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ABSTRACT

The Riemann zeta function is defined as ((s) = > " | = = [[er(1— p~)"" for com-
plex numbers s with ®(s) > 1, and it can be analytically continued to the whole complex
plane C except at s = 1. Furthermore, the values of ((2k) at positive integers & can be de-
scribed in terms of Bernoulli numbers and 72*. This note details the properties of ((s) and

Bernoulli numbers, delineates a newly published method for evaluating ((2k), and summa-

rizes properties of Dirichlet L-functions.
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CHAPTER 1
INTRODUCTION

This note gives a robust understanding of the Riemann zeta function and a connection to a
generalization of it.

In the mid-seventeenth century, Leonhard Euler first encountered the Riemann zeta func-
tion (known then as the “zeta function”) as the following series for a natural number s,

when he solved the Basel Problem that ((2) = 7, -5 = %2 Euler later showed that ((s)
has the identity

) =3 =TI
n=1 peP

where P is the set of all primes, thus relating the Riemann zeta function to prime numbers.
Although Chebyshev showed that the series representation of ((s) holds only for complex
numbers s with ®(s) > 1, Bernhard Riemann further demonstrated that it accepts an ana-
lytic continuation to the whole complex plane with a simple pole at s = 1 and satisfies the
functional equation. Chapters 2 and 3 detail this history.

In addition, we can evaluate “special values” of ((2k) for positive integers k. More pre-
cisely, if By denotes the 2%-th Bernoulli number, then

(_1)k+1(27r)2k

Bog.
2(2k)! o

C(2k) =
Chapter 4 establishes properties for Bernoulli numbers and polynomials. Two ways of evaluat-
ing ((2k) are explained in Chapter 5. In particular, Section 5.1 describes the classical method
of evaluating ((2k) using complex analysis, and Section 5.2 details a new method, which was
shown by Ciaurri, Navas, Ruiz, and Varona in their recent paper [11], that uses only properties
of Bernoulli polynomials and telescoping series.
One way to generalize the Riemann zeta function is to “twist” each term of the series by a
nice sequence. In 1837, Johann Dirichlet first defined the Dirichlet L-function by assigning a
Dirichlet character y to the numerator of the series

Lix,s) =) xn)

ns

n=1

Chapter 6 summarizes properties of Dirichlet L-functions that are analogous to properties of
the Riemann zeta function. Our main goal is to generalize some of the method introduced in
[11] to the setting of Dirichlet L-functions. It is still in progress, so it is not included in this
submission.



CHAPTER 2
RIEMANN ZETA FUNCTION

The Riemann zeta function is a famous function that was introduced as a series representation
of the form ) ", = with a natural number k. Leonhard Euler observed its deep connection
to the prime numbers and evaluated its values for some positive integers k. Later on, Bernhard
Riemann extended it as a function on the whole complex plane (except at 1). The aim of this
chapter is to explain some of its important properties and to state its analytic continuation and
special values, which will be described later. This expository note primarily references [17],
[2], and [22].

Definition 2.0.1 Let s be a complex number with R(s) > 1. We define the Riemann zeta
function ((s) as the following series:

ns’
n=1

To further proceed, we introduce the definition of absolute convergence, which is crucial to
our study. An infinite series > .-, a; is said to be absolutely convergent if there exists L
in R>¢ such that > ;% |a;| = L. It is a well-known property in elementary analysis that an
absolutely convergent series converges to the same value when terms are rearranged.

If k is a real number greater than 1, it is known that Y~ # converges absolutely, which
follows from an application of the integral test. Indeed, it is observed that, if £ > 1 is real,
o0

n=1

o

1 o 1
=y =<1 —d 14—
Z +/1 r=1+—

—1

1

nk

We now aim to extend this property for any complex numbers s with R(s) > 1. See the
following proposition.

Proposition 2.0.2 ((s) = Y.°° L converges absolutely for ®(s) > 1.

n=1 ns

Proof. Lets = x + iy with v > 1. Then n® = n®*n™ = neWe( and therefore |n®| =
}n"’f‘ |eiy1°g(")’ = n”® . 1. Hence,

=1
Z |n x+zy)| Z E - C(I)

n=1

Since ((z) is absolutely convergent, the result follows.

Another interesting (and very important) property of ((s) is a connection with all prime
numbers, which was first proved by Euler. In what follows, we show interesting properties of
prime numbers using the “Euler product” and elementary number theory.



Proposition 2.0.3 (Euler Product of the Riemann Zeta Function) The Riemann zeta func-
tion can be written as a product of prime factors, called the Euler product. Let s be a complex
number with R(s) > 1, and let P be the set of prime numbers. Then

() =) . _1 . 2.0.1)

Proof. There are two easy ways to see this. First, consider the right hand side, since p™° < 1,
then we can write T L_asa geometric series. That is,

—Hzp—ks:n(1+é+%+i+~-),

3s
pGP peEP k=0 peEP p p p
1+ ZZ Fy D g
a=0 pEP a1,a2=0 p; pzeP

By the unique factorization theorem, we have

T—— =)

pePl_p

For the second method, let us first consider the following: since

1C()—1+1+1+1+1+
9s o\ = 56 8 108 ’

we observe that

1 1 1 1 1 1 1 1 1
= — (1 Sl R — 44— )
-z =(1rgzrgrarzr) - (FrrraErermeo)

Since ((s) is absolutely convergent when R(s) > 1, we may interchange terms accordingly,
and take out terms with even denominators, that is,

1 11 11
1) =1 Sy —
C(s)( 28) R TR TR TR ns



Now consider multiplying the equation by 1 —
1
1— — S

Inductively, we have

@(-3) (D) -en-3)- £ o

peP

35 , which gives

2{71 2)m 2t

Thus we get our desired result. One direct result we can see from the Euler product is the
infinitude of prime numbers.

Corollary 2.0.4 There are infinitely many primes.

Proof.  Suppose there are finitely many prime numbers. Then |P| is finite and so ((1) =

—1
| | <1 - %) would converge. It contradicts because it is known that (1) = >_

diverges.  Further observation of ((s) provides more information on prime numbers. For
instance, we can show that the number of prime numbers is greater than the number of square
numbers. This can be viewed by the following steps. First take the logarithm of both sides of
Equation (2.0.1) and see

log ((s) = log ( I§ ) ;log ( )

We note that the Taylor expansion of log = is >, £~ for |z| < 1. Since |#
R(s) > 1, we may write

log ¢(s) = ZZ Zanns

peEP n=1 peP n=1

>~ 1
n=1n

< 1if

Let us now put P(s) = ZpEP - so that log ((s) can be written as

INCED D ) S

peP peEP n=2

peEP n= 2

We note that P(s) is called the prime zeta function We now direct our attention to the last
term of the above equations. Since )~ 2 s is absolutely convergent, we may interchange
the summations and obtain

[e.9]

log ((s (2.0.2)

=2 pGP



Let us write s = = + iy. Since |e?| = 1 for any y € R,

1 1
Z - Z Z |pn$+2yn| Z |pnw|’pnyz| Z nw|€zynlog | - na

peEP P peP peEP peP peEP pepP P
Thus, for x > 1, we have
1 1 < L
> e S S
peP p peP p 2
Now we obtain an upper bound of the right hand side as
<1 1
z z [ g [
tn n—1
which transitively means
1 1
Z nSs < 1
peEP p n-=
Thus, we obtain the following upper bound,
S D I B SE
= pEP 2 peEP n=2 non=
The last equality uses the fact that the partial sum Zn 9 #1) = % In particular,

as s — 1. Therefore, by Equation (2.0.1), it must be that P(1) = >

pEP
w2

hmJr ((s) = oo. As we will see later in Section 5.1, ((2) = 7%, which implies that, al-
s—1

though there are infinitely many primes and squares, the primes are “more numerous’ than the
squares. More details on this topic can be found in, for example, [14].

