Unit 5 — Analytical Trigonometry — Classwork

A) Verifying Trig Identities: Definitions to know:

Equality: a statement that is always true. example: 2=2,3+4=7, 6> =36, 2(3 + 5) =6+10.
Equation: a statement that is conditionally true, depending on the value of a variable. example: 2x +3 =11,
(x-1) =25, x* ~22% +5x-12-0, 2sin6=1.

Identity: a statement that is always true no matter the value of the variable. example: 2x + 3x = 5x,
4(x-3)=4x-12, (x—1)2 =x2=2x+1, L fx

x-1 x+1 x"-1
not an identity, because it is not true for all values of the variable (x cannot be 1 or -1). However, when such
statements are written, we assume the domain is taken into consideration although we don’t always write it. So
a better definition of an identity is: a statement that is always true for all values of the variable within its
domain.

. In the last example, it could be argued that this is

The 8 Fundamental Trigonometric Identities:  Trig Identities proofs (assuming 0 in standard position)

Reciprocal Identities
1 1 r
—=—=—=cscl
sinf =y
csc=—— secH = cotf=—— 1 1
sinf cos6 tan6O =—=—=sechH
cosf = x
Quotient Identities 1 = l X cot
tan 0 % y
sin@ cosf sinf 2
tan6 = cotl = — =L_=X=tan6
cos6 sinf cosf £ x
cosf . x P
Pythagorean Identities sinf ¥y co
X2+y2=l"2 x2+y2=V2 x2+y2=l"2
sin’6 + cos* 0 =1 ) ) ) ) ) ) ) ) )
s ) XYy _r Xy _r X Y _r
l+tan“"@=sec” 6 222 FERLNEI yz yz yz
2 2
1+cot"@=csc”§ cos’@+sin*O=1 | 1+tan’O=sec’0 | cot’O+1=csc’O

Corollaries: a statement that is true because another statement is true:

Examples (you write the others):

Reciprocal identities: sinfcscf=1 sinf =

cscl
.. .\ . sinf
Quotient identities: tanfcosf =sinf |cosO =
tan6
Pythagorean identities: sin®0=1-cos’0 cos’0=1-sin’ 0 sinf = =1 -cos’ 0 cosf = +11-sin’ 6
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In this section, you will be given a number of trigonometric identities. Remember — they are true. Your job will
be proving that they are true. Your tools will be your knowledge of algebra, the 8 trig identities, and your
ingenuity. Some are easy like example 1 and others are more difficult like example 2.

sec’ x

Example 1) sin E)(csc 0 —sin 9) =cos’ 6 Example 2) = SecxCcsc

tan x

sinfcsc —sin* 6

secx " 1
secx = SeC x| <= | = sec x| — =SeC XCSC X
tanx " sin x

Cosx

1-sin’ 6 =cos* O

Guidelines for verifying trigonometric identities:

1) Your job is to prove one side of an identity is equal to the other so you will only work on one side of the
identity, so...

2) Always work on the most complicated side and try to transform it to the simpler side. More complicated
can mean the side that is “longer” or has more complicated expressions. Additions (or subtractions) are
generally more complicated than multiplications.

3) If an expression can be multiplied out, do so.

4) If an expression can be factored, do so.

5) If you have a polynomial over a single term, you can “split it” into several fractions.

6) If you have an expression, that involves adding fractions, do so finding a lowest common denominator.

7) When in doubt, convert everything to sines and cosines.

8) Don’t be afraid to create complex fractions. Once you do that, many problems are a step away from
solution.

9) Always try something! You don’t have to see the solution before you actually do the problem.
Sometimes when you try something, the solution just evolves.

