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CHAPTER 2

2-1 We use De Morgan's law:
(a) A+B+ A+B = AB + AB = A(B+3B) = A
(b) (A+B)(AB) = (A+B)(A+B) = AB + BA
because AA = (¢} BB = (g} |

2-2 If A={2<x<5} B={3<x<6} S ={-=<x<=} then
A+B = {2<x<6} AB = {3<x<5}
(A+B)(AB) = {2<x <6} [{x<3} + {x>5}]
= {2<x<3} + {5<x<6}

2-3 If AB = {#} then ACB hence

P(A) <P(B)
2-4 (a) P(A) = P(AB) + P(AB) P(B) = P(AB) + P(AB)
If, therefore, P(A) =P(B) = P(AB) ' then
P(AB) = 0 P(AB) = 0 hence

P(AB +AB) = P(AB) + P(AB) = 0
(b) If P(A) = P(B) =1 then 1 = P(A)<P(A+B) hence
1 =P(A+B) = P(A) + P(B) - P(AB) = 2 - P(AB)
This vields P(AB) = 1

2-5 From (2-13) it follows that

P(A+B+C) = P(A) + P(B+C) - P[A(B+C)]
P(B+C) = P(B) + P(C) - P(BC)
P[A(B+C)] = P(AB) + P(AC) - P(ABC)

because ABAC = ABC, Combining, we obtain the desired result,
Using induction, we can show similarly that

P(A1+A2+ ---+An) = P(Al) + P(A2)+ ...+P(An)

- P(AjA) - o= P(A__JA)

+ P(A1A2A3)-+...-+P(An_2An)
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2-6  Any subset of S contains a countable number of elements, hence, it

can be written as a countable union of elementary events. It is

therefore an event,

2-7 Forming all unions, intersections, and complements of the sets {1}

and {2,3}, we obtain the following sets:
(e}, {1}, {4}, (2,3}, {1,4}, {1,2,3}, {2,3,4}, {1,2,3,4}

2-8 If ACB,P(A) = 1/4, and P(B) = 1/3, then

_P(AB) _ P(A) _1/4 _3
PAIB = 55y = 56 T 1/3 " 4
- P(AB) _ P(A) _
P(B[a) = P(A) - P(a) - L
2-9 P(alBO)P(B|C) = iﬁﬁﬁgﬁ zaﬁgg
P (ABC)
=30 P(AB|C)
P(A|BC)P(B|C)P(C) = LXABQ) P(BO) 5,

P(BC) P(C)
= P(ABC)

2-10 We use induction, The formula is true for n=2 because

P(A1A2) = P(AZIAl)P(Al)’ Suppose that it is true for n. Since

P(A

n+lAn ...Al) = P(A

n+1lAn ".AZAl)P(Al ."An)

we conclude that it must be true forn+1.

2-11 First solution. The total number of m element subsets equals (;) (see

Probl, 2-26). The total number of m element subsets containing Co equals

n, /,n-1 m
P =(m)/(rn--l) Y

Second solution. Clearly, P{co|Am} = m/n is the probability that %o
is in a specific Am. Hence (total probability)

n-1
(m-l)' Hence

m m
p=] P laltea)=2TrP@a) =5

where the summation is over all sets Am.




2-12  (a) Pl6:t<8) ==

P{6st <8} _

(b) P{6<t<8[t>5}= PTE5 5

2
5

2-13 From (2-27) it follows that

e+t
Ple, ctce +efe>e ) = J a(t)dt/f a(t)dt

t t
o 1]
1
Plece )= f a(t)dt
0
Equating the two sides and setting t1=t0+ At we obtain

a(to)/J a(t)dt = a(0)

t
o
for every to. Hence,
® z ~a(0)t
- in J a(t)dt = a(O)t° I a(t)dt = e
t t
o o

Differentiating the setting ¢ =a(0), we conclude that
-ct

¢ Pl<t;} =1-e 1

c
u(to) ce

2-14 If A and B are independent, then P(AB) =P(A)P(B). If they are
mutually exclusive, then P(AB) = 0, Hence, A and B are mutually
exclusive and independent iff P(A)P(B) = O,




1 = AlA2 + A1A2 hence

P(Al) = P(AlAZ) + P(AlA

2-15 Clearly, A

5)

If the events A1 and KZ are independent, then
P(AlAZ) = P(Al) - P(AlAZ) = P(Al) - P(Al)P(AZ)

= P(A)DI[L-P(A,)] = P(A)P(R,)

hence, the events A, and A, are independent, Furthermore, S is

1 2
independent with any A because SA = A. This yields

P(SA) = P(A) = P(S)P(A)

Hence, the theorem is true for n=2, To prove it in general we use

induction: Suppose that An+ is independent of A

1 1,..0,
An+1 and An+l are independent of Bl""'Bn' Therefore
P(Bl "'BnAn+l) = P(Bl "‘Bn)P(An+l)
P(By == BA L)) = P(By oo BOP(A )

A . Clearly,
n

2.16 The desired probabilities are given by (a)
m—1
k—1
n
k

1)
Y

(b)




2.17 Let Ay, Ay and Aj represent the events

Ay = “ball numbered less than or equal to m is drawn”
As = “ball numbered m is drawn”
Az = “ball numbered greater than m is drawn”

P(Ay occurs ny =k —1, Ay occurs ng = 1 and As occurs ng = 0)
(m+np+ng)! o,

- 1yl nal ng! P P2"p5]

T (& k!1) (:L)kﬁl (”:Z)
G

2.18 All cars are equally likely so that the first car is selected with
probability p = 1/3. This gives the desired probability to be

(3) () (5) o0

2.19 P{“drawing a white ball "} = 1
P(“atleat one white ball in k trm 5’

b

)

= 1— P(“all black balls in k trials")

- m-+n
k

2.20 Let D = 2r represent the penny diameter. So long as the center
of the penny is at a distance of r away from any side of the square,
the penny will be entirely inside the square. This gives the desired
probability to be

a2ty



2.21 Refer to Example 3.14.
(a) Using (3.39), we get

P(“all one — digit numbers”) =

(b)

(5)

P(“two one—digit and four two—digit numbers") =

2-22 The number of equations of the form P(AiAk) = P(Ai)P(Ak) equals (;).
The number of equations involving r sets equals (g). Hence the total

number N of such equations equals
n n n
N = (2)+(3) +---+(n)
And since
G+ @4+ () = @A+HT=2"
0 n
we conclude that

N=2" - (3)-(‘1‘)=2“-1-n

2-23 We denote by Bl and B2 respectively the balls in boxes 1 and 2 and

by R the set of red balls, We have (assumption)
P(B,) =P(B,) =0.5 P(RlBl)=0.999 P(R|B,) =0.001
Hence (Bayes' theorem)

P(R|B))P(B,) o 0.999
P(R[B,)P(B)) +P(R[B,)P(B,) = 0.999 +0.001

p(nlln) = = 0.999




2-24 We denote by Bl and B2 respectively the ball in boxes 1 and 2 and by

D all pairs of defective parts. We have (assumption)
P(Bl) = P(Bz) = 0.5

To find P(D‘Bl) we proceed as in Example 2-10:

First solution. In box B1 there are 1000 x 999 pairs. The number of

pairs with both elements defective equals 100 x99, Hence,.

100 x 99
1000 x 999
Second solution. The probability that the first bulb selected from
B, is defective equals 100/1000. The probability that the second is

1
defective assuming the first was effective equals 99/999. Hence,

P(p|B)) =

100 _ 99
P(D[B)) = 1550 * 999
We similarly find
~ 100 _ 99
P(D|B,) = 3550 X 1999

(a) P(D) = P(D|B,)P(B,;) + P(D|B,)P(B,) = 0.0062

P(DIBl)P(Bl) )

(b) P(BliD) = 50 = 0.80

Reasoning as in Example 2-13, we conclude that the probability that the

bus and the train meet equals

2 2
10 b4
(10+x)60-———-~2 -5

Equating with 0.5, we find x =60 - 10v11.

We wish to show that the number Nn(k) of the element subsets of S
equals n(n—l) see (.n -k+ 1)
1+2+... k

This is true for k=1 because the number of l-element subsets equals n,

N (k) =

Using induction in k, we shall show that

n-k
k+1

We attach to each k-element subset of S one of the remaining n -k elements

Nﬂ(k+1) = Nn(k) l<k<n (i)
of S. We, then, form Nn(k) (n-k) k+ l-element subsets, However, these

subsets are not all different. They form groups each of which has k+1
identical elements. We must, therefore, divide by k+1.

7



2-27 In this experiment we have 8 outcomes. Each outcome is a selection of a particular coin
and a specific sequence of heads or tails; for example fhh is the outcome "we‘selected the
fair coin and we observed hh". The event F = (the selected coin is fair} consists of the
four outcomes fhh, fht, fth and fhh. Its complement F is the selection of the two-

headead coin. The event HH = {heads at both tosses} consists of two outcomes. Clearly,

P(F) = P(F) = :

T P(HH|F) = 1

| -

P(HH|F) =

Our problem is to find P(FIHH). From (2-41) and (2-43) it follows that

P(HH) = P(HH|F)P(F) + P(HH|F)P(F) = —2-
P(HHF)P(F)  1/4x1/2 |
PUFHH) = —5my = 58~ 5



CHAPTER 3

3.1 (a) P(A occurs atleast twice in n trials)
= 1— P(A never occurs in n trials) — P(A occurs once in n trials)

= 1-(1-p)"—np(l—-p)*!

(b) P(A occurs atleast thrice in n trials)
= 1— P(A never occurs in n trials) — P(A occurs once in n trials)

—P(A occurs twice in n trials)
= 1= (1—p) —np(1—py = 2B (1 gyt

3.2

P(doublesiz) = = X

D] =
D] =
w
(=]

P(“double six atleast three times in n trials”)

= 1-(%) (&) &) - D) &) &) - @) &) &@"

33 1If A = {seven}, then
6 = .5
PM) - 3¢ P® =3

1f the dice are tossed 10 times, then the probability that A will occur
10 times equals (5/6)10. Hence, the probability p that {seven} will show

at least once equals

1 - (5/6)1°



34 1f k is the number of heads, then

P{even} = P{k = 0} + P{k = 2} + °-°
2 n-2 n) 4 n-4

=qn+(';)pq + (a0
But
1= (q+ q)n - qn o, (t]l.)p qn—l_'_(rzx)qun--Z PR
(- @% =" - Mp e Gt @™ -

Adding, we obtain

1+ (p - q" = 2 Pleven}

3-5 In this experiment, the total number of outcomes is the number ( :) of ways of picking
n out of N objects. The number of ways of picking k out of the K good components
equals ( f) and the number of ways of picking n-k out of the N-K defective
components equals ( :_'f ). Hence, the number of ways of picking k good components

) K. A N-K : :
and n-k deafective components equals ( ) ( ,.x ). From this and (2-25) it follows that

p=()(a) /(M)

- - o - - ——— o~ - ——— —— - o = = =~ - - ———

3.6 (a) i
pr=1— (5> — 0.665
(b)
-(3) - (Y) G) (B) -oow
(c)

O () G0 () @ Q) -0

10



3.7 (a) Let n represent the number of wins required in 50 games so that
the net gain or loss does not exceed $1. This gives the net gain to be

50 — n
—1<n——4—<1
16 <n<17.3
n=17

17 33
P(net gain does not exceed $1) = (?(7)) (Zli) (%) = 0.432
P(net gain or loss exceeds $1) =1 —0.432 = 0.568

(b) Let n represent the number of wins required so that the net gain
or loss does not exceed $5. This gives

(50 — n)
—5<n——2—<5
13.3<n <20

1 n 50—n
P(net gain does not exceed $5) = anz 14 <5nO> (211) (%) = 0.349
P(net gain or loss exceeds $5) =1 — 0.349 = 0.651

11



3.8 Define the events

A= r successes in n Bernoulli trials”

B="“success at the i"* Bernoulli trial”

C'=“r—1 successes in the remaining n — 1 Bernoulli trials excluding
the 3t* trial”

We need

B P(AB) B P(BC) B P(B) P(C) P
PEN="2@ = P@ ~ P@

3.9 There are (%) ways of selecting 13 cards out of 52 cards. The

number of ways to select 13 cards of any suit (out of 13 cards) equals

G%) = 1. Four such (mutually exclusive) suits give the total number

of favorable outcomes to be 4. Thus the desired probability is given by

4
-  =6.3x107"

(3
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5-10 (a) If y>0 and (x-1)U(x-1) =y, then {zfy}={1~c_<_y+l}.
If y<0, then {y<y} = {§}
P00 =E L+ = (1-e20 D uy)

£, = (- e 2ys(y) +2e72 0 Dy

(b) If y>0 and y=x2, then {y<y} = {—/)7::55_/;}

F () =F, (/) - F (-y) = -2

X
1 _-27y,
f (y)=-—=e U(y)
y A Y
= dy .1 _
5-11 If y=arctanx, then == 5

l14+x

2
+
£,y = (1 +xD)E (tany) =222 .1

=<y<=
1\'(1+x2) " 2
5-12 (a) If y=*=x3 then x=9'; for any y
£ (y) = —2_ fx(}?) -1
y vy 12113'y2

for |y]| <81T3and zero otherwise

N
(b) 1If ysxa and y >0, then xl=?; xl--/):

Wiy 8'm"y5

- 1 v -V =L
O = = [fx</§)+fx( 6)]

for O0<y«< Il;'ﬂ’qand zero otherwise

(¢) If y=2sin (3x+40°) and |y| <2 then x=x, as shown.

[ AN W
dx 6/I -y2/4
In the interval (- 27, 27m) there are 12 x.'s. Hence
1 2
f () s ) f(x) =12 =)
¥ 3v/¢&--yz i * 1 12'tn‘lt-y2 m’lo-yz

for |y| <2 and zero otherwise.

29



5-13

|
gk A
\ |
]
1
F 5 (9) " .
! 3 )
Y )
l — / -
L} .
'y A N
° 2 A -~
¥ 4 -1 0 x 1
As in (5-43) Fy[g(x)] = F_(x)
1+x_ ., _ =2 - - _1 1 ~x
3 l-e y = g(x) 7 W =5
for |x| < 1. For x < -1, g(x) = 0; for x > 1, g(x) = =,
5-14 (a) g(x) = 2F (x) + 4 g'(x) = 2f_(x)
If 4 <y <6 then y = 2Fx(x) + 4 has a unique solution Xy and
A
f(y),,__f_’_‘_(f_l_)=l L.‘fg(‘i)
y 2fx(x1) 2 5
(b) Similarly g(x) = 2Fx(x) + 8
0 ¢ 6y
5-15 (a) The RV x takes the values k = 0,1,...,10 and
10 1
Px=k=pk'(k);ﬁ- 0 <k <10
Fx(x) is a staircase function with discontinuities at the points
x = k and jumps equal to Py -
(b) The RY y= (x - 3) takes the values y = kz for k = 0,1,...,7 and
probabilities P{y = K2 } = 9y ¢
k = 0 1 2 3 4 5 6 7
G = | P3| Py, | Pyt | BytPg | P, | Py | Py | Py

30



.16

X ~ Beta(a, ) gives
1

— a—1 A1
fx(z) B(a,,@)m 1-2z)7, O0<z<l.
d
Y=1-X = m=1-y, |-€-l%|=1
1 81 a—1
1 BEa ¥ -9, 0<y<l
= Fr(y) = 5 fx(1-9) = Bif,e
e 0, otherwise.
This gives
Y ~ Beta(S, ).
5.17
X ~x*(n) =
_ 1 n/2—1 —x/2
@)= ™ ¢ V@)
y=vz = z=y
dy _ 1
dr 2y
Thus -
Fr®) = 20fx(P) = comae—ar € VP U()

221 D(n/2)
and it represents the chi-distribution.

5.18
X ~U(0,1)
Y =—2logX = 1z;=¢Y?
dy 2 u/2
dr  z= 2
fr(y) = —dj@— fx(z1) = Lev2U(y)
dz
~ Exponential(2) = x?(2)
5.19

Ix(z) = de ™™ u(z)
Y=XY8 = g,=9°

Ay, _ 1 a1 1
I3 = gt T~ gY
1
fr(v) = —g— fx(@) = ABY*~ e U ()
| %

and it represents Weibull distribution

31



5-20

For !y] < a the equation y = a sinwt has infinitely many solutions Ty

in each interval of length ZIA: there are two such solutions. Furthermore,

y' ()2 wal-y?
= -l— 5 -4 l - 2—" D e
Ti w sin a Ti+2 Ti w wrhe 0

Hence,
(-]

1

T,) =%
W /gty

If y > 0 then
F(ylx20) = F (Flx20 +F(-/4|x20 =F(5x20

P{0 < x < vy} Fx(¢§) - F (O

F O5]x 2 0) = S5 SO T TICE®

£ (¥y)
f(ylx30)=§-F(/y—lx_>_0)= X
7 vy 2/711-F, (0)]

(a) ny =an +b ci = E{{a x+b- (a n, + b)}z}

2
02 = E{a(x - n )2} = azc2
y v X p 3

g

® y=%

0,2
E{ly} =0 “=-Lai
< 2
x o
X

If x has a Rayleigh density, then [see (5-76)]
E{x’} = 202 E{x"} = 8

Ify=b + cgz, then

‘Ely} = b + 20%¢ Ely’) = b? +h<’be + gatc?
~ ~

a§ = Ely?} - £y} = 4a’c?

32



5-24 y = g2 E(x’) = o> = &

E{y} = 12 E(yz} = 9 X 48 = 432
If y > 0 then 3x2 =y for x = j-_v’y73 y' = 6x

1 -y/24
vy X

E{x'} = 30, = 48

c§ = 432 - 144 = 288

5.25

X~ B(n,p) = P(X=k)= ()ﬁ@“ﬁ k=0,1,2,---n

a)
E(X) =Y kP(X=k=Y"_k WRL’—T%—)T g
—1)! -1 n—
= L= B
=np(p+q)" ! =np.
b)
BIX(X -] = k=) gl
= n(n — 1)p? Zk TE g) (2)' k) pr2 gnF
=n(n—1)p* (p+ 9"
= n(n — 1)p?
c)

BIX(X = 1)(X =2)] =3 Kk = 1)k~ 2) gy e

=n(n—1)(n—-2)p*Y (n—3)!

k3 n—k

=3 (k=3 (n— k)P
=n(n—1)(n—2)p* (p+q)"°
=n(n—1)(n-2)p®

E(X*) = E(X(X — 1))+ E(X) = n*p* + npq
E(X?) =E(X(X -1)(X —2))+3E(X?) - 2E(X)
= n(n —1)(n — 2) p* + 3(n’p* + npq) — 2np
= n’p® + 3n’p’q + npq(q — p).

33
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5.26

k

X~PQ) = mxzkyqﬁ%, k=012,

a)
E(X)=), Var(X)=o0%=A

From Chebyshev’s inequality (5-88)

o? 1
P(X — 1l =1-—=
(J X = pf < A) > 32 3

But
X —pl< A= X=-Al<A = 0<X<2X

which gives
P(O<X<2)\)>1—1—)\—1
AN

5-27 Follows from (4-74)

o «

E{x} = [ xf (x)dx = j x ) f(xiAi)P(Ai)dx
X R

because Elx|a,} = J xf(xIAi)dx

§-28 From (5~89) with a = Mo

plx> /My <n/fm=h

34



5-29 From (5-86) with g(x) = x3 g'(x) = 6x:

2

E(x*} = n° + 6n § = 1120

3 3
5-30 (a) If y= X3$ then x = v’);' g' (x) = 3x2 - 3Jy2
3
But fx(x) = 0.5 for 10 < x < 12, i.e., for 10” <y < 12

and (5-16)yields

fy(y) e 107 <y < 123

0.5
3
e

and zero otherwise.

() 1. 12
E{x°} = 0.5 J xdx = 1342
10
2. With g(x) = x3 E{x} = 11 ci = 1/3, (5-86) yields

1
E(x%) = 113 + 6 x 11 x — = 1342

5-31 With g(x)=1/x, g"(x)=2/x3, n=100, and az3,‘(5—55) yields

1 19 2
E {-{} = S5 * 5 X ag = 0.010009

-t - " - > T - . " > U P N W -~

- - >

35



(a)

(b)

3|x-a| {. 1 x<a

%a 1 X > a
Q%ﬁél =E 3|§aal =1P{x <a}-1P{x> a}
=2 F(a) -1
a a
I(a) = I(m) + J I'(a)da = I(m) + j[z F(a) - 1]lda
m m
a
= E{|x -~ m|} - 2 J x f(x)dx
m
because
a -
IF(a)da = a F(a) ~m F(m)-)[xf(x)dx
m ~m
a
Fm) = 3 Jf(x)dx = F(a) - F(m)
m

I(a) = E{|x - a|} is minimum if

I'(a) = 2F(a) -1 =0 i.e. if F(a) = % a=m

® 0
CE{|x|} = fo(x)dx - Ixf(x)dx
0

- OO

© 0
n = E{x} = jxf(x)dx + fo(x)dx
0

—-a0

-] -]

2,.2
xf(x)dx = Jx e-(x-") /20 dx
0

2 o7

E{|§|+n} j
0

36

If I(a) = E{|x-a|} then



5-34

5-35

° 2,942 " g2t o -n’/2c
f(x-i-n)e-(x-n) /20" 45 w —2 jy ey /20 dy = — e
5 ov2r VZr

2
1

Q
N
21

a 2,,2
1 Ie-(x-n) 120° 4, ol

02110

Multiplying the last line by n and subtracting from the fourth line, we
obtain

2,,.2
E”’z‘!"'ﬂ}-"}—_—-e"n /20 +G(3_)
2

The proof is givenin sec 14-3: [see (14-100)].

(a) Follows from (5-89) (b) e > e* 1ff x> A for s > 0 and

x < A for s < 0.

5.36 See proof for Lyapunov inequality (Ch.5, Eq.(5-92).)

37
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5-37 (a) If ¢(uw) = e then [see (5-102)1]

@ o0

£(x) = 2_];; I e-u!tul eijdwz-'.{wswe'u‘“dm . -
-0 ':) m(a +x

(b) If f(x) = % e-a|x| , then [see (5~94)]
d(w) = % J e-a|x|e_ijdx = g J e ** coswxdx =
-00 0

2
a
a2+w2

5.38 a) On comparing Eq.(4-34) with Eq.(5-106), Example 5-29, we get
X~Ga,p) = o¢xw)=01~-j0w)™
x (W) = —a(l — jfw)" ) (—jh)

so that 1
B(X) = = ¢x(0) = ab.
Similarly .
¢x (W) = jabla+1) (1 - jBw)*? (jB)
and hence 1
E(X?) = 7 $x(0) = af® (a +1).
Thus
Var(X) = E(X?) - (E(X))* = of".
b)

X~xin) = «

I
SIE
w
I
bO

in Gamma(a, ). This gives

dx(w) = (1 —j2w)"?