Another important property of Riemann zeta function is to have an analytic continuation to
the complex plane (with a simple pole at s = 1), which was first proved by Bernhard Riemann
in his 1859 manuscript (translated into English in [23]). Furthermore, it is known to satisfy
the functional equation of the form

comir(3) =n T (15 ) <),

where I'(s) is the gamma function. Detail on analytic continuation and the functional equation
is discussed in Chapter 3.
One of the interesting topics concerning the Riemann zeta function is to evaluate so-called

L diverges since




“special values,” that is to study the values of ((s) at s = 2k with k£ € N. It is one of our main
goals to fully understand the following theorem.

Theorem 2.0.5 Let k be a natural number and Bsy, denote the 2k-th Bernoulli number. Then

(_1)k+1(2ﬂ.)2k

C(2k) = 2(2k)! Boy.

Bernoulli numbers are defined by using their recursive definitionas >, _, ("+") By, = 0, where
k > 1 and By = 1. Their properties are explained in Chapter 4, and the proofs for Theorem
2.0.5 will be shown in Sections 5.1 and 5.2.



CHAPTER 3
ANALYTIC CONTINUATION

Analytic continuation of a holomorphic function is a process of extending the function’s do-
main to a larger domain. See the definition below as described in Section 5.8 of [19].

Definition 3.0.1 (Analytic Continuation) Let f be analytic in domain D, and g be analytic
in domain Ds. If D1 0 Dy is nonempty and f(z) = g(2) for all z in Dy N Do, then we call g a
direct analytic continuation of f to D-.

Using a direct analytic continuation of a function f we can define a new function on an ex-
tended domain as follows.

Theorem 3.0.2 Given an analytic function f in domain D, and a direct analytic continuation,
g, of f to domain D,y, we can form the function

which is analytic on Dy U Ds.

The uniqueness of such function can be shown by studying the Taylor expansion of f and g.
The goal of this section is to study the analytic continuation of ((s). This section is mainly
studied from Chapter 2 of [1], [3], [6], and [2].

3.1 Gamma Function

We start with analytic continuation of the gamma function, which helps in proving the analytic
continuation of the Riemann zeta function later.

Definition 3.1.1 Letr s be a complex number with R(s) > 0. Then we define the gamma

Junction as
o dt
[(s) :/ e 't —.
0 t

It is noted that fooo e*tts% < oo for R(s) > 0. In particular, we easily observe by definition

that (1) = [ e "t'%t = —e~!|o° = 1 and that I'(z) is real for all real numbers z. Moreover,
we have the following proposition.

Proposition 3.1.2 Let s be a complex number with R(s) > 0. Then

I(s+1)=sI(s).



Proof. Applying integration by parts to

ee dt
L(s+1)= / e it —
0 t
we see that

e e dt
[(s+1)=—e't* - / —e sttt — =0+ s['(s).
t=0 0 t

The following corollary follows immediately from Proposition 3.1.2.

Corollary 3.1.3 For any positive integer n,
I'(n)=(n—-1)!

We can use Proposition 3.1.2 to define analytic continuation for the I'(s) where £(s) < 0.
Specifically, we observe that the right hand side of I'(s) = @ is analytic when R(s) > —1
with a simple pole at s = 0 with residue 1. If we repeat this extension, we can continue
extending I'(s) to the whole complex plane with simple poles when s is a non-positive integer.

There is another way to define analytic continuation of the Gamma function, which is to

use contour integration. In the following proposition, we introduce this method.

Proposition 3.1.4 (Analytic Continuation of the Gamma Function) Let the contour C' be
the Hankel Curve shown below.

Then the gamma function I'(s) can be represented as the following integral where the
branch cut is real non-negative axis xr > 0:

1
T(s) = 5— ¢ tletdt.
(s) s 1 7€;t e 'dt

Due to the branch cut and the denominator of e*™*

complex numbers s where s ¢ R>og U Z_q.

— 1, this representation is defined for

Proof. Since C'is a contour on the complex plane, we integrate over t = x + ¢y and consider
3 parts of the Hankel Curve C' as

f tstetdt, = / tlemtdt + / tsle7tdt + / tsle~tdt.
C purple line red circle blue line

The purple line is a line segment for « from R to € (on the positive imaginary side) with an
arbitrarily small positive number €. Therefore, we write the integral as

€
/ ts_le_tdt:/ ¥ e ?dx.
purple line R

8



For the red curve, write ¢ in polar coordinates, that is, t = ee’? with 0 € (0,27), and so

dt 0
6= = 1ee”. Hence,

21
-1 — g\ S—1 _ g0 .
/ t*le tdt:/ (eew) e~ iee’®do.
red circle 0

The blue line is a line segment for = from € to R (on the negative imaginary side). Since it
is a contour after wrapping around the origin, the phase angle is now 27i. Therefore, writing

t = xe®™, we have
R ) .
s—1 _—t _ 2mi\S—1 —zes™
/ e tdt = / (a:e ) e dz.
blue line €

Hence, we have

lim t* e tdt
R—00,e—0 C

€ 21 R
. 1- NS—1 il . 5ol o ami
= lim (/ 5 e xdx+/ (ee) e zeede—l—/ (ze®™)" e dx)
R—00,e—0 R 0 .

R . . R
—  lim (_ / Lo %dy + 26/ (6619)8 1 _eet® ezede + e27r2(s—1) / xs—le—mdx)
R—00,e—0 ¢ ¢

R R
= lim (—/ x5~ 1 —ﬂﬁdx+0+62wzs —27i 5~ 1 —xdx)
0 0

R
_/ ws—le—xdx_i_e%rise—%rz/ 5~ 1 —:r:dl,)
0 0
) R
(_1+€2ms)/ CL,s—le—a:dx)
0

= lim
R—o00

In conclusion,
]4 et dt = (7™ — 1) I(s), (3.1.1)
C

which gives us our desired result of



Proposition 3.1.5 The gamma function 1'(s), as a function on C, has simple poles at non-

. . i 1y
positive integers, s = —n, with residues %

Proof. We already showed that I'(s) has simple poles at non-positive integers. This can also
be observed from appearance of the factor (2™ — 1)~! in the Hankel contour representation.
To find the residues of I'(s) at negative integers s = —n, we first observe that if s was an
integer, then ¢, ¢° 'e~*dt would not require a branch cut. Therefore, §,,¢*'e~'dt becomes
an integral over a circle around the origin, which is the red contour in the previous picture.

