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Abstract—A distributed parameter system for the growth of micro-organisms in a chemostat is considerqd.
The growth rate depends on the internal concentration in the cells of one essential nutritient and a partial
differential equation describing the situation where different cells have different growth rates is studied.

1. INTRODUCTION

Consider a microbial population in a chemostat where the growth of the cells is limited by the
availability of one essential nutritient. Even if the chemostat is well stirred it is reasonable to
assume that different cells may have different growth rates due to varying internal concen-
trations of the limiting nutritient. The purpose of this paper is to study under what conditions
the solutions of a mathematical model describing this distributed parameter system approaches
the solutions of a corresponding model where the assumption is made that all cells are identical.
The asymptotic behaviour of these solutions as t -« will also be studied.

It will be assumed that the age structure of the cells does not affect the growth rate and that
the cells reproduce through division so that this part of the growth process will not appear
explicitly in the model if it is formulated in terms of cell mass, and not numbers of cells. The
chemostat is well stirred and the concentration of the nutritient in the medium being pumped
into the chemostat at time ¢ is C(¢). If o(t) is the total amount of nutritient, (in one form or
another), in the chemostat and s(t) is the total amount of nutritient inside the cells, then the
concentration of nutritient in the medium in the chemostat is proportional to o(t)— s(¢). The
rate of uptake of nutritient from the medium into a cell with internal concentration g, (nutritient
per cell mass), is assumed to be f(q, o(¢)— s(¢)) and the differential growth rate, (of cell mass),
of such a cell is u(g). Now it is not assumed that distribution of cell mass with respect.to the
internal concentration g at time ¢ is given by a density function but more generally through a
measure m(t, ), i.e. m(t, E) = [ dm(t, q) = total mass of cells at time ¢ with internal nutritient
concentration in the set E. (If m is absolutely continuous, it is identified with its density
function.) Using standard arguments one derives the following equation for m, (that in general
only holds in the distribution sense):

alatm + 3/ 3q(g(q, a(t) — s(t))m) = (u(q) — D(t))m, m(0, )= my, (1.1)

s=[_qdma, ),
where m, is a given nonnegative measure,
g(g, x) = - u(q)q + f(q, x), (1.2)
(R™ =0, =)}, D(¢) is the given fractional dilution rate and o satisfies the equation
a'(ty= DUNC()V - a(1)), (1.3)

6eres

where =d/dt and V is the (constant) volume of the chemostat.
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If all the cells were identical, then one would get a system of differential equations
consisting of (1.3) and the equations

X'(1) = (n(Q(1) = D() X (1),
(1.4)
Q' (1) = - uw(QNQ) + f(QD), o(t) — QN X (D).

Here X is the total cell mass and Q is the internal nutritient concentration.

Models of the form (1.3), (1.4) have been studied in e.g. [2-6,9] and the references
mentioned there. The main feature of these models is that the growth rate depends on the
internal nutritient concentration and the most serious weakness seems to be that there is no
time delay between the uptake of nutritient and its effects on the growth rate [1, 4, 5].

A certain kind of time delay will automatically be introduced in the second model to be
considered. Here it is assumed that the nutritient is taken up in the (e.g. inorganic) form I and
then transformed into the (e.g. organic) form II at the rate ¢,q, and back again into form I at the
rate c,q, where g, and g, are the concentrations of the nutritient in the forms I and II
respectively. Finally it is assumed that the growth rate is a function of g, only and that the rate
of uptake of nutritient from the medium is independent of g, and g,. If now the measure M(t, -)
defined on R* X R* denotes the distribution of cell mass with respect to g, and g,, then one
obtains the following equation corresponding to (1.1):

o/ 3tM + 9/ 3q,(g\(q1, G2, o (t) — s()M) + 6/ 3ax(gxqy, @)M) = (u(g2) = DYM, M(0, ) = M,,

(1.9
s=[ @+ dMt a9,
where
81(q1, @2, x) = = (¢ + u(g2))q1 + €24, + F(x), (1.6)
8441, @) = c1qi — (€2 + 1(42)) 42, (1.7)

and the function ¢ is defined to be the solution of equation (1.3).
If all the cells are identical, then one gets a system of equations consisting of (1.3) and the
equations

X'(5) = (n(Qx) = D) X (1),
Qi) == (1 + QN Qu(B) + €, Q) + F(a(t) — (Qu{1) + Q1) X (1)),
Q1) = c1Qu() — (2 + (QAON QD). (1.8)
This second model is related to similar ones that have been studied in, e.g. Refs. [7, 10]. It
should be observed that here the reactions transforming nutritient in forms I and II into each

other proceed at linear rates and this is a very strong assumption, but it is needed in the
arguments to be used below.