E(X) =n
Var(X) =2n.
c)
X ~ B(n,p).

From Prob 5-25 (a)-(b)
EX) =mnp
Var(X) = FE(X(X —1))+ E(X) = npq.

ox(@) =3 & PX =k)
=Y o(k) ) gt = (pe + g
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d)
X ~ N Binomial (r,p).

From (4-64)
ox(w) =D ™ P(X =k)
=3 (TR ey
=1 Yy (W) (ae™)F
=p" (1 —qe™)™".

5-39 [‘(z) - P qkzk -2 q=1-p
k=0 1= qz
I"(z)——ﬂ-—z r'(l)._l’_‘l_z_.P.snx
(1-q2z) (1-q) 1
2 pq’ 2¢2
r'(z) = -—-15115 r"(1l) = “%F =m, -m
(1-q2) P
2 - - 2 = 2 ﬁ-’. - - i
[o} mz ml 2 ml ml 2
P P
5-40

rz) = o I (X * = pt1-e) ™
k=0

(binomial expansion with negative exponent)

n

1 - __.-n_B.L t = B =
r'‘(z) (1—qz)n+l r'(u) ° n,
n 2 2
I"(z) = n(n+1)n+2 gz (1) = n(n+;.29 =m, -
(1-q2) p

2 " -
oL ") +m m

39



5.41 We have

k-1

P(X=k)= (T—l)pqu—r’ k=rr+1,---

Let k = n + v so that

PX=n+r) = (n:i—l—l)pfqng n=012--

= %%gﬂp" (1-p)
1= D=2

B (1) (o 272) - o R
=27 (I, (127 8) b (-2)

where A = r(1 — p). Thus

?};%P(in—}-r)z% {}_1{& H (1+n;k)}lim (1—2\—)

k=1 P00 T

n

A"
- e A~ P(N).
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g"
5.47 E{e°%} = %7 E{es("‘-n)} = " E; ] 2 a7 (x-n) f
n=0

5-43 1f ¢>(wl) = 0, then [see also (9-176]

@

Jw.x
[ (1-e 1 YE(x)dx = 0, hence, f(x) Z Paé(x - ?ir-r-l- )

-0 n=00

5-44 (a) Ifn=0,t‘nenmn=un A, =n=20

1
o(s) = Z—’%“ w(s)--z

n=0 % n=2 1

Maa M3 3 M4 4 ‘2 2 23 3 Ao
1+ —2-:— *t3r s +4—.,-s+ = exp{57 S +3—!-s +Z—:-s+

Expanding the exponential and equating powers of s, we obtain

1 2

4 2
=artar Gn

L]
>
s»Hl =
RO '

(b) I1f y is N(O;o;) then

. Y2 2 2
‘l’y(s)=-—2—s ,» hence, An-o for n<3
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5-45 Ply = 0} = P{x < 1} = P,t Py

Ply=k} =P{x=k+1} =p, .,

v K -1
ry(z) =p,*p Zl Pyp 2 =P+ 2 [Fx(z) pO]

k
n = X k p = Z rp_- Z p =n -1l+0p
A N R T - °

n Jugx|2 n n J(wgws)x
5-46 0<Eff ] a e 1 =e{ 7 zaia;e 3
1=1 1=1 j=1
Il
= a,a, d(w, - w,)
i=1 j=1 +J 3

5-47 From the assumptions it follows that

g'(-x) = -g'(x) g'(x) >0 f(x-n) = f(n-x)
Hence, if I(a) = E{g(x-a)}, then

1(a) = - J g' (x-a)f(x)dx I'(n) =0

-=00

I"(a) = J g"(x-a)f(x)dx 20 all a

-0

Hence, I(a) is minimum for a = n.
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1 e-x2/2v

2nv

2 2
m_a_f_ - -1 +X /v e—x /2v

v 2v v
22¢ _ -1+ x/. e-x2/2v
/z;axz v /v
Hence gi _ l_éfi .
(see also (6-198) - (6-199)) | OV 2 5,2

(a) Integrating by parts, using (1) and assuming that g(k)(x)f(x) + 0
as |x| + =, k=0, 1, 2, we obtain

] o -]

2 2
" = d—-g. = -a—i = -—ai
E{g"(x)} J 3 fdx J g—5dx=2|¢g 5= dx
— dx 9xX

-00

-]

d d
=2d—ngfdx=2d—\’-E{g(§)]

(b) The moments un(u) = E{xn} of x depend on the variance v of x and (1)
yields

W) = ™ - 7 En@-1x""?) = nel) Ma-2 ()

Furthermore, un(O) = 0 because, if v = 0, then x = 0.

Hence v

u () = 2oL I g (B)d8
0
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5-49 The function

I'(ejw) - E{ejxu}- )) Py L
k=0

is periodic with period 27 and Fourier series coefficients P = E{x = k} .

5.50 The event {X = 1} is given by the disjoint union “T'H U HT".
Similarly, the event “X = k" is given by the union of the disjoint events
(k “T”s followed by “H” or k “H”s followed by “T™)

“Ir---TTH"U“HH---HHT", k=1,2,---

Thus
P(X=Fk) =P(“IT---TH'"U“HH---HT")
=P(TT---TH)+ P(HH---HT) = ¢*p +pq, k=1,2, -

Also

E(X) =" kP(X =k)
= 2okt 30 kb= pg {307 ke 30T k)
o d ON k. O N k| a (_4q a9 (_p
—pq{aqzk:ﬂ + dp j=1P } _pq{(?q <1—q) + dp (1 —p)}

—pgd L LU P g
~m{ﬁ+f}—q+p
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5.51 (a) When samples are drawn with replacement, probability of each
item being defective is given by

M
p= < 1 (constant)

and

N-M
g=1—-p= i <1

represents the constant probability that the chosen item is not defective.
In that case (with replacement), there are (Z’) possible ways of arranging
k defective items among n chosen items, and each such arrangement
has probability p*q™*. This gives

P(X =k) = (Z)pkq""k, k=0,1,2,---n
which represents the Binomial distribution.

(b) If the samples are drawn without replacement, there are (A,:I ) possi-
ble ways of choosing k defective item from a total of M defective items,
and (1:’1 :];f ) possible ways of choosing n—k “good” items from (N — M)
“good” items independently. This gives

ey

to be the total number of ways of selecting k defective items and n—k
“good” items from a subsample of M and N — M items respectively
(favorable ways). But there are a total of (2’ ) ways of selecting n items
among N items. This gives

M\ (N-M
P(X =k)= _________(k)((NYS-’»)
since0<k<Mandn—k<N-Mn—-k>0,ie. 0<k< MEk<
nk>n+M—N.
(c) From (b)
M! (N — M)! nl(N —n)!
K M-k (n—k)(N—-M-n+k)! N!

P(X =k) =

k

= (1) G0 20 = (F)ra-mrt k=0nam

since N — 0o, M — oo such that M/N — p, and n < N. Thus
P(X = k) — Binomial(n,p = M/N)
under the above conditions.

45

(P\MM -1 (M—k+1) (N-M)(N—-M—-1)---(N=M—-n+k+1) (I
NN-1) - (N—k+1) N-RWN—-k—-1)- (N—-n+1)
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5.52 (a) Refer to discussions in problem 5.51 (a) if sampleing is done
with replacement, then
n

n-+m

p:

represents the probability of selecting a white marble on any trial. The
event “X = k” is given by “r — 1 white mables among the first k — 1
trials” followed by “a white marble at the k** trial”. But from problem
5.51 (a), the event r — 1 white mables among the first £ — 1 trials has
a binomial distribution whose probability is given by (T 1) p g,
Thus

k—1 =1\, 4. |
.HX:k%=( 1}fﬁk% (W_pr , k=rr4l,-

which represents the Negative-binomial distribution

(b) If sampling is done with replacement, then the favarable ways of
choosing the white balls are given by:

(1) (:fj) ways of selecting r — 1 white balls among the first k& — 1
trials/balls.

(ii) One ways of selecting (the r**) white ball at the & trial

(iii) (m;':;k) ways of selecting the remaining n — r white balls among
the remaining m 4 n — k balls.

This gives (k i) 1- q;";k) to be the total number of favorable ways
of selecting the white balls. Since there are n+m balls there are a total

of (”“””) ways of selecting n white balls. This gives

X =) = (k - 1) ()

(c) From (b)

(k-1 (m+n-—k)! nlm!
P(X‘k)‘( )(n——'r)‘(m k+ ) (mt )l

- - ! k)! N
(mgﬁn) (m:{n{—l) o (m+n7~——*7:}t~l) ((m+TZ£nj";;871—k+r)!,

)

103 k) (=) Grta=t) - (k)
)
)

¢, k=rr+l,, g=1-p

~NB(r,p=n/(n+m)).
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CHAPTER 6

6.1 (a) Define
Z=X+Y

Note that both X and Y positive random variables hence
(use Eq. (6-45))
fz(2) = /o Ixy(z —y,y)dy = /o e~ (==v+v) gy
=ze*U(2).

(b)
Z=X-Y

Z ranges over the entire real axis for the random variables X and Y
(see Eq. (6-55))
oo pzty
/ / fxy(zy)dedy, z>0
0oJo

FZ(Z) - o'e} z-+y
/“ /O fxy<$,lj)d$dy, 2 <0

Differrentiation gives

/0 fxy(z+yy)dy, 2>0
fz(z) = o
/“&Y@+ywﬁw,z<0

—Z

[e¢] o0 1
/0 e_(2+?j+f‘1) dy — 6—2 /O e—Q’y dy — ? €~z’ 2> O

fZ(Z> = 00 oo 1
/ e~ (z+y+y) dy = 5"2/ e Wdy = 5 e*, z2<0
or 1
a5 =53¢, o<z

Fz(2) =P{Z <z}=P{XY <z}
oo rzfy
=/ / fxvy(z,y)dx dy
0oJo

or (see Eq. (6-148))
L 1 )
fZ(Z):/ —fXY(—,y)dy:/ Ze~ (W) gy
0y ) 0 Yy
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Z=X/Y
Fiz) =P{Z<z}=P{E<z}

- ./:O/Zz Ixy (z,y)dz dy
(use Eq. (6-60))

fZ(Z) = / nyY(y27 y)dy == / yey(Z+1)d,y — / fye(1+z)y
0 0 0
(4 1% =
— € T 1 (1+z)y
{y—(1+z)}0 +(T+z) /06 dy

e~ (+2)y 1
= (1~1m) L(Hz)h - (14}z)§ Ulz)

Z =min (X,Y)

Fz(z) = P{min (X,Y) <z}
=1-P{Z>2Y >z}
=1-[1-Fx(2)][1 - Fy(z)]
= Fx(2) + Fy(2) — Fx(2) Fy(2)

(see Eq. (6-81))

f2(2) = fx(2) + fr(2) — Fx(2) fr (2) = fx(2)Fy(2).
We have

so that Z
Fx(z) = /o e dr = (1—e*)U(z) = Fy(z)
fz(z) =le?+e?=2(1—e*)e?|U(z)
=2e*[1—-14¢e*U(2)
= 2¢~% U(z) ~ Exponential (2).
(f)

Z =max(X,Y)
Fz(z) =P{max(X,Y) <z} =P{X <zY <z}
= P{X <z} P{Y < z} = Fx(2) Fy(z)

fz2(2) = Fx(2) fy(2) + fx(2) Fy(2)
=e*(l—e*)+e*(1—e?)
=2 (1—-e*)U(z)
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| < Z) N((X < Y)UX > Y))}

Yi+P{¥<eX>v)
<Yz X<Y}+P{Y<XzX>Y}

P
P
o  ryz 0 prz
:/ /0 fXY($>y)d$dy+/O /0 Ixy(x,y) dy dx

fz(2) :/ZonyY(yz,y)dy+/Zoxfxy(x,xz)d:r;
:/:Oyfxy(yz,y)dy+/:Oyf}<y(y,yz)dy

o0
frmeed / y (6_(yz+y) + e—(y+yz)) dy
J 0

2
_ 2/00 ye—y(1+z)dz _ { (1 -+ 2’)2;
0

0, otherwise

0<2<1

6.2
1
ny<$,y):fx($)fy(y):E§7 O<z<a, O<y<a
(a) ¥
FZ(Z):P{?gz}:P{ngY}

i)z <1

Fz(z) = P{X <z2Y}

Y A | _
:/O/O*dad$dy—%, ZSl

(i) 2 > 1
Fz(z) =P{X <zY}

a rx/z
1.1, 4.

1
_ z _ 1

z<1

1
) 1
fz(z) =

#, z>1

49
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Fz(2) :P(ZSZ):P{X};YS*Z}
=P{§Z%—1}:1—P<§glzz)
}(1%5), 0<z<12
R 1-3 (132), 12<=2<1
m, 0<z<1/2
fz(2) = 1
5.7 1/2<z<1

Fylz) =P{Z<z}=P{X-Y|<z}
=P{{X -Y|<ANX2Y)}+ P{{X -Y|<2NX <Y)}
=P{(X-Y<zX>Y}+P{Y -X<2X<Y}

0o Ytz oo prtz

= /o / Ixv(z,y) da:der/O / fxy(z,y)dydx

Yy T

o0 py+z 00 pY+z

:/ / fxy(z,y) d:zidy+/ / Ixy(y, x) dxdy
0 Jy o Jy
o0 Ytz

“—"/ / {xy(z,y) + fxv(y,v)} dv dy.
0 Juy

In general
00 y+z
fz(2) :/0 %/y Ixy(z,y) + fxv(y,x) dv dy

B /:o {fxv(y+29) + fxv(y,y+2)} dy.

Here
X ~U(0,a), Y ~U(0,a)
2 2
P =1- 52 O (1)
and
e =2(1-2)  o<:<a
a a
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6.3

I

Fz(2) {Z<z}=P{X+Y <z}

P{Z
Lz —1<2<0
? _2'7 )

I

(which represents the area below the line X +Y = z.)

Fz(z) =P{Z<:z2}=P{X+Y <z}

2
=113 0<z<1

—z, —1<2z<0
fz(z) =
z, 0<z<l1
6.4
Z=X-Y
For z <0

Fp(z) =P{Z<z)

(1+2)/2 p1-— 7: (1+2)/2 rl—=z
—/ / (z,y dydr_/ / 6x dy dx

(1+2)/ (14+2)/2
:/ Gw[y}ij’g d:v:/ 6x(l —z—z+ z)dx
0 0

31(1+2)/2 6{(1+z)3 (1+z)3}

8 12

_ 2 227
3
LR
For z > 0

Fz(z) =P{Z<z}=1—-P{Z >z}

(1-2)/2 rl—y ‘ (1—2)/2 12/
= ——/ / :Eyda:dy—l——/ /

(1—2)/2 271—y (1-2)/2
:1_/0 {ﬁ%&} dy:1—3/0 [(1—y)?—(z—y)* dy

zZ-+y

—1-3(1+2) [(152)2— (1‘;1@1 13+ -2? z<0.

, %(1»——@(14—32), 0<z<1
fz(2) = 3
71+ 2)% —1<2<0
6.5 (a) See Example 6-15 for solutions
b) See Example 6-14 for solutions

(

()
U=X-Y ~ N(0,207)

since linear combinations of jointly Gaussian random variables are Gaus-

sian random variables (see Eq. (6-120) Text.). Here Var(U) = Var(X)+

Var(Y) = 202
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6.6
4 =XY

Fp(z) =P(XY <2)=1-P(XY > 2)
L[ [ ey drd
=1 - x,y) dx
oy xXy\Z,Y Y
'11 1 2 2’7,
fz(2) :14‘/7yfxy(z/?/uy)dy:1+/~ {g—g‘z’} dy
=1-2Inz +22z, 0<2z2<1
6.7 (a)
J1=X+Y

z rE—y
/ / fxv(z,y) dz dy, O<z<x<1
0/ o
Fp(2)=P(X+Y <2z2) = . .
1_/ 1/ Ixv(z,y)dedy, 1<z<2
B Z-Y

/ fxv(z—y,y)dy, 0<z<1
0

le(z): 1
/_lfxy(z—y,y)dy; l<z<2
22, 0<z<1
— 2(2-2), 1<2<2
0, otherwise
(b)
ZQ_—‘XY
1 1
Fro(2) = PXY <2) =1~ [0 [ frv(a,y) dedy
z 2y
"1 "1z
[z (2) =/~gfxy(z/y,y)dy=/zg (5 +v) dy
=2(1—2), 0<z<1
(c)

Y
Zgz':X'j

1 zax
/ / Ixv(x,y)dydx, 0<z<1
0/ o
1—/ / fxv(z,y)dedy, z>1
0o
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1
/ x fxy(x, zz)de, 0<z<l1
0

f/3<z) =
’ /;fzfXY(y/Z»y) dy, z>1

%rz, 0<z<1

- 1+z

323 s z>1

=Y - X

1 py—z
1_/ fxy(z,y)dedy 0<z<1
0

z

z-1 1
/ fxy(z,y)dedy, —1<z<0
J y—z

/ fxy(y—z9)dy, —1<2<0

11—z, 0O0<z<l1

L4z, —l<z<o — 171 <]

/fxy —z,y)dy, 0<z<1
fZ4

6.8
z/3 pz—y 9
/ / fxv(z,y)dedy = %, 0<z<?2
1—/22/3/ fxy(fl‘y)dydx-Qz——g—Q 2<z<3
Thus

z/3
/0 Ixy(z—y,y)dy 0<z<2

fz(z) = 2
f fxy(@,z—2)de 2<2<3

2z/3

%z, 0<z<2
fz(2) = 2—-%, 2<2<3

0, otherwise

53



6.9 (a)

Z = z>1

X
—}7;
Fz(2) =P(X <Yz2)= /01 /:;Z fxy(z,y) dydz

fole) = [ 5 Fevla,afz) do =

W =XY
Fy(w) =P(W <w)=PXY <w)=1-P(XY >w)

1 x
=1- /ﬁ/w [xv(z,y)dydx

Hence
b b2
Jw(w) :/\/E 7 [xy(z,w/x) d:z::/ﬁ dx
=In(l/w), 0<w<1
6.10 (a)
Z=X+Y
z/2 p2—z 2
P = [ [ pevede =T, 0<z<2
0 T
fZ(z):g, 0<z<2
(b)
W=X-Y
Fw(w) = - 24+ w)(1+ ) = <1+9>2
T 27~ 2
1+%, —2<w<0
fw(w) = 0, otherwise
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6.11 (a) The charaterristic function of X + Y is given by

bxiv(@) = dx(w) oy (W) = i Teme

= W ~ Gamma (2a, 3)

(b) (zy) D s
Ixv(@,y) = fx(@) fir(y) = om0 €77, 2>0,y>0

(T'(c)p)?
Let ¥
2=y

Using (Eq. 6-60) we get

/ J_.,.,.g&..zp ~(1+2)/8 gy
Lla=1)

= Tl (a o / y(2a=1) o=(1+2u/8 gy

(a 1) 5(204 1) 3 o
(I‘( )) 820‘ <1+Z)2a 1(1—!-2)/ w21 o= dy

(T@a) 21
<<>>m+zﬁﬁ >0

(see also Example 6-27 for the answer).

()

X Xy  z
X+Y X/Y+1 Z+1

A w w
sz(w):P(Z+1§w):P<Z§ 1-w>:FZ(1—-w>

This gives

W =

fwlw) = (1 —1w)2 fz (1 ~7f]w)

— F(QOZ ,wa-—l —w a—1
= Ty 4w

~ Beta (o, )

where we have used results from (b) above.

6.12
X ~U(0,1), Y ~U(0,1), X,Y are independent, and

U=X+Y, V=X-Y = jy<u<2

U and V have one pair of solutions given by

o utv o u—v
1 9 y Y1 = 9 .
Also the Jacobian is given by
11
J = =—2
1 -1

so that
O<l<u<?2
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6.13 o e
frr(@,y) = 2 PRS- gy 2 g

Z=5=
Y

00 2y
F(2)=P(Z<2) = PX/Y <2)= [ [7 fv(wy) dudy
This gives the density function of z to be
[eS) o0 3 N ,
fz(z) = /0 y Ixv(zy,y)dy = /o ‘Z/(}yzrev(zzyu+y2)’202 dy

=4 / P e gy Let, t = (22 + 1)/207
J 0

2z /OO —t 2z
= te tdt = +— 7, 0<z<o00.
(2" +1)"/ o (+* +1) -
- = - *
6-14 z = x+y £,(2) = £ (2) fy(z)
For z>0
z
czz e % = J Ce—c(z -y) fy(y)dy
0
z
cy cz
= f d = f
cz f e y(y) y c=e y(2)
0
(differentiation). Hence, fy(z) = ce-cz; and zero for z <0,
© z
6-15 £ (2) = | £ (X)f (z-x)dx = f (x)dx=F (z) -F (z-1)
2z - x y x X X
- z-1

because fy(z -x)=1 for z2-1<x <z and zero otherwise.
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All probability masses are on the line y=g(x).

