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Analysis of heat flow in layered structures for time-domain
thermoreflectance
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The iterative algorithm of Feldman for heat flow in layered structures is solved in cylindrical
coordinates for surface heating and temperature measurement by Gaussian-shaped laser beams. This
solution for the frequency-domain temperature response is then used to model the lock-in amplifier
signals acquired in time-domain thermoreflectance measurements of thermal prope2igd4 ©
American Institute of Physic$DOI: 10.1063/1.1819431

I. INTRODUCTION nite solid by a factor of 2. Since the co-aligned laser beams
Time-domain thermoreflectanc€TDTR) is a pump- of a typ||_c|:al J?TR e?pﬁgﬂent .havﬁ cykl:ndrlcal f’ymme?y’
probe optical technique that can be used for measuring th e use Hankel transfor to simplify the convolution o

thermal properties of materias® We have previously de- E”:s sHquﬂolntwnhfthe d|str|b_ut|ons of the laser intensities.
scribed our implementation of this techniqfiftaand our ap- e Hankel transform og(r) is

plication of this method in studies of the thermal conductiv- *

ity of thin films,2° the thermal conductance of interfade¥, G(k) = Zﬁf g(r)Jo(2mkr) r dr, 3

spatially resolved measurements of microfabricated 0

structures® and high-resolutizﬂ mapping of the thermal con- 1

ductivity of diffusion multiples: GK =——5—75- 4
y p (k) AB72K2 + )2 (4)

In most cases, analysis of TDTR experiments requires
comparisons between the data and a model of the heat trans- The surface is heated by a pump laser beam with a
port in the system under study. Unknown thermal propertiessaussian distribution of intensify(r); the 1/ radius of the
are treated as free parameters and adjusted to minimize tipegmp beam isv,.
differences between the model and the data. We have briefly
described how the frequency-domain thermal response can p(r) = —; exp(— 2r2/vv§), (5)
be used as the input to a calculation of the in-phase and mNS

out-of-phase  lock-in amplifier signals in  TDTR wnereA is the amplitude of the heat absorbed by the sample

experiment$™ but we have not previously described our at frequencyw. The Hankel transform of(r) is
method for calculating the frequency-domain response. The

purpose of this article is to describe the details of those cal-  P(K) = Aexp(— mkwg/2). (6)

culations and provide additional discussion of our methodsrhe distribution of temperature oscillations at the surface
for analyzing TDTR data. A(r) is the inverse transform of the product@tk) andP(k)

Il. FREQUENCY DOMAIN SOLUTION FOR THE o(r)= 277[ P(k)G(k)Jo(27kr) k dk. (7)
SURFACE TEMPERATURE OF A SINGLE LAYER 0

We begin with the frequency-domain solutlérfor a The surface temperatures are measured by thermoreflec-

semi-infinite solid that is heated at the surface by a periodi¢@nce, i-., the change in the reflectivity with temperature.
point source of unit power at angular frequenay This chaqge |n.reflect|V|ty is measured by changes in the
o) reflected intensity of a probe laser beam. The probe laser

_exp(—qr

(r) = (1) beam also has a Gaussian distribution of intensity although
2mAr the radius may be different than the pump beam; the? 1/
. radius of the probe beam vg,. The probe beam measures a
0°=(iw/D), (2)  weighted average of the temperature distributhon

whereA is the thermal conductivity of the solif} the ther- 4 (*

mal diffusivity, andr the radial coordinate. This solution for AT= Wf 6(r)exp(— 2r2iw?) r dr. (8)
the semi-infinite solid differs from the solution for the infi- 170

The integral over is the Hankel transform of a Gaussian,

Iauthor to whom correspondence should be addressed: electronic mail€@ving a single integral ovek that must be evaluated nu-
d-cahill@uiuc.edu merically
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1000 ———————————

AT=27A f G(k)exp(— mk2(W3 +w3)/2) k dk. (9)
0

As expected, Eq(9) is unchanged by an exchange of the 100
radii of the pump and probe beams. The upper limit of the
integral can be set to 242+w2)2 without a significant loss
of accuracy.

