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Preface

 

Topics related to modeling and simulation play an increasingly important role in building
an advanced engineering system in rapid and cost-effective ways. For centuries, people
have been using the finite difference method (FDM) to perform the task of modeling and
simulation of engineering systems, in particular to solve partial differential equation
systems. It works very well for problems of simple geometry. For decades, we have used
techniques of finite element methods (FEM) to perform more-challenging tasks arising
from increasing demands on flexibility, effectiveness, and accuracy in challenging prob-
lems with complex geometry. I still remember, during my university years, doing a home-
work assignment using FDM to calculate the temperature distribution in a rectangular
plate. This simple problem demonstrated the power of numerical methods. About a year
later, I created an FEM program to solve a nonlinear mechanics problem for a frame
structural system, as my final year project. Since then, FEM has been one of my major
tools in dealing with many engineering and academic problems. In the past two decades
I have participated in and directed many engineering problems of very large scale with
millions of degrees of freedom (DOFs). I thought, and many of my colleagues agreed, that
with the advances of FEM and the computer, there were very few problems left to solve.
Soon, I realized that I was wrong and for very simple reasons. When a class of problems
is solved, people simply move on to solve a class of problems that are more complex and
to demand results that are more accurate. In reality, problems can be as complex as we
want them to be; hence, we can never claim that problems are solved. We solve problems
that are idealized and simplified by us. Once the simplification is relaxed, new challenges
arise. The older methods often cannot meet the demands of new problems of increasing
complexity, and newer and more advanced methods are constantly born.

I heard about meshless methods in about 1993, while I was working at Northwestern
University, but somehow I was reluctant to move into this new research area probably
because I was quite happy with what I was doing using techniques of FEM. It was also
partially because I was concentrating on the development of my strip element method
(see the monograph by G. R. Liu and Xi, 2001). During 1995–1996, I handled a number of
practical engineering problems for the defense industry using FEM packages, and encoun-
tered difficulties in solving mesh distortion-related problems. I struggled to use re-meshing
techniques, but the solution was far from satisfactory. I then began to look for methods
that can solve the mesh distortion problems encountered in my industrial research work.
I immediately started to learn more about meshless methods.

I worked alone for about a year feeling as if I was walking in a maze of this new research
area. I wished that I had a book on mesh free methods to guide me. I was excited for a
time about the small progress I made, which motivated me to work day and night to write
a proposal for a research grant from NSTB (a research funding agency of the Singapore
government). I was lucky enough to secure the grant, which quickly enabled me to form
a research team at the Centre for Advanced Computations in Engineering Science (ACES)
working on element free methods. The research team at ACES is still working very hard
in the area of mesh free methods. This book will cover many of the research outcomes
from this research group.

This book provides systematic steps that lead the reader to understand mesh free
methods; how they work; how to use and develop a mesh free method, as well as the
problems associated with the element free methods. I experienced difficulties in the process
of learning mesh free methods, because no single book was thus far available dedicated
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to the topic. I therefore hope my effort in writing this monograph can help researchers,
engineers, and students who are interested in exploring mesh free methods. 

My work in the area of mesh free methods has been profoundly influenced by the works
of Professors Belytschko, Atluri, W. K. Liu, and many others working in this area. Without
their significant contributions to this area, this book would not exist. 

In preparing this book, a number of my colleagues and students have supported and
contributed to its writing. I express my sincere thanks to all of them. Special thanks to
Y. T. Gu, X. L. Chen, L. Liu, V. Tan, L. Yan, K. Y. Yang, M. B. Liu, Y. L. Wu, Z. H. Tu, J. G.
Wang, X. M. Huang, Y. G. Wu, Z. P. Wu, K. Y. Dai, and X. Han. Many of these individuals
have contributed examples to this book in addition to their hard work in carrying out a
number of projects related to the mesh free methods covered in this book. 