2. STATEMENT OF RESULTS
The first result concerns equations (1.1), (1.2) and their relationship to the system (1.4).

THEOREM 1
Assume that V>0, o,> 0 and that

C and D are continuous, nonnegative and bounded functions on R, 2.1
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f is a continuously differentiable function on R* XR*, nonincreasing in its first and
nondecreasing in its second variable and nonnegative on {0} xR* and nonpositive on
R* x {0}, 2.2)

w is a continuously differentiable, nondecreasing function on R*, u(0)=0 and p=0, 2.3)

m, is a finite, nonnegative Borel measure with compact support in R*, my(R") >0 and
Jr-q dmy(q) = a,. 2.4

Then there exists a unique solution m of the system (1.1)}~(1.3) when t=0, q= 0 and a(0) = oy,
((1.1) holds in the distribution sense), such that for each t,m(t, ‘) is a finite, nonnegative Borel
measure on R* with support in a compact set independent of t and for each continuous function
W the function [g- ¢(q) dm(t, q) is continuous. If moreover

liminf,.. C(¢t) >0 and lim inf,_, D(¢)>0 2.5)

then m(t,R") is bounded on R* and there exist positive numbers T, o, X1, Qr and nonnegative
continuous functions Cy and Dy on [T,©) such that

lim . (IC(8) = C(0)| + |D(1) = D(1))) = 0 (2.6)

and such that the solution of the system (1.3), (1.4) on t=T with o(T)= oy, X(T) = Xy,
Q(TY=Qr and C and D replaced by C, and D, satisfies

lim, .. (lX(t)— m(1,R")

+|owx@- [ admaf)=o @7

Moreover, either lim,.. m(t,RY) =0 or lim,_.. diam (supp(m(t, -))) =0.

Here diam (E) = sup {jx — y|jx, y € E} and supp (m(t, -)) is the support of m(z,).

The conclusion (2.7) implies that one can at least from a practical point of view, just as well
use the simpler system (1.3), (1.4) instead of the more complicated equations (1.1)-(1.3). In the
next theorem the asymptotic behaviour of the system (1.3), (1.4) and thus by Theorem 1 also
that of (1.1)-(1.3), is studied.

THEOREM 2

Assume that V>0, 04>0, Xo>0, Qp=0, QuX¢= 0y, Co>0, D.>0, (2.1)-(2.3) hold and
that

lim,... (C(8), D(t)) = (Cs, D), 2.8)

there exists a unique number Q. >0 such that u(Q.) =D, and a unique number X.>0
such that £(Q., C.V — Q.X.) = D.Q.. 29

Then the solution of the system (1.3), (1.4) on t=0 with X(0)=X,, Q(0)=Q, and d(0)= oy
satisfies

liml—bx (X(t)9 Q(t)9 U(t)) = (me Qm, Ca: V)- (2.10)
Observe that the assumptions made in Theorem 2 do not guarantee that the linearization of
the system (1.3), (1.4) around the equilibrium point is asymptotically stable.

Next an analoque of Theorem 1 for the system (1.3), (1.5)~(1.7) will be established.

