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Chapter 1. Right Triangles and an Introduction to Trigonometry, Solution Key
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1 The Pythagorean Theorem

6% +9%2713% — 36+ 812169 — 117 < 169 The triangle is obtuse.

92+ 10?2112 — 814 100?121 — 181 > 121 The triangle is acute.

162 +30%2234% — 256490071156 — 1156 = 1156 This is a right triangle.
202 4232240% — 400 + 52921600 — 929 < 1600 The triangle is obtuse.
These lengths cannot make up the sides of a triangle. 11416 < 29

2 2 2
(2 \/6) + (6 \@) ? (2 \/33) — (4-6)+(36-3)?(4-33) — 244 108?132 — 132 = 132 This is a right
triangle.

S kWD =

7P xt =182

49 +x* =324
x? =275
x=V275=5V11

52+(5\@)2:x2
254 (25-3) =«
25475 =x*
100 = x*

10=x

9. Both legs are 11.

112 4+117 =&
121 + 121 = x?
242 = x*
V242 = x
11V2=x

10. Plug n? —m?,2nm,n* + m? into the Pythagorean Theorem.

(n* —m?*)* + (2nm)? = (n* + m?)?
n* —20°m?* +m* + an*m? = n* + 20°m* + m*
—20*m? + 4n*m?* = 2n°m?

dn*m? = 4n’m®
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11. (a) (5, -6) and (18, 3)

= V169 +81
= /250
=510

(b) (f, —\fz) and (—2@, sﬁ)

d= (Vi (-2v3)) + (-vi-5va)’

_ \/(3\@)2+(—6ﬁ)2
= /9°3)+(36-2)

_ e

= V99 =311
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1.2 Special Right Triangles

1. Eachlegis\l—%: %:%:8\6.
2. Short leg is V6 =/==+V2and hypotenuse is 2 V2.

V3
17\/% = = % = 4+/3 and hypotenuse is 8 v/3.

4. The hypotenuse is 4/10- V2 = 4/20 = 8 /5.
5. Each leg is % =3.

NG

6. The short leg is % and the long leg is %

7. If the diagonal of a square is 6 ft, then each side of the square is \% or 3v2 ~4.24 f1.

3. Short leg is

s =5k
S et

Sl

8. These are not dimensions for a special right triangle, so to find the diagonal (both are the same length) do the
Pythagorean Theorem:

102 +20° = d°
100 4400 = 4>
V500 =d
10V5=d

So, if each diagonal is 10 V5, two diagonals would be 20 V5~ 45 ft. Pablo needs 45 ft of lights for his yard.
9. 2:2:2+/3 does not fit into either ratio, so it is not a special right triangle. To see if it is a right triangle, plug
these values into the Pythagorean Theorem:

2
2422 = (2V3)
4+4=12
8 <12

this is not a right triangle, it is an obtuse triangle.
10. V/5:V15:2+/5isa30—60—90 triangle. The long leg is V5. /3 = /15 and the hypotenuse is 2 V5.
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118 Basic Trigonometric Functions

1. Answers:
® Qi 9 _3
SinA = 1z = 3
* CosA = ﬁ :g
e tanA = T% = %
*CcscA=GF =3
* secA = § = %
* COtA = 9 = 3
2. The hypotenuse is 17 (/152482 = V225+64 = V289 = 17).
e sinT = @
e cosT =5
e tanT = %
e cscT = %
e secT = lg
e cotT = 13
3. Answers:
a. The hypotenuse is 13 < Vs 122 V251 144 = V169 = 13)
b. sinX = 13,cosX = 13,tanX cscX B,secX = %,cotX = 15—2
c. sinZ = 153,cosZ 13,tanZ = 12,cch 13,secZ = %,cotZ = %

4. From #3, we can conclude that:

e sinX =cosZ
* cosX =sinZ
e tanX = cotZ
e cotX =tanZ
* cscX =secZ
* secX =cscZ
* Yes, this can be generalized for all complements.

5. The hypotenuse is 2 V2. Each angle is 45°, so the sine, cosine, and tangent are the same for both angles.

. 45° = :L.ﬁ:ﬁ
sin 5 2 RG] 5
. cosdse = 2_— 1. V2_ 2
cos 2V 5

. tan450—%:1

6. If the legs are length x, then the hypotenuse is x V2. For 45°, the sine, cosine, and tangent are:

. sindso— x_— 1. V2_ 2
o 2 V2 V22
. 45° = X :L.J:J
V. R RV R
* tand5° =7 =1

This tells us that regardless of the length of the sides of an isosceles right triangle, the sine, cosine and tangent
of 45° are always the same.
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7. If the hypotenuse is 10, then the short leg is 5 and the long leg is 5 v/3. Recall, that 30° is opposite the short
side, or 5, and 60° is opposite the long side, or 5 V3.

e sin30° =2 =1

=1

'00530":%:§

ctan30°= 5. — 1. V3_ V3
BRIV RV RV B
: of5\/§f\/§
‘Sln60—51TTT

* cos60° = 75 = 5
°tan60":%:\/§

8. If the short leg is x, then the long leg is x v/3 and the hypotenuse is 2x. 30° is opposite the short side, or x, and
60° is opposite the long side, or x V3.

e §in30°=£ =4

e cos30° = ’CZX =

2
e tan30° = —* :L.ﬁ
an 3 V3 3

This tells us that regardless of the length of the sides of a 30 — 60 — 90 triangle, the sine, cosine and tangent of

30° and 60° are always the same. Also, sin30° = cos60° and cos30° = sin60°.} }
9. If sinA = %, then the opposite side is 9x (some multiple of 9) and the hypotenuse is 41x. Therefore, working
with the Pythagorean Theorem would give us the length of the other leg. Also, we could notice that this is a

Pythagorean Triple and the other leg is 40x.
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1.4 Solving Right Triangles

/A =50°
b~5.83
a~9.33

2. Anna is correct. There is not enough information to solve the triangle. That is, there are infinitely many right
triangles with hypotenuse 8. For example:

B
8
5
A e
40
B
8
2
A c
60

. 62+5.032 =36 +25.3009 = 61.3009 = 7.832.
/B =~=37°
A= % -10-12-sin104° = 58.218
A=4-9-sin112° = 33.379
. About 19.9 feet tall
. About 120.3 feet
9. The plane has traveled about 203 miles. The two cities are 35 miles apart.
10. About 41.95 feet
11. About 7.44

[ IR - NV R N

12.
an6 — opg.aoszte
ad jacent
tan0 = 0.625
6=232°
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15 Measuring Rotation

1. Answers:

A
\ 4

A
N
\ 4

C. A 4
A

< R >
-
d. \
A

< N >
e. A 4

2. Answers will vary. Examples: 450°, —270°
3. Answers:

a. Answers will vary. Examples: —240°, 480°
b. Answers will vary. Examples: —45°, 675°
c. Answers will vary. Examples: 210°, —510°, 570°
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4. The front wheel rotates more because it has a smaller diameter. It rotates 200 revolutions versus 66.67
revolutions for the back wheel, which is a 48,000° difference ((200 — 66.6) - 360°).
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1.6 Applying Trig Functions to Angles of Rota-
tion

1. The radius of the circle is 5.

3 5
0=— 0=—-
cos 5 sec 3
—4 5
in@ = — 0=—
sin 5 csc >
tan® = — o= —
an 3 co 2
2. The radius of the circle is 13.
-5 13
cos0 = el secO = —
) —12 13
sin = ? csch = _712
—12 12 -5 5
tan0 = — = — 0= — =
TS TS TR T2

3. If tan® = —%, it must be in either Quadrant II or IV. Because cos0 > 0, we can eliminate Quadrant II. So,
this means that the 3 is negative. (All Students Take Calculus) From the Pythagorean Theorem, we find the
hypotenuse:

22 + (732) _ 6'2
449=¢?
13=¢2
VvVi3=c
Because we are in Quadrant IV, the sine is negative. So, sinf = — \/zﬁ or —2 1313 (Rationalize the denomi-
nator)

4. If csc® = —4, then sin6 = —%, sine is negative, so 0 is in either Quadrant III or IV. Because tan0 > 0, we can
eliminate Quadrant IV, therefore 0 is in Quadrant III. From the Pythagorean Theorem, we can find the other
leg:

a+ (-1 =4
a?+1=16
=15
a= V15
V15 4 4+/15
So, cosf = —— secO = — or —
z /15 15
1 V15
tan® = — or ——,cot@ = V15

V15 15

5. If the terminal side of 0 is on (2, 6) it means 0 is in Quadrant I, so sine, cosine and tangent are all positive.

10
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From the Pythagorean Theorem, the hypotenuse is:

2246 =c?
4436 =
40 = ¢?

vV40=2vV10=c¢
3 _ 3410

a6 _ 2 _ 1 _ /10 _ 6 _
Therefore, sin® = VTRV ,c080 = Vio Voo ™ and tan® = 3 =3

6.

c0s270=0 sec270 = unde fined

1

sin270 = —1 csc270:—1:—1

tan270 = unde fined cot270 =0
7. Answers:

a. The triangle is equiangular because all three angles measure 60 degrees. Angle DAB measures 60 degrees
because it is the sum of two 30 degree angles.

b. BD has length 1 because it is one side of an equiangular, and hence equilateral, triangle.

¢. BC and CD each have length 1, as they are each half of BD. This is the case because Triangle ABC and
ADC are congruent.

d. We can use the Pythagorean theorem to show that the length of AC is @ If we place angle BAC as an

angle in standard position, then AC and BC correspond to the x and y coordinates where the terminal side

V3 1

of the angle intersects the unit circle. Therefore the ordered pairis | 5=, 5 |.

e. If we draw the angle 60° in standard position, we will also obtain a 30 — 60 — 90 triangle, but the side

lengths will be interchanged. So the ordered pair for 60° is (é, \2@) .

A

Ty
m|E

60°

A
A 4

11
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8.
n?+n*=1?
2n* =1
1
2 —
"2
1
— 44/
" 2
1
n=

[ —
V2
1 2 2
U S
V2 V2 2
Because the angle is in the first quadrant, the x and y coordinates are positive.
9. An angle in the first quadrant, as the tangent is the ratio of two positive numbers. And, angle in the third

quadrant, as the tangent in the ratio of two negative numbers, which will be positive.
10. The terminal side of the angle is a reflection of the terminal side of 30°. From this, students should see that

(A3
the ordered pair is <—2,2 .

11. Students should notice that tangent is the ratio of % which is %, which is also slope.

n
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1.7 Trigonometric Functions of Any Angle

1. Answers:
10°
60°
30°
45°

2. Answers:

o oe

o

V3
b =5~
C.

5. Answers:

5

o op
1

o
98]

6. Answers:

a. 0.8828
b. 1.4281
c. -0.1736

7. About 11.54 degrees or about 168.46 degrees.

8. This is reasonable because tan45° = 1 and the tan60° = v/3 &~ 1.732, and the tan50° should fall between
these two values.

9. Conjecture: sina + sinb # sin(a+b)

10. Answer:
a (sina)? (cosa)?
0 0 1
25 .1786 .8216
15 ; %

13
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a
80
90
120
250

(sina)?
.9698

1

75
.8830

(continued)

WWW.C

(cosa)?
.0302

25
1170

.org

Conjecture: (sina)? + (cosa)? = 1.

14
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1.8 Relating Trigonometric Functions

1. Answers:
a. +
b. ? =3
2. (a)
Angle Sin Csc
10 1737 5.759
5 .0872 11.4737
1 .0175 57.2987
0.5 .0087 114.5930
0.1 .0018 572.9581
0 0 undefined
-1 -.0018 -572.9581
-5 -.0087 -114.5930
-1 -.0175 -57.2987
-5 -.0872 -11.4737
-10 -.1737 -5.759

(b) As the angle gets smaller and smaller, the cosecant values get larger and larger.

(c) The range of the cosecant function does not have a maximum, like the sine function. The values get larger and
larger.

(d) Answers will vary. For example, if we looked at values near 90 degrees, we would see the cosecant values get
smaller and smaller, approaching 1.

3. The values 90, 270, 450, etc, are excluded because they make the function undefined.
4. Answers:

a. Quadrant 1; positive
b. Quadrant 3; negative
¢. Quadrant 4; negative
d. Quadrant 2; negative

5. 8 -4

6. ’%he rSatio of sine and cosine will be positive in the third quadrant because sine and cosine are both negative in
the third quadrant.

7. cosB =~ .92

8. cscO= /5

15
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cos>0+sin’0 =1

cos20 +sin’ 0 1
cos2 0 ~ cos20
sin6 1

cos20  cos20
1+ tan® 0 = sec’ O

10. Using the Pythagorean identities results in a quadratic equation and will have two solutions. Stating that the
angle lies in a particular quadrant tells you which solution is the actual value of the expression. In #7, the
angle is in the first quadrant, so both sine and cosine must be positive.

Chapter Summary

1. Area l:

(a+b)?
(a+Db)(a+Db)
a* +2ab + b*

Area 2: Add up 4 triangles and inner square.

1
4-§ab+cz

2ab + ¢*

Set the two equal to each other:
a® +2ab +b* = 2ab + ¢*
a> 4+ b = c?

2. First, find the diagonal of the base. This is a Pythagorean Triple, so the base diagonal is 25 (you could have
also done the Pythagorean Theorem if you didn’t see this). Now, do the Pythagorean Theorem with the height
and the diagonal to get the three-dimensional diagonal.

7% 4252 =4
49 + 225 = d>
274 = d*

V274 =d ~ 16.55

3.
/C=90°—-23.6° =66.4°
. CA AT
sin23.6 = 25 c0s823.6 = 5
25-sin23.6 = CA 25-c0823.6 = AT
10.01 = CA 22.9 ~ AT

16
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4

=)}

10.

. First do the Pythagorean Theorem to get the third side.
7?4+ x* =187
49 4+ x* =324
X =275

x=V275=5V11

Second, use one of the inverse functions to find the two missing angles.

7
G
sin 08
7
sin™! <18> =G We can subtract /G from 90 to get 67.11°.
G ~22.89°

A =absinC
=16-22-sin60°
V3

—1350. =
35 7

—176 V3

. Make a right triangle with 165 as the opposite leg and w is the hypotenuse.
sin85° = 165
w
wsin85° = 165
165
"'~ sing5°
w = 165.63

cos(90° —x) = sinx

sinx = —
7

V7 7 V7

If cos(—x) = %, then cosx = %. With tanx = 5=, we can conclude that sinx = 5~ and sin(—x) = —-4~.

If siny = %, then we know the opposite side and the hypotenuse. Using the Pythagorean Theorem, we get that

the adjacent side is 2 V2 (12 +02=325b=V9—-1—b=+8=2 \6) Thus, cosy = i% because
we don’t know if the angle is in the second or third quadrant.

sin@ = %, sine is positive in Quadrants I and II. So, there can be two possible answers for the cos 0. Find the
third side, using the Pythagorean Theorem:
12 4+b* =32
1+b°=9
b* =8

b=+V8=2V2
In Quadrant I, cos0 = % In Quadrant II, cos 6 = —%

17
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11. cos® = —% and is in Quadrant II, so from the Pythagorean Theorem :

a*+(—2)* =5
a?+4=25
a? =21

a= V21

So, sin® = @ and tan 0 = —@

12. If the terminal side of 6 is on (3, -4) means 0 is in Quadrant I'V, so cosine is the only positive function. Because
the two legs are lengths 3 and 4, we know that the hypotenuse is 5. 3, 4, 5 is a Pythagorean Triple (you can do
the Pythagorean Theorem to verify). Therefore, sin® = %,cos 0=— % ,tan@ = —%

13. Reference angle = 15°. Possible coterminal angles = —195°,525°

A
-« -\ i
\ 4
1L i) 9059 1) (143
it o ()

s (2.) (2.
150°= ( % 15) g= (%15)

2 2
205°=(- 3=, - 25 (b
5= 316°={ 5 -5
240°= (lﬁ) 300°= (—= ‘E)
14, 2 & 270°=(0, -1) 2 2

18
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CHAPTER 2 ] ] ]
Graphing Trigonometric

Functions, Solution Key

2.1 RADIAN MEASURE

2.2 APPLICATIONS OF RADIAN MEASURE

2.3 CIRCULAR FUNCTIONS OF REAL NUMBERS

2.4 TRANSLATING SINE AND COSINE FUNCTIONS

2.5 AMPLITUDE, PERIOD AND FREQUENCY

2.6 GENERAL SINUSOIDAL GRAPHS

2.7 GRAPHING TANGENT, COTANGENT, SECANT, AND COSECANT

19


http://www.ck12.org

2.1. Radian Measure www.ck | 2.org

- Radian Measure

1. Answers:

a. Answer may vary, but 120° seems reasonable.
b. Based on the answer in part a., the radian measure would be %’t
c. Again, based on part a., 47“

2. Answers:

PR om0 0 op

3. Answers:

90°
396°
120°
540°
630°
54°
75°
—-210°
1440°
48°

S L

20
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P
120 | 60
135 03+ 45
o3 12 3 0
150 0.2+ 30
+ Degrees
014
T Radians
180 0 or 360
L] T -0I4 L} I L T L] 0 l 2ITE 0I4 T L L]
210 B 330
T 5m3
225 9 315
31/2
240 b 300
2¥0
4.
5. Answers:
a. 154.3°
b. 57.3°
c. 171.9°
d. 327.3°
6. Answers:

a. The correct answer is —%

b. Her calculator was is the wrong mode and she calculated the sine of 210 radians.