Thus, we have
21
% T letdt = f{ T et = —
c |t]=e n:

because of Cauchy Residue Theorem. Therefore the residue of I'(—n) is
lim ﬂf rtetar) = 2 gy (2t ) BT
S——n e27rzs -1 c Tl' S——n e27rzs -1 nl
U

Another important property of the gamma function I'(s) is to satisfy the following functional
equation, which is often called the Euler reflection formula of the gamma function.

Theorem 3.1.6 For complex number s, such that s ¢ Z,

T

C(s)I'(1—s) =

sin(7s)

Proof. The proof is omitted for now, but can be found in many books, such as [4] and [12]. [J
An interesting result that follows from the theorem above is that the gamma function is never
zero, and thus the reciprocal of the gamma function is entire. Hence, we have the following
corollary.

Corollary 3.1.7 The following equation is entire (analytic on the entire complex plane).

1 sin(7s)
= T(1—
['(s) 7T (1-s)
Proof. We know that ['(1 — s) has simple poles at s = 1,2,3,... by Proposition 3.1.5, and
sin(ms) has zeroes at s = 0, —1, —2, . ... Therefore the simple poles, which are poles of order
1, of I'(s) become removable singularities. O

Before we close our focus on the gamma function, let us point out Legendre’s Duplication
Formula that provides a relation between I'(2s) and I'(s). This discussion can be found, for
example, in Chapter 3 (p. 24) of [3] or in Chapter 5 of [9]. They use the beta function (also
known as Euler’s First Integral) to prove this relation. We only state the formula without a
proof.

10



Proposition 3.1.8 (Legendre’s Duplication Formula) For any complex number s, the fol-
lowing functional equation holds:

2s—1

[(2s) = —=T(s)r (s + %) .

3.2 Jacobi Theta Function

The next function to consider is the Jacobi theta function, and (inadvertently) the Poisson sum-
mation formula. We begin by explaining the Jacobi theta function, and how Fourier analysis
gives us relevant properties.

Definition 3.2.1 For any complex number s, the Jacobi theta function 0(s) is defined as
0(s) = Z e~
neZ

2

Note that since —mn?s = —m(—n)%s, we may write the Jacobi theta function as

O(s) =1+ 226_””25.
n=1

The summation y -, e~™s is often called the psi function and is denoted as W (s). Therefore,
we may also write the Jacobi theta function as 0(s) = 1 4 2U(s).

To prove the analytic continuation of Riemann zeta function, the important property needed
of the theta function is its functional equation, which is stated below.

Proposition 3.2.2 The functional equation of Jacobi theta function is given as

0(s) — %e (%) | G2.1)

In order to prove the proposition above, we first introduce the Poisson summation formula,
following from [5].

Proposition 3.2.3 (Poisson Summation Formula) Let f be a piece-wise continuous function
defined on R, satisfying the following condition: For all c € R,

flo) = %[ lim f(z)+ lim f(z)

T—sc™ z—ct }

and | f(c)| < a for some positive constant a. (This means that f is bounded.) Then its Poisson

summation is -
St =Y [t

neZ kezZ ¥~

11



The Poisson summation formula is easily derived from the Fourier series. See, for example,
[5] and Chapter 2 of [8] for more details.

Proof for Proposition 3.2.2. While this proposition holds for s € C, we only prove the case of
s € R. This proof can can be extended to the complex plane. Let f(n) = e~™"s for a fixed
s € R. Then applying the Poisson summation formula to 6(s), we see

6)(8) _ Z —mn?s _Z/ —7r33 s —27rzkmdx

neZ keZ

_Z/ —7rx s— 27r7,k:cd

keZ

We use the Gauss integral trick to solve the integral above Thus, we aim to form an integral
that looks like e’ by completing the square for —mz%s — 2mikz. Indeed, we may write

Z/ —7r:1: s— 2mkmd

keZ
_ § :/ —7rs(x2+2z a:—HZk —1i —Q)d
kez
§ :/ 771‘8( :er'L 712’“ )d
kez
_§ :/ —7rs(;r+z 24ms(— ) )d
kez
_ 2 / e (z+i2 ) dx
kez
— E ”k2 / e~ TS x—l—z
keZ
We now want to introduce a substitution, = + 2% = a Since z% is a constant, dr = da.
Therefore, we have
k2 ee 7ﬂsa2
E e s da,
kez

which is shown in Section 5.1 of [16]. Now we have the form to use the Gauss Integral trick,

12



o0

1= e~ b dg = \/§ for positive b, and therefore

_ k2 & —_rsa _ mk? s _ mk? ™ _ mk? 1
0(8)226 s /Ooe Qda:Ze s\/%:Ze s\/g:z:e S\/;

keZ keZ keZ keZ
1 1

—— (=),
Vs (8)

This completes the proof. 0
Applying Proposition 3.2.2 to 2¥(s) = 6(s) — 1, we observe the following:

UREETEA PR

This gives us enough tools to analytically extend the Riemann zeta function to C. The fol-
lowing section is devoted to proving the analytic continuation of ((s) as well as its functional
equation. This section is mainly adopted from [7] and [23], with more details.

Corollary 3.2.4

3.3 Completed Riemann Zeta Function

Theorem 3.3.1 The Riemann zeta function ((s) can be analytically continued to the whole
complex plane except at s = 1.

In order to prove Theorem 3.3.1, we first define the completed zeta function A(s) and prove
some of its properties.

Theorem 3.3.2 Define the completed zeta function \(s) as
_s S
A(s) == 73T (5) ¢(s)

for R(s) > 1. Then it can be analytically continued to the whole complex plane except when
s = 0 and 1, and it satisfies the functional equation,

A(s) = A(1 —s).

Proof. We first note that A(s) is well-defined where R(s) > 1 because ((s) and I' (£) are
well-defined in that region. Furthermore, the integral representation of I'(3) holds, so

r (g) _ /Oooti—le—tdt. 3.3.1)

Let n € Z., and substitute ¢ = mn?z into Equation (3.3.1). Then I'(£) becomes

s
2

13



s

Multiplying both sides of the equality by ”n—?, we get

_3 oo

T 2F<§) :/ zi e ™y,

ns 2 0

Summing over positive integers 7 yields
00 _s 0 o]

™2 S o 51 —mn?x

SIr(3) =2 [ ettt
n=1 n=1"0

Notice that the left hand side of the above equation is 7~ 2I" () ((s). For the right hand side,
we can interchange the integral and summation because both are absolutely convergent for
R (s) > 1. The above expression is then equal to

72T (g) C(s) = / Z:E%_le_m%dx
0 n=1
= / rz ! Z "™y,
0 n=1

It is observed that the summation on the right hand side of the above equation is nothing but
the W-function, and thus

AGs) = ¢l 3r (3) = /Ooo 310 (2)da.

