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The iterative algorithm of Feldman for heat flow in layered structures is solved in cylindrical
coordinates for surface heating and temperature measurement by Gaussian-shaped laser beams. This
solution for the frequency-domain temperature response is then used to model the lock-in amplifier
signals acquired in time-domain thermoreflectance measurements of thermal properties. ©2004
American Institute of Physics.[DOI: 10.1063/1.1819431]

I. INTRODUCTION

Time-domain thermoreflectance(TDTR) is a pump-
probe optical technique that can be used for measuring the
thermal properties of materials.1–5 We have previously de-
scribed our implementation of this technique,6,7 and our ap-
plication of this method in studies of the thermal conductiv-
ity of thin films,8,9 the thermal conductance of interfaces,8,10

spatially resolved measurements of microfabricated
structures,10 and high-resolution mapping of the thermal con-
ductivity of diffusion multiples.11

In most cases, analysis of TDTR experiments requires
comparisons between the data and a model of the heat trans-
port in the system under study. Unknown thermal properties
are treated as free parameters and adjusted to minimize the
differences between the model and the data. We have briefly
described how the frequency-domain thermal response can
be used as the input to a calculation of the in-phase and
out-of-phase lock-in amplifier signals in TDTR
experiments8,11 but we have not previously described our
method for calculating the frequency-domain response. The
purpose of this article is to describe the details of those cal-
culations and provide additional discussion of our methods
for analyzing TDTR data.

II. FREQUENCY DOMAIN SOLUTION FOR THE
SURFACE TEMPERATURE OF A SINGLE LAYER

We begin with the frequency-domain solution12 for a
semi-infinite solid that is heated at the surface by a periodic
point source of unit power at angular frequencyv

gsrd =
exps− qrd

2pLr
, s1d

q2 = siv/Dd, s2d

whereL is the thermal conductivity of the solid,D the ther-
mal diffusivity, andr the radial coordinate. This solution for
the semi-infinite solid differs from the solution for the infi-

nite solid by a factor of 2. Since the co-aligned laser beams
of a typical TDTR experiment have cylindrical symmetry,
we use Hankel transforms13,14 to simplify the convolution of
this solution with the distributions of the laser intensities.
The Hankel transform ofgsrd is

Gskd = 2pE
0

`

gsrdJ0s2pkrd r dr , s3d

Gskd =
1

Ls4p2k2 + q2d1/2. s4d

The surface is heated by a pump laser beam with a
Gaussian distribution of intensitypsrd; the 1/e2 radius of the
pump beam isw0.

psrd =
2A

pw0
2 exps− 2r2/w0

2d, s5d

whereA is the amplitude of the heat absorbed by the sample
at frequencyv. The Hankel transform ofpsrd is

Pskd = A exps− p2k2w0
2/2d. s6d

The distribution of temperature oscillations at the surface
usrd is the inverse transform of the product ofGskd andPskd

usrd = 2pE
0

`

PskdGskdJ0s2pkrd k dk. s7d

The surface temperatures are measured by thermoreflec-
tance, i.e., the change in the reflectivity with temperature.
This change in reflectivity is measured by changes in the
reflected intensity of a probe laser beam. The probe laser
beam also has a Gaussian distribution of intensity although
the radius may be different than the pump beam; the 1/e2

radius of the probe beam isw1. The probe beam measures a
weighted average of the temperature distributionusrd

DT =
4

w1
2E

0

`

usrdexps− 2r2/w1
2d r dr . s8d

The integral overr is the Hankel transform of a Gaussian,
leaving a single integral overk that must be evaluated nu-
merically
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DT = 2pAE
0

`

Gskdexps− p2k2sw0
2 + w1

2d/2d k dk. s9d

As expected, Eq.(9) is unchanged by an exchange of the
radii of the pump and probe beams. The upper limit of the
integral can be set to 2/sw0

2+w1
2d1/2 without a significant loss

of accuracy.
Before we generalize this solution to a layered structure,

we examine the low and high frequency limits of Eq.(9). In
our experiments, the pump and probe have the approximately
the same diameter, so we setw0=w1. In the low frequency
limit, v!D /w0

2,

DT0 =
A0

L
E

0

`

exps− p2k2w0
2d dk, s10d

=
A0

2Îpw0L
. s11d

Equation(11) is particularly useful for estimating the steady-
state temperature rise of the probed region of the sample. For
example, with A0=2 mW, Si thermal conductivity ofL
=142W m−1 K−1 andw0=8 mm, DT0=0.5 K.

