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The state space equations of the system is

& = Az+ Bu (1)
Cz + Du (2)

where
z€eR”; ueR™;yeRP

A = Ran B e RnX'm
C eRPX" D gRPX™

Xo

Xz

Xy

. X¢

A linear system, described above by state space equations (1) and is said to be
controllable, if for any initial state x(0) = xo and any final state x(T') = xy, there
exists an unconstrained control input u(t),0 < ¢ < T that transfers the system from
xp to xy in a finite time *7”. Otherwise the system is said to be uncontrollable.
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o A state zg is said to be Controllable, if there exists a finite time interval [0, T
and an input u(t),t € [0, 7] such that z(T) =0

o If all sates are controllable, then the system is said to be Completely
Controllable

CONTROLLABILITY - RANK CONDITION

The system of the form (1) is said to be controllable if and only if the rank of
c=(B AB A2B . . . A""lB)

PROOF

o z(t) = eAtx(0) + fot A=) Bu(r)dr
o Since the controllability depends only on input state variables.
t) = fot eAl=7) Bu(r)dr
(t) = fot eAtBu(t — 7)dr
(At)3
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CONTROLLABILITY - RANK CONDITION
o z(t) = Y75, A'BB;(t)
where 8;(t) = [J ai(t)u(t — 7)dr

Bo(t)
B1(t)

oxz(t)y=(B AB A?B . . . A"lB) ,32‘(15)

Br1(t)
o a(t) = pB(2)
B(t) = ¢~ (t)

¢ is non-singular and invertible
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BASIC PRE-REQUISITES

o Before we prove the condition for controllability let us see some basic
prerequisites.

o Consider, the matrix

e/\1t tez\lt t26>\1t 0 0

0 eMt gttt 0 0
eAt=Q | 0 0 ettt 0 0 |Q!

0 0 0 et 0

0 0 0 0 eret

o We can see that every entry of eA? is a linear combination of terms
[e>‘1t, t€>\1t, th)\lt7 e>\2t].

o These values depend upon eigenvalues and their indices. Here,n; — 1 = 2,
where 77 is the index of the eigenvalue \;

o In general, if A has an eigenvalue with index 71, then every entry of e4? is a
linear combination of terms e*1t te?1t ¢2er1t ... ¢n1—legAit

o Every such term can be infinitely differentiable and can be expanded in a
Taylor series at every ’t’ and is called Analytic.
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BAsIC PRE-REQUISITES CONTINUED...

o Gram Matrix: Let A be the matrix whose columns are the vectors
V1,V2,++ ,Un. Then the Gram matrix is AT A, so |G| = |A|%.

o It is the Hermitian matrix of the inner products whose entries are given by
Gij = (vi, vj)

o In system theory, Controllability Gramian is used to determine whether or
not a linear system is controllable.

PROOF THAT CONTROLLABILITY MATRIX HAS FULL ROW RANK

o Now, let us prove that the controllability matrix has a full row rank.

o We can show that the controllability matrix C has a full row rank if We(t) is

non singular, where, We(t) = fg eATBBTeATTdr is the controllability
gramian matrix.
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Consider the equation

x(t1) = eAtz(0) + fg eAt=7) Bu(r)dr

o Let us claim that for any #(0) = z¢ and any state z(¢1) = z1, the input

u(t) = —BTeAT(tl_t)ng(tl)[eAtxo — z1] will transfer the state zg to z1 in
the interval t1

o Substituting u(t) in the above equation we get ,
t
z(ty) = eMa(0)— / eA(t_T)BBTeAT(tl_t)Wc_l(tl)[eAta:o —z1]dr
0
z(1) = eMa(0) - W W (t)[ezo — 21

o This shows that (A, B) is controllable if and only if W is invertible.
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o Suppose, (A, B) is controllable and W, is a singular matrix, then there exists
a non-zero n X 1 vector g such that g7 W.q =0

t
W, — /qTeATBBTeAT-rda
0
“llpr.aTr |2
= /HB e TqH dr =0
0
= BTeATTq:qTeATB:O

o Let,C =eA™B

o We know that eA7 B are analytic, i.e, every such term can be infinitely
differentiable and can be expanded in a taylor series at every ’t’.