Now we split the right hand side into two integrals, namely

1 o)
A(s) :/ xg_l\lf(x)dqu/ 2271 (z)dz. (3.3.2)
0 1

14



We compute the first integral of Equation (3.3.2) by applying Corollary 3.2.4. Indeed,

[ [ (G (355D

1
s— ]_ 1 8—2 1 s
:/ <x 2P (—) o2 — —x2_1) dx
0 T 2 2

Furthermore, by changing the variable as x — % on the right hand side, we obtain

/Olscgl\lf(x)dx = [.: <%)353 W (u)(—u"?)du + 5(51_ 0

> 1
= 2 \If -2
/1 u (w)u“du + SG5=1)

= / u%@(u)du +
1

Hence,
1 S o0 S
A(s) :/ 3:2_1\11(3:)d1'+/ r2 N (2)da
0 1
> —s—1 1 > s
= xQ\Idex+—+/ z2 W (z)dx
/ (@r+ -+ | (x)

= /100 (x_SQ_l +x%_1> U(z)dr + s(sl— 1
(x 2 —I—x%> 2 (x)de +

SGo1) (3.3.3)

Note that the integral on the right hand side is well-defined for any s € C, and so the right
hand side is well defined for any s # 0,1. This gives the analytic continuation of A(s).
Furthermore, it allows us to substitute s — 1 — s, and therefore we can write Equation (3.3.3)

15



as

> 71+s+l 1—s ]~
A(L - ) w(@)d
s) /1 +x2 o (x)x—i_(l—s)(l—s—l)

& —st1\ 4 1

= T4 2 > v V(r)de + —

J 4+ 50
= A(s).
Thus we get the desired result. 0

Recall that the only possible poles on the right hand side of Equation (3.3.3) are at s = 0 and
1. Together with the fact that ( ) is entire (as stated in Corollary 3.1.7), we observe that

C(s) = % (/loo (25 427 ) e () + (1——13)(3)> |

is meromorphic on C, except possibly at s = 0, 1. We now claim that the pole at s = 0 is
removable. This can be shown by the following expression:

[N

LI TS T N T L1
s=0s T(3) 023 r(g)_sﬁogr( +1) Toar(1) 2

The second equality follows from Proposition 3.1.2. Hence, () has an analytic continuation
to C with a simple pole at s = 1. To end this chapter, we state the functional equation of the
Riemann zeta function below.

Theorem 3.3.3 For any complex number s # 1, the following function is well-defined:

((s) = 257 ' sin (?) [(1—s)C(1—s).

Proof. This follows from Theorem 3.1.6, Proposition 3.1.8, and Proposition 3.3.2.
First, in Proposition 3.1.8, we apply a change of variable s — 5 to get

r-2or(3)r(5+3)

Therefore, we have

2 2 251

r (f> r (S i 1) _ VT, (3.3.4)

=41 in Theorem 3.1.6, we have

1 1
r(” >P(1—S+ ): T . (3.3.5)
2 2 sin(%—i—%)

Also, substituting s —

16



Since is entire, we can divide Equation (3.3.4) by Equation (3.3.5) to get

F()

r (%) 2 S8
e = 2S\/Ecos <7) L(s). (3.3.6)

Lastly we manipulate the functional equation of Proposition 3.3.2 to have the left hand side of
Equation (3.3.6), that is, to divide both sides of

ﬂfﬁ(g)qg:w*Tr(sgl>qs—n

by I' (£51) and rearrange to get

-9 =gl

By substituting in Equation (3.3.6), we obtain our desired result. U

Remark 3.3.4 The Dirichlet eta function n(s) = (_2: - for complex s where R(s) >
0, is also used to prove the analytical continuation of the Riemann zeta function to the critical
strip where 0 < Re(s) < 1. It is not explained in this note, but refer to the sources focusing

on the Riemann Hypothesis, such as [18] and [Kim_Riemann_Hypothesis]/.
Proposition 3.3.5 ((s) has a simple pole at s = 1.

Proof. An easy way to see this is to consider ((s) = 2°7*~'sin (Z£)['(1 — s)¢(1 — s). The
terms 2°7° ! sin (%) ((1 — s) are well defined when s = 1, but I'(1 — ) has a 51mple pole at
s=1. U

Proposition 3.3.6 (The Zeta function’s Trivial Zeroes) The zeroes of ((s) in R(s) < 0 are
where s is a negative even integer, that is,

((—2k) =0fork € N.

Proof. Let s be a complex number and R(s) < 0. So the ((s) representation we use is
Q)—asslmqg)m1—@Q1—g.

On the right hand side, 2°757'((1 — s) # 0, so we only have to look at sin (”S)F(l
However, I'(1 — s) has simple poles for 1 — s = 0,—1,—2,---, so when s = 1,2,3,
Therefore when $(s) < 0,I'(1 — s) # 0 and is well-deﬁned.Therefore when R(s) < 0, ((s )

has zeroes when sin (%) = 0, which when s = —2, —4, —6, ... .. O

2
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CHAPTER 4
BERNOULLI NUMBERS AND BERNOULLI POLYNOMIALS

As seen in Theorem 2.0.5, Bernoulli numbers are deeply connected to the special values of
the Riemann zeta function. In this chapter, we study some important properties of Bernoulli
numbers as well as the Bernoulli polynomials.

4.1 Bernoulli Numbers

Bernoulli numbers first appeared in the Jacob Bernoulli’s book, Ars Conjectandi, where he
studied the sums of the k-th powers of n integers, Si(n) = Z i¥. In this section, we will

i=1
introduce how Bernoulli encountered such numbers and study their useful properties. The
exposition of this section is borrowed from [2] and [22].

Let us look at the first few formulas for sums of integer powers.

So(n) =n
Si(n) = w = %nz + %n
Sy(n) = n(n + 1)6(2n +1) _ %nz; N %nz N én
Sz(n) = M = in‘l + %n?’ + inz

_ — 2 _ —
Sy(n) = n(n —1)(2n ;S(Bn 3n—1) _ %n5 N %n‘l N %n‘q’ B 3—10n

2092 _ o, _ 12
Ss(n) = n*(2n 27112 1(n—1) _ én6+ %n5+ %n4 _ 1—12n2
Thus a pattern emerges,
Sk(n) = ! nkH+lnk+£nk_1—l—0-nk_2—l—--- : (4.1.1)
k+1 2 12

18



which we now write as

1 k
Sk(n) :k——HBonk+l + Blnk + 58271]671 + 5.3.4 B47’Lk73

k(k—1)(k=2)(k =3)(k—=4) , 15

B

* 23456 o

k(k—1)(k=2)(k=3)(k —4)(k =5)(k —6) , , 7

* 2345678 s

where
1 1 —1 1

30:1731:§7B2:67B3:07B4:%735:Oa36:ﬁa----

Such By’s are called the k-th Bernoulli numbers. Indeed, these are called the “classical”
Bernoulli numbers nowadays. Recent study frequently adopts so-called the “modern” Bernoulli
numbers, which only differs from the classical definition at & = 1. We will use the modern
definition for our later computation purposes.

Many define Bernoulli numbers using its generating function or recursive function. Here,
we adopt the recursive definition, but later show that these are equivalent.

