Section 5.3
__Double Angle, Power-Reducing, and Half-Angle Formulas

When you throw an object, the distance that the object will travel before hitting
the ground depends on the initial speed of the object as well as the angle at |
which the object leaves your hand. This distance can be modeled by a formula

that involves both sines and cosines.
In the Exercise Set, you will see how a trigonometric identity introduced in this
| section can be used to rewrite a formula involving two trigonometric functions
L as a formula involving only one such function. The simpler form can be used to |
determine an angle that maximizes throwing distance.

Objective #1: Use the double-angle formulas.

v Solved Problem #1 \ Pencil Problem #1 /

y 4 o " 5
la. If sin@= g and @lies in quadrant 11, find the exact | 1a. 1 sin@= :7 and @lics in quadrant 11, find the

value of sin26, cos26, and tan26. exact value of sin26, cos?28, and tan26.

The formulas sin26 = 2sin@cosé and
c0s26 = cos” @—sin’ @ require that we know both

. . . 4
sin@ and cos@. We are given that sinfd=—. We

need to find cos@. Since @lies in quadrant 11, the
value of cos@is negative. Use the Pythagorean
identity sin? @+cos? @=1 to find cosé, choosing
the negative value.

[iJ +cos’ @=1
)

coszé’:l—{i] :_245_7&:1

3 25. 25 25
3
cosf=— H e S
25
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Precalculus 5¢

Now substitute the values into the formulas.

)33

<}

sin28 = 2sin@cos @ = 2( 3

cos28 = cos’ @—sin” &
2 2
i]' _(i] 9 16 7
B 25 25 25
2tan @ :
requires that we

The formula tan28 =
| —tan
know tan@. Since we know sin @ = ; and

we can use a quotient identity to find

cos@=——,
5
tan 6.
4
langzsm():_-s_:i.[_‘_}:i
cos# 3 5 3 3
5

o(_i]
p 3
20 = 21mi9 _
l—tan~ @ 4]‘
2
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__3 __3__8(09) 2
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Nolte that we can also find tan 28 using the values
of sin26 and cos28 and a quotient identity.

24
i BT 2)
anog=Sin20 _ 25 24
cos20 T 7
25
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Section 5.3

1b.

Find the exact value of cos” 15° —sin” 15°.

The given expression looks like the right side of the
double-angle formula cos26 = cos® @—sin” @ with
6= 15°. We use the formula to rewrite the
expression and then evaluate.

” y 3
cos? 15°—sin? 15° = cos(2-15°) = c0s30° = o

1b. Find the exact value of 2sin15°cos15°.

1lc.

Verify the identity:  sin36 = 3sin @— 4sin® 6.

Notice that the sine on the left side has 3 as its
argument while the ones on the right have just &, so
we need to use one or more identities that allow us
to change the argument. The right side may look
more complicated, but we will start with the left
side because it contains the more complicated
argument and we see more opportunitics to apply
identities.

We first rewrite sin36 as sin(26+ &) and use the
sum formula for sine. Then we use double-angle
formulas to simplify the occurrences of sin28 and
cos26 that result from the first step. Since the right
side contains only sine, we choose to use the form
of the double-angle formula for cosine that
expresses cos26 in terms of sine only. Still keeping
in mind that the right side contains only sine, we
replace an occurrence of cos® @ with 1—sin” 6,
using a form of the Pythagorean identity

sin” @+cos” 9=1.

sin 38 = sin(260 + 6)
=sin26cos @+ cos 26sin @
= (2sinfcosB)cos G+ (1 - 2sin” @)sin @
=2sinfcos’ O+sinf—2sin’ &

2sin@(1 - sin’ &) +sin 0 — 2sin’ @

= 2sin @~ 2sin® 6+ sin & - 2sin’ @

3sin@—4sin’ @

1l

le. Verify the identity:
sinds = 4sintcos’ t —4sin® reost.
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Objective #2: Use the power-reducing formulas.

V Solved Problem #2

Write an equivalent expression for sin? x that does
not contain powers of trigonometric functions
greater than 1.

We begin by writing sin* x as (sin? x)* and
applying the power-reducing formula for sine. After
some simplification, we will use the power-reducing
formula for cosine.

5 5 2
Yx= (sm2 x)

_[1-cos2x Jz
2

_1-2cos2x+ cos® 2x
4

sin

I ] A
=———cos2x+—cos” 2x
4 2 4
~ 5 o
=L—i0052x+—]— Lo REH)
4 2 4 2

1 1 1
=———cos2x+—+—cosdx
4 2 8 8

3 1
=———C0os2Xx+ lc:os;clx
8 2 8

\ Pencil Problem :#2,%>

i ; ‘ . . 2
Write an equivalent expression for sin xcos” x that
does not contain powers of trigonometric functions
greater than 1.
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Section 5.3

Objective #3: Use the half-angle formulas.

v Solved Problem #3

3 . .
Use cos210° =~ 5 and a half-angle formula to
find the exact value ol cos105°.
Since an angle that measures 105 lies in quadrant IT
and cosine 1s negative in quadrant 11, we choose the
negative sign in the half-angle formula for cosine.

o

cos105° = cos .

_ ’l+c05210°
2

Note that to simplify the fraction ———— we

multiplied the numerator and denominator both by

LA 2

h 2-2 4

3.

(\ Pencil Problem #3/

2 . .
Use cos315°= 5 and a half-angle formula to

find the exact value of cos157.5°.

-
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Answers for Pencil Problems (Textbook Exercise references in parentheses):

0
la. sin29=742i'—; c0529:—ﬂ; lan29=-2i9 (5.3 #7)
289 289 161

1
1b. — (5.3#15
3 ( )

lc. sindt =sin(2-2t) = 2sin2rcos 2t = 2(25intt:os.r)(cos2 t —sin’ ) =4sin tcos®t—dsintrcost (5.3 #33)

2. lulcnsﬁl.r (5.3#37)
8 8

P4end2

3. ——— (5.3#4!
> ( )
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