Moving beyond the Finite
Element Method

&) crC PRESS



G.R. Liu

MESH
FREE
METHODS

Moving beyond the Finite
Element Method

CRC PRESS

Boca Raton London New York Washington, D.C.

© 2003 by CRC Press LLC



Library of Congress Cataloging-in-Publication Data

Liu, Gui-Rong.
Mesh free methods : moving beyond the finite element method / by Gui-Rong Liu.
p. cm.
Includes bibliographical references and index.
ISBN 0-8493-1238-8 (alk. paper)
1. Engineering mathematics. 2. Numerical analysis. I. Title.

TA335 .L58 2002
6207.001’51—dc21 2002023347
CIP

This book contains information obtained from authentic and highly regarded sources. Reprinted material is quoted with
permission, and sources are indicated. A wide variety of references are listed. Reasonable efforts have been made to publish
reliable data and information, but the authors and the publisher cannot assume responsibility for the validity of all materials
or for the consequences of their use.

Neither this book nor any part may be reproduced or transmitted in any form or by any means, electronic or mechanical,
including photocopying, microfilming, and recording, or by any information storage or retrieval system, without prior
permission in writing from the publisher.

All rights reserved. Authorization to photocopy items for internal or personal use, or the personal or internal use of specific
clients, may be granted by CRC Press LLC, provided that $1.50 per page photocopied is paid directly to Copyright Clearance
Center, 222 Rosewood Drive, Danvers, MA 01923 USA The fee code for users of the Transactional Reporting Service is
ISBN 0-8493-1238-8/02/$0.00+$1.50. The fee is subject to change without notice. For organizations that have been granted
a photocopy license by the CCC, a separate system of payment has been arranged.

The consent of CRC Press LLC does not extend to copying for general distribution, for promotion, for creating new works,
or for resale. Specific permission must be obtained in writing from CRC Press LLC for such copying.

Direct all inquiries to CRC Press LLC, 2000 N.W. Corporate Blvd., Boca Raton, Florida 33431.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only for
identification and explanation, without intent to infringe.

Visit the CRC Press Web site at www.crcpress.com

© 2003 by CRC Press LLC

No claim to original U.S. Government works
International Standard Book Number 0-8493-1238-8
Library of Congress Card Number 2002023347
Printed in the United States of America 1 2 3 456 78 90
Printed on acid-free paper
© 2003 by CRC Press LLC



Dedication

To Zuona

Yun, Kun, Run,

and my family

for the time and support they gave to me

© 2003 by CRC Press LLC



Preface

Topics related to modeling and simulation play an increasingly important role in building
an advanced engineering system in rapid and cost-effective ways. For centuries, people
have been using the finite difference method (FDM) to perform the task of modeling and
simulation of engineering systems, in particular to solve partial differential equation
systems. It works very well for problems of simple geometry. For decades, we have used
techniques of finite element methods (FEM) to perform more-challenging tasks arising
from increasing demands on flexibility, effectiveness, and accuracy in challenging prob-
lems with complex geometry. I still remember, during my university years, doing a home-
work assignment using FDM to calculate the temperature distribution in a rectangular
plate. This simple problem demonstrated the power of numerical methods. About a year
later, I created an FEM program to solve a nonlinear mechanics problem for a frame
structural system, as my final year project. Since then, FEM has been one of my major
tools in dealing with many engineering and academic problems. In the past two decades
I have participated in and directed many engineering problems of very large scale with
millions of degrees of freedom (DOFs). I thought, and many of my colleagues agreed, that
with the advances of FEM and the computer, there were very few problems left to solve.
Soon, I realized that I was wrong and for very simple reasons. When a class of problems
is solved, people simply move on to solve a class of problems that are more complex and
to demand results that are more accurate. In reality, problems can be as complex as we
want them to be; hence, we can never claim that problems are solved. We solve problems
that are idealized and simplified by us. Once the simplification is relaxed, new challenges
arise. The older methods often cannot meet the demands of new problems of increasing
complexity, and newer and more advanced methods are constantly born.

I heard about meshless methods in about 1993, while I was working at Northwestern
University, but somehow I was reluctant to move into this new research area probably
because I was quite happy with what I was doing using techniques of FEM. It was also
partially because I was concentrating on the development of my strip element method
(see the monograph by G. R. Liu and Xi, 2001). During 1995-1996, I handled a number of
practical engineering problems for the defense industry using FEM packages, and encoun-
tered difficulties in solving mesh distortion-related problems. I struggled to use re-meshing
techniques, but the solution was far from satisfactory. I then began to look for methods
that can solve the mesh distortion problems encountered in my industrial research work.
I immediately started to learn more about meshless methods.

I worked alone for about a year feeling as if I was walking in a maze of this new research
area. I wished that I had a book on mesh free methods to guide me. I was excited for a
time about the small progress I made, which motivated me to work day and night to write
a proposal for a research grant from NSTB (a research funding agency of the Singapore
government). I was lucky enough to secure the grant, which quickly enabled me to form
a research team at the Centre for Advanced Computations in Engineering Science (ACES)
working on element free methods. The research team at ACES is still working very hard
in the area of mesh free methods. This book will cover many of the research outcomes
from this research group.

This book provides systematic steps that lead the reader to understand mesh free
methods; how they work; how to use and develop a mesh free method, as well as the
problems associated with the element free methods. I experienced difficulties in the process
of learning mesh free methods, because no single book was thus far available dedicated
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to the topic. I therefore hope my effort in writing this monograph can help researchers,
engineers, and students who are interested in exploring mesh free methods.

My work in the area of mesh free methods has been profoundly influenced by the works
of Professors Belytschko, Atluri, W. K. Liu, and many others working in this area. Without
their significant contributions to this area, this book would not exist.

In preparing this book, a number of my colleagues and students have supported and
contributed to its writing. I express my sincere thanks to all of them. Special thanks to
Y. T. Gu, X. L. Chen, L. Liu, V. Tan, L. Yan, K. Y. Yang, M. B. Liu, Y. L. Wu, Z. H. Ty, ]. G.
Wang, X. M. Huang, Y. G. Wu, Z. P. Wy, K. Y. Dai, and X. Han. Many of these individuals
have contributed examples to this book in addition to their hard work in carrying out a
number of projects related to the mesh free methods covered in this book.

G. R. Liu
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