THEOREM 3
Assume that V>0, g,>0,¢,>0, ¢, 20 (2.1) and (2.3) hold and that

F is a continuously differentiable, nondecreasing function on R* and F(0)=0 2.11)
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M, is a finite, nonnegative Borel measure with compact support in R XR™, Mg(R™ xR™) >
0 and fg+xr+ (@1 +q2) dMo(qy, @) = 0. (2.12)

Then there exists a unique solution M of the system (1.3), (1.5)~(1.7) when t=0, q, =0, @, =0
and a(0) = oy, ((1.5) holds in the distribution sense), such that for each t, M(t,") is a finite,
nonnegative Borel measure on R™ X R™ with support in a compact set independent of t and for
each continuous function i the function [g-.g+ ¥(q,, q2) dM(t, q, Q2) is continuous. Moreover, if
(2.5) holds, then M(t,R* X R") is bounded on R* and if also

c1 > sup {(cxqu'(q) + u(q) + w(@)2au'(@N2e; +3u(q) + 1 ()P0 = n(g)q
= F(Vlimsup,.. C(t))} (2.13)

then there exist positive numbers T, or, X1, Qi1, Qor and nonnegative continuous functions C,
and Dy, on [T,®), such that (2.6) holds and such that the solution of the system (1.3), (1.8) on
t=T with o(T) = or, X(T) = X, Qu(T) = Qi1, QT) =Q4r and C and D replaced by C, and D,
satisfies

lim (| X (1) = M(£, R +|Qu(D) X (1)

- f L, @ dM(t, i)l 2.14)
R7xR

+QOXO- [ a,dM( qa) =0,

Moreover, either lim,... M(t,R* XR*) =0 or lim,_,,, diam (supp(M(¢, ))) = 0.

It is not at all clear whether the assumption (2.13), (or something similar to it) is really
essential for the assertion of Theorem 3 to hold. But observe that this condition is not needed in
the next result where the asymptotic behaviour of the system (1.3), (1.8) is studied.

THEOREM 4

Assume that V > 0, Ty > 0, c > 0, = 0, XO >0, Q]o =0, Q20 = 0, (QIO + on)X() = gy, D.>0,

C.>0, (2.1), (2.3), (2.8) and (2.11) hold and that

there exists a qfnique number Q,, such that u(Q,.) =D. and a unique number X. such
that (F(C.V - (le + Q2)Xz) = Du(Q1 + Qa) where CiQ . = (Cy + Do)Qa (2.15)

Then the solution of the system (1.3), (1.8) on t 20 with X(0) = X,, Q,(0) = Qyo, Q2(0) = Qq and
a(0) = a(0) satisfies

limt—m (X(t)’ Ql(t)y QZ(t), U(t)) = (va Qlws QZm Cw V) (216)

3. PROOF OF THEOREM 1
From eqn (1.3) we see that if o(0) = o, then

o(t) = exp ( —f D(s) ds) o+ vf exp (—f D(T)dT) D(s)C(s)ds, t20. @.1)
0 0 s
It follows from (2.1) and (3.1), as o, >0, that
def
0< () = max {og, sup,;zo C(1) V} = o, <. 3.2)

By (2.2)—(2.4) there exists a number a such that

supp (mo) C[0, 2], qu(q)>f(q,0.), qZa (3.3)
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We are going to solve eqn (1.1) using the method of characteristics and therefore we
consider the following system of equations:

y'(t, ) = (up(t, 1) = D) y(t, A), y(0,4)=1
p'(t, A) = — pu(p(t, M)p(t, A) + f(p(t, A), (3.4)

a(t)—z(1)), p0,r)=4A
z(t)=J’[0 }p(t,)\)y(t,/\)dmo(/\), A €]0,a), t=0.

If we extend the functions u and f in a suitable manner to R and R X R, then it follows from
standard results that this system has at least a local, continuously differentiable, unique solution
that depends continuously on the parameter A. If we can prove that

0=p(t,M)=a, 0=z(D=0(t), (3.5)

as long as the solution exists, then we get a global solution. To establish (2.5) we first observe
that by (1.3) and (3.4) we have

o'(t)- 2(t) = DY)V - D)D) - 2(1)
- 100, o= 20yt ame), 120,

From this equation we conclude with the aid of (2.1), (2.2), (2.4) and the fact that y(f, A) > 0 that
o(t)— z(t)= 0. If we moreover note that z(¢) = 0 provided that p(¢, A) =0 for all A, then we can
derive the remaining assertion of (3.5) from (2.1)=(2.3) using the standard argument that at the
boundary the derivative points into the region claimed to be invariant. Thus the existence of a
unique global solution of (3.4) satisfying (3.5) has been established.

