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Abstract Let a # 0 be any given real number. If the variables z1, 2, -,z satisfy
T1x2 - Tn = 1, the equation

1 4 1 o, 1

—a + —a 4.4+ —a"™ =na

T1 T2 Tn
has one and only one nonnegative real number solution 1 = 2 = --- = z, = 1. This
generalized the problem of Smarandache in book [1].
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§1. Introduction

Let @ denotes the set of all rational numbers, @ € @ \ {—1,0,1}. In problem 50 of book

[1], Professor F. Smarandache asked us to solve the equation

1
za¥ + —ad* = 2a. (1)
x
Professor Zhang [2] has proved that the equation has one and only one real number solution

2 = 1. In this paper, we generalize the equation (1) to
1 1 1

—a"™ + —a"™ 4+ —a"" = na, (2)

T T2 In

and use the elementary method and analysis method to prove the following conclusion:

Theorem. For any given real number a # 0, if the variables x1,xs, -+ , T, Ssatisfy
T1xo - T, = 1, then the equation
1 1 1
—a" + —a*? + .-+ —a" =na
x1 T2 Tn
has one and only one nonnegative real number solution r1 = x9 =+ =z, = 1.

§2. Proof of the theorem

In this section, we discuss it in two cases a > 0 and a < 0.
1) For the case a > 0, we let

1 1
f(:IZl,ZL'Q, cee ,xn_l,:cn) = —a™ 4+ —a" 4+ -+ a® ' + —a"r — na,
T T2 Tn—1 Ty
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If we take z,, as the function of the variables x,zs, - ,Z,_1, we have

1 x1 1 T2 Tn—1 1’1w2“1‘r 1
flzr, 20, X1, @n) = —a™ + —a™ 4+ - + a®t X1 Tp_1Q n—1 —ngq.
T L2 Tn—1

Then the partial differential of f for every z; (i =1,2,---,n—1)is

0 1 1 1 —
f = —ag" (loga — > + —a™1m2 -1 (pyxg - - 1 — loga)
ox; xT; ; T

1 , 1 1
= — (aml <loga— ) +a® ( —loga>) .
€T; X In

1 1
g(x1,22, + Tp_1,Zpn) = a™* (loga — ) +a® ( - loga) , (3)

T LTn

Let

the partial differential quotient of g is

1 1 En
8.9 = g% <10g2a _ oga T a (zi 10g2a — Tn loga + 1))

2
ox; T; TP Ty

o z;lo a—1 2+§ + ar zp lo a—1 2—!—§ >0
2\ o) Ty ) T, \\R Ty ) Ty o

It’s easy to prove that the function u(z) = a*(loga — %) is increasing for the variable x when

x > 0. From (3) we have:

i) if ¢; > xp, g > 0, aaTi > 0, and f is increasing for the variable x;;

i) if @; < xp, g <0, % < 0, and f is decreasing for the variable z;;
of

iil) if ; = x,, g =0, 5a- =0, and we get the minimum value of f.

We have

f Z f:m:mn Z fm1::m:mn 2 2 f11:m2:"':frn 2 fI1:m2:"':frn:1 = O,

and we prove that the equation (2) has only one integer solution 1 =z =--- =z, = 1.

2) For the case a < 0, the equation (2) can be written as

1 1 1
— (=) |a]** + —(=1)*2|a|** +--- + —(=1)*|a|™ = —nla 4
(=)™ a" + —(=1)7a —(=1)""|af" = —nlal @)
so we know that x; (i =1,2,---,n) is not an irrational number.
Let x; = % (¢; is coprime to p;), then p; must be an odd number because negative number
has no real square root. From xi2zs---x, = 1, we have p1ps - pn = q1q2 - qn, 80 q; is odd
number and (—1)* = —1 (¢ = 1,2, -+ ,n). In this case, the equation (4) become the following

equation:
1 1 1
—lal" + —al"* +--+ —a|" = nlal.
I T2 In

From the conclusion of case 1) we know that the theorem is also holds. This completes the

proof of the theorem.
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