G. R. Liu

 

1238_Frame_FM  Page 6  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

The Author

 

G. R. Liu

 

 received his Ph.D. from Tohoku University, Japan in 1991.
He was a postdoctoral fellow at Northwestern University, U.S.A. He
is currently the Director of the Centre for Advanced Computations
in Engineering Science (ACES), National University of Singapore. He
is also an associate professor at the Department of Mechanical Engi-
neering, National University of Singapore. He has authored more
than 250 technical publications including four books and 150 inter-
national journal papers. He is the recipient of the Outstanding Uni-
versity Researchers Awards (1998), for his development of the strip
element method. He is also a recipient of the Defence Technology
Prize (national award, 1999) for his contribution to development of underwater shock
technology at Singapore. He won the Silver Award at CrayQuest 2000 (nationwide com-
petition in 2000) for his development of mesh free methods. His research interests include
computational mechanics, element free methods, nano-scale computation, vibration and
wave propagation in composites, mechanics of composites and smart materials, inverse
problems, and numerical analysis.

 

1238_Frame_FM  Page 7  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

Contents

 

1

 

Introduction

 

1.1 Defining Mesh Free Methods
1.2 Need for MFree Methods
1.3 The Idea of MFree Methods
1.4 Outline of the Book

 

2

 

Mesh Free Methods for Engineering Problems

 

2.1 Physical Phenomena in Engineering
2.2 Solution Procedure
2.3 Modeling the Geometry
2.4 Node Generation 
2.5 Shape Function Creation
2.6 Property of Material or Media
2.7 Boundary, Initial, and Loading Conditions
2.8 Simulation

2.8.1 Discrete System Equations 
2.8.2 Equation Solvers

2.9 Visualization
2.10 MFree Method Procedure 

2.10.1 Basic Steps 
2.10.2 Determination of the Dimension of a Support Domain
2.10.3 Determination of the Average Nodal Spacing
2.10.4 Concept of the Influence Domain
2.10.5 Property of MFree Shape Functions 

2.11 Remarks

 

3

 

Mechanics of Solids and Structures

 

3.1 Basics
3.2 Equations for Three-Dimensional Solids

3.2.1 Stress and Strain
3.2.2 Constitutive Equations
3.2.3 Dynamic Equilibrium Equations

3.3 Equations for Two-Dimensional Solids 
3.3.1 Stress and Strain
3.3.2 Constitutive Equations
3.3.3 Dynamic Equilibrium Equations

3.4 Equations for Truss Members
3.4.1 Stress and Strain
3.4.2 Constitutive Equations
3.4.3 Dynamic Equilibrium Equations

3.5 Equations for Beams 
3.5.1 Stress and Strain
3.5.2 Constitutive Equations
3.5.3 Moments and Shear Forces

 

1238_Frame_FM  Page 9  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

3.5.4 Dynamic Equilibrium Equations
3.5.5 Equations for Thick Beams

3.6 Equations for Plates 
3.6.1 Thin Plates
3.6.2 Mindlin Plates
3.6.3 Third-Order Theory of Plates

3.7 Remarks

 

4

 

Principles for Weak Forms

 

4.1 Strong Forms vs. Weak Forms
4.2 Hamilton’s Principle
4.3 Constrained Hamilton’s Principle 

4.3.1 Method of Lagrange Multipliers
4.3.2 Penalty Method 
4.3.3 Determination of Penalty Factor 

4.4 Galerkin Weak Form
4.5 Constrained Galerkin Weak Form

4.5.1 Galerkin Weak Form with Lagrange Multipliers
4.5.2 Galerkin Weak Form with Penalty Factors

4.6 Minimum Total Potential Energy Principle
4.7 Weighted Residual Method 
4.8 Weighted Residual Method with Constraints 
4.9 Points to Note 
4.10 Remarks

 

5

 

MFree Shape Function Construction

 

5.1 Overview
5.2 Smoothed Particle Hydrodynamics Approach

5.2.1 Choice of Weight Function 
5.2.2 Consistency

5.3 Reproducing Kernel Particle Method 
5.4 Moving Least Squares Approximation

5.4.1 MLS Procedure
5.4.2 Consistency 
5.4.3 Continuous Moving Least Square Approximation

5.5 Point Interpolation Method 
5.5.1 Polynomial PIM
5.5.2 Consistency
5.5.3 Properties of PIM Shape Functions
5.5.4 Difference between PIM Interpolation 

and MLS Approximation 
5.5.5 Methods to Avoid Singular Moment Matrix

5.6 Radial PIM
5.6.1 Rationale for Radial Basis Functions
5.6.2 PIM Formation Using Radial Basis Functions
5.6.3 Nonsingular Moment Matrix
5.6.4 Consistency 
5.6.5 Radial Functions with Dimensionless Shape Parameters