3) sin x(cscx + sin x sec’ x) =sec’ x 4) 2cos’ x +sin* x =cos” x +1

sinxcsc x + sin’ xsec’ x
.2

sin® x 2 > )
1+ 5 COS” X +COS“ X +sIn” x

cos® x s

cos’ x +

1+tan’ x
sec’ x

5) 2cos’x —1=1-2sin’x 6) (sinx + cosx)2 + (sinx—cosx)2 =2

£ 02 .2 . 2 .2 . 2
2(1—5111 x)—l Sin“x + 28inxcosx +cos” x+sin” x —28inxXCcoSx + Cos™ x

2-2sin’x-1 sin’ x + cos” x + sin® x + cos” x
)
1-2sin’ x 2
cotx
7) =CoSX 8) tanx + cotx =secxcscx
cscx
sinx cosx
+ .
cosx sinx
COsX < 2 2
sin x sin” x + cos” x
1 .
Sinx sin xcos x
COS X 1 ) 1
sinx cosx
Sec xcscx
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9) secx —cosx =sinxtanx 10) sin x + cosxcotx =cscx

. cos® x
—COSX sinx + —
CcOSX sin x
1-cos’ x sin’ x + cos® x
COS X sin x
sinx .
=smxtanx - =CSCX
COS X sin x
2
cotx+1 1+tanx sec’x-1 .
11) = 12) —2=sm2x
cotx—-1 1-tanx sec” x
1 1 1
(ta?x+i)(tanx) sec’ x
- tan x
anx 1-cos” x
1+tanx . 2
st sin” x
1-tanx
1 1 cscx +cotx
13) —+ — =2sec’x 14) ————— =cotxcscx
1-sinx 1+sinx tan x + sin x
. . 1 Cos. .
1+sinx+1-sinx e (smxcosx)
(1-sinx)(1+ sinx) sint 4 gin x \ sinxcosx
2 COS X + COS” X cosx(1+cosx)
1-sin’x sin® x + sin® xcosx  sin® x(l + COS x)
= 2 cosx 1
cos? x = 2sectx ———— =cotxcscx
sinx _sinx

B) Sum and difference Formulas
Determine whether the sine function is distributive: that is sin(A + B) =sin 4 +sinB. Let’s try it with different

values of 4 and B. Check out whether sin(30° + 60°) =sin30°+sin60°. |1=1+ %

There are geometric proofs to determine the sum and difference formulas for trig functions:

sin(A+B)=sinAcosB+cosAsinB COS(A+B)=COSACOSB—sinAsinB tan(AJrB):M
l1-tan Atan B

sin(A—B) =sin AcosB - cos Asin B cos(A—B) =cos AcosB +sin Asin B tan(A—B) _ fand-tanB

1+tan Atan B

Example 1) Find the exact value of sin75° Example 2) Find the exact value of cos75°

sin(30° + 45°) =sin30°co0s45° + cos 30°sin45° cos(30° + 45°) =c0830°cos45° —sin30°sin45°

1{a2), 43(42)_A2++6 V3(2)_1(+2)_V6-+2

2\2) 212 4 212 212 4

Example 3) Find the exact value of tan75° in two ways. = Example 4) Find the exact value of tan15°

tan75° = S5 _ V6442 _ 1an45°+@n30° _ 3+43 tan]5° = tands*-an30° _ 33
cos75° \6-42  1-tan45°tan 30° 3-4/3 1+tan 45° tan 30° 3+4/3
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Example 5) Given sinA = % and cosB = %, both A and B in quadrant I, find

a. sin(A + B) b. cos(A + B) c. tan(A + B) d. quadrant of (A + B)
4(5) 3(12) 56 3(5) 4(12) -33 -56
—| =+ 2 =|== “I=|-2 === — drant II
5(13) 5(13) 65 5(13) 5(13) 65 33
. 1, 7 .
Example 6) Given cos 4 = 3 A in quadrant IV and cosB = T,B in quadrant II, find
a. sin(A - B) b. cos(A - B) c. tan(A - B) d. quadrant of (A - B)
-245(—«/7)_1(3) 1(—«/7)+ -2&)(3)
3 4 3\4 3\ 4 3 \4 2+/14 -3
22
2414 - 3 7 -612 V7 -6v2
12 12
Example 7) Verify that sin(x + 90°) =COoSX Example 8) Verify that tan(x + 180°) =tanx
$incos90° — cos x sin90° tan x —tan180°
1-tanx180°
cosx
tan x

C) Double Angle formulas

Recall that sin(A + B) =sin AcosB + cos Asin B. If 4 = B, we get sin(A + A) =sin Acos A + cos Asin A

So sin24 =2sin Acos A. This works for the other trig functions as well getting the double angle formulas.