Definition 4.1.1 Let By = 0. For k > 1, the (modern) k-th Bernoulli number By, is defined

recursively as
"L n+1
B, = 0.
> (" )e

k=0
For example, the first six Bernoulli numbers are,

1 1 —1
B0:17B1:_§732:6aB3zoaB4:%7B5:0736:

1
T L

In what follows, we show that the Bernoulli numbers can be equivalently defined by its
generating function.

Proposition 4.1.2 The generating function below gives the k-th Bernoulli number By as a

coefficient of };—k,
t Bt
et —1 Z ]
k=0

Proof. From Definition 4.1.1, if £ > 1, we see

k—1 L
(Z (j,)Bj) + By, =0+ By, = By.

J=0
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Note that the left hand side in the above expression can be also written as

k—1 k

) (0)n-% )
SUO)B |+ (0 )Be=>_ [ )B;
(j:o (j g =0
Therefore we can express the k-th Bernoulli Number as
"k
By, = ()B 4.1.2)

On the other hand, let ¢ # 0 and g(t) = E Bky- Then applying Equation (4.1.2), we observe
k=0 ’

R (GEODER
(e (o 0)n)5 - S (5 C)o)

Jj=

t2 > tk
=By + (Bo+ Bi)t + (Bo+2B1 + Ba) g + ) Biy
k=3
t? o tk
k=3

t2 0 tk
= 1+t+Blt+Bz§+ZBkH'
k=3

1
+ Bi,t , we have

Since 1 + Bt = Bg!to

g@ézﬂé:&gzﬁw@.
k=0 ’

Thus,
g(t)e' —g(t) =t,
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or equivalently,

4.2 Bernoulli Polynomials

We now define Bernoulli polynomials. Since there is one accepted representation of Bernoulli
polynomials, we will define them by their generating function and note important properties

that relate to the Bernoulli numbers.

Definition 4.2.1 The k-th Bernoulli polynomials By (x) are defined as

> tk tett
ZBW;)H =5
k=0

In this section, we prove some properties connecting Bernoulli polynomials with Bernoulli

numbers. These properties can also be found in [22].

1. (Spawning Bernoulli Polynomials from Bernoulli Numbers)

k
Bi(z) = Z <k) Bzt fork >0

=0 \J

Proof. Consider the following,

= th tent t ot

The desired result follows by comparing coefficients.

Using the previous property, we can easily compute the first few Bernoulli polynomials

as follows:
By(z) =1, Bi(x) =2z —

, Bo(z) =2 — o+ =,

3 1
Bs(z) = 2® — 2”4+ —x, By(z) =2* — 22° 4+ 2% — —

2 2
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2. Bp(z 4+ 1) — Bp(x) = ka* ' fork > 0
Proof. We express te™ in two different ways. Indeed, we have

o0 [e.e] —
xktkH l’k 1tk’

. 00 ktk -
t*tz ! _kzzo ! ;(k—1)!'

On the other hand, te®* can also be written as

te:ct ( . 1) B tet(l‘-i—l) te:tt
-1 T e o1

te*t =

—ZBk (z4+1 ZBk => (Bu(z +1) — By(x))

k=0
Comparing the two expressions yields
> tk e Ik*ltk
(Bp(x+1)— B =
% oo+ f(@) 3 ;(k—l)!’

and therefore
Bi(x 4+ 1) — Bi(x) B s

k! U

3. Bi(1— ) = (—1)*By,(z) for k > 0

22



Proof. The generating function for the Bernoulli numbers gives

e tk te(l—a:)t tet ot
ZBk(l_x)E: et—1 et—le
k=0
g -1 -
— 6—_6—3775 — —te—mt
et(l—et)—1 et —1

o —4)k O (o )kgk
() (5

-y (Z (") (_1)ij(_1)k_jxk_j>Z_f:
Hr(E0 )

Note that the Bernoulli polynomial Property 1 was applied in the second and fourth lines
in the above equation. We get our desired result by comparing coefficients. U

. Bj(z) = kBy_1(x) for k > 1 and Bjj(z) =0

Proof. Since By(x) = 1, it is clear that B)(x) = 0. Now let &£ > 1 and take the partial
derivative of the generating function with respect to x,

o [ te* 0 — th K0 tk NN
B (et — 1) = %;Bk(@g = ;0 Iz (Bk(l")ﬂ) = kZ:OBk(l“)H-

On the other hand,

8 te;tt _ t2€zt _, tezt
or\et—1) et —1 et — 1
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Thus,

/ —
k=0 k=1
Therefore by comparing coefficients of the t*-th term, we have

Bi(x) _ Bia(z)

K (k—=1)
or equivalently,
k! B (x
Bl(z) = Tn') kB (2).

. Br(0) = By and Bi(1) = (=1)*By for k > 1
Proof. The first part follows from substituting x = 0 into Definition 4.2.1 and Proposi-
tion 4.1.2. More precisely,

- ket t =tk
ZBk(O)H Tel—1 el—1 ZBkE
k=0 k=0
For the second part, we again use Proposition 4.1.2,
- th et (—e t)te! —t - tk
Bi(1)— = = = = —-1)fB,—.
Z Kl )k:! et—1 (—et)(et—1) et—-1 Z( ) k!
k=0 k=0
Thus we can compare coefficients to get the desired result. U

1
: / Bi(z)dz =0fork > 1
0

Proof. We can evaluate the integral by using Property 4 as follows:

1 1 1 1 1

1
=71 (Bry1(1) — Bry1(0))
1
i1 ((_1)k+1Bk+1 — Bk+1) .
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The last equality follows from Property 5. Finally, we note that

0—-0=0 if k is even

—1)*!'Byi1 — Bpyq =
(—1) k41 k+1 {Bk+1 — By, =0 ifkisodd,

which completes the proof.
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CHAPTER 5
SPECIAL VALUES OF RIEMANN ZETA FUNCTION

One of the areas studied extensively in the seventeenth century was to understand infinite
series. In 1644, Pietro Mengoli introduced the Basel problem, which is to evaluate Zzozl #,
now known as the value of ((2). However, it was ignored until Johann Bernoulli published it
in 1689. It remained unsolved until 1734, when Euler showed that ((2) = %2. Furthermore,
he found a way to evaluate ((2k) for any positive integer k. In this section, we will explain

his method and a newly published method for evaluating ((2k).

5.1 Connecting to the Cotangent Function

In this section, we follow one of Euler’s proofs described above. This can also be found in,
for example, [20], [9], and [15].

Note that % has infinitely many zeroes when s € {...,—2,—1,1,2,...}. In order to
describe the function as a product of its linear factors, we apply the following theorem proved
by the nineteenth century mathematician Karl Weierstrass. The theorem is listed below, and
more information can be found on page 71 of [9].

Theorem 5.1.1 (Weierstrass Factor Theorem) Let f(s) be an entire function with a zero at
s = 0 of order b > 0 and non-zero zeroes s = cy,Cs,C3,.... There exists a sequence of
numbers ay, as, as, . .. and an entire function ¢(s), f(s) such that

f(s) = sbed®) H E,, (ci) :
n=1 n

Where for an a in the sequence ay,as, ag, . . .,

Ea(s):{(l_s) . ifa=0

(1 —s)eXa=1a  otherwise.

