5-5 Multiple-Angle and Product-to-Sum Identities

Find the values of sin 2¢, cos 2&, and tan 2& for the given value and interval.

-

1.cos 8 = >, (270°,360°)
2

SOLUTION:

Since cosfl =

| Lad

of 5 units from the origin as shown. The y-coordinate of this point is therefore —+/3232 or —4.

on the interval (270“, 360 ), one point on the terminal side of & has x-coordinate 3 and a distance

. L . ; ¥ 4 Vv 4 . .. .
Using this point, we find that sin# = = or —— and tan@ == or ——. Now use the double-angle identities for sine,

cosine, and tangent to find sin 2/, cos 2, and tan 2 ¢ .

sin 28 = 2sin feos

i _l\.rﬁ\
a
=7

L S5
24
o
cos28=2cos 6 -1

eSolutions Manual - Powered by Cognero

Page 1



5-5 Multiple-Angle and Product-to-Sum Identities

2tanf
1 —tan” &

#

tan 26 =

8
2.tan & = T , (180°,270%)
5

SOLUTION:

. 8 . : . . .
Since tan ¢ = T on the interval (180°, 270°), one point on the terminal side of & has x-coordinate —15 and y-
.

coordinate —8 as shown. The distance from the point to the origin is v82+152 or 17.

[

g

s 4R

. 17
-15,-8)

w W

. . . . ; ' 8 X 15 . ..
Using this point, we find that sin# = L or< = and cosf =" or— . Now use the double-angle identities for
r r

sine, cosine, and tangent to find sin 2, cos 2, and tan 2 .
sin 2@ = 2sinffcos &

H“||’ |5
17 )4 1?J

-7

240
289
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5-5 Multiple-Angle and Product-to-Sum Identities

cos2@=2cos" @ -1

Bt
I1IL t?)l
(225)
\289)
289 289
161
289
2tand
tan 26 = Im1
| —tan- @
s E kY
W15
TG
\15)
16
15

]{r-l

225
16
15
161
225
2410
161

-

-

] -

9
3.cos @ = —E,(90°,180°)

SOLUTION:

. 9 : . L .
Since cost! = T the interval (90°, 180°), one point on the terminal side of & has x-coordinate —9 and a

distance of 41 units from the origin as shown. The y-coordinate of this point is therefore +/41292 or 40.

=¥

. L . . v 40 v 40 . .- .
Using this point, we find that sin# = — or T and tané& == or o Now use the double-angle identities for sine,
oy s

cosine, and tangent to find sin 2, cos 2, and tan 2 .
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5-5 Multiple-Angle and Product-to-Sum Identities

sin 20 = 2sin@eos

{2)-2)
LA 41

720
1681
cos28=2cos’ 0 -1

% 2
_zf_iJ B3 |
L4l

I.f

81 ‘_]
u{:BIJ
162 1681
1681 1681
1519

1681

2tanf?
| —tan” &
2(_4(:‘1

9 )
]_(_JU]
L\ 9 )
30

5

tan 28 =

i b1
4. sin 8= — 3n J

, | —.2n
N2

o]~

SOLUTION:

(3m. . )

Since sinél = =13 on the interval T.ZHJ, one point on the terminal side of & has y-coordinate —7 and a

- h,

distance of 12 units from the origin as shown. The x-coordinate of this point is therefore +/12° ~7° or Jo5 .
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5-5 Multiple-Angle and Product-to-Sum Identities

Using this point, we find that cos@ =~ or

sine and cosine to find sin 2# and cos 2.

sin 28 = 2sinfcos

Use the definition of tangent to find tan 26 .

2tand
| —tan’ &
-25%)
\_ 95 )
(-2

{_}5

tan 26 =

b
1495
95
(49
'"~|3s)
14495
95
16
95
7.J95
23
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and tan f==2 or -

9 . .
;—5. Now use the double-angle identities for
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5-5 Multiple-Angle and Product-to-Sum Identities

(in

,I_:

5.tan 8= = et ;

o, -

b | =

SOLUTION:

. 1 . (3m
Since tané = -5 on the interval =

coordinate —1 as shown. The distance from the point to the origin is v2° +1° or +/3.
¥

Using this point, we find that sin & = '— or — % and cosf! —i_ or

sine, cosine, and tangent to find sin 2¢, cos 2/, and tan 2¢/ .

sin 26 = 2sin fcos &
.,:Ir xl'lg \ 3\.@ 1

5 i
4

5

cas2@=2c05"9-1

2

|

=2 2]
L 25)
40 25

55

8

5
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B | , one point on the terminal side of ¢ has x-coordinate 2 and y-
4

5 . ..
. Now use the double-angle identities for
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5-5 Multiple-Angle and Product-to-Sum Identities

2tand
1 —tan” &

4 | b
7| -

tan 2¢ =

>
= F

|
e | T
|
ok | o
ot

=Y
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5-5 Multiple-Angle and Product-to-Sum Identities

%

~
6.tan @ = /3, {}.;|

=

)

SOLUTION:

3 3 =)

. Since tané = "T on the interval | 0. - |, one point on the terminal side of &

If tan & = x?,then tan & =

o =2 ..
has x-coordinate 1 and y-coordinate +/3 as shown. The distance from the point to the origin is ‘uj[ S } +1° or2.

Y

Using this point, we find that sin = = ur% and cosf =— or—. Now use the double-angle identities for sine,
r r

cosine, and tangent to find sin 2/, cos 2¢, and tan 2 ¢ .
sin 26 = 2sin fcosd

r"Jf:_,'\](

2

%

i
i ]

I
-
St

o|& -

cos2@=2cos 6 -1

[

|
(]
P T e ®
da|— pa|—
™ e
|
[ |
—

3| —

3|t

|
ba | —

2tané
| —tan” &

2 \"ﬁ J

23

tan 26 = -

wa]

==y

4 (n )
T.sin® ==, Zx|
5 AE )
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5-5 Multiple-Angle and Product-to-Sum Identities

SOLUTION:

Since sinf =

LA |

(n ) . L ) i
on the interval | =, | , one point on the terminal side of & hasy-coordinate 4 and a distance of 5
L )

units from the origin as shown. The x-coordinate of this point is therefore —+'5° —4* or 3.

=Y

Ay

Using this point, we find that cos¢ = Zor —% and tan® =2 or - —. Now use the double-angle identities for sine
r e X 3

and cosine to find sin 2& and cos 2.
sin 20 = 2sin@ecos

i " If -
_n 41 3

\3/\ 5/
24

cos2f=2cos -1

Use the definition of tangent to find tan 2.
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5-5 Multiple-Angle and Product-to-Sum Identities

2tand
tan 26 = “”,
| -tan- &
zf—JH
o ik
1—|'—:1'
1 2]
_R
i 3
ETE
1..|[ﬁ
'l.g)
..E
oo
_?
O
24
3
5 x)
8.cos # = ——, .-:.3—1
13 L 2,
SOLUTION:

. 5 . { 3x) . . . . .
Since cosfl = T on the interval .1.71 , one point on the terminal side of & has x-coordinate —5 and a distance
| L

-

of 13 units from the origin as shown. The y-coordinate of this point is therefore —+/13252 or —12.

(14
g
R
R - >
123
W4E
-5,-12,
¥
. L . : Vv 12 ¥ 12 . . .
Using this point, we find that sinf/ = — or — 3 and tanf = — or i Now use the double-angle identities for sine,
r 3 X -

cosine, and tangent to find sin 2/, cos 2, and tan 2 ¢ .
sin 28 = 2sinffeos

i Ij‘\l!f :-}\
bl
']
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5-5 Multiple-Angle and Product-to-Sum Identities

cos28=2cos’ 0 -1

50 169

169 169

_19
169
Ztand

tan 267 = 5
| —tan- @

b 3T
AT

=

11

L=

Solve each equation on the interval [0, 27).
9.sin2¢ =cos 7

SOLUTION:
sin26 = cos d
2sinfcosd = cosd
2sinfeosf —cosf =0
cosi2sind - 1)=10
2sind-1=0

cosi? =0or )
sing ==

b | —

. 3 30 1 3 50
On the interval [0, 2xt), cos & =0 when & = ; and # = :i- and sin & = = when # = :5 and & = (;
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5-5 Multiple-Angle and Product-to-Sum Identities

10. cos 2 =cos

SOLUTION:

cos 2 =cosf

2cos @~ 1 =cosf
2cos” @ -cosf—1=0
(2cos@ + 1cos@—1)=0

2c088+1=0
y cos—1=10
| or

cosf = = cosfl =1

: | 20 40
On the interval [0, 2r), cos& = —— when & = ; and 0 = ; and cos #=1when ¢ =0.

