The Mathematics of Rubik’s Cube

Michael Hutchings

Department of Mathematics
University of California, Berkeley

Julia Robinson Mathematics Festival
UC Berkeley
January 30, 2011

Demonstrations: Rubik’s cube simulator by Tom Davis, www.geometer.org
Slides at math.berkeley.edu/~hutching

Michael Hutchings (UC Berkeley) The mathematics of Rubik’s cube Julia Robinson Math Festival

1/26



Elements of Rubik’s cube

The cube contains:

@ six center pieces which do not move relative to each other.
@ twelve edge “cubies” each with two stickers on them.
@ eight corner “cubies” each with three stickers on them.

The goal of the puzzle is to move all of the edge cubies and corner
cubies into their correct positions with their correct orientations.

“It was a big challenge for me. Back then there were no solution
manuals or YouTube tutorials, and | was on my own... | knew that a
solution existed in theory, but | wasn’t sure if one could actually solve
the cube in practice.... It was hard and took me a long time — several
weeks, that’s for sure.”

— Ernd Rubik on solving the cube for the first time (Der Spiegel, 2010)
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Procedure for solving the cube

A typical cube solving procedure:

@ Solve the lower two layers of the cube. (There are various clever
tricks to speed this up.)

@ Oirient the cubies in the top layer, so that the top face of the cube
is the correct color.

© Permute (i.e. interchange) the cubies in the top layer so that they
are in their correct positions.

(To do this fast requires memorizing many shortcuts for dealing with
various cases.)
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Goal of this talk

Our goal is to introduce some mathematical ideas with which one can
solve Rubik’s cube (and other similar puzzles such as larger cubes and
other shapes), not so fast, but understanding each step.

@ The moves that one can perform on Rubik’s cube form a
mathematical structure called a group.

@ One can solve Rubik’s cube using two basic ideas from group
theory: commutators and conjugation.

Other amusing facts:

@ If you disassemble the cube and reassemble the cube in a
random scrambled position, then there is a 1 in 12 chance that it
can be solved. (Can be proved using more group theory which we
will not have time to explain.)

@ The cube can always be solved using at most 20 face turns
(proved by computer). (Human solves usually need 50-60 turns.)
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Some notation
Basic moves on Rubik’s cube:

@ F = rotate the front face one quarter turn clockwise

B = rotate the back face one quarter turn clockwise
U = rotate the top face one quarter turn clockwise

D = rotate the bottom face one quarter turn clockwise
R = rotate the right face one quarter turn clockwise

@ L = rotate the left face one quarter turn clockwise

Additional moves (which move the center pieces):

@ Fs = rotate a vertical “slice” one quarter turn clockwise as viewed
from the front.

@ U = rotate a horizontal “slice” one quarter turn clockwise as
viewed from above.

@ Similarly Bg, Ds, R, Ls.
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Combining moves

If X and Y are two moves on Rubik’s cube, then:

@ XY means “do X, thendo Y.

@ X2 = XX means “repeat X twice”. For example, U? means rotate
the top face a half turn.

@ X3 = XXX means “repeat X three times”. And so forth.

@ 1 denotes the move of doing nothing. This move is called the
identity.

@ Two moves are considered to be equal if they have the same
effect on the cube. For example, U* = 1.

Mathematicians think of XY as a kind of “multiplication” of X and Y.
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Inverses

@ If X is an move on Rubik’s cube, then X~' means undo the move
X. This is called the inverse of X. For example, U~' means rotate
the top face a quarter turn counterclockwise.

@ To undo a sequence of moves, in general one must undo the
moves in reverse order:

XY) "=y 'x1,

(X1X2-~~Xn)_1 :Xn—1 ---X51X1’1.

“The inverse of putting on your socks and then putting on your
shoes is to take off your shoes and then take off your socks.”

@ Note that (X~')~' = X.
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Multiplication is not commutative!

Recall that the usual multiplication of numbers is commutative, e.g.

3-5=5.3. However:

Important fact
If X and Y are two moves on Rubik’s cube, then it is possible that

XY #£ YX.

In this case we say that “X and Y do not commute”.

For example, FU # UF. (Try it on the cube and see.)

Note
Some pairs of moves do commute. For example UD = DU.

We can use noncommutativity to help solve the cube...
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Commutators

@ If X and Y are two moves on Rubik’s cube, their commutator is
the move XYX—1Y—1.

@ Basic fact: XYX~1Y~! = 1 exactly when X and Y commute.
(Because XYX~'Y~! = (XY)(YX)~', which equals the identity
when (YX)~"is the inverse of XY, i.e. when YX = XY)

Thus the commutator of X and Y measures the failure of X and Y

to commute.
@ Commutators are a very useful tool for solving the cube, as we will
now see.
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Commutator example 1: Flipping two edges
To flip the top left and top front edges:
@ X = LU;"[2U2L flips the top left edge without disturbing the rest
of the top layer. (Here LU 'L~ takes the top left edge off the top

layer, and then L=1U; 'L~ puts it back a different way so that it
gets flipped.) The lower two layers of the cube are messed up.