5.7 Radial PIM with Polynomial Reproduction
5.7.1 Rationale for Polynomials

 

1238_Frame_FM  Page 10  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

5.7.2 Formulation Using Radial-Polynomial Basis 
5.7.3 Singularity Issue of the Transformed Moment Matrix
Example 5.1 Sample RPIM Shape Functions
Example 5.2 Effects of Shape Parameters of RBFs 

on Shape Function
5.8 Polynomial PIM with Coordinate Transformation

5.8.1 Coordinate Transformation
5.8.2 Choice of Rotation Angle

5.9 Matrix Triangularization Algorithm
5.9.1 MTA Procedure
5.9.2 Normalization of the Support Domain
5.9.3 MTA Flowchart
5.9.4 Test Examples
Example 5.3 Interpolation Using 6 Nodes in Parallel Lines
Example 5.4 Interpolation Using 12 Nodes in Parallel Lines

5.10 Comparison Study via Examples
Example 5.5 Comparison of Shape Functions Obtained 

Using Different Methods (1D Case)
Example 5.6 Comparison of Shape Functions Obtained Using 

Different Methods (2D Case)
Example 5.7 Curve Fitting Using MFree Shape Functions
Example 5.8 Effects of Shape Parameters on the Condition Number 

of Moment Matrices and Curve Fitting
Example 5.9 Surface Fitting Using MFree Shape Functions 

(Effects of Parameters)
Example 5.10 Surface Fitting Using MFree Shape Functions 

(Accuracy in Derivatives of the Fitted Surface)
Example 5.11 Surface Fitting Using MFree Shape Functions 

(Effects of the Support Domain)
5.11 Compatibility of MFree Function Approximation
5.12 On the Concept of Reproduction
5.13 Other Methods
5.14 Remarks

 

6

 

Element Free Galerkin Method

 

6.1 EFG Formulation with Lagrange Multipliers
6.1.1 Formulation
6.1.2 EFG Procedure
6.1.3 Background Integration
6.1.4 Numerical Examples
Example 6.1 Patch Test 
Example 6.2 Cantilever Beam (Numerical Integration) 
6.1.5 Remarks 

6.2 EFG with Penalty Method
6.2.1 Formulation
6.2.2 Penalty Method for Essential Boundary Conditions
6.2.3 Penalty Method for Continuity Conditions
6.2.4 Numerical Examples
Example 6.3 Patch Test 

 

1238_Frame_FM  Page 11  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

Example 6.4 Timoshenko Beam
Example 6.5 Cantilever Beam of Bi-Material
Example 6.6 Sandwich Composite Beam 
6.2.5 Remarks 

6.3 Constrained Moving Least Square Method for EFG
6.3.1 Formulation
6.3.2 Constrained Surfaces Generated by CMLS
Example 6.7 Linear Constraint
Example 6.8 Parabolic Constraint
6.3.3 Weak Form and Discrete Equations
6.3.4 Examples for Mechanics Problems
Example 6.9 Patch Test
Example 6.10 Cantilever Beam
Example 6.11 Hole in an Infinite Plate
6.3.5 Computational Time
6.3.6 Remarks 

6.4 EFG for Nonlinear Elastic Problems 
6.4.1 Basic Equations for Nonlinear Mechanics Problems 
6.4.2 Weak Form for Nonlinear Elastic Problems
6.4.3 Discretization and Numerical Strategy 
6.4.4 Numerical Procedure
6.4.5 Numerical Example
Example 6.12 Soil Foundation
6.4.6 Remarks 

6.5 Summary

 

7

 

Meshless Local Petrov–Galerkin Method

 

7.1 MLPG Formulation
7.1.1 The Idea of MLPG
7.1.2 Formulation of MLPG
7.1.3 Types of Domains
7.1.4 Procedures for Essential Boundary Conditions
7.1.5 Numerical Investigation
7.1.6 Examples
Example 7.1 Patch Test
Example 7.2 High-Order Patch Test
Example 7.3 Cantilever Beam
Example 7.4 Infinite Plate with a Circular Hole
Example 7.5 Half-Plane Problem 