7. Answer:
X Sin(x)
5 _ Q
4 2
1ln _1
6 2
2 V3
3 2
2, :
o -1

Cos(x) Tan(x)
2 |
V3 _ V3

2 3
_% -3
0 undefined
0 undefined
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22 Applications of Radian Measure

—
o
—

Sl=

ii.~ 0.3 radians

iii.15°

b. 1.20°. Answers may vary, anything above 15° and less than 25° is reasonable.
ii.j Again, answers may vary

b. =26 cm

w
P
=

b. Let’s assume, to simplify, that the chord stretches to the center of each of the dots. We need to find the measure
of the central angle of the circle that connects those two dots.

-

Since there are 13 dots, this angle is 113—6“. The length of the chord then is:

0

rsin 5
1 13m
=2x1.2xsin(z X —
X ><sm(2 X Tg )

The chord is approximately 2.30 m, or 230 cm.

4. Each section is % radians. The area of one section of the stands is therefore the area of the outer sector minus the
area of the inner sector:

A= Aouter _Ainner

1 T 1 i
A= 5("01416}’)2 X 6 - E(rinner)2 X 6

1 Tt 1 I
A= (1102 x = — ~(55)® x =

5 (110)7 > = = 5 (55)7 % &

The area of each section is approximately 2376 f2.

22
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a. The students have 4 sections or ~ 9503 >

b. There are 3 general admission sections or ~ 7127 ft2

c. There is only one press and officials section or & 2376 f1>
5. It is actually easier to calculate the angular velocity first. ® = %‘ = %, so the angular velocity is ¥ rad, or 0.524.
Because the linear velocity depends on the radius,each girl has her own.

Yor 1.57 m/sec
= 2% or 5.24 m/sec

o
Q
=.
7
<
I
<
e
I
—_
[=RoNE]
ala ||

6.a.v="=-3x10"=2200 ;= 2710 _ (.9 1074 =9 x 105 or 0.00009 seconds.

b.w=2%= ;2 ~69,813 rad/sec
c. The proton rotates around once in 0.00009 seconds. So, in one second it will rotate around the LHC 1 =+

0.00009 = 11,111.11 times, or just over 11,111 rotations.
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- Circular Functions of Real Numbers

1. Use similar triangles:

corresponding

So:

X 1 1
—=——Ax=1—-A=-
1 A X
1 1 1 1
coshb=x— ——=-— —=secH = —
cos® x cos0 X
S.secO=A

2. Using the Pythagorean theorem, tan?@ + 1 = sec? 6.

24
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secant
segment

tangent
segment

Olor 3€§O° : . ! .(1'0)
T Ol‘5 T l2,1,r T T

vk
oo
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24 Translating Sine and Cosine Functions

26

AR

SN

> Qo mw

y=—-2+sin(x—x)ory=—2+sin(x+mx)

T 3n
y=—2+4cos <x+ 5) ory = —2-cos x—7

Note: this list is not exhaustive, there are other possible answers.

w > T 0

11. 4L
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25 Amplitude, Period and Frequency

a.
b.
c.

Because these are reciprocal functions, the periods are the same as cosine, tangent, and sine, repectively.

2.
a.
b.
c.
d.
e.
f.
3.d.
4.
a.
b.
c.
d.
e.
f.
5.
a.
b.
c.
d.
6.

.org Chapter 2. Graphing Trigonometric Functions, Solution Key

y = secx: period = 27, frequency = 1
y = cotx: period = T, frequency = 2
y = cscx: period = 27, frequency = 1

min: -1, max: 1

min: -2, max: 2

min: -1, max: 1

there is no minimum or maximum, tangent has a range of all real numbers
A | 1

min: —5, max: 5

min: -3, max: 3

period: 7, amplitude: 1, frequency: 2
period: 27w, amplitude: 3, frequency: 1
period: 2, amplitude: 2, frequency:
period: 23—“, amplitude: 2, frequency: 3
period: 4m, amplitude: % frequency:
period: 47, amplitude: 3, frequency:

D=0 |—

period: w, amplitude: 3, frequency: 2,y = 3 cos2x
period: 47, amplitude: 2, frequency: %,y =2sindx
period: 3, amplitude: 2, frequency: 23—”,y =2cos Fx
period: 5, amplitude: %, frequency: 6,y = %sin6x

27
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b. +
4——
2_—

= 2 2
24
c.
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26| General Sinusoidal Graphs

S e

. This is a sine wave that has been translated 1 unit to the right and 2 units up. The amplitude is 3 and the

frequency is 2. The period of the graph is . The function reaches a maximum point of 5 and a minimum of
-1.
This is a sine wave that has been translated 1 unit down and % radians to the left. The amplitude is 1 and the
period is 2. The frequency of the graph is @. The function reaches a maximum point of 0 and a minimum of
2.

. This is a cosine wave that has been translated 5 units up and 120 radians to the right. The amplitude is 1 and

the frequency is 40. The period of the graph is 55. The function reaches a maximum point of 6 and a minimum
of 4.

This is a cosine wave that has not been translated vertically. It has been translated %" radians to the left. The
amplitude is 1 and the frequency is % The period of the graph is 4x. The function reaches a maximum point of
1 and a minimum of -1. The negative in front of the cosine function does not change the amplitude, it simply
reflects the graph across the x—axis.

. This is a cosine wave that has been translate up 3 units and has an amplitude of 2. The frequency is 1 and the
period is 2@. There is no horizontal translation. Putting a negative in front of the x—value reflects the function
across the y—axis. A cosine wave that has not been translated horizontally is symmetric to the y—axis so this
reflection will have no visible effect on the graph. The function reaches a maximum of 5 and a minimum of
1. ***other answers are possible given different horizontal translations of sine/cosine

y=3+2cos(3(x— %))

y=2+sinxory=2+cos(x—%)

y = 10+20cos(6(x —30))

y=3+3cos (%()H—n))

. y=3+7cos(3(x—%))

29
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27 Graphing Tangent, Cotangent, Secant, and
Cosecant

1. y= —1+%cot2x

45 | [ [
T 1 |
28 1.t | b 15 2.5 3.5 4.5 /55 6.5 ||
1 / / /
/ /
. A 74 " i
{=} 7 ] /f
% Pl A~ A
7 P /] /]
/1, Fi [ /
/ /
] | |
11 | [ [

2. g(x) =5csc(F(x+m))

\ 3 \
\ \
\\
T~ ~N_¥
0 15 {0 5 5 10 15 20
2
"-_'\ & . Y
b
\\ 4
\ . \
3. f(x) = 4+ tan(0.5(x — )
] Z | |
| 3 | |
A / // /J
= 5'/’/ o Z
P Ay yd
/ aw /7 /
/ .l’/ 1 j’ ]!
6] 4 | -z | -0 EMEE . 143178 MEMENK
4

4. y=—2+1sec(4(x—1))
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PRCIESR M N, O 1

2 2) 4 6 8 UJ U A2 1
A

T,

N

5. y=—2tan2x

6. h(x) = —cot (%x) +1

/ [
/ [
1 [

7. To make cotangent match up with tangent, it is helpful to graph the two on the same set of axis. First, cotangent
needs to be flipped, which would make the amplitude of -1. Once cotangent is flipped, it also needs a phase
shift of 5. So, tanx = —cot (x — §).

8. This is a tangent graph. From the two points we are given, we can determine the phase shift, vertical shift and
frequency. There is no phase shift, the vertical shift is 3 and the frequency is 6. y = 3 4 tan 6x

9. This could be either a secant or cosecant function. We will use a cosecant model.

* First, the vertical shift is -1.
* The period is the difference between the two given x—values, %‘ — %“ =T, so the frequency is %" =2.
* The horizontal shift incorporates the frequency, so in y = cscx the corresponding x—value to ( ,0) is

(5.1). ¢
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* The difference between the x—values is %T“ -3= %T” — %T“ = 7 and then multiply it by the frequency,

2.0 _ T

* The equation is y = —1 +csc (2(x— 5)).

Chapter Summary
o _m __ l6n __ 8m
12 b
3. cos%’t =cos135° = —\/TE
4. Fortan0 = \/§, 0 must equal 60° or 240°. In radians, ’35 or 43—".
5. There are many difference approaches to the problem. Here is one possibility: First, calculate the area of the

red ring as if it went completely around the circle:

A = Aypral — Agold

2 1\? 1 1\?2
A—7t<§><66><§) —n<§><66><§>

A=mx22*—mx11?

A = 4841 — 1217t = 36371
A~ 1140.4 in*

Next, calculate the area of the total sector that would form the opening of the “c”

1
A= Erze

ot ()

A~ 190.1 in?
Then, calculate the area of the yellow sector and subtract it from the previous answer.

1 1
A=3r70—A = (11 (g) A~ 475 in?

190.1 —47.5 = 142.6 in*

Finally, subtract this answer from the first area calculated. The area is approximately 998 in’

32
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Area =1140.4 - 142.6 = 997.8

6. Answers:

a. First find the circumference: 277 = 14w. This will be the distance for the linear velocity. v = dt =
141-9 = 1261 =~ 395.84 cm/sec

b o=2= T ~0.698 rad/sec

7. Given such a quadrilateral, and given that the two transverse angles are identified as equal (i.e., both are
marked as 0 in the picture), the orange segment must be parallel to the opposite (pink) radius segment, and
this quadrilateral would have to be a square. This means that 8 must be equal to 45 degrees, and both the
tangent and cotangent of 45 degrees are equal to 1. Also, since the radii of the circle are equal to 1 unit, each
of the sides of the quadrilateral (including the cotangent segment) are equal to 1 unit. Therefore, since cot 6 =
f, the number of units that is the length of the cotangent segment must be equal to ’yﬁ

G2
. ;<\\n<sinw | ///>>

TE- 5 1‘3_71 ‘ f5m | !

4 }2\\4 \}[\ z

| Lawzeosti | S|

- FD

8. 472

N

The intersections are (Z, \2@> and (515,—2)

9. y=—2+4sin5Sx,A=4,B=5p=2,C=0,D=-2

P 7\\3. . /@\ » //\;. 5{\\3 = Ve
5 | I ST \ | T AT T
::j?;;—'%fij/j:e,:\:\—;{r N A N2l / 2 ;\— /.
5 . NN N7 PN

10. f(x)=%cos(3(x—%)),A=1,B=3,p=41,C=%D=0

g m— - R N e >
I z 3n T 5n 3n n
4 2 4 4 2 4

-1

11. g(x)=4+tan(2(x+5%)),A=1,B=2,p

I
l\;)\Fl
a
I
ol
IS
I
N
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A 'll A 3 A h A h _

‘.'fjl | _
ps , "
/ | / |

bl : / F, / ¥l
<, N
il [l L il Fig
%7 7% P 7 T
wxll E Zj/ 3n n|[ 5% n[  Im 2n|[
P | i | I = i | .
.3 ) :
414\ 4 A v X h 4 v Y Y .

12. h(x) =3 —6cos(mx),A=—6,B=n,C=0,D=3

:16? N, N :
b A4 % F i ) " 7
ol T N\ Vi X / \ /
Ao o Fi / \ Fi F 4
i I \ / \ =
Nl S T I\ 3 n 5n| / 3n nl \_ 29
Dl ] I A N7 2 4 >
o'k 4
< =

13. y= —1+%cos3x
14. y =tan6x
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CHAPTER 3 ] ] .
Trigonometric Identities and
Equations, Solution Key
3.1 FUNDAMENTAL IDENTITIES

3.2 PROVING IDENTITIES

3.3 SOLVING TRIGONOMETRIC EQUATIONS
3.4 SuMm AND DIFFERENCE IDENTITIES

3.5 DOUBLE ANGLE IDENTITIES

3.6 HALF-ANGLE IDENTITIES

3.7 PRODUCTS, SUMS, LINEAR COMBINATIONS, AND APPLICATIONS
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- Fundamental Identities

e

tan270° = 3)“377% = _Tl, you cannot divide by zero, therefore tan270° is undefined.

If cos ( z —x) 4 , then, by the cofunction identities, sinx = %. Because sine is odd, sin(—x) = —%.

If tan(—x) = 12, then tanx = 5 . Because sinx = %, cosine is also negative, so cosx = g
Use the reciprocal and cofunctlon identities to simplify

T
S€CxCos E —X

|
—— -sinx
cosx

sinx
COSX
tanx

. (a) Using the sides 5, 12, and 13 and in the first quadrant, it doesn’t really matter which is cosine or sine.

* So, sin*0 + cos?® = 1 becomes (]53)2 + (13) = 1. *Simplifying, we get: 169 + %gg 1

* Finally igg =1

2
(b) sin®> 0+ cos?® = 1 becomes (%)z—i— (?) = 1. Simplifying we get: i—k% 1 and % =1.

sin 9 1

To prove tan” @ + 1 = sec? 0, first use . o-s = tan® and change sec 20 = et
tan’0+ 1 = sec® @
sin @ 1
cos2@  cos?®
sin’@  cos?# 1
cos20 | cos2@  cos20
sin®@ 4 cos’0 = 1
If cscz = and cosz = 17, then sinz = and tanz = —% Therefore cotz = —%.
. (@ Factor sin? @ — cos? @ using the dlfference of squares.

sin”@ — cos® O = (sin® + cos ) (sin® — cos H)

(b) sin>0 -+ 6 sin®+ 8 = (sin® +4)(sinO +2)
You will need to factor and use the sin>@ + cos? 6 = 1 identity.
sin*0 — cos* @
sin® @ — cos2 8
B (sin®@ — cos? ©) (sin? @ + cos> 0)

sin®0 — cos2 0

= sin®6 + cos 0
=1
10. To rewrite -5 so it is only in terms of cosine, start with changing secant to cosine.
COSX cosx .. .
=— Now, simplify the denominator.
secx—1 — —1
Cosx
cosx cosx
1 1 l—cosx
Cosx Cosx
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_ 2
1 COSX _ g y. —COSX  _ cos“x

Multiply by the reciprocal =53 = cosx + — 2% oo = [
11. The easiest way to prove thactostxangent is odd to break it down, using the Quotient Identity.

tan(—x) =

sin(—
= sin(=x) from this statement, we need to show that tan(—x) = —tanx
cos(—x)
—sin
= * because sin(—x) = —sinx and cos(—x) = cosx
cosx
= —tanx
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3.2 Proving Identities

1. Step 1: Change everything into sine and cosine

sinxtanx -+ cosx = secx

Step 2: Give everything a common denominator, cosXx.

sinx  cos?x 1

COSX  COSX  COSX
Step 3: Because the denominators are all the same, we can eliminate them.

2x=1

sin®x + cos
We know this is true because it is the Trig Pythagorean Theorem
2. Step 1: Pull out a cosx

COSX — COSXSINZ X = COS° X

cosx(1 —sin’x) = cos’ x

2 2

Step 2: We know sin®x + cos?x = 1, so cos“x = 1 — sin“ x is also true, therefore cosx(coszx) = cos>x. This,
of course, is true, we are done!

