.1;
w=1;
{xans6[t_], vans6[t_]} =
{x[t], y[t]} /. Flatten|
NDSolve[{x'[t] = (v/2) »x[t]1~2- (uxy[t]) »x[t] - (v/2) » (y[t]~2-1) +wxy[t],
y'[t] =-(u/2) «y[t]*2- (vex[t]) *»y[t] - (u/2) » (x[t]"2-1) +wxXx[t],
x[@] =1, y[0] =0}, {x[t], y[t]l}, {t, @, 10}]]

. NDSolve: Att==1.4785356140966346", step size is effectively zero; singularity or stiff system suspected.

ourt= {InterpolatingFunction | _J gz;?)zl::s{c{gl.;rl"ls}} 11t
D in: {{0., 1.
Inter‘polatingFunction[ q Oi;?il: s{c{glarl 8 ] [t] }

In[12]:=

nf3:= graphxé =
Plot[xans6[t], {t, @, 10}, AxesLabel -» {"t", "x"}, PlotStyle -» Dashing[{0.02, 0.02}]];
Show[graphx6, graphx6]
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5= V=13
u=1;
w=0.1;
{xans6[t_], vans6[t_]} =
{x[t], y[t]} /. Flatten]
NDSolve[{x'[t] = (v/2) »x[t]1~2- (uxy[t]) »x[t] - (v/2) » (y[t]~2-1) +wxy[t],
y'[t] = - (u/z) *y[t1~2- (vex[t]) «y[t] - (u/z) * (x[t]172-1) +w=x[t],
x[@] =1, y[e] =0}, {x[t], y[t]l}, {t, 0, 10}]]

NDSolve: At t ==1.3078834392369034, step size is effectively zero; singularity or stiff system suspected.

out[18]= {Inter‘polatingFunction [

J Domain: {{0., 1.31}} } [t]

Output: scalar

D in: {{0., 1.
InterpolatingFunction | j o(:i?)il: sggl.;mrl 31 [t}

In[19]:=

nzoi= graphxé =
Plot[xans6[t], {t, @, 10}, AxesLabel -» {"t", "x"}, PlotStyle -» Dashing[{0.02, 9.02}]];
Show [graphx6, graphx6]
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n2ol= V = 0.5;
u=0.5;
w=20.5;
{xans6[t_], vans6[t_]} =
{x[t], y[t]} /. Flatten]
NDSolve[{x'[t] = (v/2) »x[t]1~2- (uxy[t]) »x[t] - (v/2) » (y[t]~2-1) +wxy[t],
y'[t] == _(u/z) *y[t1~2- (vex[t]) »y[t] - (u/z) * (x[t]172-1) +w=x[t],
x[@] =1, y[e] =0}, {x[t], y[t]l}, {t, 0, 10}]]

. NDSolve: Att==3.1285386230391614", step size is effectively zero; singularity or stiff system suspected.

oupszi= {InterpolatingFunction | J 83$3|::SE2|';E'13}} 11t

D in: {{0., 3.
InterpolatingFunction | /\ oi;?ﬂ: s{c{gla? 13 [t}

In[33]:=

inBai= graphxé =

Plot[xans6[t], {t, 0, 10}, AxesLabel - {"t", "x"}, PlotStyle -» Dashing[{0.02, ©0.02}]7];
Show [graphx6, graphx6]
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