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1. CrassicaL Torics

1.1. Complex numbers. A complex number is expressed as z = x + iy, where
z,y € R and i> = v/—1. We use C to denote the set of complex numbers, which
geometrically corresponds to the (,%)-coordinate plane R2. Define the conjugate
of z to be Z = x — iy, and the norm of z satisfies |2|? = 2z = 22 + y.

If z # 0, z can also be represented by the polar coordinate z = r(cos 6 + isin @),
where r = |z|, cos@ = x/r and sinf = y/r. By comparing power series expansions,
we conclude the Euler formula

e = cosf +isind
for all # € R. In this form z = re’?, which is convenient for multiplication:

Z1R2 = |Z1||Z2|6i(91+02).

Such 6 is called the argument of z, which is well-defined modulo multiples of 27.
Note that z = e(°8")+¥® (where logr is the real log function), hence one can

define log z = logr + 0, which is a multi-valued function since 6 and 6 + 27n for

n € Z are both arguments of z. Similarly for z # 0, /2 has n different values,

given by
Tl/nei(0+2k7r)/n

for0<k<n-1.
1.2. Differentiability. Let U be an open subset of R2. Let f(z) : U — C be a
complex-valued function. We may also write
f(2) = u(z) +iv(z) = u(z,y) +iv(z,y),
where u,v : RZ = R. Recall the difference-quotient definition of derivative
w—z w—2z

Definition 1.1. If f/(z) exists and continuous for all z € U, we say that f is
holomorphic on U, and denote it by f € H(U). A function f € H(C) is called
entire.

Example 1.2. Polynomials and e* are entire functions. A rational function (quo-
tient of two polynomials) is holomorphic away from the zeros of its denominator.

Definition 1.3. We say that f is analytic if f can be represented by a convergent
power series expansion on a neighborhood of every point in U, and we denote it by

feAU).

Later on we will show that H(U) = A(U) and the condition that f’(z) is con-
tinuous can be dropped from the definition of being holomorphic. Hence one can
freely interchange the notion of being analytic and holomorphic. Below we verify
one direction of their equivalence.

Lemma 1.4. In the above setting, we have A(U) C H(U).



Proof. Suppose zp € U. For 0 < r < 1 (e.g. being the radius of convergence),

F(2)=) an(z = 2)"
n=0

converges absolutely and uniformly on (compact subsets of) the disk |z — zg| < 7,
so does the formal derivative series

o0
Z nan(z — 20)" L.
n=0

As in calculus, under these conditions differentiation is interchangeable with sum-
mation, hence

f'(z)= Znan(z —20)" Y,
n=0

which is convergent and continuous for |z — zp| < 7.
By the same argument we have

(o)
fP)=) nn—=1)(n—k+1an(z - 2)" "
n=0
for |z — 2| < r, which shows that a,, = % for all n > 0. O

1.3. Cauchy-Riemann Equations. Abuse notation slightly by writing f(z) =
fle+iy) = f(z,y). If f/(2) exists for some z = x + iy € U, then one can approach
z along the = or y directions, respectively, and obtain that

f(Z—l—h)—f(Z): mf($+h7y)_f(xay)_af

T . af
f (Z) - lhlgé h lhlem h B oz’
h—0 h—0
Flo) = i LG =G ey = ey | 0F
heR ih heR h oy’
h—0 h—0
Hence we conclude one version of the Cauchy-Riemann equation
of _ _;0f
or Oy’

If we write f(z,y) = u(z,y) + tw(x,y), then similarly we obtain that
I'(2) = ug + vy = —iuy + vy,
where u, = g—g, etc. The Cauchy-Riemann equation is equivalent to the following
equations
Uy = Vy, Uy = —Vg.
If we treat f as a function from R? to R2, then the Jacobian matrix of f is
o=l v
In this setting the Cauchy-Riemann equation is equivalent to the property that
df = pA

for some p > 0 and A € SO(2,R). If p # 0, i.e. if f/(z) # 0, then df is the
composition of rotation by A and dilation by p, hence as a map U — R?, f preserves
angles between smooth arcs through z and orientation. In general, a map preserving



angle and orientation at each point is called conformal. We thus conclude that for
feHU),if f/(z) A0 for all z € U, then f is conformal on U.
Conversely if the Cauchy-Riemann equations hold for f = u + v, we can write
w(z + s,y +t) = u(@,y) + ue(@,y)s + uy (2, y)t + o([s|, [t]),
v(@ 45,y +1) =v(,y) +va(,y)s + vy (2, y)t + o(|s], [¢]).
Using u; = vy, uy = —v, and writing w = s + it, we obtain
fetw)=f(z) = (u@+sy+1)—ulzy)+i(ve+sy+t)—v(y)+o(jw])
= ue(@,y)s + uy(@, y)t +i(va(2,y)s + vy (2, y)t) + o(|w])
= Uaz(z,y)s — va (2, Y)t +i(va (2, y)s + ua (2, y)t) + o(|w])
= (ua(z,y) +ive(x,y))(s + it) + o(|w])
(ue(2) + vz (2))w + o(|w]).
It follows that f’(z) exists and equals u,(2) + vy, (2) = vy (2) — tuy(2) as desired.

We have thus proved the following result.

Theorem 1.5. A complexz-valued function f (with continuous partials uy, Uy, Vg, vy)
is holomorphic iff it satisfies the Cauchy-Riemann equation.

Another way to record the Cauchy-Riemann equation is as follows. Treat z,Z as
independent variables and write x = (z + 2)/2, y = (¢ — Z)/(2¢). Then we have

of 0fdx 8f8y_»1(8f ‘6f)

0z 7%82+87y$7§ ox Z(‘)y
of _ofor ofoy _1(0f of

0z 00z oyoz 2\0z  'oy)
Then the Cauchy-Riemann equation is equivalent to

of
A
az b
which is also equivalent to
of _of
0z  Ox’

Example 1.6. f(z) = Z does not satisfy the Cauchy-Riemann equation, hence it
is not holomorphic.

1.4. The Riemann Sphere. Let C,, be the one-point compactification of C, by
adding a point at co. The neighborhoods of oo are the complements of compact
sets in C. It is clear that C.. is homeomorphic to the 2-sphere S2.

A complex structure can be given to C, such that it becomes a complex one-
dimensional manifold, i.e., a Riemann surface. Cover Co, by two charts (C, z) and
(Co — {0}, 271), both of which are isomorphic to C. On the overlap C* = C — {0},
the transition function is given by the map z — z~!, which is biholomorphic.

This description is equivalent to saying that C,, is the complex projective line
CP!. By definition, CP* = (C? — {(0,0)})/C*, with homogeneous coordinates
{[z,y]}, where x,y € C, not both zero, and [z, y] represents the equivalence class
of (x,y) modulo simultaneous scaling. Note that CP! can be covered by two charts
U = {[z,y]} with y # 0 and V = {[z,y]} with z # 0. Then the coordinate on U
isu = x/y and on V is v = y/x, with the transition function v = 1/u, which is
exactly the same as above.
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From now on we will use Co, 52, or CP! interchangeably for the notation of the
Riemann sphere.

Using the above charts, one can extend the notion of holomorphic maps from
C — Cto Cy — Cy. There are three cases. If f(zg) = oo for some zy € C, then we
require that 1/f(z) is holomorphic around zy. To make sense of being holomorphic
at z = oo, if f(c0) # oo, we require that f(1/z) is holomorphic around z = 0.
Finally if f(co) = oo, we require that 1/f(1/z) is holomorphic around z = 0.

Example 1.7. Any rational function on C extends to a holomorphic map from
Co — Cwpo.

1.5. Mobius transformations. For a matrix

A= {i b} € GL(2,C),

d
define the Mdbius transformation associated to A by
az+b
T =
alz) cz+d

as a map from C,, — C..

It is easy to check that T o Tp = Ta.p and T;' = Ty-1. In particular, Ty is
biholomorphic and is thus an automorphism of C,.

Note that if A = A\A for \ € C*, then Ty = T4. Conversely if T4 = Tz for

A, A € SL(2,C), then
ad — be ad — be
TW(2)= ——= =T%(2) = ———,
G = e = 1At (@2 + d)?
hence ¢z +d = +(cz + CA[) since the numerators are 1 by assumption. It follows
that A and A are the same matrices in SL(2,C) possibly up to a choice of sign.
Therefore, we conclude the following.

Proposition 1.8. The family of all Mobius transformations is the same as PSL(2,C) =
SL(2,C)/{£1d}.

Lemma 1.9. FEvery Mobius transformation is the composition of four elementary
maps:

(1) Translation z «— z + zp.

(2) Dilation z — Az, A > 0.

(8) Rotation z +— ez, € R.

(4) Inversion z — 1/z.

Proof. If ¢ = 0, then
a b
Ta(z) = g2+ 5,
which is the composition of translation, dilation and possibly rotation (if a/d < 0).
If ¢ # 0, then
bc—ad 1 a
= -+

2 a
C erC C

TA(Z)

O

Example 1.10. The Mobius transformation z +— Z_% takes the right half-plane

onto the unit disk. In particular, the imaginary axis iR maps onto the unit circle.




If we include all lines in R? as circles (of infinite radius), then it is not hard to
verify the following.

Lemma 1.11. Mdébius transformations take circles onto circles.

Proof. This can be checked using the four elementary maps in the composition of
a Mobius transformation. O

Note that the equation T'(z) = z is (at most) a quadratic equation for any
Mobius transformation 7. Hence 1" can have at most two fixed pointed unless it is
the identity. For instance, z — z + 1 has only one fixed point at co, while z — 1/z
has two fixed points at £1.

Lemma 1.12. A Moébius transformation is determined completely by its action on
three distinct points on Co,. Moreover, given distinct z1, zo, 23 € Co, there exists a
unique Mobius transformation T such that T(z1) =0, T(z2) =1, and T(z3) = 0.

Proof. If S and T are two Mdbius transformations that agree on three distinct
points, then S - T~! has at least three fixed points, hence S - T~ is the identity
transformation, and S =T

For the other statement, one can first apply Mobius transformations to assume
that z; are not co. Then define

Z— 21 29— Z3

T(z) =

Z— Zz3 2’272’17

which does the job. O

Definition 1.13. The cross ratio of four distinct points z1,22,23,24 € C is
defined as
Z1 — %3 Z1 — %4 Z1 —R3 R9 — Z4

(21,22,23,24) = : = .
Z9 —Z3 k29 — Z4 Z9 —Z3 21 — 24

Lemma 1.14. The cross ratio is preserved under Mdébius transformations. More-
over, four distinct points lie on a circle iff their cross ratio is real.

Proof. For a Mé&bius transformation T, let w; = T(z;) for distinct z; for j =
2,3,4. Consider the cross ratios S1(z) = (2,22, 23,24) and Sy 0 T(z) = Sa(w) =
(w = T(z),ws,ws,ws) as Mobius transformations. Since Si(z2) = 1, Si(z3) = 0,
S1(z4) = 00, Sa 0T (22) = Sa(we) = 1, Sa(ws) = 0, S2(ws) = 00, we conclude that
S1 =85 0T, hence

(21, 22,23,24) = S1(21) = S2 0T(21) = (T(21),T(22), T(23), T(z4)).
for four distinct 21, 22, 23, 24 € Cqo. a

1.6. Integration. Recall that a smooth path is a Cl-curve v : [0,1] — R2, i.e., v
is differentiable with continuous derivatives. In many cases we will also consider
piecewise smooth paths. If v(0) = (1), we say that ~ is closed.

Definition 1.15. For any complex-valued continuous function f on U C C and a
path v in U, define

/ f(2)dz = / FO ) (Bt

If v is closed, then we also write ﬁ/ f(2)dz for this integral.
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By the chain rule, the above definition is independent of parameterizations of ~y
(as long as the orientation is preserved).
Example 1.16. Suppose f € H(U). Then

[ £z = [ rown o= [ Lram=160) - 160).

In particular if v is closed, then

fi F(2)dz =0,

Example 1.17. For n # —1, 2™ has an antiderivative (2"*1)/n + 1, hence for any
closed path v € C we have
f Z"dz = 0.
.

If n = —1, consider the circle parameterized by ~(t) = re?™ for t € [0,1]. Then

1 ol : !
7{ —dz = / s (re?™) dt = 2771'/ dt = 2mi.
y 2 o reTt 0

1.7. Cauchy’s Theorems and Applications. The next few results form a corner
stone of complex integration.

Theorem 1.18 (Cauchy’s Integration Theorem). Let v; and v be two C*-paths
with same endpoints such that they are C*-homotopic in U. Then for any f € H(U),
we have

(2)dz= | f(2)dz.

Proof. We can triangulate the homotopy region into a union of small subregions
with boundary loops 7; such that

/ f(z)dz— | f(z)dz= Z f(2)dz.
71 Y2 7 N5
Hence it suffices to prove that fn f(z)dz = 0 for sufficiently small loops 7.
Recall that d(f(z)dz) = 0, hence f(z)dz is a closed form. By Poincaré’s lemma,
any closed form is locally exact, hence on the region bounded by 7, f(z)dz = F'(z)
for some F', and consequently fn f(z)dz =0.

Alternatively, write f(z) = u(z,y) +iv(z,y). Let V be the region with (positive
oriented) boundary curve 1. Then

f; f(2)dz = 7{) sy

— }{ (u+iv)dz + (iu — v)dy

v
= / (—uy — vy + iuy — vy)dady
v
= 0,

where we used Green’s theorem and the Cauchy-Riemann equations in the last two
steps. [



Denote by D(z,r) the open disk centered at z of radius r.
Theorem 1.19 (Cauchy’s Integration Formula). Let D(zp,7) C U and f € H(U).

Then ) F(w)
w
)= mf;w_zdw

for all z € D(zg,7), where y(t) = 29 + re?™ is the boundary of D(zg,7).

Proof. Fix z € D(zg,r) and consider the region U, = D(zg,r) — D(z,¢) for small .
Then the boundary of U, consists of two circles that are homotopic in U. Applying
Cauchy’s Integration Theorem, we have

1 1
N (PR S (v
2710 Jap(zg,r) W — 2 210 Jop(ze) W — 2
S S (PR i (CES C PR .
2710 Jap(zgry W — 2 270 Jop(ze) w—z 210 Jop(ze) w— 2
1 f(w)

= o= dw +0(e) — f(2),

2710 Jap(zg,ry W — 2

where we used % is close to f'(z) and faD (56) —L_dw = 2mi. Now letting

€ — 0, we thus conclude the desired formula. [l

Corollary 1.20. Every f € H(U) can be represented by a convergent power series
on D(zg,r) where r = dist(z,0U). Hence A(U) = H(U). Moreover, the nth
derivatives of [ exist and they are all analytic on U.

Proof. Previously we showed that A(U) C H(U). Conversely for f € H(U), let v
be a circle in U centered at zy that encloses a point z in the interior. By Cauchy’s
Integration Formula, we have

1 f(w)
f(z) = %iﬁw—zdw
27TZ ( —Z())

B flw z—20\"
B 27”% —Zon 0< —Zo> e

1 % f(w) >
= — ¢ ——————dw | (z—2)"
nZ:o (27rz o (w —zp)"t!
where the interchange of summation and integration is due to absolute and uniform
convergence of the geometric series. Setting

f(n)( 0) = nl j{(wf(:z;mdw

2

for any n > 0, we thus conclude that

> f(n)
- Zo : n(!ZO) (z = 2)"

converges on D(zp,7) and f is analytic, with its nth derivative f(™(z,) given by
the above expression, hence f() € A(U) for all n. ]
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Corollary 1.21 (Cauchy’s Estimates). Let f € H(U) with |f(z)| < M onU. Then

Mn!
() () < ML
P70l = G ot

foralln >0 and zg € U.
Proof. Let r = dist(zg,0U) (or close to). By the previous proof, we have

n! [t f(zo 4+ e )

(n) — " J\NE T 27mit\/
[ (z0) = omi rn+162(n+1)witT(e ™) dt‘
27rzt
_ f (20 —2i—re dt‘
e nmit
27rzt
< / f( zojre gt
e nmit
Mn!
< = / dt
r 0
_ Mn!
=

1.8. Properties of Analytic Functions.

Theorem 1.22 (Liouville’s Theorem). If f is a bounded entire function, then f is
constant.

More generally, if |f(2)| < C(1+|z|N) for all z € C with a fived constant C' and
integer N > 0, then f is a polynomial of degree at most N.

Proof. For the first statement, applying Cauchy’s estimates, |f/(z)| < C/r for a
constant C' and arbitrarily large r. Hence f/(z) = 0 for all z, and f is constant.
For the other statement, take U = D(z, R). We have
C(1+ RM)(N +1)!
RN+1

[fAF ()] <

As R — oo, we conclude that fN+1)(z) = 0 for all z, hence f is a polynomial of
degree at most V. O

Theorem 1.23 (Fundamental Theorem of Algebra). Every non-constant complex
polynomial has at least one zero in C.

Proof. Suppose p(z) is a nowhere vanishing, non-constant polynomial. Define
f(z) = 1/p(z). Then f € H(C). As z — oo, |p(z)] = oo, hence |f(z)] — 0,
and f is bounded on C. By Liouville’s Theorem, f is constant, leading to a con-
tradiction. (]

Theorem 1.24 (Uniqueness Theorem). Let f € H(U). Then the following are
equivalent:

(1) f=0.
(2) For some zy € U, f™(zy) =0 for all n > 0.
(8) The set {z € U | f(z) =0} has an accumulation point in U.

In particular, a non-constant holomorphic function has isolated zeros.
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Proof. The implication (1) => (2), (3) is clear. Using the power series expansion of
f at zg, we see that (2) = (1). Finally suppose (3) holds. Let {z,} be a sequence
of zeros of f in U that converges to zg as n — co. Prove by contradiction. Suppose
N is the minimal nonnegative integer such that f(V )(zo) # 0. Then

J(2) =3 an(z = 20)" = an(z = 20)V (1 + O — 20))

n=0

as z — zg, where ay # 0. It implies that f(z) # 0 in a small neighborhood of
20, contradicting that z is a limit of zeros of f. Hence we conclude that (3) =
(2). O

Theorem 1.25 (Open Mapping Theorem). For non-constant f € H(U) and every
zg € U, there exists a positive integer n and a holomorphic function g locally at zg
such that g(z9) # 0 and

f(2) = f(z0) + (2 — 20)"g(2).
We say that zg is a zero of order n. In particular, f maps open sets to open sets.