We define the measure m(t,) as follows: m(t, E)= [g y(t,A)dmy(A), where E,=
{x €10, a]ip(t,A) € E}. We see that m(t,-) is a finite, nonnegative Borel measure on R with
support contained in [0, a]. If ¢ is a continuous function on R*, then it follows from our
definition that [+ ¥(q) dm(t, ) = fj0.a; $(p(t, A))y(t, A) dme()). Denote this function by v. If
is continuously differentiable, this is true for v too and a calculation involving (1.2) and (3.4)
shows that

V)= [ (W(@ela o= 20) + Ha)ula)~ DN X dm(t,q).

Multiply this cquation by ¢(¢), where ¢ is an arbitrary continuously differentiable function with
compact support on R, and integrate over R™. This yields after an intergation by parts

-[ [ ewwtaramu gydi- [ e@wia) amit, )
R R R
[ [ ew@sta, o) - 20y dmis, ) as

=L IR- e(DHl(g)(u(g)~ D()ydm(t, g) dt.

Using this result we are able to see that eqn (1.1) holds in the distribution sense because smooth
functions of two variables can be approximated by sums of functions of the form ¢(t)#(q) and
it follows from the definitions that z(¢) = s(¢).
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To establish the uniqueness we proceed as follows. Suppose that the measure m(t, ) is a
solution of the system (1.1)-(1.3). Let y(t,A) and p(,A) be the solutions of the first two
equations in (3.4) with z(t) = fg+ g dm(t, q). Now we define the measure m(t, -) by

ot D)y A) dm () = [ wayama.

0.«

A calculation shows that if ¥ is a smooth function with compact support in R X R, then

| f 4w, p(t, M)y(t, A)) dmy(t, A) de
&+ Jio, oy dt

=- ¥(0, p0, A))y(0, 2)dm,(0, A) dt
1

[0, a

== W0, q) dmq(q).

{0, a]

Since y(t, A) >0 we can choose ¥ such that ¥(¢, p(t, ))y(2, A) = o(£)(A) for some functions ¢
and ¢ and hence

[0 swam@na=-e0] waimia.
R {0, a] [0, «]

It follows that m,(t,-)= m, and then the assertion concerning uniqueness follows from the
uniqueness of the solutions of equation (2.4) and the fact that z(¢) = s(¢).

From now on we assume that (2.5) holds and next we will show that lim sup,_.. m(t, R") <=,
Choose a number 7 so large that there exists a positive number d such that D(¢)=d, t = 7. Let
qo = sup {glu(q) = d/2}. Now we claim that

m(t,R*) = max {2(u(a) — d2)a/(dgy), m(r,R*)}, t = 7. (3.6)

It follows from the definition of the measure m(t, ) and (3.4) that
d/dtm(t,R") = J;o : (u(p(t, A) = D) y(t, \)dmy(A), t=0. (3.7
By (3.2), (3.4) and (3.5) it follows that

L ¥(t, A) dmo(A) = ol
where ’ (3.8)

A, ={Alp(t, A) Z qo}.

Since D(t)zd, t = r and u(p(t, A)) = u(a), it follows from (3.7), (3.8) and the definition of g
that if (3.6) is not satisfied for some ¢> r then d/dtm(#,R") <0 and we get a contradiction.
Thus we have established (3.6).

Next we observe that it follows from (2.2), (2.3), (3.4) and (3.5) that p(¢, A) is a nondecreas-
ing function of A. Moreover if w(t) = p(t, a)— p(t,0), then w'(t) = — u(p(t, @))w(t). Thus we see
that if w(¢) does not converge to zero, then f5 u(p(t, @)) d¢t <= and then it follows from (3.4)
that lim,_. y(£,A)>0 uniformly in A because [; D(t)dt=+x by (2.5) and wu(p(t,A)=
w(p(t, @)). But then lim,_.. m(t,R*) =0 and we get the last assertion of Theorem 1 because
supp (m(t, ) C [p(£,0), p(¢t, a)].