In the high frequency limit,v@D /w0
2,

DT =
A

qL
E

0

`

exps− p2k2w0
2d k dk, s12d

=
A

pw0
2ÎivLC

, s13d

whereC is the heat capacity per unit volume;ÎLC is the
thermal effusivity. Equation(13) is equivalent to the solution
for one-dimensional heat flow with a uniform heat flux of
A/ spw0

2d.

III. FREQUENCY DOMAIN SOLUTION FOR THE
SURFACE TEMPERATURE OF A LAYERED
STRUCTURE

Equation(9) can be generalized to a layered geometry
using the algorithm described recently by Feldman;15 this
algorithm has also been applied in the analysis of data16 ob-
tained by the 3v method. The final result is obtained itera-
tively: we number the layers byn=1 for the layer that ter-
minates at the surface of the solid. The iteration starts with
the layer farthest from the surface; in practical applications
of this method to the analysis of TDTR data, heat cannot
reach the other side of this bottom layer at rates comparable
to the modulation frequency; therefore,B+=0 andB−=1 for
the final layer.

SB+

B−D
n

=
1

2gn
Sexps− unLnd 0

0 expsunLnd
D

3 Sgn + gn+1 gn − gn+1

gn − gn+1 gn + gn+1
DSB+

B−D
n+1

, s14d

un = s4p2k2 + qn
2d1/2, s15d

qn
2 =

iv

Dn
, s16d

gn = Lnun. s17d

Each layern is described by three parameters; the thermal
conductivityLn, thermal diffusivityDn, and thicknessLn. We
model an interface conductance by a layer with a small ther-
mal conductivity and small thickness.

For a layered structure, the only change in Eq.(9) is to
replaceGskd for the single layer[Eq. (4)] by

Gskd = SB1
+ + B1

−

B1
− − B1

+D 1

g1
. s18d

Example calculations using the combination of Eq.(9) and
Eq. (18) are shown as Fig. 1.

IV. MODELING OF DATA ACQUIRED IN TIME-DOMAIN
THERMOREFLECTANCE EXPERIMENTS

We can now use the frequency-domain thermal response,
Eqs.(9) and(18), to calculate the changes in reflectivity that
will be measured in a TDTR experiment. Because the width
of the optical pulses produced by a Ti:sapphire laser,
,0.5 ps, are much shorter than the time scales of interest in
the thermal model,t.50 ps, we can approximate the fre-
quency spectrum of the laser output as a series of delta func-
tions separated in frequency by the repetition rate of the laser
1/t. The pump beam is modulated by a 50% duty cycle at
frequencyf. This modulation reduces the magnitude of the
peaks at all multiples of 1/t and produces sharp sidebands
around each of these peaks at odd multiples off; the ampli-
tudes of the sideband at frequencyf removed from the main
peaks is a factor of 2/p times smaller than the amplitudes of
the main peaks.

Surface temperatures are measured by the changes in
reflectivity R with temperatureT, i.e., the thermoreflectance
dR/dT. The signal of interest is produced by the product of
the temperature changes and the intensity of the probe beam;
in the frequency domain this product becomes a convolution

FIG. 1. Calculated frequency response of Al/Si and Al/SiO2/Si thermal
models. In both cases, the Al film thickness is 100 nm; for Al/Si, a interface
thermal conductance ofG=200 MW m−2 K−1 is included in the model. For
Al/SiO2/Si, the thickness of the SiO2 layer is 100 nm. Solid lines show the
real part ofDT, see Eqs.(9) and(18), and the dashed lines are the imaginary
part of DT. The amplitude of the laser power absorbed by the sample isA
=1 mW.
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of the frequency spectra of the thermal response and the
probe beam. The time delayt shifts the relative phase of the
probe frequency spectrum. The lock-in amplifier picks out
the frequency components of the convolution evaluated atf
and −f

RefDRMstdg =
dR

dT
o

m=−M

M

„DTsm/t + fd

+ DTsm/t − fd…expsi2pmt/td, s19d

ImfDRMstdg = − i
dR

dT o
m=−M

M

„DTsm/t + fd

− DTsm/t − fd…expsi2pmt/td. s20d

The power absorbed by the sample from the pump beam at
frequency f, Af, is related to the average power absorbed
from the pump beamA0 by Af =2A0/p.

We plot the partial sumsDRMstd as Fig. 2 to illustrate
which frequency components ofDT contribute to the real
and imaginary parts of the reflectivity signal. The imaginary
part DRMstd converges rapidly after only a few terms. The
real part ofDRMstd converges slowly: to speed up the con-
vergence, we multiply each term by a Gaussian factor
exps−psf / fmaxd2d wherefmax is the maximum frequency that
is considered in the calculation. We find smooth and accurate
reproduction of the experimental data by choosingfmax

=10/tmin where tmin is the absolute value of the minimum
delay time that will be considered in the analysis.