Proof. Take n > 1 to be the first nonzero derivative f(™)(zy) and then we get the
desired expression. Since g(zg) # 0, locally around zy one can take a holomorphic
nth root (not unique) h of g, i.e., g(z) = (h(z))". Moreover, the derivative of
(z — zp)h(z) is nonzero at zp, hence (z — z9)h(z) is a local diffeomorphism by
the usual inverse function theorem. Then f(z) — f(zo) is the composition of this
diffeomorphism with w — w™, which implies that f maps open sets to open sets.
In fact, this proof shows that around a zero zy of order n, f behaves like a branched

cover of degree n totally ramified at zg (to be discussed later). (]

Theorem 1.26 (Maximum Modulus Principle). Let U C C be a connected open
set and f € H(U). If there exists zo € U such that |f(2)| < |f(20)| for all z € U,
then f is constant.

Proof. If f is not constant, then f maps U to an open set, hence f(zp) lies in the
interior of f(U), contradicting that f has maximum modulus at z. O

Theorem 1.27 (Morera’s Theorem). Let f be a continuous function on U. If
35’7 f =0 for all closed paths v in U, then f € A(U).

Proof. Fix zg € U. Define
o) = [ fwdu

which is independent of the integration path by the assumption on f. Since ¢'(z) =
f(2), g € H(U) = A(U), hence all derivatives of g are analytic on U, including f
as the first derivative of g. |

Theorem 1.28. If f is continuous on U, then f admits an antiderivative on U iff
fv f =0 for all closed paths v in U.

Proof. If F'(z) = f(z2) on U, then f“/f = 0 by the Fundamental Theorem of
Calculus. Conversely if f7 f =0 for all smooth closed paths v in U, define F(z) =
f;o f(w)dw for a fixed zg € U. Then F(z) is well-defined and F'(2) = f(z). O

Finally we show that the condition of continuous derivatives can be dropped
from the definition of holomorphic functions.
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Theorem 1.29 (Goursat’s Theorem). Let f be a complex differentiable function
on U. Then f € H(U).

Proof. By Morera’s theorem, it suffices to show that fv f(2)dz = 0 for all closed
paths v in U. Such an integration can be approximated by summations of integrals
over rectangles, hence it suffices to prove fw f(2)dz = 0 for v being the boundary

of a rectangle R. Divide R into four rectangles Rgi) of equal size for i = 1,2, 3, 4.

Then
=Y ¢ | 1,

@
OR R’

and there exists Rgi), say Rgl), such that
’ f(z)dz‘ <4- ‘7{ f(z)dz‘
OR aRrR{M

Now divide Rgl) and repeat this process. We obtain a sequence of rectangles
RORI DRy D -+

(where we omit the upper scripts), such that
‘ f(z)dz
OR

for all n. Note that |OR,| = 27"|0R).
Let 2y be the limit point of R,, as n — oo. For z close to zy, by assumption

|(f(2) = f(20)) = f'(20)(z = 20)| < €|z — 20|
for e < 1. Since §,, (2 — 29)dz = 0, it follows that

<4"

f(z)dz

‘ OR,

‘ f(z)dz‘ §5]{ |z — 20|dz < €|OR,|? = e4 " |OR|?
OR, ORy,

where we used |z — 29| < |OR,,| for z on the boundary of R,, and z; inside R,,. We
thus conclude that

%Rf(z)dz‘ < c|ORP,

hence it must be zero as € — 0. [l
1.9. The Winding Number. Recall that
1 1
21 N 2= 20

for any circle v centered at zp (or more generally any closed path homotopic to
~ without passing through zp). Such closed paths look like going around zy once.
This motivates the following definition-theorem.

Theorem 1.30 (Winding Number). Let v : [0,1] — C be a closed path. Then for
any zy not contained in the image of v, the integral

1 1
n(vy; z0) = —j{ dz
8!

211 zZ— 2o

is an integer, called the winding number or index of v relative to zy. It is constant
on each connected component of C — v and is zero on the unbounded component
(that includes o0).
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Proof. Define

t
"' (s)
t)=[| ————ds
0= | -
for ¢ € [0,1]. One checks that

490 ((t)  20) = 0,
hence

e 1O (y(t) = 20) = ¢ (7(0) — 20) = (0) — 2.
Taking t = 1, we have

e 2min(20) (3(1) — 29) = (0) — 2.
Since v(1) = ~(0), we conclude that n(vy;zp) is an integer. Apparently n(vy;z) is
locally constant, hence constant on each connected component of C — . If 2 is
outside of the region R bounded by «, then 1/(z — zp) is holomorphic on R. Tt
follows that n(v; z9) = 0 on the unbounded component of C — . O

Corollary 1.31. Ify; and vy, are homotopic closed paths in C\{zo}, then n(vy1; z0) =
n(72; %0)-

Theorem 1.32 (Winding Number Version of Cauchy’s Integral Formula). Let vy be
a closed path homotopic to a point in U, and let f € H(U). Then for any zo € U\,
we have

1 f(z)
;20) - =— | ——dz.
n(7; o) - f(20) i L PR z
Proof. For fixed zy, define
z)— f(z
=)
g(z) = z— 29
f'(z0) z = 2.
Using the power series expansion of f at zp, one checks that g € H(U), hence by
Cauchy’s Theorem, fv g(z)dz = 0. We thus conclude the desired formula. (]

1.10. Singularities. Suppose f is analytic on a small disk except possibly at the
center z5. We say that zg is an isolated singularity of f. If one can assign a value
at zo such that f becomes analytic at zo, then zg is called removable. If f(z) — oo
as z — zg, we say that zg is a pole of f. For all other cases, zj is called an essential
singularity.

Example 1.33. For an integer n, z” has a removable singularity at 0 iff n > 0,
and it has a pole at 0 iff n < 0.

Example 1.34. The function e!/* has an essential singularity at 0, which can be

seen by taking z — 0 along the real and imaginary axes, respectively.

Proposition 1.35. Suppose f € H(U \ {z0}). Then

(1) zo is removable iff lim,_,, (z — 29) f(z) = 0.

(2) zo is a pole iff there exists a positive integer n and h € H(U) with h(z) # 0
such that f(z) = % In this case n is called the pole order of f at zg.

(3) zo is essential iff for all 0 < e < 1, the set f(D(z0,€)*) is (open) dense in C,
where D(zo,e)* denotes the punctured disk at zy contained in U.



13

Proof. For (1), if zo is removable, then the conclusion is clear. Conversely if
lim, ., (2 — 20)f(2) = 0, define g(z) = (2 — 20)?f(2) for z # 29 and g(z9) = 0.
Then g(z) is differentiable (including at zp). Hence by Goursat’s theorem g € H(U).
Moreover, ¢'(z9) = 0 by assumption, hence g has at least a double zero at zg by its
power series expansion. It follows that h(z) = g(2)/(z — 20)? € H(U). Now define
f(2z0) = h(zp). Since f = h on U\ {zp}, it implies that zp is a removable singularity
of f.

For (2), the “if” part is clear by definition. Conversely if z; is a pole, then
g(z) = 1/f(#) has a removable singularity at zo by (1), since lim,_,,, g(z) = 0.
Hence g(z) = (z—20)™g(2) for some n > 1 and g locally holomorphic with g(zg) # 0.
It follows that f(z) = (z}i(:o))" with h(z) = 1/g(z), which is well-defined and nonzero
at zg.

For (3), first suppose f(D(zo,¢)*) N D(wp,d) = @ for some wy € C and €,§ > 0.
Then m € H(D(z0,€)*) has a removable singularity at zo by (1), which implies

that f(z) has either a removable singularity or a pole at zy. Conversely, the density
of f(D(zo,e)*) for every € > 0 clearly violates the definition of having a removable
singularity or a pole at zg. O

Remark 1.36. One can strengthen (3) by the Great Picard’s Theorem, which says
that if f has an essential singularity at zo, then on any D(zp,¢)*, f(z) takes on all
possible complex values, with at most a single exception, infinitely often.

Definition 1.37. If there exists a discrete set P C U such that f € H(U \ P) and
such that each point in P is a pole of f, we say that f is a meromorphic function
on U. The set of meromorphic functions on U is denoted by M(U).

1.11. Laurent Series. Let A be an annulus
A={zeC|rm<|z—z|<r}, 0<ri<ry<o
where we allow the inner radius to be zero and the outer radius to be infinity.

Proposition 1.38 (Laurent Expansion). Suppose f € H(A). Then there exist
unique a,, € C such that

o0

f(Z) = Z an(z—zn)”

n=-—00
which converges absolutely and uniformly on any compact subset of A. Moreover,

0 = - S,

2w lw—zo|=r (W — 20)"T!

for alln and any r1 <7 < r9.

Such series is called the Laurent series of f around zg, and Z;i_oo an(z —2zp)"

is called its principal part.

Proof. For fixed z € A, denote by 7, and 7, the circles centered at zy and at z of
radius r, respectively. Take s; and so such that r; < s1 < |z — 29| < s2 < 72, and
take € small. Let ¢ be a cycle defined by

C="sy = Vs1 = Te-
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Since s, — s, is homotopic to 7. away from z, we have

;%dezo’
2m Jow — 2z

which combined with Cauchy’s integration formula implies that

_ 1 f(w) 1 f(w)
f(Z) = 27_‘_2,%;32 w_zdw— 27”,%;51 w_zd’w

Next we show that the integral over s, contributes to a, for n > 0 and the
integral over «,, contributes to a, for n < 0. Consider the expansion

o0

z—z)"
Zi if |w — 20| > |z — 20|

I 1 ) = (w =)t
w=z  (w=20)=(z=2) 72 (w = z0) if |lw — 20| < |2z — 20].

o (220
Since these power series converge absolutely and uniformly on the respective inte-
gration paths, inserting them into the above integral and interchanging the sum-
mation and integration gives the desired expansion as well as the expression of
an. Alternatively, the value of a,, can be verified by dividing the Laurent series by
(2 — 29)"*! and then integrating. O

Note that if 7; = 0, then 2y becomes an isolated singularity of f.

Corollary 1.39. Suppose f(z) = > _ _ an(z— 29)" is the Laurent expansion of
f at an isolated singularity zo, which converges on 0 < |z — zg| < & for some § > 0.
Then

(1) zo is removable iff a,, =0 for all n < 0.
(2) zp is a pole of order m >0 iff a, =0 for alln < —m but a_,, # 0.
(8) Otherwise zq is an essential singularity.

Proof. Apply the previous properties of isolated singularities. (Il

Next we classify holomorphic functions from Co, — Co.

Proposition 1.40. Suppose f : Co, — C, is a holomorphic function and f # oo.
Then f is a rational function, i.e. f = p/q for two polynomials p,q and q Z 0.

Proof. If f(z) € C for all z € Co, then f is entire and bounded, hence constant by
Liouville’s theorem. Suppose f(zg) = oo for some 2y € C (we may apply Mobius
transformations to assume that f(co) # oo, which preserve the set of rational
functions). Since lim,_, ., f(z) = 00, zg is a pole of f. Note that f has finitely many
poles, since the poles are isolated (or equivalently the zeros of 1/f are isolated).
Now subtracting the principal parts of the Laurent series of f at each pole, we
obtain an entire function which is also bounded as its image is a compact subset of
C, hence is a constant. It follows that f is the sum of a constant and those principal
parts, hence f is a rational function. O
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1.12. Residue Theory. Suppose f(z) = > o> an(z — 29)" is the Laurent ex-
pansion of f at an isolated singularity zg. Then the coefficient a_; is called the
residue of f at zp, and denote it by Res(f; z0).

Example 1.41. Suppose f(z) = % where g is holomorphic around zy. Let

9(z) = g(z0) + a1(z — 2z0) + - -~

by the power series expansion of g at zy. Then we see that
Res(f;20) = g(20)-

Similarly if f(z) = (zg (j))z where g is holomorphic around zg, then

Res(f;20) = ¢'(20)-

Theorem 1.42 (Residue Theorem). Let z1,...,2m € U, f € H(U \ {z:}",), and
v a closed path homotopic to a point in U such that v does not pass through any

z;. Then
1 m
QWi[y ;n v; zi) Res(f; z;).

Proof. Each z; is an isolated singularity of f. Let f; be the principal part of f at
z;. Then g = f — >, f; € H(U), hence by Cauchy’s theorem

2mff 2—227”7{]2

1 1
—h—— _dr=n(vz
2mi j{y (z — z)F 2 =nly;z)

for £ = 1 and the integral is 0 for £ > 2. The desired formula follows from the
definition of residue. U

Note that

Example 1.43. Let v be a circle with 1 and 2 inside . Then by the Residue
Theorem,

/ (Ll = 2mi(Res(f; 1) + Res(f;2)).

5 (z=1)(z-2)
By the previous example, we have
1+1 241
S N 1 = —— = —2 S '2 = ———= .
Res(f;1) = 7 =2 Res(fi2) = 5= =3

Suppose f is meromorphic at zg. Then f(z) = (2 — 29)™g(z) for some integer m
and g(zo) # 0, where m = ord,, (f) is the zero or pole order of f at zp (we use —3
for a triple pole, etc in this context). Note that

!/
m
fr_ L9

/

foz=2 g
and the set of poles of f'/f is contained in the set of zeros and poles of f. In
particular,

Res(f'/f;20) = ord, (f).

Hence the residue theorem implies the following.
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Theorem 1.44 (Argument Principle). Suppose f € M(U) and ~ is a closed path
homotopic to a point in U such that v does not meet the zero set Z and the pole
set P of f. Then

e
2mi J, f(z)d

Remark 1.45. Note that
f'(z) f@®) (for(®)
dz = ' (t)dt = ————=—dLt.
70" = o) T Form -0
By the definition of winding number, the LHS of the above theorem is equal to

n(f o~;0), which measures the change of argument of the composed path f o~
around 0.

z = Z n(v; z) ord, (f).

zeZUP

Theorem 1.46 (Rouche’s Theorem). Let f,g € H(U), and v a simple closed
path in U such that its interior is contained in U. If f has no zero on v and if
|f(z) —g(2)| < |g(2)| for all z on ~, then f and g have the same number of zeros
(counting with orders) inside 7.

Proof. Set h = f/g. Then h € H(U) and h has no zeros or poles on 7. Since
|ho~(t) —1] < 1 for all ¢t € [0,1] and the inequality |w — 1| < 1 cuts out the unit
disk centered at 1, we conclude that 0 belongs to the unbounded component of
C\ hov([0,1]), and hence the winding number n(ho~v;0) = 0. Since ~ is homotopic
to a point in U, by the Argument Principle and the above remark, the number of
zeros minus the number of poles of h in the interior of v (counting with orders) is
zero. Note that this is the number of zeros of f minus the number of zeros of g
inside v (counting with orders), hence they are equal. (I
Let us apply residues to evaluate more integrals. First recall

0 —if 0 _ —if

cosf = i, sinf = i
2 2

Set z = e'?. We also have

27 i60 27
79(2’) dz = g(e. )iewde = g(ew)dﬂ.
60
|z|=1 % o ¢ 0

de —z!
Replace siné by S

where

27
Example 1.47. Let us evaluate / _.
o 2+sinf

z = €. The integrand becomes
1 2z
24 (z—271)/2  diz+22-1

which is the function g above. Hence we need to evaluate

2 2
/|z|—1 a1 /|z|—1 (-2 (2 Va0

The only pole inside the unit circle is (v/3 — 2)i. Hence by the Residue Theorem
the value of the integral is

. 2
T B 2)i— (2= V3)i

5%
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Next we consider improper integrals. Denote by H the closed upper-half plane.
Let us first make the following observation.

Theorem 1.48. Suppose f is holomorphic away from a finite set of singularities,
has no singularities on R, and there exist R,C > 0 and p > 1 such that |f(z)| <
Clz|7P for {z € H : |z| > R}, then

/00 f(z)dx = QFiiRes(f;zj),
oo =

where z1,. .., zy are the singularities of f in H.

Proof. Let ~y, be the semicircle {z € H : |z| = r} union the real line segment
—r <z <r (draw a picture), positively oriented. Then

f(z)dz = ' flx)dx + /7r f(rettyiretdt.
Yr —r 0

If r > R, then |f(re’)ire’| < Cr~=P, and hence
‘/ f(re“)ire”dt‘ < gCrt—p
0
which tends to zero as r — oo. It follows that

Tlg]élo f dz-hm/f dgc—/ flx

Then the desired formula follows from the Residue Theorem. O

Remark 1.49. In the statement of the above theorem, if we replace the upper-half
plane by the lower-half plane, then the conclusion still holds with the sign changed
to — on the right-hand side, because the lower semicircle used in the proof will have
negative orientation (draw a picture).

> 1
Example 1.50. Let us evaluate /_OO mdw. Since the integrand f(z) is

asymptotically z~%, the assumption in the above theorem holds. There are two
poles at i and only ¢ is contained in the upper-half plane. Write

It follows that

o 1 ) )
/ mdfl; = 2m Res(f;l) = —
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1.13. Normal Families. Let U be an open set in C and F a family of holomorphic
functions defined on U.

Definition 1.51. If each sequence in F has a subsequence which converges uni-
formly to a holomorphic function on every compact subset of U, then F is called a
normal family.

Definition 1.52. If there is an M such that |f(z)| < M for every z € U and every
f € F, then F is called uniformly bounded on U.

Theorem 1.53 (Montel’s Theorem). Every uniformly bounded family on U is a
normal family.