7.2 MLPG for Dynamic Problems
7.2.1 Statement of the Problem 
7.2.2 Free-Vibration Analysis
7.2.3 Imposition of Essential Boundary Conditions 

for Free Vibration
7.2.4 Numerical Examples
Example 7.6 Cantilever Beam
Example 7.7 Cantilever Beam with Variable Cross Section
Example 7.8 Shear Wall
7.2.5 Forced Vibration Analysis
7.2.6 Direct Analysis of Forced Vibration

 

1238_Frame_FM  Page 12  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

7.2.7 Numerical Examples
Example 7.9 Cantilever Beam
Example 7.9a Simple Harmonic Loading
Example 7.9b Transient Loading

7.3 Remarks

 

8

 

Point Interpolation Methods

 

8.1 Polynomial Point Interpolation Method
8.1.1 Domain Discretization
8.1.2 Enclosure of Nodes
8.1.3 Variational Form of Galerkin PIM 
8.1.4 Comparison of PIM, EFG, and FEM
8.1.5 Numerical Examples
Example 8.1 Patch Test 
Example 8.2 Cantilever Beam
Example 8.3 Hole in an Infinite Plate
Example 8.4 Bridge Pier 
8.1.6 Remarks 

8.2 Application of PIM to Foundation Consolidation Problem
8.2.1 Biot’s Consolidation Theory and Its Weak Form 
8.2.2 Discretization of Weak Form
8.2.3 Numerical Examples
Example 8.5 One-Dimensional Consolidation Problem
Example 8.6 Two-Dimensional Consolidation Problem

8.3 Radial Point Interpolation Method
8.3.1 Key Considerations
8.3.2 Numerical Examples
Example 8.7 Patch Test 
Example 8.8 Cantilever Beam
Example 8.9 Infinite Plate with a Hole
Example 8.10 Parallel Tunnel
8.3.3 Remarks

8.4 Local Point Interpolation Method (LPIM)
8.4.1 LPIM Formulation
8.4.2 Weight Function
8.4.3 Numerical Examples
Example 8.11 Standard Patch Test (LPIM + MTA)
Example 8.12 Higher-Order Patch Test
Example 8.13 Cantilever Beam
Example 8.14 Infinite Plate with a Hole
Example 8.15 Stress Distribution in a Dam
8.4.4 Remarks

8.5 Local Radial Point Interpolation Method
8.5.1 Examples of Static Problems 
Example 8.16 Patch Test 
Example 8.17 High-Order Patch Test
Example 8.18 Cantilever Beam
Example 8.19 Infinite Plate with a Circular Hole
Example 8.20 Half-Plane Problem 

 

1238_Frame_FM  Page 13  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

8.5.2 Examples of Dynamic Problems
Example 8.21 Cantilever Beam
Example 8.22 Free Vibration Analysis of a Shear Wall
8.5.3 Remarks 

8.6 Application of LRPIM to Diffusion Equations
8.6.1 Terzaghi’s Consolidation Theory
8.6.2 Discretized System Equation in the Time Domain 
8.6.3 Numerical Example
Example 8.23 Two-Dimensional Foundation 

8.7 Comparison Study
8.7.1 Convergence Comparison
Example 8.24 Cantilever Beam (Convergence of LPIM-MTA, 

MQ-LRPIM, and MLPG)
8.7.2 Efficiency Comparison
Example 8.25 Cantilever Beam (Efficiency of LPIM-MTA, 

MQ-LRPIM, and MLPG)
8.8 Summary

 

9

 

Mesh Free Methods for Fluid Dynamics Problems

 

9.1 Introduction
9.2 Smoothed Particle Hydrodynamics Method 

9.2.1 SPH Basics
9.2.2 SPH Formulations for Navier–Stokes Equation 
9.2.3 Major Numerical Implementation Issues
9.2.4 SPH Code Structure
9.2.5 Applications 
Example 9.1 Poiseuille Flow
Example 9.2 Couette Flow
Example 9.3 Shear-Driven Cavity Problem
Example 9.4 Free Surface Flows
Example 9.5 Explosion in Vacuum
Example 9.6 Simulation of Explosion Mitigated by Water
9.2.6 Remarks

9.3 Local Petrov–Galerkin Method
9.3.1 MLPG Formulation
9.3.2 Numerical Integration in MLPG
9.3.3 Governing Equations and Their Discretized Form 
9.3.4 Boundary Condition for Vorticity
9.3.5 Numerical Results and Discussion
Example 9.7 Natural Convection in a Square Cavity Problem
9.3.6 Remarks