By the results above we have either lim,_. w(t) =0 or [3" u(p(t, @)) dt < so that in both
cases it follows that lim,.. (u(p(t,0)— u(p(t, A))) =0 uniformly in A, (because p(#A) is a
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Lipschitz continuous function of?). Thus, if T is sufficiently large, then the function D, defined
by

D)= D(t)+f ](#(P(t, 0)) — u(p(t, A)) y(t, A) dmo(A)/ m(2, R)

f0.
is nonnegative, continuous and bounded on R* and moreover lim,_.. (D(t) — D(#)) = 0. Thus if
we take Xy = m(T,R") then X(t)= m(t,R") satisfies the first equation in (1.4) when D is
replaced by D,. We take Qr = p(T,0) and then Q(t)= p(t,0) satisfies the second equation
provided that we choose C, so that the corresponding solution o, of (3.1) satisfies o.(t)—

QO X(H)=o(t)— s(t). If T is sufficiently large we can choose such a nonnegative continuous
and bounded function C, on [T,*) because it is straightforward to check that

lim— QO X(#) = s(1)] + | dIdHQ() X () — s(1))])

<lim, .. ( j Ip(1,0) = p(t. Miy(t, A) dmg(A)
0. al
+[ treo-pe )
[0, «]

+1p(2,0) = p(t, D(p(t A) = DEODY(L, A) dmom) =0

either because lim,_, w(?) =0 or lim . m(t, R*) = 0. This completes the proof of Theorem 1.

4. PROOF OF THEOREM 2
It foliows from the proof of Theorem 1, that we can apply Theorem 1 to the system (1.3),

(1.4) by taking m, to be a measure with total mass X, concentrated at Q,. Thus we conclude
that Q(¢) and X(¢) remain bounded an R*, but we must also show that
lim inf .. X(£)>0. 4.1)
It follows from (3.1) and (2.8) that
lim,_... o(t) = C. V. 4.2)
By (2.2), (2.3) and (2.9) there exists a positive number § such that
mM@g=f(q C.V-QX./D)+6if g= Q.+ 4.3)
From (2.8), (2.9) and (4.2) we see that we can choose 7 to be so large that
o)z C.V-Q.X./4. D)< u(Q.+6), tz~
But then we conclude from (1.4), (2.2) and (4.3) that if 1= 7, X(#)= X.Q./(4(Q~+ 8)) and
Q)= Q.+ 6 then Q'(t)= 6 and if Q(t)= Q.+ 8, then X'(¢) > 0. If we combine this result with

the fact that X(t) = X(s) exp (— (¢ — s) sup,=¢ D(r)), then we see that (4.1) holds.
Let

v(H=Xt)— X, u(t)=Qt)X(t) - QuX-.
From this definition, (1.4) and (2.9) we conclude that

v'(1) = ky()(u(t) — Q=v(1)) + ey(t)
4.4
u'(t) = = (Dx + ko()(u(t) = Qu0(1)) = ky(Du(r) + ex(t)
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where
k(1) = ((Q()) ~ p(Q)/(Q(1) ~ Qx),
k(1) = (f(Q=, C.V = QUOX(1))
- f(Q(1), C.V = QOX(O(Q(D) - Qo) (4.5)
k() = (f(Quy Cu V — QX)) = f(Quy Ca V = QDX (N X (1) u(t),
e(t) = (D — D)X (1), () = (F(Q1), o(t) = QUHX(1))
- f(Q(), C. V- Q)X X (1) + (D — D) Q) X ().