Proof. We apply the idea of Arzela-Ascoli Theorem in real analysis. Let {f,} be a
uniformly bounded sequence of functions on U with |f,(z)| < M with a fixed M
for all z € U and all n. Choose points 21, 29,--- in U with rational coordinates
(hence they are countable). Then there is a convergent subsequence of complex
numbers { f1,(21)}, since they are bounded by M. Then { f1,,(22)} is also a bounded
sequence, so it has a convergent subsequence denoted by { f2,,(22)}. Continuing this
process, we inductively construct a sequence of subsequences of { f,,}

f117f127"' 7f1n7"'
f21a,f227"' 7f2n7"'

each being a subsequence of the preceding one, such that { fz,(z;)} is a convergent
sequence for each k and each j < k. Then the diagonal sequence { f,,} converges
at every z;.

Set gn, = fan. We will show that {g,} converges uniformly on every compact
subset of U. For w € U, choose r > 0 such that D(w,2r) C U. For each z € D(w,r),
we have D(z,7) C D(w,2r) C U. By Cauchy’s Estimates applied to D(z,r), every
f € F satisfies

rei<

T
Then for any z, 2’ € D(z,r), we have

1)~ 10 =] [ o] < Fpe - 21

which in particular holds for all g,,.
Given e > 0, set 6 = 33 If 2 € D(w,r), there are points with rational coordi-
nates arbitrarily close to z. Let z; be such point with |z — z;| < ¢. Then

€

M
|9n(2) = gn(z)] < -0 = 3.

Next since {gn} = {fnn} converges at z;, we choose N such that
€

3 VY m,n > N.

l9n(25) = gm(25)] <
Then we have

eE € ¢

190.(2) =9m (2)] < 190 (2)=9n(25)[+19n(27) =gm (2)) | H|gm (2) =g (2)] < SH+35+5 =€
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for all m,n > N. It proves that {g,} converges uniformly on these closed disks

D(w,r), hence it converges uniformly on every compact subset K of U, as K can
be covered by finitely many such disks. O

1.14. The Riemann Mapping Theorem. Let U be a path-connected open sub-
set of C. Recall that U is simply connected if every loop contained in U is con-
tractible (i.e. the fundamental group of U is trivial).

Lemma 1.54. If U is simply connected and f is a nowhere vanishing holomorphic
function on U, then f has a holomorphic logarithm and a holomorphic nth root.

Proof. Suppose f € H(U) is nowhere zero. Then f'/f € H(U). Since U is simply

connected, for a fixed zg € U, we have

P
2 J(w)

In particular, F' = f'/f and F(z9) = 0. Since f(zg) # 0, fix one value of log f(z¢)
(not unique) and define

F(2) dw € H(U).

h(z) = e~ F(z)—log f(Zo)f(Z).

Then one checks that h’'(z) = 0 and h(zp) = 1, hence h(z) = 1 for all z € U. It
follows that
f(z) = e (2)+log f(20)

Hence the exponent can be used as log f. Take g(z) = e(°¢/)/? Then ¢" = f. O

A complex valued function is called conformal at zy (i.e. preserving angles of
two intersecting arcs), if it has a nonzero derivative at zg.

Theorem 1.55 (Riemann Mapping Theorem). Every proper, simply connected,
non-empty open subset U of C is conformally equivalent to the open unit disk D.

We need some preparations before proving the theorem. First we determine the
conformal automorphisms of D. For w € D, define

z—w
P (2) = 1—-wz
as a special Mobius transformation, where h,, (w) = 0 and h,,(0) = —w. If |u| =1,
then v~ ! = u, and
u—w u—w u—w
1 —mu’ - ’u—l —m‘ - ’ﬂ—w’ =t

It implies that h,, maps the unit circle to itself. Since w is inside D and h,,(w) = 0,
h., maps D onto itself, hence h,, is a conformal automorphism of D.

Theorem 1.56. FEvery conformal automorphism h of the unit disk is of the form

zZ—w

1 —-wz
for some u and w satisfying that |u| =1 and |w| < 1.
Proof. Suppose h(w) = 0 for some w € D. Consider h o hy,!, which is a conformal

automorphism of D and takes 0 to 0. By the Schwarz Lemma, h o hy,'(z) = uz for
some |u| = 1. Replacing z by hy,(z), we conclude that h(z) = why,(2). O
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Recall that U is a proper, simply connected, non-empty open subset of C. Fix
zo € U and let F be the set of one-to-one conformal maps f of U into D such that

Lemma 1.57. The set F is non-empty.

Proof. Since U is proper in C, there is some A ¢ U. Then f(z) = z — X is non-
vanishing on U, hence has a holomorphic square root g. Since f is one-to-one
and non-vanishing, so is g, and hence g is a one-to-one conformal map such that
0 ¢ g(U). By the Open Mapping Theorem, g(U) is open, so we can find a closed
disk D(wp,r) C g(U) with 0 < 7 < co. Moreover, the set g(U) cannot contain both
u and —u for any u # 0, as f = g2 is one-to-one. Thus the reflection D(—wyg, ) N
g(U) = 0. It follows that
9(2) + wo| > 7
for all z € U. Hence the function

p(z) =

is a one-to-one conformal map of U into the unit disk D. For the fixed point
zo € U, suppose that p(zp) = w. Compose p with the conformal automorphism h,,
of D. We obtain a one-to-one conformal map h,, o p of U into D which takes zy to
haw(p(20)) = hay(w) = 0. Hence F contains hy, o p. O

r
9(z) +wo

Lemma 1.58. Let U, 2y, and F be as above. Given any f € F, if f does not map
U onto D, then there exists some g € F such that |g'(z0)| > |f'(20)]-

Proof. Suppose w € D and w ¢ f(U). Recall that h,, is a conformal automorphism
of D with hy(w) = 0. Then hy o f(2) # 0 for all z € U. Hence hy, o f has
a holomorphic square root ¢ on U, i.e. ¢* = hy, o f. If g(z0) = A, then \? =
hw o f(z0) = hyw(0) = —w, and

/ _w2 _ 4
o () = 520 1 () = 5 o) = S e,

As before ¢ is a one-to-one conformal map of U into D and ¢(zp) = A # 0. So
g = hy) oq maps zg to 0, hence g € F and satisfies

/ N / _ 1_|/\‘4 / _1+|/\‘2 /
Since 0 < (1 — [A[)2 = 1+ |A]?> = 2|A| and f'(20) # O for f being conformal, we
conclude that |¢'(z0)| > |f'(20)]- O

Proof of the Riemann Mapping Theorem. Let zg € U and F be as above. Since F
is non-empty, set
m = sup{|f'(z0)| : f € F}.
Then m is either oo or a positive number, since f’ is non-vanishing. Choose a
sequence {f,} in F such that
i |fy (z0)| = m.

Since F is a uniformly bounded family, it is a normal family, hence there is a sub-
sequence of {f,} which converges uniformly on compact subsets of U to a function
h. It follows from Cauchy’s Estimates (leaving as an exercise) that f/ in this subse-
quence converges uniformly on compact subsets of U to k', and hence h'(zy) = m.
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Since m # 0, h is not constant. Since each f, is one-to-one, h is also one-to-one
(Hurwitz’s Theorem, another exercise). Since f,,(z9) = 0 for all n, we get h(zp) = 0.
Hence h € F and h/(zp) = m is attained as the maximum. By the previous lemma,
h must map U onto D, hence h is a conformal equivalence of U to D. [

Remark 1.59. In the proof the only property of simply connected sets we used
is that every non-vanishing holomorphic function has a holomorphic square root.
Since this property is preserved under conformal equivalence, being simply con-
nected is also preserved under conformal equivalence, and the unit disk is simply
connected, we conclude that a connected open subset U in C is simply connected
iff every non-vanishing holomorphic function on U has a holomorphic square root.

Remark 1.60. If U is a simply connected open set with a simple closed curve
as boundary, and if h : U — D is a conformal equivalence, then h extends to a
continuous function from U to D with a continuous inverse. For a proof, see e.g.
Rudin’s book.

1.15. Schwarz Reflection. Given a function analytic on a region, one can ask if
it can be analytically continued outside of the domain. One way to extend is to
use some kind of symmetry. First we introduce a notation. For a subset V of C,
let V- ={z:2z€eV}

Theorem 1.61 (Schwarz Reflection Principle). Let U be an open set symmetric
about the x-axis. Let A = UNR and V be the part of U in the open upper-half
plane (draw a picture). If f is analytic on V, continuous on VU A, and real-valued
on A, then f can extend to an analytic function on all of U by using ﬁ on V.

Proof. First, using Cauchy-Riemann Equations one checks that g(z) = f(Z) is
analytic on V'~ (exercise). By assumption, f and g agree on A, hence they define
a single continuous function h on U = V U AUV~ such that h is analytic on U,
except possibly at points of A.

Take a point zy € A and let D be a disk neighborhood of zg in W. One can show
that for any closed path v in D, fv h(z)dz = 0 (exercise). It follows from Morera’s
Theorem that h is analytic on D. We thus conclude that A as an extension of f is
analytic on U. |

Identify the set of all lines and circles in C as the set of all circles in the Riemann
sphere S2.

Definition 1.62. Suppose h : W — V is a conformal equivalence between domains
in S2. Let I C W be an arc on a circle in S2. Then the image h(I) is called an
analytic curve.

By using a Mobius transformation, we may assume that the circle in the above
definition is RU {oo} and I is either an open interval on the real line or R U {oo}
itself. In the latter the curve will be a simple closed curve.

Let us describe explicitly reflection through an analytic curve. First, a function
f on an open set U is called conjugate analytic if f is analytic on U.

Definition 1.63. Suppose C' is an analytic curve in U such that U \ C has two
connected components V and W. If p : U — U is a conjugate analytic function
which fixes each point of C' and interchanges V' and W, and if p o p(z) = z for all
z € U, then p is called a reflection through C on U.
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Theorem 1.64. If C is an analytic curve in C, then there is a reflection p through
C on some domain V containing C. This reflection is unique in the sense that
another reflection through C on some neighborhood Vi of C' must be equal to p on
the connected component of V- NV, which contains C.

Proof. The idea is to reduce to the case when C' lies in R and use the standard
conjugate z. Let h : W — V be a conformal equivalence that maps L onto C,
where L is either a line segment in R or R U {oo}. Replacing W by a connected
component of W N W~ which contains L, we may assume that W = W~. Let
k(z) = Z. Then we get a reflection p through C on V by setting

p=hokoh L

Since h is analytic and k is conjugate analytic, one checks that p is conjugate
analytic (exercise). Moreover,

pop=ror=1d,

and p(z) = 2z on C because xk(z) = z on L and h~! maps C to L. Thus p is a
reflection through C on V.

If p; is another reflection through C on V7, then p; op is analytic on VN V7, since
the composition of two conjugate analytic functions is analytic (exercise). Moreover,
p10p(z) = z on C, hence it must be equal to z on all connected components of
V' N V1 containing C, by the Uniqueness Theorem of analytic functions. It implies
that p; = p~! = p on this component. [

Now we can strengthen the Schwarz Reflection Principle as follows.

Theorem 1.65. If C is an analytic curve in a domain U such that U \ C has two
components V. and W, and p is a reflection through C on U, then any function f
which is continuous on V U C, analytic on V', and real-valued on C' can extend to
an analytic function on all of U by using f(p(z)) on W.

Proof. The proof is the same as the proof of the Schwarz Reflection Principle, where
p plays the role of complex conjugate on U. Let

9(z) = f(p(2))

on W UC. Then g is continuous on W U C and analytic on W because it is the
composition of two conjugate analytic functions f and p. Since p fixes points on C
and f is real-valued on C, g and f agree on C, hence they define a single function
h on U such that h is continuous on U and analytic on U \ C. Arguing as before
by Morera’s Theorem, h as an extension of f is analytic on all of U. O

Example 1.66. Let us consider the reflection through an arc on the unit circle.
i0

The map p(z) = % or p(re??) = 67 is defined and conjugate analytic on C\ {0}.
It satisfies p o p(z) = z. It also fixes each point on the unit circle. Suppose a
domain U meets the unit circle in an arc C' and is taken to itself by p. Then the
unique reflection through C on U is the map p. For such U and C, the previous
theorem says that any function analytic on the part V' of U lying on one side of C,
continuous on V U C, and real-valued on C' can extend analytically to all of U.
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1.16. Analytic Continuation. Here we discuss analytic continuation along curves.
For an analytic function f defined on an open disk D, we say that (f, D) is an an-
alytic function element, and is an analytic function element at w if w € D. Two
analytic function elements (f1, D1) and (fz, D2) at w are said to be equivalent at
w lffl =f2 on Dl ﬂDQ.

Definition 1.67. Let 7 : [0,1] — C be a curve and (fy, D) an analytic function
element at zg = 7(0). Suppose there exists a partition 0 = tp < t; < -+ <
tn+1 = 1 of [0,1] and a sequence of function elements (f1, D1),...,(fn, Dn) such
that v([tj,t;41]) C D; and f; = fj+1 on D; N Dj4q for all j. Then we say that
(fn, Dp) is an analytic continuation of (fo, Do) along v (draw a picture).

Remark 1.68. By the Uniqueness Theorem (after refining the sequence of disks if
necessary), it is clear that the analytic continuation of f along v, up to equivalence,
only depends on f and 7, not on the choice of the chain of disks.

Remark 1.69. Suppose (fo, D) is a function element at zg and + is a curve joining
2o to w. If there is an open set U containing Dy and «y, and an analytic function f
on U such that f = fy on Dy, then it is obvious that (fy, Dg) can be analytically
continued along - using the restriction of f.

Suppose f € A(U). Locally around a point zg € U, there exists an antiderivative
F of f. Now for any smooth path v : [0,1] — U beginning with zp, one can
analytically continue F' along v as an antiderivative by

F(z) = F(20) + / flw)dw

where v(0) = z9 and ~y(t) = 2z;. However, this procedure does not necessarily lead
to a globally defined antiderivative F' € A(U). For example, take f(z) = 1/z and
U = C*. If v is a closed path traversing around 0 one time, then the starting and
ending log branches will differ by 27i. On the other hand, if U is simply connected,
then by Cauchy’s Integration Theorem such a construction yields a globally defined
F. This holds in general for analytic continuation as follows.

Theorem 1.70 (Monodromy Theorem). Suppose vo and 1 are homotopic curves
in an open set U joining zo to w, and (fo, Do) an analytic function element at zo,
with Do C U. If (fo, Do) can be analytically continued along every curve in U, then
the continuations of fo along vo and v, are equivalent function elements at w.

Proof. Let {~s} be a one-parameter family of curves from zy to w as a homotopy
from 7o to 1. Then given any € > 0, there is a 6 > 0 such that ||vs — .|| < ¢
whenever |s — r| < §. Denote by ¢, the terminal function element for the continu-
ation along ;. We will show that for each r € [0,1], there is a 6 > 0 such that ¢,
is equivalent to ¢, whenever |s —r| < 6.

Let 0 =ty < t1 < -+ < tpe1 = 1 be a partition and (f1,D1),...,(fn,Dn) a
sequence of function elements defining ¢, = (f,, D,,) as an analytic continuation
of (fo, Do) along ~,. Then ~.([tj,tj+1]) € D; for j = 0,...,n. For each j, let
e; be the distance from ~,([t;,t;41]) to the boundary of D;. If ||vs — || < €5,
then vs([tj,tj+1]) € D;. Thus let ¢ = min{ey,...,e,}, and choose § > 0 such
that ||vs — v|] < € whenever |s —r| < . Then for each s with |s — 7| < d, the
same partition and sequence of function elements (f1, D1), ..., (fn, Dn) also defines
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(fn, Do) as an analytic continuation of (fy, Dp) along vs. By the uniqueness remark,
it implies that ¢y is equivalent to ¢, whenever |r — s| < 4.

Now we define a function h on [0, 1] by setting h(s) = 0 if ¢ is equivalent to ¢
and h(s) = 1 otherwise. By the previous paragraph h is a continuous function and
h(0) = 0. Hence h(s) = 0 for all s and in particular h(1) = 0, which means ¢; is
equivalent to ¢yg. O

Corollary 1.71. Analytic continuations (if they exist) are unique in a simply con-
nected open set.

Corollary 1.72. Suppose U is a simply connected open set and (fo, Do) is an
analytic function element at z9 € U with Do C U. If (fo, Do) can be analytically
continued along every curve in U, then there is a function f which is analytic on
U and equal to fo on Dy.

Proof. If z € U, since any two curves from zg to z in U are homotopic, the Mon-
odromy Theorem implies that the terminal function elements of analytic continu-
ations of (fy, Do) along them are equivalent in some neighborhood of z. Hence all
such analytic continuations determine the same function value at z, and we define
f(2) to be this value.

Clearly fo(z) = f(z) for all z € Dg. It remains to show that f € A(U). For
w € U, let v be a curve in U joining zo to w, and let (D, f,) be the terminal
function element of an analytic continuation of f along . If 2 € D,,, then (D,, f,)
is also the terminal element of a continuation of (fy, Dg) along a curve v; from zg
to z in U, where we extend ~ to ; ending at z by joining v with the line segment
from w to z. It follows by definition of f that f(z) = f.(z) for all z € D,, (not
only for z = w). Since f, is analytic on D,, and w is an arbitrary point in U, we
conclude that f is analytic on all of U. O

1.17. Analytic Covering Maps. Suppose V and W are open subsets of C.

Definition 1.73. An analytic map h: V — W is called an (unramified) analytic
covering map if for each wy € W, there is a neighborhood A of wy, contained in
W, such that h=*(A) is the disjoint union of a collection {B;} of open subsets of
W satisfying that h restricted to Bj is a conformal equivalence onto A for every j.

Example 1.74. The map exp : z — €* is an analytic covering map from C to
C\ {0} (exercise).

Example 1.75. The map z — 2" is an analytic covering map from C \ {0} to
C\ {0} (exercise).

Theorem 1.76 (Lifting Through an Analytic Covering Map). Let h : V — W
be an analytic covering map and U a simply connected domain in C. Then any
analytic function f: U — W can be lifted through h, i.e. there is an analytic map
g:U =V (not necessarily unique) such that f = hog (draw a diagram).