11.cos2f —sin & =0

SOLUTION:
cos2f —sinfd =0
1-2sin°#-sing =0
2sin" @ +sinf—1=0
(sin@+ 1)} 2sin@-1)=0
2siné —-1=10

sinf+1=0
or

sind = -1 siné! = —

bk | =

-

. . i) 1 A 50
On the interval [0, 2x), sin & = —1 when & = 7: and sin & = = when ¢ = ; and & = 1_: .

12. tan 2 — tan Zﬂtan2 0=2
SOLUTION:
tan 28 — tan 2@tan” & =2

tan 28(1 —tan” &) =2

2tan 4
—.hn{ (1-tan” #) =2
1 =tan~ &

2Ztanfd =2
tand =1

% 50
On the interval [0, 2x), tan & =1 when ¢ = ; and & = ; .
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5-5 Multiple-Angle and Product-to-Sum Identities

13.sin2& csc & =1
SOLUTION:

sin28cscd =1
Zsinfeosfescd =1

: 1
2sinfcosd - —— =1
sind

2eosd =1

|
cosf =—
2

1 & 50
On the interval [0, 2xt), cos & = = when £ = ; and & = :' .

14. cos 26 +4 cos € =-3
SOLUTION:
cos26 +deosf =-3
2cos” -1+ 4cosf =-3
c 2cos’@+4cosd@+2=0
2{cos" @+ 2cosd+1)=0
XNeos#+ 1Y =0
cosfl+1=10

cosd =—1
On the interval [0, 2x), cos & = -1 when & = n.
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5-5 Multiple-Angle and Product-to-Sum Identities

15. GOLF A golf ball is hit with an initial velocity of 88 feet per second. The distance the ball travels is found by d =

16.

v2sin2é
32
in feet per second squared.

-------
-

a. If the ball travels 242 feet, what is ¢ to the nearest degree?
b. Use a double-angle identity to rewrite the equation for d.

SOLUTION:
a. Substitute d = 242 and v,y = 88 into the equation.
v, sin 20
32
(88)" sin 26
32
242 =242sin20
| =sin2d
90 =2¢
45=0
If the ball travels 242 feet, #is45°.
b.

o =

242 =

v~ sin 260
32
v, (2sin@cosd)
) 32
v “sinfleos i
6

i =

Rewrite each expression in terms with no power greater than 1.

0033 £

SOLUTION:
cos’ @ =cos” fcos
1+ cos28
SR

]::us i
~ cosfl+cosfeos 2
|
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, Where vy is the initial velocity, & is the angle that the path of the ball makes with the ground, and 32 is
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5-5 Multiple-Angle and Product-to-Sum Identities

17.tan3 i
SOLUTION:

tan” ¢ = tan” tan &

( 1 —cos20
1 +cos28

] tané?

~ tan@ - tanHeos 20

1 +cos2d

18. sec4 i

SOLUTION:
sec’ @ = (sec” 0)

(=)
_-kms:ﬂ]

I
| 1+cos28
2

2
"\ 1+cos26 )
4

~ 1+ 2c0s20 + cos® 28
4

MW
1+ 2cos2d + L oos2(2e)

8
24+ 4c0520 + | + cosd@
. ]
3+ 4cos28 + cosdd
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5-5 Multiple-Angle and Product-to-Sum Identities

19. cot® @

SOLUTION:
cot’ @ =cot” Hcotd

I
= — |cotd
[tan'u‘?]m

|
" T=cos3g 1
L+ cos 28

e MY
_ 1+cos2d -
1—cos28 )

~ cotf + cotfeos 26

| —cos 28

20. cos” @ —sin* @
SOLUTION:
cos' @ —sin’ @ =(cos” @) —(sin” &)

[ 1+cos28 * (1-cos20Y
OB A 2

_1+2c0s26 +cos’ 260 1-2cos28 +cos’ 26
R 4 B 4
_4cosdd

4

=cos2d

21.sin% @ cos® @
SOLUTION:

sin” #cos’ # =sin” Hcos” Pcosd

( | —cos 2()}[ 1+ cnsEﬂ]
= = cos

A

_l-cos’28

cosd

- 1+ cos2(28)

=
= _¢osd
-

s Z-I-t:«u|54|£’:|“mgﬁr
4

1 cosli! —cosfcos 46
- 4
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5-5 Multiple-Angle and Product-to-Sum Identities

22. sin2 & —cos2 £

SOLUTION:

¢ 4 | —cos2f | +cos2d
sin~ & —cos" @ = -

2 2
~2cos 26
-
=—cos2d
73 sinddd
" cos20
SOLUTION:
sin'@ _ sin’ 0y

cos” @ cost

(1—«:{:52()]}
L 2

" l+cos28
-

1 -2cos26 + cos” 26
o 4
I +cos2é
2

_ 1 -2¢0s28 +cos” 28 2

4 | + cos28

_ 1-2c0s26+cos’ 26

2(1 +cos28)

T
- 26028 OS2
- 2+ 2cos248
~ 2-4cos20+ 1 +cos4d

4+ deos2d

2 3—dcos20 + cosdf

4+ 4cos20
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5-5 Multiple-Angle and Product-to-Sum Identities

Solve each equation.

24. 1—Sin2 & —cos2f =

2
SOLUTION:

|—.‘\'il'l:ﬂ—[;l.}h'2ﬁ—'l
2

| —cos 28
I—L{—cusﬂ):%
2={1-cos28-2cos28=1
| =cos2i =1
cos2d =1

A 7
20 =—or—
4 2

In
4

=

& =—or

o

-

. . T AT . .
The graph ofy = cos 2 has a period of 7, so the solutions are 2 +nm, -1- +n, where n is an integer.

25. cos2 £ — = cos28 =0

b | Ll

SOLUTION:

. 3
cos™ - - c0s 20=10

| +cos28 3

——c0s28 =10
2 2
l+cos28—3cos20=0
| -2cos26 =10
—2cos26 =-1
|
cos2f =—
2
29="2 or 25
3 3
= E o1 o
(&) 6

. . T S5m o
The graph ofy = cos 2¢ has a period of 7, so the solutions are G +nm, F +nm, where n is an integer.
¥
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5-5 Multiple-Angle and Product-to-Sum Identities

26.sin% @ —1=cos? @

SOLUTION:
sin" @ —1=cos &

| —cos2¢ | |+ cos2d
T

| —cos20-2=1+cos2f

—2eos280=2

cos2@8 =1
2=
Bl

2

. . T L
The graph ofy = cos 2¢ has a period of 7, so the solutions are S tn=, where n is an integer.

27.cos> @ —sinf=1

SOLUTION:
cos’ @ —sind =1
+ oo™
LEGHG g

l+cos2d -2sind@ =2
| +1=2sin"@=2sin=2

=2sinf{sinf!+1)=0

=2sinf =0 sinfl+1=0
sinf =0 or sinfl =—1
#=0o0rn {}_h

2

The graph ofy =sin ¢ has a period of 2. The solutions 0 + 2n and © +2nm can be combined to n . So, the

-

. T . .
solutionsare n 1, +2n 7, where n is an integer.
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5-5 Multiple-Angle and Product-to-Sum Identities

28. MACH NUMBER The angle @ at the vertex of the cone-shaped shock wave produced by a plane breaking the
7]

sound barrier is related to the mach number M describing the plane's speed by the half-angle equation sin =

]
M

m—

Al ﬂﬂi Mo Lidddi

a. Express the mach number of the plane in terms of cosine.

b. Use the expression found in part a to find the mach number of a plane if cos ¢ = 5

SOLUTION:

a.