3. Step 1: Change everything in to sine and cosine and find a common denominator for left hand side.

sinx 14 cosx
- =2cscx
1+ cosx sinx
sinx 1+4+cosx 2 .
_ = — < LCD: sinx(1+cosx)
1+ cosx sinx sinx

sin®x + (1 +cosx)?
sinx(1+ cosx)

Step 2: Working with the left side, FOIL and simplify.

sinx+ 1 +2cosx+cos?x

FOLL (1 2
sinx(1+ cosx) - (1+cosx)

sin®x +cos?x+ 1 +2cosx 5
. — move cos” x
sinx(1 4 cosx)
14+1-+2cosx .9 2
_——— —sin“x+cos“x =1
sinx(1+ cosx)
242

_STICOSE — add
sinx(1+ cosx)

2(1
_— (L+cosx) — fator out 2
sinx(1+ cosx)

2
- — cancel (1 +cosx)
sinx
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4. Step 1: Cross-multiply

sinx 1 —cosx

1+ cosx sinx

sin?x = (14 cosx)(1 — cosx)

Step 2: Factor and simplify

sinx =1 — cos’x

2

sin®x+cos’x =1

5. Step 1: Work with left hand side, find common denominator, FOIL and simplify, using sin®x + cos>x = 1.

1 1

+
14+cosx 1—cosx
1 —cosx+14cosx

(I4+cosx)(1—cosx)

=2+42cot’x

2
1 —cos?x
2
sin’ x
=2+2cot’x
2
cos
—242°2°%
sin’ x
< cos x> — factor out the 2
sin® x
< in® x + cos x) .
= — common denominator
sin” x
= < > — trig pythagorean theorem
sin’ x
2 . .
— simply/multiply
 sin’x

Both sides match up, the identity is true.
6. Step 1: Factor left hand side

cos*h—sin*h | 1 —2sin?b
(cos?b+sin’b)(cos?> b —sin’b) | 1 —2sin®b
cos?b—sin’bh | 1—2sin’h

Step 2: Substitute 1 — sin® b for cos? b because sin’x 4 cos?x = 1.
(1—sin’b) —sin’b | 1 —2sin’b
1 —sin?b —sin®b | 1—2sin’b
1-2 sin*b | 1—2sin?b

7. Step 1: Find a common denominator for the left hand side and change right side in terms of sine and cosine.

siny4cosy cosy—siny

- = secycscy
siny CosYy
cosy(siny+cosy) —siny(cosy —siny) 1
sinycosy ~ sinycosy
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Step 2: Work with left side, simplify and distribute.

sinycosy+ cos?y — sinycosy+ sin’y
sinycosy

cos?y+sin’y
sinycosy
1
sinycosy

8. Step 1: Work with left side, change everything into terms of sine and cosine.

s
(secx — tanx)? = i

1+ sinx

1 sinx ) 2
<cosx B cosx)
1 —sinx\ >
(et
(1 —sinx)?

cos2x

Step 2: Substitute 1 — sin”x for cos®x because sin®x + cos?x = 1

(1 —sinx)?

—— — be careful, these are NOT the same!
1 —sin“x

Step 3: Factor the denominator and cancel out like terms.

(1 —sinx)?
(1 +sinx)(1 —sinx)
1 —sinx
1+ sinx

9. Plugin %" for x into the formula and simplify.

2s8inxcosx = sin2x

51 5T 51
2sin 3 cos 3 =sin2- 3

() () -3

This is true because sin300° is —#
10. Change everything into terms of sine and cosine and simplify.
SECXCotx = CSCX

1 cosx 1

cosx sinx  sinx
1 1

sinx  sinx

.org
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33 Solving Trigonometric Equations

1. Answer:

* Because the problem deals with 20, the domain values must be doubled, making the domain 0 <20 < 47w
The reference angle is o = sin~!' 0.6 = 0.6435

20 =0.6435,1 —0.6435,2w+ 0.6435,31 — 0.6435

20 =0.6435,2.4980,6.9266,8.7812

The values for 6 are needed so the above values must be divided by 2.

0 =0.3218,1.2490,3.4633,4.3906

The results can readily be checked by graphing the function. The four results are reasonable since they
are the only results indicated on the graph that satisfy sin20 = 0.6.

1 i
08 7 %
0.6 7 X
0.4 7 \
0.2 v \
b 7 \ 3
2 yi N\ 3 3]
-0.2 / \\
/ A\
-0.4 / .
28 \ 7 X /
0.8 N / AN /
AN 7 X 7
A ~ S ~N_~
2.
Ccos“ X = —
Vecos2x =
n 1
cosx =+—
4
Th 1 1
en cosx = — or CcosX = ——
4 4
1
cos cos  —— =X
4
x = 1.3181 radians x = 1.8235 radians
* However, cosx is also positive in the fourth quadrant, so the other possible solution for cosx = i is
21— 1.3181 = 4.9651 radians
* cosx is also negative in the third quadrant, so the other possible solution for cosx = —% is2n—1.8235 =
4.4597 radians
3.
tan’x = 1
tanx =+ /1
tanx = £1
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e So,tanx =1 or tanx = —1.
* Therefore, x is all critical values corresponding with § within the interval. x = %, %", %“, ?T“
4. Use factoring by grouping.
4sinxcosx+2cosx-2sinx-1=0
2 cos x(2 sinx + 1)-1(2 sin x + 1)=0
(2sinx+1)(2cosx-1)=0
2sinx+1=0 or 2cosx—1=0
2sinx = —1 2cosx =1
) 1
sinx = —2 cosx =
_Tm 11z T Sm
T 6 Y733
5. You can factor this one like a quadratic.
sinx —2sinx—3 =0
(sinx—3)(sinx+1) =0
sinx—3=0 sinx+1=0
sinx =3 or sinx = —1
3n
x=sin"!(3) x=—

For this problem the only solution is 37" because sine cannot be 3 (it is not in the range).
6.

tan’x = 3tanx
tan’x — 3tanx = 0
tanx(tanx—3) =0
tanx =0 or tanx = 3
x=0,7 x=1.25

42
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2<1—cos2£> —3cos{:O

4
2—2cos2§—3cos§:0

X X

2c0s*= 4+3cos= —2=0

cos 4—|— cos4

X X
2 7—1)< a 2):0
<cos4 cos4+

v hS
20052—1:0 or cos£+2:0

X X
2cos— =1 cos—=—2
4 4
x 1
COS— = =
4 2
X W 5w
4 3 3
4n 20m
X=— or —
3 3
20T“ is eliminated as a solution because it is outside of the range and cos 7 = —2 will not generate any solutions

because —2 is outside of the range of cosine. Therefore, the only solution is <.

8.

9. 2sinxtanx = tanx -+ secx

4z

3 —3sin’x = 8sinx

3 —3sin’x —8sinx =0

3sin’x+8sinx —3 =0
(3sinx—1)(sinx+3) =0
3sinx—1 =0 or sinx+3=0

3sinx=1
sinx = 3 sinx = —3

x =0.3398 radians No solution exists

x=7—0.3398 = 2.8018 radians

. sinx sinx 1
2sinx- =
COSX  COSX COSX

2sin®x  sinx+1

CcOSX COSX
2sin’x = sinx+ 1

2sin’x—sinx—1=0
(2sinx+1)(sinx—1) =0

2sinx+1=0 or sinx—1=0
2sinx = —1 sinx =1
. 1
s1nx:—§
_m 11n
=66
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One of the solutions is not 7, because tanx and secx in the original equation are undefined for this value of x.
10.
2cos’x+3sinx—3=0
2(1— sin’ x) + 3sinx — 3 = 0 Pythagorean Identity

2—2sin*x+3sinx—3=0

—2sin’x+3sinx — 1 = 0 Multiply by — 1
2sin’x —3sinx+1=0
(2sinx—1)(sinx—1) =0

2sinx—1 =0 or sinx—1=0
2sinx =1
. 1 .
smxzi sinx = 1
T 5m T
=66 *=3

11. tan’x+tanx—2=0

—1+ /12=4(1)(=2)
2

=tanx
—1++v1+8
————— —tanx
2
—1+£3 )
=tanx
2

tanx=—-2 or 1
tanx = 1 when x = 7, in the interval [—%, g}tanx = —2 when x = —1.107 rad
12. 5co0s*0 — 6sin® = 0 over the interval [0, 27].

5(1—sin®x) —6sinx =0
—5sin’x—6sinx+5=0
5sin’x+6sinx—5=0

—6+ /62 —4(3)(=5)

205) =sinx
—6+ /364100 )
= sinx
10
-6+ V136 )
— =—sinx
10
—6+2+34 .
—————— =3in
10 x
-3+ v34 )
—s =sinx

x=sin"! (_3+5 V34> orsin~! (‘3_5 v34>x =0.6018 rad or 2.5398 rad from the first expression, the second

expression will not yield any answers because it is out the the range of sine.
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- Sum and Difference Identities

1. Answers:
a.
COSSJ—CO 2—x+3—n _COS(E+E)_COSECOSE smEsm—
12 12 12) 6 4/ 6 4 6 4
V3 V2 1 V2 Ve V2 Ve V2
2 2 2 2 4 4 4
b.
m_ 4j+3ﬂ _ (E+E>_ T T T
COS 12—COS 1 1 = COS 3 4 —COS3COS4 sm3sm4
L V2 V3 V2 V2 Ve V26
2 2 2 2 4 4 4
C.
sin345° = sin(300° 4+-45°) = sin300° cos45° + cos 300° sin45°
_ V3 V2 li _ V6 V2 V2- 6
2 2 2 2~ 4 4 4
d.
o R oy tan45°+tan30°
tan75° = tan(45° +30°) = T tand5° tan30°
_ 1+ B 34 VB 34V 946V343_1246V3
1— 1£ 3 3-V3 343 9-3 6
c.
c0s345° = cos(315°430°) = cos315° cos 30° — sin315° sin 30°
_ﬁ ﬁ_(_ﬁ)l_M
2 2 27 2 4
f.
smn—n sin 97t 8n =sin 3—n—|—2—n —sin3—ncosz—n—|—cos3—nsin2—7c
12 12 12) 4 3) T4 3 4 3
_ V2 L V2VE V2 Ve V2o Ve
2 2 2 2 4 4 4

2. If siny = and in Quadrant II, then by the Pythagorean Theorem cosy = —1(122 +b? =13%).

. And 1f sing = 5 and in Quadrant I, then by the Pythagorean Theorem cosz = (a +32=5%).

* cos(y—z) =cosycosz+sinysinz and = — 13 S—i-g 3= 65+65 ég

3. If siny = —% and in Quadrant III, then cosine is also negative.

* By the Pythagorean Theorem, the second leg is 12(5% +b*> = 132), so cosy = ——2

* Ifthe sinz =3 4 and in Quadrant II, then the cosine is also negative.
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* By the Pythagorean Theorem, the second leg is 3(4% + 5% = 5%), so cos = —%.
* To find sin(y + z), plug this information into the sine sum formula.

sin(y+z) = sinycosz+cosysinz
5 3 124 15 48 33

B35S T 65 65

4. Answers:
a. This is the cosine difference formula, so: cos80° cos20° 4 sin80°20° = cos(80° — 20°) = cos60° = %
b. This is the expanded sine sum formula, so: sin25°cos5° + cos25°sin5° = sin(25° +5°) = sin30° = 1

5. Step 1: Expand using the cosine sum formula and change everything into sine and cosine

cos(m—n)
———~> =cotm+tann
sinmcosn

cosmcosn—+sinmsinn  cosm  sinn

sinmcosn sinm cosn

Step 2: Find a common denominator for the right hand side.

cosmcosn+ sinmsinn

sinmcosn

The two sides are the same, thus they are equal to each other and the identity is true.

6. cos(m+0) = cosmcosO —sinTsin® = —cosO

7. Step 1: Expand sin(a + b) and sin(a — b) using the sine sum and difference formulas. sin(a + b)sin(a —b) =
cos? b — cos?a (sinacosb + cosasinb)(sinacosbh — cosasinb) Step 2: FOIL and simplify.

sin®acos®b — sinacosasinbcosb + sinasinb cosacosb — cos> asin® bsin® acos” b — cosa’ sin> b

Step 3: Substitute (1 —cos”a) for sin’a and (1 — cos?b) for sin® b, distribute and simplify.
2

a)cos® b — cosa’(1 — cos® b)
2 2

(1 —cos

cos?b — cos?acos? b — cos?a -+ cos?acos® b

cos’b—cos’a

__ tanm+tan® __ tan® __
8. tan(m+0) = {ETELE = P = tan 6

Ns
1S
N%
S

it —ain (T ) —in® T _ Toink — V& —2_2_ ; ;
9. s1n§—s1n(4—i—4)—s1n4cos4 cos g siny = =7 4—OThlscouldalsobeverlﬁed

by using 60° 4 30°
10. Step 1: Expand using the cosine and sine sum formulas.

cos(x+y)cosy+sin(x+y)siny = (cosxcosy — sinxsiny) cosy+ (sinxcosy+ cosxsiny) siny
Step 2: Distribute cosy and siny and simplify.

= cosxcos’ y—sinxsinycosy -+ sinxsinycosy + cosx sin’ y
= cosxcos> y-+cosx sinzy
— cosx (cos®y 4 sin®y)
1
= cosx
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11. Step 1: Expand left hand side using the sum and difference formulas
cos(c+d) 1—tanctand

cos(c—d) 1+tanctand
cosccosd —sincsind _ 1 —tanctand

cosccosd +sincsind 1 +tanctand
Step 2: Divide each term on the left side by cos ccosd and simplify

cosccosd _ sincsind
cosccosd cosccosd __

1 —tanctand

cosccosd + sincsind 1 +tanctand
cosccosd cosccosd

1 —tanctand B 1 —tanctand
| +tanctand 1-+tanctand

12. To find all the solutions, between [0,27), we need to expand using the sum formula and isolate the cos.x.

T
2 cos? (x—i— §> =1

cos’ (x—i—E) _1
2/ 2
T V2
)=+ =4 '=
cos(x—i-z) >

&[\)\»—a

T . .
COSXCOS 5 —SImxsin - = t——

2

&t\)

cosx-0—sinx-1 =+—

[\)%l\)
[\]

—sinx=+——
2
sinx = ii

2

This is true when x = 7, 3{, %’t, or %ﬂ
13. First, solve for tan(x+ %).
L
2 tan? <x+ 6> 1=7

2 tan? (

tan (
tan (

Now, use the tangent sum formula to expand for when tan(x+ ) = V3.

)=
6) =
*5)

+/3

tanx + tan % 5

1 —tanxtan %

tanx+tang =3 (1 —tanxtan%)
tanx+£ V3 — 3tanx- \3@
tanx+\§§ = /3 —tanx

2tanx =

tanx =

“fsef
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This is true when x = £ or 7. If the tangent sum formula to expand for when tan(x + £) =

solution as shown.

T
tanx—l—tang _ \/g

1 —tanxtan E

tanx—l—tanf = \f( —tanxtang)

3
tanx+£:—f+ V3tanx- \Sf
tanx + \? \[—Hanx

ERNG

WWW.C .org

— /3, we get no

Therefore, the tangent sum formula cannot be used in this case. However, since we know that tan(x + %) =

— \f 3 when x+ % §= 2T or 1})" we can solve for x as follows.
n T 5T
X+—-=—
6 6
4r
xX=—
6
21
xX=—
3
+n 11w
X —_ =

6
10w
xX=—

6
5w
xX=—

3

Therefore, all of the solutions are x = ¥,
14. To solve, expand each side:

o \
w
=)
"

. T . L . T
sin x+g :smxcosg—i-cosxsm— =

6

: T . T . T
S X—Z :SIHXCOSZ—COSXSIH*:

4
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Set the two sides equal to each other:

L NI
> sSinx 2COSX— 3 sSinx COSX

V/3sinx+cosx = v2sinx — v2cosx
V/3sinx — v2sinx = —cosx — V2cosx

sinx(\[— \f2) = COSX (—1— \fZ)

sinxi—l—\@
cosx_\@_ 2
r -1-Vv2 V3+42
V3-V2 V3+V2
_ V3 V24462
3-2
=-24+V6—V3-V2

As a decimal, this is —2.69677, so tan~!(—2.69677) = x,x = 290.35° and 110.35°.
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35 Double Angle Identities

1. If sinx= g and in Quadrant II, then cosine and tangent are negative. Also, by the Pythagorean Theorem, the
third side is 3(b = /5% —42). So, cosx = —% and tanx = —%. Using this, we can find sin2x, cos2x, and

tan2x.
2t
cos2x = 1 —sin’x tan2x = 0%
1 —tan?x
4\? 2.4
—1-2. <5> = 7?42
1= (-3)
16 -3 8. 7
sin2x = 2sinxcosx :1—2~g = 1_% :—§+—§
L4003 ) _ 8.9
505 25 37
__A _ 7 24
25 25 7
2. This is one of the forms for cos2x.
cos® 15° —sin® 15° = cos(15° - 2)
= cos30°
_ V3
2
3. Step 1: Use the cosine sum formula
c0s30 = 4cos’ 0 —3cosO
c0s(20+0) = cos20cosB —sin20sinO
Step 2: Use double angle formulas for cos 20 and sin26
= (2c0s%0 — 1) cos® — (2sinBcosH)sinO
Step 3: Distribute and simplify.
= 2c0s> 0 —cosO —2sin’BcosO
— —cos0(—2cos’0+2sin’0+1)
—c0s6[—2c0s*0+2(1 —cos*0) + 1] — Substitute 1 — cos>® for sin*0
—cosG[ 2¢0s*0+2—2cos’0+ 1]
= —cos0(—4cos’0+3)

=4cos’0—3cos0
4. Step 1: Expand sin 2t using the double angle formula.

sin2¢t — tant = tant cos 2¢

2s8infcost —tant — tant cos 2t
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Step 2: change tant and find a common denominator.