(a) Ify= ¥y < g(x) then

F(x,y) = P{x<x, zfyl} = P{Z§y1}= Fy(yl) )

Ifys= Yy > g(x) then

F(x,y) = P{x<x,

<

If y=y

1 <g(x) then

F(x,y) = Plx<x, y<y,}
if Y=y, >g(x) then

F(x,y) = P{x<x, y<y,}

P{5 <x'-P{y> y2}

F o) = [1-F (3,)]

e— 900
: .
[
|
{
J .
¥ P-4
X
$y,} = Plx<x} = F (x)
A
b £% R N
|
! .
T ~. -
0 o
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6-17 (a) 1If z = 2x+3y then E{z} = 0 oi = 40}2(+90}2,=52
Hence, 2z is N(O;/S_Z-)

(b) If z=x/y, then from (6-63) with 0, =0_=2, r=0

1 "2
1

1
F (z2) ==+ —
z 2 n(l+zz)

|

arc tan z f (z) =

by

i

S
NJ;- - -
v

fzw(z,w) - 'I%r fxy(x,y) X =w 'y = z/w

The function fzw(z,w) is different from zero in the shaded areas

shown. Hence, with wz - 22' sz

o -ty [
z 11'(:2 M V1 - zZ/wZ
> 2. 2.,.2 2,2
- l2 J o-(z7+s )/ 2a gs = _1_ o2 /2a
ma’ o a’2r
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6-19 (a) z = :f/}_' w=y J=1/y

-]

£ (2) = l |w|fx(zw)fy(w)dw z>0
. z zz 1
_ .z 3 -~ewdw = —5—5—5 c =~ + —
=72 J v 2a%g%c? 207 257
a 8
0
202 z ' '
= for z>0 and zero otherwise
82 (22 +a?/8%)?
zz+uz/82
z 2a2z dz a2 dt
(b) Fz(z)'J 53 2,23 7 5
o B (z +a /87) B® 5 5 t
a“/8
z2
= ——————> = P{z <z} = P{x <zy}
21 al/gl z X <
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6-20 1. The density of 2x equals %- fx(-)zs). Hence, if z=2x+y, then

fz(z) . J%e-ax/Z Be-B(z 'x)dx- ;%(ész_eqz/Z)U(z)
0

2. The density of y equals fy(-y). Hence, if z=x-y, then

£,(2)=f (2) * fy(- z)

~ax ~-B(x-2) aB -az
] e e dx = -_—-.04-8 e z>0
z
= qff o
-ax ~B(x-2) . .28 Bz
J e e dx a_‘*'B e z<0
0
3. z = x/y vy J=1ly

f (z) = aB J we %%V e-dew - 2B U(z)
z 2
0 (az +8)

4, z = max().c,}:) Fz(z) = ny(z,z) = Fx(z)Fy(z)

fz(z) = fx(z)Fy(z)+fy(z)Fx(z)

= [qe-az(l - Eez)-l-Fe-Bz(l - e-az)] Uu(z)

w
.
N

= min(:f,}_') Fz(z) = Fx(z) +Fy(z) - Fx(z)Fy(z)

£,() = £ (DL-F @]+ @[1-F )] = @+8)e” By,
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L3 f T
i/a J éi/a 1/ f-j
6-21
> >
o a % o] a Y - 0
A
I £
WES z=|wlz|x-y
N=rd 4fa S ~,
—ny -
-Q 0 a w 0 o >
6-22 (a) ay2+ is(x-y)2 = (a+ B)(y-asi B)2 + a“fs xz
2 2 o2 2
SO B Jf Y B
= 2
o Bx 2 ~a8x
a2 ~(a+B)(y- ) :
_e<mx/w+B)Je a+B dy = aieea+5
by ST Br __ab J ay L _(atB)/-
x2+m2 x2+B2 1r2 (y2+02)[(x-y)2+62] x2+(0l+f3)2

Characteristic functions lead to a simpler derivation of the above

[see (6-192)]1]
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6-23 We introduce the auxiliary variable w=y. The Jacobian of the transformation z=nx/my,
w=y equals n/my. Since x=mzw/n, y=w and the RVs x and y are independent, (6-113)
yields

£, (zw) = _“tllﬁfx [ __:_:'_zw ] £, (W) ~ w(zw)m/2-Te-mew/2yn/2-1g-w]2
for z>0, w>0 and 0 othrwise. Integrating with respect to w, we obtain

f (z) ~ z™/2-1 J.ww("‘*“)/z‘l exp{- - [l + ﬂ-z] dw
0 2 n

zrn/z—l 00
~ (1+mz/n)™+07%) .[ 0 ¢

2w

7, ///// )
0> . A2

g N ///// : o

If z<w then
P{z <z, w<w} = P{E§Z} = P{(E,Z)ebl} = ny(z,z)

2OwW

XV

D

If z>w then
Pz sz, wew} = P{(x,y)eD,}

= ny(z,w)-*ny(w,z) - ny(w,w)
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6.25
X ~ Exponential(A), Y ~ Exponential())

X and Y are independent so that

Frv(@.y) = fx(@) fr(y) = w5 e @A U(2) Uy)

A
Z=X+Y
1
¢z(w) = dx(w) ¢Y(w)m
Z ~ Gamma (2, \)
This gives
2.
fz(z) = 2 PU(z)
P(Z>2)\) = / Ay / re~" dr = 3¢~% = 0.406
2x A? 2
Let,
W=Y-X
Then

P(Y =X >\) = P(W > \) = /:O Fur (w)duw

Notice that Fy (w) is given by (6-55).
For w > 0, this gives

fwl(w) = / L e~ gy = L g/ / o2 gy
0 A 2\ Jo

== glxe“w“, w >0

Hence

o 1 1
— — _ / —w/A
PY-X>XN=PW>)\) = e dw = %
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6.26 (a)
R =W-Z

=max(X,Y) — min(X,Y)
{X~K X>Y

Y-X, X<VY

Fr(r) =P{R<r}
= P{R<rX>Y}+P{R<rX <Y}
—P{X-Y<rX>YV}+P{Y -X<rX<Y)}

2
1205 o2, o< <t
2(l—r), 0<r<1
Trlr) = 0, otherwise
(b)
S =W+ 7

=max(X,Y) + min(X,Y) =X +Y

Case 1: 0<s <1
2

FH@zI%Sﬁﬂzﬁ%X+Y§s%:%,O<s<1
Case 2: 1 <s<2

(2-s)?

5 , 1<s<2

Fs(s) =P{S<s}=P{X+Y <s}=1-

s, 0<s<1
Fs(s)={ (2—9), 1<s<2

0, otherwise
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6.27 (a) X,Y are independent, identically distributed exponential ran-
dom variables.

Y
Z Y et S 0<z<1
T e z .
max(X,Y) I, X<Y N

0<z<x1
Fr(z) =P(Z<2)=P{%¥<z X>Y}

—P{Y <Xz, X>Y)= /ZO /: Fev (e, ) dy de

fz(z) = / r fxy(w,v2)dr = / 3\-:% e~ T/ gy — 0<z<l1.
0 0

(1+2)%

P(Zzl):P(X<Y):/

o ry 1 1
— e @/ Jpe dy = =
0 /o /\2(3 vy 2

min(X,2Y) , X <2V

o0 2w
Fw(w) = P(X < 2Yw, X > 2Y) = /O /2 " v (@, y) de dy
Y

This gives
fiwtw) = [ 2y frv(@uy,y)dy = [ 724 0e20mgy
- 2
v vl
Also

v 1 2

e (zty)/A - =
2 e I dx dy = 3
Note that the p.d.f. of Z as well as W has an impulse at z = 1 and
w = 1 respectively.

P(W:1)ZP(X<2Y):/O°° /O
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6.28 X,Y are independent identically distributed exponential random

variables. x
J =
X+Y
_ X X z
Pﬂ@‘J%X+Y§) Py <123)
oo plzy)/(1-2)
- P{X <71 = / / fxv(z,y)de dy

fz(

IS

>:=/?a%ivfm4wﬂ1—@ﬂﬁ@

:ZT}EQ/Oy%ﬂfwuﬂwmw»@,

- (Tilz—)Q / O j\%@y/(l—zm dy

:/ ve tdu=1 0<z<l1
0

X
x5y ~U0,1)

6.29 Let
1

fr(e) = 1P U@), frly) =5 e UG).
Z =min(X,Y)
W = max(X,Y) — min(X,Y)

Y, X>Y
Z:
X, X<Y

X-Y, X>Y
W=
Y-X, X<Y

Z = min(X,Y). See Example 6-18, Eq.(6-82) for solution. From there
(replace A by 1/ in (6-82))

fz(z) = e 2/ U(z).
Fo(w) =P(X-Y <w,X>Y)+P(Y - X <w,X <Y)

o0 py+w
o / fxv(z,y)dedy
Yy

I

o] T-+w
+/ / Ixy (@, y)dydz, w>0
0 T
This gives

Fw (w) 2/0 Ixv(y+w,y) dy'ﬁ/o fxy(z,z +w)dz




Also
Fow(z,w) =P{Z <2z, W <w}

—P{Y<zX-Y<uw,X>Y)
+P{X <2,V - X<w, X <Y}

z  prytw z  prtw
= [ [ oveydedy+ [ [ fovlay) dyda
. Y . T

Repeated use of (6-39)-(6-40) gives
faw(z,w) = fxv(z+w,2)+ fxv(z, 2z +w)

fx
— _}\2_2 e~ (2z+w)/x — ZXQ-IZZ//\%\_ e—w/)\

= fz(2) fw(w)
Thus Z and W are independent exponential random variables.

6.30 (a) Let
U=X+Y, 0<u<28.

The probability density function of U can be computed as in (6-48)-(6-
50). Using Fig. 6-11, for 0 < u < (3, we have

Folw) = [* [ fev(@,v)dyde

which gives

Jo(u) = /: fxy(z,u—z)de = o2 /u 2ot (u—2)*dx

0
1
— 2320201 /0 v (1 — ) dy

= Bla,a)a?f72u* ™ 0<u<p

where we have substituted y = ux and made use of the beta function
defied in (4-49)-(4-51). Similarly for 5 < u < 23, we get (see (6-49))

Fy(u)=1— /j_ﬁ /j_mfxy(%’y) dydz

and hence

g 8
fU(U) - / p fXY(ZU,U — $>d$ —= a2ﬂ—2a/ , xavl(u _ x)a_l dr

. [Bu
=azgtent [ 7 (g tdy, §<u <2
1-8/u
(b)
Z =min(X,Y), W =max(X,Y)

We can proceed as in Example 6-21 to complete this problem. From
(6-92) and (6-93), we get

Fxy(z,w) + Fxy(w,z) — Fxy(z,2), w>z

sz<2, w) s {

FXY<w7w)7 w <z
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which gives
Fow(zw) = fx(2)fr(w) + fx()fy(z), 0<z<w<p
20237200yl <z <w< B
Jaw(z,w) = { 0, otherwise

g 3 w
[ et~ [ (5]
0 0 0 o

&)
= 2&6"2“/ w?** dw =1
0

check:

Note: Z and W are not independent random variables, since

fz(2) =227 227 (3" - 2%), 0<z<f

and
fwr(w) = 2287w 0<w<
(c) Let
Y >
Vﬂg_ﬂmin(X,Y)_ x» Az2Y
W max(X,Y) %/(_7 X<Y
and
X, X>Y
/7 = jrovomey
W = max(X,Y) Y X<V

ForO<wv<l, O<w<f
Fyw,w) =PV <v, W <w)
=P{V<u,W<w (X>Y)UX<Y)}
=P{Y < Xv, X <w, X>Y}
+P{X <Yv,Y<w X <Y}

w LTV w YV
:/O /O fxy(fcvy)dydwr/o /0 Ixv(z,y) dz dy
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Hence

_ PFyw(v,w)

fVW(’U;’w) = 90 Ow
= S pvtwpdy+ [ o) do}
= w{ fxy(w,vw) + fxy(vw,w)}
= 202 f2e et ot O<v<l, O0<w<p
Hence

5
fvv) = / frw(v,w)dw = av®™!, 0<v<1
0

fw(w) = /01 frw (v, w)dv = 2a 372*w** ™, 0<w< B
and
fvw (v, w) = fy(v) fw(w).

Thus V and W are independent random variables.

6.31 (a) Solved in Examples 6-27 and 6-12.
(b) Solved in Example 6-27.

()

X
Z=X+Y, W =
T X+Y
T, = 2w, y=z—x =2(1—w)
1 1 1 1
J = v x :x+y:;
(x+y)?  (z+y)

fow(z,w) = am*"F{Zm)F(n) (zw)™ 1 {21 —w)}*

= ( amfnr;::ir 3) e'z/o‘) (_MII:((;Z)F(Z)) w™ (1 - w)""])

= fz(2) fw(w)

Thus Z and W are independent random variables.
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6.32 (a) . x|
T YW

Foe) =Pz <) =P <= [~ [" fevia)dedy

=[]

= 2/ | fxy (lylz, y)dy = 5-2*7/ y€"(22+1)y2/202 dy
0 o 0

1/m

= o —o0 <2<
14 22

Thus Z is a Cauchy random variable. Interestingly, the random variable
X/Y is also a Cauchy random variable (see Example 6-11).

W =|Z|
so that
Fy(w) =P(W <w)=P(|Z] <w)
=P(—w < Z <w) = Fz(w) — Fz(—w)
and hence

w > 0.

fw(w) = fz(w) + fz(—w) =

T
14+ w?’

(b)
U=X+Y ~N(0,2)

V = X? +Y? ~ Exponential (2)

(see Example 6-14). Here U,V are not independent, since

J(z,y) = b = =2z —y) = 2v2v — u?
2v 2y
and
fov(wv) = ol ol g et/
# fu(u) fv(v), —0o<u< oo, v>0.
6.33

Z=X+Y, W=X-Y

are jointly normal random variables. Hence if they are uncorrelated,
then they are also independent.

Cov(Z,W) =FE(Z - pz)(W — puw)]

= EH{(X = px) + (Y = oy ) HX = px) = (Y = py) }]

= Var(X) — Var(Y) = 0% — o¥.
The random variables Z and W are uncorrelated implies that Cov(Z, W) =
0. Hence 0% = o is the necessary and sufficient condition for the in-

dependence of X +Y and X — Y.
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6.34 (a)-(b) Let

R=vVX2+Y? 0 = tan™! (—)5%)

Form Example 6-22, R and 6 are independent random variables with
joint p.d.f. as in (6-128). (see (6-131)). In term of R and #, we have
X = Rcos,Y = Rsinfl and hence we obtain

X2 _ Y2
U= NCCERE = Rcos26
2XY
V = ————— = Rsin260

JXZiv?
This gives

cos20 —2rsin26
sin26  2r cos20

J:' = 2r = 2vVu? + v?

1 )
r=vu’+0v?, 0= itan"l <3> . 20, =7+ 20,.
U

There are two sets of solutions (r,6;) and (r,6s). Substituting into
(6-128) we get

fUV(U'a U) - \_(1]—1 {fr,@(ra 91) + f?",@(r7 92)} - % fT,G(Tv 61)
2 VU2 + 02 - (u?+v?)/20°

TR+ o? 210

— 1 e-(’u2+’02)/202 — 1 , e——u2/2cr2 . 1 6—112/20'2
om0 2mo? 2mo?

Thus U and V are independent normal random variables. Hence it

2 2
follows that U = -ff-—}-@_—Jr—mY;n and V/2 = % are independent

random variables.

(C) (XY -ov?  (XP-YP) - 2XY

VX24+Y2 T /X242
_ X*P-y? _ 2XY
VX24+Y?2 VX24 Y2
= U -V ~ N(0,20?).

Z
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6.35 (a) Z ~ F(m,n) is given by (6-157) Let

1
YV = =
Z
Then
Fey) = gp7am 1201/9)
1 (/)™ )
y? Bm/2,n/2) =T (1 4 m/ny) ™72
(n/m)"2 ot (1 4 n )~
Bn/2,mj2y Y (1 + mu)
~ F(n,m).
(b)
_Zm
- Zm+n

Fy(w) =PW <w)= P( Zm < y)

(= ) e ()

which gives

fw(w) = w)2fz( n(1 w))

= n___ (m/n)m/z ( nw )m/2_1 <1+
m(l —w)* B(m/2,n/2) \m(l—-w) (

= 3m %771/2)10 =L — )2 0<w < 1.

Thus W has Beta distribution.

6.36
Z=X+Y >0, W=X-Y>0
. _ztw S z-w
=5 Y1 = 5
is the only solution. Moreover
1 1
J = = -2
1 -1

so that

1 1
faw(z,w) = l‘jleY(CEl,yl) =3 e~ G2 )<< 2z <

Z —w/2 |?

) = [ fovteyin = ]
= Lo e . =e 21 —e#?), 2>0

2 ( (=1/2)1, ’
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6.37

Z=X+Y >0, W=—->1

Pl =<

z _aw
1+w’ NEITL

y=azw, x(l+w)=z x1=
is the only solution. Also
1 2
_x+y (14w
a2 z

&w’@
B[t

This gives

fZW(Za TU) = I—}]—| fXY(SUh 3/1)

y2e*, 2>0, w>1

“ o
:ze*zﬁ_;%)—; fz(2) fw(w)
since o
_—_/1 fow(z,w) dw
:22@’2/dew-ze s z2>0
and

= /Oofgw(z, w)dz

—z 2 :
1+H} / ze dz—m, w > 1.

Thus Z and W are independent random variables.
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6-38 z =Xy y = cos(wt +8)
b4 J - 1
iz vl<1

w=y J = |y| F (0 =

0 lyl>1
The RVs

LR

and y are independent. Hence,

1 z
f (z,w) = -'-;l‘ fx (;)fy(w)

1
£ (z) =L J B0 N | £y (x) dx
" |w|v’1-—wz T
-1 |x] >z

6-39 z=x+s s =acosy
1 |sl<a
mo: g
= * =
fz(z) fx(z) fs(z) fs(s)
' 0 Is| >oL
a 2 2 ™
_1 J e~ (2-8)"/20 1 J —(z—acosy)Z/ZU2
f (z)= — ds = ——— e dv
z nov2n ‘a Vaz— s nov2m -

Point masses

P{x =k, ¥==n-k}=akbn_k
n
{z=n} = ] {x=k, y=n-k}
k=0 ~

n
P{z=n} = ] P{x=k, y=n-k}
- k=0 ~ -
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6-41 (a) Line masses

A

N

N

Xiyz-? %
X4y= zfdz/

7%,

acg

-x <y<z-x_+048z;
P{;_c-xn, z-x <Y< n

= - A
P, fy (z xn) z

x v

{z<z<z+4z} = E {§.xn’ z-xn<y_<_z—xn+Az}

fz(z)Az = E P, fy (2 —xn)Az

A
®) w w+iw
-—-P{x=xn, T Y% }
x5=w/ n n
-p_£ ()2
pn Yy xn xw

*xv:w»Aw ]

- , >
X

0 o

w+Aw
{wew<w+buwl=) {x=x , —<yc< Awy
~ = a n x -~ - xn

=)

W
£ (Waw =) p_ £ ()dw
w Lony X
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6.42 X, Y are independent geometric random variables. Thus

P{X =kY =m} =P{X =k} P{Y =m}

= (pg") (pg™) = p*¢"*™,  kym=0,1,2,--
(a) Let
Z=X+Y

P{Z=n} =P{X+Y=n}=> P{X=FkY=n—Fk}
=3 PAX=kY=n—k}
=3 P{X=k}P{Y =n—k}
=3 et =" PP

:(n_i_l)qun? n2051727"'
(b) Let

W=X-Y
Casel: W>0=X>Y. Thusform >0
P{W=m} =P{X~-Y=m}=) " P{X=m+kY =k}
=3 P{X=m+kY =k}
=3  P{X =m+k} P{Y =k}

_ m-+k AN 0 ok
= o 0a™) (pg") =g q

2 . m
=p2q7n(1_|_q2+q4+...>:ﬁ2—>
_ P 01,2, (1)

+q’
Case2: W<0=X<Y. Thusform<0
P{W=m} =P{X-Y=m}=3 P{X=FkY=Fkk-m}
=> P{X =kY=k-m}
=3 PX=kPY =k-m}
=3 (pd") () = pPm >

_ " _pg™
(1-¢) 1+@

m’:—17_27"' (2)

Thus combining (1) and (2) we can write

qumf
1+q

P{W =m} = m=0,+1,42, .
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6.43 We have X and Y are independent and P(X =k) = P(Y =k) =
pr. Also

PX=FkY =0
PX =kX+Y =k = }(3(X+Y:k:))
. 1
= kpkpo I (1)
Zpipk——L
=0
Also
P(X=k—1X+Y =k)
_PX=k-1Y=1) peap 1 2)
PX+Y =k Xrippe—s k+1

From (1) and (2),

Pr p
= = pp = et = Mg

Pk—1 Po

where A £ p1/po. Since 300 pr = 1, we must have A < 1, and this
gives

> ok = =1—=py=1-A

Thus
pr=po N =(1-NN, k=0,1,2,---,0<A<1

represents a geometric distribution. Thus X and Y are geometric ran-
dom variables.

6.44 The moment generating functions of X and Y are given by (see
(5-117))

Tx(2) =@z+q)", Ty(z)=(pz+q"
Also

Cx.y(2) = B[z*"Y] = Tx(2)Ty(2) = (pz + q)*" ~ Binomial (2n, p)
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6.45 (a) Let
Z =min(X,)Y), W=X-Y

P{Z =k, W =m}

=P{min(X,)Y)=kX-Y =m}
=P{(min(X,Y)=kEX-Y=mNX>YUX <Y)}

=PV =k X-Y=mX>Y}+P{X=kX—-Y=mX<Y}
—P{X=m+kY=kX>YV}+PIX=kY =k-mX <Y}

Note that k£ > 0, and m takes both positive, zero and negative values.
Hence

PIX=k+mY =kX>Y}, k>0, m>I(

P{Z =k, W =m} :{ P X=kEY=k—-mX <Y}, k>0, m<(

p**™pgk, k>0, m>0
pg"pg"™", k>0, m<0

P{Z =k, W =m} = p*¢*+Iml, k=0,1,2,---, m=0,£1,%2,---
Also
P{Z=k} =Y~ P{Z=kW=m}
= p2g? Z::_Ooqiml = p2q2k (1 + 22::1 qm)
:p%%<y+%>:pu+mfﬁ k=0,1,2,--
and

P{W=m} =3 " P{Z=kW=m}

- o0 .
— pzq[ml ZkZOQQk

__D m| Jo—
_Tiﬁy, m = 0,+1, £2,
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Note that

P{Z =k,W =m}=P{Z =k} P{W =m}
and hence Z and W are independent random variables.
(b) Let

Z =min(X,Y), W =max(X,Y)— min(X,Y)

3

Proceeding as in (a), we obtain
P{Z =k W =m}

—PY =k X-Y=mX>Y)+P(X=kY - X=m,X <Y)
—P(X=k+mY=kX>Y)+P(X =kY =k+m, X <Y)
{ qu+mqu+ququ+m/ k:07172:"'7 m = 1727"'

qu-{—mqu’ k=0,1,2,"', m =0
2p2q2k+m’ k:07172>"'7m:1727"'
- quka k:071727"'7m:0

This gives

oo

P{Z =k} = }:m:OP{Z =k, W =m}
oo m 2
- p2q2k (1 + zzm———lq ) - p2q2k (1 + ?q>
=p(l1+q)¢*, k=012

Also -
P{W=m} =% P{Z=kW=m}

p _
m, m =20

= 2 "
= S
Notice that
P{Z =k,W =m}=P{Z =k} P{W =m}

and hence Z and W are also indepedndent random variables in this
case also.
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6.46 The moment generating function of X and Y are given by (see
(5-119))

Px(z) =eMth, Ty(z) = G
Also

Txiy(2) = Dx(2)Ty(2) = ertialz-1)
so that

Z ~ P(AL + A2)

Thus )

P(X +Y = k) = e~ Qi £ Aa)7

k!

and

P(X =k|X +Y =n)

P(X=kX+Y=n) _P(X=kKPY =n—k)
P(X+Y =n) B P(X+Y =n)

_ YR e (57 (n = k)Y)

e 4 )"/l

7 \ k A n—k
— 1 2 — “e
-( (Ay+&) QM+AJ L E=0,1,2,n

~ Binomial(n, p), where p = m

See also (6-222). From there the converse is also true (proceed as in
Example 6-43).
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-7 2 7
a xd,o
! 12 2 2 2
C = A-aloz(l-r)
2
ro, 0, a5
[~ 1 T
2, 2 2
l1-r )cs1 (1-r )0102
¢tl-
T 1
2 2, 2
(L-r )0102 (1-r)o
xz X, X x2
xcixt - 2 - 4 - 0102 + —%
(1-1r") o 172 9y
6-48 {xy< 0}=(x<0,y>0}+{x>0,y<0}

P{xy<0} = Fx(O)[l-—Fy(O)] +[1-Fx(0)]¥'y(0)

T\x 21,
Fx(O)rl-G(a— Fy(0)=]-G S

X y
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6-49 If w = x-y, then E{w} = 0 03 = oi + 0; = 202

Thus, w = 1, N(0; 0v2) and [see (5-79]

Elz} = E{|w|} = /2 o//% E{z%} = E(w?} = 20

6-50 A
E{z} = I I (x-y) f(x,y)dxdy
D

0 o
= I [ (x-—y)e-x e’ dxdy = %
0y

~.