.81
5in—=—
2 A

[1=cosé# |
m o
Y 2 M

. . . (1—cosd 1
Since the mach number describing a plane’s speed cannot be negative, \J = 7

. 4 . . :
b. Substitute cos ¢ = : into the expression found in part a.

(l=cosé |

N
||iﬁL
\2 "

0316~ —-
/

32=M
The mach number of the plane is about 3.2.

Page 20
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5-5 Multiple-Angle and Product-to-Sum Identities

Find the exact value of each expression.
29.sin67.5°

SOLUTION:

Notice that 67.5% is half of 135 . Therefore, apply the half-angle identity for sine, noting that since 67.5% lies in
Quadrant I, its sine is positive.

.

. . . 13
5in67.5 =sin

=
[1—cos135

30. cos

SOLUTION:

0 i i
Notice that It"’ is half of ; . Therefore, apply the half-angle identity for cosine, noting that since ;_} lies in
1

Quadrant 1, its cosine is positive.
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5-5 Multiple-Angle and Product-to-Sum Identities

31.tan 157.5"
SOLUTION:

Notice that 157.5% is half of 315° . Therefore, apply the half-angle identity for tangent, noting that since 157.5° lies
in Quadrant Il its tangent is positive.

315

tanl157.5 =tan

l=cos3l

sin3135

SOLUTION:

Notice that ']'f‘ is half of

Quadrant I, its sine is positive.

(W Frs
| m 6

5N —— = §in ——
]1 “¥

5

¥

[
|[—L:n~s:”:1

]

- —5
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. Therefore, apply the half-angle identity for sine, noting that since

116 . .
lies in
12
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5-5 Multiple-Angle and Product-to-Sum Identities

Solve each equation on the interval [0, 2).

2]
33.sin T +cos =1

SOLUTION:

, g
sin +eosd =1

. g
sun*r =|=cos&
2

+ /i —¢0s0 =|—cosd

Y 2
i -}\': X
+ |II =L | =(1-cos@)
U T

]_L;m{;:l—icmﬂ+ cos” @

| -cosf =2 —4dcosd +2cos &

0=2cos @—-3cos@+1
0={(2cost —1}Mcose?-1)
2cosf-1=0 or cosd-1=0
2eost =1 cost =1
cosll = l
2
. | i Sm
On the interval [0, 27), cosé = — when ) =— and @ =— and cos# =lwhen & =0. Check each of these
Fa 3 ]
solutions in the original equation.
il
sin%+cnm’!=l 5in? +eosfd =1
. g 5 =
sin ;+cus€—l n Sm
0 .‘iir'li+l:ﬂ.‘\'E =] !iir'li+|;:i.‘|!\:ﬁl—1rt =
HI['I:-E—CﬂRﬂ:] 2 3 2 3
% . ; . om 3
gin0+cosl =1 S]I'lE+Eﬂ.'§§ =] SmTH:m,T:]
0+1=1 M L 1
2 9 7 2

. . . . T 2T
All solutions are valid. Therefore, the solutions to the equation on [0, 27 ) are 0, —, and —-.
]

-~
o
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5-5 Multiple-Angle and Product-to-Sum Identities

34. tan {j = sin {}
2 2
SOLUTION:
wngzﬂn—
2 2
: IIrI —cos o }JI —cosf!
V1+cosé 2
r’.l II'.I —cosfd i B! [ _LJI —cos@ |
L'\.-'lmamj_g 2 J
| —cos 1-costd
| +cosf 2
(1+cos@ M1 —cost) =2(] - cosd)
| +cosf=2
cosfd =1

On the interval [0, 2), cosé! =1 when £ =), Check this solution in the original equation.

G
fan—=3sn—
2 2

0_ .
tan — = sin—
2 2

tan ) =sin{

D=0
The solution is valid. Therefore, the solution to the equation on [0, 27 ) is 0.
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5-5 Multiple-Angle and Product-to-Sum Identities

. O
35. 2sin = =sin &

SOLUTION:

7
Eﬁil‘j{: =sind

sin E = l sin
a9

e al

' fiz - ,.i'
| + [—cost = lﬁin [
2 2

()

iontind =5 sin” @
4

-

| =cosé = lsin" e
2

| —cost? = %{I —cos’ @)

2_2cosf=1-cos &
cos” @ —2cosf+1=0

(cos@-1Y =0
cos—1=0

cosfl =1
Onthe interval [0, 27), cosé =1 when £ = (), Check this solution in the original equation.

.8
Esnl;:s;mﬁ

EﬁinE =sin()
4

2sin0=sin0
25in0 =sin0
0=0
The solution is valid. Therefore, the solution to the equation on [0, 27 ) is 0.

36. 1-sin® £ —cn.&-g =
¥ ¥

SOLUTION:

J'_|'...-.l
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5-5 Multiple-Angle and Product-to-Sum Identities

- ﬂ 3
| —sin” — —cos—= =
2 2 4
( J!—uus&‘\_ Jl+mst‘i‘ 3
=] + + ==
\ 2 J 2 4
]_l—c:}sﬁ'i I+c051‘?:£
2 2 4
3 l—cosf _ [l+cosd
|-=- :+\'

4 2 2

I l-cosf _ l4cost
—= =F

4 2 \' 2
1-2-2cosf _ Il +costd

4 N2
—"’msfi‘—l _ |]+¢.ust?

=+
[ zcme{?—ﬂ I+cme‘?]
dcos 0+ —icosé‘+| 1+ st’.?'
16

deos’ @ +4dcosf+1=8+ Ru:osf?
dcos” @—4dcosé#-T=0
(2cos@+ 1 2¢cos@-T7)=0
2ecos@+1=0 or 2cos@-7=0
2eosf=—1 Jeosf =7

e |

1
cosfl = e cosfl =

Fa

I

. 1 2 4 . 7 . . 7
Onthe interval [0, 21), costl = e when & = Tn and & = Tﬂ . The equation cos# = — has no solution since ke
- = =

1. Check each of these solutions in the original equation.
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5-5 Multiple-Angle and Product-to-Sum Identities

: 4 g 3
|—$II'I';—C[}H;_—._

1 —sin’ = —tl':':sg-— i 4 4m
B - P RO -
2n in 1 —sin T—Lm- =1
. 2 3’ —_— 3 _E 1"5 - -
I —sin > COs 5 ~4 s -—H—Cf.ls-—zi
]—Sili:g—cnsE:i rv,-ir N
o i “["?J::l

3 1 3 R &=

!_fiw -5=7 301 03
L% 2 ) 2 -I. I——+—:—
I 3 3 4 2 4
274 4 Ll
1 3 4 2 4
i 3.3
4 4

. .. 4m . . . dm
The only valid solution is — . Therefore, the solution to the equation on [0, 27 ) is —.
P

e ]

Rewrite each product as a sum or difference.

37. cos 3¢ cos &
SOLUTION:

cosifcosd = %[cmﬂﬂ — i) +cos(30+ 7))

1
= (cos 26 + cosddh)

= l cos 28 + l cos 48
5 .

o Fa

38. cos 12x sin 5x
SOLUTION:

cosl2xsinsy =

(sinl7x—=sinT7x)

— b2 | = pd| =

’ 1.
==s5inl7x==sinTx
3 ~
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[in{12x+ 5x) —sin{12x — 5x)]
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5-5 Multiple-Angle and Product-to-Sum Identities

39. sin 3x cos 2x
SOLUTION:

sindxecos 2y = —[sin(3x + 2x) + sin{ 3x — 2x)]

{sin5x+sinx)

S rn
= =5In3x 4+ =sinx
3

i

b | — ra | — 3| —

40. sin86sin 9
SOLUTION:

sin80sinfd = ];[CHR{E(J‘ — ) — cos( 8 + )]
1
== {cos 76 — cos 98

] l
= =08 T = =cos 9
3 2

Find the exact value of each expression.
41.2sin135° sin75°

SOLUTION:
2sinl335 sin73 —2-%[1;05“35 —75 y—cos(l135 +75))]