. sint
2sintcost — ——
cost
2sinzcos®t — sint
cost
sint(2cos2t— 1)
cost
sint
-(2cos’t—1)
cost
tant cos 2t

5. If sinx= —% and in Quadrant III, then cosx = —% and tanx = % (Pythagorean Theorem, b = /412 — (=9)?).
So,

cos2x =2cos’x—1

2 .
sin2x = 2sinxcosx =2 —@ —1 tan2x = sin2x
41 cos2x
9 40 3200 1681 =
YT T 161 1681 = 1519
41 41 1681 1681 (28T
_ 720 1519 720
1681 1681 1519
6. Step 1: Expand sin2x
sin2x +sinx =0
2sinxcosx+sinx =0
sinx(2cosx+1) =0
Step 2: Separate and solve each for x.
2cosx+1=0
1
1 = 0 T
sinx coSx 5
O 21 47
X = or X=—,—
’ 3’3
7. Expand cos2x and simplify
cos®x —cos2x =0
cos’x— (2cos’x—1) =0
—cos’x+1=0
cos’x =1
cosx ==*1
cosx = 1 when x = 0, and cosx = —1 when x = 1. Therefore, the solutions are x = 0, 7.

8. a.3.429b. 0.960 c. 0.280
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10. cos2x—1 = sin®x

52

2
2¢sCx 2x = —
sin2x
2
2c8Cx2x = ————
2s8INXxXCcosx
1
2csCx 26 = ———
sinxcosx
sinx 1
2cscx 2x = - -
sinx sinxcosx
sinx
2¢cscx 2x = -
sin“xcosx
1 sinx
2¢cscx 2x = -
sin“x COSx

2cscx 2x = csc’ xtanx

cos*@ —sin* 0 = (cos? @ + sin® @) (cos> O — sin*0)

cos* —sin*0 = 1(cos® 6 — sin*0)

€020 = cos’>0 —sin’ 0

. cos*0 —sin* 0 = cos20

sin2x ~ 2sinxcosx
14+cos2x 1+ (1—2sin’x)

sin2x  2sinxcosx
1+cos2x 2 —2sin®x

sin2x  2sinxcosx
14cos2x 2(1 —sin’x)

sin2x  2sinxcosx
l14cos2x  2cos2x

sin2x  sinx
14cos2x  cosx

sin2x
1+ cos2x = fanx

(1—2sin’x) — 1 =sin’x

—2sin%x = sin’x

0 =3sin’x
0 = sin’x
0 =sinx
x=0,7

WWW.C
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11.
COS2X = COSX
2cos’x — 1 = cosx
2c08’x —cosx—1=0
(2cosx+1)(cosx—1)=0
e ¢
2cosx+1=0 or cosx—1=0
2cosx = —1 cosx=1
COSX = — 3
cosx =1 when x =0 and cosx = —% when x = %"
12.

2

2csc2xtanx = sec”x
2 sinx 1
sin2x cosx  cos2x
2 sinx 1
2sinxcosx cosx  coslx
1 1

cos2x  cos?x

13. sin2x —cos2x =1

2sinxcosx — (1 —2sin’x) = 1

2sinxcosx— 1 +2sin’x =1

2sinxcosx+2sin’x =2

sinxcosx —+sin’x = 1

2

sinxcosx = 1 —sin“x
$inxcosx = cos>x
++/1 2 = cos?
—CO0$%x ) cosx = cos“x
(1- coszx) cos”x = cos*x

COSZX— COS X =COS ' x

4 4

cos’x—2cos*x =0

cos?x(1 —2cos?x) =0

v
cos’x=0
cosx=20 or

T 37w
X=—=,—
272

Note: If we go back to the equation sinxcosx = cos
since cos?

N\
1—2cos’x=0
—2cos?x=—1
2. -
cos x-2
2
cosx:ii
2
T 5w
xX=—-,—
4’ 4

2

X, we can see that sinxcosx must be positive or zero,

x is always positive or zero. For this reason, sinx and cosx must have the same sign (or one of them
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must be zero), which means that x cannot be in the second or fourth quadrants. This is why %T" and %‘ are not
valid solutions.
14. Use the double angle identity for cos2x.

2

sin“x —2 = cos2x
sin?x — 2 = cos 2x
sin?x—2=1-2sin’x
3sin’x =3
sinx =1
sinx = £1
T 3m
=2a
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3.6 Half-Angle Identities

1. Answers:
a.
225° 1 225¢
cos 112.5° = cos :—U&
2 2
1—#:7 Z—Tﬂ:i 2-V2_ V22— 2
2 2 4 2
b.
210° 1 —cos210°
in 105° = si =4/
sin sin 5 5
\/1?\/2ﬁ 2-V3i_ V2
N 2 2 4 2
c.
) m . 1 7r  1—cosZt
an— =tan— - — =
2 4 sin%"
P 1—cos § I—Tz _ 22

T_ I _ — =2 —
d. tang =tans - 7 ST # #

. 1 — cos 135° 142 2472 2442
e. sin67.5° = sin% = 002s = 5 2 _ \/ ; — +4\[ -

5 R V3 -3
f. tan165° = tan 30 — L-eosd0® _ 12 oF _ (2f ﬁ) — 243

1
2 2
2. If sin® = 2% then by the Pythagorean Theorem the third side is 24. Because 0 is in the second quadrant,

cos0 = —%s-

s'ne /1—cos0 cose 1+cosO
m-——= —_— _——= —_—
2 2 2 2

1—&-% —% tangz /1—cosO
2 2 2 1+ cos6
_/® _ /L L+ 5
~ V50 V50 CV1-#
_ 7 V2 _ 1 V2 _ 4950
5v2 V2 5v2 V2 50 1
7V2 V2
=70 =70 = Ve
-7
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3. Step 1: Change right side into sine and cosine.

) sech
an — =
2  sechceschb+csch

1
— — = osch(sech+ 1
cosp S GSC (secb+1)

IR R BN T
~ cosbh " sinb \ cosh

11 I +cosb
_costsinb< cosh )
I I-+cosh

cosh ~ sinbcosb

1 sinbcosh

cosb 1+cosh

sinb

1+cosb

Step 2: At the last step above, we have simplified the right side as much as possible, now we simplify the left

side, using the half angle formula.
1—cosh _ sinb
V 14+cosb 1+cosh

1 —cosh sin’b

1+cosb (1+4cosb)?
(1—cosb) (14 cosh)? = sin? b(1 + cosb)
(1 —cosb)(1+cosb) = sin’b

1 —cos?b =sin’b

4. Step 1: change cotangent to cosine over sine, then cross-multiply.

c sinc
Cot— = ———
2 1-—cosc

cos 5 /1+cosc
sin% 1—cosc
/1+cosc sinc
1—cosc 1—cosc

1+4+cosc sin®¢

l—cosc (1 —cosc)?

(1+cosc)(1 —cosc)? = sin’c(1 —cosc)

(1+cosc)(1 —cosc) =sin’c
1 —cos? ¢ = sin®¢
5.
) X : 1 —cosx
sinxtan — +2cosx =sinx | ——— | +2cosx
2 sinx

. X

s1nxtan§ +2cosx =1—cosx+2cosx
. X

sinxtan 3 +2cosx =1+4cosx

: X x
sinxtan 3 +2cosx = 2cos> 3
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6. First, we need to find the third side.

» Using the Pythagorean Theorem, we find that the final side is v/ 105 (b = 4/132— (—8)2) .

 Using this information, we find that cosu =
* Plugging this into the half angle formula, we get:

13
2

13++/105

N AEE: V105
- 26

7. To solve 2 cos? 5 = 1, first we need to isolate cosine, then use the half angle formula.

o X
2cos 5—1
x 1
cos 53
l+cosx 1
2 2
I+cosx=1
cosx=0

cosx =0 when x = %,37“

8. To solve tan § = 4, first isolate tangent, then use the half angle formula.

a
tan- =4
an
1—
/1 —cosa 4
1+cosa
1—
cosa _ 16
1 +cosa
164+ 16cosa=1—cosa
17cosa=—15
cos 15
a=—-——
17
Using your graphing calculator, cosa = —% when a = 152°,208°

57


http://www.ck12.org

3.6. Half-Angle Identities WWW.C

10 sinx

58

A
COS — = COSX
2

/1
+ y =1+cosx Half angle identity
I 2
(i \/ 4—;0sx> =(1+ cosx)2 square both sides

1
# = 1+42cosx+cos’x
1
2 (—i—;:osx) =2(142cosx+cos’x)

1 +cosx =2 +4cosx+2cos>x
2cos’x+3cosx+1=0
(2cosx+1)(cosx+1)=0
Then 2cosx+1=0

2c0sx_—1
2 2
21 47
X=—,—
373
Or cosx+1=0
cosx=—1
X=T

__ 1—cosx fed X :
- Treoss = This is the two formulas for tan 5. Cross-multiply.

sinx

sinx 1 —cosx

1+cosx sinx
(1 —cosx)(1+cosx) = sin®x

1 4+ cosx — cosx — cos”x = sin’x

1 —cos?x = sin®x

1 = sin®x+cos’x

.org
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3.7 Products, Sums, Linear Combinations, and
Applications

1. Using the sum-to-product formula:

sin9x -+ sin5x

1 i 9x + 5x cos Ox — 5x
2 2 2

1
3 sin 7xcos 2x

2. Using the difference-to-product formula:

cosdy —cos3y

—2sin 4y+3y sin 4y—3y
2 2

Ty Ly
—2sin —sin =
si 2s1 5

3. Using the difference-to-product formulas:

cos3a —cosSa
——————— = —tan4a
sin3a — sinSa

—2sin ( 3aJ2rSa ) sin ( 3a;5a )

2sin ( 3a55a) cos (SanrSa)

sinda

cosda
—tan4a

4. Using the product-to-sum formula:

sin60sin40

(cos(60 —46) — cos(60 +48))

| =

1
—(c0s20 —cos 100
2

5. (a) If 5cosx —5sinx, then A =5 and B = —5.

‘m

* By the Pythagorean Theorem, C = 5 V2 and cos D =

N
Sk
S

5
* So, because B is negative, D is in Quadrant I'V.

¢ Therefore, D = %".
e Our final answer is 5 V2 cos (x — %)
(b) If —15cos3x — 8sin3x, then A = —15 and B = —8.

* By the Pythagorean Theorem, C = 17.

* Because A and B are both negative, D is in Quadrant III, which means D = cos™! (%) =0.494+1m=3.63
rad.

* Our final answer is 17 cos3(x — 3.63).
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6. Using the sum-to-product formula:

sinllx—sin5x=0
11x—5x 11x+5x_0

2
sin > cos >
2sin3xcos8x =0
sin3xcos8x =10
sin3x =0 or cos8x =0
T 3t 57 7n 9w 11w 13w 15%
= 2 4 - - = - - == =
3x=0,m,27, 31,47, 57 8x 35555 5 5 T,
0 T 27 . 4t 57 n 3n 5t 7n 9% 11w 13w 15w
x=0-,— T, —, — r=—————,——, —, —
373777373 16°16’16°16° 16" 167 16’ 16
7. Using the sum-to-product formula:
cosdx+cos2x =0
dx+2 4x -2
2cos xer xcos x2 X:O
2cos3xcosx =0
cos3xcosx =0
So, either cos3x =0 or cosx =0
3o T 3 5T 7% 9n Iin
SR R R R I
TS5t 7t 3t 1lx
X = sy s A

8. Move sin3x over to the other side and use the sum-to-product formula:

sin5x + sinx = sin3x

sin5x —sin3x+sinx =0

Sx+3x\ . [5x—3x .
2cos 5 sin 5 +sinx =0

2cosdxsinx +sinx =0
sinx(2cos4x+1) =0

Sosinx=0

x=0,7 or 2cosdx=—1

1
dx=—=
cosax 2
4y 2% 47 8T 10n 14m 16m 20m 22m
YT 3030303 07303 03 0 3
_TCTE2TC St 7mt 4m Sm 11w
6’3’3’6’ 673737 6
0 nn2n5nn7n4n5n 11w
X = = _——— — T, T, T
) 673?37677673’3?6

60
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9. Using the sum-to-product formula:

f(£) = sin(200z + ) + sin(200r — )
s (OO0 o (CO04T) (2000 )

2 2
= 2sin <400t> cos (27:>
2 2
= 2sin200z cos T
= 2sin200z(—1)
= —2sin200¢

10. Derive a formula for tan4x.

tan4x = tan(2x + 2x)

_ tan 2x +tan2x
1 —tan2xtan2x
_ 2tan2x
1 —tan?2x
. _2tanx
1—tan?x

1— ( 2tanx )2
X

1—tan?

4tanx (1 —tan’x)? —4tan’x
T 1—tan?x (1 —tan?x)?

4tanx _ 1—2tan’x+ tan*x —4tan’x
T I-tan’x (1 —tan?x)?

4tanx (1 —tan’x)?

1 —tan?x 1—6tan?x+ tanx
4tanx — 4tan’ x
1 —6tanx + tan? x

11. Lety=0.

3.50sint +1.20sin2¢t =0
3.50sint +2.40sint cost = 0, Double-Angle Identity
sin7(3.50 4 2.40cost) =0
sint =0 or 3.50+2.40cost =0
2.40cost = —3.50
cost = —1.46 — no solution because — 1 < cost < 1.
t=0,m

Chapter Summary

Chapter 3. Trigonometric Identities and Equations, Solution Key

1. If the terminal side is on (—8,15), then the hypotenuse of this triangle would be 17 (by the Pythagorean

Theorem, ¢ = 4/ (—8)2 + 152). Therefore, sinx = %,cosx = —%, and tanx = —%.

2. If sina = # and tana < 0, then a is in Quadrant II. Therefore seca is negative. To find the third side, we
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need to do the Pythagorean Theorem.

(\@)2+b2 =32

5+b*=9
b =4
b=2

So seca = —%.