0

6-51 Since |E{x y}| < E{|x||y|}, we can assume that the RVs x and y are real

(a) D < E{[z x - y]z} = 22 E{gz} - 2z E{x y} + E{yz}

The above is a non-negative quadratic in z for any z. Hence, its

discriminant is non-positive.

(b) Using (a), we obtain
E{x’} + E{y%) + zé{gz}n{yz}

> E(x?} + E(y?)} + 2 Elx y} = E{(x+ »)?)

6-52 Ifr =1 then
xy -
Ez{(x ~-n )y -n)l=E{(x-n )Z}E{(y -n )2}
~ x” 2 y ~ X ~ y
i.e., the discriminant of the quadratic
E{[z(x - n.) - (y - n)1%)
- x - y

i8 zero. This is possible only if the quadratic is zero for some z = z .

This shows that z(x - nx) - (y - ny) = 0 in the MS sense.

82



6-53 1If E(x} = E{y’} = E(x y}, then
E((x - y)%} = Ex?} + Ely"} - 2 Elx y} = 0.

Hence, x = y in the MS sense.

6-54 If x has a Cauchy density, then (Prob. 5-31)

E{ejw?"} - e-alml E{ejwlq;} - e-aklwl
Hence, [see (6-240)]
¢ () = E(e]*™} = E(E(e)H¥|q)) -

k

L L k
7 E{ed®FE)e™? -l-);-r =e J eoklul i

k=0 ’ k=0 )

6.55 If X = k, then
Y=n~k

and
Z=X-Y =2X —n,

where Z takes the values —n, —(n —2),---n — 2,n.

P{Z =2} =P{2X —n=2}P{X = 2z}

2

n
_ (n+2)/2 (n-2)/2.
(n +z/ 2) b 1

Also
E(Z)=FE)2X —n]=2np—n=n(2p—1).

Var(Z) = E[(z — p.)?] = 4E[(X — np)?] = 4Var(X) = 4npq
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6.56 (a)
¢Z(w) — E[ejwz] — E[ejw(aX+bY+c)}
= dx(aw) dy (bw)elve = efwe(@?oi+io3)w?/2
(see (5-100)).
(b) On comparing with (5-100) we obtain

7 ~ N(c,a® 0 + b* 03)

()
EZ)=c, Var(Z)=d*0; +b 03

6.57
n

P(X =k|Y =n) = (k

)p'fq’f—k, k=0,1,2,---n

EleX|Y =n] =Y e P(X = kY =n) = (e’ + 1)
k=0

use (5-117). Also
ox(w) = E[eX] = E{B[e/*X|Y = n]}

— M jw X . s —
= ano El[e?**|Y =n| P(Y = n)

o o (M .
=> P + ) ( ) Pras’

M n
=2 nmo ( > pa(p1 & + q)]" g2"~
= (papre™ + qups + @)

But
l—pipo=1—(1—q)(1—q)=qp+q

Hence
M

px(w) = (pejw + q)
where p = pyp,. Thus

X ~ Binomial(M, p1ps).
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6.58

//fxy J‘yd.rdy—/ /]mdydm—k/ (1—2x)d

k
—=1 k = 6.
6 =

1
fx(x):/ 6rdy=6x(l—x), O0<z<l.

Yy
fY(y)Z/O 6rdy=3y°, 0<y<l.

1 3 4
BX) = [ @ fx(@yde=6 (% - 1
3 1),
4 5\ |1
N [ R p(@)de=6(5 L) =2
XY = [ 4 fxle)do = (4 5>0 3
3 01 1
Var(X)_.lo—z_.é_d
1 4 3
ElY]= yfy(y)dy~3y4— =7
0
2 Loy wlb 3
BV = [y hway=3 L] =
OO 9]
3 9 3
yy=2_9_3
VarlY) =5 - 15 = 55

E[XY] z//fcnyy(x,y)dydqz

1 opl 1
:/ / xy633dydx:/ 3% (1 —2%) d
0/ = 0
1

,3 5 . 1 1 . 2
"3G%_%J0”3@—5)—5
Cov(X,Y) =E(XY)— E(X)E(Y)
_ 2 _13_1
—5 2440
6.59 (a)
¢X,Y(w1,w2> :E’[ej(le+w2Y)]

= Ele?1X] Ele/*?Y] = ¢x(w1) ¢y (w2)

— 6)\(63'«.01—1) e(juw2~02w§/2>

¢z(w) = Ele™7]
= Ble*E ) = gy y(w,w)

= N D) (w0202 /2))
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6.60 (a)

From Example 6-18,

and hence

(b)
Emax(2X,Y)]

I

Z =min(X,Y)

we have

fz(z) =2\ ez z2>0

E[Z] = Emin(X,Y)] = X

= //max(?x,y) fxy(z,y)dedy

/ / 22 fxy(z,y) dﬁﬁdy’{“// Yy fxy (@, y) dr dy
J 2z>y 2x<y

oo 2z 0o ry/2
/ / 20 N2 e~ e~ N dy dx + / / y N2 e A e N dy dy

o Jo oJo
A T2me (- ey de [ Tyeu(1 - ey dy

0 0
2)\/ <xe"\“" + 2z~ — 3:66“3)“’3) dx
0

2 / (ue™ + 2ue™ — 3ue™) du

F0+3-9)=-%

=X-Y — =1<z<l1.

6.61 (a)
z >0
Fz(z>
2 <0
Fz(z) =P(X

=P(X-Y<2)=1-P(X-Y > 2z)

(1—2)/2
—/ / f‘(y T U dx dy
y+z

(1—2)/2 -
— / < / 67;(11) dy
y+z

(1—2)/
1—3/ {1 =23 =21+ 2)y}tdy
0

=1-3(1+2)(1-2)?° 220

-Y <2

(1+2)/2 pl—z (1+2)/2
———/ / Gxdydx:/ 6z (1+ 2z —2z)dx
0 T—z 0

(14 2)®
= et

, 2 <.
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This gives

1-2)(1+32), 0<z<1
fé(z) = 2
3(L+ 2 , —-1<z<0
(b) 1—2
fx(x):/ brdy =6z(l—2z), O<az<l
0
fxy(,y)
= 0 <1-
rile) = LD 2 o<y <i-a
() W=X+Y
we have v v
Fy(w)=P(X+Y <w) = / (/ 6z dy) dr = w?,
and oo
fw(w) = / 6rdr = 3w?, 0<w<1
Jo
3
EW] =~
w) =2
9 3
EW? = -
W =2
Var(X + V) = Vap(W) = BE(W2) — (E(W)\? = 3_9_3 '
! ) v Y T = e T 1 TR0
6.62 ]
X ==
VA
where Z represents a Chi-square random variable. Thus (see (4-39))
~1/2 ~1/2
fo(2) = et = e
V20 (1/2) V21
or
1 z/? 1
_ 1 Pe e — VL S |
fx(z) d fZ( Jx) = 22 \or 232
Also it is given that
1 2
- )= ——¢¥ /2
fY [X(yl ) \/%
so that i
Fxv(@,y) = Frix(yle) fx(@) = 5—e e (/2
and hence

fry) = /Oo fxv(z,y)dx

Ql_/ 1 e~ (1+y%)/2¢ 1

=k [Teau= M -
2% T4 o du T+ 00 <y < 00.

Thus Y represents a Cauchy random variable.
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6.63 (a) For any two random variables X and Y we have
oxpy = Var(X +Y) = E[{(X = jux) + (Y = py)}’]
= Var(X) + Var(Y) + 2Cov(X,Y) = 0% + 0 + 20x0y pxy

< (ox +oy)?

since |pxy| < 1. Thus
ox+y < 0x + oy,

and hence it easily follows that

OX+Y

——— < 1
ox + 0y

(However, (b) is not so easy!)

(b) We shall prove this result in three parts by making use of Holder’s
inequality.

(i) Holder’s inequality: The function logz is concave, for 0 < o < 1,
and hence we have

loglary + (1 — a)xs] > alogzy + (1 — a) logzy

or
ey <arp+ (1—a)ry, 0<a<l. (6.63—1)
Let
1 1 a1l
Ty =lz|’, a=-, sothat l—a=1-- 22 m,y= ly]? (6.63 —2)
p P g
so that (6.63-1) becomes
p q
oy < BE L BE s, (6:63 -3

the Holder’s inequality. From (6.63-2), note that

11
S4o=1, p>1, g>1 (6.63 — 4)
poq
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(ii) Define
r=X (E{]X|"})—l/p7 y=Y (E{|Y’q})—1/q

where p and ¢ are as in (6.63-4). Substituting these into the Holder’s
inequality in (6.63-3), we get

XY|<pt X (B{XPPHY (B{Y )Y

+q Y7 (BT (BYIX YT (6.63 - 5)
Taking expected values on both sides of (6.63-5), we get
B{IXY |} < (B{|XF'D"" (B{]Y|"})"/ (6.63 - 6)

which represents the generalization of the Cauchy-Schwarz inequality.
(Note p = ¢ = 2 corresponds to Cauchy-Schwarz inequality)
(iii) To prove the desired inequality, notice that

IX+YP =|X+Y||X+Y]!
< |X|]X+ Y{p"l “+ ]YHX +Y\P—1, p>1

and taking expected values on both sides we get
E{IX +Y]P} < B{|X||IX + Y]} + E{|[YV[|IX + Y]P"'}. (6.63—7)
Applying (6.63-6) to each term on the right side of (6.63-7) we get

B{|X||X +YP~'} < (B{XPH'" (B{X + Yl(”“”q})l/q (6.63 - 8)

and
E{[Y|IX + Y[~} < (B{YPH'" (B{X + YD) (6.63—9)
Using (6.63-8) and (6.63-9) together with (p — 1)g = p in (6.63-7) we
get
B{IX +YP} < [(BXPYY + (B{YPD"7] - (B{X + Y
or forp>1
(B{X +YPHY? < (B{XPHY? + (B{Y]'H".
the desired inequality. Since p = 1 follows trivially, we get
(BUX + YD
(E{XPH"" + (BE{yh)"" ~

1/q

1, p>1.

89



6.64 (a) See Example 6-41. From there

E(YIX = 33) = /j,y + pXYO_YO(_x — MX)
X

(b) Similarly
iny(XlY =y) ~ N(u, 02)

where
1= pix + pXYUX<y - MY)
gy
and
0 = ox(1— pky)-

Since ‘

E(X?|Y =y) = Var(X[Y = y) + (E[X]Y = y])’
we obtain

E(X?)Y =y) =0 +?

6.65 (a) See footnote 4, Chapter 8, Page 337. From there (or directly)

we have
Var(X|Y) £ B(X?Y) — (B{X|Y})?

Var (BE{X[Y}) = E [E{X|Y}]’ — (B[E{X|Y}))’
so that
E[Var(X|Y)] + Var (E{X|Y}) = E[E{X?|Y}]— E[E{X|Y}])2
— B(X?) — [BX)P = Var(X) (1)
" Var(X) > E[Var{X|Y}]

Also
Var(X) > Var[E{X|Y}]

(b) See (1).
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6.66
Z =aX+ (1 —-a)Y, O<a<l1
U% = Var(Z) = (12012 +(1- (L)Qag
lex:

-—%Z- =2a0? +2(1 —a)(~1)o3 =0

or
a(o? + o3) = 03

2
ag
of + 03

minimizes Var(Z).

6-67 From (6-240)

E{g(x,y)} = E{E{g(x,y) [y}} = E@(x_,y)P{x = x_}} .

From (4-74) with An = {x = xn}

£,(z) = 121 fz(z|§ = x )P{x = xn}

6-68 (a) The conditional density f(y|x) is N(rx;ov/T-r?) [see (7-42)]. Hence

E(fy(yho) = | " fI0f )y

_ 1 b ex -(y-rx)? ex :}_z_ dy = 1 -r2x?
IV ) I-w P 202(1-r2)} P {202} Y= o) P {2?(2-:%'
(b) From (6-241) it follows that

E(f,(0f, (y)) = E(f,(x)E(f (ylx)}}-j £,(x) E(f,(yIx)}f,(x)dx

- 1 oo ex -r2x2 1
2220 _[ "{ 02} P 127 ) O~ 2xtvas

s > T - = S D e > - - " - — > = > P > > = > D = - = A = AP PR Rk = SR W e e -
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6-69 We shall use (6-64) and Price's theorem (10-94):

= E{sgnxsgny}

3E{ |xy|} ;dla,cl dlyl
= E hd
ou

dx az

= P{xy >0} - P{xy <0} --zg--zarc sin —&
ppd -Z T o7 9,9,

If u= 0, then the RVs x and y are independent, hence,

= E{|x|}E{]|y|} «245

E{|xy |}
e Lm0 ~ ~ T 12

[see (5-74)]. Integrating (i) and using the above, we obtain

K 20.0
1
E{|xy |}= = J arc sin dC + = 0,0, = (cos a+a sina)
172
0
6-70 From Example 6-41
f£(y|x) : N(n, + 0,71 - %) = N(44x; ¥3)
£(x|y) : N(n + 0,71 - 1) = N34 312

6-71 The mass density in the square |x|<1, lyl<] of the xy plane equals 1/4; hence, P{r <1)=n/4
and P{r <r} = 7r2/4 for r<1. This yields

Pir<r}-nr¥4 1<l

Plrsts Sl}'{ Pi<l)-n/d 11

2

F (M)~ Pir<t,M} {f r<l

PM) 1 r>1
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6-72 z=x+ y W= X fxz(x,z) = fxy(x, z-x)
If fxy(x,y) = fx(x)fy(y), then

fxz(x,z)

fz(zlx):.—F;(—x—)—' = fy(Z-X)

6-73 The system z = Fx(x) w= Fy(ylx) has a solution only

ifz<2z<1 and 0 <w<1l. Furthermore,

22 3z
x fx(x) ay 0
W ow T= fx(x)fy(ylx)
= -a—g = fy(le)
£ _(x,y)

.S =

6-74 We introduce the events C, = {we selected the rth coin) and Ay = (heads in a specific

order}). From the assumptions it follows that

P(Cr) = P(Aklcr) = prk(l-pr)n-k

1
m
We wish to find the probability P(CJA,). The events C, form a pertition; hence,

1
PeIA) T

1
R
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6-76

6-77

We wish to show that

-
Exh = 5

From page 207: x? = ny%/z where y is N(0,1) and z is x’(n). Hence, E(y?) = 1 and
(also (4-35) and (4-39))

2m/2-1p(n/2-1)

it e = — e

1 1 b
E { T} = 277 (n/2) L. z
From this and the independence of y and z it follows thai
Ex?) =nEyE{ —} -2
~ 4 { z } " n-2

From (6-222) :

R,(x) = exp { - I: By (t)dt } = exp { K J’: B,(t)dt } = RX(t)

From (5-89 it follows with x = |g|2 and a = ez that

el]z]?§
3

€

{|z]? > €%} <

for any z. And the result follows with z = x -y .
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@ o
E{U(a-x)} = J U(a-x)f(x)dx = I f(x)dx = F, (9‘-)

- Q0 -0

E{U(b~y)} = Fy(b)

E{U(a-z_:)U(b-z) - J Jf(x,y)dxdy - ny(a.b)

-t -0
Hence

Fy(2:5) = E (a)F, (b)

From Example 6-38

hd @

E(y|lx < 0} = ﬁf¢ﬂ§iww- 1 fy

F(0)

-0 -

From (7-41) and (7-57)

j: E(ylx)f,(x)dx = IZ y jow f(x,y)dxdy = J'Z y

BFgglx) dy

dF(0,y)
dy dy
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CHAPTER 7

0<Plx <x<Xy, ¥) <Y <¥ps 2 <252} =

P{§$x2, YTy 21 €

N

szz} - P{x SX5p ySYys zl<§.<_zz}

[
N

P(:_Ef_xl, Y<Yy :zz} + P{’ffxl' Y<Yps 20 ffzz} =

L]
1N
1A

Pix<xy, y<¥p 252} - Plxcxy, y2yy, z27))

N
1A

- P{:::xz, Y <Yy zz} + P{§§x2, Y <y 557.1}

P{)ffxl, Y<Ype ffzz} + P{ffxl’ Y <Yy fle}

+ P{§§x1, YSYy z:zz} - P{J_gf_xl, VAT fle}

P{:EA- 1, X, = 1, x. = 1} = P(ABC ) = 1/4
P{gA =1} = P(A) = 1/2 P{3:B = 1} = P(B) = 1/2
P{zcc = 1} = P(C) = 1/2 hence

P{xA =1, xg =1, X, = 1} 4 P{)_CA = 1}1’{35B = 1}P{§C =1}

B

hence x x . are not independent. But

A’ X %c

P{’fA =1, = 1} = P(AB) = 1/4 = P{§A = l}P{a-cB =1}

B

Similarly for any other combinatiom, e.g.,

gince P(A) = P(AB) + P(AB), we conclude that

P(AB) = 1/2 - 1/4 = 1/4 P(B) = 1 - P(B) = 1/2
P{’-EA =1, Xg = 0} = P(AB) = 1/4

Pix, = 0} = P(8) = 1/2 hence

P{;.(A =1, x; = 0} = P{:fA = 1}1?{15B = 0}

ijfxz, Y1<sz2: zl<!§z2} - P{§:xl, y1<25y2, 21<E§22} =
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7-4

1f XY 2 evt independent in pairs, then

r = r = r = 0
Xy X2z yz

and (7-60) yields (we assume n, = ny
l 722 2
Q(wl,mz,m3) exp s - -é-(ulwl + 0,

f(xl »Xy ,x3) - f (xl) f (xz) f (x3)

Inz-0)

wg-i-o

x=x, +x, +x To determine

-~ ~1 ~2 3'

E{:‘SA} we shall use char. functions

1/2
§1 (W) = eijdx_z sin (w/2)
w

-1/2

2 sin (w/2) 3 wz w
i(m) - —-——‘-;-—— ® (] = v

The coefficient of w4 in this expansion equals

4
13 1 d*§0) _ 13
1920 Pence 7 ot 1920
U]
and [see (5-103)]1]
4 13x4! 13
Elx} =m, = 3555 = 8%

hfi(x)

7% t 1920

1/2

0

1/2 x
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7-5 (a) The joeint density f(x,y) has circular symmetry because

f(x,y) = J £(/xs + y2 + z¢) dz

depends only on x2 + y2. The same holds for f(x,z) and f(y,z).

And since the RVs x,y, and z are independent, they must be normal
[see(6-29)].

(b) From (a) it follows that the RVs Yx’gy’zz are N(0; vkT/m).

With 02 = kT/m and n = 3 it follows from (7-62)-(7-63) and (5-25) that

’_ 3 2
fv(v)- -21'33-—3 \r2 e 'Pv /2kT U(v)
k™ T™

2kT 2n kTP
E{v} = 2\/:_; E(v7""} = 1x3- .- (2n+1) ()

7-6 From Prob.6-52: y = ax+b, z = cy+d, hence,
§=A5+B nz=Anx+B o=on

E{(z- nz) (x - nx} = E{A(x - nx) (x - nx)} = Ao: =09,

7-7 1t follows from (6-241) with gl(x) = X, gz(y) = y if we replace all
densities with conditional densities assuming 53.
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7-8 Reasoning as in (7-82), we conclude that

E{ [Z - (al;gl + azgl) ]2} is minimum if

E{[Z—(a1§1+32§2)]31} = 0 i=1,2

With Roi - E{Zl‘i} ’ Rij = E{fixj} » the above yields

Rop = 318y + 2,Ry, Roz = 3Ry, + 8.k,

But  Elyix;} = Ax) A= Ry /Ryp = &) + &R /R

E{E{z|§1,x2}|§1} - E{alz_(l + azafz[:_cl}

. R
] -—12- -
ey +aklxly) - (s, +a, L R
As in Probl, 6-51
2 2 2 2
Exyx,} < E%x, )E {x,} = IE{J_cigj}l <M

2 g0 2
E{s"ln=n}=E{] ] :_zi:.tjz: Mn
i=] =]

Hence [see (6-240)]

E{s_sz} - E{E{gz In}} < E{ng}
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As we know,

l+x+cc.+xn+-.ol 1

1 - x Ixf <1
Differentiating, we obtain
1 v o, k-1 1
14 2x+ ceo+nx" + e0e =) kx -— 1)
k=1 (1-x)
The RV 5 equals the number of tosses until heads shows for the first

time, Hence, % takes the values 1,2,... with P{§1-k} = qu-l. Hence,
[see (3-12) and (1)]

-k}s{kqu-ls—z-—z

E{x,} =] k P{x
1 k=1 (].-q)z

= T

O

the
Starting the count after the first head shows, we conclude t:hatARV

Xy =Xy has the same statistics as the RV X3 Hence,
2
E{’Sz - §1} E{’fl} E{’fz} ZE{§1} ?

Reasoning similarly, we conclude that

E{gn - l‘n-l} - E{ggl}_. Hence (induction)
n-1 l1 n
E{gn} E{n_gn_l} + E{gl} > + e

If n accidents occur in a day, the probability thatan of them will be

fatal equals (:) ﬁ"qn-" for m<n and zero for m>n. Hence,

0 m>n
P{m=m‘n=n} =
~ P n, m n-m
(xP 4 mzn
This yields
jum 9 jom ,n, m n-m jw n
E{e -|n-n}=20e (P pra  =(e " +q)
- m=
But -a a®
P{n = n} = e o n=0,1,...
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7-12

Hence,

E(ed®} = E(E(e)“B | n}} = E((ped¥+ T

T 3 . (
w n -aa _ a(pe
nzo (pe” +q) e T~ e

jm+ q)e—a - 2P (ejw— 1)

This shows that the RV m is Poisson distributed with parameter ap
[see (5-119)1].