=¢cosiOl —cos210

1 [ V3)
(-4

-

- -

N
_1+43

2

|
&

eSolutions Manual - Powered by Cognero Page 28
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70 &)
42. cos s + 3 cos i
12 12
SOLUTION:
In = =
1 > s 712
cos— + cos— =2cos| 1212 |cos ]-1]-
=12 cnsﬂmsﬂ
3 4
:2[1]@]
2N 2
J2
2
2 .
43. ~sin1725° sin127.5°
3
SOLUTION:
] ¥
—sin172.5 sinl127.5 :%-1?[:1115{1?2.5 1275 )—-cos(172.5 +127.5 )]
| I
:%{msﬂli =cos300 )
12 1
3{\ 2 2
_\2-1
[

44, sin 142.5° cos 352.5°
SOLUTION:

; N 2 2 . 2 z
5in142.5 cos352.5 —;I&uu{lﬂ.:& +352.5 Y+sin(l42.5 -352.5)]

=%[sin495 +sin(-210 )]

44

-
bt | —
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45.sin75% +sin 195°
SOLUTION:

& L 108 TERT:
sin 73 +sin195 =25in(h :I = ]-:us[h 2] > ]

=2sin135 cos(-60 )

(2|3

V2

46.2 cos 105° + 2 cos 195°
SOLUTION:

2¢0s105°+ 2¢0s195° = 2(cos105° + cos195°)

105° +195° 105° - 195°
=2 2cos ———|eos| ————

= 4cos150° cos(—45°)

4213

SOLUTION:

17 ;s N i - S
35:1|n—].[—35-m1 =3[5||1—T—51|11J
12 12 12 12

lT'.rt+ y 4 E?rr_ )4
=3l 2cos M zin M
2 2

in . 2&
:ﬁcusTmn—
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130 S0
48. cos - + cos -
b} 't'}

SOLUTION:
[3n L I13m 5=
l A 17
O —— + Q05 =2¢os 12 12 COs 12 -
& i \ .l LY r A
31'[ T
= 2005 —0C0s—
4 3
1y
o 2L
2 N2)
-
__N2
-2

Solve each equation.
49.cos # —cos36 =0

SOLUTION:

cosf —cos3fd =0

L (a+38y . (@-30"
—~2sin| B s|r1| J—{}
\ & J \ '

—25in2@sind =0

sin2&#sinf =10
sin28 =0 or sinf=10
20=n =0 or f=x
g==
r

The graph ofy =sin 2¢ has a period of =. The solutions 0 + 2n = and m +2n = can be combined to n. So, the

) i o
solutions are n 7, - +2nm, where n is an integer.
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50.2cos4é +2cos2 =0
SOLUTION:

2eosd@+ 2cos280 =10

cosdd +cos20 =10

(48 + ZE’?) |f4i'?—24"i”
-

o5
= \ = /

2cosiflcostl =0

2cos|

=0

cos3tlcosd =0

cos3t =0 or cosi=10
195 o302 Gl o P
2 2 2 2
&= = = s
[§] 2

-

20 i ; .
The graph ofy = cos 3¢ has a period of : . The solutions f +2n7 and -’f- +2n 7 can be combined to f +
2 =

. 7 2 &x 2xm T o
n#.So, the solutionsare - + —-n, -+ —_-n,and — +n=, wheren isan integer.
. |

a ¥

51.sin3# +sin58 =0
SOLUTION:
sin3+sin50 =0
.f3ﬁ+iﬁ] [Sﬁ—sﬂ‘
3 Cos =1}

2sin
\ , i
Zsind@cos(-0) =10
2sindfcosd =0

sindfeost =10

sindi =0 or cosid =10
46=0 or 40=n g;:% po g:iﬁE
g =10 .
4

. : 3 . .
The graph ofy =sin4¢ has a period of ; . The solutions 0 + f n and ?_: + f n can be combined to ?_: + f n.

.
. Fid 2T R a . Fid Fie Fie
The solutions o +2n7 and 3 +2nm can be combined to = + nm. So, the solutions are il and n + o,

where n is an integer.
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52.sin2&—sin & =0

SOLUTION:
sin2@ =sinfd =0

5 (280+8Y . (20-0)
_n;:us| - 51 = =
L L W T

0

2cos ’j:j sin@ =10

-

]
ms% siné =10

3
cu&s%—{} or  sin@=10
KT/ g3
. or 2 28 #=0 or f=xn
2 2 2 2
G== f=n
3

-

3¢ : 2 4 . :
The graph of y = cos i:- has a period of —; or ?“ . The solutions 0+ 2n and © +2n 7 can be combined to

2

. m  4m 4 . T 50
nz. Then the solutions — + ——n, @ + —n,and n7 can be combinedto — +2mn, mn, 3 +2mn, where n
J . | . ] -

is an integer.

53.3cos6# —3cosdé =0
SOLUTION:
Jeoshd —JIcosdid =10
coshfd —cosdd =0

{ £ 4 - 3
—2sin Gel + 4 |xin[6{ 4 |=ﬂ
\ 2 / 2 A
2sin58sinf =10
5in3fsind =10
sinsfd =0 or siné=0
50 =0 or 539 =xn =0 or ==
=0  6==
]

-

The graph ofy =sin 56 has a period of % and the graph ofy =sin 2¢ has a period of . So, the solutions are

2a7n & 27an . .
S s + - 5 ,and n T, where n is an integer.

eSolutions Manual - Powered by Cognero Page 33



5-5 Multiple-Angle and Product-to-Sum Identities

54.4sin @ +4sin38=0

SOLUTION:
dsin@ +4sin3f =10
sin@+sin3f@=0
_f’efaf}] fa-30)
in| — cos| — =0
L 2 J
2sin 20 cos(=8)=0
2sin2fcosd =0

sin2fcosé =0

2s

b i

sin 24 =10 or cosf=10
26=0 or 20=mn f;_§ or m?
a-0 B
2

The graph ofy =sin 26 has a period of 7. The solutions f +nm, T inmand = 420 , can be combined to

T
2 7

' . i . .
S tnm. So, the solutions are n © and ~ tnm, where n is an integer.

Simplify each expression.

1+ cosby
55. 1..I| -

SOLUTION:
If cos : =i‘u i :“-“ , then .lq|'] i :m’ it :cm'.: . Use this form of the Cosine Half-Angle Identity to simplify the
given expression.
[1+cosbx bx
\‘Jf = LCl‘.i.ﬂT
=+cos3x
56 1-coslbeé
' 2
SOLUTION:
—cosd —cost ) . . . Lo
If sin f = iﬂ” ‘::M , then 14'” ‘:M = ismf . Use this form of the Sine Half-Angle Identity to simplify the
given expression.
(l=cosled | 164
\‘If - L.‘HI]T
=+sin &
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Write each expression as a sum or difference.
57. cos (a +b) cos (a—b)

SOLUTION:

cosla+bleos(a—b) = %{ﬂﬂ.‘-i[{u +b)—la-b)]+cos[(a+b)+(a— h}}}

1
=;[CUS[{J+-"—n'+b}='i:ﬂ:'-{:l'*h+ﬂ—h}]

= :[cos 2h + cos2a)

58.sin (& — w)sin(@ + )
SOLUTION:

s,

sin(@ —w)sin(@+ ) =—tcos[(@ - n) = (@ +n)] - cos[(# - ) + (8 + n]]}

[cos(8—n—8-n)—cos(@ -+ 8+ )]
[cos(~27) - cos 2]

[1 —cos20]

B | == b3 | = bI | = k3| =

59.sin(b + &) cos (b + )
SOLUTION:

sin(b +@)cos(b+ 1) =—{sin[(h+ )+ (b+m)]+sin[(h+8)—(b+7)]}

[sin(b+8+b+n)+sin(h+0-b-n)]

b | — b3 | —

:%[sin(ihﬂh 1) +sin(@ - n)]
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60. cos (a —b) sin (b —a)
SOLUTION:
cosla—h)sinlb-a) = %{sin [(a—5)+(b—a)]-sin[(a—b)—(h-a)]|

- %[gin{a—b+b—u}—sin{a—ﬁ—b +a)]
=%[5inl] ~sin(2a-2b)]

- %[I] ~sin(2a-2b))

= %[—sin (2a-2b)]

= --;-sinua -2h)

61. MAPS A Mercator projection is a flat projection of the globe in which the distance between the lines of latitude
increases with their distance from the equator.