3. Factor top, cancel like terms, and use the Pythagorean Theorem Identity. Note that this simplification doesn’t
hold true for values of x that are § + ", where n is a positive integer,, since the original expression is undefined
for these values of x.

cos*x —sin*x

cos2x —sin®x

(cos? x4 sin®x)(cos?x — sin”x)

cos2x —sin%x

cos?x + sin”x

1

—_ =] =

4. Change secant and cosecant into terms of sine and cosine, then find a common denominator.

L4 si
sy secx(cscx+ 1)

o (e )
=— | —+1
COSX \ Sinx

1 1+ sinx
cosx sinx

1+sinx

cosxsinx

cosxsinx

sec (x—l—g) +2=0

sec (x+ E) =-2

2
(++3) =3
cos|(x+ =) =—=
2 2
+7t 21 41
X+ - = —
2 373
_21t Td4n T
T3 T3 2
T 5T
X=—-,—
6’6
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6.
X
8si (7>—8:O
sin 3
X
8sin— =8
sm2
X
X
sm2
x_x
2 2
X=T
7.
2sin’x+sin2x =0
2sin”x +2sinxcosx = 0
2sinx(sinx+cosx) =0
So, 2sinx =0 or sinx+cosx =0
2sinx =0 sinx+cosx =10
sinx =0 sinx = —cosx
3n In
=0,m = =
X , X 11
8.
3tan’2x =1
1
2
tan” 2x = —
an” 2x 3
3
taan:j:\?
) T St 7n 11w 13m 17m 197 23:m
666 66 66 6
_ St r ln 3¢ 17n 19n 23n
127127127 127127127127 12
9.
1 —sinx = V/3sinx
1 = sinx+ V/3sinx
1 = sinx <1+ \@)
1 .
= sinx
1+ 3
sin~! 1 = x or x = .3747 radians and x = 2.7669 radians
1+4/3

10. Because this is cos3x, you will need to divide by 3 at the very end to get the final answer. This is why we
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went beyond the limit of 21 when finding 3x.

2cos3x—1=0
2cos3x=1

1

3x=—

cos3x 5

2) 333737373

n S5t 7n 11w 13w 17w
= = ===

997979799
11. Rewrite the equation in terms of tan by using the Pythagorean identity, 1 +tan®@ = sec?.

1(1) T 5% 7n llm 137 17%
3x = cos = -

2sec’x —tan*x =3

2(1 +tan®x) — tan*x = 3

2+42tan’x —tan*x =3

tan*x — 2tan’x+1=0

(tan’x — 1)(tan*x — 1) = 0

Because these factors are the same, we only need to solve one for x.

tan’x—1=0

tan®x = 1
tanx = =1

T
4

3
x=" 4 mkand %Jrnk

Where £k is any integer.
12. Use the half angle formula with 315°.

o

cos 157.5° = cos

2
_ 1+ cos315°
—V 2

142

[\

13. Use the sine sum formula.

sinlS—n—sin lo—ﬂ:+3—7t
12 12 12

=sin S—ﬂ+§
N 6 4
5T T

= sin 75 COS — + cos — sin —
=81 -+ 1
S 6 S S S

1 V2 V3, V2
=2 Uy
Vi V6

N
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14.
4(cos5x+cos9x) =4 |:ZCOS <5x—;9x> cos <5xg9x)]
= 8cos7xcos(—2x)
= 8cos7xcos2x
15.

cos(x —y)cosy — sin(x —y) siny
cosy(cosxcosy+ sinxsiny) — siny (sinxcosy — cosxsiny)
cosxcos”y + sinxsinycosy — sinxsinycosy -+ cosxsin’ y
cosxcos>y +cosxsin®y
cosx(cos?y +sin? y)

COsx

16. Use the sine and cosine sum formulas.

sin 4n + cos +57t
in| ——x X+ —
3 6
5T

. 4w 47t | Ry ) .
SIn — COSX — COS — SInx —|— COSXCOS — — SInxsin —

3 3 6 6
V3

1 3
— ——Ccosx+ 3 sinx — Tcosx— 3 sinx

2
— vV3cosx

17. Use the sine sum formula as well as the double angle formula.

sin6x = sin(4x + 2x)
= sin4xcos 2x + cos4xsin2x
= sin(2x + 2x) cos 2x + cos(2x 4 2x) sin 2x
= co0s2x (sin2xcos 2x + cos 2xsin2.x) + sin 2x(cos 2xcos 2x — sin2x sin2x)
= 2sin2xcos® 2x + sin2xcos? 2x — sin’ 2x
= 3sin2x cos?2x — sin® 2x
= sin2x(3 cos? 2x — sin® 2x)

= 2sinxcosx[3(cos?x — sin’x)? — (2sinxcosx)?

2

= 2sinxcosx[3(cos* x — 2sin? xcos” x + sin* x) — 4 sin? xcos® x]

2

= 2sinxcosx[3cos x — 6sin’ xcos? x + 3sin* x — 4 sin®xcos’ x|

2

= 2sinxcosx[3cos* x + 3sin*x — 10sin? xcos® x|

= 6sinxcos’ x + 6sin> xcosx — 20sin’ xcos> x

. 2 .

18. Using our new formula, cos*x = [%(cos 2x+ 1)] Now, our final answer needs to be in the first power of
cosine, so we need to find a formula for cos?2x. For this, we substitute 2x everywhere there is an x and the
formula translates to cos?2x = %(cos 4x+1). Now we can write cos*x in terms of the first power of cosine as
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follows.

1
cos*x = [E(COSZX—}—l)]Z
1
= Z(cos22x+200s2x+1)
1.1
= Z(E(COS4X+ 1)+2cos2x+1)

1 1 1 1
= fcos4x+f+fcos2x+1

8 8 2
1 1 3
= gcos4x+ EcosZ}H— 3

. . 2 .

19. Using our new formula, sin*x = [%(1 —Cos 2)6)] Now, our final answer needs to be in the first power of
cosine, so we need to find a formula for cos?2x. For this, we substitute 2x everywhere there is an x and the
formula translates to cos? 2x = %(cos 4x+1). Now we can write sin® x in terms of the first power of cosine as

follows.

4 (1—cos2x)]?

| =

sin"x = |

(1 —2cos2x + cos 2x)

1
(1—2cos2x+ 5(cos4x—i- 1))

e Bt o

1 1 1
=1 icos2x+§cos4x+§

1 1 3
= gcos4x— Ecos2x—|— 3

20. Answers: (a) First, we use both of our new formulas, then simplify:

1 1
sin® xcos? 2x = 5(1 — cos2x)§(cos4x+ 1)

1 1 1 1
=== 2 — 4 —
<2 2cos x) <zcos x+2>

1 11 1
= — cosdx+ — — — oS 2xCOS4X — — OS2
4 cos4x + 4 4 COS 2ZXCOsS 4x 4 COS Zx

1
= —(1 —cos2x+ cos4x — cos2xcos4x)

(b) For tangent, we use the identity tanx = % and then substitute in our new formulas. tan*2x = % —
Now, use the formulas we derived in #18 and #19.
. 4
4 sin” 2x
tan" 2x = ————
cos# 2x

%cosSx— %cos4x—|—%
%cos8x+ %cos4x—|—%
_ cos8x—4cosdx+3
~ cos8x—+4cosdx+3
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CHAPTER 4 _ .
Inverse Trigonometric

Functions, Solution Key

4.1 BASIC INVERSE TRIGONOMETRIC FUNCTIONS

4.2 GRAPHING INVERSE TRIGONOMETRIC FUNCTIONS
4.3 INVERSE TRIGONOMETRIC PROPERTIES

4.4 APPLICATIONS & MODELS
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@A Basic Inverse Trigonometric Functions

3. cosO = % — cos~ ! % =45.1°

. _ 25 - 131 °
sin = 5S¢ sin 5 = 59.44

5. This problem uses tangent inverse.

&

e tanx = :—ﬁ — x = tan”! % = 58.67° (value graphing calculator will produce). *However, this is the
reference angle.

* QOur angle is in the third quadrant because both the x and y values are negative.

* The angle is 180° + 58.67° = 238.67°.

C
9 feet
A B
6. 4 feet
4
A=—
cos 5
cos_li—A
5=
/A =63.6°
7.
fx)=2x"-5
y=2x>-5
x=2y"—5
x+5=2y°
x+5 3
5 =Y
3 X—|—5_
=
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10.

Chapter 4.

1 3
y= gtﬁl’lil <4X—5>
1, (3
— tan! (2y—5
Lt (9

3
—tan ' [ 2y —
3x =tan <4y 5>

3
tan(3x) = yede 5

3
tan(3x) +5 = —y

4
4(tan(3x) +5)
3

.org

h(x) =5—cos™ 1 (2x+3)
y=5—cos '(2x+3)
x=5—cos '(2y+3)

x—5=—cos '(2y+3)

5—x=cos '(2y+3)
cos(5—x)=2y+3
cos(5—x)—3=2y

cos(5—x)—3

2 =Y

Inverse Trigonometric Functions, Solution Key
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4.2 Graphing Inverse Trigonometric Functions

1. The graph represents a one-to-one function. It passes both a vertical and a horizontal line test. The inverse
would be a function.

2. The graph represents a function, but is not one-to-one because it does not pass the horizontal line test.
Therefore, it does not have an inverse that is a function.

3. The graph does not represent a one-to-one function. It fails a vertical line test. However, its inverse would be
a function.

4. By selecting 4-5 points and switching the x and y values, you will get the red graph below.

"y

oy
=T v

. =
‘ 4 T |
I il
— IR N
20 | @5 | 10 1M 15 1 51 1 20 | 125| 1 30 | B5| |4 | |45
e o S I

|
& J-i ro

=
v &

et
oy

St
o & &

2l

eL

24
L

5. By selecting 4-5 points and switching the x and y values, you will get the red graph below.

@ D

N
/

\

v,

4 4 & A guﬁﬁ}i\ -

6. y=1cos !(3x+1)isinblue and y = cos ! (x) is in red. Notice thaty = 3 cos~!(3x+ 1) has half the amplitude
and is shifted over -1. The 3 seems to narrow the graph.
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= = P = e e g o e g o e [t g e £ = = B ) = o
.
\
\ 4
NI
e
4 TN
\\ 0-8
35 | 8 | 25 1.5 05 | 0.5 1.5 25 55 | 1
06

7. y=3—tan"!(x—2) isin blue and y = tan~' x is in red. y = 3 — tan~! (x — 2) is shifted up 3 and to the right 2
(as indicated by point C, the “center”) and is flipped because of the —tan~!.

3
L%
—
]
[=Rs]
3

.

vy

i
Lo

-1

w
(]

w

31
S UL

n

(5

o

g
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7.5

< 5

L | T
\% H""--.
= =
AS; ™~
4
5%
e
r-=
4
L)
1
e
9. - -4 y . 1 ] ] L :

10.

Lis -1
E—i—cos xX=y

sin~ ' x # T+ cos~ ! x, graphing the two equations will illustrate that the two are not the same. This is because

of the restricted domain on the inverses. Since the functions are periodic, there is a phase shift of cosine that,
when the inverse is found, is equal to sine inverse.
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43 Inverse Trigonometric Properties

1. Answers:
a. %
b. gn
C. %
d. 7n
c. ;Z
f. 7<
2. Answers:
a. 2.747
b. 0.377
c. 1.397
3. Answers:
a. csc (cos ! f) =2
b. sec™!(tan(cot ' 1)) =sec™! (tan%§) =sec™' 1 =0
c. tan~! (cos %) :tan*IO 0
712\@ _ 71ﬁ — T_ 1 _ 1 _
d. cot(sec % >—cot<cos 5 >—cot6—tang—\é§—\f3
4. y =sec” ! x when plugged into your graphing calculator is y = cos™! %
1
0:5
4 3 2 -1 1 2 3 4 5
=05
=1

The domain is all reals, excluding the interval (-1, 1). The range is all reals in the interval [0, ],y # 7. There
are no y intercepts and the only x intercept is at 1.

5. y =csc~ ' x when plugged into your graphing calculator is y = sin~!

==
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The domain is all reals, excluding the interval (-1, 1). The range is all reals in the interval [—3, 7],y # 0. There
are no x or y intercepts.
6. The domain is all real numbers and the range is from (0, 7). There is an x—intercept at 7.

el

w
[43]

wl

/

3}

/b
&

-
/

~
N
e = S ——
7. Answers:
a.
0=—
cos 3
5
sin (cos_1 (B)) =sin0
12
0=
sin e
b. tan (sin_1 (— 61)) — sin = 11 The third sideis b= v 121 —36 = V/85. tan0 = ——2= = _6v85

C. CoS (csc (75)) — cscO =

side being 24.

8. Answers:

1
a. x2+1
b, L

x2

cos =

\/ﬁ 85

L 5 5in0 = E' This two lengths of a Pythagorean Triple, with the third

9. The adjacent side to 0 is /1 —x2, so the three trig functions are:
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a.
sin(sin” " x) =sin® =x
cos(sin~ ' x) = cos® = V122
tan(sin ' x) = tan® = al
1 —x?
b.
2x° 2x°

tan(sin~ 1 (2x%)) =

T /T 20)2  VI-_ao

10. The opposite side to 0 is /1 —x2, so the three trig functions are:

a.
sin(cos ' x) = sin@® = V1—22
cos(cos ! x) =cos® =x
tan(cos ! x) = tan® = lx_ *

b.
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4.4 Applications & Models

I =1Iysin26cos20

I I
— =2 sin20cos 26
Iy Iy

1
— =s8in20co0s20
Iy

g =2sin20co0s20
Iy

21
— = sin40
Iy
. _‘l 21
sin” ' — =
Iy
1. 21
—sin” — =
4 Iy

40

0

2. The volume is 10 feet times the area of the end. The end consists of two congruent right triangles and one
rectangle. The area of each right triangle is 3 (sin®©)(cos8) and that of the rectangle is (1)(cos®). This means
that the volume can be determined by the function V(8) = 10(cos6 + sin6cos0), and this function can be
graphed as follows to find the maximum volume and the angle 6 where it occurs.

w4

X
F0opgond  Y=1z.990:H1

Ha
"=

Therefore, the maximum volume is approximately 13 cubic feet and occurs when 6 is about 30°.
3. See the figure below.

7 -1
COSX—@*}X—COS ﬁ
x = 88.26°
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4.
i = I, [sin(wt + o) cos @ + cos(wt + o) sin @]
IL = sin(wf + o) cos @ + cos(wt + o) sin @
" sin(wt+0+@)
i .
— =sin(wr + a4+ Q)
Iy,
sin™! - = wt+ o+ @
Iﬂ’l
. 0
sin” — —0—@=wt
Iy,
1 < i >
—|sinT ——o0—@ | =t
w I,
5. Answers:

. 64° on the 16" of November = 90° — 64° —23.5°cos [(320+ 10)39] = 6.64°
b. 15° on the 8" of August = 90° — 15° —23.5° cos [(220+ 10)3%2] = 91.07°

6. We need to find y and z before we can find x°.

sin70° = % s y=40sin70° = 37.59
cos70° = % 5 z=40c0s70° = 13.68

* Using 15-13.68 as the adjacent side for x, we can now find the missing angle.
o tanx® = 312 —28.48 — x° = tan~!(28.48) = 87.99°.

1.32

* Therefore, the bearing from the ship back to the point of departure is W87.99°S.

7. The maximum displacement for this equation is simply the amplitude, 4.

.org Chapter 4. Inverse Trigonometric Functions, Solution Key
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8. You can use the same picture from Example 5 for this problem.

So, the towers are 2.6° apart.

Chapter Summary

1. Answers:

| oA
wla ala

-0 &0 o
(9%)
a

k] O_k‘

2. Answers:

0.927
0.461
1.446
-1.37
1.792
0.586

-0 &0 o

3. Answers:

V2

2

pooe
o >

1

[5§)

50r56

NG 12

o

—
wI[a

4. Answers:

78

X
18° =
tan 18" = 16000
x = 10,000 tan 18°
X = 32492
3249.2 4 500
18° +y) = ==+ 200
tan(18° +y) 10,000
3749.2
18° 4+ y) =
tan(18° +y) 10,000
3749.2
18°+y=tan"'
8y =tan 15500
18° +y = 20.55°
y=2.55°
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f(x)=5+cos(2x—1)
y=>5+cos(2x—1)
x=5+cos(2y—1)
x—5=cos(2y—1)
cos 1(x—5)=2y—1
14cos ' (x—5)=2y

2 -
g(x) = —4sin"!(x+3)
y = —d4sin" ! (x+3)
x=—4sin"!(y+3)
—;—C =sin~'(y+3)
x
n(—X) —vas
e
x
(XY 5=
sin(=3) =3=»
< "
o 2:5
)
ki
4 €
W | Il
] I 2 1D 12 14
I J
e"/
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.,
/?"
A Ees
4 ) /
. - = 1 > :
c. .
A
G
il
L3
- D -4 1 A 4
d.
6. Answers:
a. sin(cos™'x?) = /1 —(x3)2 = V1 x6
x2 % X i
b. tan? sm ? (ﬁ (1_7) =5
1_ xZ 9 9
4
c. cos*(arctan(2x)?) = cos*(tan~! 4x? L = 1 =1
)= (\/ (4x?)2 +1 Vied+1 e+

7. x° can help us find our final answer, but we need to find y and z first.