Proof. Fix zp € U and let wg = f(z0). Choose a neighborhood A of wy such that
h=1(Ap) is a disjoint union of open sets, each mapping onto Ag by h as a conformal
equivalence. Denote by By one of these open sets, and let hy ! be the inverse of
h : By — Ag. Choose an open disk Dy, centered at zg and contained in f~1(Ap).
On Dy we define a function

go=hy'of.
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Then g lifts f through &, but only on Dy. The rest of the proof is to show that the
analytic function element (go, Do) can be analytically continued along any path in
U beginning at zg. If we can do this, then the Monodromy Theorem implies that
(90, Do) can be continued to an analytic function g on all of U (since U is simply
connected). Moreover, since f and ho g agree on Dy, then they are the same on all
of U by the Uniqueness Theorem.

Let v : [0,1] — U be a path beginning at zy. Let S be the subset of I = [0,1]
such that (go, Dg) can be analytically continued along ~ as far as to s for s € S.
Clearly if s € S, thent € S for all 0 < ¢t < s. If § = [0,1], then we are done.
If S = [0,r] for some r < 1, then the terminal element is defined on a disk that
intersects (r, 1], hence S should be larger, a contradiction. The only remaining case
is S =[0,r) with r < 1, which cannot happen as we will prove below.

If S = [0,7), choose a neighborhood A of f(y(r)) in W such that h=1(A) is a
disjoint union of open sets Bj, each mapping onto A conformal equivalently under
h. Since f is continuous, we can choose an open disk D C U such that f(D) C A
and a point s € [0,7) such that w = f(y(s)) € f(D) (draw a picture). Since
s € S, the function element (gg, Dp) can be analytically continued along 7 to
some (gn, Dy,) with v(s) € D,,. Since f = ho gg on Dy, again by the Uniqueness
Theorem we have f = hog, on D,. In particular, w = f(v(s)) = h(gn(7(s))),
hence g, (v(s)) € h™1(A), say, gn(vs) € Br. Now define a new function element
(9n+1, Dnt1) by setting D,,11 = D and gpq1 = fo h,;l, where hy : B, — A.
Then f = ho g,y1 on Dyy1. Note that ¢,(D, N Dyt1) C By, for otherwise the
connected open set D, N D,,+1 would be separated by g,;!(By,) and the union of the
sets g, }(Bj) for j # k. It follows that the two inverse functions of h used in the
definitions of g,, and g,+1 agree on f(D,, N D,41), which implies that g, = g,+1 on
D, ND,, 1. Since y(r) € D,,41, it means that (go, Do) can be analytically continued
to v(r), hence r € S, contradicting that S = [0, r). O

1.18. The Picard Theorems. We will apply the previously developed techniques
to prove the following two amazing theorems.

Theorem 1.77 (Little Picard Theorem). A non-constant entire function takes on
every value in C except possibly one.

Theorem 1.78 (Great Picard Theorem). An analytic function with an essential
singularity at zy takes on every complex value, except possibly one, infinitely often
in every neighborhood of zg.

The upshot for proving the Picard theorems is to construct an analytic covering
map from the unit disk to C with two points removed. We begin with some facts
about reflection through a circle.

Suppose C; and Cy are two circles in the plane that intersect at two points. If
the tangents to the two circles are perpendicular at the two points, then we say
that the circles meet at right angles (draw a picture). Indeed if the tangents are
perpendicular at one intersection point, then they are perpendicular at the other
point (by symmetry to the line connecting their centers).

Theorem 1.79. If two circles C7; and Co meet at right angles, and A is the arc of
C4 lying inside Ca, then reflection through A maps Co onto itself (draw a picture).

Proof. There is a Mobius transformation h that maps C; onto R U co and maps
the inside of Cy onto the upper-half plane H. We can further choose which point
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on C; is sent to oo, and assume that it is not on A. Since M&bius transformations
are conformal and take circles to circles (or lines), the image of C2 under h meets
the z-axis at two points with right angles, hence h(Cs) must be a circle such that
a diameter of h(C3) is contained in the x-axis. Then the reflection p through the
x-axis (z — Z) maps the inside of h(C3) onto itself. Now a reflection through the
arc A can be described as h™! o p o h, and by the uniqueness result, this is the
only reflection through A. Since p takes the inside of h(C3) onto itself, reflection
through A takes the inside of Cy onto itself. (]

Theorem 1.80. With Cy,C5 as above, the reflection through Cy takes any other
circle C', which meets Cy at right angles, to another circle which meets Csy at Tight
angles or a line through the center of Cs.

Proof. As discussed before a reflection through a circle is a Mobius transformation
followed by conjugation, hence it takes a circle C' to either a circle or a line. The
previous theorem says that the reflection through C; takes the inside of Cy onto
itself, hence the image of C' under this reflection still meets C in two points. Since a
conformal map preserves angles and conjugation reverses angles, their composition
is also angle reversing. It follows that if two curves meet perpendicularly, then
the same holds for their image under a reflection. Therefore, reflection through C4
takes C' to a circle or line which also meets C5 at right angles, and the only way
the image of C' can be a line is when it passed through the center of Cj. O

Now we construct an analytic covering map from the open unit disk D onto
C\ {0,1}. First note that the three points —1, ¢/™/3, and e~*"/% are equidistant
points on the unit circle C, hence we can join each pair of these points with an arc
of a circle that meets C' at right angles. These three arcs bound an open curvilinear
triangle Vg (draw a picture), which is simply connected. By the Riemann Mapping
Theorem, there is a conformal equivalence h : Vj — H where H is the upper-half
plane. As remarked before, h extends to a continuous map Vo — H C S? which
takes the boundary of V; to the boundary of H in S2. By composing with a suitable
Mobius transformation, we may assume that h takes —1, €™/3, and e~"/3 to oo,
1, and 0, respectively.

Since h is real-valued on the three edges of V{, by the circle version of the
Schwarz Reflection Principle, A has an analytic continuation by reflection across
each of these edges. This makes h being defined and analytic in the set V7 (draw a
picture). By the previous two theorems, each of the three new cells is contained in
D and bounded by three circles that meet C' at right angles. Moreover, as h maps
Vo onto the upper-half plane, it maps each of the new cells of V; onto the lower
half-plane.

We can now analytically continue h to larger and larger domains {V;,} by repeat-
ing the above process (draw a picture). One checks that the union of these V,, is D,
so we obtain an analytic function h which maps D onto a subset of C containing
the upper and lower open half-planes and the intervals (—o0,0), (0,1), and (1, c0)
on R. The points 0o, 1, and 0 are not in the image of h, because every triangular
cell has all of its vertices on the unit circle coming from reflections of the vertices
of V that map to oo, 1, and O.

Theorem 1.81. The map h: D — C\{0, 1} described above is an analytic covering
map.
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Proof. Use the famous “Angels and Demons” illustration (print out the picture and
distribute). O

Theorem 1.82 (Little Picard Theorem). If f is an entire function and if there
are two distinct points in C that are not in the image of f, then f is constant.

Proof. Suppose the image of f misses two values, say 0 and 1. Then f is an analytic
function from C to C\ {0,1}. Since the map h : D — {0,1} constructed above is
an analytic covering map and C is simply connected, we know that f can be lifted
through h to an analytic function g : C — D such that f = hog. But g becomes a
bounded entire function, hence a constant, which implies that f is constant. O

The proof of the Great Picard Theorem relies on the following technical result.

Theorem 1.83. Let U be a simply connected subset of C. Then a sequence of
analytic functions on U with values in C\ {0,1} is either a normal family or they
converge uniformly to co.

Proof. See [T}, Theorem 7.4.5] for a proof. O

Theorem 1.84 (Great Picard Theorem). Let f be a function which is analytic in a
neighborhood U of zy except at zy itself, where it has an essential singularity. Then
f takes on every value, except possibly one, infinitely often in every neighborhood

of zp.

Proof. Without loss of generality, we may assume that zo = 0. Prove by contradic-
tion. If the conclusion is false, then there is a disk D(0, ) in which f fails to take on
at least two values, say 0 and 1. Then f is an analytic function from D(0,r) \ {0}
to C\ {0,1} with an essential singularity at 0. Define a sequence of functions

fa(2) = f(z/n)

for all positive integers n. By the previous theorem, {f,} is a normal family, i.e.
it has a subsequence converging uniformly on compact subsets of D(0,7) or they
converge uniformly to co. The former implies that f is bounded, hence has a
removable singularity at 0. The latter implies that 1/f is bounded, and hence has
a removable singularity at 0, which further implies that f has at worst a pole at 0.
Both cases contradict that f has an essential singularity at O. O

1.19. Infinite Products. First, recall that for a half-open half-closed interval I of
length 27, the log function associated to I is

log; z = log |z| + i arg; z,

where arg; z is the unique argument of z lying in I for a nonzero complex number z.
If I = (—m, ], we call it the principal branch of the log function and simply denote it
by log. In particular, if 4 and v both have positive real part, then imlog u,imlogv €
(—=m/2,7/2), and imlog uv € (—7, ), hence in this case logu+log v = loguv, since
they cannot differ by a nonzero multiple of 2mi.

Definition 1.85. If {uy} is a sequence of complex numbers and p, = [],_; u,
we say that the infinite product H;O=1 up converges to a complex number p if
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Theorem 1.86. The infinite product converges to a non-zero number p if and only
if the infinite sums Zzozl log uy, converges to a number A\, where p = e*. Moreover,
if the infinite series converges absolutely, then the infinite product is unchanged by
any rearrangement of the factors.

Proof. Define p,, as above. First suppose p = lim,_, p, exists and is nonzero.
Since the principal branch of log is continuous at 1, we have

Jim_log(pa/p) = 0.
Then there exists an N such that

—n/4 < im(log(p./p)) < /4

for n > N. Tt follows that p,/pm = (Pn/p)(Pm/p)~! is in the right half-plane, i.e.
has positive real part for n,m > N. In particular, w,+1 = pn41/pn has positive
real part for n > N. Thus we have

log(pn+1/pn) = log((Pn/PN)tun+1) = log(pn/pn) + log upn 1.

Using this equation and an inductive argument beginning with n = N, we obtain
that

n
log(pn/pn) = Z log uy,
k=N+1
for all n > N. Since the left side converges as n — oo, so does the right side, which
implies the convergence of the series.
Conversely if the infinite series converges, let

An = Z log up,
k=1

be its nth partial sum. Then lim,,_,, A\, = A. Since p,, = ¢
function is continuous, the sequence {p,} converges to e
Finally if the series converges absolutely, then each of its rearrangement con-
verges to the same number. It follows that each rearrangement of the infinite
product also converges to the same number. O

A and the exponential

Now consider a sequence of functions {uy(z)} defined on a set S. We say that
the infinite product of {ux(z)} converges uniformly on S if the sequence {p,(z)} of
the partial products converges uniformly on S.

Theorem 1.87. Let {ur(2)} be a sequence of complex-valued functions defined and
bounded uniformly on a set S. If the series

Z log u(2)
=1

converges uniformly to X\(z) on S, then the infinite product

k=1

converges uniformly to e *) on S.
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Proof. As before, let A\,,(z) be the nth partial sum of logug(2), and p,(z) the nth
partial product of ug(z). By assumption, A\, (z) — A\(z) converges uniformly to 0 on
S. Since the exponential function is continuous, it implies that

Pal2) _ au2)-ac)
p(2)
converges uniformly to 1.
Since the p,(z) are bounded uniformly on S, then R(A,(z)) = log|pn(2)| are
bounded uniformly on S, and hence R(A) is bounded on S. It follows that p(z) =

e*#) is bounded on S. Hence p,, = (p,,/p)p converges uniformly to p on S. O

Theorem 1.88. Let {ar(z)} be a sequence of complez-valued functions defined on
a set S. If the series

o0
> lan(2)|
k=1
converges uniformly on S, then the infinite product
oo
[T +ar(=)
k=1
converges uniformly on S, and each rearrangement of the product converges to the
same function. If the infinite product converges to p(z), then each zero of p(z) is a
zero, with the same order, of some finite product of the factors (1 + ag(2)).

Proof. For small w, say |w| < 1/2, one checks that
1
§|w| < Jlog(1 + w)| < 2Jw|.

If the series converges uniformly on S, then there is a K such that |ax(z)| < 1/2
for all K > K and all z € S. It follows that one of the two series

Z [log(1 + ax(2))| and Z lax(2)]
k=K k=K

converges uniformly on S if and only if the other one does.

Therefore, if Y77, |ar(z)| converges uniformly, then Y ;7 ;- log(1 + ax(z)) con-
verges uniformly and absolutely. By the previous theorems, this implies the uniform
convergence of [[r- (1 + ax(z)) to a function on S with no zeros. It follows that
[Tr2,(1+ax(z)) converges uniformly on S, the limit is unaffected by rearrangement
of the factors, and each of its zeros is a zero, with the same order, of the product
of the factors 1 4 ay(z) for k < K. O

Example 1.89. Consider the infinite product

oo

[0+ 22/2)

k=1

on D(0, R). Since |22/k?| < R?/k? for all z € D(0, R) and Y ;- | R?/k* converges,
it follows that the series

|7

> %

k=1
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converges uniformly on D(0, R). Hence by the above theorem, the infinite product
also converges uniformly on D(0, R) for each R, and hence on each bounded subset

of C.

Definition 1.90. Let f € A(U), not identically zero. Then the meromorphic
function f’/f is called the log derivative of f on U.

This definition arises formally from (log f)' = f'/f.

Theorem 1.91. Let {f,} be a sequence of analytic functions on a connected open
set U. If {fn} converges uniformly to f (not identically zero) on U, then the
sequence {f! /fn} converges uniformly to f'/f on compact subsets of U\ S, where
S is the set of zeros of f.

Proof. Similar to one of the homework problems. O

Corollary 1.92. Let {uy} be a sequence of analytic functions on a connected open
set U. If the infinite product

7) = [T w2
k=1

converges uniformly on compact subsets of U to a function f which is not identically
zero, then the infinite sum
o
3 u,(2)
Uk

= ur(2)
converges uniformly to f'/f on compact subsets of U\ S, where S is the set of zeros

of f.
Example 1.93. Consider the function

=11 (1~ 2)

where the infinite product converges uniformly on each bounded subset of C. Its
log derivative can be written as

fllz) 1 & 22
f(z) _z+;zz—k2'

2z 1 1

zz—kz2_z—k+z—|—k’

Since

we obtain that

P 1
f(z) 7n1l>nolok;nz—k"

Indeed with some more work one can show that
f(z) =sin(rz).

Given a sequence of points in U such that they do not have any accumulation
point in U, can one construct an analytic function on U such that it has exactly
the points of this sequence as its zeros, with each zero order equal to the number
of times it appears in the sequence? In order to answer this question, we first
introduce the following functions.
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Denote by Ep(z) =1 — 2 and
Ey(z) =(1— ) e /2t b

for p > 0. Note that E,(1) = 0 as a simple zero (by checking the derivative nonzero
at 1), the only zero of E,(z) occurs at z =1, and z + 2%/2 + - - + zP/p is the pth
partial sum of the power series expansion of —log(l — z) at z = 0.

Theorem 1.94. E,(z) is an entire function and if |z| < 1, then |E,(2)—1] < |z[PT1.
Proof. Note that E,(0) =1 and
(1 - By(2)) = ~E)(z) = rer=" /201,

Since the derivative has a zero of order p at z = 0, the function 1 — E,(2) has
a zero of order p + 1 at z = 0. Note that the expansion of e* at z = 0 and
z+22/2+ -+ + 2P /p have all coefficients as non-negative real numbers. It follows
that the expansion of
1—Ey(2)
h(z) = —37
at z = 0 also has non-negative real numbers as coefficients. It implies that the
maximal modulus of h(z) for |z| <1is at h(1) = 1. O

Given f € A(U) and a sequence {z,} C U, we say that {zx} is a list of zeros
of f (counting with multiplicity) if each zj is a zero of f and each zero w of f
occurs ordy (f) times in this sequence. Now we can define an infinite product
called Weierstrass product to answer the previous question.

Theorem 1.95. If {zx} is a sequence of non-zero complex numbers and {py} is a
sequence of nonnegative integers such that

>

k=1

pr+1
< 0

z

2k

for all z, then the Weierstrass product
(oo}
fz) =11 B (z/21)
k=1
converges uniformly on compact subsets of C to an entire function that has {z} as

a list of zeroes (counting with multiplicity).

Proof. By the previous theorem, we have

z |Pre+l
B (2/2) = 1] < | =
2k

if |z2] < |zk|. The assumption implies that for given z, |z| < |zg| holds for all
sufficiently large k. Now we can apply Theorem with ag(z) = Ep, (2/2k) — 1,
. o0 .

since ) .~ |ax(2)| converges uniformly on compact subsets of C. O

Theorem 1.96 (The Weierstrass Theorem). If {z} is a sequence of complex num-
bers converging to infinity, then there exists an entire function with {zx} as a list
of its zeros (counting with multiplicity).
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Proof. Without loss of generality, suppose exactly m terms in the sequence are 0.
We may arrange them to be the first m terms. Then {z;}32,,  is a sequence of
nonzero complex numbers. Given any R > 0, since zx — 00, there is K > m such
that |z;| > 2R for all k > K. Then the series

k= m+1
converges uniformly on |z| < R by comparing with the geometric series. Hence
the hypotheses of the previous theorem hold if we set pp = k — 1 for each k. The
resulting Weierstrass product

I Eo(z/2)

k=m+1
converges uniformly on compact subsets of C to an entire function which has
{21 )32y as alist of its zeros. Finally we can set

H o (2] 21)

k=m+1

which has {z;}32, as a list of its zeros. O

Example 1.97. Let us construct an entire function which has a zero of order k at
each positive integer k. The corresponding sequence of zeros is

{Zk} = 172727373737"'

Then we have

o0 o0 o]

Z g Z - :
z p+1 - np+1 - npb

k=1 £ n—1 n—=1

which converges say for p = 2. Hence the Weierstrass product for the sequence
{2z} and {py = 2} gives

H Esy(2/21) = H ((1 - Z/n)ez/n+z2/(2n2))”

n=1

By the previous theorem7 this infinite product converges to an entire function with
the desired zeros.