© Y = U moves the top front edge into the top left position, and
does not affect the lower two layers of the cube.

Q@ X' = L"U2L2UsL™" flips the top left edge (formerly the top front
edge) and repairs the damage to the lower two layers of the cube!

@ Y~' = U~ now returns the top layer to its original position.
So the commutator
XYX'y=' = (LU T LPUEL) UL T VR L2 Us L= YU

flips the top left and top front edges without disturbing the rest of the
cube.
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Commutator example 2: Rotating two corners
To rotate the top front left and top front right corners:

@ X = F'DFLDL" rotates the top front left corner clockwise
without disturbing the rest of the top layer. (Here F~'DF takes the
corner off the top layer, and LDL~" puts it back differently so that it
gets rotated.) The lower two layers of the cube are messed up.

@ Y = U moves the top front right corner into the top front left
position, and does not affect the lower two layers of the cube.

Q@ X' =LD'"L7'F~'D~'F rotates the top front left corner
(formerly the top front right corner) counterclockwise and repairs
the damage to the lower two layers.

@ Y ' = U restores the top layer to its original position.

So the commutator
XYX 'Y=V = (F'DFLDLYU(LD 'L 'F'D T F)U ™!

rotates the top front left corner clockwise and the top front right corner
counterclockwise without disturbing the rest of the cube.
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“Disjoint permutations” commute

Fact

If X and Y do not affect any of the same cubies, then X and Y
commute, so XYX-1y-1=1.

To understand why, let’s see what happens when we do XYX~'Y~1:

@ Firstdo X.

© Next do Y. This does not affect any of the cubies that were moved
by X.

© So doing X~ moves back all of the cubies moved by X (without
affecting the cubies moved by Y). Now it looks like we just did Y.

@ Doing Y~ then brings us back where we started.

For example, UDU~'D~" = 1 because U affects only the top layer and
D affects only the bottom later.

“Putting on my left shoe commutes with putting on my right shoe.”
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Using commutators to permute cubies

Strategy

If X and Y affect few of the same cubies, then they should at least
“almost commute”, and so XYX~' Y~ should affect only a few cubies.
Such a move can be useful if the cube is almost solved.

For example:

Fact

If there is one cubie that is permuted by both X and Y, and if no other
cubie is affected by both X and Y, then XYX~'Y~"is a three-cycle,
i.e. there are cubies a, b, ¢ such that XYX—1Y~" moves ato b, moves
b to ¢, moves c to a, and does not move anything else.

You can check that this works where:

@ ais the cubie moved by both X and Y.
@ bis the cubie that Y moves to a. (So Y~' moves ato b.)
@ cis the cubie that X moves to a. (So X~ ! moves ato c.)
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Commutator example 3: cycling three corners

@ X = LDL~" moves the top front left corner cubie off of the top
layer and does not affect the rest of the top layer.

@ Y = U affects only the top layer.
@ So only the top front left corner cubie is affected by both X and Y.
@ By the previous Fact,

XYX='y=" = (LDL~"YU(LD 'L~ U!

is a three-cycle of corner cubies. (It cycles three corner cubies in
the front face.)
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Commutator example 4: cycling three edges

Let
@ X =R;
o Y=1U2
Then

XYX~'y=" = RsUPR; U

cycles three edge cubies: the front bottom, top front, and top back.
(This does not quite follow from the previous Fact, but can you see why
it works anyway?)
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Conjugation

If X and Z are two moves on Rubik’s cube, we can make a new move
zxz!.

This is called a conjugate of X.

Intuition
Conjugate moves do the same kind of thing, but in different places. J

For example:

@ If X flips two edges, then ZXZ~" flips two (usually different) edges.

@ If X cycles three edges, then ZXZ~" cycles three (usually
different) edges.

Let’s see how this works.
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Conjugation example 1: cycling three top edges

Goal: cycle the top front, top right, and top left edges.
We know that

X = RsUPR; ' U?
cycles the front bottom, top front, and top back edges. Let

Z=F2U.
What does ZXZ~" do?
@ Z moves the three edges that we want to cycle into the front
bottom, top front, and top back positions.

© X cycles the front bottom, top front, and top back edges (which
are now the ones that we want to cycle).

© Z' then puts these three edges back where we want them, and
repairs any other damage done by Z.
So

ZXZ7' = (FRU)RsUPR; ' UP(U~TF?) = F2URsU?R; ' UF?
cycles the desired three edges on the top face.
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Conjugation example 2: cycling three top corners
while preserving orientation

Let
X =FLF, Y = R?, Z=F?
@ The only cubie moved by both X and Y is the front bottom right
corner.

@ So the commutator XYX~1Y~"is a three-cycle of corners.

@ We can check that it cycles the top front rear, front bottom right,
and front bottom left corners.