We shall determine first the conditional distribution

P{g<s, n = n}
P{n = u}

Fs(slg =q) =

The event {g<s, n = n} consists of all outcomes such that n = n and
n

Z z_nk:s. Since the RV n is independent of the RVs X this yields
k=1 :

n
F (sln=n) =p{ ] <s}P{n = n}/P{n = n}
S - k=1 ,-Sk ~ ~

From the above and the independence of the RVs X it follows that
[see (7-51)1

£ (sln =n) = £,(s) * £,(s) * -+ % £ (s)

Setting Ak = {n = k} in (4-74), we obtain

£ (s) = E P (£ (8) % er % (a)]
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7-13 From the independence of the RVs n and X it follows that

s(x, + 00 +x)
£e|n = k} = Ele Ky

8X ’ Sxk

=Ele '} «es Ele ¥} = El;(s)
Hence,
§ (s) = E{e®} - E(E{e’I[n}} = E{¢2(s))
= I‘n[«bx(s)] because E{zZ%} = I‘n(z)

Special case., If n is Poisson with parameter a, then [see (5-119)]
a¢x(s) - a

az-a ,
I‘n(z) = e §y(s) = e

7-14
A Fx‘, (x) 9 F.j (3)
1+ — 41+
Y = max X,
b = Y™
A —p —a >
1] i X 0 i y

lysyl = {x) 2y, X, 25 o0y X <V}
From the independence of x, and the abcve it follows that
Fy(y) = P{y<yl = P{i_glf_y}"'P{)_:nf_y}

- Fl(y) Fn(y)

where Fi(y) =y for 0<y<l1,
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7-15 The RV X is defined in the space S. The set
C={z <Esz+dz,w<2/5w+dz} Z> W
is an event in the space S, of repeated trials and its probability equals
P(C) = f,,(z,w)dzdw
We introduce the events

D, ={x < w) Dy ={(w<x<w+dw) Dy =({w+dw<x <z}

Dy={z<x <z+dz) Dg = {z + dz < x)

These events form a partition of S and their probabilities p; = P(D;) equal
F,(w) f(w)dw F,(z)-F (w+dw) f(z)dz 1-F(z+dz)

respectively. The event C occurs iff the smallest of the RVs x; is in the interval (w,

w+dw), the largest is in the interval (z, z+dz), and, consequently, all others are between
w+dw and z. This is the case iff D, does not occur at all, D, occurs once, Dg occurs n-2

times, D4 occurs once, and Dg does not occur at all. With
k,=0 ky=1 ka=n-2 k=1 kg=0
it follows from (4-102) that
PC) = (?-BZ!TD’ Ps~2 pg = n(n-1)f(W)dw [£,(2)-F (w+dw)]P- 1 (z)dz

for z > w, and 0 otherwise.

7-16 1If z is N(n,1) then

E(e*?) = Tlr{ % e lem2g,
-00
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Since

1 o° 2 1
- (”‘b) =
—Jm _”e 8 dz 7

the above yields

'lz -— l
M) = T

n
X:

T
i
5| -
4
-]

1
—

i=1 i=1
are independent. Since s2 is a function of the n RVs x;-x, it suffices to show that each
of these RVs is independent of x. We assume for simplicity that E{x;}=0. Clearly,

o

1 2 02 . 1 n ,
Bxd) = B =5 EXO=gr X xies

i=1

because E(x;x;}=0 for i#i. Hence,
E{(x;-x)x} = 0

Thus, the RVs xi—i and x are orthogonal; and since they are jointly normal, they are

independent.

- - ——— - - - W = ———— - = - " A - " - - = = = m = S WS 4R S = A WS W -
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7-18 Since ng=a +a [see (7-87)], the mean of the error

ot T,
ems-(aptayy +ayxy) = (g-n) - o) (x) =ny) +a,(x; = ny))

1s zero. Furthermore, ¢ 1s orthogonal to x , hence, it is also orthogonal

i’
to Xy =Ny
7-19 From the orthogonality principle:
Elylx oz, = ay% tak, y - lagxg +a,x,b [ 200
E{y|x,} = Ax
1 1 y Augtlgl
Hence

y-(a;x, +a,x)) - (y-Ax)) =ax+a, x, -4 nlx

From this it follows that
E{alx

Lragla) =Axy

E(E{Zlgl.ggz} In_(l} = E{Zl’fl}
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7-20 The event {x<x} occurs if there is at least one point in the interval

(0,x); the event {y :y} occurs if all the points are in the interval
0,y):

A= {at least ome point in (0,x)} = [x<x}
By = {no points in (y,1)}
= {all points in (0,y)} = {y <y}
Hence, for 0<x<1l, 0<y<1l
- n
Fx(x) P(Ax) =1 - P(Ax) =1-(1~-1x)
n
F = P(B )=
y(y) ( y) y
Furthermore,
{x<x, y<yl = AxBy AxBy + AxBy = By
If x <y then
IxBy = {all points in (x,y)}
- n
P(AxBy) (y - x)

If x>y, then —AxBy = {#}. Hence

y - (y-x)" x<y
ny(xs}') = P(Axny) =

L

J x>y

" ]
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2
Suppose that E{gi} =0, E{E;} = 02, E{gi} =)

4
T2 2
If A=) x, then E{A} = no
a2 i e
i=1
2 ° 2.2 2 4
E{é } = 2 E{§i§j} = ny, + (n° - n)o
(j=1
because "4 i=3
Eﬁfixj} = .
o 143
Furthermore

%) - Lk J =L+ - 104
~3 n? 121 - a2 4

E{Zzé} = %-[ua + (n - 1)04]
- n 4
E{l“.} = 'lT E{( ) ’.‘1) }' —1,7 [nu,‘ + 3n(n - 1)04]
n i=1 n

because

H, 1= j=k=r¢r [n such terms]

E(gigjgkgr} = a“ i=3j¢kmr [3n(n-1) such terms]

0 otherwise

n
Clearly, (n - 1) E =) (§i-§)2 = Q-—ngz, E{V} = o2, Hence
i=1 & 7

(@ - D’E(Y’) = E(a%) - 20E(5%A) + n’Elg")

=, + @ - 0)o® - 20, + (@ - 1%+ L+ 3@ - 1)o)
4 4 n 4

This yields

H 2
) E{vz} --;4 +P__'...2_t2.§. 0'43 04+03

Note If the RvVs 3, are N(O,az), then M, < 304
2 1 4 n-3 4 < 2 4
Gv‘n.OU n-lo) n-lo
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7-22

From Prob. 6-49:

20 2 2
E{lxy; - %oyt = = El[xyy = %p5 41"} = 20
Hence,
202 i=]
ECxyy = %pq | %y = %py, 10 =
402w 143
/r o2
Bz} =57 ===
2 . 2 4o’ 2
E{z"} = — [2n” + — (n" =-n)]
-~ ki
4n
2 n 2 1.2 2 w2 2
cz--z-go +(1-n)o -0 = n (o]
all [ ] aln
-1
7-23 If R == then § ainji =
anl L3N N ] ann
Hence,
-1t ‘Z' ‘z‘
E{XR X} = E{ x.a,.x,}
-7 1=1 3=1 ~1 133
) b
= a..R.. = 1l=n
1=1 j=1 31 44

with variance 02+ +cn > @ ag n+> (we assume O

fz(z) tends to a constant in any

The density fz(z) of the sum z = x

2 1

1

follows as in (5-37) and Prob. 5-20.

interval of length 2w,

+ o +:5n tends to a normal curve

>¢c >0), Hence,

i
The result
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7-25 Since a - a~+0, we conclude that
E{(x -a)z} = E{[(x -a ) + (a -a)]z}
=n ~n n n
= E{(x_-a )2} + 2(a_-a)E{x -a } + (a -a)2=0
~Vn on n “n ‘n n

as n >,

7-26 1If E{ggnz_cm} + a as n,m + », then, given € >0, we can find a number n,
such that

E{gn:.cn} = a +6(n,m) le] <e if n,m>0
Hence,
E((x_-x )%} = E{x%} + E{x’} - 2E{x x_}
“n m -n ~m *n*m

-a+61+a+62-2(a+63)-61+6 —263

and since |61 +62- 263| <4 ¢ for any ¢, it follows that
E{ (gn-ggm)z} +0, hence (Cauchy) x tends to a limit.

Conversely 1If :Sn-r}f in the MS sense, then
E{ (xn - x)z} +0. Furthermore,
E{x_ti} - E{:sz} E{x x } -~ E{)_:z}

because (see Prob. 6-51)

Ez{xz - x2
~n -~

)= B2y - m) (x40}
< E{(x -x)Z}E{(x +x)2}->0
x X x +x

E2(x(x, -0} < EBxIEL(x_ -0} + 0
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Similarly, E{ (’fn -x)(x ey 5)}-»0. Hence,
E{:_:n:_:m} + E{:_tz} - E{x :_tn} - E{x :_tm} +0

Combining, we conclude that E{xn J + E{xz}.

2 2
E{’fk} =0 E{ﬁ‘} - o
n n
2 2 2
B I x)1-1 Ex)
k-nl k-nl
[ 2 n+nm
If ) O < ® then given € >0, we can find n_ such that } o, <€
k=1 ° k=ntl
for any m and n >n°. Thus
+m n+m
2 r 2 2
E{(y -y)}-E; ) i-z o, < ¢
Yotm ~ Tn K otk iy

This shows that (Cauchy), ¥y comverges in the MS sense. The proof of

the converse is similar.

If £, (x) = ce “*yu(x) then ® (s) =

c-s
0(s) = 8, () +++ 0 _(8) = —=
s = e =
1 n (c - s)n
n-t
Hence (see Example 5-29) f(x) = Gs_t-l—l{)—! e < ux)

From Prob. 7-28 it follows that f(x) is the density of the sum

‘; =% LEEEE § X Furthermore,

n 2 n
E{z} = o, 2

From the central limit theorem it follows, therefore, that for large
n, the Erlang density is nearly equal to a normal curve with mean n/c

and variance n/ c2.
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7-30 Er,} = 500 of = 50°/3

2 4
r=r b, vt E{El = 2,000 o_ =10 /3

-

Thus, r is approximately N(2000'102/v’§)

10073,

P{1900 < r <2100} = 2 G (== 100 )

1= 0.9169.

7-31 The RVs X, are independent with (see Prob. 5-37)

c -c, |w|
£ (x) = ——.—i—.—— .3 (w) = @ i
i 2. 2 i
u(ci+x)

In that case, (7-104) does not hold because

© ’ ©

€4
Ix f(x)dx-T 2 2 dx = @ a>2
-wcj_

In fact, the density of x = g_:l+ A -3 is Cauchy with parameter

c= c1+---+<:n because

!(m) = e-CI|w|-oo e-cnlwl = e-(‘:l+...+cn)|m|

7-32  In this problem, 0,2 = E{|z|?) = E{x? + y?} = 20?

fo(x) = f(0f,(y) = 2%, e-(2+y?)/202 _ __‘_Te-lzlzla,2

2%0,
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8-3

CHAPTER 8

(a) From (8-11)with =.95, u=.975, zg; ~ 2, 0=0.1, and n=9 we obtain

=A% 0066
¢c=m ="

(b) From(8-11) with ¢=91.01-91=0.05mm:

=15 u=.93 7= .86

(a) From(8-11) with o=1 and n=4: X % oz,/+fi~ 203 £ Imm

(b) From(8-12) with &.05 ¢ = o/ Ané = 2.236mm

- - —————— - - - - - 8 G0 M - - - - - - - - " - " fe e - - - - -

We wish to find n such that P{|X-a]<0.2}) = 0.95 where a=E{X}.From (8-4) it

follows with u=.975 and o=0.lmm that

z,0
3 < 0.2, hence, n=1

In this problem, x is uniform with E{x)=f and o®>=4/3.We can use, however,
the normal approximation for X because n=100. . With 7=.95, (8-11) yields
the interval

X + 2'975 Um = 30 + 0.227
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We shall show that if f(x) is a density with a single maximum and
P{a<x<b}=7, then b-a is minimum if f(a)=f(b). The density xe*U(x)
is a special case. It suffices to show that b-a is not minimum if f(a)< f(b)
or f(a)>f(b).

Suppose first that f(a)< f(b) as in figure (a). Clearly. f'(a)> 0 and
f'(b)< 0, hence, we can find two constants §>0 and§,>0 such that
P{a+6; < x < b+é,} = 7 and

f(a) < f(a+8;)) < f(b+s,) < f(b)
From this it follows that & > 6,, hence, the length of thenew interval
(a+é;, b+6,) is smaller than b-a.

If f(a) > f(b), we form the interval (a-§;, b-6,) (Fig. 8-6b) and

proceed similarly.

(qj ’-f(ap(; f(m

~

XV

N

i l |+ 82.

Special case. If f(x)=xe™™ then (see Problem 4-9) F(x)=1-e*-xe™, hence,
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P{a <x <b) =e®+ ae® - eP-be?=.95

And since f(a)=f(b), the system
ae™® = be® e?*-eP=.95
results. Solving, we obtain a~0.04  b~5.75.
A numerically simpler solution results if we set
0.025 = P{x < a} = F(a) 0.025 = P{(x > b} =1 - F(b)

as in (9-5). This yields the system

0.025 = 1 - e™®-ae™® 0.025 = e-brbe®
Solving, we obtain a=0.242, b=5.572. Hewever, the length 5. 572-0.242=5.33
of the resulting interval is larger than the length 4.75-0.04=4.71 of

the optimum interval.

We start with the general problem: We observe the n samples x; of
an~ N(n,10) RV x and we wish to predict the value x of x at a future
trial in terms of the average X of the observations. If n is known,
we have an ordinary prediction problem. If it is unknown, we must

first estimate it. To do so, we form the RV w=x-X. This RV is
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N(0,0,) where crw2=ax""+cv,.‘2=0'2+a'"’/nf With c=zg,0,$ it follows that
P{lw| < ¢}=.95. Hence
PR -c<x <X +c) =095
For n=20 and 0=10 the above yields 0,=10.25 and ¢ ~ 20.5. Thus, we
can expect with .95 confidence coefficient that our bulb will last at

least 80-20.5=59.5 and at most 80+20=100.5 hours.

The time of arrival of the 40th patient is the sum x, + --- + x_ of
n=39 RVs with exponential .distribution. We shall estimate the mean
n=1/60 of x in terms of its sample mean %=240/39=6.15
minutes using two methods. The first is approximate (large n) and

is based on (8-11).

Normal approximation. With A=n andz g,¢/ 439=0.315:

P{r%—s <n < 0—§8-5} = .95 4.68 < n < 8.98 minutes

Exact solution. The RVs x are i.i.d. with exponential distribution.
1
From - this and (7-52) it follows that their sum

y=;\gl + .-+ +x = nX has an Erlang distribution:
~ n
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' & & -1 70y
Qy(s) = (0_s)n fy(Y) = (n-l).' y" le U(y)

and the RV z=20y = 2nfX has a x’(2n) distribution:

n-1 -
() = 55 fy (U = = €™/ U(2)

Hence,
P{x35/z(2n) < 2% le_m(Zn)} == 15

Since Xz.ozs( 78) = 54.6, x2_975( 78)=104.4, and 2n%=480, this yields the interval

4.60 < n < 8.79 minutes

- - - —— - " -~ = s " = e - R . - - = . - e an e -

From (8-19)with %=2,550/200=12.75 n=200 and z,~2

M .2552204+ 127588 =0 A = 12255 < A < 13.265 = ),

From (8-21) with X=2,080/4000=0.52, n=4,000 and z ~2.326.

x(1-x

p,, ® X tz, N7+ =.521%.018

Hence, .502 < p < .538.
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(a) In this problem, %=0.40, n=900 and z, ~ 2. From(8-21) : Margin of error

+ 100 zu‘\ ==L =+ 3.27%

>
i

(b) We wish to find z,. From (9-21) and Table la:

100z MR =5 5 21225 = .89

u

This yields the confidence coefficient 7 =2u - 1 = .78

----------------------------------------------------------------------

. 1-
The problem is to find n such that [see (8-20)] zu‘\p( P) < .02

for every p. Since z ~2 and p(l-p)<l/4, this is the case if

zu4l/4n <.02 n> 2,500

. From (8-36)with k=1

5 4<p<.6 6

f(p) = P{k=l} =5 Ipdp = .5 = %
0 otherwise 4
I0p 4<p<.6 6

f(pll) = p = 10 fp’dp = .5067
4

0 otherwise
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n -
8-15 From Prob. 8-8: f (X0 = %’l—)—, X~ lg-néx

n+l _
From (8-32) : fo(g lx) - C+n§ one-(c+nx)0
: 3 - Lcenx ntl oo ~(c+nx)d ., n+l
8-16 The sum nX is a Poisson RV with mean né (see Prob.8-8) . In the context

of Bayesian estimation, this means that

k
f(x0) = e u}?— k = nx = 0,1,...

Inserting into (8-32), we obtain [see (4-76)]

nx+b+1 -
f,(ﬂ(X) - !R+:x!+b+a) 0nx+be-(n+c)0

and (8-31)yields

o - (n+¢) ****1 I nxabe2) o DRebrl
8 I(nx+b+1)  (p4c)nX+b+2 n+c S X

8-17  From (8-17)with tgg(9)=2.26

L

S

% =90 + 3.57 86.43 <n - 93.57

t—.—
X E

- i 2 = 2 =
From (8-24) with x* . 9)=19.02, x pow | 9)=2.70.
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2 2
I = 1183 < ? < 255 - 333 3.44 <0 <9.13

8-18 The RVs x;/0 are N(0,1), hence, the sum z=(x,% + ... + x2,3) /0% has
a x%(10) distribution. This yields
2 2 -
POx? e 10) <2 < X2, (10)) = .95
2 - 4 2 -
X '025( 10) = 3.25 < o2 < X '975( 10) = 20.48
0.442 < 0 < 1.109
. 442 _ 2 _
8-19 From (8-23)with n=4,x .025(4)—0.48, X '975(4)—11.14
nv o= .12 4+ 15 + .05% + .04% = .0366
-003&6 >0 > Tol-”%g 0.276 > o > 0.057
8-20 In this problem n=3, X +Xy+X4=9.8
f(x,c) ~ cix3e-<x f(X,c) = c““(xl...xn)sne'“‘"‘
a%-ﬁ)- = (4 - nx)rx9 =0 ¢ =4 = 1.2
8-21 The joint density

f(X,c) = cne "Exo0)

X; > Xg
has an interior maximum if
H(X,c) _ A 1
—=x =0 ¢ =3xx
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8-22

8-23

8-24

The probability

= 1 - F (200) = e200¢
of the event {x > 200} is a monoton decreasing function of c. To find the
ML estimate & of ¢ it suffices to find the ML estimate p 6f p. From
Example 8-28 it follows with k=62 and n=80 that

p = 62 _

30 = .775 hence

- - - —— - - o~ - - - - - - e - . S - = WP W G e e e e e e

The samples of x are the integers x, and the joint density of the RVs x; equals

f(X,0) =e™ [ i—(; = e g{;—;

Hence, f(X,0) is maximum if - n + nX/0 = 0. This yields 9 =

If L = In f(x,0) then

But
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8-25 (a) From (8-307): Critical region

X>c= N + zl_a—a— = 8+2.326 x

w = 8.58

-1 8

If 7=8.7, then 7, = 5211'55 =28

B(m =G(2.36 - 2.8) =.32
(b) We assume that a=.01, B (8.7)=.05 and wish to find n and c.
G(zy.47n) = B Zya My, = 2

q

r’q = 2.99 - zlos = 4.97 =

n=129 c¢=8+
8-26 Our objective is to test the composite null hypothesis ™n,=28 against the
hypothesis 1n<n,- Consider first the simple null hypothesis 17=170=28. In

this case, we can use (8-301) with

X-Ty 2 1
q = g/—m X = 17 ZX’ = 27.67 $* =18 Z(Xi-X) = 17.6

This yields s=4.2 and g=-0.33. Since
q, =t, (n-1) = t545(16) = - 1.95 < -0.33
we conclude that the evidence does not support the rejection of the
hypothesis 7=28. The resulting OC function ﬁo( n) is determined from (9-60c).
I'f 7,>28, then the corresponding value of q is larger than

-0.33. From this it follows that the evidence does not support the
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hypothesis 1, for any n,>28. We note, however, that the corresponding
OC function A(n) is smaller than the function ﬂo(ﬂ) obtained from
(8-301) with n,=28.

From (8-297) with qu=tu( n-1): Critical region |X-7n > tl-a/2( n-1)s/4{m

L a=_1 to(63) = 1.67 1%-8 > 1.67 x 1.5/8 = 0.313

Since %=7.7 is in the interval 8 * 0.317, we accept H,

2. a =0l toos(63) = 2.62  |%-8 > 2.62 x 1.5/8 = 0.49

Since %=7.7 is outside the interval 8 * 0.49, we reject H,.

——— - - - - n - e - Y = m T = n S e e e S e e e S AR W e S MR M

We assume that the RVs x and y are normal and independent. We form

~N

the difference w=%x-y of their sample means

w c2 o2
q=£_ 02= X + Yy
o Oy w 16 © 26

The RV q is normal with o,=1 and under hypothesis Hy, E{q}=0. We can,
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therefore, use (8-307) because qQ =z, To find q, we must determine o,,.

Since o, and o, are not specified, we shall use the approximations o, ~ s,=I.1

and oy, ¥ sy=0.9. This yields

2 L1209 _ Xy _ 04 _
0w’ © g + e = 0.107 AQ=5-=¢357 = 1.223

Since zjq.=1.645 > 1.223, we accept H,.
(a) In this problem, n=64, k=22, p0=q0=0.5

k-np0
q=— = 2.5 z
Pyl

af2 T 7 Z1-0:,12 v -2

flal

Since 2.5 is outside the interval (2, -2), we reject the fair coin hypothesis

[see (8-313)].

(b) From (8-313) with n=16, p0=q0=0.5:

kl—np0 -, kz—np0 -,
2 2
1Py, of Py, of
This yields k;=8-2x2=4, k,=8+2x2=12
We .shall use as test statistic the sum
q=x + + X n=22
~ ~ ~m
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The critical region of the test is q<q_ where q=x,+ --+x, =90 [see (8-301)].