In the opposite direction, we have the following factorization result.

Theorem 1.98 (Weierstrass Factorization). Let f be an entire function, not iden-
tically zero. Let m be the zero order of f at 0, and let {2z} be a list of the non-zero
zeros of [ (counting with multiplicity). Then there exist non-negative integers {py }
and an entire function h such that

f(z) =@ m ﬁ E,. (z/2).
k=1

Proof. Choose {pi} such that the hypotheses of the previous theorem hold (say,
taking pp = k — 1 always works). Then the resulting function

—zmH 2/ 2x)
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converges uniformly on compact sets and has the same zeros as f with the same

multiplicities. Therefore, fg~! is an entire function with no zeros, hence fg=! = e

for some entire function h. O

Example 1.99. Consider f(z) = sin(7z). It has a simple zero at each integer and

no other zeros. Since
o0
1
> 2 <%0
k=1

we can take pr = 1 for all k. Then the above theorem implies that
sin(mz) = e"(®) 2 H Ey(z/k) = e" H — z/k)e?/®.
k#0 k#0
Note that
(1—z/k)e** (1 + z/k)e */F =1 — 22 k2.

Hence we can write
sin(mz) = )z H 22 /k?).

Indeed with some more work one can show that

(oo}
sin(rz) = 7z H(l — 22 /k?).
k=1
Below we introduce some variations of the Weierstrass Theorem. First we replace
C by an arbitrary non-empty, proper open subset of S2.

Theorem 1.100 (General Weierstrass Theorem). Let U be a non-empty, proper
open subset of S%. If {zx} is any sequence of points of U with no limit points in U,
then there is an analytic function f on U such that f has {zx} as a list of its zeros
(counting with multiplicity).

Proof. Using Mobius transformation, we may assume that oo € U (and not equal
to any z;), hence S%\ U is a compact subset of C. Since {z} has no limit point in
U, the distance between z;, and S? \ U must approach 0 as k — oo. Hence we can
choose a sequence {wy,} of points in S?\ U such that limy,_,« |21 — wi| = 0. Define

H k(zk—wk)
2 — Wk
k=1

Since limy o |2 — wg| = 0, the series
Z =
Z — Wk
converges uniformly on compact subsets of U, hence f is analytic on U and has
{2k} as a list of its zeros. O

’k+1

Next we consider poles as well.

Theorem 1.101. If U is an open subset of C, then every meromorphic function
on U has the form f/g, where f and g are analytic on U and g is not identically
zero.
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Proof. Let h € M(U) and let {zx} be a sequence of the poles of h, where each
z) appears as many times as its pole order. By the previous theorem, there exists
g € A(U) such that g has {z;} as a list of zeros. It implies that f = gh € A(U),
and h = f/g as desired. O

Theorem 1.102 (Mittag-Leffler Theorem). Let R > 0 or R = oo, let S be a
discrete set of points of D(0, R) with no limit points in D(0, R), and let {h,, : w €
S} be a set of polynomials with no constant terms. Then there exists a meromorphic
function f whose poles are exact at w for each w € S with principal part given by

huol(z = w)7).

Proof. Choose an increasing sequence of radii {r,, } with 7, — R. Denote by S the
subset of S contained in D(0,r1), and for n > 1, let

Sp={weS:r,_1 <|w| <r,}

Then for each n,

g(z) = Y hi((z=w)™")

weESy

is a meromorphic function on C with a pole at w and with the required principal
part for each w € S,,. We might hope to take the infinite sum of g, for all n,
but there is no reason why the sum converges on D(0, R). Nevertheless, we can
modify each g, without changing its poles and principal parts such that the series
converges.

More precisely, g, is analytic on an open set containing D(0,7,_1). Hence g, is
the uniform limit of its power series at 0 on D(0,7,,_1). It follows that there is a
polynomial p,, such that

l9n(2) —pu(2)] <277
for all |z| < r,—1. Set fi = ¢1 and f,, = g — pn. Then for each m, the series

> fal2)

n=m-+1

converges uniformly to an analytic function on D(0,r,,). It implies that

F2)=> fal2)
n=1

is defined as a meromorphic function on D(0,,,) and has the required poles and
principal parts at the points of S contained in D(0,7,,). Since lim,,— 00 7, = R, we
thus conclude that f(z) is meromorphic on the entire D(0, R) and has the desired
poles and principal parts. (I

2. RIEMANN SURFACES

In this section we carry out complex analysis on Riemann surfaces, introduce
fundamental results about Riemann surfaces, and interpret them from a modern
viewpoint.
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2.1. Preliminaries. We go over some of the previous concepts and results in the
context of Riemann surfaces.

Definition 2.1 (Riemann surface). A Riemann surface X is a one-dimensional
complex manifold, i.e., X is a real surface with a complex atlas of charts

{¢; : U; = V; C C},
where {U;} is an open covering of X, ¢; is a homeomorphism, and
bjo bt (Ui NT;) — ¢;(U; NU;)

is a conformal equivalence. We say that such a complex atlas of charts is a complex
structure on the underlying real surface.

Example 2.2. (a) Recall that P! = C U {cc}, homeomorphic to the real sphere.
Take

Uy =P\{c0} =C,
Uy, = P'\{0} = C* U {0}.

Define ¢1(2) = z, ¢a(2) = 1/z for z # 0o and ¢o(cc) = 0. Then ¢y 0 ¢; " :
C* — C* is given by z +— 1/z, which is a conformal equivalence. Therefore, P!
is a Riemann surface, called the Riemann sphere or the (complex) projective
line.

(b) Suppose wy,ws € C are linearly independent over R. Define

I' = Zwy + Zwy = {nwy + mws | n,m € Z},

called the lattice spanned by w; and wy. Define an equivalence relation z; ~ 2z
on C if z; — 2z € T. Denote by E the set of equivalence classes, i.e., E = C/T.
Equip E with the quotient topology, i.e., U C E is open if and only if 7=(U)
is open for the projection 7 : C — E. Then E is homeomorphic to a torus.

One can enable E a complex structure as follows. Let V' C C be an open
subset such that no two points in V are equivalent with respect to I'.  Then
U==n(V)isopenin E, and let ¢ : U — V be the inverse of 7, which forms a
complex chart on FE.

Exercise 2.3. Prove that the above complex charts form a complex structure on
E.

Definition 2.4 (Holomorphic function). Let X be a Riemann surface. A function
f X — C is called holomorphic, if for every chart ¢ : U — V C C on X the
function

fopl:VC
is holomorphic. The set of all holomorphic functions on X is denoted by &(X)
(new notation, previously we used H(X)).

Definition 2.5 (Holomorphic map). Let X and Y be Riemann surfaces. A con-
tinuous map f: X — Y is a called holomorphic, if for every chart ¢ : Uy — V3 C C
on X and ¢ : Us = Vo C Con Y with f(U;) C Us the function

Yofop™tiVi= Ty

is holomorphic. If f is biholomorphic, then X and Y are called isomorphic.
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Definition 2.6 (Meromorphic function). Let X be a Riemann surface and ¥ C X
a discrete set of points. Suppose f : X\X — C is a holomorphic function such that

lim | f(2)] = o
T—p

for every p € ¥, then f is called meromorphic, and the points in 3 are poles of f.
The set of all meromorphic functions on X is denoted by .Z(X).

Remark 2.7. In a neighborhood of a pole p, let z be a suitable coordinate with
z(p) = 0. Then as we saw before the Laurent series expansion of f is

f= i a; 2t

i=—k
for some k € Z* with a_; # 0. We say that k is the pole order of f at p.

Example 2.8. Let f = 2" +a,_12" ' +---+ag be a polynomial on C C P! with
n>1. Then lim |f(z)| = oo, hence f € . (P').
Z—00

Theorem 2.9. Suppose X is a Riemann surface and f € #(X). For each pole p
of f, define f(p) = co. Then f: X — P! is a holomorphic map.

Proof. Take the Laurent series expansion

flz)= Z a;zt = 27%g(2)
i=—k
locally at a pole p with a suitable coordinate z(p) = 0, where k is the pole order of
p and g(p) # 0. Then 1/f = z¥(1/g) is holomorphic at p. O

Exercise 2.10. Prove that every holomorphic function on a compact Riemann
surface is constant. Hint: a non-constant holomorphic function is open.

Definition 2.11 (Covering, branch and ramification). Suppose X and Y are Rie-
mann surfaces and 7 : Y — X is a non-constant holomorphic map. Then 7 is called
a (possibly branched) covering.

A point y € Y is called a ramification point of m, if there is no neighborhood
V of y such that «|y is injective. A point € X is called a branch point of =, if
7~ 1(x) contains a ramification point. The map 7 is called unramified if it has no
branch point (i.e., no ramification point).

For p € Y and ¢ = 7(p) € X, by properties of non-constant holomorphic func-
tions, there exist neighborhoods U of p and V of ¢ as well as suitable coordinates
x and y such that z(p) = y(q) = 0 and f|y(z) = 2 for some k € Z*. If k = 1,
then p is not a ramification point of 7. If £ > 1, then p is a ramification point. We
say that the multiplicity of 7 at p is k, denoted by mult,(7), and the ramification
order of m at pis k — 1, denoted by ord, (7). In particular, mult,(7) — 1 = ord, ().

Example 2.12. (a) Let 7 : C — C be 7(z) = z* for an integer k > 2. Then 0 is
the only ramification point.

(b) Consider the exponential map exp : C — C* by z + e*. Then exp is unramified.
In particular, if V' C C does not contain two points that differ by an integer
multiple of 274, then exp |y is injective.

(¢) Let I' be a lattice in C, and E = C/T the associated torus. Then the projection
C — F is unramified.
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Theorem 2.13 (Degree of covering maps). Let 7 : Y — X be a covering map of
two connected compact Riemann surfaces. Then for q € X, the fiber cardinality
over q, counting with multiplicity, is independent of q. Namely,

d= Z mult,, ()

peT~1(q)

is constant for all ¢ € X, called the degree of .

Proof. Since m is non-constant, 7 is open, w(Y’) is both open and closed in X,
hence 7 is onto. For ¢ € X, suppose 7 (q) = {p1,...,pn} as a set. At each
preimage p;, suppose 7 is of type z — 2" under a suitable local coordinate. Then
d= Z?:l k; for all ¢’ in a neighborhood of ¢, and hence d is a local constant. Since
X is connected, d is a global constant. (I

Exercise 2.14. Suppose X is a compact Riemann surface and f is a non-constant
meromorphic function on X. Then f has as many zeros as poles, counting with
multiplicity.

2.2. Sheaves. We introduce an important concept “sheaf” which has been used
extensively in modern mathematics.

Let X be a topological space. A sheaf % on X associates to each open set U
an abelian group % (U), called the sections of F over U, along with a restriction
map ryy » F(V) = F(U) for any open sets U C V (for a section o € .F(V), we
often write o]y to denote v,y (o)), satisfying the following conditions:

(1) For any opensets U CV C W, ryyorwy = rw,u;

(2) For a collection of open sets {U;}icr and sections o; € F(Uy), if as|v,nv; =
ajlu,nu, for any 4,5 € I, then there exists a unique a € .7 (U;U;) such that oy, =
a; for any 7.

Remark 2.15. If % satisfies (1) only, we call it a presheaf. One can perform
sheafification for a presheaf to make it become a sheaf. For many sheaves we
consider, the restriction maps are the obvious ones by restricting functions from
bigger subsets to smaller ones.

Exercise 2.16. Show that .7 (()) consists of exactly one element.

Example 2.17. Let G be an abelian group. We have the sheaf of locally constant
functions G on a topological space X, where G(U) is the group of locally constant
maps f : U — G on a non-empty open set U C X and G()) = 0.

Exercise 2.18. Show that for the sheaf G of locally constant functions, we have
G(U) = G for any non-empty connected open set U.

Exercise 2.19. Suppose we define G(U) = G as the set of constant functions on
a non-empty open set U with the natural restriction maps. If G contains at least
two elements and if X has two disjoint non-empty open subsets, show that G is a
sheaf.

Example 2.20. Let X be a complex manifold and U C X an open set.
(1) Sheaf O of holomorphic functions:

0 (U) = {holomorphic functions on U}.
The group law is given by addition.



38

(2) Sheaf O* of nowhere vanishing holomorphic functions:
0*(U) = {holomorphic functions f on U : f(p) # 0 for any p € U}.

The group law is given by multiplication.

(3) Sheaf A of meromorphic functions: strictly speaking, a meromorphic func-
tion is not a function, even we take co into account. If X is compact, we cannot take
a meromorphic function as a quotient of two holomorphic functions, since any glob-
ally defined holomorphic function is a constant on X. Instead, we define f € .Z(U)
as local quotients of holomorphic functions compatible with each other. Namely,
there exists an open covering {U;} of U such that on each U;, f is given by g;/h;
for some g;, h; € O(U;) satistying g;/h; = gj/h;, i.e. g:ih; = gjh; € O(U; NUy),
hence these local quotients can be glued together over U.

(4) Sheaf A* of meromorphic functions not identically zero: this is defined
similarly as above and the group law is given by multiplication.

2.3. Maps between sheaves. Let & and .# be two sheaves on a topological space
X. Amap f: & — F is a collection of group homomorphisms fi; for each open
subset U

{fv:&6U)— Z(U)}
such that they commute with the restriction maps, i.e., for any open sets U C V'
and o € &(V) we have

fv(o)lv = fu(olu).
Define the sheaf of kernel ker(f) as

ker(f)(U) = {ker(fu : £(U) = Z(U))}.
Exercise 2.21. Prove that in the above definition ker(f) is a sheaf.
Example 2.22. Let X be a complex manifold. Define the exponential map
exp: 0 — O

by exp(h) = €2™" for any open set U C X and section h € &(U). It is easy to see
that ker(exp) is the locally constant sheaf Z.

The sheaf of cokernel is harder to define. Naively, one would like to define
coker(f)(U) = coker(fy : &(U) — F(U)), but this is problematic. For instance,
consider the exponential map exp : ¢ — €* on the punctured plane C\{0}. The
section z € ¢*(C\{0}) is not in the image of f, hence it would define a section in the
cokernel. Nevertheless, restricted to any simply connected open subset U C C\{0},
z lies in the image of f. Now cover C\{0} by simply connected open subsets. By the
gluing property of sheaves, z would be zero everywhere, leading to a contradiction.

Instead, we define a section of coker(f)(U) to be a collection of sections o, €
F(U,,) for an open covering {U, } of U such that for all «, 5 we have

Ua\UamU,g - 0ﬁ|UmUB € fUang(g(Ua N Uﬁ))-

Here the definition still depends on the choice of an open covering. To get rid of
this, we pass to the direct limit. More precisely, we further identify two collections
{(Uq,04q)} and {(V,04} if for all p € U, NV, there exists an open set W satistying
p € W C U, N Vg such that

oalw — oglw € fw(E(W)).
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This identification yields an equivalence relation and correspondingly we define
coker(f)(U) as the group of equivalence classes of the above sections.

Exercise 2.23. Prove that in the above definition coker(f) is a sheaf.

If ker(f) (resp. coker(f)) is the zero sheaf, we say that f is injective (resp.
surjective).
Consider the following sequence of maps between sheaves:

0 &> 7L,y 0.
We say that it is a short exact sequence if & = ker(5) and & = coker(«). In this
case we also say that & is a subsheaf of F and ¥ is the quotient sheaf F /8.

Example 2.24. Let X be a complex manifold. We have the exact exponential

sequence:
exp

0 7z —— 0 o* 0,
where i is the natural inclusion and exp(f) = e2™V=1/ for f € O(U).
Exercise 2.25. Prove that the exponential sequence is exact.

Example 2.26. Let X be a complex manifold and Y C X a submanifold. Define
the ideal sheaf Sy ;x of Y in X (or simply #y if there is no confusion) by

Fy(U) = {holomorphic functions in U vanishing on Y NU}.

‘We have the exact sequence:

0 fy ‘ ﬁX % i*ﬁy —_— 0,

where 4 is the natural inclusion and r is defined by the natural restriction map.
Here i, Oy is the extension of Oy by zero outside Y, as a sheaf defined on X.

Exercise 2.27. Prove that the above sequence is exact.

2.4. Stalks and germs. Let % be a sheaf on a topological space X and p € X a
point. Suppose U and V' are two open subsets, both containing p, with two sections
ae€ Z(U) and 8 € Z(V). Define an equivalence relation « ~ 3, if there exists an
open subset W satisfying p € W C U NV such that a|w = S|w. Define the stalk
Fp as the union of all sections in open neighborhoods of p modulo this equivalence
relation. Namely, %, is the direct limit

Fy o= lim F(U) = ( || y(U))/N.
Usp Usp
Note that .%, is also a group, by adding representatives of two equivalence classes.
There is a group homomorphism ry : % (U) — %, mapping a section « € Z(U)
to its equivalence class. The image is called the germ of «.

Example 2.28 (Skyscraper sheaf). Let p € X be a point on a topological space X.
Define the skyscraper sheaf # at p by #(U) = {0} for p ¢ U and #(U) = A for
p € U, where A is an abelian group. The restriction maps are either the identity
map A — A or the zero map. For ¢ # p, the stalk %, = {0}. At p, we have
F, = A. Note that # can also be obtained by extending the constant sheaf A at

p by zero to X \{p}.
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Exercise 2.29. Let X be a Riemann surface and p € X a point. Let .7, be the
ideal sheaf of p in X parameterizing holomorphic functions vanishing at p. We have
the exact sequence

0 g, —— O6x —— 0, 0.

Show that the quotient sheaf &, is isomorphic to the skyscraper sheaf with stalk C
at p.

It is more convenient to verify injectivity and surjectivity for maps of sheaves by
using stalks.