@ Z moves the latter two corners to the top layer.
@ So the conjugate

ZIXYX 'Yy Yz = FULF'R2FLTF'R2F?

cycles three corners on the top layer.

This three-cycle is useful if you have already oriented the top layer,
because it keeps the top stickers on top.
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More conjugation examples

If X is the commutator of two adjacent face rotations, such as
RUR-1U~", then X affects four corner cubies and three edge cubies.
If Z~1 puts all of these on the top layer, then ZXZ~1 affects only the
top layer. Such moves are useful for orienting the top layer. Examples:

@ IfZ=Fand X =RUR U, then
ZXZ ' = FRUR U1 F1

flips two top edges (and rotates two top corners and permutes
some top layer cubies).

@ If Z=RUand X = R-1URU~, then
ZXZ' = RURTURU?R!

rotates three top corners (and permutes some top layer cubies).

You can experiment and discover many more!
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What we cannot do

It is impossible to do any of the following (without doing something else
at the same time):

@ Flip a single edge.

@ Permute two cubies.

@ Rotate a single corner.

If you disassemble the cube and randomly reassemble it, the
probability that it can be solved is

rtiri_1

2 2 3 12
Here the first 1/2 is the probability that you do not have to flip a single
edge, the second 1/2 is the probability that you do not have to permute

two cubies, and the 1/3 is the probability that you do not have to rotate
a single corner. Proving that these are impossible uses more math...
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Groups
Definition

A group is a set (collection of objects) G, together with an operation x

which inputs two objects in G and outputs a third object in G, such
that:
@ The operation * is associative:

(axb)xc=ax(bxc).
@ There is an “identity” object e in G such that for any ain G,
exa=axe=a.

@ Every object ain G has an inverse a~' in G such that

ara'=a'lxa=e.

v

The operation does not have to be commutative: ax b does not have to

equal b x a.
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Examples of groups

@ The Rubik’s cube group: G is the set of moves on Rubik’s cube,
X x Y means “do X then do Y”, and the identity is the move that
does nothing.

This is a rather complicated example. More basic examples:

(1) Various kinds of numbers form groups. For example:
@ ThesetofintegersZ ={---,—-1,0,1,2,...} is a group with the
operation of addition. The identity is 0, and the inverse of nis —n.
@ The set of nonzero real numbers is a group with the operation of
multiplication. Here the identity is 1, and the inverse of x is 1/x.

@ The set of integers mod n is a group with the operation of addition
mod n. Here one can think of G={0,1,...,n—1},and ax b as
the remainder when a + b is divided by n.

The above groups are commutative.
(2) Groups often arise as sets of symmetries of geometric objects.

These symmetry groups are often not commutative.



Symmetry group of an equilateral triangle

An equilateral triangle has six symmetries (rotations and reflectons
which preserve it):
@ 1 = identity which does nothing.

@ Ry = rotation which sends vertex 1 to vertex 2, vertex 2 to vertex
3, and vertex 3 to vertex 1.

@ R, = rotation in the opposite direction.

@ F; = reflection which switches vertices 2 and 3.

@ F, = reflection which switches vertices 1 and 3.

@ F3; = reflection which switches vertices 1 and 2.
These form a group, where X x Y means “do X, then do Y.
(Usual mathematical convention would be to do Y first, then X.)
Inverses: 1" =1, R = Ro, Ry' = Ry,

Fl=F, F'=F, F;'=Fs.
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Symmetry group of an equilaterial triangle, continued

Multiplication table:

|1 [Ri|[Re|F|F|F
RERRERRRE
R R | R 1 |F|Fsl|F
Ro|Ro| 1 | Ry | Fs| Fy| Fa
FIIF R FR| 1| R | R
FllFl F Rl R 1| R
A NATARAGIEEE

From the multiplication table we see that:

@ The group is not commutative: RiFy = F», but F{ Ry = Fs.
@ R; and R, are conjugate: F1R{F; ' = Ry.
@ Fi, F,, and F3 are conjugate: R F; R§1 = F> and R2F2R51 = Fs.
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The group of rotational symmetries of a cube

A cube has 24 rotational symmetries (i.e. rotations which preserve the
cube):
@ The identity which does nothing.

@ Six 180 degree rotations about a line through the centers of two
opposite edges.

@ Eight 120 degree rotations about a line through two opposite
corners.

@ Six 90 degree rotations about a line through the centers of two
opposite faces.

@ Three 180 degree rotations about a line through the centers of two
opposite faces.

These also form a noncommutative group.
Any two symmetries of the same type (i.e. described by the same
bullet point) are conjugate. (Can you see why?)
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Subgroups of the Rubik’s cube group

Rubik’s cube has more puzzles inside it. For example:

@ Pick a set of moves (such as {R, U} or {U? D? R? L% F? B?} or
{US7 R87 FS})

@ Mess up the cube using only these moves and their inverses.
@ Try to solve the cube using only these moves and their inverses.

Have fun!
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