20 z
40° X

65
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sind0° = % 5y =65sin40° = 41.78

20
cos40° = te

— 204z = 65c0s40°
20+7=49.79 — 7=29.79

tanx = % —x=tan ! @
29.79 29.79
x=54.51°
Now, the bearing from the ship to the point of departure is north, and then (90 —54.51)° west, which is written
as N35.49°W.
8. 36° on the 12" of May = 90° — 36° — 23.5%cos [(132+ 10) 3% ] = 72.02°

9. sin(x=y) = sinxcosy+ cosxsiny,a = sinx and b = siny — x =sin 'aand y =sin"' b

sin(x£y) =ay/1—sin’y+b /1 —sin’x
sin(xty)=aV1—-b>+tby/1—d?
x+y=sin~! (a\/l—sz:b\/l—az)

sin"'a+sin~!'bh=sin"! (a V1-b2+by/1 —a2>

10. cos(x£y) = cosxcosy Fsinxsiny,a = cosx and b = cosy — x =cos 'aand y = cos~ ' b

cos(xty)=abF \/(1 — cos2x)(1 — cos?y)
cos(xty)=abF /(1 —a?)(1—b3)

xty=cos ! <ab:|2 (1—a®)(1-5%)

cos 'a+cos b =cos! (ab; (1—a?)(1 —b2)>
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Triangles and Vectors,

Solution Key

5.1
5.2
5.3
5.4
5.5
5.6
5.7

THE LAW OF COSINES

AREA OF A TRIANGLE

THE LAW OF SINES

THE AMBIGUOUS CASE

GENERAL SOLUTIONS OF TRIANGLES
VECTORS

COMPONENT VECTORS
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- The Law of Cosines

1. Answers:

side a
/T,/R,and /I
side /

/Rand /D
side b
[C,/D,/M

o0 o

=

2. Answers:

a*=8>+11>—2-8-11-c0s50°,a ~ 8.5
11?=62+7>—-2-6-7-cosl, /I ~115.4°
1?=22.4%+13.17>-2-22.4-13.17-c0s79.5°,1 ~ 23.8
12.82=17>418.6>—2-17-18.6-cosD, /D ~ 41.8°
b* =392 4432 -2.39.43.¢c0s67.2°,b ~ 45.5

f. 117=924+133-2.9.13-cosD, /D ~ 56.5°
3. Answer:

e 632 =522+4+41.92-2-52-41.9-cosC

¢ 522 =632+41.92—-2-63-41.9-cos]

« 180° —83.5° —55.1° =41.4°

e /C~83.5° /I~551° /R~41.4°
4. Answer:

e First, find AB.
© AB*=14.22+15°—2-14.2-15-c0s37.4° - AB=9.4
* sin23.3° =42 5 AD=37.
5. Answer:
* /HJI =180° —96.3° = 83.7° (these two angles are a linear pair).
© 677 =HJ*+1.9*—2-HJ-1.9-cos83.7°.
» This simplifies to the quadratic equation HJ? — 0.417HJ —41.28.

* Using the quadratic formula, we can determine that HJ ~ 6.64.
* So, since H/ +JK = HK,HK =~ 6.64 +3.6 ~ 10.24.

6. Answer:

oo op

* To determine this, use the Law of Cosines and solve for d to determine if the picture is accurate.
o d>=122+24%-2-12-24-c0s30°,d = 14.9, which means d in the picture is off by 1.9.

7. Answers:
* (a) First, find x: x> =312 +262 —2-31-26-cos47°,x = 23.187 miles. Dividing the miles by his speed

will tell us how long he will have service. 2341587 = 0.52 hr or 30.9 min.

* (b) 23é1,587 = 0.66 hr or 39.7 min, so he will have service for 8.8 minutes longer.

8. Answers:

a. 194.1%> = 183% + 306> — 2 - 183 -306 - cos a. The angle formed, a, is 37°.
b. 207> = 183% +329%2 —2-183-329-cosh. The new angle, b, will need to be 34.8° rather than 37° or 2.2°
less.
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12.

84

. x% =23524329% —2.235-329-c0s9°, making the ball 103.6 yards away from the flag.
10.
11.

Students answers will vary. The goal is to have each student create their own word problem.
Draw a figure as shown below.

27
15

39
We need to find the height in order to get the area.
27* = 1524392 —2-15-39-cosx,x = 29.6°

h
in29.6° = — =74
sin29.6 15—>h 7

A:%-39~7.4: 144.3

Draw a figure as shown below.

3000

Recall that the area of a trapezoid is A = %h(bl +b,). We need to find the angle x, in order to find y and then
h.

21007 = 2400% +2200% — 2 - 2400 - 2200 - cosx, x = 54.1°.
h

90° —54.1° =35.9° = y.cos35.9 :%ﬁh:1782.1.

1
A= 51782.1(2400—1-3000) =4,811,670 sq.ft. or 110.5 acres.
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52 Areaofa Triangle

1. Answers:

a. A= bh
b. Heron’s formula
c. K=1bcsinA

d A= ;bh
2. Answers:

a. A=22

b. A=14.3

c. A=2514.2

d A=144.7
3. Answers:

a. A=1bh

b. K= % bcsinA

c. A= 5 bh
4. Answers:

a. h=289.2

b. /A=67°

c. Area of AABC = 83.0

5. Answers: (a) Use Heron’s Formula, then multiply your answer by 4, for the 4 sides.
5= 1(3754375+590) = 670
« A= /670(670 —375)(670 — 375)(670 — 590) = 68,297.4
* 68,297.4 multiplied by 4 = 273,189.8 total square feet.

(b) % ~ 10,928 gallons of paint are needed.

6. Using Heron’s Formula, s and calculate the area:

« s=3(8.24+14.6+16.3) =19.55

« A= \/19.55(19.55—8.2)(19.55— 14.6)(19.55 — 16.3) = 59.75 sq.ft.

« He will need 2 bundles (35 = 1.8).
* The shingles will cost him 2*$15.45 = $30.90

* 6.92square feet will go to waste (66.67 —59.75 = 6.92).
7. Answers:

a. Use K = § besinA, K = 1(186)(205)sin 148°. So, the area that needs to be replaced is 10102.9 square
yards.
b. K= %(186)(288) sin 148° = 14193 4, the area has increased by 4090.5 yards.

8. You need to use the K = % bcesinA formula to find DE and GF.

1 1
56.5 = 5(13.6)DEsin39O — DE =132 84.7 = 5(13.6)EFsin60O —EF =144

Second, you need to find sides DG and GF using the Law of Cosines.

DG? =13.22+13.6>—2-13.2-13.6-¢c0s39° — DG = 8.95
GF*>=14.4*>+13.6>—2-14.4-13.6-cos60° — GF = 14.0
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The perimeter of the quadrilateral is 50.55.
9. Answer:

e First, find BD by using the Pythagorean Theorem. BD = 1/ 16.2% — 14.42 = 7.42.

« Then, using the area and formula (A = 1bh), you can find AC. 232.96 = 1(7.42)AC
* AC =62.78.

e DC=62.78—14.4 = 48.38.

10. Answer:

d*>=e*+ f* —2efcosD
e* =d*>+ f>—2dfcosE All three versions of the Law of Cosines
f2 =d?+e* —2decosF

Add the three formulas together, we get:

>+ + fP=e*+ f2—2efcosD+d*+ > —2dfcosE +d*> + ¢* — 2decos F

d> 4+ 2 =2(d* + & + f*) —2(ef cosD+df cosE +decos F)
—(d*+ &>+ f*) = —2(ef cosD+dfcosE +decosF)

d*+eé*+ f2 =2(efcosD+dfcosE +decosF)

86
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- The Law of Sines

1. Answers:

ASA
AAS
neither
ASA
AAS
f. AAS

o0 o

2. Student answers will vary but they should notice that in both cases you know or can find an angle and the side

across from it.

3. Answers:
sinl1.7° __ sin144.5° a= 5.6
i 4L-ll 3° sin3‘1967°
sin41.3° __ s . _
.d =208.0

2149 d
not enough information
sTn420.3° : sin 16'233.5o 71 =49
sind- = s 0=4.6
sm}]27 — 81]13.26128 g = 7.8

4. /G=180°—-62.1°—-21.3° =96.6°

o oo

a

sin96.6° B sin21.3° sin62.1° - sin21.3°

=295.3 ,h=1262.8
g T I 108
5.
sinA = sinf Law of Sines
a b
a(sinB) = b(sinA) Cross multiply
a sinA . :
5= SnB Divide by b(sinB)
6. Answers:
a. tan54° = 1- - h=9.8,c0s67° = 28 — x =252

b. The angle we are finding is the one at the far left side of the triangle.

8.92=11.224+12.6>—2-11.2-12.6CosA — A = 43.4°
sin43.4° _ sin31

P =112 —x=14.9.

7. First we need to find the other two sides in the triangle.

o SNG4 _ sinll® _ sinl05° \ — 46,3,y = 234.3, where y is the length of the original fight plan.

218 X
* The modified flight plan is 218 +46.3 = 264.3.

* Dividing both by 495 mi/hr, we get 32 min (modified) and 28.4 min (original).
* Therefore, the modified flight plan is 3.6 minutes longer.

8. First, we need to find the distance between Stop B (B) and Stop C (C).
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o SIS _ sindlL _ sinl03"p — 13.7,C = 20.4.

* The total length of her route is 1.1 4+12.3413.74+20.4+ 1.1 = 48.6 miles.

* Dividing this by 45 mi/hr, we get that it will take her 1.08 hours, or 64.8 minutes, of actual driving time.

* In addition to the driving time, it will take her 6 minutes (three stops at 2 minutes per stop) to deliver the
three packages, for a total roundtrip time of 70.8 minutes.

* Subtracting this 70.8 minutes from 10:00 am, she will need to leave by 8:49 am.
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54 The Ambiguous Case

a>,=,or < bsinA Diagram Number of solutions
a.26>199 2
b. 16 < 17.5 0
c. 13.48 =13.48 1
d.3.4>33 2
2. Answers:
a, S03Z3° — sy B —49.9° or 180° —49.9° = 130.1°
b. no solution
o. M =T 2 B=90°
d. SRS — S8 5 B—175.2° or 180° —75.2° = 104.8°

sinA  sinC

a c
csinA = asinC

csinA —c¢sinC = asinC — ¢sinC
c(sinA —sinC) = sinC(a —¢)
sinA —sinC _a—c

sinC c

4. Student answers will vary. Student should mention using a > bsinA in their explanation.
5. The answers can be determined as follows:

a. a<bsinA — ¢ <sinA — 22 <sinA —A >45.2°
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b. a =bsinA — § =sinA — ﬁ =sinA - A =452°
C. a>bsinA — ¢ >sinA — 57 >sinA — A <45.2°
6. This problem can be done entirely with right triangle trig, but there are several different ways to solve this
particular problem.

.8
BD = \/13.72-9.82=9.6 tan42.6° = 19)7C — DC =10.7
sin42.6° = % —AC =145 BC=9.64+10.7=20.3
sinB = 193—87 — /B=45.7° /A =180°—45.7°—-42.6°=91.7°

7. Answers:

LEBD = 7.6 =9.9+10.2* —2-9.9-10.2cos EBD = 44.4°
/BDE = SI8DE — sl — 65.7°
/DEB = 180° — 65.7° — 44.4° = 69.9°
/BDC = 180° — 65.7° = 114.3°
/BEA = 180° —69.9° = 110.1°
/DBC = 180° — 114.3° —21.8° = 43.9°
/ABE = 109.6° —43.9° —44.4° = 21.3°
/BAE = 180° —21.3°—110.1° = 48.6°
BC = Spds = StLE = 25.0
AB = Spl = Sg5E = 12.4
AE = 33 = 58 — 4.8
DC = 3039 — sin2ls — 19.0
m. AC=19+48+76=31.4
8. We need to find the distance between sensors 2 and 3. If it is less than 6000 ft, then the sensor will be able to
detect all motion between the two. First, 4500 > 4000, so there is going to be one solution.

o SINS2 _ sin56° ¢y 47 47°

= 50 -0 a0 o

—

4000 — 4500

* S1+47.47° +56° = 180° — S1 =76.53°

N sin72.53O — S:g?)?)o — x=5279

* Since x < 6000 ft., Sensor 3 will be able to pick up all movement from its location to the location of
Sensor 2.

9. The length from S3 to S4 is x and from §4 to S2 is y. 180° —36° —49° = 95°, which is the angle at S4.

sin95° _ sin 36° B sin49°

_ —3114.8,y = 3999.3
5279 X y * Y
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1535] General Solutions of Triangles

1. Answers:

AAS, Law of Sines, one solution

SAS, Law of Cosines, one solution

SSS, Law of Cosines, one solution

SSA, Law of Sines, no solution (15 < 25sin58°)
SSA, Law of Sines, two solutions (45 > 60sin47°)

oo o

2. Answers:

in69° in 12°
oy = snlZ =497
c?=1.4%+232-2(1.4)(2.3)cos58°,¢c =2.0
3.32=6.12+4.8% —2(6.1)(4.8) cosA,A = 32.6°
No solution

Snd7° _ sinB . 77.2° or 180° —77.2° = 102.8°

o0 op

3. (a) need angle C and side c.
C=180°—69°—12°=99°

sin 99° B sin 69°
c 2237

c=123.6

(b) need angle A and angle B.

sin58° B sinA
2 14
180° —36.4° —58°, B = 85.6°

A=1364°

(c) need angle B and angle C.

sin32.6° - sinB
33 6.1
180° —32.6° —84.8°,C = 62.6°

B =84.8°

(d) No solution (e) Both cases need angle C and side c.

sin55.8° B sin47°

Case 1 : C=180°—47°—177.2° =55.8°, 15 °= 50.9
Case 2: C = 180° — 47° — 102.8° — 30.2°, 139-2" _ 5“27 ¢=30.95

4. To find the area of the rhombus, use the formula K = % bcsinA and then multiply that by 2. We first need
to find one of the angles that are opposite the given diagonal (they are both the same measurement). We will
call it angle A. 21.5% = 122 + 122 —2(12)(12)sinA,A = 127.2°, which means the other two angles are both
52.8°(360° — 127.2° — 127.2° and then divide by 2).

1
K=2 (2(12)(12) sin 127.2°> =1147
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5. Divide the pentagon into three triangles, drawing segments from /2 to /5, called x below, and /2 to /4, called

y below. With these three triangles, only the middle triangle needs us to find two sides and the angle between
them (called /Z below) to use K = % bcsinA (the outer two triangles already have two sides and an angle that
fit this criteria).

x? = 1922 +190.5% —2(192)(190.5) cos 81° — x = 248.4
y? = 1462 +173.8% — 2(146)(173.8) cos 73° — x = 191.5
1182 =248.4% +191.5% — 2(248.4)(191.5) cos Z — /Z = 27.4°

Areas: K = 3(190.5)(192)sin81° = 18062.8

1
k= 7(248.4)(191.5)5in27.4° = 10945.5

1
K = 5(173.8)(146)sin73" = 12133.0 Total Area : 411413

. altitude, x: sin56.8° = % —x=231.8

GT = /382 —31.82 =20.8 GI =88 —20.8 =67.2
1 1
Aman = 5(20.8)(31.8) = 330.8 Apig = 5(67.2)(31.8) = 1068.5
31.8
RI= /6722 +31.82 =743 I sin = 25 = 253°

. The headings would be as follows:

a. W28.2°N
b. $28.8°W
c. N9O°E

. Answers:

a. a® = 18774218 —2(187)(218)cos 115°, he would need to hit the ball 342.0 yards.

b. Si%ilfo = Sligf , he would have to hit the ball at a 29.7° angle.

. Answers:

a. 180°—14.2°—-162.2° =3.6°

b, st — snlfe 256.8 yards

sin162.2° __ sin3.6°
C. 30 — ¢ ,657 yards
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- Vectors

El

1. For each problem below, use the Pythagorean Theorem to find the magnitude and tan6 =

=

a. magnitude = 48.1, direction = 51.7°
b. magnitude = 6.1, direction = 62.6°
c. magnitude = 15.2, direction = 38.3°

2. Answers:

T

Q|
+
Tl

a

ol
+
o]

Ol
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94

d.
e.
-C
d
d-c

f.