Proposition 2.30. Let ¢ : & — F be a map for sheaves & and F on a topological
space X.

(1) ¢ is injective if and only if the induced map ¢, : &, — F, is injective for the
stalks at every point p.

(2) ¢ is surjective if and only if the induced map ¢, : &, — F, is surjective for
the stalks at every point p.

(3) ¢ is an isomorphism if and only if the induced map ¢, : 6, — F, is an
isomorphism for the stalks at every point p.

Proof. The claim (3) follows from (1) and (2). Let us prove (1) only, and one can
find the proof of (2) in many standard textbooks.

Suppose ¢ is injective. Take a section o € &(U) on an open subset U. If ¢([o]) =
0 € .%,, there exists a smaller open subset V' C U such that ¢y (0) = 0 € ZF(V),
hence oy = 0 € &(V). Consequently the equivalence class [o] = 0 € &, and we
conclude that ¢, is injective.

Conversely, suppose ¢, is injective for every point p. Take a section o € &(U).
If ¢(c) = 0 € F(U), then for every point p € U, [¢(0)] = 0 € #,. Since ¢, is
injective, it implies that [o] = 0 € &,, i.e. there exists an open subset U, > p such
that o|y, = 0 € &(Up). Applying the gluing property to the open covering {U,} of
U, we conclude that o =0 € &(U). O

Remark 2.31. The image of ¢ does not automatically form a sheaf. In general,
it is only a presheaf. If the sheafification of Im(¢) equals #, we say that ¢ is
surjective. In particular, it does not mean &(U) — Z#(U) is surjective for every
open set U. Sometimes one has to pass to a refined open covering in order to obtain
a surjection between sections.

Example 2.32. Consider the exponential map exp : & — &* on the punctured
plane C\{0}. As a map of sheaves it is surjective, but the section z over C\{0}
does not have an inverse. Nevertheless, it does have an inverse over any simply
connected open subset.

2.5. Sheaf cohomology. Let .# be a sheaf on a topological space X. Take an
open covering U = {U,} of X. Define the k-th cochain group

C'U,7):= ] FUsn--NUy,).

An element o of C*(U,.7) consists of a section ga,, . ap € F(Usy N+ NU,,) for
every Uy, N---NU,,, where ayg, ...,y are ordered.
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Define a coboundary map § : C*(U,.#) — C**+1(U,.F) by
k+1
(50—)040 ..... Qg1 - Z(_l)Jo-ag ..... dj ..... ak+1|U&0ﬁ~--ﬁUQk+1'

Example 2.33. Consider U = {U;,Us,Us} as an open covering of X. Take a
cochain element o € C°(U, %), i.e. o is a collection of a section o; € Z(U;) for
every i. Then we have

(60)ij = (0 — 0i)|lvinu; € F(UsNU;).

Now take 7 € C1(U,.%), i.e. 7 is a collection of a section 7;; € Z#(U; NUj;) for
every pair ¢,j. Then we have

(57')123 = (7'23 — T13 + 712)|U10U20U3 € <9\((]1 NUsN Ug).

A cochain o € C*(U,.Z7) is called a cocyle if 5o = 0. We say that o is a
coboundary if there exists 7 € C¥~1(U,.Z) such that 7 = o.

Lemma 2.34. A coboundary is a cocycle, i.e. § 0§ = 0.

Proof. Let us prove it for the above example. The same idea can be applied to
general cases. Under the above setting, we have

((6006)o)123 = (60)23 — (d0)13 + (00)12
= (03 —02) = (03 —01) + (02 — 01)
= 0 Z(U;NU:NUs).
Here we omit the restriction notation, since it is obvious. ([l

Exercise 2.35. Prove in full generality that § o § = 0.

For the coboundary map & : C*(U,.%#) — CK*1(U,.F), define the k-th coho-
mology group (respect to U) by

. L ker(ék)
HYU,7) .= (o)

This is well-defined due to the above lemma.

Example 2.36. For k = 0, we have H(U, %) = ker(d). Take an element {o; €
Z(U;)} in this group. Because it is a cocycle, it satisfies

vinu; = 0jluinu; € F (U NU;).

i

By the gluing property of sheaves, there exists a global section o € % (X) such
that o|y, = 0;. Conversely, if o is a global section, then define o; = o|y, € F(U;).
In this way we obtain a cocycle in C1(U,.#). From the discussion we see that
H°(U, #) = Z(X), which is independent of the choice of an open covering. Hence
HO(U,.7) is called the group of global sections of . and we often denote it by
H°(X, %) or simply H(.Z).

In general, we would like to define sheaf cohomology independent of open cover-
ings. Take two open coverings U = {U, }aer and V. = {Vz}gecy. We say that U is
a refinement of V_ if for every U, there exists a V3 such that U, C V3 and we write
it as U < V. Then we also have an index map ¢ : I — J sending « to 5. It induces
a map

ps: CHV, F) — CH(U, #)
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given by
P(T)ag,....ar = O-qﬁ(ao),.“,qﬁ(ap)|Uaoﬁ~~~ﬂUak-

One checks that it commutes with the coboundary map d, i.e. 0 py = pg 0 9.
Moreover, it induces a map

p: H*(V,.7)— H*(U, .7),

which is independent of the choice of ¢. Finally, we define the k-th (Cech) coho-
mology group by passing to the direct limit:

HY(X,7) :=lim H*(U, 7).

The definition involves direct limit, which is inconvenient to use in practice.
Nevertheless, we can simplify the situation once the open covering U is fine enough.
We say that U = {U; }er is acyclic respect to &, if for any k > 0 and i1,...,4; € T
we have

H*U;, n---nU,;,,Z)=0.

Theorem 2.37 (Leray’s Theorem). If the open covering U is acyclic respect to F,
then H*(U, %) = H*(X, %).

Remark 2.38. In the context of complex manifolds, if U;’s are contractible, then
U is acyclic respect to the sheaves we will consider. While for algebraic varieties,
if U;’s are affine, then U is acyclic.

Example 2.39. Let us compute the cohomology of the structure sheaf ¢ on P!.
It is clear that H°(P!, &) = C, since any global holomorphic function on P! is
constant. For higher cohomology, use [X, Y] to denote the homogeneous coordinates
of P, Take the standard open covering U = {[X,Y]: X # 0} and V = {[X,Y] :
Y # 0}. It is acyclic respect to the structure sheaf & (morally because U,V = C
is contractible). Let s = Y/X and ¢t = X/Y as affine coordinates of U and V/,
respectively. Suppose h is an element in C1({U,V'}, 0), i.e. h € O(UNV). We can

write
oo
h= g a;s".
1=—00

Now take

f= —Zaisi e 0(U),
i=0

—1 —1
g= > as'= > ait "€ O(V).
1=—00 i=—00
Then we have (f,g) € C°({U,V}, @) and §((f,9)) = g — f = h. It implies that
H'(P!,0) = 0. All the other H*(P', &) = 0 for k > 1, since there are only two
open subsets in the covering.

Example 2.40. Let Q denote the sheaf of holomorphic one-forms on a Riemann
surface, i.e. locally a section of Q can be expressed as f(z)dz, where z is local
coordinate and f(z) a holomorphic function, satisfying the obvious change of coor-
dinates. Let us compute the cohomology of 2 on P!. Take the above open covering.
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Suppose w is a global holomorphic one-form. Then on the open chart U, it can be

written as
oo
( Z aisi> ds.

i=0
Using the relation s = 1/t and ds = —dt/t?, on V it can be expressed as

oo

_ ( 3 ait_i_z) dt,
i=0

which is holomorphic if and only if a; = 0 for all <. Hence w is the zero one-form
and H(P',2) = 0. Now take w € C1({U,V},Q), i.e. w € QU NV) = Q(C*), we

express it as
o0
w = ( Z aiﬂ)dt.

i=—00

Note that any o € Q(U) and 8 € Q(V) can be written as

(; bisi> ds,
B= (; citi>dt.

(%

Hence on U NV we have
5((enB) = B — = —( Dbt 2)at + (D et
i=0 i=0
Note that only the term t~' is missing from the expression. We conclude that
HY(PY, Q) = {a_1t7tdt} 2 C.
Remark 2.41. In general, the rank of H'(X, 0) = H°(X,Q) (by Serre Duality)

is called the genus of a Riemann surface (or a complex algebraic curve) X.

Exercise 2.42. Let D = p; + -+ + p,, be a collection of n points in P!. We say
that D is an effective divisor of degree n. Define the sheaf (D) on P! by

ODYU)={fe#U): feOU\{p1,...,pn}) with at worst a simple pole at each p; }.

Assume that the standard covering of P! is acyclic respect to ¢(D). Use it to
calculate the cohomology groups H*(P!, 0(D)).

As many other homology/cohomology theories, one can associate a long exact
sequence of cohomology to a short exact sequence. Suppose we have a short exact
sequence of sheaves

0 & >z P .g 0.
Then a and S induce maps
a:CHU, &) = CU,.F), p:CHU,F)— CHU,9).

Since the coboundary map § is given by alternating sums of restrictions, o and
B commute with §, hence they send a cocycle to cocycle and a coboundary to
coboundary. Consequently they induce maps for colomology

o H¥(X,6) — HYX,.7), B.: HYX,7)— H*(X,9).
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Next we define the coboundary map
6, H¥(X,9) — H* (X, £).

For o € CK(U,9) satisfying 60 = 0, after refining U (still denoted by U) such

that there exists 7 € C*(U,.#) satisfying 5(7) = o, because f3 is surjective. Then

B(d7) = §(B(7)) = do = 0, hence after refining further there exists p € C*1(U, &)

satisfying a(u) = 7. Note that u is a cocycle. It is because a(dp) = d(a(pn)) =

06(7) = 0 and « is injective, hence du = 0 and p € ker(d). We thus take d,0 :=

(1] € H¥H1(X, &). One checks that this is independent of the choice of 7 and .
We say that a sequence of maps

QAn—1

Qnp
T An— 1 An An+1

is ezact if Im(ay,—1) = ker(ay,).

Proposition 2.43. The long sequence of cohomology associated to a short exact
sequence of sheaves is exact.

Proof. We prove it under an extra assumption that there exists an acyclic open
covering U such that for any U = U;, N---NU;, we have the short exact sequence:

0-&U)—>FU)—>9U)—0.

At least for sheaves considered in this course, this assumption always holds. It
further implies the following sequence is exact:

0—CHU,&) — CHU,.7) - C*U,9) — 0.
Let us prove that

HYU,#) — HMU,9) —>— HY(U, &)

is exact. The other cases are easier.

Consider 7 € Z*¥(U, ). In the definition of 6, take ¢ = 3(7). Then there exists
p € C*(U, &) such that a(u) = 67 = 0. Then we have y = 0 since « is injective.
Consequently 0.0.(7) = 0.(0) = p = 0, hence 6,8, = 0 and Im(8,) C ker(,).

Conversely, suppose 6,0 = 0 for ¢ € Z¥(U,¥). In the definition of 6., it implies
that 4 = 0 € H*(U, &), hence there exists v € C*(U, &) such that 6y = pu.
Since a(u) = d7, we have 7 = da(y) and 7 — a(y) € Z¥(U,F) is a cocycle.
Moreover, S(T7 — a(y)) = B(7) = o, hence B.(7 — a(y)) = 0. We conclude that
ker(d,) C Im(B.). O

Exercise 2.44. Prove in general the cohomology sequence is exact.
Example 2.45. Consider the short exact sequence

0 Ty —s Op — 0O, 0.
Its long exact sequence of cohomology is as follows:

0— HY(F,) = H(Op) — H°(0,) — H(S,) — H (Op1) — 0.

The last term is zero because p is a point so it does not have higher cohomology.
We have HY(0p1) = C because any global regular function on P! is constant. Note
that H°(.%,) = 0, because vanishing at p forces such a constant function to be
zero. Moreover we have seen that H'(€p1) = 0. Altogether it implies H!(.%,) = 0,
because H?(Op1) — H(0,) is an isomorphism by evaluating at p.
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Exercise 2.46. Let D be an effective divisor of degree n on P!. We have the short
exact sequence

0 Ip —— Op —— 0Op 0.
Use the associated long exact sequence to calculate the cohomology H* (P!, .#(D)).

2.6. Holomorphic vector bundles. Let k& be a positive integer. Consider 7 :
E — X a holomorphic map between complex manifolds, such that for every z € X
the fiber E, = 7~ !(x) is isomorphic to C*¥ and there exists an open neighborhood
U of z along with an isomorphism

by : By =n"YU) S UxCk
mapping F, to {z} x C¥ which is a linear isomorphism between vector spaces. Then
E is called a holomorphic vector bundle of rank k on X and has a trivialization
{(U,¢u)}. If E is of rank one, we say that F is a line bundle.

We give another characterization of vector bundles based on transition functions.
Suppose U = {U, } is an open covering of X. Given holomorphic functions

Gap : Ua NUz — GL(C),
we can construct a vector bundle E by gluing U, x C* together. More precisely,
E=U(U, xCF)/ ~
as a complex manifold is defined by identifying (z,v) with (z, gog(v)) for x € U,NUg
and v € C*¥ and E — X is given by projection to the bases U,. Call {gns5}
the transition functions of E. They have to satisfy the following compatibility
conditions:
9ap(x) - ggalx) =1, forall z € U, NUg,
Gap(x) - 98~y(2) - gya(z) =1, forallz e U, NUgNU,.

Exercise 2.47. Let E and F be two vector bundles on X of rank k and [, respec-
tively. Define the direct sum E @ F, the tensor product E® F', the dual E*, and the
wedge product A\"E for r < k. Calculate the ranks of these bundles and represent
their transition functions in terms of the transition functions of F and F.

A map between two vector bundles F and F on X is given by a holomorphic
map f : E — F such that f(E,) C F, and f, = f|g, : E; — F, is linear. Note
that if f(E,) has the same rank for every x, then ker(f) and Im(f) are naturally
subbundles of E and F', respectively. We say that E and F' are isomorphic if f, is
a linear isomorphism for every x. A vector bundle is called trivial if it is isomorphic
to X x CF.

Exercise 2.48. Give an example of a map between vector bundles f: E — F on
X such that the the image of f is not a vector bundle.

Exercise 2.49. Let L be a line bundle on X. Prove that L ® L* is a trivial line
bundle.

Define a section o as a holomorphic map ¢ : X — E such that o(x) € E, for
every x € X, i.e. moo is identity. If o(z) =0 € E,, we say that o is vanishing on
x.

Exercise 2.50. Let L be a line bundle on X. Prove that L is trivial if and only if
it possesses a nowhere vanishing section.
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Example 2.51 (Holomorphic tangent bundles). Let X be an n-dimensional com-
plex manifold. Suppose ¢y : U — C” are coordinate charts of X. Define the
(holomorphic) tangent bundle Tx by setting Tx = UT, with

0 0
T,=C{—vo ..., —}=C"
{ 0z1 Oz, }
as well as transition functions gyy = J ((bvqbl}l)7 where J denotes the Jacobian
matrix ((53722) for 1 <4,j < n. The dual bundle T% is called the cotangent bundle

of X. The determinant det(T%) is called the canonical line bundle of X.

Remark 2.52. Alternatively, one can define vector bundles on a topological space,
a differential manifold and an algebraic variety. The above definitions and prop-
erties go through word by word once replacing “holomorphic map” by “homomor-
phism”, “smooth map” or “regular map”.

2.7. Vector bundles and locally free sheaves. There is a one-to-one correspon-
dence between isomorphism classes of vector bundles of rank n and isomorphism
classes of locally free sheaves of rank n on a complex variety X. Here we briefly
explain the idea. The reader can refer to Hartshorne II 5, especially Ex. 5.18 for
more details.

Let Ox be the structure sheaf of a complex manifold X. Note that &x(U) has
a ring structure (not only a group) for any open set U. A sheaf of Ox-modules is a
sheaf .# on X such that for each open set U, the group .#(U) is an Ox (U)-module.
An Ox-module . is called free if it is isomorphic to a direct sum of Ox. It is called
locally free if there is an open covering U = {U,} such that for each open subset
Ua, Flu, is a free Ox(Uy)-module. The rank of .# on U is the number of copies
of € in the summation. If X is connected, the rank of .% does not vary with the
open subsets. In particular, a locally free sheaf of rank 1 is also called an invertible
sheaf.

Roughly speaking, if % is locally free of rank n, we can choose a set of n gener-
ators 1, ..., x, for the Ox(U)-module .Z (U). They span an n-dimensional vector
space Clx1,...,x,] over U. By changing to a different set of generators over an-
other open subset, one can write down the transition functions, hence it associates
to .# a vector bundle structure. Conversely if F' is a vector bundle on X, locally we
have F|y 2 U x C™ with z1,...,z, a basis (i.e. n linearly independent sections)
of C™ over U. Then we can associate to F|y an €x(U)-module of rank n using
Z1,...,T, as generators.

Example 2.53. Let X C P” be a submanifold and Y C X a hypersurface, i.e.
Y is cut out (transversely) by a hypersurface F' in P™ with X. We have the short
exact sequence
0— Hy/x = Ox — Oy — 0.

The ideal sheaf %y, x is an invertible sheaf. Indeed, for an open subset U C X,
Hyvx(U) can be expressed as (F|y) - Ox(U), hence is locally free of rank 1. The
sheaf Oy (extended to X by zero outside Y) is not locally free. For UNY = 0,
Oy(U) = 0 and for UNY # 0, Oy(U) is non-zero. Later we will see how to
explicitly construct a line bundle corresponding to £y x.

2.8. Divisors. Let X be a complex manifold. Suppose Y C X is an irreducible
subspace of codimension one satisfying that for every p € Y there exists an open
neighborhood U C X of p such that U NY is cut out by a holomorphic function
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f- Then we say that Y is an irreducible divisor of X. We call f a local defining
equation for Y at p. A divisor D on X is a formal linear combination of irreducible

divisors:
n
D= § ai}/ia
i=i

where a; € Z (or Q, R depending on the context). If a; > 0 for all i, we say that
D is effective and denote it by D > 0. The divisors on X form an additive group
Div(X).