It is clear that the functions k; are continuous and bounded and moreover we deduce from (2.2),
(2.3), 2.9), 4.1), (4.2) and (4.5) that

lim, .. (t)=0 j=1,2, (4.6)
and

k()= 0, t 20 and for each € >0 there exists a number §(¢) >0 such that k() = () if
[u(t) - Quv(t)| = € and ky(t) = 8(e) if |u(t)|Z e 4.n

Let € > 0 be arbitrary and choose
€= 8(€)/(UDx+ sup a9 ko 1))). 4.8

Define L(t) = max {|u(t)|, Q.jv(D)|/(1+ €))}. From (4.6) we see that if T is sufficiently large, then

le(D)] = €1€8(e1€)(2, |ex(t)| = eble)/4, t=T'. (4.9)
Suppose that ¢t > T and L(t) > e If L(f) = Q.|v(t)|/(1 + ¢,), then by (4.4), (4.7) and (4.9)

dldt|o(t)| = - ee5(ee)/2
and if L(t) = |u(t)|, then (4.4), (4.7), (4.8) and (4.9) imply that
d/dt|u(t)| = — ed(e)/4.

Combining these two cases we see that if L(t)> ¢, then

L'(t) = — min {Q..€€;8(¢€))/2(1 + ¢,), €8(€)/4}.

Therefore lim sup,_,.. L(#) < ¢ and since ¢ was arbitrary and ¢, remains bounded as ¢ -0 we
deduce from the definitions of L, v and u that the assertion of Theorem 2 holds.

5. PROOF OF THEOREM 3

We observe that (3.1) and (3.2) still hold and that we now can find numbers a; and «, such
that

def
supp (M) C (0, )] X [0, a5] = A

S.D
aay + Flo,) < 61ay < (¢, + plar))a.
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Again we use the method of characteristics to solve equation (1.5) and therefore we consider
the following system of equations

y' (6, A) = (ulpoAt, A)) = D()y(t, A), y(0,A) =1
p;(ta A) == (Cl + #‘(p2(t’ A)))pl(t9 A) + CZpZ(t’ A)
+ F(a(t)=z(1)), pi(0,M) =\,

pé(t’ A) = Clpl(t9 A) - (CZ + [l-(pz(t, A)))pZ(tv A)’ pZ(Os A) = /\2
)= j (0(t, A)+ Pty Ay(t, A) dMy(A),

tz0, A={(A, ) € A (5.2)

Using (1.3), (3.2), (5.1), (5.2) and arguments similar to the ones employed in the proof of
Theorem 1, we see that the system (5.2) has a unique global solution on R* such that

y(t,A)>0,(pi(t, A), po(t, A)) € A, 0= z() = o(t), t = 0. (5.3)
We define the measure M(t,-) by M(t, E) = [g, y(t, A)dMy(A), ECR*XR* where E, =
{A € Al(p:(t, A), ps(t, A)) € E}. Then we deduce that M(¢, -) is a Borel measure on R xR with
support in the compact set A(=[0, a,] X [0, a5]), see (5.3). In the same way as in the proof of
Theorem 1 we can show that we have thus found a solution of the system (1.3), (1.5)(1.7) that
has the desired continuity and uniqueness properties.
Next we assume that (2.5) holds and we can use almost the same proof as in Theorem 1 to
show that m(t,R) remains bounded as ¢ - .

Suppose now that (2.13) holds. It follows from (2.3), (5.2) and standard results that the
functions p,(t, A) and p,(¢, A) are continuously differentiable with respect to A. Let

wi(t, A) = apy(t, A) dA + c 7' u(pa(t, A))ap(t, A) A
(5.4
wi(t, A) = apy(t, A)IGA, w(t, A) = (wy(8, A), wa(t, A))

where the derivates in question are Frechet derivates. From (5.2) we deduce that w satisfies the
equation

w'(t, A) = B(t, Ayw(t, A) (5.5
where
B(1, A) = (by(t, A)) with by (t, A)=— ¢y, by(t, A) = ¢
bit, A) = co(1 = (pot, M)/ (po(t, A)) + p(po(t, M) €y)
+ w(pa(8, M1 = Q2po(t, A)p'(poAt, A))
+ u(paAt, A ey), (5.6)
bx(t, A) = = (c2+ 2u(pa(t, A)) + palt, A)p'(po(1, A))).

Let I(t, A) =|lw(t, A)||+|w2(t, A)l|; (| || denotes some operator, i.e. matrix, norm on R?). Then
we see that I is an absolutely continuous function and from (5.5) and (5.6) we have

I'(1, A = (b8, A) + [bialt, A wa(t, A, a.e. t20. (5.7)
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In order to be able to use the assumption (2.13) we need some estimates on p,(t, A) for large
t. It follows from (2.5) and (3.1) that

lim sup,_,, o(t) = Vlim sup,.. C(t).