sin2 A4 =2sin Acos 4
cos2A=cos* A—sin’> A4 or 2cos’* A—1 or 1-2sin* 4
2tan 4

tan2A=—2
1-tan” 4

Example 1) Using trig functions of 30°, find the values of:

a) sin60° b) cos60° ¢) tan60°
. ° o 2tan 30°
2sin30°cos 30 c0s230° —sin2 30° —_—
1-tan” 30
1\(V3) 3 301 1 7
o L) N2 |2 s 1.1 20 243 N
2N2) 2 4 4 2 T=o_ = V3
-1 3-1

Example 2) Given sin 4 = %, A in quadrant I find

a. sin24 b. cos24 c. tan24 d. quadrant of 2A
2sinAcos A cos’ A—sin’ A 53
2(4)(3) 24 9 16 -7 —
sN\5) 25 25 25 25
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Example 3) Given tan 4 = _—32, A in quadrant II find

a. sin24 b. cos24 c. tan24 d. quadrant of 2A
2sinAcos A cos’A—sinZA >
2(—2)(3)_—12 9 4 5 -
Viz\V13) 13 13 13 13

Example 4) Express sin4xin terms of the angle x.

2sin2xcos2x = 2(2 sin x cos x)(cos2 X —sin® x)

. 3 .
4sinxcos’ x —2sin’ xcosx

Example 5) Verify the following identities:

sinx 1 . 2 .
- =—secx b) (smx—cosx) =1-sin2x
sin2x 2
‘ sin® x — 2sin xcos x + cos’ x
sinx 1

1 .
' = =—Secx 1-2sinxcosx
2sinxcosx 2cosx 2

1-sin2x

D) Half-angle formulas: These formulas are more obscure and are not used that much. Still, you should know
that they exist and be able to use them.

. A /l—cosA A f1+cosA A 1-cosd sin 4
SiIn— ==+ COS— =4 —— tan— = or
2 2 2 2 2 sin A 1+ cosA
A A

The signs of sin; and cos; depend on the quadrant in which ; lies.

Example 1) Find the exact values of the following using half-angle formulas.

a) sinl5° b. cosl5° ¢) tan15°

1—cos30°=\/l—‘2B 1+cos30°=\/l+‘2ﬁ &
" 2 2 " 2 2 :

\/2—«/§=\/2—\/§ \/2+\/§=\/2+\/§ 21/3

4 2 4 2

Example 2) Given sin 4 = —%, A in quadrant III find

a. siné b. cosé c. tané d. quadrant of g

1-2 1+2

B 4 1
2 2 \/7 / —\/7 =-2 quadrant I1
/ﬁ-\/@ z\ﬁ 5/ 15
10 \s 10 5
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E) Solving trigonometric equations

Just as we solved equations for a value of x that satisfied the equation, we do the same for trig equations — in
this case finding the value of an angle that satisfies the equation.

Example 1) sinx =1. We can do this by inspection — we know from our knowledge of graphing and
quadrant angles that the angle that satisfies this equation is 90° (or g) However, there are other angles that

satisfy this equation like 450°,810°,1170°,.... So we usually solve the equation on a certain domain. Usually
we will solve it on 0 < x <360° or 0 < x < 2. We can also verify our solutions by graphing the equation.

Example 2) 2sinx+1=0 Example 3) sin’ x = sin x

Zsinx =-1 sin” x —sinx =0

sinx = — sinx(sinx —1)

X = 2100’3300 X = 00,1800,900
Example 4) sinx =cosx Example 5) 2sin® x =1

' sin’ x = —

sinx _, >

CoS X _ >

tanx =1 smx=-|_-7

X =45.,225 x = 45°135°,225°,315°
Example 6) 2sin® x —Ssinx +2=0 Example 7) 2cos’ x —cosx =1

2
(2sinx -1)(sinx -2) =0 2cos” x —cosx~1=0

(2cosx +1)(cosx—1)=0

2cosx=-1 cosx=1

2sinx=1 sinx=2

) 1 )
sinx = 5 No solution

COSX = 1
x =30°150° 2
x =120°,240°,0
Example 8) sinx -1=cosx Example 9) sin2x =0

(sinx - 1)2 =cos’ x

- 2 . 2
sin“x-2sinx+1=cos” x _
2sinxcosx =0

sin“x—2sinx+1=1-sin’x .
sinx =0 cosx =0

) .
ZSIH x—281nx=0 x=00,1800,900,2700
2sinx(sinx-1)=0

x =0°,180°90°
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Unit 5 — Analytical Trigonometry — Homework