Therefore, we can write sin(s) as

sin(rs) = s H en <1 — f) .
nezZ n
n#0

and thus,

sin(ms) 1 s
— _}"[1 <1—ﬁ). (5.1.1)

Multiplying them out and rearranging terms according to the powers of s, we get that the coef-
ficient of s%* is the sum of reciprocals of the product of & squared natural numbers multiplied
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by (—1), so

sin(7s) 11 1 5
— 11— =+ -4 = 4... 1.2
o <12+22+32+ )S (5.1.2)
1 1 1 4 1 6
+(1222+1232+2332+>S—(W232+>8 + - (513)

Therefore, we can see that the coefficient of s? is ((2). We now recall the Taylor expansion of

the sine function,

s ¢d §7

Sin(s):s—§+a_ﬁ+....

Now by letting s — 7s and dividing by 7s, we have

sin(rs s)? s)4 )6
o) _ | nsP ()t (e
s 3! 51 7!
2 4 6
1T T4 T 6,
=l s s

Since the Taylor expansion is unique, we can compare the coefficients of the Taylor expansion
and Equation (5.1.2) to find the value of ((2). More precisely, we observe that —((2)s* =

_ 2 .
=-s*, which allows us to conclude

Remark 5.1.2 The Weierstrass factor theorem was not known during the time of Euler, yet
Euler assumed this property was true, as stated by in [21]. Indeed, it was about a hundred
years later when Weierstrass rigorously proved this theorem. What Euler knew was that if
p(x) is an n degree polynomial such that it has n non zero roots, ci, ..., c,, and p(0) = 1,

then p(x) can be written as
& T
“Tr(1-%).
s =TI (1- %)

=1

Then Euler assumed that this holds for an infinite degree polynomial and wrote
sin(ms) s s s s s s
(1) () (-5 045) (-5) (4
TS ( 1 + 1 L 2 L+ 2 L 3 L+ 3
52 52 52
~(5) (-3) (-5)

Euler’s method for evaluating ((2) demonstrates how to find some values of the Riemann zeta
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function using the properties of trigonometric functions. Now we generalize his approach to
prove Theorem 2.0.5.

This approach consists of three parts. First, we connect ((2k) with the cotangent function.
Secondly, we connect the cotangent function with Bernoulli numbers. Lastly, we show the
relationship between Bernoulli numbers and the Riemann zeta function, using the cotangent
relationships as bridges. This proof is a more detailed version of Chapter 9.6 of [15].

The first step is to express special values of ((2k) in terms of the cotangent function.

Proposition 5.1.3 For natural number k and s € (0, 1),

s - cot(ms) =1 — 22((2]{)3%

k=1

Proof. Let s be a real number greater than O and less than 1. By taking the logarithm of both
sides of Equation (5.1.1), we have

log (Sin;:8)> :log(oo (1— Z-Z)) - ilog (1— Z—Z)

n=1

and therefore
: > 52
o (sn(rs)) = los(r) + 3 log (1 _ n_) |
Taking the derivative of the above equation with respect to s gives us the cotangent function

because < log (sin(s)) = Z?j((;rj)) 7. On the other hand,

d - 52 1 «— 1 —2s
£<log(ws)+210g(1—ﬁ>>:g—l—zl 82'(712).

n=1

Therefore, we obtain

Multiply both sides by s to obtain

oo 92
7s - cot(ms) = 1+Z ! 5 ( 25 ), (5.1.4)

S
n=11 — —

n2

. . . . . . 52
which gives us a nice series expression for 7s - cot(7s). Since |75

L_asa geometric series,
_ s

1n2

< 1 with our assumption,

we may write




Substituting it into Equation (5.1.4) gives us

In the above equation, we can justify changing the order of summations by knowing that for
s€(0,1),>>° -k and Y, | s** are absolutely convergent series. Therefore, we can write

n=1 n2k
o oo 1 o
7s - cot(ms) =1 _QZZW s =1 —QZC(Qk) - 52",
n
k=1 n=1 k=1

This completes the proof.
For our second step, we prove relationship between Bernoulli numbers and the cotangent
function. This proof comes from the Appendix of [2] and from [10].

Proposition 5.1.4 For s € (0, 1), the following is true:

Proof.  First we express 7s - cot(ms) using the identity cot(ms) = cos(ws)/sin(ws) and the
Euler formula for complex exponentials. Indeed, we have

€’L7T8 + e*’LT{'S

cos(ms) 2
7T$'C0t(7TS) =TS — =TS —s TS
sin(7s) e —e
21
6iTrs + e—irrs e2i7rs + 1
=ImS ——————— = IS - —————
eins _ pims eims _ |
» 621'71'3 o 1 + 2
= 17TS - T oins 1
eims
» 2
=ms- |1+ ——
eQwrs —1
) 2ms
=TS + oo 1
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Notice that the last term in the expression above is nothing but the Bernoulli number generating
function in Proposition 4.1.2 with ¢ = 2i7s. This substitution gives us
(2ims)*

ko

7s - cot(ms) = ims + Z By
k=0

Propositions 5.1.4 and 5.1.3 give the following relation,

, = _ (2irs)k S
z7rs+ZBk( X ) =ms-cot(ms) =1 —22((21{:)5%. (5.1.5)
k=0 k=1

As for our final step, we now make a further observation on the left hand side of Equation
5.1.5, rewriting it as

(2ims)*
k!

_ - 2ims) B B . >
ms—l—ZBk( k!) :z7r3+0—!0+21—!1(m3)+23k
k=0 k=2

, 1 —1/2 =1 (2ins)*
- Z 49 -2y B
irs + - + (ims) 5 B

1 1 —~ k!
— i?TS-’- 1 —Z7TS—2ZTB]€( Z]:—!S)
k=2
= —1 _ (2ins)*
=1-2)" - B
k=2
Noting that By, 1 = 0 for £ > 0, we have
= —1_ (2ims)?* -1 (2m) g2k g2k
1-2 —Bgj———7—=1-2 — Bgj— S
2 2 T (2k)! 2 2 T (2k)]
k=1 k=1
e -1 (27T)2k(_1)k82k
=1-2 —B
2 2 T (2k)!
k=1
0 (_1)k+1(2ﬂ.)2k82k
=1-2 B )
D Ba 2(2k)!
k=1

Comparing coefficients of this expression with the right hand side of Equation (5.1.5) provides

that
(—1)F+1(27)2k

C(2k) = Bo 2(2k)!

This completes the proof of Theorem 2.0.5.
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5.2 Alternative Proof

In May 2015, Oscar Ciaurri, Luis Navas, Francisco Ruiz and Juan Varona published a paper
[11], providing a new method to evaluate ((2k) that only uses properties of Bernoulli poly-
nomials and that of telescoping series. It is remarkable that this new method does not require
knowledge of complex analysis. In this section, we study their proof thoroughly.