. When two vectors are summed, the magnitude of the resulting vector is almost always different than the sum

of the magnitudes of the two initial vectors. The only times that |@ 4 b|= |@|+|5| would be true is when 1) the
magnitude of at least one of the two vectors to be added is zero, or 2) both of the vectors to be added have the
same direction.

4. Speed (magnitude): /182 +2252 = 225.7 and its direction is tan® = 1= = N4.6°W

91

. The magnitude is /330? 44102 = 526.3 Newtons and the direction is tan~ (gég) E51.2°N.
Answers:
a. |d|= /1224 182 = 21.6, direction = tan~! (1) = 56.3°.
_ ./ _ 6 °
b. |d|= y/(—3)*+6%=6.7, direction = tan"' (%) = 116.6°.
. Answers:
a. |d|= \/(2 —8)2+ (4—6)2 = 6.3, direction = tan~! (3=5) = 18.4°.
b. |d|= \/(5 —3)2+(—2—1)% = 3.6, direction = tan~' (Z*51) = 123.7°. Note that when you use your


http://www.ck12.org

www.ck|Z.org Chapter 5. Triangles and Vectors, Solution Key

calculator to solve for tan~! (%), you will get —56.3°. The calculator produces this answer because

the range of the calculator’s y = tan~! x function is limited to —90° < y < 90°. You need to sketch a
draft of the vector to see that its direction when placed in standard position is into the second quadrant

(and not the fourth quadrant), and so the correct angle is calculated by moving the angle into the second
quadrant through the equation —56.3° + 180° = 123.7°.

8. In both a and b, we have the SAS case, so you can do the Law of Cosines, followed by the Law of Sines.

a. (@+b)2=312+312-2(31)(31)cos 132,d + b = 56.6, 50132 — sinx , _ 4o
b. (d+Db)> =292+ 44> —2(29)(44) c0os26,d + b = 22, 8inx — sin26  _ 6] 30
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57 Component Vectors

1. Answers:
a 2b 2(5,4) = (10,8) = 10/ + 8/
b —jc_ —31(=3,7) =(1.5,-3.5) = 1.5{—3.5]
c. 0.6b=0.6(5,4) = (3,2.4) =3{+2.4]

d. —3b=—3(5,4) = (—15,—12) = =15/ — 12}

2. All of these need to be translated to (0,0). Also, recall that magnitudes are always positive.

horizontal = 5, vertical =9
* (b) (7,13)+(-7,—13) = (0,0) (11,19) 4+ (—7,—13) = (4,6)
horizontal = 4, vertical = 6
* (c) (4.2,-6.8)+(—4.2,6.8) = (0,0) (—1.3,-9.4)+(—4.2,6.8) = (—5.5,-2.6)
horizontal = 5.5, vertical = 2.6
3. Answers:
a. c0s35° = =¢,sin35° = 2, x =61.4,y =43
b. cos162°—34,sm162°zi =32,y=1.1
c. cos12° = 135,8in12° = 35,x = 15.6,y = 3.3
4. magnitude = 33.2, direction = 75.2° from the smaller force
5. magnitude = 304, 18.3° between resultant and larger force
6. y=12sin28.2° =5.7,x = 12¢0s28.2° = 10.6
7. Answer:

* Recall that headings and angles in triangles are complementary.
* So, an 83° heading translates to 7° from the horizontal.
* Adding that to 35° (270° from 305°) we get 42° for two of the angles in the parallelogram.

* So, the other angles in the parallelogram measure 138° each, 36072&.

» Using 138° in the Law of Cosines, we can find the diagonal or resultant, x> = 422 41552 —2(42)(155) cos 138,

sox = 188.3.
* We then need to find the angle between the resultant and the speed using the Law of Sines. Si4“2” =
soa=28.6°.

* To find the actual heading, this number needs to be added to 83°, getting 91.6°.

8. The heading is just tan® = 5, or 11.3° against the current.

10’

sin 138
188.3 °

9. BA is the same vector as AB, but because it starts with B it is in the opposite direction. Therefore, when you

add the two together, you will get (0,0).

Chapter Summary

1. Use Law of Cosines to solve for angle B. 17.6> = 15% +20.9% —2(15)(20.9) cos B, B = 55.8°, which means

the picture was drawn accurately.
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CD* =32.6> +51.4* —2(32.6)(51.4) cos27,CD = 26.8
/C, /C=335°
B? =64.1> +51.4> —2(64.1)(51.4) cos 33.5,AB = 35.4

This means that the artist’s drawing is off by 1.1 foot.

3. The area of a trapezoid is A = %h(bl +b,). In the problem, we were given both bases, a side and a diagonal.
So, we need to find the height. In order to do this, we first need to find the angle between 2200 and 2400(x),
use that to find it’s complement, then we can take the cosine to find the height.

21007 = 2400% + 2200% — 2(2400)(2200) cos x
x=54.1° = 90° — 54.1° = 35.9°
h

c0s35.9° = = 5200 —h=1782.1

1
A = (1782.1)(2400+3000) = 4,811,670 sg. fr.

4. AB* = 4% + 212 — 2(4)(21)cos 120,AB = 23.3 minus 5, new AB is 18.3 new /E is 18.3% = 4% +- 212 —
2(4)(21)cosE, /E = 42.6°

5. Answers:

a. x> =13.32417.6> —2(13.3)(17.6) cos 132, x = 28.3

b. c0s52 = 55,x=11.9

42 _ o
c. Si‘é& ?5‘“9:2, =349
sin sSin _

d. 57 =" =26.8
6. Answers:

a. We will call the distance across the canyon . 5‘“32 5“;87 ,x =22.6.5in61 = 22 ¢, 19.8 km.

b. We will call the distance between the two boulders y. ¥y = a+ b, where a is the distance from boulder 1
to the first stop (that the surveyor took) and b is the distance from that spot to boulder 2.

o a o b
tan 3 =8 tan37° = 98

* So,a+b=19.8(tan3° 4+ tan37°) = 16.0 km.
7. Company A coverage: x> = 382 +47% —2(38)(47)cos72.8,x = 51 Company B coverage: w = sinl2 o

11.8° — 51151912 _ 51n1562 b —=114.52 Overlap Slna _ 51n57128 —45.4° — Sln512 511110226’0 — 608 S
8. Answers:

a. magnitude = \/48.32+47.6% = 67.8, direction = tan® = 1% — 44.6°

b. magnitude = \/18.62+17.52 = 25.5, direction = tan® = jgg —43.3°

9. Answers:

a. magnitude = \/(19 —1)2+ (—4—12)2 =24.1, direction = tan® = 12 — —48.4°

b. magnitude = \/(—21 +11)24 (11 —21)2 = 14.1, direction = tan® = =3 — 45°

10. This is the SSA or ambiguous case. Because 137 > 425sin16°, we will have two solutions or two different
lengths that the golfer could have hit the ball. $ilé — sin¥  — 58 8o or 121.2° (this is the angle at the ball)

137 4257
Case 1: Use 58.8°, the angle at the pin is 105.20% = 51113176, distance is 479.6 yards. Case 2: Use 121.2°,
the angle at the pin is 42.80% = Si1n3176, distance is 337.7 yards. It is safe to say that the golfer did not hit

the ball 479.6 yards, considering that Tiger Woods longest recorded drive is 425 yards. So, we can logically
rule out Case 1 and our answer is that the golfer’s drive was 337.7 yards.
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11.
12.

13.
14.

15.

98

c0836° = 55,x = 0.4 miles

The third angle in the triangle is 35°, from the Triangle Sum Theorem.

sin35 _ sin 127
1273

Xx=177.2

Therefore, the ball was hit 177.2 feet. The distance between second base and the ball can be calculated as
follows:

sin35 sin18
073 x F 086

Therefore, the distance from second base to the ball is 68.6 feet.

The distance between the tower and target 2 is: x> = 37> 4 182 —2(37)(18) cos 67.2°,34.3 miles. This means
that the second target is out of range by 4.3 miles.

Answer:

* We need to find area, use Heron’s Formula. s = %(587 +247+396) =615

« A= \/615(615—587)(615 — 247)(615 — 396) = 37,253.1, times 5.2 x 10'3 = 1.9 x 10'8 bacteria.
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CHAPTER

6 The Polar System, Solution
Key

6.1 POLAR COORDINATES

6.2 GRAPHING BAsIC POLAR EQUATIONS

6.3 CONVERTING BETWEEN SYSTEMS

6.4 MORE WITH POLAR CURVES

6.5 THE TRIGONOMETRIC FORM OF COMPLEX NUMBERS
6.6 THE PRODUCT & QUOTIENT THEOREMS

6.7 DE MOIVRE’S AND THE NTH ROOT THEOREMS
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- Polar Coordinates

1. Answers:

/

M(2.5, 210) [0

A

a

- 7
1) |
T/

100
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2.
5
(—4, g) all positive — (4, I)
-7
both negative — (—4, 475)
. -3n
negative angle — 4, e
3.
(2,120°%) negative angle only — (2,—240°)
negative radius only — (—2,300°)
both negative — (—=2,-60°)

4. Use PP, = r%+r§—2r1r200s(92—91).

a.
PiPy= /12 462~ 2(1)(6) cos(135° — 30°)
PP, =~ 6.33 units
b.
PiPy= /22 +92 - 2(2)(9) cos 150°
— 1078
C.
PiPy = /3 + 102~ 2(3)(10) cos(322 — 272)¢
—8.39
d.

PiPy = |52+ 162 2(5)(16) cos(200 - 25)°
—20.99
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6.2 Graphing Basic Polar Equations

1. Answers:

a. alimacon with an innerloop. r =2 —3sin0
b. acardioid r =2+2sin®
c. adimpled limagon r =5.54+4.5sin0

2. Answers:
a. r=—-3—3cos0
b. r=2+4sin0
c. r=4
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e. r=54+3cos0

f. r=—6—-5sin6

Chapter 6. The Polar System, Solution Key
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B
AN R e A ]
o

To determine the equation of these curves, first notice that cosine curves are along the horizontal axis and sine
curves are along the vertical axis. Second, where the curve passes through the axis on the non-dimpled side is
ainr=a+bsin0. b is a little harder to see, but it is the average of the two intercepts where the curve crosses
the axis on the dimpled axis. If there is an inner loop, use the innermost value of the loop.

3. Answer:

‘ L X “
0 0° 30° 60° 90° 120°  150° 180° 210° 240° 270° 300° 330° 360°
4c0s20 4 2 -2 -4 -2 2 4 2 -2 -4 -2 2 4
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%

)
.\‘
>

=Y
w
\V

A
VS
&

.

0 0° 30° 60° 90° 120°  150° 180° 210° 240° 270° 300° 330° 360°
4cos304 0 -4 0 4 0 -4 0 4 0 -4 0 4

In the graph of r = 4c0s26, the rose has four petals on it but the graph of r = 4cos30 has only three petals. It
appears, that if n is an even positive integer, the rose will have an even number of petals and if # is an odd positive
integer, the rose will have an odd number of petals.

4. Answers:
a. r = 3sin40
6
\?\
6
X
54
e
//‘3
()
/
b. r=2sin56
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3 é’&’»v

2 / \ 1111
AN

c. r=23cos30

d. r=—4sin20

e. r=>5cos40
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f. r=—2cos60

72

A

N/
e

5 3 -;/\\\.‘ 3
24N
AN 6 6 6

For roses, the general equation is r = asinn0 or r = acosn0. a indicates how long each petal is, and depending

on if n is even or odd indicates the number of pedals. If n is ood, there are n pedals and if n is even there are
2n pedals.
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6.3 Converting Between Systems

1. ForA,r=—4and 6 = F

x=rcos0 y=rsin0
5 5
x:*4COSZn y:f451nZTE
V2 V2
— 4| 2= — 4 -X=
o ( 2 Y 2
x=2V2 y:2\f2
For B,r = —3 and 6 = 135°
x=rcos0 y=rsin0
x = —3co0s135° y = —3sin135°
3 V2 3\5
X=-—3—— = —))—
2 Y 2
32 —32
X=—— e —
2 )
ForC,r=5and 6 = (%)
x=rcos0 y=rsin0
21 21
= 5c08 — = 5sin —
X cos 3 y sin 3
1 V3
=5(—-= =5 2%
) =)
5V3
=-25 = —
X y >
2. Answers:
a.
r=6cos0
¥ = 6rcos®
x2+y2:6x
X2 —6x+y?=0
X —6x+9+y* =9
(x—3)2+y*=9
b.
rsin® = —3
=-3
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c.
r=12sin0
r?> =2rsin®
x2+y2 =2y
Y —2y=—x
VP —2y4+1=—x+1
(y—172=—-x*+1
C(y-1)7=1
d.
rsin®@ = 3cos 0
2 sin?0 = 3rcosO
y? = 3x
3. Answers:

a. For A(—=2,5)x = —2 and y = 5. The point is located in the second quadrant and x < 0.
5
r=1/(=2)24(5)> = v29x5.39, 6 = Arc tan — +7= 1.95.

The polar coordinates for the rectangular coordinates A(—2,5) are A(5.39,1.95)
b. For B(5,—4)x =5 and y = —4. The point is located in the fourth quadrant and x > 0.

—4
r=1/(5)2%4(—4)2= V4l ~ 6.4, 0 =tan™" (5) ~ —0.67

The polar coordinates for the rectangular coordinates B(5, —4) are A(6.40,—0.67)
c. C(1,9) is located in the first quadrant.

9
r=vV12492=v82~~9.06, 6 =tan ! T~ 83.66°.
d. D(—12,-5) is located in the third quadrant and x < 0.

r=1/(=12)2+ (=52 = V169 =13, 6 = tan ™! 15—2 +180° ~ 202.6°.

4. Answers:
a.
(x—4)2+(y—3)*=25
x*—8x+16+y* —6y+9=25
x* —8x+y> —6y+25=25
K —8x+y*—6y=0

¥4y —8x—6y=0 From graphing r — 8cos0 — 6sin® = 0, we see that the

2 —8(rcos®) — 6(rsin®) = 0 additional solutions are 0 and 8.
r* —8rcos® — 6rsin® = 0
r(r—8cos®—6sin0) =0
r=0o0rr—8cos®—6sin0=0
r=0orr=_8cosO-+6sind
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b.
3x—2y=1
3rcosO —2rsin® =1
r(3cos®—2sin0) = 1
1
" 3c0s0—2sin®
c.
Xy —4x+2y=0
r?cos? 0+ r*sin® 0 — 4rcos O+ 2rsin® = 0
r%(sin® 0 4 cos” 0) — 4rcos® + 2rsin® = 0
r(r—4cos®+2sin6) =0
r=0orr—4cos0+2sin® =0
r=0orr=4cos®—2sin6
d.

X 4y

(rcos®)® = 4(rsin@)?
r3cos® 0 = 4r%sin’ 0
4r%sin’ 0 B
r3cos’0
4tan’@secO B

-
4tan®OsecO = r

2
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- More with Polar Curves

1. Answer:

r = 3sind

There appears to be one point of intersection.

r=sin36 r=3sin0

0=sin36 0=3sin0

0=96 0=sin0
0=26

The point of intersection is (0, 0)

2. Answer:

r22cose\/%\/
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r=242sin6 r=242sin6
3 7
r:2+23in<I> r:2+2sin7n
r~34 r~0.59
r—=2-+2sin0 r=2-—2cos0
0=2+2sin0 0=2-—2cos0
—1 =1sin0 1 =cosO
3n
2

Since both equations have a solution at r = 0 , that is (0, 31y and (0, 0), respectively, and these two points are
equivalent, the two equations will intersect at (0, 0).

r=242sin6

r=2-—2cos9

2+2sin@=2—2cos0
2sin® = —2cos6
2sin 6 2cos6
2cos®  2cosO

sin© -
cos
tan® = —1
3 7
0= Zn and = Tn

The points of intersection are (3.4,3%) ,(0.59, %) and (0,0).
3. Answer:

L

[
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K 4y? = 6x
r* = 6(rcos0) P =x*+y’ and x=ycos6
r==6cos0 divide by r

Both equations produced a circle with center (3,0) and a radius of 3.