1. Verify the following identities: There are additional problems in your book.

a) csc’ x(l —cos’ x) =1

1 .
— (s1n2x)
sin” x

1

b) (sinx + cosx)2 — (sinx —cos x)2 = 4sinxcos x

sin” x + 2sin xcos x + cos” x — (sin2 X —2sinxcos x + cos’ x)

1+2sinxcosx —1+2sinxcosx

4sinxcos x

. . 2 2
C) smx(cscx+smxsec x)=sec X

. 1 sin® x
S x| — + —
Sin x COS X

1+ tan® x

sec’ x

e) cos’ x —cos’ x =sin* x —sin’ x

cos’ x(cos2 X - 1)
(1 —sin’ x)(— sin’ x)

sin* x —sin’ x

. —cos” x
g) sinx —cscx = ———
sin x

sinx —

sinx
sin® x -1
sinx
—cos’ x

sinx

1) sinx + cosxcotx =cscx

) cosx
sin x + Cos x| —
sin x

sin® x + cos® x

sin x

=CSCX

sin x
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d) cot’ x+S5=csc’x +4

csc’x—1+5

cscix+4

f) sinxtanx + cosx =secx

) sin x
sinx +Ccosx
CoSX

sin® x + cos® x

CoSx
=secx
COSX
1

h) -

=COSX —S€CX

S€CxX COSX

COSX —SEC X

)
COSXx

. 2
(SlIl X - COSX)

=secx —2sinx

sin’ x — 2sin xcos x + cos” x

CcOSX
secx —2sinx

COS X
1-2sinxcosx
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| 1

cos COSX
k) + =2csc’ x 1 — = Dtanx
1+cosx 1-cosx l-sinx 1+sinx
1-cosx+1+cosx cosx(1 + sinx) - cosx(1 - sinx)
(1 + CcOS x)(l —COS x) (1 + sinx)(l - sinx)
2 COSX + SIN XCOS X —COS X + SN X COS X
1-cos’x 1-sin’x
) 2sinxcosx  2sinxcosx
——=2cs¢" x > = =2tanx
sin” x cos COSXCOSX
1 1 ) )
m) — + =1 n) sin®x —cos* x = 2sin’ x -1
sinx+1 cscx+1
1 N 1 sinx
* - 2 2 2 2
sinx+1 (- +1/ sinx (sm X —CoS x)(sm X+ cos x)
1 N sinx [sin2 X - (1 —sin? x)]l
sinx+1 1+sinx . 2 .
; sin“x—-1+sin” x
1+sinx 1 ,
sinx +1 2sin” x -1
. . 2 tan x secx +1
0) (tanx + sin x)(l —Cos x) =sin” x tan x p) =
secx —1 tan x
tan x — tan X cos X + Sinx — Sin xcos x ( tan x )(secx+1)
sinx sinxcosx . . secx—1/\secx+1
- +sinx —sinxcosx
COSX COSX tanx(secx + 1)
sinx . . ) 2.
—sinx + sinx — sin xcos x sec”x ~1
COSX tanx(secx + 1)
sinx . COSX 2
—sinxcosx tan” x
CoSXx COoSXx secx+1
sin x(l ~cos’ x) L, tan x
=tanxsin” x
COS X
2 ) secx )
q) cosx(1+tanx) =secx +2sinx r) ———— =sinx
tanx + cot x
cos x(l +2tanx + tan’ x) L )(sinxcosx
2 sinx y cosx |l gin x cOS X
cosx(sec X+ 2tanx) cosx  sinx
. sin x .
1 sinx ) ——5 5 =sinx
COS X > +2 =secx +2sinx sin” x +cos” x
cos” x CcOSX
. COSX 1+sinx
s) cos® x —sin* x =2cos’ x -1 t) =
1-sinx COSX
2 < 2 2 - 2 1 . 1 .
cos” x —sin” x)(cos” x + sin” x COS X +sinx) cosx(l+sinx
5 5 1-sinx \1+sinx 1-sin’x
cOS x—(l—cos x)