First let us define the integral I(k, m). For any integers £ > 0 and m > 1,

1
/ Bok(t) - cos(mmt)dt. (5.2.1)
0

Notice that I(0,m) = 0 because

/ By(t) - cos(mmt)dt
0

/1 cos m7rt dt
0.

We now find I(k, m) for & > 1 using integration by parts twice. Indeed,

t=1
1 "1
I(k,m) = | Bo(t) - — sin(mwt)] - sin(mmnt) - 2k - Boy_1(t)dt  (5.2.2)
_ 0
iy
1 ‘ 2k (! .
= Bo(t) - sin(mmt) - %/ Boy_1(t) - sin(mmt)dt
0
t=0
2k [*
= —— Bog_1(t) - si t)dt.
mﬂ'/o 2k 1() sm(m7r)
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Applying integration by parts in the integral on the right hand side, we observe

Bo 1 (1) - <_ M>]t:1

mi

1
/ Boy_1(t) - sin(mmt)dt =
0

t=0
! cos(mt)
- / (== ) (@ =DBaat)
-1 17 2k—1
= — | Bop—1(t) - cos(mmt) + / Boj_o(t) - cos(mart)dt
mT i 1izo mi 0
1] 17 21
= ﬁ Bay_1(t) - cos(mmt) . m:r I(k—1,m).
Substituting the above equation back into Equation (5.2.2), we obtain
2k [ —1 T 2k—1
I =—— | — | Ba-1(t) - I(k—1
(k,m) | | B 1(t) - cos(mmt) g + — (k—1,m)
2k T 2k(2k— 1)
= — Boy, (1) - COS(mﬂ't>] 0 R I(k—1,m)
t=
2k 2%(2k — 1)
=3 (Bar—1(1) - cos(mm) — Baj—1(0) - cos(0)) — — I(k—1,m)
2k 2k(2k — 1)
= 33 (Bu—1(1) - cos(mm) — By—1) = ————I(k — 1,m).

I(1,m) = 23 (Bi(1) - cos(mm) — By) — —— 1(0,m)
= m22§r2 (B1(1) - cos(mm) — By)
= m227T2 F cos(mm) — <_71>]
= m227r2 B - cos(mm) + %]
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Therefore, we get an explicit expression for I(1,m) as

0 if m 1s odd
I(1,m) = 2

o) if m is even.
mAm

From Bernoulli Polynomials’ Property 5, we know that By, (1) = (—1)**7!By,_;. Since
Bog—1 = 0 for k > 2, we have By;_1(1) = 0. Therefore we have the following recurrence

relation, for k > 2,
2k(2k — 1)
I(kym) == 55—

m=m

I(k —1,m). (5.2.3)

Together with the evaluation for I(1,m), we now have an explicit expression for I(k, m) for
any k£ > 1 as
0 if m is odd

I(k,m) = ¢ (=1)*1@2k) (5.2.4)
W if m 1s even.

Next, we define I*(k, m) by slightly modifying I(k, m). The importance of I*(k, m) will
come up later when we discuss the telescoping series. Define B} (t) as

and let .
I*(k,m) = / Bj.(t) - cos(mmt)dt (5.2.5)
0

for integers £ > 0 and m > 1.
Notice that since fol cos(mmt)dt = 0 form > 1,

I*(k,m) = /0 B3,.(t) - cos(mmt)dt

1 1

:/ Bog(t) - cos(mmt)dt — ng/ cos(mmt)dt
0 0

= I1(k,m).

Therefore although I(k, m) and I*(k, m) have different representations, they evaluate equiva-
lently. Now for I*(k, m), fix some k& > 1 and sum over positive integers m. Since I(k,m) = 0
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for odd m, we have

ZI* (k,m) = I(k,m)

m=1

3

—~
-
—_
~—
+
fu—
—~
=
[\)
~—

+1(k, 3) + I(k,4) + I(k,5) +

Il
—_
—

-
N\

~—
+
[—
H~

~—

[
NE

I(k, 2m)

3
I

(—1)" 1 (2h)!

(Qm)ZkW%
)12k X1
(271')2]“ Z

_ (=DF2R)!
- (2m)2k

ANL

AS
Il

((2k).

Therefore we have completed the first part of our proof with
— [ . — —1)k1(2k)!
> /0 Bjy(t) - cos(mmt)dt = > I*(k,m) = %g(%) (5.2.6)
m=1 m=1

To evaluate > ~_, fol B3, (t) - cos(mmt)dt, we employ a trick of telescoping series. We will
use the following trigonometric identity,

1
cos(a) - sin(b) = §[sin(a + b) — sin(a — b)].
By taking a = mnt and b = Z* with t € (0, 1), we have

2 2
2sin (%t)

sin (2m+17rt) sin (Mmﬁ)

cos(mmt) = (5.2.7)

Thus we can write

S Fhm =3 /0 Bl (1) - cos(mrt)dt

N 1 : 2m+1 1 2m—1
. sin (<%=t . sin 7t
[ = P T

2sin (7;) 2sin (%t)

—
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To show the telescoping behavior, consider I*(k, a) and I*(k,a + 1). Then

1 in (20t 1 in (20=14
I*(k,a):/o B;k(t)Mdt /OB;k@)Mdt?

2sin (7;) 2sin (%t)

and

1 . 2(a+1)+1 ¢ 1 . 2(a+1)—1 "
1*<k,a+1>=/B;k<t>Sm( 2 ”)dt—/B;k@fm( 2 g
0 0

2 sin (%t) 2 sin (%t)
B v .sin (2“+3 7rt) b .sin (2“T+17rt)

Adding I*(k, a) with I*(k, a 4 1), we have

1 : 2a—1 t
I*(k,a)+1*(k;,a+1):—/ B;k(t)w
0 2sin (”)

2

sin (2“—;37#)

2sin (%t)

as the first term of I*(k, a) is canceled by the second term of I*(k, a + 1). Thus

1
dt + / B(t) dt,
0

) N 1 . sin (Qm;rlmf) 1 . sin (%m)

QSn( )

sin ! S1n 2N+17T
= lim [_/0 B (1 )231 <(7rt))dt+/ B; (t)2§m—2(7r_t)t)dt]

2 2
1 [t 1 sin (—2N+17Tt)
=—— [ B (t)dt li B (t)——2 _—_2d¢|.
3 B |t [ 0™ e

The first term can be evaluated as

1 [t 1 ! 1 B
__/ By, (t)dt = __/ (Bax(t) — Bok)dt = —-(—Bay) = =2k
2 Jo 2 Jo 2 2

This follows from Bernoulli polynomial Property 6 that shows fol Boi(t) = 0. Now we want

to show that
1 sin ( 2N+l 7Tt)

lim B3.(t) 2

N—oo [ 2sin ()

dt =

Although —=+~ ( 0y is undefined for ¢ = 0, we consider the function

B3 (1)

QSIH(T;)

ft) =

defined for t € (0,1]. If we can find lim f(¢), then we can give an extension of f(¢) by

e—0F
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continuity to t = 0. Since B;, (0) = Ba,(0) — Byr = 0 by Bernoulli polynomial Property 5,
we may apply L’Hopital’s rule for f(t) as

lim f(0) = lim

(
e—0t e—=0+ 2sin (ﬂ-e)

So we now can extend f(¢) tot € [0,1] as

0 t=20

Ft) = q Baw_ otherwise.
2 sin ("t)

2

i (2441
Let R = w We now evaluate fol B;k(t)% fo - sin(Rt)dt using

integration by parts.