The calculation of a point on a Mercator projection contains the expression tan[45 + i] , Where ¢ is the latitude of

the point.
a. Write the expression in terms of sin £ and cos ¢ .
b. Find the value of this expression if £ =60°.

SOLUTION:
a.

eSolutions Manual - Powered by Cognero Page 36



5-5 Multiple-Angle and Product-to-Sum Identities

gy lan 45° 4 tan

ta|1[45°+— =
2.-" ]
| —tan 45° tan

(] -\_\_\.i-u'r B

f
| + tan
>

f
I—|j|]l:m2

| sin
i 1+ cosr

| sin{
|+ cosf

|4+ cos/! sin f

_|.
_l+cosi l+cos!
1 +cosi sin f

l+cosi l+cos!
| +cos( +sin(
__ l+cosf
l+cosi —sinf
1+ cosf
_l+cosl +sin{
" l+cosf —sinf
b.

I+cosl+sinf  |+cos60°+sinb6l°

l+cosf—sinf 1+ cosbl® —sinbll®

1+I+\E

PR -
I B
l+——
2 2
3+\.'E

a1
3—\-';::
2

62. BEAN BAG TOSS |van constructed a bean bag tossing game as shown in the figure below.
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a. Exactly how far will the back edge of the board be from the ground?
b. Exactly how long is the entire setup?

SOLUTION:

a. Use the right triangle formed by the distance from the back edge to the groundy, the entire length of the setup x
and the length of the board, 46.5 in. to findy.

sinl5% = 4

Sine Ratio
46.5
y=4635sin]15" Solve for y.
. [ 30° ; 30
v :46,55111[7] Rewrite 15° as >
- o
Y= 4(:.5[1&&] Sine Half-Angle Identity

—

V3
y=+46.5 2 cos30° =

2-3
y =146.5) —=— Simplify.

M|ﬁ-ﬂ

2
2
—
I;-—.isl(ij‘j:' :ﬁ Simplify.
= +46.5 ;“ﬁ Ji=2

y=12325\2 -3 Divide.

Since length cannot be negative, the back edge is 23.25y/2 V3 in. from the ground.
b. Use the same right triangle to find x.
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cosl5®= 'T_ Cosine Ratio
46.5
x=46.5sin15" Solve for .
. [ 30® ; 30°
.t—:lﬁ.ﬁsmf—} Rewrite 15° as .
L 2
| 30°
x= 45.5[3}&] Sine Half-Angle Identity
LY et
43
I+
= Lqﬁ.ﬂil—l ra
2 2
||2 + \llrg
v = +46.51/ E Simplify.
|[2+ 3
¥ =446.5,[— Simplify.
1|i| 4 phty
x=£46.5 :‘E Ja=2
x=123.25{2+3 Divide.

Since length cannot be negative, the entire setup is 23.25+/2 - J3in. long.
PROOF Prove each identity.
63. cos 20 = cos® @ —sin’ 0
SOLUTION:
cos 20 = cos(( + &) 200=0+0
=cosflcosd —sinfsiné?  Cosine Sum Identity

=cos” @ —sin’ @ Simplify.

64.cos2# =Zcos2 ? -1

SOLUTION:

cos 28 = cos(f + d) 280=8+8
=cosfcos@—sindsing  Cosine Sum ldentity
=cos” @ —sin’ & Simplify.
=cos’ @—(l—cos’ @) Pvthagoren Identity
=2cos” #-1 Combine like terms.
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65. tan 20 = 2tané

1—rtan2é

SOLUTION:

tan 26 = tan{é& + ) 20 =0+0

tan  + tan

=————— Tangent Sum Identity

| —tan & tan &
~ 2tan®
l-tan” @

e 1 —cosé
66.sin — =+
2 2

SOLUTION:

Letx =—.

H
|
H-

2
. IH —-cos2y
N2

= +4/sin" x

=sinx

.
=5INn—
2

& 1 - cosé
67.tan — =+ -
2 1+ cose

SOLUTION:

Letx =—.

| —cos2x
| +cos2x
=+ytan~ x

=fanx

i
=lan—
-

eSolutions Manual - Powered by Cognero

—
1—{;05[2-

u‘u:, I:xJ'.';J‘.‘.
—

L

Simplify.

: 1)
Rewrite & as 2- E

Substitute x =

| S

Sine Power-Reducing Identity

Simplify,

Substitution.

Rewrite & as 2-

Y-

Substitute x =

b |

Tangent Power-Reducing ldentity
Simplifyv.

Substitution.
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X sing
68.tan & = "C
2 1+ yoae
SOLUTION:
Let x :E .
2
@
. sin[l-
sind/ = 2/ Rewrite @ as 2- E
|+ cos [1 a2 :
l+cos| 2-
2/
gin 2. i :
_ M Substitute v = —.
I+ cos2x Z

2sinxcosxy v
Double-Angle ldentities

l+cos™ x—sin"x
2sinxcosx

= 3 : Pythagorean Identity
1+cos” x—(1-cos x)

Ly P . oy

25N xcosx T ;
=— Simplity denominator.

Zcos™ x

sin v T :
= Simplify fraction,

cos Yy
=tanx Quotient ldentity

i szt

=lan— Substitution.
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Verify each identity by first using the power-reducing identities and then again by using the product-to-
sum identities.

69. 2 cos> 56 — 1 = cos 108

SOLUTION:
i.2cos” 58 -1= ’.‘{;[H cos 2 EH}]J" -1 Cosine Power-Reducing ldentity
(1 . .
:J-L [1+cos IU:‘?]} 1 Simplify angle measure.
=l+cosl0& -1 Multiply.
=cos |04 Add.
ii. 2cos” 50 =1 =2cos 56 cos 56 =1 Factor.
v . _ |
=2 {;I cos(50 =58 + cos( 56 + :u?}l} -1 Product-to-Sum Identity
| 1 W
=2 —=(cos0+coslDF) =1 Simplify angle measures,
= plify ang
=cos 0+ cos108 -1 Multiply.
=1+cosl08 -1 cosO=1
=cosl 08 Simplify.
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70. 0052 28 —sin2 28 =cos4d
SOLUTION:

i.cos” 28 =sin” 26

= l[l +cos2(48)] - %[1 ~c0s2(28)]

=—(1+cos44) ——{ —cos46)

ﬂ rJ'—'IJl_

' I--cns4t'?‘ ; lc::rs4(?
2 2
os 46

il cos™ 26 =sin” 2¢

=cos2fcos 28 - sin 20sin 2¢7

Cosine and Sine Power-Reducing Identities
Simplify angle measures.

Distributive Property

Combine like terms.

Factor.

— %[cnsm.‘? — 28+ cos( 26 + 20N] - ]—[cns{ 20028y —cos( 20+ 261 Product-to-Sum Identity

= %{Lﬂ'\.ﬂ +cosda) — —{Lm.{} cos 46

-1 + cos48) - { cos4i)

l cosdd — ]— - lLCI\ 4
2 2 '1'
osdé

"3 tJI—'rJ—'!
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Simplify angle measures.

cosl=1

Distributive Property

Combine like terms.
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Rewrite each expression in terms of cosines of multiple angles with no power greater than 1.
71.sin° @

SOLUTION:

sin® @ =(sin* @)’

( | - cos 26 \i
\ 2 J

= L__{l - cos26)’
2
= %U —c0s20Y (1-cos26)

= lg':l —2¢0820 + cos” 20)(1 = cos 28)

a4 W
= l|:I —Zcos 2 + M}H —¢0s26)
8 2
A8
=—l[|—3COSEﬁ+M {1 —cos2d)
5 2 o
- =5 - .
=é[ _4-.,:::.,1")+I+L054()]“_wﬂm

(SR

., T f ;
=$[ -lc:os..{.?'; I FCOS%}J{I—CGSH)]

I
= E{:‘ —dens20 + cos 401 —cos28)
= i{ﬂ—dcm?ﬂ + cos 48 —3c0s 20 + dcos 280 cos 20 — cos 20 cosd49)

- llf (3-7cos26 + cosd48 + 4cos’ 20 — cos 20 cos48)
3
ey 3Ty 1
= llr:’ {3 - Tcos28 +cosd4d + 4 I+ cos 2(26) cosi&cusflf?JL
il

l
= E[f? ~T¢0s20 + cos40 + 2(1 + cos 48) —cos 20 cos 40|
= #[3 — Tcos26 + cosd + 2 + 2cosdd — cos 20 cos 46]