9.4 Local Radial Point Interpolation Method
9.4.1 LRPIM Formulation
9.4.2 Implementation Issue in LRPIM for CFD Problems
9.4.3 Numerical Results and Discussion
Example 9.8 Natural Convection in a Square Cavity
Example 9.9 Natural Convection in a Concentric Annulus 
9.4.4 Remarks 

 

1238_Frame_FM  Page 14  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

10

 

Mesh Free Methods for Beams

 

10.1 PIM Shape Function for Thin Beams
10.1.1 Formulation
10.1.2 Example 
Example 10.1 PIM Shape Functions for Thin Beams

10.2 Elastostatic Analysis of Thin Beams
10.2.1 Local Weighted Residual Weak Form
10.2.2 Discretized System Equations
10.2.3 Numerical Example for Static Problems
Example 10.2 Simply-Simply Supported Beams under Various Loads
Example 10.3 Beams under Uniformly Distributed Load 

with Different Boundary Conditions
10.3 Buckling Analysis of Thin Beams (Eigenvalue Problem)

10.3.1 Local Weak Form
10.3.2 Discretized System Equations
10.3.3 Numerical Example
Example 10.4 Bulking Analysis of Thin Beams

10.4 Free-Vibration Analysis of Thin Beams (Eigenvalue Problem)
10.4.1 Local Weak Form
10.4.2 Discretized System Equations
10.4.3 Numerical Results
Example 10.5 Free-Vibration Analysis of Thin Beams

10.5 Forced Vibration Analysis of Thin Beams (Time-Dependent Problem)
10.5.1 Local Weak Form
10.5.2 Discretized System Equations
10.5.3 Numerical Results
Example 10.6 Vibration of a Pinned-Pinned Thin Uniform Beam 

Subject to Harmonic Loading
Example 10.7 Vibration of a Pinned-Pinned Thin Uniform Beam 

Subject to Transient Loading
10.6 Timoshenko Beams

10.6.1 Local Weak Form
10.6.2 Discretized System Equations
10.6.3 Numerical Example
Example 10.8 Static Deflection of Timoshenko Beams

10.7 Remarks

 

11

 

Mesh Free Methods for Plates

 

11.1 EFG Method for Thin Plates
11.1.1 Approximation of Deflection 
11.1.2 Variational Forms
11.1.3 Discrete Equations
11.1.4 Eigenvalue Problem
11.1.5 Numerical Examples
Example 11.1 Static Deflection of Rectangular Thin Plates
Example 11.2 Natural Frequency Analysis of Thin Square Plates
Example 11.3 Natural Frequency Analysis of Elliptical Plates
Example 11.4 Natural Frequency Analysis of Polygonal Plates
Example 11.5 Natural Frequency Analysis of a Plate of Complex Shape

 

1238_Frame_FM  Page 15  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

11.2 EFG Method for Thin Composite Laminates
11.2.1 Governing Equation for Buckling 
11.2.2 Discretized Equation for Buckling Analysis
11.2.3 Discretized Equation for Free-Vibration Analysis
11.2.4 Numerical Examples for Buckling Analysis
Example 11.6 Static Buckling of Rectangular Plates (Validation)
Example 11.7 Static Buckling of a Square Plate (Efficiency) 
Example 11.8 Static Buckling of a Plate with Complicated 

Shape (Application)
Example 11.9 Static Buckling of a Laminated Plate (Application)
11.2.5 Numerical Examples for Free-Vibration Analysis
Example 11.10 Frequency Analysis of Free Vibration 

of Orthotropic Square Plates 
Example 11.11 Natural Frequency Analysis of Composite 

Laminated Plates 
11.3 EFG Method for Thick Plates

11.3.1 Field Variables for Thick Plates 
11.3.2 Approximation of Field Variables 
11.3.3 Variational Forms of System Equations 
11.3.4 Discrete System Equations
11.3.5 Discrete Form of Essential Boundary Conditions
11.3.6 Equations for Static Deformation Analysis
11.3.7 Numerical Examples of Static Deflection Analyses
Example 11.12 Comparison of Deflection of Thin and Thick Square 

Plates with Different Types of Boundary Conditions
Example 11.13 Convergence of Deflection of a Thin Square Plate
Example 11.14 Convergence of Deflection of a Thick Square Plate
Example 11.15 Maximum Deflections of Thick Plates under 