o Therefore, W, is non singular if and only if there exists no n X 1 non zero
vector g such that g7C =0

o Therefore, C has full row rank,i.e, rank of C =n
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EXAMPLE-1 TO CHECK CONTROLLABILITY

Consider the state and output equations,

1 = —2x2+u
Ty = x1—3x2+u
y = 21

o Let us try to check for controllability of this system by transforming these
equations into different forms.

o Representing these equations in matrix form , we get
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AMPLE-1 TO CHECK CONTROLLABILITY

o We know that the controllability matrix for a system having two state
variables is given by

¢ = [B AB]

=

o Rank of matrix C = 1 is less than 2. Therefore, C is not a full row matrix.

o Therefore, the system is not Controllable.

2X2

. C
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EXAMPLE-1 TO CHECK CONTROLLABILITY

@ Now, let us check the controllability of the system by transforming it into
diagonal canonical form.

o The transformation matrix P is the modal matrix formed by the eigenvectors
corresponding to the eigenvalues of matrix A.

1
L3

o Transformed matrices A, and B, are obtained using relations
A, =P 1'AP B, =P 'B

w3 2ol

o Matrix P = |:1 1}
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EXAMPLE-1 TO CHECK CONTROLLABILITY

o Representing them in matrix form , we get

o Controllability matrix, C = [é _02}

o Rank of the matrix C = 1, has a row full of zeroes,is less than 2 .

o Therefore, the system is not Controllable.
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EXAMPLE-1 TO CHECK CONTROLLABILITY

o Now, let us check the controllability of the system by transforming it into
Canonical Form-I using Similarity Transformation.

o The transformation matrix P is obtained by Conventional method, explained
in Lecture-5.

. 1 -1
o Matrix P = [_1 _2]

o Transformed matrices A, and B, are obtained using relations
A, =P AP B.=P B

wls o[
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EXAMPLE-1 TO CHECK TROLLABILITY

o Representing them in matrix form , we get

B = [ AR [

- . 13 —=2/3
o Controllability matrix, C = [_2/3 4/3 }

o Rank of the matrix C = 1, is less than 2 .

o Therefore, the system is not Controllable.

V. Sankaranarayanan Modern Control systems



Controllability

CONTROLLABILITY

EXAMPLE-2 TO CHECK CONTROLLABILITY

Consider the state and output equations,

1 = 3z
o = —2x1 +5x2+u
y = T

o Let us try to check for controllability of this system by transforming these
equations into different forms.

o Representing these equations in matrix form , we get
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AMPLE-2 TO CHECK CONTROLLABILITY

o We know that the controllability matrix for a system having two state
variables is given by

c [B AB]

0 3
.
o Rank of matrix C = 1 is 2. Therefore, C is a full row matrix.

o Therefore, the system is Controllable.

2X2

V. Sankaranarayanan Modern Control systems



Controllability

CONTROLLABILITY

EXAMPLE-2 TO CHECK CONTROLLABILITY

o Now, let us check the controllability of the system by transforming it into
diagonal canonical form.

o The transformation matrix P is the modal matrix formed by the eigenvectors
corresponding to the eigenvalues of matrix A.

2/3 1

o Transformed matrices A, and B, are obtained using relations
A, =P 1AP,B.,=P'B

o o[

o Matrix P = { 1 1:|
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EXAMPLE-2 TO CHECK CONTROLLABILITY

o Representing them in matrix form , we get

o Controllability matrix, C = [_33 _69:|

o Rank of the matrix C = 2.

o Therefore, the system is Controllable.
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EXAMPLE-2 TO CHECK CONTROLLABILITY

o Now, let us check the controllability of the system by transforming it into
Canonical Form-I using Similarity Transformation.

o The transformation matrix P is obtained by Conventional method, explained
in Lecture-5.

. 3 0
o Matrix P = [0 1]

o Transformed matrices A, and B, are obtained using relations
A, =P AP B.=P B
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EXAMPLE-2 TO CHECK CONTROLLABILITY

o Representing them in matrix form , we get

o Controllability matrix, C = [(1) é:|

o Rank of the matrix C = 2 .

o Therefore, the system is Controllable.
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