= é[i —Teos28 + 3cos 48 — cos 2P cos 48]

eSolutions Manual - Powered by Cognero Page 44



5-5 Multiple-Angle and Product-to-Sum Identities

72.sin° 6
SOLUTION:
sin* @ = [{sin: o) ]

- I—cnstﬂ:z:
- 2 )

= [1[1 —cos 29}:}
4

1 L2
= E[“ — ¢S 25’]']
=%(| —2¢0520 + cos® 28)°

|+ cos46 ]:

-

= L[] =2cos20+
16

'|:
= ,}.[lij —~4¢0s28 + 1 + cosdi?) |
1602 J

= L{l’r — 40528 + cos 40
64

= 6'—4{9 ~ 240528 + 1 6¢cos” 260 + 6eos 46 — Beos 26 cos 40 + cos” 46)

| | +cosd | +cos
= a(q - 24cos28 + Iﬁn%ﬁﬁIr + 6cos46 - Beos 20 cos 46 + ﬁj
L 2 2

l+ms&5’]

-

= é[ 17 —24cos20 + 14cos4é —Beos 2 cos 46 +

= #(34 —48c0s28 + 28cosdd = 16cos 20 cos 40 + | +cos i)

= ﬁ(ﬁ —48cos 28 + 28cos 48 + cos 89 — 16cos 20 cos48)
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73. cos’ @
SOLUTION:
cos’ @ =(cos’ 5']: cos” Acosd
[ | +¢G$EE?J:[ | +cos2d )
= le
2 J

| 4 ]
= 1[1 +2¢0526 + cos® 20) -;[1 + 00520 cos@

s

] .
=—(1+2¢c0s26 +cos” 201 + cos 28 cos &
= é( |+ 2cos 28 + cos” 20 W cos# + cosfeos 28)

= %(cosﬁ? +3cosfoos28 + 3cosfcos” 26 + coscos 26 cos” 26)

0s4 (1 +cosd
:é{cnsﬂ+3cnsﬁcnslﬂ+3cosﬂ[w1+cns&coszﬁ*klﬂ'%ﬁ}”

= %[cnsﬂ + 3cosfcos 20 + %msﬂ{l +eosdd) + %ccsﬁ‘t:us 2001 + cnsdﬂ']}
= # [2L‘:nﬁs€+ beoscos20 + 3IcosO1 + cosd8) + cosPcos 2011 +|:m;45r}]

= Lf. [2cosé + 6cosf cos20 + 3cosd + 3cosfcos 46 + cost cos 26 + cos B cos 26 cos 46]

e
= E [Scost + Teos@cos 28 + 3cos@cosdd + cosOcos 28 cos 48]
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74. 5in” 0 cos” O
SOLUTION:
sin @cos’ @ =(sin” H}" (cos” {J):

(1-cos2d T |r 1 +cos28 Y

\ 2 LR 2 g

-

| | 2
==(1=cos28) =(1+cos28)
4 4

= il:] ~c0s28) (1 +cos20)

16
f T A 7 L
o | =2cos26 + Froosdd 1| | +2cos28 + it wa#ﬁ'}
I(‘.I'\. 1 FLY 2 r)
- % -];{2 —deps28+ | +cosdd) - L—{E +dens 20+ 1+ cosdd)
5 2 2

- 5{3 —4cos20 + cos46)(3 + dcos 28 + cos4d)

= L{ 9+ Geosdd — 16eos” 20+ cos” 46)
7

[ 1 s emedi e 260 |
=L 9.+ 60540 — 16| | + cosdd . | 4 cos8&
4 ' 2 J 2

L O+ doosdi) — 8 —8cosdid+ l|{] +c:153()]}
G4 2
- | + 6eosdd = Beos 4 + l|.'I + cmﬁfﬂ}
Gd L 2

= L l[j +12¢cos48 — 16cos40 + | + cos88]

64 2

! [3- 4cos4@ + cos 8]
128

75. MULTIPLE REPRESENTATIONS In this problem, you will investigate how graphs of functions can be used
to find identities.

a. GRAPHICAL Use a graphing calculator to graphf (x) = 4| sin lii'cus-f ~cosfsin ﬂ on the interval [-27,27].
\ < )

b. ANALYTICAL Write a sine function h(x) that models the graph of f (x). Then verify thatf (x) = h(x)

algebraically.
i k'

¢. GRAPHICAL Use a graphing calculator to graph g(x) = cos” L{-J--

‘I" ]
--:‘-in'| E?—-:f] on the interval [-27 , 2
LY -

wi | =

n].
d. ANALYTICAL Write a cosine function k(x) that models the graph of g(x). Then verify that g(x) = k(x)
algebraically.

SOLUTION:
a.
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Eﬁx} - 4[sin #cos = — cos @sin E)

TN
VAN

[—2x, 2x] scl: 5 by [—4, 4] scl: 1

b. Using the CALC maximum feature on the graphing calculator, you can determine that the function has a

-

maximum of 4 at x = 2.356197 or x = "f . Since the maximum height of y = sin x is 1, a function h(x) = a sin(x +

¢) that models the graph off (x) has an amplitude of 4 times that of f (x) or b = 4. Also, since the first maximum that

. . T . . T 3T T T
occurs fory =sinx, x>0, isatx = e the phase shift of the graph is about i ’4 or — T’ SoC=-— 2

Therefore, a function in terms of sine that models this graph is h(x) = 4 sin | ¢ +

4sin | ¢ 1 = 4 xine'h.wz -.'na-'hin: Sine Difference Identity

C.

alx) = cusz(ﬂ— %) — sin? (3 _%)

WAN/AWA!
Y RVEVRY

(=2, 2] scl: % by [-2, 2] scl: 1

d. Using the CALC maximum feature on the graphing calculator, you can determine that the function has a

maximum of Latx = 1.0471978 or X = ir . Since the maximum height of y = cos x is 1, a function k(x) = a cos(bx
3

+ ¢) that models the graph of f (x ) also hf;lS an amplitude of 1, so a = 1. Since the graph completes 1 cycle on [0, «t]
I

the frequency of the graph is — which is twice the frequency of the cosine function, so b = 2. Since the first
T

. . . ) T 2r 2r
maximum fory = cos X, x >0, is at x = =, the phase shift of the graph is aboutm— — or —— ,soc= —
%] . ] 3

f gl
Therefore, a function in terms of sine that models this graph is k(x) = cos | 2¢ -':r
l : ]

h, - A

eSolutions Manual - Powered by Cognero Page 48



5-5 Multiple-Angle and Product-to-Sum Identities

76.

77.

78.

79.

- -

{ T { 3
LT s .
cos| 28 —— |=cos 1| G-— | Factor,
\ \ 27

\ &

'y " & "
T o Ly . :
=cos" | == I—a;m' f!—— | Cosine Double-Angle Identity

N
- \ o 4

CHALLENGE Verify the following identity.
sin2&cosf! —cos 2 sin & =sin &

SOLUTION:
sin 28cos —cos2@sin

=2sinfcos@eost? —(1 - 2sin” &)sin & Sine and Cosine Double-Angle Identities

= 2sinflcos” # —sin#(1-2sin" &) Simplify.
= 2sin# - (1 -sin’ @) —sin#(1 - 2sin’ ) Pyvthagorean Identity
= 2sinf - 2sin’ @ -sin® + 2sin* & Distributive Property
= sinf? Simplity.

REASONING Consider an angle in the unit circle. Determine what quadrant a double angle and half
angle would lie in if the terminal side of the angle is in each quadrant.
I

SOLUTION:

If an angle # lies in Quadrant I, then 0° <8 <90°. If 0° < & <45° then2(0”) <28 <2(45")or0” <28 <
90, which is Quadrant I. If 45% <0 <90 then2(45°)<2# <2(90°)or90° <2f <180°, which is
Quadrant Il. If #=45" then 26 =2(45") or 90“ and the angle is quadrantal, falling between Quadrants | and I1.