Several Kinds of Boundaries 
Example 11.16 Elimination of Shear Locking 
11.3.8 Numerical Examples of Vibration Analyses
Example 11.17 Frequency Analysis of Thick Plates (FSDT) 
Example 11.18 Frequency Analysis of Thick Plates (FSDT and TSDT)
11.3.9 Numerical Examples of Vibration Analyses
Example 11.19 Buckling Analysis of Thick Plates 

(FSDT and TSDT) 
Example 11.20 Buckling Loads of a Square Plate Based on FSDT 

and TSDT with Different Loads and Boundaries
Example 11.21 Buckling Loads of a Square Plate with a Circular 

Hole Based on FSDT and TSDT
11.4 RPIM for Thick Plates

11.4.1 Formulation
11.4.2 Numerical Examples
Example 11.22 Deflection of a Thick Square Plate 

(Effects of the EXP Shape Parameters)
Example 11.23 Deflection of a Thick Square Plate 

(Effects of the MQ Shape Parameters)
Example 11.24 Deflection of a Thick Square Plate 

(Effects of Polynomial Terms) 
Example 11.25 Deflection of a Thick Square Plate 

(Convergence of Maximum Deflections)

 

1238_Frame_FM  Page 16  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

Example 11.26 Deflection of a Thick Square Plate 
(Effects of Irregularly Distributed Nodes)

Example 11.27 Deflection of a Thick Square Plate 
(Effects of Shear Locking)

11.5 MLPG for Thin Plates
11.5.1 Governing Equations
11.5.2 Local Weak Form of MLPG
11.5.3 Discretized System Equations
11.5.4 Weight Function
11.5.5 Numerical Integration
11.5.6 Numerical Examples
Example 11.28 Static Analysis of Thin Square Plates 
Example 11.29 Square Plate under Different Load 

with Different Support 
Example 11.30 Static Analysis of Thin Rectangular Plates
Example 11.31 Static Deflection Analysis of a Circular Plate
Example 11.32 Free-Vibration Analysis of Thin Plates

11.6 Remarks

 

12

 

Mesh Free Methods for Shells

 

12.1 EFG Method for Spatial Thin Shells
12.1.1 Moving Least Squares Approximation
12.1.2 Governing Equation for Thin Shell
12.1.3 Strain–Displacement Relations 
12.1.4 Principle of Virtual Work
12.1.5 Surface Approximation 
12.1.6 Discretized Equations
12.1.7 Static Analysis
12.1.8 Free Vibration 
12.1.9 Forced (Transient) Vibration
12.1.10 Numerical Example for Static Problems 
Example 12.1 Static Deflection of a Barrel Vault Roof 

under Gravity Force
12.1.11 Numerical Examples for Free Vibration of Thin Shells
Example 12.2 Free Vibration of a Clamped Cylindrical Shell Panel 
Example 12.3 Free Vibration of a Hyperbolical Shell
Example 12.4 Free Vibration of a Cylindrical Shell
12.1.12 Numerical Examples for Forced Vibration of Thin Shells 
Example 12.5 Clamped Circular Plate Subject 

to an Impulsive Load
Example 12.6 Clamped Cylindrical Shell Subject to a Sine Load
Example 12.7 Clamped Spherical Shell Subject 

to a Sine Curve Load
12.1.13 Remarks

12.2 EFG Method for Thick Shells
12.2.1 Fundamental Relations
12.2.2 Principle of Virtual Work
12.2.3 Numerical Examples
Example 12.8 Static Deflection of a Barrel Vault Roof 

under Gravity Force

 

1238_Frame_FM  Page 17  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

Example 12.9 Pinched Cylindrical Shell 
Example 12.10 Pinched Hemispherical Shell
12.2.4 Remarks

12.3 RPIM for Thick Shells
12.3.1 Formulation Procedure
12.3.2 Numerical Examples
Example 12.11 Barrel Vault Roof
Example 12.12 Pinched Cylindrical Shell 
Example 12.13 Pinched Hemispherical Shell
12.3.3 Remarks

12.4 Summary

 

13

 

Boundary Mesh Free Methods

 