Before we generalize this solution to a layered structure,
we examine the low and high frequency limits of Eg). In
our experiments, the pump and probe have the approximately

the same diameter, so we se§=w,. In the low frequency 0.1 | 10 100 1000
limit, @<D/W2, f (MHz)

_ Ag * > FIG. 1. Calculated frequency response of Al/Si and Al/Si€ thermal
A% - X exp(— K Wg) dk, (10) models. In both cases, the Al film thickness is 100 nm; for Al/Si, a interface
0 thermal conductance @&=200 MW n2K™! is included in the model. For
Al/SiO,/Si, the thickness of the SiQayer is 100 nm. Solid lines show the

Ag real part ofA7, see Egs(9) and(18), and the dashed lines are the imaginary
== . (11) part of A7. The amplitude of the laser power absorbed by the sample is
2\“’ 7T\NOA =1 mW.

Equation(11) is particularly useful for estimating the steady-
state temperature rise of the probed region of the sample. For  , i

example, withA,=2 mW, Si thermal conductivity ofA h=p (16)
=142W nt* K~ andwy=8 um, A7,=0.5 K. "
In the high frequency limitw> D/WZ, o= Al (17)

A [~ Each layern is described by three parameters; the thermal
AT= q_Af exp(= ﬂzszS) k dk, (12 conductivity A, thermal diffusivityD,,, and thickness,,. We
0 model an interface conductance by a layer with a small ther-
mal conductivity and small thickness.

:L_ (13) For a layered structure, the only change in Ej.is to

TWo\iwAC replaceG(k) for the single layefEg. (4)] by

where C is the heat capacity per unit vqume"A_C is the BI+ B\ 1

thermal effusivity. Equatiol3) is equivalent to the solution (CILVE sl (18
. . . . B, -Bi/m

for one-dimensional heat flow with a uniform heat flux of ] ) o

Al(TW2). Example calculations using the combination of E®). and

Eq. (18) are shown as Fig. 1.

lll. FREQUENCY DOMAIN SOLUTION FOR THE IV. MODELING OF DATA ACQUIRED IN TIME-DOMAIN

SURFACE TEMPERATURE OF A LAYERED THERMOREFLECTANCE EXPERIMENTS

STRUCTURE

We can now use the frequency-domain thermal response,

Equation(9) can be generalized to a layered geometryEds.(9) and(18), to calculate the changes in reflectivity that
using the a|gorithm described recenﬂy by Fe|drﬁ%mh|s will be measured in a TDTR eXperiment. Because the width
algorithm has also been applied in the analysis of data- ~ Of the optical pulses produced by a Ti:sapphire laser,
tained by the @ method. The final result is obtained itera- <0.5 ps, are much shorter than the time scales of interest in
tively: we number the layers by=1 for the layer that ter- the thermal modelt>50 ps, we can approximate the fre-
minates at the surface of the solid. The iteration starts witifluency spectrum of the laser output as a series of delta func-
the layer farthest from the surface; in practical applicationdions separated in frequency by the repetition rate of the laser
of this method to the analysis of TDTR data, heat cannof/7. The pump beam is modulated by a 50% duty cycle at
reach the other side of this bottom layer at rates comparabféequencyf. This modulation reduces the magnitude of the
to the modulation frequency; therefoi®’=0 andB™=1 for peaks at all multiples of 1/ and produces sharp sidebands

the final layer. around each of these peaks at odd multiple$; dhe ampli-
tudes of the sideband at frequentyemoved from the main
<B+> _ i(exp(— UnLr) 0 ) peaks is a factor of 2# times smaller than the amplitudes of
B™/n 2v, 0 explu,Lp) the main peaks.

" (yn + Yol Yo~ Yol

)(B*) Surface temperatures are measured by the changes in
'~ Yl "t Ynrl n+1,

(14) reflectivity R with temperatureT, i.e., the thermoreflectance
dR/dT. The signal of interest is produced by the product of
the temperature changes and the intensity of the probe beam;

Up = (472K + Cﬁ)m’ (15 in the frequency domain this product becomes a convolution

B
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FIG. 2. Partial sums of the series used to calculate the reflectivity change&!G. 3. Calculated dependence of the reflectivity changes at fixed delay
see Eq(19); dR/dT is the thermoreflectance of the surface. The solid linestimes of 100 and ~100 ps on modulation frequericylR/dT is the ther-

are the real part ofARy(t) evaluated for two delay times=100 andt= moreflectance of the surface. The imaginary part of the respaashed
-100 ps; the dashed line is the imaginary parh&,(t) and is independent  line) is essentially constant for these two times. The thermal model is for
of t for short delay times. The terms in the sum for the real paRy(t) Al/SiO,/Si as described in the caption to Fig. 1

have been multiplied by a Gaussian factor of the form(exf/f.,0%)

with f,,.,=100 GHz to improve the convergence of the sum. The thermal

model is for Al/SiQy/Si as described in the caption to Fig. 1. In our implementation of TDTR, the arrival time of the

pump beam is advanced rather than the more typical case of

of the frequency spectra of the thermal response and trincreasing the delay time of the probe beam. This procedure

probe beam. The time delayshifts the relative phase of the ntroduces an additional phase shift

probe frequency spectrum. The lock-in amplifier picks out  AR(t) = ARy (t)exp(i2ft) (21)
the frequency components of the convolution evaluated at o
and —f with the limit of the sum set tM =107/t.