A A 0 g o=
If0° <& <907, then = <= <

or0® < @ <45% whichis still in Quadrant I.

SOLUTION:

If an angle & lies in Quadrant II, then 90° < & <180°.1f90" < # <135% then2(90°) <28 <2(135%)or
180° <28 <270, which is Quadrant I1l. If 135° < & <180 then2(135°)<2# <2(180°)or270° <2 <
360, which is Quadrant IV. If = 1357, then 26 = 2(135°) or 270“ and the angle is quadrantal, falling between

90° @ 180°
< <

Quadrants Il and IV. If 90° < & <1807, then or45” < # <907, which are in Quadrant I.

SOLUTION:

If an angle # lies in Quadrant III, then 180° < & <2707 .1f 180" < 1 <225% then 2(180°) < 2¢ <2(225%) or
360° <26 <450°. Using coterminal angles, this is equivalent to 0 <2¢ <90, which is Quadrant I. If 225% <
6 <2707 then2(225") <28 <2(270")or450° <2 <540°. Using coterminal angles, this is equivalent to
90° <2# < 180° which is Quadrant Il. If & =225% then 2/ =2(225%) or 450° or 90“ and the angle is
180° &  270°
< <
g % ¥

quadrantal, falling between Quadrants I and II. If 180° < 8 <270“, then or90° <0<

135, which are in Quadrant I1.
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CHALLENGE Verify each identity.
80. sin4@ = 4sin € cos @— 8sin° ¥ cos @

SOLUTION:
sindd = sin 2(27) 4 = 2(20)
= 2sin 2@cos 28 Sine Double-Angle Identity

= 2(2sin@cos@)1-2sin° @) Sine and Cosine Double-Angle Identities

=2(2sin@cost — dsin’ Hcosd) Multiply.
= 4sin#cosd — 8sin’ Hcost Multiply.

81.cos48 =1-8sin"dcos @

SOLUTION:

cosdd = cos 228
=]-2sin’ 20
=1 =2{sin 2{sin 24)
=1-2(2sinFcosTN2sindcosd)

=1-8sin" fcos™

PROOF Prove each identity.

1+ cos2é
82. cos® @ = %

SOLUTION:

46 =2

Cosine Double-Angle Identity
sin® 26 = (sin 28)sin 26)

Sine Double-Angle Identity
Multiply.

I+cos26  1+(2cos’6-1)

-

-

2cos” #

-

=cos” 8

l=cos2é
83.tan% f= — ot
| +cos2eé

SOLUTION:

cos™ {7
| —cos28
5

i

1+ cos28
3

N | —cos28

" 14cos26

Double-Angle Identity for Cosine

Simplify,

Simplify.

Quotient Identity

Sine Power-Reducing Identity

Simplify.
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84.cosacos fi = ;1::[cos (a— f)+cos(a+ )]
SOLUTION:
%Tcusiﬂ - B+ cos(ax + B)]= %l{msrx cos [+ sina sin 3+ cosarsin 7 —sina sin )

|
= ;{Ec:}sacosﬁ}

-

=05 cos 7

85.sin @ cos fi=

[sin (@ + fi) +sin (a—f)]

| —

SOLUTION:

1, . E J i g : :
;[mn{a + By +sin(a - A)] = ;[5ummsﬁ+mm sin [ +sinecos ff—cose sin /)

= %{2 sin e cos [7)

=sin@cos 1

86. cos @ sin fi = _—L [sin (& + f)—sin(a — )]

SOLUTION:
é[s;in{rr + Fr—sinfe — )] = % [sinecos [+ cosarsin 7 —(sina cos 7 —cosa sin 7))

(sinercos [+ cosarsin f —sina cos F + cosasin )

b | —

(2cosasin )

b | =—

= cosasin 9

-

87.cos @ + cos ﬁ=2cos[":ﬁ)cos(“_ﬁ]

SOLUTION:
f - 83
Letx='a+ﬂ] andlety=(u|.
L 2 2 )

o+ o =
2 co:;( B 1 COs [ —‘5] =2eosxcosy

- A lk !
=7 —I [1:(]5{ X+ 'I"} + l:{‘.IS{ K- 1'}]1'
s = E 5 “ j

=cos(y+ V) +cos(x - v)

zmsfrx+ﬁ+a—ﬁ]+ms[a+ﬁ_a—ﬁ]
. 2 2 2 2

= cosa + cos 7
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88.sin & —sin j :2C05[r“ﬁ]3in(”_‘”J
2

2

SOLUTION:
f 7 ;‘\
Letx = [ 227 | andlety = | i f
2cos| e+y ‘\Ir'l[m £) =2cosysiny
L X , A

[“l‘l{‘t + v)—sin(x - _1-}]1{

I‘J—

N
|
=gin{x + ¥) —sin(x - v)
(a+fB a-BY . fa+f a-p)
:mn|—‘r+—"‘r|—:<.|nn|—"|'——;r
- - ] “a
L 2 « i =
=sing —sin 3

89. cos @ —cos ﬁ'——ZSln[ ‘H] in[”"”J
2 ¥

-

SOLUTION:

o+ 8Y. {(a- )
B sin[ 2=£ )=

—Zsin = —2sin xsin y

o dn o \

= —2{% [4.:05{.1.' — ¥)—cos{x+ _1'}]}

{ 77 A
Letx = a:,._f andlety—|fr /

=—cos(v— yi+cos(x+ v)
a+f a-f) (I.r+ﬁ' .rr—ﬂ\|
|+ €05 i
2 2 ) 2 7 i

Fa i r, Ly A

I
&

l.L‘-ﬁl

= —¢os [T+ cosa

coscr —cos 7

v &

90. Writing in Math Describe the steps that you would use to find the exact value of cos 8 if cos ¢ =

SOLUTION:

Sample answer: Since 8¢/ =2(4 (), use the identity cos 2¢ = 2c0s” 6~ 1 to find an expression for cos 8. Then,
since 46 = 2(2) use the same double-angle identity again to find an expression for cos 4 & . Finally, use the same
double-angle identity to replace the remaining double-angle expression cos 2 & . The result will be an expression in

-j
terms of just cos ¢ . Substitute —— for cos # in this expression and simplify.
=)
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Find the exact value of each trigonometric expression.

91. cos -
12
SOLUTION:
Write ]-j:_- as the sum or difference of angle measures with cosines that you know.
n (n =)
COS— = COS| ———
12 L_- JJ

T m, . m. T

= COS—CO05— + 5in —sin —
i 4 4

_1(2), B2

“2lz2 ) zh2)

V2 e
L
4 4

i J2+/6

4
92. cos i
2
SOLUTION:

. 197 _ . .
Write - 5 as the sum or difference of angle measures with cosines that you know.

197 g ®)
COS—— = COS
12

e

.6 4)
11 T . lm
= 005 —— COS — — SiN —— Sin —
; 4

J5(+2) Li

|
2/

2l 2} g

_Yo 2
4 4

6-2

4
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93. sin 2~

6

SOLUTION:

. aff . o
Write 3 as the sum or difference of angle measures with sines that you know.
b
3

- ( i
sin— =sin| m1——
B \ GJ

. n . 7
=SINTEOs— — COSTSIN —
f [

04 sin ¥
12

SOLUTION:

-

. 137 _ oy
Write - S as the sum or difference of angle measures with sines that you know.

137 4 m)

bll‘l——iﬂ!l(———
12 L34

. dm T in . =«
=5In—¢C£05— — CO0s—S5In —
4 3 4

:—_3|Ilrvl_';]_| IWII( }

".\‘{_,Ilk..l‘
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95. eos [—?—EJ
. b
SOLUTION:

. in . . .
Write —— as the sum or difference of angle measures with cosines that you know.

[ ?rr} [1: :3:1:]
cos| —— [=cos| —-
o) 2 3

&,

T i . m. i:m
= COS=—C08 — <+ 5iN —5in —
2 3 2 3

: [1]”[@

2 )

SOLUTION:

. n . o
Write -, as the sum or difference of angle measures with sines that you know.