The RV q is Poisson distributed with parameter nA. Under hypothesis Hg,

A=)y=5; hence, nq=nA0=ll()=aq2. To find q, we shall use the normal
approximation. With @=0.05 this yields
a, = n)y + z, fNXg = 90-17.25 = 72.75

Since 90 > 72.75, we accapt the hypothesis that A=35.

From (9-75) with n=102 and p0i=l/6

6 (k-17)2
q=i2—:1gg17)_=2 xz.gs(s) » 11

Since 2<l1, we accept the fair die hypothesis.

- o = - = - - - - - " - - - - = = - - e - - e Mmoo e e

Uniformly distributed integers from 0 to 9 means that they have the

same probability of appearing. With m=10, p01=.l, and n=1,000, it follows

from (8-325) that

= = 2
q-= J;o 0 17.76 X .95(9) = 16.92

124



f(X.,6) is maximum for 6=6 =%. And since 6, 4=, we conclude that

-n00 nx
e 9
NX) = 0

_QT:E)-:E W= -2 ln A= 21’1(90-)-() + X ln()'(/00)
With n=50, 6,=20, X=1,058/50=21.16, this yields w=3. Since mg=1, m=1, and
x2'95(1)=3.84>3, we accept Hy,

8-34 We form the RVs

m n
2=y [-——xi'""]z w= ¥ [___zyi'” ]2
~ . Ox ~ . Oy
i=1 i=1

These RVs are x%(m) and x%(n respectively. If 0,=0y, then

_ z/m
a= w/n
Hence (see Prob. 6-23), q has a Snedecor distribution. To test the hypothesis 0,=0,, we

use (8-297) where q,=F,(m,n) is the tabulated u percentile of the Snedecor distribution.

This yields the following test:

Accept H, iff Fu/2(mn) < q < Fy_g/5(m,n).

8-36 (a) Suppose that the probability P(A) that player A wins a set equals p=1-q. He wins
the match in five sets if he wins two of the first four sets and the fifth set. Hence, the
probability ps(A) that he wins in five equals 6p3q2. Similarly, the probability pg(B) that

player B wins in five equals 6p2q®. Hence,

Ps = Ps(A) + ps(B) = 6p3q? + 6p2q® = 6pZq?
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is the probability that the match lasts five sets. If p=q=1/2, then ps=3/8.

(b) Suppose now that P(A) = p is an RV with density f(p). In this case,

ps = 6p°(1-p?)

is an RV. We wish to find its best bayesian estimate. Using the MS criterion, we obtain

.
bs = E(ps) = | 60%(1-p)f(p)dp

If f(p)=1, then pg = 1/5.

£(v) ~ eV /20 £,(0) ~ e"(#-00)*/205”
To show that
£,(601x) ~ e"(0-01)/201?

where
1 n § p _
—_— = + = —— + X
02 o2 o 15527°" &

Proof

-0)2
f (xl6) = f (x-0) ~ exp { - (;02) }

1
f(X)9 ~ exp { - 552 Y (x;-6)? }

Since ¥ (x;-6)2 = ¥, (x;-%)% + n (x-8)%, we conclude from (8-32) omitting factors that do

not depend on ¢4 that

f(8X) ~ exp { - % [(::o)z , n(i;zo)z ]}
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The above bracket equals

1 ny ., b, n |
[a?+;2—]0-2[0—2+-52]o+---_a—17(0-2001)+---

[+]

and (i) follows.

8-38 The likelihood function of X equals

1
(X.0) = g o0 - 57 E (e}

where 6 = 02 is the unknown parameter. Hence

L(X,0) = - -'2’_ fn (276) - %z (x;-n)?

- - - - - n - - s " " - - - - s - > - - - - . = - . . - - A= - - e " = e = s e - =

8-39 The estimators 6, and 6, have the same variance because otherwise one or the other

would not be best. Thus
E(,) = E(6,) =60  vard,=varf, = o?

If6 = (51+52 ), then

E{§) =16 042 = % (0% + 02 + 2ro?) = ~;— (14r)0?

~ -

where o is the correlation coefficient of 6, and #,. If r<l then oj<o which is impossible.

Hence, r=1 and 51 = 52 (see Prob. 6-53).

8-40 kj+ky-np;~-np, = n-n(p;+p,) = 0; Hence, |ky-npy| = |ky-np,|

(k;-np,y)? s (kg-np,)?
np, np,

1 1 k,-np;)?
= (k,-np,)? [__ + __] = (ky-npy)”
np; np, np;p2



8.41 It is given that
B{T(X)} = [ T(X) (X:0) dw = w(6),

so that after differentiating and making use of (8-81) we get

/:: T(X) af(;;'; % 4w = v (0) (8.41 — 1)
Also using (8-80)
/_Oo b(6) 8f<§§; 9 4w =0, (8.41 — 2)
and the above two expressions give
/j; [T(X) = 4(0)] 0f(§g; ) 4z = v'(0) (8.41—3)
But
DFX:0) 1 dlogf(X:h)
09 f(X;6) 00
so that (8.41-3) simplifies to
[ [ — v o] |Viono) I 4= i)

and application of Cauchy-Schwarz inequality as in (8-89)-(8-92), Text
gives
[ (0))?

I { (a Iogge(X;G))Q}

E{T(X) = y(0)}?] >
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CHAPTER 9

771 (@) Btz t40.50amd {9y7 ¢ 20025 0.5
5(t, heads) = sinnt = (1 t = 0.5 §(t, tails) = 2t =( 1
0 t=1 2

r F()‘) 0.15') ?F(x,o.s) /] F(x,i)

i L ——— o
0.5t
¢ = - ~—>
0 '/‘L. 4/0-{ X 0 1 x 0 2 X
9-2 x(t) = egt
® * at at
n(t) = Ieat fa(a)da R(tl,tz) = I e 1 e 2 fa(a)da

ta ta

From (5-16) with x = g(a) = e g’(a) =t e = tx

EGot) = oy £o G A 0)UGR)

- - - En G A - - G N} - ——— -
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As we know, E(f(t)} = At and var f(t) = A2t2 [see (9-18)]. But E(x(9) = 6} by

assumption, hence, A = 2/3

(a) E{x(8)) =24 var )~(2(t) = 242

(b) The RV _)5(2) is Poisson distributed with parameter 2)A = 6. Hence,

3 @)k
P(x(2) s 3) = (—E,—)—
k=0

(c) The RVs z = 5(2) and W= 5(4) - x(2) are independent and Poisson distributed with

parameter 2). Hence,

e,

_ 0 @O @Ym
k!

k! m!

_ 3
POM) S 5122 £ 3) = o2 ¥ by (gL 5 paaky

P{E=k) = P{(z = k, w=m)

P{z<3
(£~ } k=0
3 5-k
P{Es3,_\1vsS-z}=Z Y, Pz =k, w=m)
k=0 m=0 -
x(t) = U(t-¢) y(t) = 8(t-¢) = x'(¢)
For t, or c2<0, R(tl,tz) = (; for t:l and t2>'1‘, R(tl,tz) = 1.
Otherwise,
2
3R 3°R
1 1 x=—1- e ¥ ——.——x-— = -]L -
R(t)sty)=gmin(e,,e,) 3T, Uty -ty - 3Tt 1 8(ty - ty)

From this and (9-105) it follows that TRy(tl-t2)= G(tl-tz) for

0< tl,tz <T and 0 otherwise,

a-bt=0 iff t=¢t, = a/b. Setting Gy =0,=0 and r = 0
in (6-63), we obtain

P{0 < 51 <T} = -]2547-:-arc tanT —(—;—41-&311 tan O)
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9-6 The equations

w'(t) = w(t)Uu(t) v(0) = w'(0) =0

specify a system with input v(t)U(t) and impulse response h(t) =t U(t).

Hence [see (9-100)]
t

2
E{gz(t)} = q(t)u(t) * €u(e) = J (t - t)q(r)dr
0
9-7 (a) From (5-88) with x = x(t + 1) - g(t% and (8-101):

2
P{{x(t+1) - x(t) | >a} < E”‘(W;-yt)l }
a

= 2[R(0) ~ R(1)]/a>

The above probability

equals the mass in the

regions (shaded)
xz-x1>a and xz—x1<-a
Hence,
P{{x(t+1) - x(t)| 2a)
= [ J f(xl,xzztvdxldxz + I J f(xl,xz;t)dxldx2
-0 =0 -cc x2+a



(a) The RV x(t) is normal with zero mean and variance E{x2(t)} = R(0)=4, hence it is

N(0,2) and P{i(t)s3} = F(3) = G(1.5) = 0.933

(®) E(x(t+1) - x(t-1)]) = 2[R(0)-R(2)] = 8(1-¢%)

If x(t) = cei“*+%) and 5, = 0 then
Ny (t) = neilwt+d) = g R, (t+7,t) = 0 2eiwT
hence, .’.(.(t) is WSS. We shall prove the converse:
If the process x(t) = cw(t) is WSS, then =0 and w(t) = eJ(“*+%) within a constant factor.

Proof n,(t) = n.w(t) is independent of t; hence, n.=0. The function
R, (t1,t3) = aczw(tl)w‘(tz) depends only on 7=t,-t,; hence, w(t+r)w'(t)==g(r). With 7=0 this
yields

Iw(t)i? = g(0) = constant w(t) = ael4(t)
w(t+r)w'(t) = aZeild(t+7)-4(t)]
Hence the difference ¢(t+7)-¢4(t) depends only on r:
$(t+7)-¢(t) = f(r) ()

From this it follows that, if ¢(t) is continuous then, #(t) is a linear function of t. To
simplify the proof, we shall assume that ¢4(t) is differentiable. Differentiating with

respect to t, we obtain ¢'(t+7) = ¢(t) for every r. With t=0 this yields

#'(r) = ¢’(0) = constant #(r) = ar+b

We shall show that if x(t) is a normal process with zero mean and z(t) = x%(t), then C,(1)

= 2C, X(1).

From (7-61): If the RVs x, are normal and E(x,)=0, then
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E(x;xzXsx4) = E(X1%2) E(xsx4) + E(xixs) B(xaX4) + E(xixo) E(XoXs)

With §1=52=§(t+r) and ‘)53‘ =X4= f(t), we conclude that the autocorrelation of f(t) equals
E{iz(tn)iz(t)) = EX(x%(t+7)} + 2E? (x(t+7)x(1)) = R, 2(0) + 2R, 2(1)

And since R, (7)=C,(r), and E{E(t)} = R,,(0), the above yields

C“(T) = R“(T) - Ez{f(t)} = 2Cxx2(f)

9-11 y(t) + 4y’(t) + 13y(t) = x(t) all t
The process y(t) is the response of a system with input x(t) = 26 + v(t) and
H(s) = : h(t) = : e~2ts5in3tU(t)
T 52445413 "3

Since 1, = 26, this yields n, = n,H(0) = 2. The centered process y(t) = y(t)-ny is the

response due to v(t). Hence [see (9-100)]
EGA0) = a [ hiwdt =
yi=a J.o ~ 104

With b=4 and c=13 it follows that (see Example 9-276)

10 2
= —¢ 2l - L
Ryy(7) T04° [cos3r 3 sin 3|11] +4

If v is normal, then y(t) is normal with mean 2 and variance Ry, (0) - 4 = 10/104; hence,

@~ - - = o~ - —— A = " = = = - - - —_ - o W = - a— W MR S = - = e = - S WS S Ws  em RSSO Se e em e S SRS S e

Ryultists)

9-12 E(y()} =0 Ry (ty,ts) = TG w(t;-tp)
R, (t;,
E{z(1)) = 0 Rty tz) = ﬁ(—t—xs%%) = §(ty-t3)

because Q(tl)S(tl-tz) = antl) \/qztz’ S(tl-tz).



From (9-181) and the identity 4ab < (a+b)2 it follows that

2 1 2
Ry (TR (OR (0 <7 [R_(0) +R_(0)]

Clearly (stationarity assumption)
*
EC(x* () - y" ()% = E([x(0) - y@]%) = 0

Furthermore,

B+ DX (1) - y (O]} = R_ () = R_(0)

and [see (9-177)]

Ex(e+ D [x (©) = y (11 <E(x(e+0 D" ©) -y )]} = 0

Hence, Rxx(r) - ny('r) = 0; similarly, Ryy(r) = ny(‘r)

-—_--,---u—----—-----—----______—_-—-__—---__-_—-_~__—__-----__-_--___-_-_____

2 * *
E{|x(t+1) - 5(t)|°} = E{[x(t+1) - $(O)]ix (t+1) - x (8)]}

= R(0) - R(t) - R"(1) + R(0) = 2R(0) - 2 Re R(x)

From (1) = ¢(2) = 0 it follows that
E{cosib}=E{sing} = E{COSZS‘}'E[Sin 2¢9}=0
Hence, E{x(t)}= coswt E{cos ¢}~ sinwt E{sin¢}= 0

and as in Example 9-14
2 cos [w(t +1) +$]cos(mt+¢) = coswT+cos(2ut +wt +24¢)
2Rx('r) = coswT

If ¢ is uniform in (~-m,n), then

o(1) = sinnmtw

p— o(1) = ¢(2) =0
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9-17

(a) x(tpx(ty) = [x(t)) -x(0)1lx(t)) -x(t)) +x(t;) -x(0)]
R(tp,t,) = EClx(t;) - x( 1= E(x*(£))} = R(ep,t))

(b) 1If tl+e<t2, then Ry(cl,tz) = 0; 1if

t1<t2<t1+e then

E{[x(t, +¢) - §(t1)][§(t2+5) - §(t2)]} = q(t; +e -t,)

Hence, eZRy(t) = q(e - |t|) for || =|t2-t1| <€

]

E{x(t)y(t)} = J E{x(t)x(t - 1) }h(r)dr

-0

© o

= J Rxx(t,t—'r)h(r)dt = J q(t)8(t)h(tr)dt = h(0)q(t)

As in Prob. 5-14, g(x) = 6+3 Fx(x). In this case,

E(x2(t)} = 4, hence, x(t) is N(0,2) and F (x) = G(x/2)

x(t) is SSS, hence, P{x(t) <y} = Fx(y) does not depend on t. The
RVs ¢ and x(t) are independent, hence, [see (6-238)]

F (y) = Plx(t-¢) <yle=el=Plx(t-¢) <yl e=c¢)

= P{x(t-e) <y} = F_(y)

is independent of t. Similarly for higher order distributions.
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9-21 E{x(t)} = n= constant, hence, [see(9-102)] E{lc'(t)} =0
Furthermore, R__(-t) = R_ (7). hence, R' (0) = 0 and (10-97) yields
xX XX XX

E{x(t)x"(t)} = R ,1(0) =0

9-22 (2) Elzw} =R (2) = be™ E(z’) = EQu’} = R (0) = &
E((z+w)7) = R (0) + R (0) + 2R (2) = B(1+e™*)
(b) z is N(0,2) P{z <1} = F (1) = G(1/2)
r = e, £, (z,0) N(0,0;2,25e" %)

9-23 The RV g'(t) is normal with zero mean and variance
2
E{lf'(t)l }= Rx'x' (0) = - R"(0)

Hence, P{x'(t)<a}l =F ,(a)= G[a./v’l R"(O)l]

9-24 The function arc sin x is odd, hence, it can be expanded into a

sine series in the interval (-1,1):

a(x) Zarc sin x = ) b_ sin nm x x| <1
n=1 n
1 1
b = J a(x)sin nm xdx = - L J a(x)d cos nmx
n nm
-1 -1
1
N 1
T - ‘G_(_X_)_S_O_S__nﬂ'_x_ + — J cos nnx da (x)
nn T
-1 -1
/2
= -M+—l- J cos(nffsin x )dx
n nn
-n/2
and the result follows because [see (9-81)]
2 Rx(r) 1 r"/z
Ry(‘t) = = arc sin FR) Jo(z) -= J cos(z sin x)dx
x -m/2



9-25 As we know [see (5-100) and (6-193)]

E{ejw}f(t)} = expi{- 5(_20.)_ wz}

jlo x(e+)+w, x(t) ]
e © 21 exp (- 3 [R(O)WE + 2R(1)upu, + ROy )}

Hence, with jw = a
(t) 2
E{1e 2"} = exp{-"-‘:,_- R (0}

E(1 e 2201220} o Pexpla (R (0) +R (D)

- -~ -~ - "~ - - - = we " s W - M - - - - - - - - - -

(a) Ry(r) = azE{)_:[c(t'l-T)]l((ct)] = azR(cr)

(b) If z (t) = fe-x(et) then R (1) =eR _(et) [as in (a)].
~€ p ze X

1f 6§ >0 is sufficiently small and ¢(t) is continuous at the
origin, then

8 8
J Rze('r)cb('r)d't = ¢ (0) J £ Rx(er) dt
-3 =8
el ©
= ¢(0) J R(t)dr —¢(0) J R(t)dt = q ¢(0)
. e-’a
-6 -

Hence, Rz (t)—q 8(t) as e > =,
. €
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y(t) = J x(t)h(t - 1)dx
" t=T

Hence, y(tl) and y(t,) depend linearly on the values of x(t) in
the intervals (tl-T, tl) and (tz-T, tz) respectively, 1If
Itl-tzl >T then these intervals do not overlap and since

E{f(rl)f(tz)} = 0 for 12 # Ty it follows that

E{y(t)y(e))} = 0.

t
J h(t,0)x(a)h(t,B)x(8) dads ]
0

tt t
= J J h(t,a)h(t,a)q(a)s(a -~ R)dadp = J hz(t,a)q(a)da
00 0

(b) If y'(t) + c(t)y(t) = x(t), then y(t) is the output of a linear
time-varying system as in (a) with impulse responmse h(t,a) such
that

I3 4 c(e)n(e,a) = 6(t-a) h(a™,a) =0

or equivalently

32%%422-+ c(t)h(t,a) = 0 t>0 h(a+,a) =1
This yields t
- j c(t)dr
h(t,a) = e ©

Hence, if

t

I(t) = I hz(t,u)q(u)da then I'(t) + 2¢(t)I(t) = q(t)
0

because the impulse response of this equation equals

t
=2 j c(t)dr 2
e © = h"(t,a)
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9-23 (a) If y'(t) + 2y(t) = x(t), then y(t) = x(t)*h(t)

where h(t) = e-ZtU(t) and with q(t) = 5, (10-90)yields
E{y2(t)} = Sxe"*fu(e) = 5 I e
0

I“dt 3_2_

(b) As in (a) with q(t) = 5U(t). Hence, for t >0

t
E{Zz(t)} - SU(t)*e-atU(t) =5 J e-brdt = -15; (l-e-‘.t)
0
9-30
boxa) ,
E§4e))
|
I
| >
From (9-90) with q(t) = N[U(t) - U(t-T)]
t
an | a2y, o A (-7 0<t<T

0

Ely2(t)) =

T
AN J e-Zu(t-T)dT - %g_ (eZaT _ 1)e-2at £>T
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9-31

9-32

Since x(t) is WSS, the moments of S equal the moments of

5
z= J x(t)dt
-5
Hence, (see Fig. 9-5)

5 ,5 lo
E(s?) = J J Rx(t,-t,)u,alt;ﬁlo-lrI)Rx(T)dT

=5 =5 -19

2 - (10 ~27
E{s} = 80 o, = 2 J (10-1)10e “ dt

T e e o o o e = e 0 0 o 8 o - - - - " - - — - ——— - - ——_— - = = - = = " - - - - = = = -

y(t) = x(t)*h(t) h(t) = e 2y(e)
(a) E(y2(£)} = 5%t U(e) = 5/4

--Zt2 -2(t2—t1)
4 - - * = -
nyttl,tz) 5 d(t1 t2) e U(tz) S5e U(t2 tl)

-2(t2—t1) -2t

" it y = - *
Ayy\ 1,t2; Se U(t2 tl) e

1 u(e,)

i §_e-2|t1't2|

4
The first equation follows from (9-100) with q(t) = 5; the second
from (9-94) with Rxx(tl,tz) = 56(t1-t2), and the third from (9-96).

(b) With Rxx(tl,tz) = 56(t1-t2)u(t1)u(t2), (9-94) and (9-96) yield
the following: For t, or t, <0, ny(tl,tz) = Ryy(tl’tZ) = 0,
For C<zt, <t,
' -2t, -2t,

ny(tl,tz) = 56(t1-t2)*e =5 ¢
t
1 =2(t,~1) =-2(t =-1)
JSel 1

5
Ryy(tl,tz) e dr=7e
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2
9-33 -0t _=ST 2 2 — 2
[ e € 4r w5 /4 J o0 (1 +5/20) d'r-,\lg e S /4a
This yields
e-GTZ Lt e—wZ/lou
a

2
-312 1 Jr "(w-wo) /b4a -(uH-mo)Z/lm
e cos w T+ Z,|= le t+e

f ~juwt
9-34 G(xl,xz;w) = J f(xl,xz;r)e

dt

R(t) = E{:f(t+t)§(t)} = J J X%, f(xl,xz;'r)dxldx2

w00 =0

[ [ ] o

S(w) = J R(r)e_jmd'r = I e-jml I X%, f(xl,x'z;t)dxl dxzd-r

-0s -0 -0 -

The process y(t) = x(t +a) - x(t -a) is the output of a system with

input x(t) and system function

H(w) = ejam_e-jaw = 2§ sin aw
Hence [see (9-150)]

Sy(w) =4 sinzaw Sx(w) = (z_ejZaw - e_jzaw)sx(w)
Ry(‘l') = 2 Rx(r) - Rx(r+23) - Rx('r-2a)
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9-36 Since S(w) >0, we conclude with (9-136) that

-

R(0) - R(1) = 51; j S(w) (1 - cos wt) do

-0
- -]

> El?rJ S(u) (1 - cos 2w du = 7 [R(0) - R(20)]

and the result follows for n=1, Repeating the above, we obtain the

general result,

9-37 From (6-197)

E{:jz(c+'r)1_(2(t)} = E{)fz(t+r)}E{§2(t)} + ZEZ{)‘SZ(t +r)§2(t)}

Hence,

R () = Ri(O) +2 ni(r) = 12 se2eltlym2eltl o pan

4a 2a 2a
S (w) = | 2n8(w) + + +
y 4a2+m2 4a2+(w-ZP)2 402+(m+2P)2
Furthermore,
= E{x2(t)} = R_(0) c_(1) = 2&%(1)
ny X (t) . y T (T
9-38 B ) . , )
jwt, jwult, -7
JS(N)Zaie * du=JS(m)Zaa:e 1ok,
- i - i’k
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9-39  (a) S(s) = — o= 1

1+s (sz+/2_s+1)(sz—/§s+l)

A special case of example 9-27b with b = /2, ¢ = 1. Hence,

1 e-lTI/‘E T ]rl
R(7) = S+ si
(1) V. (cos = + sin &.)