13.1 BPIM Using Polynomial Basis
13.1.1 Point Interpolation on Curves 
13.1.2 Discrete Equations of BPIM
13.1.3 Implementation Issues in BPIM
13.1.4 Numerical Examples
Example 13.1 Cantilever Beam
Example 13.2 Plate with a Hole
Example 13.3 A Rigid Flat Punch on a Semi-Infinite Foundation

13.2 BPIM Using Radial Function Basis
13.2.1 Radial Basis Point Interpolation 
13.2.2 BRPIM Formulation
13.2.3 Comparison of BPIM, BNM, and BEM
13.2.4 Numerical Examples
Example 13.4 Cantilever Beam
Example 13.5 Plate with a Hole 
Example 13.6 Internally Pressurized Hollow Cylinder

13.3 Remarks

 

14

 

Mesh Free Methods Coupled with Other Methods

 

14.1 Coupled EFG/BEM
14.1.1 Basic Equations of Elastostatics
14.1.2 Discrete Equations of EFG
14.1.3 BE Formulation
14.1.4 Coupling of EFG and BE System Equations 
14.1.5 Numerical Results
Example 14.1 Cantilever Beam
Example 14.2 Hole in an Infinite Plate
Example 14.3 A Structure on a Semi-Infinite Soil Foundation

14.2 Coupled EFG and Hybrid BEM
14.2.1 EFG Formulation
14.2.2 Hybrid Displacement BE Formulation
14.2.3 Coupling of EFG and HBE
14.2.4 Numerical Results
Example 14.4 Cantilever Beam
Example 14.5 Hole in an Infinite Plate
Example 14.6 Structure on a Semi-Infinite Foundation

 

1238_Frame_FM  Page 18  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

14.3 Coupled MLPG/FE/BE Methods
14.3.1 MLPG Formulation
14.3.2 FE Formulation
14.3.3 Coupling of MLPG and FE or BE
14.3.4 Numerical Results
Example 14.7 Cantilever Beam
Example 14.8 Hole in an Infinite Plate
Example 14.9 Internal Pressurized Hollow Cylinder
Example 14.10 A Structure on a Semi-Infinite Foundation

14.4 Remarks

 

15

 

Implementation Issues

 

15.1 Definition of the Support Domain or Influence Domain
15.2 Triangular Mesh and Size of the Influence Domain
15.3 Node Numbering and Bandwidth of the Stiffness Matrix
15.4 Bucket Algorithm for Node Searching 
15.5 Relay Model for Domains with Irregular Boundaries

15.5.1 Problem Statement
15.5.2 Visibility Method
15.5.3 Diffraction Method
15.5.4 Transparency Method
15.5.5 The Relay Model

15.6 Adaptive Procedure Based on Background Cells
15.6.1 Issues of Adaptive Analysis
15.6.2 Existing Error Estimates
15.6.3 Cell Energy Error Estimate
15.6.4 Numerical Examples
Example 15.1 Cantilever Beam (Error Estimation) 
Example 15.2 Infinite Plate with a Circular Hole 

(Error Estimation)
Example 15.3 A Square Plate Containing a Crack

15.7 Strategy for Local Adaptive Refinement 
15.7.1 Update of the Density Factor
15.7.2 Local Delaunay Triangulation Algorithm
Example 15.4 Infinite Plate with a Circular Hole 

(Adaptive Analysis) 
Example 15.5 Square Plate with a Square Hole 

(Adaptive Analysis) 
Example 15.6 Square Plate with a Crack (Adaptive Analysis)
Example 15.7 Square Plate with Two Parallel Cracks 

(Adaptive Analysis) 
Example 15.8 Arbitrary Complex Domain (Adaptive Analysis)

15.8 Remarks

 

16

 

MFree2D

 

©

 

16.1 Overview
16.2 Techniques Used in MFree2D
16.3 Preprocessing in MFree2D

16.3.1 Main Windows 
16.3.2 Geometry Creation

 

1238_Frame_FM  Page 19  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC



 

16.3.3 Boundary Conditions and Loads
16.3.4 Modify and Delete Boundary Conditions and Loads
16.3.5 Node Generation
16.3.6 Materials Property Input
16.3.7 Miscellaneous

16.4 Postprocessing in MFree2D
16.4.1 Start of MFreePost
16.4.2 Window of MFreePost

 

References

    

1238_Frame_FM  Page 20  Thursday, June 13, 2002  10:07 AM

© 2003 by CRC Press LLC