Suppose f is a local defining equation of an irreducible divisor ¥ C X on an
open subset U C X. For another holomorphic function g on X, locally we can write

g=1r"-h
for some nonnegative integer a such that the holomorphic function h is coprime
with f in Ox(U). We say that a is the vanishing order of g along Y N U. Note
that the vanishing order is locally a constant, hence is independent of U. We use
ordy(g9) = a
to denote the vanishing order of g along Y.
For two holomorphic functions g, h on X, we have
ordy (gh) = ordy (g) + ordy (h).
For a function f = g/h, we define

ordy (f) = ordy (g) — ordy (h).

If ordy (f) > 0, we say that f has a zero along Y. If ordy (f) < 0, we say that f
has a pole along Y. We also define the divisor associated to f by

(f) = ordy(f) Y,

as well as the divisor of zeros

(f)o=> ordy(g) Y
Y

and the divisor of poles

(f)oo =Y _ordy(h)-Y.
Y

They satisfy

(f) = (Fo = (f)os-
If D = (f) is the associated divisor of a meromorphic function f on X, then D is
called a principal divisor.

Example 2.54. Suppose D = x1 + -+ 2, —y1 — -+ — yp for z;,p; € C, not
necessarily distinct. Consider

f=

(z— @) (2 — o)
(z=y1) - (z—yn)

regarded as a meromorphic function on P'. Then D is the associated divisor of f,
hence it is a principal divisor. Conversely, any meromorphic function on P! has
the same number of zeros as poles, counting with multiplicity. Hence any principal
divisor on P* must be of this type (up to a mébius transformation that sends oo to
an ordinary point).
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Recall that .#* is the multiplicative sheaf of (not identically zero) meromor-
phic functions and &* the multiplicative sheaf of nowhere vanishing holomorphic
functions, which is a subsheaf of .Z*.

Proposition 2.55. Div(X) = HY(X,.#*/0*).

Proof. Suppose {f,} represents a global section of .#*/0* with respect to an open
covering U = {U,}. Associate to it a divisor D, = (fs) in U,. We claim that
D, = Dg in U, NUg. This is due to

& € ﬁ*(Ua N Uﬁ),

/s

hence f, and fs define the same divisor. Consequently {D,} defines a global
divisor. Moreover, if { f,} and {g,} define the same divisor, then f,/go € 0*(U,),
hence {f,} and {g,} represent the same section of .#*/&™*. This shows an injection

H(X, #*]0*) — Div(X).

Conversely, suppose D = > a;Y; is a divisor on X with a; € Z and Y; being
actual codimension-one in X. We can choose an open covering U = {U,, } such that
Y; is locally defined by ¢;o € €(U,). Consider

fo = [[(gia)" € tt*(U).

K2

noIG

N9

Then we have

Both g;, and g;3 define the same divisor Yi|UamUﬁ in U, NUg, hence we see that

Jie ¢ g UL AUy, 12 e oW, nUp).

9ip fs
Then {f,} defines a global section of .Z*/0*. Finally if D determines the zero
section of .#*/0* (which is 1 since the group structure is multiplicative), it means
locally f, € 0*(Uy) (after refining the open covering). Then it does not have zeros
or poles, hence D]y, = 0 for each U, and D is globally zero. This shows the other
injection
Div(X) — HY(X,.#*/0*).
O

2.9. Line bundles. Recall that a line bundle L on X is a vector bundle of rank
1. Equivalently, it is a locally free sheaf of rank 1. Define the Picard group Pic(X)
parameterizing isomorphism classes of line bundles on X. The group law is given
by tensor product. We can interpret Pic(X) as a cohomology group.

Proposition 2.56. There is a one-to-one correspondence between the isomorphism
classes of line bundles on X and H' (X, 0%), i.e.

Pic(X) = H' (X, 0*).

Proof. Take an open covering U = {U,} of X with respect to the trivialization of
a line bundle L. The transition functions g.g € 0*(U, N Upg) satisty

Gap " 9By * Gya = 1.



49

Therefore, {gas} is a cocycle in C' (U, €*), hence it represents a cohomology class
in HY(X, 0*).

Suppose M is another line bundle with transition functions {h.s}. If M and
L are isomorphic, then L @ M* is trivial, i.e. {gag/has} are transition functions
of L ® M*, which has a nowhere vanishing section o. Suppose on U, we have
0q : Uy — C* as the restriction of 0. Then on U, N Ug we have

gap
== .0, =03.
hag ¢

Therefore we conclude that

o
Jab _ T8 ¢ 500U, 6%).
haﬁ Oq
Hence L and M (via transition functions) represent the same class in H'(X, 6*).
Reversing the above argument, we thus obtain the desired isomorphism. (I

Now we describe another important correspondence between line bundles and
divisors. Suppose D is a divisor in X with local defining equations {f,} such that
fo € A*(Uy). Define

fs

ga,ﬁ’:f~
a

Then we have gop € 0*(U,NUg). Moreover, {g,3} satisfy the assumptions imposed
to transition functions, hence they define a line bundle, denoted by L = [D] or
L = 0x(D). We have a group homomorphism

Div(X) — Pic(X)
induced by
D+ D'+ [D]®|[D'].
We say that D and D’ are linearly equivalent, if [D] and [D’] are isomorphic line
bundles. We denote linear equivalence by

D~D'.

The following result says that the kernel of the above map consists of principal
divisors. In other words, two divisors D ~ D’ if and only if D — D’ is a principal
divisor.

Proposition 2.57. The associated line bundle [D] is trivial if and only if D is a
principal divisor, i.e. D = (f) for some f € M#*(X).

Proof. Suppose D = (f) is the associated divisor of a meromorphic function f on
X. Then D has local defining equations {f, = f|v.}. The transition functions
associated to [D] are all equal to 1, hence [D] is a trivial line bundle. Conversely,
suppose [D] is trivial. Then it has a nowhere vanishing section o whose restriction
to Uy is denoted by o,. The transition functions gos = fz/fo defined above satisfy

gap *Oa = 0p,
hence we have
fi = fi 6%*(UaﬁU5).
Oq op

We can glue {f,/0a} to form a global function f € .#*(X). Since o is nowhere
vanishing, we obtain that (f) = D. a
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Let us summarize, using the short exact sequence
00" M — N0 — 0.
Recall that
Div(X) = HY(X, . #*/0*), Pic(X)=H'(X,0%).
Then we have the long exact sequence

0= HY(X, 6%) — H(X,.2*) % Div(X) L Pic(X) — ---

which encodes all the information in the above discussion.

2.10. Sections of a line bundle. Let L be a line bundle on X with transition
functions {g3}. A holomorphic section s of L has restriction s, € €(U,), satisfying

JaBSa = SB-

Conversely, a collection {s, € 0(U,)} such that sg/sq = gap determines a holo-
morphic section of L. Similarly, we define a meromorphic section s to be a collection

{80 € A (Uy)}
such that gngse = sg.

Proposition 2.58. For any nontrivial section s of L, we have L =2 [(s)], where
(+) is the associated divisor and [-] is the associated line bundle. A line bundle L is
associated to a divisor D if and only if it has a meromorphic section s such that
(s) = D. In particular, L has a holomorphic section if and only if it is associated
to an effective divisor.

Proof. For a meromorphic section s # 0, consider the divisor D, = (s, ) associated
to the local section s, in U,. Since

58 = gap € O*(Ua N Up),

D, = {(sq)} form a global divisor D = (s) on X. Conversely, suppose D is an
arbitrary divisor. with local defining equations given by {s, € .#*(U,)}. Then
the transition functions of the line bundle [D] are {gag = sg/S~} and consequently
the collection {s,} gives rise to a section of [D]. It is clear that the divisor (s) is
effective if and only if s is a holomorphic section. O

Now we treat a line bundle as a locally free sheaf of rank 1 and reinterpret the
above correspondence. Let D be a divisor on X. Define a sheaf &x (D) or simply
0 (D) by

oD)U) ={fe#U):(f)+ Dl =0}
It has a vector space structure since (f) + D[y > 0 and (g) + D|y > 0 implies that
(af 4+ bg) + D]y > 0 for any a,b € C.

Proposition 2.59. The space of holomorphic sections of the line bundle [D] can
be identified with H°(X, 0(D)).

Proof. A global section s € H°(X, 0(D)) is a meromorphic function satisfying
(s)+D > 0.
Suppose D is locally defined by {fs}. The line bundle [D] has transition functions

{901 = 223,
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Then the collection {s - f,} defines a section o of [D]. Since

(8)+(fa) 20

for every U,, o is a holomorphic section of [D].
Conversely, given a holomorphic section o of [D], i.e. ¢ is a collection {h, €
O(U,)} such that

Then {hs/fo} defines a global meromorphic function g. Since (hy) > 0 in every
U,, we have

(9lv.) + (fa) = (ha) =0,
hence (g) + D > 0 globally on X and g € H(X, €(D)). O

Remark 2.60. Replacing X by any open subset U, the above proposition implies
that sections of &(D)(U) can be identified with holomorphic sections of the line
bundle [D] over U. If D ~ D', i.e. D' — D = (f) for a meromorphic function f on
X, then for any g € ¢(D’)(U), we have

0<(9)+D" = (g9)+(f)+ (D)= (fg) + (D)

restricted to U. So we obtain an isomorphism
o(D)(U) - 6(D)(U)

for any open subset U, compatible with the sheaf restriction maps. In this sense,
the sheaf &' (D) and the line bundle [D] have a one-to-one correspondence up to
isomorphism and linear equivalence, respectively, assuming that every line bundle
can be associated to a divisor (i.e. having a nontrivial meromorphic section).

Let | D| be the set of effective divisors that are linearly equivalent to D. We call
|D| the linear system associated to D.

Proposition 2.61. Let X be compact and D a divisor on X. Then we have
PH(X,6(D)) = D],

i.e. an effective divisor in |D| and a holomorphic section of [D] (up to scale)
determine each other.

Proof. For any D' € |D|, by definition D'—D = (f) is principal for some f € .#(X),
hence (f) + D =D’ >0 and f € H°(X, 0(D)). If g is another function such that
D' — D = (g), then (f/g) =0, i.e. f/g is holomorphic, hence it is a constant as X
is compact.

Conversely, any f € HY(X, 0(D)) defines an effective divisor D' = (f) + D. If
(f)+ D =1(g) + D, then (f/g) =0 and f/g is a constant since X is compact. [

Exercise 2.62. Let D = )" | a;p; be a divisor on P! with a; € Z and p; € P*.
Define the degree of D by deg(D) =>""_, a;.

(1) Prove that D ~ D’ if and only if deg(D) = deg(D").

(2) Calculate the cohomology H* (P!, #(D)) in terms of deg(D).
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2.11. The Riemann-Roch formula. Let X be a compact and connected Rie-
mann surface (i.e. a smooth complex algebraic curve). Define its arithmetic genus

= h! (Ox)
where h'(F) denotes the rank of H*(F) for a sheaf F.

Theorem 2.63 (Riemann-Roch Formula). Let D be a divisor on X and O (D) the
associated line bundle (or invertible sheaf). Then we have

h(0(D)) = h'(6(D)) =1 — g + deg(D).
Remark 2.64. Define the (holomorphic) Euler characteristic of a sheaf .7 by
X(F) 1= Y (L)W ()
i>0
Then the Riemann-Roch formula can be written as
X(0(D)) = x(Ox) = deg(D).

Proof. Let us first prove it for effective divisors of degree > 0. Do induction on n.
The formula obviously holds for &x. Suppose it is true for deg(D) < n. Consider
D = p+ D’ with D’ an effective divisor of degree n — 1. We have the short exact
sequence

0— 0(D')— 0(D) — C, — 0,

where C,, is the skyscraper sheaf with one-dimensional stalk supported at p. The
exactness can be easily checked. The map &(D’) — €'(D) is an inclusion, since

(f)+D >0
implies that
(N+D=()+D +p=0.

The quotient corresponds to germs of functions f at p such that

(Do + D'y =—p

in arbitrarily small neighborhoods U of p. In other words, if ord,(D’) = m > 0, we
can write

where h € 0*(U). So the quotient sheaf is given by C-{2=™~!} = C supported at
p. Since the associated cohomology sequence is long exact, we have

x(O(D)=x(@D))+1=1-g+n-1)+1=1—-g+n.

In general, write a divisor D = Dy — Dy, where Dy and Dy are both effective
divisors of degree d; and da, respectively, and d; — do = deg(D). By the same
token, we have the short exact sequence

0— O0(D) — 0(D;) — C% — 0.
Then we obtain that
x(O(D)) = x(O(D1)) —dy =1 —g+dy —dy =1 — g+ deg(D).
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Remark 2.65. Assuming the Serre duality
H'(0(D)) = H(K ® 0(-D)),
where K is the canonical line bundle of X, then we can rewrite the Riemann-Roch
formula as
BO(L) = (K @ L*) = 1 — g + deg(L),
where L is a line bundle on X. Note that K is a degree 2g — 2 line bundle (to be
discussed later). We conclude that
O(K) =g, hY(K)=hn0)=1.
It implies that the space of holomorphic one-forms on a genus g Riemann surface

is g-dimensional.

2.12. The Riemann-Hurwitz formula. Recall that a branched cover m: X —Y
between two (compact, connected) Riemann surfaces is a (surjective) holomorphic
map. For a general point ¢ € Y, 77 1(q) consists of d distinct points. Call d the
degree of m. Locally around p — ¢, if the map is given by

r—=y=z",
where x,y are local coordinates of p, q, respectively, call m the vanishing order of
m at p and denote it by

ordy(m) = m.
If ord,(m) > 1, we say that p is a ramification point. If 7='(g) contains a ramifica-
tion point, then q is called a branch point. Define the pullback

7 (q)= > ordy(m)-p e Div(X).
per—1(q)
Note that 7*(q) is a degree d effective divisor on X.

Theorem 2.66 (Riemann-Hurwitz Formula). Let 7 : X — Y be a branched cover
of Riemann surfaces. Then we have

Kx ~m Ky + Y _(ordy(r) — 1) - p,
peX
where Kx and Ky are canonical divisor classes of X and Y, respectively.
Proof. Take a one-form w on Y locally expressed as f(w)dw around a point ¢ =
7(p). Suppose the covering at p is given by
Zz—=w=2",
then we have
7 (f(w)dw) = mf(z™) 2" 1dz.
Namely, the associated divisors satisfy the relation
(T*w)lo = (7" (w))lv + (ordy(m) = 1) - p
in a local neighborhood U of p. So globally it implies that
(') = 7 (@) + 3 (ordy () = 1) - p.
peX

Since m*w is a one-form on X, (7*w) is a canonical divisor of X and the claimed
formula follows. O
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We can interpret the (numerical) Riemann-Hurwitz formula from a topological
viewpoint. Let x(X) denote the topological Euler characteristic of X. If X is a
Riemann surface of genus g, take a triangulation of X and suppose the number of
k-dimensional edges is ¢ for K = 0,1,2. Then we have

X(X)=co—c1+ca=2-2g.

Proposition 2.67. Let m: X — Y be a degree d branched cover of two Riemann
surfaces. Then we have

X(X) =d-x(Y) = ) (ordy(m) = 1).

Proof. Take a triangulation of Y such that every branch point is a vertex. Pull it
back as a triangulation of X. Note that it pulls back a face to d faces, an edge to
d edges and a vertex v to |7~ !(v)| vertices. Note that if

k
w (o) =) mapi
i=1
for distinct points p;, then |77 (v)| = k. In other words, we have
) =d— 3 (ordy(m) —1).
pem—1(v)
Then the claimed formula follows right away. ]
Corollary 2.68 (Numerical Riemann-Hurwitz). Let 7 : X — Y be a degree d

branched cover of two compact Riemann surfaces of genus g and h, respectively.
Then we have

29— 2=d(2h—2)+ Y (ordy(m) - 1).

In particular, if g < h, such branched covers do not ezist.

Corollary 2.69. The canonical line bundle of a genus g Riemann surface X has
degree equal to 2g — 2.

Proof. Every Riemann surface X possesses a nontrivial meromorphic function, say
by the Riemann-Roch formula. It induces a branched cover m : X — P! of some
degree d. By the Riemann-Hurwitz Formula we know

deg(Kx) = d(=2) + Y _ (ordy(m) — 1),

peX
since we have seen that deg(Kp1) = —2. By the Numerical Riemann-Hurwitz we
have
2-2g=2d— Y (ord,(m)— 1).
peEX
Then the claim follows immediately. O

Exercise 2.70. Let X be a compact Riemann surface of genus g. If X admits a
branched cover of degree 2 to P!, we say that X is hyperelliptic. Prove that every
Riemann surface of g < 2 is hyperelliptic.
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2.13. Genus formula of plane curves. In this section we consider a Riemann
surface as a complex (one-dimensional) curve. Suppose F'(Zy, Z1, Z>) is a general
degree d homogeneous polynomial whose vanishing locus is a complex curve C' C P?
in the complex projective plane. Since F' is general, C is a (smooth) Riemann
surface. In other words, the singularities of C locate at the common zeros of F' =0
and OF/0Z; = 0 for all i, which are empty for a general F. On the other hand, if
F is special, its vanishing locus C' may be singular. For example, let F = Z2 — Z%.
Then C is a union of two lines, hence has a (nodal) singularity at the intersection
of the two lines. If F = ZyZ? — Z3. Then C has a (cuspidal) singularity at [1,0,0].

Theorem 2.71. In the above setting, the genus g of C is given by

_(d=1)(d—-2)

= 5 i
Proof. We give two proofs. The first one is more algebraic. Suppose C7 and Cy are
two plane curves of degree d, defined by F; and F,. Then F;/F; is a meromorphic
function on P2, hence C; and Cs are linearly equivalent. It follows that all degree d
plane curves are linearly equivalent. Hence it makes sense to use Opz(d) to denote
the line bundle associated to a plane curve of degree d. In particular, (1) is the
line bundle associated to a line L in P2. The ideal sheaf of L has sections given by
holomorphic functions vanishing along L, hence it can be identified with &(—1),
the dual of €(1). Then we have the short exact sequence

0— Op2(—1) = Op2 — O, — 0.
Tensor it with &p2(1 — m). We obtain that
0 — Op2(—m) = Op2(—(m — 1)) = Op2(1 —m)|, — 0.