(b) From the pair e-zhl > 4/(4+w2) and the convolution theorem
it follows that

e-2|r| . e-Z'Tl - 16

(lo+m2)2
Hence, for t>0
o 0
16 R(1) = I e-2|x| e-zlt'x‘dx - J e2X m2(1=x) 4y
T o
+ I e-2x e-2(1’—x) dx + J e-2x eZ(T—x) dx ,_:'_9'22(14- Zz)
0 T

And since R(-t) = R(1), the above yields

e-zlrl 14;§|1| 1

(4 +m2)2

9-40 H (-s") s=ju B (Ju) B /2 JuT ~ 1 (e34T)
’ z=e
Hence
H(s)H*(-—s*) = IH(jw)lz H(z)H*(llz*) = |H(eij}|2
s=jw z=jwT
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9-41 From (6-197)
Ry(t) = E{:fz(t‘f"l')}_(z(t)}
= E{i!z(t'FT)}E{}z(t) }>+2 Ez{f(t+r)3(t)} - R:(O) +2 Ri('r)

From the above and the frequency convolution theorem it follows that

S,() = 21RL(0)6) + 5 (w) & §_(w)

5](“)
1
v 0 w @ 2w 0 2w w
{a)
a4 S,(U)
5““/)
Z(Uz‘llﬂ)/’r

o _/\ /\Q
~wy ~wy 0 W wp -2w; 2w 0 2wy 2wy

(3
9-42 y(t) = 2x(t) + 3x7t) N =35 Cyo(r) = 420l

The process y(t) is the output of the system H(s) = 2+3s with input x(t). Hence,

n,=SH(0)=10

. 16 512
Syy(w) = Sy (W)2+3jw? = m(4+9w2) = 144 - 7o = Sw(@ - 2, 28(w)
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9-43 (a) y'(t) + 3y(t) = x(t), R, (r) = 58(r). The process y(t) is the output of the system

H(s) = 8—1—3 h(t) = e 3tU(1)

Hence, [see (9-100) and (9-150)]

o0 5
E(yX(t)) = 5 j Bt =
- 0 6
5 5
Syplw) = o R,,(r) = - e-3lrl
(b) As in Example 9-18:
¢ 5
E{y’(®)} = 5 j eSeda = > (1% 150
- 0

R (ty,ts) = Se-2t2-t11U(t)U(t,)U(ty-ty)

A | A

5 i Qitj(l: tz) 5 R!g(élig)
-, b >
0 2 ¢ 0 34

9-44 We shall show that: If x(t) is a complex process with autocorrelation R(r) and |R(r,)}=R(0)
for some r1,, then R(r)=ei“"w(r) where w(r) is a periodic function with period r,.

Furthermore, the process y(t) = e-i%tx(t) is MS periodic.
Proof Clearly, R(r;) = R(0)ei%. With w, = ¢/1y,
R,(1) = E{x(t+r)e 19o(t+7)x" (t)eiwot) = R(r)eivr

Hence, R, (r)=e"“o"IR(r;) = R(0) = R,y(0). From this and (10-168) it follows that the

function w(r) = R, () is periodic.

- - - = = —— Y~ - > = A" W - - - - - " W = = R W Sh T W W G AR S e S - R e e e o



9-45 (a) The cross spectrum Six(w):-jsgnw Sxx(w) is an odd function. Hence,

E{g(t)%'(t)} = %% J sgnwsxx(w)dw =0

v

(b) The process %(t) is the output of the system
(-3sgnw) (-jsgnw)= -1

with input x(t). Hence, %(t) = - x(t).

9-46 1In general

E{zz(t)} = "211? I sx(w)lll(w) lzdw

< lnwy|? L J 5 (wdu = E(x’(6)} 1w ) |?

-C0

where |H(wm)| is the maximum of |H(w)|. In our case,

2 1 is maximum for w= V3
B@|" = ———y
(5-w) +4uw

and IH(mm)I2 = 1/16, Hence E{zz(t)}'510/16 with equality if

R (10) = 10 cos Y3 t (Fig. b).

|Hew)| A Ox (]
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Ju T
° , then Sx(w) = 21r6(w-w°), hence, the integral of

Sx(w) equals zero in any interval not including the point w= W, From

9-47 If Rx(t) = e

(9-182) it follows that the same is true for the integral of Sxy(w).
This shows that Sxy(w) is a line atw= W, for any y(t).

9-48 (a) As in (9-147) and (9-149)

f -
Ryx(r) = Rxx(r) xh(t) = J ejm(T Y)h(wr) dy = ej“TH(a)

- i 2
Ry (1) = R (0 p(0) = | 2 Mpmar = e |

(b) As in (9-94) and (9-95)

-i8t, ja(t,-y) j(at,~8t,)
R (t.,t.) = e zje U iy =e b ZH(
yx 1’72
-jot 38(t,-)  3(at,-Bt,)
R, (£10t)) = e 1w J e % hgee b ° H()H (8)

*
because h(t) is real and H(-8)= H (B).

9-49 IfS (w)S_(w) =0 then S__(w) = 0 or § _(w) =0 in any interval
XX vy XX ‘ vy
(a,b). From this and (10-168) it follows that the integral of Sxy(w)

in any interval equals zero, hence, Sxy(w) = 0.
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This 1s the discrete-time version of theorem (9-162). From (9-163)
Ez{(x[n+m+1] - x[n+m])x[n]} sE{lf[n+m+1] - §[n+m]}2}E{|§[n]|2}

(R{m+1] - R[a])? <2(R{0] - R(1DR[O] = 0

Hence, R{m+1] = R[m] for any m.

We shall show that

2
2 BHL - ri01 <ri2) <ri0) (1)

The covariance matrix of the RVs §[n], §[n-*11. and 5[n-+2] is non-

negative [see (7-29)]:

R[O]  R[1]  R[2]
R(1] R[0O] R[1]| >0
R[2)  R[1]  R([0]

This yields
2 2 3 2
R[OJR"[2] - 2 R"[1]R[2] - R7[0] +2R[OIR"[1] <0
The above is a quadratic in R[2] with roots

R[0] and -R[0] +2 Rz[ll/R [o]

Since it is nonpositive,R[2] must be between the roots as in (i)

If x[n] = Aejn@T then

o
- f
'Rx[m] = AZE{ej(m-Fn)QTe jngT} = A2 J ejmwT f(w)dw
.

But [see (9-194) ] 5

R(m] = i% J sx(m)ej“‘“’Tdm
g
hence, Azf(w) = Sx(w)/Zo
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9-53

(a) If y(0) = y'(0) = O, then y(t) is the output of a system with

input x(t)U(t) and impulse response h(t) such that

h"(t) + 7h'(t) + 10h(t) = §(t) h(0T)=h'(0") = 0

-2t

h(t) = (e - e—St)U(t)

Wl

and with q(t) 5U(t), (9-100) yields
t

2 -21 -5
E(y°(0)) -%J (€2 ™"
0
(b) If y[-1] = y[-2] =0, then y[n] is the output of a system with

input g[n]U[n] and delta response h[n] such that

2
) dt

8h(n] - 6h[n-1] +h[n=2] = §(n] h{-1] = h(-2] = 0

1 1

hin] ={— -
2n+2 22n+3

and with q[n] = 5U[n], (10-176) yields

Uln]

2 a 1 1 \2
Ely [n]} =5 z - .
b4 io | ¥4 T 7K

o e e - = - ——— - - - - - - - — > " o = s G - - - - - - - - Y A e = e e o e e e

yln] = x[n]*h(a] h{n] = 2770[n]

(a) E(y2(a]} = 547 %(a] = O
- -m, -(mz—ml)

nylml,mzl = 56[m1-m2]*2 U[mZ] =52 U[mz—mll

=(my-my) ™
. =m -t %*
Ryy[ml,mzl 5X2 U[m2 m1] 2 U[mll
-|m, -m
20 172
=< w2
3 x
The first equation follows from (9-190) with q[n] = 5; the second
and third from (9-191) with 3xx[ml,m2] =5 6[m1-m2].

(b) ‘ with Rxx[ml,mzl =5 G[ml-mZ]U[mI]U[mz]_, Prob. 9-25a yields the
following: For m, or m, <0, ny[ml,mzl = Ryy[ml’mZ] = 0.
For 0< n, < m,

-m, -m,
= i * =
ny[ml,mzl 5 G[m:L m2] 2 5x2

™ =(m,=k) =(m ~k)
R [m I ] = z 5 X 2 2 =
yy 1'°2 k=0
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(a) Rx[ml,mzl = q[mllé[ml—mzl

2 g g (n] ]
E{s"} = a E{x[n]x[k]}
~ " n=0 k=0 N

N N N 5
- 20 kZO a_a qln]éln-k] = 20 2 qln)
n= = n=

(®)  R(£),t)) = ale)sley=t,)

2 T (T '
E{s"} = J J a(t)a(r) E{x(t)x(t)}drdt

00
TT T

= J I a(t)a(r)q{t)s(t=-1)drdt = I az(t)q(c)dt
90 0
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CHAPTER 10

(a) 1If x(t) is a Poisson process as in Fig. 9-3a, then for a fixed
t, x(t) is a Poisson RV with parameter At. Hence [see (5-119)]
its characteristic function equals exp{.‘&t(ejm-l}}.

(b) If x(t) is a Wiener process then f(x,t) is N(0,Yat). Hence
[see (5-100)] its first order characteristic function equals
exp{uathIZ}.

- - - - S, A o > 7 o D0 AT T W B W o .
- - - o . AN . . S W S W e e - - - W - - -

For large t, x(t) and y(t) can be approximated by two independent

Wiener processes as in (10-52):

2 2
1 -x"/2at 1 -~y /2at
f (x,t) = —=—— e f (yyt) = =s=e e
x ¥y2nat y > 2nat

Hence, z(t) has a Rayleigh density [see (6-70)]. [Note. Exactly,
z(t) is a discrete-type RV taking the values s/mZ +n2 where m _
and n are integers]. The product fz(z,t}dz equals approximately
the probability that z(t) is between z and z +dz provided that
dz >> T,

- - A S —— —— Rl - " .
- [ e S S 0 o Ok 2 2 T A . 2 i B 0
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10-3 The voltage y(t) is the output of a system with input ge(t) and system
function

H (s) = —
LCs +RCs +1

Hence,

2kTR
2.2 2

2
S (w) =S, (w)|H (Ju)|® =
v %o 1 @ ~wiLe)? + R%c%

Furthermore,

R+Ls
LCs2 +RCs +1

Zep(®) = Re Z,,(Ju) =

R
(1- mZI.C)2 + chzwz

in agreement with (10-75).
The current i(t) is the output of a system with input ne(t) and

system function

1

HZ(S) = R+Ls

Hence,

2 2kTR
S, (w) = Sy (W) |H), (Jw)|° = ==
1 € 2 R2+m2L2

Furthermore (short circuit admittance)

1 2kTR
Y (s) M ——— R_eY (jw) 2 cesmm—————————
ab R+LS ab R2 + L2(»2

in agreement with (10-78).

10-4 The equation mx"(t) + fx'(t) = F(t) specifies a system with

H(s) = — h(e) = 2(1 - F /My
ms + fs
and (9-100) yields
t 2
E{§2(t)} = Kgi J (1-e'2‘") dt o= -
f Zm



10-5 As in Examplel2-2, a and b are such that
x(c) - a x(0) - by(0) | x(0), v(0)
This yields

Rxxft) = aRxx(O)-+b ny(O)

(1)
va(t) = ava(O)-+b va(O)
where [see (10-163)]
_ -at o
Rxx(r) = A e (cos BT + 8 sin BT) 1>0
L 1
- T o +G

' = e sin BT ) =t
va(t):—Rxx(T) A

L 4,1
o« ¥ /3

Rw(t) = R}'w(-r) = A e-at(cos Bt - %— sin B1) {3

Inserting into (i) and solving, we obtain

a=e 2T(cos BT + % sin B7)

T .
b = e sin Bt

|-

Finally,

P = E{lf(t) -~ a 5(0) -b Y(o)]f(t)} = Rxx(O) -a Rxx(t)-b va(t)

2
- 2k'§f[1 _ e-Zat(l + Z%— sinzﬁt + % sinZBt)]
m

10-6  If x(t) = w(t?) then [see (10-70)]
R,(ty,t5) = E(W (t,2)w (1)) = at,?
If y(t) = w(t) then [see (6-197)]
R, (t1,ty) = E(w(t)w*(t,))

= Ew %(t;)E(w 3(ty) + 2 EXw (t;)w (1)) = o’tyt; + 2a’t,2



10-7 From (10-112) :

10 10
W=3J 2 dt = 60 q2=3I adt = 120 E(s?) = 3720
0 0 ~

s(7) = 0 if there are no points in the interval (7-10, 7). The number of points in this

interval is a Poission RV with parameter 10X = 30. Hence, P(s(7) = 0} = 30,

H(u):‘, B(w) 4 _
| W) ; %
X (4] Y ¥

From the assumption: Sxx(w) = Syy(w) Sxy(-w) = - Sxy(w)

2 *

From (9-148) :Syy(m) = Sxx(m)|H(w)| Sx:(w) =5 __ (H ()

Combining, we obtain

iH(m)[z =1 H(-w) =~ H(w)

Since h(t) is real, the second equation yields H(w) = jB(w) and from the
first it follows that

|B(w)|= 1
as in the figure.

S T T T e e e e e e o e o e o o e o o o o o o o o e o o e e -~ = = — - —_—— — — -
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10-9 with i(t) = a(e), q(t) = b(t), (11-63) yields
§, () = Sq(w) Siq(m) = - Sqi(w) = Sqi(-w)
Hence [see (11-75) and (11-82)],
Sw(w) = 2 Si(m) + 2§ Sqi(w)'
Sw(-w) = 2 Si(w) - 2j Sqi(w)

Adding and subtracting, we obtain

4 Si(m) = Sw(w) + Sw(-m) 43 Siq(w) = Sw(-w) - Sw(m)

10-10 From (10-133)

x(t) = Re [w(t)e "~ ]
jmot jwo(t -1)
x(t-1) = Relw (t)e ] = Re[w(t=1)e ]
—jmor

w (t) = w(t-1e

2
"
10-11 Rx('r) > -y Sx(w)

-]

51;'- J mzsx(w)dm - - RO

and with ®y the optimum carrier frequenly,(10-150)yields

EC(Ju' (0) %} = 5% = - 2R"(0) - 2ueR (0)
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10-12

10-13

From the stationarity of the process x(t) coswt + y(t)sinwt it follows that [see (10-130)]

Cxxl1) = Cy(7) Cxy = - Cyd7) (1)
Using these identities, we shall express the joint density f(X,Y) of the 2n RVs
§= [f(t1)9 LY f(tn)] Xg [Z(tl)s o o ey Z(tn)]

in terms of the covariance matrix Czz of the complex vector Z = X+ jY. From (i) it

follows that
E{x(t;)x(t;)} = E{y(t;))y(t;)} E{(x(t)y(t;)) = - E{y(t)x(t;)

This yields

Cxx = Cyy, and Cxy = - Cyy; hence, f(X,Y) is given by (8-62).

v e - 3 A - - - - - - -~ - - - - - - - -~ — - - - -

The signal c¢(t) = f(t) is an extreme case of a cyclostationary process

as in (10-178) with

f£(t) 0<t<T rT -3t
h(t) = <> He) - | f£(t)e I g
0 otherwise 0

and qm-l, R[m] =1, Hence [see (10A-2)]
I Ry ed™Ta ] oWy § oS- 2w
From the above and (10-180) it follows that the process x(t) = f(t -9

is stationary with power spectrum

Z 6(m-—%§rm)

2
S(w) = ' J £(t)e d9tye
0
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10-14
The process

N
- _ sino(1-nT)
yu(t) = x(t+7) nzmxu+ T) = Ty

is the output of a system with input x(t) and system function

sino(1-nT) JnTw
o(t=-nT)

N
By = &% -

n=-N

Furthermore, EN(T) = ZN(O)’ hence [see (9-153)]

E{e (1)} = E{y 0)} = ——-J S(w)IHN(m)l dw 1)

The function HN(w) is the truncation error in the Fourier series

expansion of eJwT in the interval (-o,0). Hence, for N:>N0

|HN(N)| <e lw] <o

From this and (i) it follows that, if S(w) = 0 for |uw| <o, then
[}

E{s (0} = —— I S(w)IHN(w)I dw < € R(0) N>N,
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10-15 [see after (10-195)]
o
R(0) - R(7) = -—l— J S(w) (1 -~ coswt)du

-3

f _ 2
-}-— J w S(w)dm = -—;—- R"(0)
~g A
24
Furthermore, since T
5|'v\Lf
sin ¢ > %;Q- 0<¢< 12'- ‘l
-
¢ ™
T ¢
we obtain
o
R(0) - R(1) = —1- I S(w) & Sim -él dw
-g
2 g 2
> —232— 2%[ w?S (W) do = ‘2; R"(0)
1 T
10-16 With T = 7n/o
I m=0
R(mT) = E{a_c(n'r +mT)x(nT)} = ’
- 2
n m# 0

Hence [see (10-196)]

R(t) = z R(mT) s_iﬂ"_(_"_ﬂ - n + (I-n ) sinot

o{1-mT)
m:—@

S(w) = 2mn28(w) + ZW(I—nz)po(m)

T

]

-

Ey
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10-17 Given E(i(n+m)§(n)} = Né[m]

This is a special case of Prob. 10-16 withn =0, I =N.

10-18 1f |t| <n/20, then A (orTT
cos wt > cos 0T MR Corw T
o
R() = & | S(wecosurd
1) = o w) coswtdw -
27 J o w (")
- zr
o
> 29-25—%1 J S(w)dw = R(0)cosot
-0
10-19 From (10-133) with c = ¢
Pl(w,T) + jw Pz(w,T) =1
P (6, 7) + (TP, (0,T) = ed9T
Hence,
_ _w Jot_ S jcxr_1
Pl(w,T) =1- (e 1) Pz(m,r) 3o (e )
Inserting into (11-141), we obtain
. 4 sin2 (at/2) 4 si,n2 (0t/2)
pl(r) = 73 p, (1) = 7
3T o't

and with t = 0, the desired result follows from (10-206) because
T=2T and '

sinz o(t-2nT)

2 ot - 2 ot
3 = sin (z-mr) sin 3
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10-20 As in (10-213)

P(w) = % coswt z(t) cos wct dt
-~ J -~

E{P(w)} = cosuwt cos v t dt
- J
-a

>

2 2
= dt
B (w) J cos’w tycos wt,dt,

-a

T T T T o e e e o e e e e e o o o - o o = o o ot o o o o e i s o s 2 e et o o = o = = - ——— o —

10-21 We shall show that if

Xe(w) = —;— h i(ti)e'iwgi = .i_ ja i(t)'{(t)e’j“"dt

Itil<e
where z(t) = ). §(t-t;) is a Poisson impulse train, then
z. 2c
E“§ c(w)l } = zcsx(w) + 7 Rx(o)

Proof

Since R (1) = A% + )\§(r), it follows that
1 pe e .
E {IXc(w)lz} = Xz‘J‘ J- R,(t1-tp)e-iv(t1-t2)dt dt,
~ -¢c J-¢c
c c N 1 <
- I eiuty J' R, (t;-t)e 9t1dt,dt, + — j R (0)dt,
-c -c A

o
If J IR (7)l < co then for sufficient large c, the inner integral on the right is nearly
-00

equal to S,(w) 3“2 and (i) follows.

__—-__-—_—_--___---.._---..—_-_..__.—-_—--_—_-___-__-_.---..___-—.-_—--_-..___-__-_
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10-22

10-23

E(z(0)} = () E(w(t)} = g(t) - g(De/T = g(e)
t T
w(t) = (1 -3 J x(a)do - j x(a)da
0 t

1 ad

The above two integrals are uncorrelated because n(t) is white

noise. Hence, as in Example 9-5
2 2 2
o, = a- %9 Nt + ii N(T - t) = Nt(1 --%)
Note The above shows that the information that g(T) = 0 can be
used to improve the estimate of g(t). Indeed, if we use w(t) in-
stead of z(t) for the estimate of g(t) in terms of the data’g(t), the
variance is reduced from Nt to Nt(1l-t/T).

- - - - = = o - -~ - — - - - - - -~ - "> " = > - > - - - -

(a) - Since |} aibil < Z|a1||bi|, it suffices to assume that the numbers
i

a, and bi are real, The quadratic

i

i i i

is nonnegative for every real z, hence, its discriminant cannot be
positive. This yields (i).

2 2 2 2
I(z) = Y(a,-2b,)" =2° Y bl -22]ab +]a
§ i i Z ii i i

(b) With f[n] and Rv[m] = SOG[m] as in Prob, 10-24a (white noise)

y¢lngl = Jhin)f(ny-n) 1,[n] = Jhinlyin]
E(y2la]} = 5 plo] = s I|nlal|®
[see (9-213)] And (i) yields
yilagl  |Inialtlng-al|?

1 2
- < g lnid|
E{Zi[n]} So ) hzln] So

*
with equality iff hn] = kf [no—n].
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10-24 (a) Given F(z) and Sv(w) = S0 = constant . The z transform of yf[n]
equals F(z)H(z). Hence, [see (9-109)]
m
yelnl = == | Fee
f 27

-

JuT ij)ejan

YH(e dw

|
1 F(ejmT)H(eij)dm
il

2
dw

yi[n]
2 - b
E{y [n]} s, J

-7

3Ty

H(e” )

2
jwT dw

F(e” )

m
<§1_J
0 g

The last inequality follows from Schwarz's inequality
with equality iff

ejmT

13T = kF"(e3%T) = kr(e 4Ty, 1.e., 1£f H(z) = kF(z"D)

(b) Given arbitrary Rx'm], F(z), and the form of H(z) (FIR); to find the
coefficients a of H(.). In this case
yf[n] = aof[n] + alf[n-ll + see 4 aNf[n-N]

zv[n] = aoy[n] + al\_)[n-ll + oo 4 aNy[n-N]

To maximize the signal-to-noise ratio it suffices to minimize
N

E(zi[n]} = )
k,r =0

akaer[k-r]
subject to the constraint that the sum
yf[0] = aof[O] + alf[—ll + oo ¢ aNf[-N]

is constant. With A a constant (Lagrange multiplier), we minimize
the sum
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N

N
1= ) aaR [k-r] - x[ Y a fl-k] - yf[O]]

k,r=0 k=0

this yields the system

oI N
'a'a';" 0 -rzo aer[k-r] - Af[~k] k= 0,.., N

whose solution yields a, .