This inequality combined with (2.3), (2.11) and (5.2) implies that for each 8, >0, there exists a
number r;, independent of A, such that ¢,p,(t, A) — c,ps(t, A) £ F(Vlim sup,.. C(t)) + 8, t = 1,,
and therefore it follows from (2.3) and (5.2) that for each §,> 0, there exists a number 7,
independent of A, such that

pz(t, A)}L(pz(t, A))—<_= F(Vlim SUP e C(t))+ 52, t= .

Thus we conclude from (2.3), (2.13), (5.6) and (5.7) by choosing &, to be sufficiently small that
there exists a number € >0 such that

I'(t,A) S — en(ps(t, )| wslt, All, 2e. t= 7, A € A. (5.8)

We can immediately conclude that w(t, A) is uniformly bounded with respect to A as t —»x and
therefore w(py(t, A))|wy(t, A) is a Lipschitz continuous function of ¢, see (5.2) and (5.5). Thus
we see that if for some Ay, lim,.. I(t, Ag)) = § >0, then lim . u(p,(t, Ag))|ws(t, Ag)| = 0. From
(5.5) and (5.6) we then have, because I(t, Ag) is nonincreasing on (r,, =) that if ¢ = r, and
Iwat, Ag)l| = & min {1, ¢,/sup,-olby 5(t, Ao)}/4 then d/df|wi(t, Ag| = — c,8/2. Because |[wa(t, Ao is
Lipschitz continuous, we conclude that we cannot have lim inf,_.., | wx(t, Ag)| = 0. Therefore we
have proved, recall the definitions of I and w, that

either lim,_., u(po(, A)) =0 or
5.9
lim,.[|9p;(t, DV oA[ =0 j=1,2.

Assume next that lim sup,.... M(t, R* XR*) > 0. Then theré must exist an index A, € A such
that lim inf .. [§ (w(py(t, A))) — D(t)) dt > —co, But then it is in view of (2.3), (2.5) and (5.3)
possible to find a constant & >0 such that

fim inf, o | (u(ptt, ADNRI(6 A+ o1, A) = 8)dt > = (5.10)

If we define p(t, A) = p\(t, A)+ pa(t, A) then we have by (5.2) the equation
p'(t,A) = F(a(t) — z(1)) — u(pAt, A)p(t, A), t Z0. (5.11)
Since p(t, A)) is bounded, see (5.3), it follows from (5.10) and (5.11), (with A = A), that

lim inf._.. f "(Flo(t) - 2() - 8) dt > —.
0

But this inequality combined with (5.3) and (5.11) implies that there is no A € A such that
lim,.. u(ps(t,A)) =0. Thus we deduce from (5.9) that either lim,_.M(t,R*XR")=0 or
lim,_...[lap;(t, A)3A||=0, j=1,2, A € A. In the second case it follows that lim,..diam(supp
(M(t,-))) = 0 because py(t, A) is Lipschitz continuous with respect to A, uniformly with respect to
t € R*. The remaining assertion of Theorem 3 can be established in the same way as the
corresponding ones in Theorem !. This completes the proof of Theorem 3.

6. PROOF OF THEOREM 4

In the same way as in the proof of Theorem 2 we observe that we can deduce from the
results in the proof of Theorem 3 that

0= Q)= ¢, 02 (Qi(t) + QU X(1) = a(t),
6.1)
X(£)>0, t 20 and sup,-o X(t) <,
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We proceed to show that (4.1) holds and therefore we study the following system of
equations