The dependence &R(t) on the modulation frequendy

dr M is illustrated by Fig. 3 for fixed delay times bf +100 ps. In
REARy(1)]= = > (AT(m/7+1) principle, the optimal choice of will depend on the system
Tre-m under study. In practice, we prefdr=1/(87)~10 MHz
+ AT(m/ 7 - f))exp(i2mmt/7), (19)  Where the real part oAR(t) is minimized at negative delay

times. We have occasionally used lower valuesf @b in-
crease the penetration depth of the thermal wHvbst a

M
dR relatively high modulation frequency is desirable for high
ImM[ARy (D] =-1— AT/ 7+ f
MLARu ()] IdTmZE_M( Tz +1) spatial resolutioh and to minimize the influence of uncer-
) tainties in the diameter of the laser beam.
—AT(m/7 - f))expli2rmt). (20) Typically, a rf lock-in amplifier incorporates a square-

ave mixer and therefore the input signal from the photode-

The power absorbed by the sample from the pump beam %ictor must be filtered to remove the odd harmonics thiat

frequencyf, A;, is related to the average power absorbed . . .
from the pump beard, by A =2A/. are present in the intensity of the reflected probe. In our

i . . apparatus, a tunable inductor is placed in series between the
We plot the partial sumaRy(t) as Fig. 2 to illustrate . , . :
: . output of a reversed biasgdi-n Si photodiode and the 5Q
which frequency components &7 contribute to the real P e b

. . o . . input of the rf lock-in ampliﬁer'l.7 The inductance and the
and imaginary parts of the reflectivity signal. The imaginary o4 1ation frequencyf are adjusted to maximize the re-
part ARy (t) converges rapidly after only a few terms. The

) sponse aff; the quality factor of the resonant circuit 3
real part ofARy (1) converges slowly: to speed up the con- ~10. The rms voltage measured by the lock-in amplifier at

vergence, we multiply each term by a Gaussian facto - : :
exp(-m(f/f 0% wheref,.,is the maximum frequency that Er;ﬁerzg\(/ji?)llatt)?n frequenc; Vi(t), is related to the changes in

is considered in the calculation. We find smooth and accurate
reproduction of the experimental data by choosifjg, Vi(t) Q AR(t)
=10/, wheret,,, is the absolute value of the minimum TO - \_E?
delay time that will be considered in the analysis.

Convergence of the real part ARy,(t) is also facilitated whereV is the average voltage output of the detector Bnd
by replacing the top 10 nm of the Al metal film at the surfaceis the reflectivity of the sample. The real and imaginary parts
of the sample by a 1 nm layer that has ten times the true heaf Vi(t) are given by the in-phase and out-of-phase signals of
capacity and ten times the true thermal conductivity of the Althe lock-in amplifier, respectively. We use the fact that the
film. This mimics the adsorption of laser energy within the imaginary part ofV(t) is constant as the delay time crosses
thickness of the optical absorption depth without changing=0 to correct for small errors in the phasef the reference
the heat capacity per unit area of the Al film or the lateralchannel of the lock-in amplifier by multiplyiny/;(t) by a
thermal diffusivity of the Al film. small phase factor of the forifl—ie).

(22)
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FIG. 4. Dependence on delay tinteat fixed modulation frequency df
=9.8 MHz for a TiN/MgQ001) epitaxial layer. Measured data are shown as
filled circles[in-phase or real part of;(t)] and open circlefout-of-phase or
imaginary part ofV(t)]. The solid and dashed lines are the real and imagi-
nary parts of the model calculation, respectively, see(Eg).

We compare an example of a full calculation\gft)/V,

David G. Cahill

have previously discussed how our approach of analyzing
the ratioV;,/V,,; minimizes these errofs’the optical design

of Capinski and Mari%provides another method for improv-
ing the accuracy of TDTR measurements at large delay
times.
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Laboratory(MRL) at the University of lllinois at Urbana-
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