Since Op2(1—m)|y is the line bundle associated to a degree 1—m divisor on L = P!,
we conclude that

X(Op2 (= (m = 1))) = x(Op2(-m)) = x(Op1 (1 —m)) =2 —m,

where we apply the Riemann-Roch formula to P! in the last equality. Then we
obtain that
d
d(d—3
X(0r) ~ x(Ore(-a)) = Y (2 - m) = - M2

m=1

Now by the exact sequence
0 — Op2(—d) = Op2 — Oc — 0,

we have
d(d—3
1-g=x(0c) :_%,

hence the genus formula follows. Here we implicitly assumed that hi(0c) = 0
for 4+ > 2. In general, for any line bundle L on a Riemann surface X, we have
h{(X,L) =0 for i > 2.

The other proof is an application of the Riemann-Hurwitz formula. Without loss
of generality, suppose o = [0,0,1] ¢ C. Let L be the line Z3 = 0 and project C' to
L from o, i.e.,

[ZOa Zla ZQ] — [Zo, Zl]
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In affine coordinates x = Z1/Zy and y = Z5/Zp, this map is given by vertical
projection
(z,y) = ,
i.e., we project C' vertically to the x-axis. This yields a degree d branched cover
7:C — L~P!

A point p is a ramification point of 7 if and only if there exists a vertical line tangent
to C' at p, i.e., p is a common zero of F' and 0F/0Z5. Since F and 0F/0Z> have
degree d and d — 1, respectively, they intersect at d(d — 1) points. By Riemann-
Hurwitz, we have
29 —2=d(-2)+d(d—-1),

hence the genus formula follows. In order to make sure that all the ramification
points are simple, we can choose a general projection direction such that it is
different from those given by the (finitely many) lines with higher tangency order
to C. O

Remark 2.72. In the first proof, indeed we did not use the smoothness of C. So the
(arithmetic) genus formula holds for an arbitrary plane curve, even if it is singular.
Similarly in the second proof, even if the projection has higher ramification points,
a detailed local study plus Riemann-Hurwitz can provide the same formula.

2.14. Base point free and very ample line bundles. Let L be a line bundle
on a compact complex manifold X. We say that L has a base point at p € X if p
belongs to the vanishing locus of every holomorphic section of L. If the base locus
of L is empty, then L is called base point free.

For a base point free line bundle L, let o, . . ., 0, be a basis of the space H(X, L)
of holomorphic sections. Locally around a point p € X, consider ¢; as a holomorphic
function and associate to p the point

[00(p), - .., on(p)] € P

This is well-defined, since if we take a different chart, then we get the same point

[gaﬁUO(p)a e 7ga50n(p)] € P
where {gop} are transition functions of L. Therefore, we obtain a holomorphic map
or: X — P

Remark 2.73. We can give a more conceptual and coordinate free description of
¢r,. Since L is base point free, the space of holomorphic sections ¢ vanishing at p
forms a hyperplane H, C H°(X,L) = C""!. Then one can define ¢, (p) = [H,] €
(P™)* in the dual projective space parameterizing hyperplanes.

Proposition 2.74. In the above setting, there is a one-to-one correspondence be-
tween (the pullback of ) hyperplane sections of X and effective divisors in the linear
system |L|.

Proof. This is just a reformulation of the one-to-one correspondence
L] = PH"(X, L),

which we proved before. In other words, an effective divisor in |L| uniquely deter-
mines a holomorphic section o = Z?:o a;o; up to scaling, which defines a hyper-
plane in PHO(X, L). O
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Example 2.75. If L = 0, then H°(0) = C, hence ¢ maps X to a single point.

Example 2.76. Let X = P! and L = ¢(2p) where p = [0,1]. Then H°(P!, L) is
3-dimensional and we can choose a basis by
Y Y?
X X%
Recall that around p the sections of L are given by f - (X/Y)2. Hence we obtain
that
¢L([Xa YD = [XQ’XY)Y2]7

which is a smooth conic in P2. The genus formula for a plane curve of degree two
also implies that the image has g = 0.

Exercise 2.77. A submanifold X C P" is called non-degenerate if it is not con-
tained in any hyperplane. If X is isomorphic to P!, we call it a smooth rational
curve. For any complex curve X in P”, the intersection number of X with a general
hyperplane is called the degree of X.
(1) Show that any non-degenerate smooth rational curve in P™ has degree > n.
(2) For d > n > 3, show that there exist non-degenerate smooth degree d rational
curves in P".

Example 2.78. Let F be a complex curve of genus one and L = &(2p) for a point
p € E. By Riemann-Roch, h°(E, L) = 2. Moreover, L is base point free. Otherwise
if ¢ is a base point, then ¢ has to be p and there exists another effective divisor
p+r € |2p| such that p +r ~ 2p. But this implies that r — p is principal and
E =~ P!, leading to a contradiction. Now ¢;, : E — P! is a branched cover of degree
two. Two points s and t lie in the same fiber of ¢, if and only if s + ¢ ~ 2p.

The above example indicates that ¢ is not always an embedding. We say that
L is very ample if ¢ is an embedding and that L is ample if L®™ is very ample
for some m > 0.

Example 2.79. The line bundle &(d) is very ample on P! if and only if d > 0.
The induced map ¢ embeds P! into P? as a degree d smooth rational curve, which
is called a rational normal curve.

Let us give a criterion for base point free and very ample line bundles.

Proposition 2.80. Let L be a line bundle on a Riemann surface X.
(1) L is base point free if and only if

(X, L ® O(—p)) =h°(X,L) -1

for anyp e X.
(2) L is very ample if and only L is base point free and for any p,q € X (not
necessarily distinct)

hO(Xa L® ﬁ(—p - q)) = hO(X7L Y ﬁ(—p)) -1= hO(Xa L® ﬁ(_Q)) -1
Proof. Treat L as a locally free sheaf of rank one. By the short exact sequence
0—>L®l0(-p) > L—-C,—0,

we have
hO(X,L) —1 < h’(X,L® 0(—p)) < h°(X, L).
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Then L has a base point at p if and only if all holomorphic sections of L vanish at
p, ie., H(X,L® 0(—p)) = H°(X, L). This proves (1).

For (2), a very ample line bundle is necessarily base point free by definition.
If p # ¢ € X have the same image under ¢, it is equivalent to saying that the
subspace of sections vanishing at p is the same as the subspace of sections vanishing
at ¢, which is further equivalent to

(X, L ® 0(—p)) =h(X,L® O0(-p—q)) = h°(X,L® O(—q)).

Moreover, ¢; induces an injection restricted to the tangent space T,(X) if and
only if there exists a hyperplane such that it cuts out X locally a simple point at
p, namely, if and only if there is a section vanishing at p with multiplicity one, i.e.,

(X, L ® 0(-2p)) < h°(X,L ® O(-p)).

But we have
hO(X7L & ﬁ(_2p)) > hO(XaL b2 ﬁ(—p)) - L

Hence (2) follows from combining the two cases. O

Remark 2.81. In (2), for p # ¢ the condition geometrically means that the sections
of L separate any two points. When p = q, it says that the sections of L separate
tangent vectors at p.

Example 2.82. Let E be an elliptic curve, i.e., a Riemann surface of genus one.
Fix a point p € E. Consider the morphism

7: E — Pic’(E)

by 7(¢) = [q — p], where Pic’(E) is the Picard group of isomorphism classes of line
bundles of degree zero. For q; # g2, we have g1 — p ¢ g2 — p, hence 7 is injective.
For any line bundle L of degree zero, by Riemann-Roch h°(L ® &(p)) > 1, hence
L ® O(p) has a section vanishing at a single point ¢. It implies that L = [q — p],
hence 7 is surjective. Therefore, we thus conclude that 7 is an isomorphism. This
defines a group law on E with respect to p, i.e., ¢+1 = s, where s € E is the unique
point satisfying that
(g—p)+(r—p) ~s—p
Now consider the linear system |3p| on E. Since

hO(E7 ﬁ(?)p)) =3, hO(Ev ﬁ(Qp)) =2, hO(E7 ﬁ(p)) =1,

0(3p) is very ample. It induces an embedding of E into P? as a plane cubic curve.
A line cuts out a divisor of degree three in E, say, ¢+ r+ s (not necessarily distinct)
if and only if

q+r+s~3p.

Note that the tangent line L of E at p is a flex line, i.e., the tangency multiplicity
(L- E)p, =3. Such p is called a flex point.

Exercise 2.83. Show that there are in total nine flex points in a smooth plane
cubic curve.

Let V' C |L| be a linear subspace. We say that V is a linear series of L. The
linear system |L| is also called a complete linear series. The above definitions and
properties go through similarly for the induced map ¢y .
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Exercise 2.84. Write down a linear series of |#(3)| on P! such that it maps P!
into P? as a singular plane cubic curve. How many different types of such singular
plane cubics can you describe?

2.15. Canonical maps. Let K be the canonical line bundle on a Riemann surface
X. If X is P!, deg(K) = —2 and K is not effective. If X is an elliptic curve,
then K = ¢ and the induced map ¢x is onto a point. From now on, assume
that the genus of X satisfies g > 2. We say that X is hyperelliptic if it admits a
degree 2 branched cover of P!. Two points p,q € X are called conjugate if they
have the same image in P!. A ramification point of the double cover is called a
Weierstrass point of X, i.e., it is self conjugate. By Riemann-Hurwitz, a genus
g > 2 hyperelliptic curve possesses 2g + 2 Weierstrass points.

Lemma 2.85. If X is a hyperelliptic curve of genus > 2, then X admits a unique
double cover of P'.

Proof. Otherwise suppose h%(X,0(p + q)) = 2 and h%(X,0(p + 1)) = 2 for ¢ #
r. Let L = Ox(p+q+r). If °%(X,L) = 3, since h°(X,L(—z — y)) < 1 and
h(X, L(—z)) < 2 by degree reason, ¢ would map X as a plane cubic of genus
one, leading to a contradiction. Then we conclude that

HY(X,0(p+q) =H(X,0(p+7r) =H'(X,0(p+q+1)),

which implies that both ¢,r are base points of |p + ¢ + | and h°(X, O(p)) = 2,
X = P!, leading to a contradiction. O

Proposition 2.86. Let X be a curve of genus g > 2. Then the canonical line
bundle K is base point free. The induced map

pr X =PIt
is an embedding if and only if X is not hyperelliptic. If X is hyperelliptic, ¢ is a
double cover of a rational normal curve in P9~1,

Proof. First, let us show that K is base point free. For any point p € X, by
Riemann-Roch we have

h(X, K © 0(—p)) —h°(X,0(p)) =1~ g+ (29 - 3),

(X, K® O(—p))=g—1=h"X,K)—1.
Hence K satisfies the criterion of base point freeness.
Next, K fails to separate p,q (not necessarily distinct) if and only if

hW(X,K®0(-p—q) =h"(X,K®0(-p)) =g -1,

which is equivalent to, by Riemann-Roch again, that
h(X,6(p+q)) =2.

In other words, the linear system |p + ¢| induces a double cover X — P!.

Finally, if X is hyperelliptic of genus > 2, it admits a unique double cover of P*.
By the above analysis, two points p, ¢ have the same image under the canonical
map if and only if h°(X, O(p + q)) = 2, i.e., p, q are conjugate. Then the canonical
map is a double cover of a rational curve of degree deg(K)/2 =g —1in P91 i.e.,
a rational normal curve. A hyperplane section of ¢ (X) pulls back to X a divisor

g

-1
(pz + qi)7
=1
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where p;, q; are conjugate or p; = ¢; a Welerstrass point. ([

Remark 2.87. For a non-hyperelliptic curve X, ¢x is called the canonical embed-
ding of X and its image is called a canonical curve.

Example 2.88. Let X be a curve of genus two. Then h°(X, K) = 2, hence X is
hyperelliptic and the double cover of P! is induced by the canonical line bundle, as
we have seen.

Example 2.89. A non-hyperelliptic curve of genus three admits a canonical em-
bedding to P? as a plane quartic. An effective canonical divisor corresponds to a
line section of the quartic. By the genus formula, any smooth plane quartic also has
genus equal to 3. Moreover, a smooth plane quartic X gives rise to a line bundle L
of degree 4 on X by restricting @p2(1). By Riemann-Roch, h%(X, K ® L*) > 1, but
deg(K ® L*) =0, hence L = K. So any plane quartic is a canonical embedding of
a non-hyperelliptic curve of genus three.

2.16. Dimension of linear systems. Let D = p;+---+pg be an effective divisor
of degree d on a genus g complex curve X. Recall that the linear system |D| can be
identified with PH?(X, &(D)) parameterizing effective divisors linearly equivalent
to D. Suppose as a projective space

r =dim|D| = (X, 0(D)) — 1.
By Riemann-Roch and Serre Duality, we have
dim|K ® 6(-D)|=r+g—d— 1.

Note that |K®&(—D)| can be identified with the linear system of effective canonical
divisors that contain D. By the canonical map

¢ X - P97

it says that the space of hyperplanes of P9~! that contain the points ¢x (D) =
{dr(P1)y.- 0K (pa)} is (r + g — d — 1)-dimensional. In other words, the linear
subspace in P9~1 spanned of ¢x (p1), ..., dx (pq) has dimension

(9g—2)—(r+g—d—1)=(d—1)—r

Since we expect d points to span a (d—1)-dimensional linear subspace, geometrically
it says that ¢ (D) fails to impose

r = dim |D|

independent conditions. We summarize the discussion as the following geometric
version of the Riemann-Roch formula.

Theorem 2.90 (Geometric Riemann-Roch). In the above setting, let ¢px (D) be
the linear subspace in P9~1 spanned by the image of D under the canonical map.
Then we have

dim |D| = deg(D) — 1 — dim ¢ (D).

Remark 2.91. Even if D contains points with multiplicity, the above formulation
still holds. Say, if D contains 2p, then 2p spans the tangent line at p. If D contains
3p, then 3p spans an osculating 2-plane at p etc.



61

Example 2.92. Let us revisit the canonical embedding of a non-hyperelliptic curve
X of genus three in P2. Consider D = p+q+7. Then h%(0(D)) < 2,i.e. dim |D| =1
or 0. Note that dim |D| =1 if and only if

dim¢g(D)=3-1-1=1
by Geometric Riemann-Roch, i.e., if and only if p, ¢ and = are collinear in P2.
Let us study in detail the dimension of a linear system.

Lemma 2.93. Let D be a divisor on a complex curve X. Then dim|D| > k if
and only if for every k points p1,...,pr € X there exists an effective divisor in |D|
containing all of them.

Proof. First, suppose for every k points p1,...,pr € X there exists an effective di-
visor in | D| containing all of them. Since Zle p; varies in a complex k-dimensional
family, then dim|D| > k is obvious. Alternatively, we can prove it by induction.
Suppose it holds for < k. Assume for every pi,...,pr+1, there exists D' € |D|
containing all of them. Then we conclude that dim|D — p| > k for any p € X.
Choose a point p not in the base locus of |D|. Consequently we have

dim |[D| =dim|D —p|+1>k+ 1.
Conversely, suppose dim |D| > k. Then we have

k
h° <X7 o (D - Zpi>> > (X, 0(D)) -k > 1.

i=1
It implies that there exists a meromorphic function f such that
k

(f)+D= p >0,

i=1
hence (f) + D = D’ is an effective divisor in |D| containing p, ..., p. O
Corollary 2.94. For any two effective divisors Dy and Do on X, we have
dim |D;| + dim | Ds| < dim |D; + Da|.
Proof. Suppose dim |D;| = k; for i = 1,2. Take any ky + ko points
P13 Pk 4Ly -5 Gy

in X. By the above lemma, there exist D} € |Dy| and D) € |Ds| such that D}
contains all the p; and D) contains all the ¢;. Then D} + D) € |D; + Ds| contains
all the p;, g;, hence we obtain that

dim |D; + Da| > k1 + ko
by using the lemma again. |
Note that if h%(X, K ® (—D)) = 0, then Riemann-Roch implies that that
hY(X,0(D)) =1 — g + deg(D).
Some subtlety may occur if
R (X,K ® (-D)) >0

and we call such a divisor D a special divisor and the associated linear system |D]|
a special linear system. By Riemann-Roch, any divisor D with deg(D) > 2g — 2 is
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non-special. By Geometric Riemann-Roch, D is non-special if and only if the linear
span of ¢ (D) is the entire space P9~ L.

Theorem 2.95 (Clifford’s Theorem). Let D be an effective divisor such that deg(D) <
29 — 2 on a genus g complex curve X. Then we have
1
dim |D| < 5 - deg(D).
Proof. If D is non-special, we have
1
dim |D| = deg(D) — g < 3 deg(D).

If D is special, then there exists an effective divisor D’ such that D + D' ~ K. By
the above lemma we have

dim |D| + dim |D'| < dim |K| =g — 1.
By Riemann-Roch and Serre Duality, we have

dim |D| — dim |D'| = 1 — g + deg(D).
The desired inequality follows by combining the two relations. [

Remark 2.96. Indeed, the above equality holds only if D =0, D = K or X is
hyperelliptic. If D =0 or D = K, one easily checks that the equality holds. If X is
hyperelliptic, we can take D = p + ¢, where p, ¢ are conjugate and dim |p + ¢| = 1.
To prove that these are the only possibilities, we need the uniform position theorem

regarding a general hyperplane section of a non-degenerate space curve, see [GH],
p. 249].

Exercise 2.97. Let X be a hyperelliptic curve of genus > 2. For 0 < 2k < g, find
an effective divisor D of degree 2k on X such that dim |D| = k. Classify all such
divisors up to linear equivalence.
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