Convergence of the real part ofDRMstd is also facilitated
by replacing the top 10 nm of the Al metal film at the surface
of the sample by a 1 nm layer that has ten times the true heat
capacity and ten times the true thermal conductivity of the Al
film. This mimics the adsorption of laser energy within the
thickness of the optical absorption depth without changing
the heat capacity per unit area of the Al film or the lateral
thermal diffusivity of the Al film.

In our implementation of TDTR, the arrival time of the
pump beam is advanced rather than the more typical case of
increasing the delay time of the probe beam. This procedure
introduces an additional phase shift

DRstd = DRMstdexpsi2pftd s21d

with the limit of the sum set toM =10t / t.
The dependence ofDRstd on the modulation frequencyf

is illustrated by Fig. 3 for fixed delay times oft= ±100 ps. In
principle, the optimal choice off will depend on the system
under study. In practice, we preferf <1/s8td<10 MHz
where the real part ofDRstd is minimized at negative delay
times. We have occasionally used lower values off to in-
crease the penetration depth of the thermal waves10 but a
relatively high modulation frequency is desirable for high
spatial resolution11 and to minimize the influence of uncer-
tainties in the diameter of the laser beam.

Typically, a rf lock-in amplifier incorporates a square-
wave mixer and therefore the input signal from the photode-
tector must be filtered to remove the odd harmonics off that
are present in the intensity of the reflected probe. In our
apparatus, a tunable inductor is placed in series between the
output of a reversed biasedp-i-n Si photodiode and the 50V
input of the rf lock-in amplifier.17 The inductance and the
modulation frequencyf are adjusted to maximize the re-
sponse atf; the quality factor of the resonant circuit isQ
<10. The rms voltage measured by the lock-in amplifier at
the modulation frequencyf, Vfstd, is related to the changes in
reflectivity by

Vfstd
V0

=
Q
Î2

DRstd
R

, s22d

whereV0 is the average voltage output of the detector andR
is the reflectivity of the sample. The real and imaginary parts
of Vfstd are given by the in-phase and out-of-phase signals of
the lock-in amplifier, respectively. We use the fact that the
imaginary part ofVfstd is constant as the delay time crosses
t=0 to correct for small errors in the phase« of the reference
channel of the lock-in amplifier by multiplyingVfstd by a
small phase factor of the forms1−i«d.

FIG. 2. Partial sums of the series used to calculate the reflectivity changes,
see Eq.(19); dR/dT is the thermoreflectance of the surface. The solid lines
are the real part ofDRMstd evaluated for two delay timest=100 andt=
−100 ps; the dashed line is the imaginary part ofDRMstd and is independent
of t for short delay times. The terms in the sum for the real part ofDRMstd
have been multiplied by a Gaussian factor of the form exps−psf / fmaxd2d
with fmax=100 GHz to improve the convergence of the sum. The thermal
model is for Al/SiO2/Si as described in the caption to Fig. 1.

FIG. 3. Calculated dependence of the reflectivity changes at fixed delay
times of 100 and −100 ps on modulation frequencyf; dR/dT is the ther-
moreflectance of the surface. The imaginary part of the response(dashed
line) is essentially constant for these two times. The thermal model is for
Al/SiO2/Si as described in the caption to Fig. 1
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We compare an example of a full calculation ofVfstd /V0

to measured data in Fig. 4. The unknown layer parameters
in the fit—the thickness of the TiN layers56 nmd and the
thermal conductance of the TiN/MgO interface
s650 MW m−2 K−1d—were measured in a fit to the ratio
Vin /Vout as described in Ref. 8. The thermoreflectance was
also adjusted to improve the fit shown in Fig. 4; we find
dR/dT=1.8310−4 K−1. This value for dR/dT is in good
agreement with measurements by ellipsometry, 1.6
310−4 K−1.

The deviation of the data from the fits at large delay
times, t.2 ns is caused by the changes in the radius of the
pump beamw0 with changes in the length of the optical path
of the pump beam; i.e., the model calculation assumes that
w0 is constant but in realityw0 varies with delay timet. We

have previously discussed how our approach of analyzing
the ratioVin /Vout minimizes these errors;6,8 the optical design
of Capinski and Maris3 provides another method for improv-
ing the accuracy of TDTR measurements at large delay
times.
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