4. r=—2+sin0 and r = 2 — sin O are not equivalent because the sine has the opposite sign. » = —2 + sin6 will
be primarily above the horizontal axis and r = 2 — sin0 will be mostly below. However, the two do have the
same pole axis intercepts.

5. r=—-3+44cos(—m) and r = 3+ 4 cosT are equivalent because the sign of a does not matter, nor does the sign
of ©.

6. Yes, the equations produced the same graph so they are equivalent.

7. Students answers will vary, but they need to include that » must be the same sign. They should also mention
that the sign of a does not matter, nor does the sign of 6.
8. There are several answers here. The most obvious are any two pairs of circles, for example r =3 and r = 9.
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65 The Trigonometric Form of Complex Num-
bers

1. Answers:

a. 5cisk =5/F=5(cosE+isin¥)
b. 3/135° = 3cis135° = 3(cos 135° 4 isin 135°)

c. 2 (cos%’c +isin 23—“) = 2cis23—” = 2123—“

2. 6-—8i
51 Imaginary
1 L 1 1 1 1 1 1 1 1 1 1 L 1 L 1 1 1
I L] L] 1 1 1 1 1 | ] L] L] L] | | ]
-+ Real 10
= r
54
T 6-8i
10+
6 — 8i
x=6andy= -8 tanezi
r=\/x2+y? tanez_?8
r=4/(6)2+(—8)2 0=-53.1°
r=10

Since 0 is in the fourth quadrant then 6 = —53.1° 4 360° = 306.9° Expressed in polar form 6 — 8i is 10(c0s 306.9° 4+
isin306.9°) or 10/306.9°
3. Answers:

a. 44+3i>x=4,y=3
3
r=\42+32=5tan6 = R 0 =36.87° — 5(c0s36.87° +isin36.87°)
b. 249 —>x=-2,y=9

9
r= /(22492 = V85 ~9.22,tn® = —3 — 6 =102.53° — 9.22(cos 102.53" +isin 102.53°)
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c. T—i—x=T7y=-1
r= V7 +12= V50~ 7.07,tan® = —% — 0 =351.87° — 7.07(cos351.87° +isin351.87°)
d —5-2i>x=-5y=-2
r=1/(=35)2+(-2)2= V29 ~5.39,tan0 = % — 0 =201.8° — 5.39(c0s201.8° +isin201.8°)

* Note: The range of a graphing calculator’s tan~! function is limited to Quadrants I and IV, and for points
located in the other quadrants, such as —2 + 9i in part b (in Quadrant II), you must add 180° to get the
correct angle 6 for numbers given in polar form.

4. Answer:

The standard form of the polar complex number 3 (Cos T +isin %) is # +2 ﬂi.
5. Answers:

a. 2cisy —x=cosy =0,y=sin% =1— 2(0) +2(1i) = 2i

b. 4[56”—>x:cos56”:—g,y:sin?:%—)4<— 23>+4(i;):—2\f3+2i
c. 8(cos(—%) +isin(—%)) »x=cos(-%) =1,y =sin(-%) = —# —8(3)+38 (—231> =4
4iV3
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- The Product & Quotient Theorems

1. Answers:
a. 2/56°,7/113° = (2)(7)£(56° +113°) = 14/169°
b. 3(cosm+isinm), 10 (cos 2 +isin ) = (3)(10)cis (n+ ) = 30cis®F = 30cisZ
c. 2+43i,—5+11i — change to polar

x=2,y=3 x=-5y=11
r=1v22+32=V13~3.61 r=4/(=5)?+112= V146 ~ 12.08
tanG:%—>9:56.31° tan6:—15—1—>6:114.44°

(3.61)(12.08)£(56.31° + 114.44°) = 43.61/170.75°

d. 6 —i,—20i — change to polar

x=6,y=-1 x=0,y=-20
r=1/624(—1)2=/37~6.08 r= /024 (=20)2 = V40 =20
tanez—é—>6:350.54° tanG:_Tzozund—Hazﬂoo

(6.08)(20)/(350.54° +-270°) = 121.6/620.54° = 121.6/260.54°
2. Without changing complex numbers to polar form, you mulitply by FOIL-ing.
(243i)(=5+11i) = —10+22i — 15i +33i* = —10—33+7i = —43 +7i

The answer is student opinion, but they seem about equal in the degree of difficulty.
3. Answer:

T T 2 T T T o
4<cos—+isin—> :4(cos—+isin—> -4(cos—+isin—)

4 4 4 4 4 4
=16 (cos (5 +3) +isin (3+5))
= cos 112 isin o
=16 (cosgising)
4. Answer:
P =(6.80)(7.05)/(56.3° — 15.8°),P = 47.9/40.5°watts
5. Answers:

2/56° _ 2 o__ oy _ 2, o
i =356~ 113°) =3/ 5T
b 10(cos%+ism%)
* 5(cosm-+tisinm)

=2(cos (%"—n)jhisin(%“—n)) :2(cos%“—|—isin23—”)
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c. —25131i1i — change each to polar.
x=2,y=3
r=1/22+32=V13~3.61
tan® = % —0=56.31°

%1(56.31O —114.44°) = 0.30/ —58.13°
d. l(fzé)i — change both to polar
x=6,y=—1
r=1/62+(—1)2= V/37~6.08
tan® = —é — 0 =350.54°
%1(350.54O —272.86°) = 0.304/77.68°
6. Answer:

2+3i 243 —-5-11i

Chapter 6. The Polar System, Solution Key

x:_57y:11
r=1/(=5)2+112= V146 ~ 12.08

tan@ = —15—1 —0=114.44°

x:17y:—20
r= /124 (=20)2 = V401 = 20.02

tan@ = _TZO — 0 =272.68°

—10-22i—15i+33 2337

54+ 11i  —5411i —5—11i

25+121 146

Again, this is opinion, but in general, using the polar form is “easier.”

7. Answer:

[4 (cosE—i-isinEN3 =[4 (cosg+ising)]2-4 (cos%%—ising) .

4 4 4

From #3, [4 (cos §isin§)]* = 16 (cos §isin ). So,

[4 (cos Eisin%)]3 =16 (cos gising) -4 (COSEiSinE>

3 3
=64 (cos Znisin I)

8. Even though 1 is not a complex number, we can still change it to polar form.

4

4 4

l=-x=1,y=0

r=+124+02=1

tan6:$:0—>620o

o 1 1cisO 1 . (
— = = —cis
’4cis% deist 4
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- De Moivre’s and the nth Root Theorems

1. Express z in polar form:

r=\/x2+y?
2
1\? V3
r = — + -
2 2
1 3
= — 7:1
"=\a1tg

0 —=tan"! <—‘1@) — 120°

The polar form is z = 1(cos 120° +isin 120°)

= [r(cos®+isin®)" = r(cosn® + isinnb)
13[cos 3(120°) +isin(120°)]
1(cos360° +isin360°)
1
1

(1+0i)

2. Answers:

8
a. [\{5 (Cos % + isinﬁ)]

8n

1
cos 1 T 4 jsin 2% 7

)— 6cos27c+ 6sm27t 6

Il
7 N\
45
~
[oe]
—_

[3(\@—1'\@)]4:(3\/5—31'\@)4

r—\/3\f 3[)2—3\ftne—g— 1 — 45°

(3f(cosz+zsm4)) = (3v6)* (cos4—|—zsm?>

= 81(36)[—1+i(0)] = —2936

(V5—i) = r=1/(V5)?2+(~1)2= V6,tan0 = —\}5 — 0 =1335.9°

V6(c0s335.9° +isin335.9°)7 = (V/6)7(cos(7 - 335.9°) + isin(7 - 335.9°))
=216 V/6(c0s2351.3° +isin2351.3°)

=216 v/6(—0.981 —0.196i)
= —519.04—103.7i

d. [3(cosZ+isinZ)]"* = 312(cos2n + isin2m) = 531,441
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3. Answer:
7
r=2and 0 =315°or Zn
7' = [r(cos®+isinB)]" = r"(cosnb +isinnb)
7 7
2 =23 [(cos3 (I) ~+isin3 (I)]
3 —8( cos 21m +isin 21m
= — l —_—
¢ 4 4
2 2
2 =—4V2-4iV2
% is in the third quadrant so both are negative.
4. Answer:

a=0and b=27
V27i=(0+27i)  x=0andy=27

Polar Form r=\/x24y2 0— g
r=4/(0)2+(27)
r=27

1

V27 = [27 (cos(g+2nk)+isin(g+2nk))]§f0rk:0,1,2

V27i= V27 [cos <;> (g—i—%ck) +isin (;) (72t+275k)] fork=0,1,2
m:3(cosg+ising)f0rk:0

V27i=3 <coss6n+isin56n> fork=1

V27i=3 <cosg6n+isin96n> fork =2

%:3<?+;i>73<_‘/§+1i>,—3i

2 2
5. Answer:
r= \x*+y? 0 =tan"! <i) :\2@ Polar Form = \@cisg
r=4/(1)2+(1)2
r= V3
1
L T .. T\]5
(1+1)5—[\f2(cosz+zsmz>}
N+ Lymy .. (1\ /¢
(1+i)5 =2 [cos <5> (4)+zsm<5> <4>}
AL 0 T .. T
(I+1i)s = ﬂ(coszO—I—zsmzo)

In standard form (1 + i)% = (1.06 + 1.06i) and this is the principal root of (1 + z)%
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6. 81i in polar form is:

81 b T
2 2 _ _% _ LT
074812 = 81,tan® = - = und — 2 81(c0s2+zsm2)
[81 (cos (g+2nk> +isin< +2nk))}
< <72°+27ck) . ( +2nk>>
3| cos +isin
4
3 TR L ein (BT
COS 8 2 1S1n 8 2
=3 cos E—I—O—7t +isin E—l—o—n —3cosE+3'sinE—277+115'
a= g g )T gy ) ) TS g oy = A A
5 5
H=3 (cos<g+g> tisin (g+g)> :3cosg+3isin§n 1154277

2 2 9 9
3=3 <cos (g +27t> —+isin <g +27|:>> = 3cos§7c —|—3isin§7t =—-2.77—1.15i
3 3 13w 13w
=3 <cos <g+;> +isin <g+;>) —3cos?+3z inT =1.15-2.77i
7. Answer:
W41=0 r= a4y
K =1 r=1/(=1)24(0)2
=—1+0i r=1
0
0 =tan ! (1) +T=T
Write an expression for determining the fourth roots of x* = —1 +0i

27k 27k
(—l—l—Oi)%:ﬁ (cosn+ T +isin7H_47C
2 2
xlzl(cosz+isin4):\2[+i\2f fork=0
3t .. 3xn 2 V2
xz:1<cos4+lsm4>:—2+12 fork=1
2 2
x3:1<cos4—l—isin4):—\2[—i2 fork=2
m . In V2 V2
x4—1<cos4+zsm4>—2—12 fork=3

If a line segment is drawn from each root on the polar plane to its adjacent roots, the four roots will form the
corners of a square.
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8. Answer:

X—64=0—x>=64+0i
64 + 0i = 64(cos(0 + 27k) + isin(0 + 27k ) )

0+ 2wk 0+ 2wk
(x3)§:(64+01)3:\/64<cos< —1—375 >+isin< —1—375 ))
04210 0-+2m0
<cos< +en >+isin< —|—37t >> —=4cos0+4isin0=4for k=0
2 2 2
4( < >+zsm<0+3 71:>>:4cos3n+4isin375:—2—1—21'\6f0r k=1

0+ 47 0+4 4 4
—4( cos ( + ) isin( +3n)>:4cos;+4isin;:—2—2i\/§for k=2

—4

If a line segment is drawn from each root on the polar plane to its adjacent roots, the three roots will form the
vertices of an equilateral triangle.

Chapter Summary

1. A(-3,3F)

three equivalent coordinates — (3,—%), (3, ), (=3, —3F).
2. (2,94°) and (7, —73°)

d = \[22 472~ 2(2)(7)cos(94° — (~73))
= V4449 —28cos 167°
— /80.28 ~ 8.96

3. Answers:

a. r =3sin50
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b. r=6—3cos0

c. r=24+5c0s90

4. Answers:

r=2—6cos0
r =

a.
b. 7+ 3sin0

5. Answers:

a. A(—6,11) = r= v36+ 121 ~ 12.59,tan0 = — 1 6 = 118.6° — (12.59,118.6°)
b. B(15,—8) — r= v225+64 = 17,tan6 = —,06 = —28.1° — (17,-28.1°)
c. C(9,40) = r= v91+1600 =41,tan = 4,0 = 77.3° — (41,77.3°)
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d.
K+ (y—6)* =36
r?cos? 0+ (rsin® —6)* = 36
r?cos? 0+ r*sin® 0 — 12rsin® + 36 = 36
r* —12rsin® =0 or
> = 12rsin®
r=12sin0
6. Answers:
a. D(4,—%) 5 x=4cos (—%) =2,y=4sin(-%) = -2v3 - (2,-2V3)
b. E(—2,135°) = x = —2c0s 135° = v/2,y = —25in135° = — V2 — (V/2,— V2)
c.r=T—rr=49 > x24+y2 =49
d.
r=8sin0
> = 8rsin®
xz—i-y2 =8y
VP =8y =¥

y? —8y+16=16—x*
(y—4)? =16 —x
P +y—4)2=16

7. r=6+5sin6and r =3 —4cosO

(6.91/ 2/95)

(144, 1.16)

* angle measures in the graph are in radians
* Note: The two determined points of intersection [(6.91,2.95) and (1.44,—1.16)] were estimated from
the trace function on a graphing calculator and are not precise solutions for either equation.

8. Answer:

e 348ix=-3y=8—r=4/(—3)2+82~8.54

* an®=—% - 0=110.56°
* 8.54(cos 110.56° +isin110.56°)

9. Answer:
o 15/240°,r = 15,0 = 240°
o x=15c08240° = —7.5,y = 155in240° = —15%@ =753
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¢ So, 15/240° = —7.5—17.5i\/3.
10. Answers:

a. (7czs 1 ) (3cis§) = 21c15( 1 f) = 21c1s21527E

8/80° o °
b. 21_1550_41(80 —(—155°)) =4/235

11. [4(cos%+isin%)]6:46 (cos & +isin %) = 4096 (cos 2F + isin 3F)
12. -64 in polar form is 64(cos® — isinm)

1

[64(cos(m+ 2mk) + isin(n + 27k))| 6

T+ 21k .. [ Tm+2nk
cos< 6 )—i—zsm( 3 >>
Y k .. (T Tk

(a*)*’“n(6*3>)

3
2 2i
Z1:2<COS<2+O;>—I—ISIH( Tc)>—2cos+21s1n7c \@—i-zl:\/g—l—i
T
3

3 6 2
12:2(cos<g+ —i—isin<6 3)) 2cos——|—2zsm§—2z
z3—2<cos<76t+2;>+zs1n< ;)) 2cos——|—21sn5§* 2[ —:—\f—i-
z4:2(cos g%-ﬂ: +zsm<6—|—n)>:2cos7—+2151 %t —2\2/5—2;:—\@—1

4 3
6+;>+lsm< 3n>>_2cos—i-2151n27t —2i

5w

3

5 o ln 2V3 2 _
>+lsm< >) S—+2 % - 2 2° V3—i

Graph of the solutions:
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13. Answer:
x*4+32=0—x*= —32+0i = —32(cosT +isinm)
[32(cos(T + 2mk) + i sin(T + 27k))) 4

2 2
2% cosS m+ 2mk +isin T+ 2mk
4 4
4 T Tk .. (T Tk
2\/§<COS<4+2>+ISID<4+2>)

2V2V2  2iv24V2
21:2%<COS(E)+iSin(E))ZZ%COSE—FZi%SinE: f\[+ V22
4 4 4 4 2 2
3
= V2 iV
4 T T\ . /T T 4 3 4. 3T 2V2V2  2iv2V2
z2—2\f2<cos(1+§)+zs1n(1+§>>—2\@COSZ+21\f2$1nZ—— 5 + >
3 3
= V2 +iV2
5 5 2V2V2  2iv24V2
3o (2 1) 0 (1)) < 2 S 2D 282
4 4 4 4 2 2
- Vi
. T 3n\ .. /T 3xn s T . In 2V2V2  2iv2V2
z4—2ﬁ<cos<4+2)+lsm<4+2))—2\[2cos4+2z\f2sm4— 5 5
2 iVD
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