10-25
B = A|lH(w,) | = - Sy (w) =
o ATFR LM
N -a|t] 2 . U
ls,n(‘r) =35 © E{Zn(t)} R-yn(o 72
Bz - 2A2 a Max. if a = mo

2 N 2 2
E{).'n(t)} a” +uw,
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10-26 Since H(w) is determined within a constant factor, we can sssume that the response

ye(t,) of the optimum H(w) due to f(t) is constant:

yelty) = Y & f(t,-iT) = ¢ )
i=0

Our problem is to minimize the variance

V=Ey )= ¥ a, 3 a R@T-iT) (ii)
n=0 i=0

of y,(t) subject to the constraint (i'). This yields the system

= Y a R(NT-iT) - kf(t,-nT) = 0

i=0

v
aan

where k is a constant (lagrange multiplier). With a, so determined, we conclude from
(ii) that

= -nT) = 2 _ (o)
V=3 ka, f(t,-nT) = ky(t,) " ket

n=0

10-27 Ry, (pv) = E(ﬁ(t+u)+c[ [5(t+v)+c] [f(t)+c]) = R(p,v) + cR(p) + cR(V) + cR(u-v) +c3
because E(.’.‘.(t)} = 0. Furthermore,

R(p) «27S(u)s(v) R(v) = 2x6(u)S(v) cd & 4x%5(u)s(v)

J'co J-oo R(p-v)e-ilus+v)qudy = on R(r)e"iv7dr J'oo e iu+vIvgy = 2xS(u)s(u+v)
-00 -00 -00 -00

D 5 0 o - - = = A - - - T = = - " - = - - - —
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10-28 We shall use the equations E{x(t)} = 0, E{x%(t)} = At. Suppose that t; < t, < tg.

Clearly,
E(tz) = :{(H) + [3(‘3)’3&1)]
(ts) = X(ty) + [X(tp) - K(t)] + [K(t9)-X(tp) 0

Inserting into the product X(t;)x(ty)x(tg) and using the identity E{i(ti)-g(tj)} = 0 and

the independence of the three terms on the right of (i), we obtain
E{f(tﬂi(tz)f(ts)} = E(is(tﬂ} = Aty = A min (ty, t, t3)

Since z(t) = X(t), we conclude from (9-120)-(9-122) that

askm(tl,tz,t;;)- A Bsmin(tl,tz,ts)
3oLt at,at,ot,

Rizs(ty,ty,tg) =

It suffices therefore to show that the right side equals A8(t;-t,)8(t;-ty). This is a

consequence of the following:

amin(tl,tz,ta)
Bty

= t;U(ty-t1)8(t3~ty) + t3 U (t)-tp) § (ts-1p)
+ U(tl"t3)U(tz't3)"t35(t1't3)U(tz"t3)~t3U(t1"t3)8(tz't3)
= U(tl-t3)U(tz-t3)

because t;5(t;-t;) = t;5(t;-t). Hence,

| 20 2mi

| Fmin(titats) | e 4 96(t-te) Fmin(ttals) | st -t)6(t,-t

i 3t,at, (t1-t3)é(ta-ts) 3t 51,3ty (t1-62)6(t1-ts)
10-29 See outline given in text.
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CHAPTER 11

5/9
10/3 - (z+1/2)

11-1 nS5=2(z+1/2) _
Sx(z) 10 - 3(z +1/2)

2
=+
3

2, 35 4[nl J32-1
R[m] = 3+ 553 Mz) = 521
11-2 S (s) = s“+6d - sz+lcs+8 32—45+8
x 82105249 st44s+3 sP-ts+3
L(s) .= i%—tﬁ—t—a-
s +4s+3
11-3 First proof
© 2 v 2
sln) = ] 2[nliln-k] E{x“[n]} = ] 2°[k]
k=0 - k=0
Second proof o
S(z) = L(z)L(1/2) R[m] =l[m] *![-m] = ) 2fklefk -m]
k=0

R(0] = § %[k
k=0

O TR G G M S D n S D GBS e S SR e T D R AR BP e W TS R e M e S S e 0 T S = e = > o = e = P e T Mm R W SR . S AP = > . - .- -
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11-4 (a) This is a special case of (11-22) and (11-23).

(b) From (a) it follows that
R" (t) + 3 R 1) + 2R _ (1) = qé(r
yx( ) yx( ) yx( ) = qé(7)
Since R:o:(T) = (0 for T < 0, the above shows that
R (t)=0fort<0 R (0)=0
) < 1% 0
Furthermore,

S x(s) -—
¥y s +3s+2
hence (initial value theorem)
R ) =2im s 5 () =0 R (01 = 2im s® s _(s) = q
yx 6 —yow yx S —» a0 yx

Similarly,

[1] ] - = - =
Ryy('r) + 3 Ryy(T) + 2 Ryy(r) ny(r) Ryx( 1) =0 fort>0

q _ 9s/12+4q/4 +-gs/12 +q/4
(52+3s+2)(sz-35+2) sz+3s+2 sz-3s+2

Syy(s) =

S+ (s) = 95/12+9/4
¥y s +3s+2

+  + 2 4+
R (0°) =R _(0) = 21 s = 3
yy(®) = Ry (0 m s S () = 75

§ +x

g + 94 -
R;y(O) = zslr:: [s Syy(s) - 12] =0

) ) .1 - 1+4qD(2)
11-5 S.(2) = 8.(2) +85,(2) = 5y + 1 = 1y

1f Rs[m] = Z-lm‘ and §,(z) = 5, then (see Example 9-31)

5-i47 %57
2

1.5
S (z) = : S (z)
s 2.5-(z1+2) x 1-2.5z2 142
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11-6 The process

L D
yln] = = kzl x(aT +kT)

is the output of a system with input x[n] and system function

n
) 2
k=1

H(z) = -:'I

Furthermore, s = y(0] and
2 n 2
nZIH(eij)l = Z ejkle
. k=1

eij - ej (n+l)wT
JuT

l-~-e
Hence [see (9-51)]

2
E{§2} = R [0] - 12 J S (w) sin " nwT/2
y = x sin'WwT/2

11-7 el -t, |

Since R(tl,cz) = e » (12-58) yields

t

1 e(t.-t.) e(t,-t.)
J e 172 ¢(t2)dt2 + J e 172
-a ty

Differentiating twice and using (1) we obtain (omitting details)

2

dw

¢(t2)dc2 =

A" (L) + (2c = Acd)e(t) = 0

Hence,

2

= 8in nwT/2
sinzmT/Z

A¢(t1)

$(t) = Bcos wt and ¢(t) = B'cosu't

To determine w, we insert into (i). This yields

2c wsinaw- € €asaw -ac
+ e (e
2 2 2 2
c +uw c +uw

ct
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This yields

2c

c2+w2
n

w sinaw - ccosaw =0 A=
n n n n

The constants Bn are determined from (normalization)

l= J 82 coszw t dt B
n n
-3

Similarly for Pt'! sin wt'lt.

11-8 As in (9-60)
T/2
E{|§T(w)|2} = J R(tl-tz)e de.dt
-T/2

T
= J (T - |t IRCT) e 39T 4y
=T

Differentiating with respect to T and using the fact that if
t
$(t) = I f(x;t)dx
then -t
.t
M = . - - —‘f—
at f(t;t) f(-t,t) + J 5t (x,t)dx
-t

we obtain

T
= J R(T)e —3uT 4 E{—- | X (w)l }
o7

BE{|§T(m)'2}
aT

The above approaches S(w) as T + =.

-~ - - - - - T = M Am = = = m S R o G A e W e R M WS W WS W 4R e e S em R s e . s
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a

11-9 E{X(w)} = J 5 cos 3te-jmtdt - 5 sin a(w-3) + 5sina(w+3)
s w =3 w+3

Var, X(w) = 2 qa=4a,

11-10  E{X(wX(W)} = | ] 0§6[n-k] e~ (nu-kv)T

n=-w kmaocon

- E 02 e-jn(u-v)'r
n

Ns-00

T o e o o P = o = e o e o T 4 o o o 2 o ok w0 o o 2 B = - " - - - - == - - - — - -

11-11 Shifting the origin, we set

1 T/2 . 1 T/2 .
= f x(t)e-Inwotdt B(a) = — I R(r-a)e-inoTdr
T Jorp2~ T )12

1o

(a) We shall show that if

X(t) = T coeinot then E(x(t)-x(t)/%) = 0 for |t < T/2 @)

n=-00

. 1 T/2 . .
Proof E{cox ()} = — I x E{x(t)x (a))e7I"otdt = B, ()
~ne )2~ =

The functions B, (a) are the coefficients of the Fourier expansion of R(r-a):

R(r-a) = Y. B, (a)ei™wor i1 < T/2 (ii)

n=-00

Hence

E(i(t)f.(t)} = Z E{Enf*(t)}jnwot = Z ﬂn(t)ej“"'ot

n=-00 n=-00
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From (ii) it follows with 7 = @ = t that the last sum equals R(0). Similarly, E{;('(t)x(t)) =
R(0) and (i) results.

1
T

. 1 ¢T/2 . T/2 .
(b) E{chCm } = == f E{c,x " (t))e)™otdt = f Bn(t)einwotdt
~ - -T/2 ~ 2

T 1

(c) If T is sufficiently large, then

T/2 . '
Ty (a) = J- . R(r-a)e inWoTdr ~ S(nw,)e "o

mf™ 2
T m#n

B { e, :} S(nw ) f—"rrllzzej(m_n)ﬁ,oada .{ S(hw )T m=-n

Thus, for large T, the coefficients c,, of an arbitrary WSS process are nearly orthogonal.

- ————— - —— - - - - Y A - - - - - - " - R = - = = e e -

* 1 o oo .
11-12 E(x(t)x"(t) = 73 { I I E (X (WX ‘(v))eiut1-vt2)dudy
x(ty)x ) B XWX
- E { IZ [ : QuS(u-Velttdudy = 7 [ " Qe

This depends only on 7 = ty-ts:

R, (1) = ;12—.[‘:0 Q(u)ejufdu S(w) = g(*i)
11-13 Equations (11-79) can be written in the following form:
E(é (u)_f_\ (v)) = Q(u)s(u-v) = E(B (“)E v)) E(A (“)P ) =0

for u 0,.v > 0. We shall show that if the above is true and E{Aw)} = E{__B(w)} = 0, then

the process

oo

x(t) = 7'; J ) [é (w)coswt - g(w)sinwt] dw

is WSS.

Proof Clearly, E{x(t)} = 0 and
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E(x(t+r)x(t))

- —lz-rof “E(A (wcosu(tsr) - B (wsinu(tn)) [A (vicosvt - B(v)sinve] dudv
™JolJo ~ ~ i

= _l_ J‘oo J.°°Q(u)6(u-v) [cosu(t+r) cosvt + sinu(t+7) sinv(t) dudv ] dvdu
T JoJo

I poo . .
= t+7)cosu t+ t+r)sinut] d
,T—T‘ ] Q(u) [cosu(t+7)cosu t+ sinu(t+r)sinut] du

00
Q(u)cosurdu
()}

ﬂNl_

From this and (9-136) it follows that x(t) is WSS with Six(w) = Q(w)/.

o T o o o o o o o o o e =0 e e 0 0 20 80 o o o 0 e e e e e e e o = = - = - = ——— - - o = - - - ——

1114 EG@ =0 EXe@) = [ i

The above integral is the transform of the product f(t)pr(t), hence (frequency

convolution theorem), it equals F(w)+sinTw/mw.
T . 2
Var X q(w) = E { l _[ v(t)e wtdt | }
bé o~

The integral is the transform of the nonstationary white noise v(t)pp(t). The

autocorrelation of this process equals q(t,)s(t;-t;) where q(t) = qpq(t). Hence, [see

(11-69)]

T
Var X g(w) = Q(0) = f qdt = 2qT
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CHAPTER 14

14-1 It suffices to show that [see (14-41)]

H(A -B}nj) = H(AIBj)
Since
A.B k = j
Ainknj = and P(AiBjIBj) =P(Ai|Bj)
{9} k # 3
(14-40) yields

H(A -BlBj) -igk P(AinIBj) log P(AinIBj)

- L P(A |B.) log Pa,|B,) = H(A|B,
E (A8 1og Paa,I8,) = n(als))

14-2 If a<8B, then ¢'(a) > ¢'(B) because

¢'(a) - ¢'(B) = log(B/a) > 0. Hence,

b b+c

j ¢'(a)da > J ¢' (a)da c>0

a atc
This yields

PPy P,
¢(py +p,) = ¢(p)) = ¢' (a)da < J ¢'(a)da = ¢(p,)
Py 0

Similarly

¢(p1-*8) - ¢(p1) - ¢(92) +¢(p2— €)

p1+€ p2
= J ¢'(a)da - J ¢'(a)da > 0
31 L
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14-3 Applying the identity

H(A, *A,) = H(A)) + H(A,[A)) (1)

to the partitions AI-A’ AZ-B *C and Al-A *B, Az =C, we obtain
the first line. The second line follows from the first [see (1)].
The third line is a consequence of the first two.

14-4 It follows if we apply the identity

I(Al,Az) - H(Al) + H(Az) - H(Al -Az)

to the partitions Al =A B, A2 =C,

H(r)

I(#,8)

H(B)
I(4-8,C)
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14-5 (a) From (14-53)

I(A,B+C) = H(A) + H(B+*C) - H(A*B *C)
I(A,C) = H(A) + H(C) - H(A *C)

and since (see Prob. 14-4)

H(A+B+C) - H(A+C) = H(A »B|C) - H(A|C)
we conclude with (14-49) that

I(A,B+C) ~J(A+C) = H(B|C) + H(A|C) - H(A +B|C)

I(n )
1(r 8-¢)

I(h,8)C)

(b) If B+C is observed, then the resulting prediction in the un-~
certainty of A equals I(A, B+C). But, if B +C is observed, then
C is observed, hence, the reduction in the uncertainty of A is
at least I(A,C). Hence

I(A,B+C)>I(A,C

with equality only if I(A,B|C) = 0, i.e., if in the subsequence
of trials in which C occurred, knowledge of the occurrence of B

gives no information about A,
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14-6 The partition II(A3) has eight elements with respective probabilities

3 2 2 2 2 2 2 3
P »P 49,P 4,P 49,P9 ,Pq9 »PQ »94
Hence
3 3 3 2 2 2 2 3
H(A™) = - p“logp™ - 3p qlogp 'q - 3pq logpq - q logq3
2 2 2 2
= - 3p(p” +2pq+q-)logp - 3q(p +2pq+q )logq

= -~ 3plogp - 3qlogq = 3H(A)

14-7 The density of the RVw = x + a equals fx(w-a). Hence,
[}

H(x+a) = - J fx(w-—a) log fx(w-a)dw

= - J £ (x) log f_(x)dx = H(Jf)

The joint density of the RVs x and z=x+y equals fxy(x,z—x). Hence
[see (14-90)]

-] o«
o
- - - - d
H(z|x) )] fxy(x” x) log fxy(x,z x#’x(x)dx z
-0 - QO
Pw ’w
= - g = H
| fxy(x,y) log fxy(x,y)kx(x)dxdy (Z|§)
- -00

14-8 The RVs x and y take the values x
iff x=x

i and Y5 respectively {heq z=x, +yj

and y (assumption). Hence,

i Y=Yy
(z=x, +y,} = (x=x )N {y=y,)

This shows that Az ==Ax *B , Furthermore, since the RVs-x and y are
independent, the events {;g=xi} and {z=yj} are also independent. This
shows that the partitions Ax and By are independent and [see (14-44)

and Prob. 14-1]
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14-9

14-10

H(Azle) = H(A_ -Ayle) = H(Ayle) = H(Ay)

From this it follows that H(.z.hf) = H(y) because [see (14-88) and
(14-41)1

H(z[x) = H(A_]A )

As we see from (14-80)

H(x) = &na where we assume that a=N§., The RV y takes the values
0,8,.00,(N-1)8 with probability 1/N. The conditional density of ¥
assuming y =ké is uniform in the interval (ké§,k§ +6). Hence,
k&+§

H(x|y =ké) = - J
ké

f(x|y =k8)tn f(x|y =ké)dx = 2n §

And as in (14-41)
N
H(x|y) = 2 H(x|y =k8)P{y =kd} = 2n 6

k=0 -
Finally [see (14-95)]

I(?_c,z) = H(a.:) - H(§|Z) = fna- né

=x.. Hence,

If y, =8(x,), Yj‘s(xj) and ys =Yy then x, S

P. =; P, = P{x=x_1]
3o lo 14y i .

and

H(x,y) = - Zj P,y logpyy = - § p; logp, =H(x)

i,
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From Prob, 10-10 it follows with g(x) = x that H(x,x) = H(x).

14-11

And since [see (14-103)] H(x,x) = H(x|x) + H(x) we conclude that

H(f]:j) = 0, From Prob, 14-3 it follows that

n(z,fh.:) = H(A - Axle) =HA: A) + H(Ayle "A)
- H(Ayle) = H(y|x)
because Ax -Ax = Ax and H(Ax -Ax) = H(’f'f) =0,
2

14-12 E{:fn} 0 E{fn} =5 E{zn} =0

2, % -2k ... 2 ,_20 2
Blygd = 1 277 Bl )=y Elaygd = Eg) =
k=0
(a) From (14-95),(14-84), and (15-86) with uu =5, a0 =20/3,
and u12=5

H(x) = 2nv10me H(y) = tnv40me/3 H(x,y) = lnlO'ne//i-
I(x,y) = &n2

(b) The process y(t) is the output of the system

L(z) = —2—— t -1
1-0052

with input x . Since H(x) = H(x) and [see (12A-1)

ilz? J 1n|L(ej¢)|d¢ = tng_ = 0
-
(14-133) yields H(y) = ﬁ(g‘:) = H(x) = &nv10we.
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6
14-13 1

ﬁ(f)-ﬁ(§)--%J2nidx-2n2
4

And as in Prob, 14-12 with !'o = 5,

ﬁ(y) = H(x) + &n 5 = 2n 10

14-14 Given that f(x) = 0 for |x|>! and E(x) = 0.3, find f(x). With g(x) = x, (14-143) yields

f(x) = Ae™** where

1 A
A f e dx = (e - ) m |
. )

1
A f B xe M dx = L:,-(e* -e?) - -?-(e'\ - e} = 0.31

Solving, we obtain A ~ 0.425, A ~ - |

-------_-------------------------—----------------------------—-------—-----

14-15 f(x) = Ae™>* for 1<x<5 and 0 otherwise,

5 5 7
A J' e % dx = 0.3] A f xexdx = 3 27
. . &0
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14-16 From (14-151) with x,=k, gy(x;) = 8,(k) = k, k=1, ..., 6

=) {o k=13,5 Ae M k-135
71059 o Py~
1 k-2,4,6 e MM ko046

Since p; + ps + ps = 0.5 and E{x) = 4.44, we conclude with z = e"2 and w = e™>2 that
A(z+23+7%) = Aw(z%+z42°)
A(z+323+4525) + Aw(22%+42%+62°) = 4.44

This yields A ~ 0.0437, z = 1/w ~ 1.468

14-17 (a) The transformation y = 3x is one-to-one, hence, H(y) = H(x)

(b) From (14-113) with g(x) = 3x: H(Z) = H(f) +mn3

14
18

1

. 1 . ‘
14-18 (a) For fair dice, P(7) = a P(11) = Ty P{neither 7 nor 11} =

1 1 1 1 14 14
HA)=- ]| —th—+ —in —+ —— | =0.
(A) [6tn6+18m18+18ln18] 0.655

(b) From (14-10) with n=100 and N=3:

np =~ e"H(A) ~ 2,79 x 1028 n, ~ N* ~ 5.16 x 10¥7
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14-19 The process x,, is WSS with entropy rate ﬁ(x). Show that, if

KZ‘
W= X 2
~n k=0 ~n~-k "k

then

1 = .
:fﬁ“_*-l— H(W peeeow ) = H(x) + fnfe | (1)

Proof. The RVs Yd""’yn are linear transformations of the RVs

xo,...,xn and the transformation matrix equals

r —
g 0 «ec 0
2,1 f.o ees O
ln zn-l... OL

I n+l

Since the determinant of this transformation equals [2.0 s

(14-115) yields
H(W seeosw ) = H(Z peeox ) + (n+1)£n|£o|

Dividing by (n+l) we obtain (i) as n »,

14-20 As in Example 14-19, f(p) = A e-kp. To find A, we usc the A-n
curve of Fig. 14-16. This yields

A=-1.23  f£(p) = 0.51 el*23P
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14-21 As in Example 14—22,pk = A e—Xk. To find A, we use the w-1n curve

of Fig. 14-17. This yields (see also Jayncs)

w = 1,449 A= - 0,371
Py Py Py Py Pg Pg
0.054 0.079 0.114 0,165  0.240 0.3438

14-22 The unknown density is normal as in (14-157) where

4 1 1
b= |1 & my, | =-dmy, + 2wy 56
1 m, 4 4
The moment m23 = E{§2§3} must be such as to maximize A. This
ylelds m,, = 0.25.
14-23 p. 0.3 [0z 0./5'!0./5 0.1 {0.0¢ |0. 04
] 7
f—epx—f- Fepes I'rz-ﬁ<é el i:’?f?c
Glhomsw | 12131313455 ]¢c75
213 |3 |3 (4|4 |7 o8¢
2 1213 3{3 |49 ]|o975
L=2.7 21313333 |%]04375
21313(3 13|33 1
x; oo jorofott|loojio) |t1o |1
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P |0.3]0.9 O.({T;ts 0.1 0.06 |0.0y
Famo AO 0.5 A g-5
A Ro 03| Ry o0t
00 Fn,‘
= 2.6 ] Alu ﬁ,w Rio R 0.1
0. -
0.2 {645 |ous|o.2 Brno | Ao
X; 00 { of {foo | 101 | o | o] tin
L L 3 Y 5 4 i
[4 7
“u{f«.m ]2 3 4 -} o |
9 5 6 7
L 0 ) " > 4
0 1 o} 10 {
(4 5 G
4 3 T
0 lo 1o 1 [} y
1 3 4 % s 6 7
0 - o 10 o 11
4 3 y YR 5 6 7
00 olo 0l o 1o e Hi
*i loo |10 |00 on | nolme 1)
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14-24 If x = 0, then xn = 000 and I, " 1 iff y consists of one 0 or

14-25

no zeros. The probability of one and only one zero equals 38 (1-g)

[see (3-13)]; the probability of no zeros equals B . Hence,

Ply_=1|x =0} = 38°(1-8) +8’

Thus, the redundantly coded channel of Example 14-29 is symmetrical
as in (14-191) with probability of error 81- 82.

If the received information is always wrong, then

P{gn=1|§n-0} =g =1, hence C=1-r(B) =1
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