IRy . [Sn 1r)
SIN| —— | =501
L 12 ) 4 ﬁJ

. O l=x mo. ll=w
= 51N —C05 —— — CO5—5In —
4 6 :

ﬁ(sﬁﬂ [_ﬁ]("pﬁ

2\ 2)

o]
e

SR
o PO
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97. GARDENING Eliza is waiting for the first day of spring in which there will be 14 hours of daylight to start a
flower garden. The number of hours of daylight H in her town can be modeled by H = 11.45 + 6.5 sin (0.0168d —
1.333), where d is the day of the year, d = 1 represents January 1, d = 2 represents January 2, and so on. On what

day will Eliza begin gardening?

SOLUTION:

Let H =14, and solve for d.
H=1145+6.5sin(0.01684 1.3
[d=1145+6.5sin(0.01684 —1.3
2.55=06.5sin(0.01684 —1.333)

33)
33)

2,55
— =sin(0L.01684 —1.333)
6.5
2.55
sin~' 63 =0.01684-1.333

04031 = 001684 -1.333
1.736 = 0.0 1684
03,3 =¢

Therefore, Eliza will begin gardening on the 104th day of the year. Because there are 31 days in January, 28 days

in February (on a non-leap year), and 31 days in March, the 104th day corresponds to April 14.

Find the exact value of each expression. If undefined, write undefined.

i -
dL
98. esc| —-
3
SOLUTION:
[ n) I, LW : : y 3
cse| —— |— cm:| e O Rewrite —— as the sum of a number and an integer multiple of 21,
Lo v J / A
= g =
RS n N 1 <3
=CsC— —— and - ? map to the same point (v. ) =| —.——~ J on the unit circle.
3 3 : 2 2
~ =
| 243 W3
= = O —— esel=— and y=— when ¢ = —
.‘Ill:}’ S .'I." 2 ]
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99. tan 210°
SOLUTION:
. . (1) o
210° corresponds to the point (x,y) = | == .—;J on the unit circle.
L 2 2
tan =2 Definition of tan/s
X
t |
tan 210° = —2_ x=— and y = —l, when 7 = 2107,
W3 2 2
i
= {: Simplify.
L |
100. sin 2T
SOLUTION:
)
sin WTH = sin[%+ ol —Ejn] Rewrite Ijﬂ as the sum of a number and an integer multiple of 2.
2 1T 3 7
= sin 22 Lk and == map to the same point (v, y) = —££ on the unit circle.
4 4 4 2 2
2 F 2 3
= £ sinf =y and yv=— when = —n.
2 ' ' 2
101. cos (-3780°)
SOLUTION:
cos (—3780°) = cos (-3780° + 360(11)°)

Rewrite —3780° as the sum of a number and an integer multiple of .
=cos | 807

=3780% and 1807 map to the same point (x, v} =(=1.0) on the unit ¢
= =]

cosi = x and x = =1 when r =180°.
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Graph and analyze each function. Describe the domain, range, intercepts, end behavior, continuity, and
where the function is increasing or decreasing.

102 Fla)=cyd
2

SOLUTION:
Evaluate the function for several x-values in its domain.
—6 —4 —2 0 2 4 6
{CSI 0.66 | -050(-032| 0 | -0.32 |-050| -0.66
Use these points to construct a graph.

I f |

i

HERY ]

. ==
-l'..l'__:__l '.':. 4 |
- 5 ook |
AR

+ i 1i- - i - 4

= -i } 1!-- E: — - = 1

ENEEFEEE
1

increasing on (-, 0), decreasing on (0, =)

103. f(x)=d4x*

SOLUTION:
Evaluate the function for several x-values in its domain.

FEll o | 1 | 2 | 3] 4 | 5] s

0 4 | 951 |158| 226 | 299 | 376
Use these points to construct a graph.

[ §VT 4

! | FA—
|
|
1
il
I

¥
(90l | T[T ]1 [x]
Since the denominator of the power is even, the domain must be restricted to nonnegative values.

D=[0, =), R=[0, =); intercept: (0, 0); lim f(x)= 2 continuous on [0, = ); increasing on (0, = )
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104.f (x) = -3x°

SOLUTION:
Evaluate the function for several x-values in its domain.
15| -1 | -05] 0 | 05 1 15
—342| -3 |-005| 0 | 005| -3 | 342
Use these points to construct a graph.
| i byl | i
—4 |2 ' 4x|
£ | S4}
L44—H fix)= —
’ |
i # I
B |
|
12
|
I e - -
+I1t}r = " |

D=(-=,=), R=(—=,0];intercept: (0, 0); lim f{x)=—wand lim f{x)= -« continuous for all real numbers;
increasing on (—==, 0), decreasing on (0, =)

105.f (x) = 4x°

SOLUTION:

Evaluate the function for several x-values in its domain.

3| 2] 110 1 2 3
972 | -128| -4 | © 4 128 | 972
Use these points to construct a graph.

I- [ 8 L F '

g':.':iII:I-JI_'!' - : I

AR |

|-8 -4 4 | 8x

C A EE

I. =[]

I |

| ..1{8 ——ee

D=(-=,=), R=(—=,=); intercept: (0, 0); lim f(x)=-a0and lim f(x)=e: continuous for all real numbers;

increasing on (—= =)
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106. REVIEW Identify the equation for the graph.

Ay =3cos2¢
I
By=— cos2#
s
Cy=3 ]r,i'
y = cos2

1 1
D y = CcOS i

3 2

SOLUTION:

. . . . ! .
Half of the distance between the maximum and minimum values of the function appears to be about — of a unit, so
f

1
a = — . The graph appears to complete one cycle on the interval [0, 7], so the period is . Use the period to find
3

b.

period = %;:E
2
0=

18]

|.|rJET[ =2n

|.ﬁ N E—T or2
T

. . . . I .
So, one sinusoidal equation that corresponds to the graph isy = — cos 2. Therefore, the correct answer is B.
)
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107.

108.

REVIEW From a lookout point on a cliff above a lake, the angle of depression to a boat on the water is 12° . The
boat is 3 kilometers from the shore just below the cliff. What is the height of the cliff from the surface of the water
to the lookout point?

| 3 km

sinl2°
G i |
fanl2°
H 3
cosl 2°
J 3tan 12°
SOLUTION:

The angle of elevation from the boat to the top of the cliff is congruent to the angle of depression from the top of
the cliff to the boat because they are alternate interior angles of parallel lines.

Because the side adjacent to the 12° angle of elevation is given, the tangent function can be used to find the height
of the cliff.

tan & :ﬂ

adj
tan 12° =

Itan12°=x
Therefore, the correct answer is J.

FREE RESPONSE Use the graph to answer each of the following.

IWAWWAW/
YT'/

t
0 =
L |3

VARVELY

a. Write a function of the formf (x) = a cos (bx + ¢) + d that corresponds to the graph.
b. Rewritef (x) as a sine function.
c. Rewritef (x) as a cosine function of a single angle.
d. Find all solutions of f (x) = 0.

e. How do the solutions that you found in part d relate to the graph of f (x)?

SOLUTION:

M,|H 4
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a. Sample answer: Half of the distance between the maximum and minimum values of the function appears to be 2
units, so a = 2. The graph appears to complete one cycle on the interval [0, ], so the period is 7. Use the period
to find b.

-

period = —

So,f(x) = 2 cos 2x.

P 1

b. Sample answer: Because sine and cosine are confunctions, cos & =sin | ! . So, substituting 2x for &, f(x)

\

2=

. . E \ e \
= 2 cos 2x can be rewritten in terms of sine asf (x) =2 - sin | — ~2x Jorf(x)=2sin | —-2x £
\ 4 o »

c. Sample answer: Use the double-angle identity for cosine to write 2 cos 2x in terms of a single angle.
Fx)=2cos2x

=2(2cos’ x=1)

h, i

=4cos” x—2
d. Sample answer: Letf (x) = 0 and solve for x.
4eos’ x=2=0
deos x=2
, 1
COsY X =—
.
V2
CUs Y =——
2
V2
X=cos —
2
.'.u — .I “
4

. . . . L
The period of f (x) = 2 cos 2x is 7, so the solutions are x = 3 + nzm, where n is an integer.

e. Sample answer: The solutions or zeros of a function are the x-intercepts of the graph of that function. So, the
solutions of f (x) = 4 cos x — 2 are the x-intercepts of the graph of f (x).
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