/0 1 () - sin(Rt)dt = [ £(1) (—COSI(DLRt)> ]z:; - /0 1 f’(t)( - COS](%Rt)>dt

() [ o
)+ (0)°%0) cos(0 / I cos](%Rt

= Ly 4 / g,

From our original substitution, R = (QN;F U™ we observe each term in the sum approaches 0

as N — oo because its numerator is bounded while its denominator tends to infinity. Thus,

1 sin (2N+1

R A e e dt‘éﬂ%o/f t)sin(Rr)dt = 0.
Hence we see that, by Equation (5.2.6),

— 1) 1(2k)! 1 [t 1 in (2Lt B
( <)27-(-)2(k >§(2k:)=—§/0 B, (t)dt + | lim / B;k(t)Mdt ==

N—oo f 2sin (%) 27
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and therefore,
(_ 1)k—122k7.[.2k

C(2k) = 230 Bor, k=1,2,3,....
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CHAPTER 6
DIRICHLET L-FUNCTION

Following Chapter 7 of [17], Chapter 4 of [2], and [22], we study the basic properties of
Dirichlet L-functions. We start with defining the Dirichlet character y.

Definition 6.0.1 A Dirichlet character x modulo M is a multiplicative function that maps
(Z/MZ)™ to the complex plane with absolute value 1. Such a character can be extended as a
function on all integers as the following:

x(a +bM) = {X(a) if ged(a, M) =1

0 otherwise.

Therefore, a Dirichlet character extended to all integers has the following properties.

Proposition 6.0.2 Let x be a Dirichlet character modulo M that is extended to all integers.
Then

1. x is completely multiplicative, that is x(ab) = x(a)x(b) for any integers a and b.
2. X has a period of M.
3. If a and M are coprime, then x(a) # 0.
A character is called, the trivial character y, modulo M, if
0 if ged(a, M) > 1
Xo(a) = .
1 if ged(a, M) = 1.

In particular, the trivial character modulo 1 is called the principal character and denoted as

x =1
Let ¢(M ) be the Euler totient function, that is

d(M) = |{n € [1,M]: ged(n, M) = 1}|.

A well known property of the totient function is that if ¢ and M are coprime, then ¢?M) = 1
mod (M ). Furthermore, we also see the following Lemma associating the Dirichlet character
with the Euler totient function.

Lemma 6.0.3 Let x be a Dirichlet character modulo M. Then x satisfies the following prop-
erties.

1. Ifa=1 mod M, then x(a) = 1.
2. Ifged(a, M) = 1, then x(a)*® = 1.
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S (o) — {¢<M> i x =0

0 if x is non-trivial.

The proof is omitted here, but can be found in many elementary number theory books, in-
cluding Chapter 4 of [2]. The first point of Lemma 6.0.3 implies that y(1) = 1 and y(—1) €
{1, —1} and brings up the notion of parity. A character is said to be “even” if y(—1) = 1, and
“odd” if x(—1) = —1.

Definition 6.0.4 The parity 0, of x is defined as

5 )0 ifx(=1)
Yo (-1

1
-1

We also introduce this notion of primitive Dirichlet characters.

Definition 6.0.5 (Primitive or Induced Dirichlet Characters and Conductors) 7The conduc-
tor C' of a Dirichlet character x modulo M is the smallest positive integer such that, for all a
coprime to M,

x(a+C) = x(a).

If C = M, then the character X is said to be primitive.

We note that, in the definition above, if C' < M, then the character is said to be induced from
another character x’ modulo C. Notice that such a constant C' must be necessary a divisor of
M.

Definition 6.0.6 Given a Dirichlet character x modulo M and an integer n, the Gauss sum
is

2mian

T(x,n) =Y x(a)e W

For clarity, we write T(x, 1) = 7(x).

We now can consider a generalization of the Riemann zeta function called the Dirichlet L-
series. For simplicity, we assume Y to be primitive and nontrivial unless otherwise specified.

Definition 6.0.7 Given a Dirichlet character x modulo M, the Dirichlet L-series associated
to x is defined as

Lix,s) =) XT(:),

where s is a complex variable with R(s) > 1.

It follows that L(1,s) = ((s) because for all integers n, 1(n) = 1. Many properties of ((s)
can be naturally generalized to the setting of Dirichlet L-series, which are listed below.
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Theorem 6.0.8 (Euler Product for Dirichlet L-series) The Dirichlet L-series L(x,s) con-
verges absolutely for R(s) > 1 and has the Euler product,

Lo =] (1 B x(p))l.

S
peEP p

The Dirichlet L-series also has a symmetry property as well.

Proposition 6.0.9 (Completed L-series Definition and Functional Equation) Let x be a non-
trivial Dirichlet character modulo M, and we define the completed L-series as

Alx, s) = (%)S/Qr <3 ‘;(Sx) Lix, s).

™

Then A(x, s) satisfies the functional equation
A(X7 S) = W(X>A(y> - 8)7

where W (x) = 5

o 'L‘SX \/M
Proof. The proof is omitted but can be found in many analytical number theory textbooks and
papers, such as Chapter 7 of [17], [22], and [13]. O

Similar to how the Riemann zeta function has a connection to Bernoulli numbers and
Bernoulli polynomials, the Dirichlet L-series has a connection to a generalization of Bernoulli
numbers and polynomials. Let y be a primitive Dirichlet character modulo M. Then the k-th
generalized Bernoulli number B, , is defined as

ZBkX o ZX (6.0.1)

The generalized Bernoulli numbers satistfy the following property:

By = M"Y x(a)B, (ﬂ> , (6.0.2)
1

A N N ()

a=1 a=1

By comparing coefficients of the t*-term, we have
M a
Bryx Z x(a) Bi (M)
MFEL = MR
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and therefore,
M
_ a
Bk,x = Mk ! ;X(G>Bk <M> .

Using the above property and Lemma 6.0.3, we have B, = +; Zyzl x(a)a.

Remark 6.0.10 There is also a generalization of Bernoulli polynomials associated with Dirich-
let characters. The k-th generalized Bernoulli polynomial B, , () associated with a primi-
tive, nontrivial Dirichlet character Y is defined as

tG (at2)t

> Biylx Z x(a (6.0.3)
k=0

To parallel the special values of the Riemann zeta function, we observe the following Theo-
rems.

Theorem 6.0.11 For a primitive and nontrivial Dirichlet character x modulo M and a posi-
tive integer k, we have
By

Theorem 6.0.12 (Special Values of Dirichlet L-series) For a positive integer k such that k =
0y mod 2, we have

L(Xa /{) _ (_1)1+(k76 )/2 ( ) (

2mN\k Bk Drx
270 )

M) kK
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