X cosx(l+sinx) 1+sinx
2cos” x -1 2 -
cos’ x cosx
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2. Find the exact values of the following expressions. Make appropriate pictures.

a. sin105°,¢co0s105°,tan105°

105° = (60° + 45°)
By formulas:

V6 +12
4

V2 -6
4

62
NP

sinl05° =

cos105° =

tan105° =

b. sin255°,¢c0s255°,tan255°

255° = (225° + 30°) - there are other combinations

By formulas:

o2
4

V6412
4

62
Vo2

sin255° =

Cc0s255° =

tan255° =

3. Given sinA = g and cosB = %, both A and B in quadrant I, find

a. sin(A + B)

b. cos(A + B)

1)1

sinAcosB + cosAsinB

cosAcosB —-sinAsinB

PO

c. tan(A + B) d. quadrant of (A + B)

84
13

Quadrant 2

4. Given cosA = _?2, A in quadrant III and cosB = %,B in quadrant I, find

a. sin(A + B)

sinAcosB + cosAsinB

=22

21 -24/15

20

b. cos(A + B) c. tan(A + B) d. quadrant of (A + B)
cosAcosB —-sinAsinB
22\(1) [=21)15) |-A21-24/15
—\=1- Quadrant 4
5 \4 5 4 —2+4/315
-2 +4/315
20

5. Given tanA =5, A in quadrant III and sinB = %,B in quadrant II, find

a. sin(A - B)

b. cos(A - B)

sinAcosB -cosAsinB

[l >l

5\/§+2
3426

cosAcosB +sinAsinB

N5 =10
3426

B &
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c. tan(A - B) d. quadrant of (A - B)
2
) 55 + Quadrant 2
V5 -10
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6. Verify the following identities:

a) cos(270° - x) =—sinx

c0s270°cos x + sin270°sin x

0(cosx) -1sinx

—sinx

C) sin(x - J'C) - cos(x + g) =0

b) sin(x - 30°) = %(\E sin x — cos x)

sinx cos 30° — cos x sin 30°

. 3] 1
sinx| — |- —cosx

%(w/g sinx — cosx)

a w/gtanx +3
w/gtanx —3tanx

d) tan(x + 60°)

. . TT . . T
SIN X COSTT — COS X SINJT — (COS)CCOSE - SIHXSIHE)

—sinx-0-0+sinx=0

tan x + tan60°
1-tan xtan60°

(tanx+w/§)(w/§) N3tanx + 3

3

l—tanxw/g 3 =\/§tanx—3tanx

e) sin(A + B) sin(A - B) =sin’ 4-sin’ B

f) cos(A + B) + cos(A - B) =2cos AcosB

(sin Acos B + cos Asin B)(sin Acos B - cos Asin B)
sin® Acos” B —cos” Asin’ B
sin® A(l —sin? B) - (1 —sin® A) sin’ B

sin® A —sin® Asin’® B —sin’ B + sin® Asin’ B = sin> A —sin’

cosAcosB —-sinAsinB + cosAcosB + sin AsinB
2cosAcosB

B

7. Using trig functions of 60°, find the values of

a) sin120° b) cosl20° ¢) tan120°
sin120° = sin(2 - 60°) c0s120° = cos(2- 60°) §in120°

. o ° 2 o e 2 o tan120° =
2sin60°cos 60 cos” 60° —sin” 60 cos120°

ity S w I O R

3

8. Given sinA = %, A in quadrant IT find

a. sin2A b. cos2A c. tan2A d. quadrant of 2A

25\ 25 ) 625 25 25

2sinAcos A cos’ A-sin’ A sin2A/cos2A

2 2 .
2( 7 )( 24) 336 ﬁ B 7 _ E sin2A _ i36 Quadrant IV
625 cos2A 527

sin2A =—, CoS2A =+

9. Given cosA = %, A in quadrant I find

a. sin2A b. cos2A c. tan2A d. quadrant of 2A

2sinAcos A cos’ A-sin’ A sin2A/cos2A
—49 Sin24 _ V99 Quadrant II

Sin2A =+, cCos2A = -

{2521 2]