yilt)=—(c; + p(y Iy + 2y + F(VC,)
6.2)
yAt)=ciyi— (e + u(y))y, t20.
Since VC. = g, it follows from (2.3), (2.11) and (5.1) that [0, a,]} X (0, a,} is an invariant set for
(6.2). Moreover, by (2.3), (2.11) and (2.15) there exists a unique equilibrium point (Y;, Y;) €
0, a;) X(0, a,) such that Y,> Q.. Using ([8], Lemma VI 3.1) we see that every nontrivial
periodic solution of (6.2) in [0, a;} X [0, a;] is asymtotically orbitally stable. Since the equili-
brium point is unique and asymptotically stable, because the eigenvalues of the linearized
equation have negative real parts, it follows from the Poincaré-Bendixson theorem, see ([8],
Chap. II), that the point (Y, Y5) is globally attractive in [0, ;] X [0, a,]. Now we are able to
conclude, using the facts that the eigenvalues of the equation (6.2) linearized around the

equilibrium point have strictly negative real parts and that the set [0, a,] X [0, a,] is compact that
if € >0 is given, then there exist numbers 7(¢) and y(¢) such that if

lo(t)~ QX (1)~ VC.| < ¥(e), t € [ty, 11}, ty— t,> 7(€) (6.3)

then the solution Q,(#), Qx(t) of (1.8) satisfies
|Qi(1) = Y|+ Q1) = Y3 < et € [t +7(e), 1. 6.4)
Since (4.2) holds and X (f)= X(s)exp (— (¢t — s5) sup,=o D(r)) we see that if liminf,_... X(¢)=0,
then we can for arbitrarily small € > 0 find an interval [¢,, f,] such that (6.3) holds and X'(f;) =0.
But since Y, > Q,. and (2.15) hold we see from (6.4) that if e is sufficiently small, then X'(¢) >0

on [t;+ 7(€), t,] and we have a contradiction. Thus we see that (4.1) holds.
We proceed in the same manner as in the proof of Theorem 2 and we define

Q)= QN+ Qut), Qu= Qi+ Qoe, ()= X(1)- X
u(t) = QAOX() = QuXe, W(t) = QNX() ~ QX
From (1.8), (2.15) and this definition we see that
v'(1) = k() (w(t) = Quv(1) + &y(1)
w'(t) = cu(t)— (¢, + ¢+ Doyw(t) + ex(t) (6.5)
u'(t) = = Dau(u(t) = Qu0(1)) = ky()u(t) + ex(t)
where
k() = (u(Qa(1) = p(QaNNQo1) = Qo)
kxAt) = (F(VC, = Q= X.) = F(VC. — QUOX() X ()] u(t) (6.6)
el(t) = (D= D()X(1), ex(t) = (D = D(1)) Q) X (2)
e(t) = (F(o(t) = QX)) = F(VC. - QX (D)X () + (D= — DN Q) X(2).

Again we observe that the functions k; and ¢; are bounded and continuous and from (2.3),
(2.11), (2.15), (4.1), (4.2) and (6.6) we see that

lim,.. e(t)=0, j=1,2,3, 6.7)



442

G. GRIPENBERG

and

for each e>0 there exists 8(e)>0 such that k(t)= 8(e) if |w(f)— Qv(£){Z ¢ and

kf

Le

De

By

1z 8e) if [u(t)|z e (6.8)
t € >0 be arbitrary and choose ¢, >0 so that
2¢, + € = 8(e)/(2D.). (6.9)
fine
L(#) = max {Ju(1)], Qu|w()(Qus(1+ €)), Qulo(BlI(1 + )} (6.10)
(6.7) we can choose T to be so large that

ley(t)] = eer(1+ €)Qau0(e€r(1 + €)Quul Qu)I(2Qx),
(6.11)
lex(t)| = cre6,/2, |es(1)| = €b(e)/4, t=T.

If we proceed in almost exactly the same manner as in the proof of Theorem 2 and use the fact
that ¢,Q. = (¢, + ¢; + D) Qs., see (2.15), then we deduce from (6.5) and (6.8)-(6.11) that if t > T
and L(t)> ¢, then

L'(t) = — min {e€,(1 + €,) Qr8(e€(1 + €) Q22 Q2)12, €166, Qul 2 Q(1 + 1), €5(€)/4}.

Therefore it follows that lim sup,_., L(¢) = € and since ¢ was arbitrary and ¢, remains bounded

as

L.

€—>0 we get the desired assertion from the definitions.
This completes the proof of Theorem 4.
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