10 \10 10 10

50

50 cos2A 49
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10. Given tanA =2, A in quadrant III find

a. sin2A b. cos2A c. tan2A d. quadrant of 2A
2sinAcos A cos’ A—sin® A sin2A/cos2A

) | 4 5 5 oA A Sin2A =+, cos2A = -
<\ = -1 -2 -3 sin

A—=\—7=I|=< —| -|—=| =— =—— uadrant II
(\/g)(\/g) 5 (ﬁ) (ﬁ) 5 cos2A 3 Q

11. Verify the following identities:

. SEC X CSCX
a. cos® x —sin® x = cos2x b. csc2x = — =
2 s 2 2 - 2
(cos X —sin x)(cos X + sin x) 1 1 CSC X SeC X
(0052 x —sin? x)(l) =COS2x sin2x  2sinxcosx 2
c. sin3x = 3sinx —4sin’ x d. cos3x =4cos’ x —3cosx
sin(2x + x) cos3x = 4cos’ x — 3cos x
Sin2xCos X + cos2xsin x cos2xcosx —sin2xsinx
2sinXCcOSXxCoSX + (1 —2sin’ x)sinx (2cos2 X - 1)cosx - (2 sinxcosx)sinx
2sinxcos’ x + sinx —2sin’ x 2cos’ x —2cos x —2sin” xcos x
25inx(1 —sin® x) +sinx —2sin’ x 2c0s’ x —2C0s X — 2(1 —cos’ x)cosx
. . . . 3
2sinx —2sin’ x + sinx - 2sin’ x 2¢0s’ x —2c0sx —2¢0s X +2¢08’ X
3sinx —4sin’ x 4cos’ x - 3cos x
12. Find the exact values of the following using half-angle formulas.
a) sin22.5° b. c0s22.5° ¢) tan22.5°

fl—cos45°_\/1—‘?_\/2—w/§ /1+cos45°_\/1+‘?_\/2+\/§ 2-42
2 2 4 2 2 4 2+42

13. Given sinA = %, A in quadrant I find

a. smé b. cosé c. tané d. quadrant of é
fl cosA / 1+ cosA ‘1175
16
— =4 Quadrant I
17415 _ 1_ /17 15 _ 1
34 17 34
14. Given cosA = %, A in quadrant IV find
a. siné b. cosé c. tané d. quadrant of 4
2 2 2
- CosA _ -3 | /1+cosA _ {1
2 2 2 —L Quadrant 2
31 _fi P 2
6 3 6 3
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15. Solve the following equations on [0,360°)

a) 2cosx =1

1
COSX = —

x =60°300°

c) 4sinx=3

sin’ x = 3
4

\3

sinx =+——

x =60°,120°,240°,300°

e) 2cos” X = COS X

cosx(2cosx-1)=0

cosx=0 cosx=l
2

x =90°270°  x=60°300°

f) 2cos’x+7cosx+3=0

(2cosx +1)(cosx +3)=0

-1
COSX =— cosx =-3
2

x =120°,240° No solution

i) cos’x =3sin’x

1-sin®x =3sin’*x

) 1
sinx =+—

x =30°150°,210°,330°

k) sin2x =cosx

cosx(2sinx—1)=0

cosx=0 sinx= l
2

x =90°,270°,30°,150°

5. Analytical Trigonometry

b) cos’ x —cosx =0

cosx(cosx-1)=0
cosx=0 cosx=1
x =90°,270° x=0°

d) 2cos’x =1

1
cos’x =—

[\

COSX =+——
2

x =45°135°225°315°

f) tan’x =1

tanx =1 tanx = -1

x =45°225° x=135°315°

h) sin’ x = sin x

sinx(sinx —1)(sinx + 1) =0
sinx =0 sinx =1
x =0°180°,90°,270°

sinx =-1

j) cosx =1-sinx

cos’x =1-2sinx + sin’ x
1-sin®x =1-2sinx +sin® x
2sinx(sinx - 1) =0

x =0°,180%,90°

1) cos2x =cosx

2
2cos"x—-1=cosx

(2cosx + 1)(cosx - 1) =0

COSX = ? cosx =1

x =120°,240°,0°
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