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CHAPTER 3 0 CHARACTERISTICS OF DISTRIBUTIONS

tendency (the value of a “typical” score) and its variability (the extent to

which the scores differ from their central tendency). The purpose of this
chapter is to introduce some of the more common numerical indices of central
tendency and variability.

The most common measure of central tendency is the mean, or average,
score; other measures of central tendency are the median and the mode. Three
indices are used to express variability: the range, the variance, and the
standard deviation. These measures—and the methods used to calculate their
values—are explained in this chapter. A discussion of statistical estimation is
also presented to show how values from studies with a limited number of
subjects can be used to estimate characteristics of much larger groups. Estima-
tion is a fundamental process of inferential statistics, and will be examined in
more detail in Part 2 of this text. The concept is introduced here because
descriptive statistics, as presented in this chapter, are often used to estimate
corresponding values in larger groups of subjects.

T WO KEY CHARACTERISTICS of a distribution of scores are its central

MEASURES OF CENTRAL TENDENCY
The Mean

The most common measure of the central tendency of a group of scores is the
average, or mean:

The mean of scores on variable X is symbolized by X (read “X bar”)
and is computed with the formula

y
N

which instructs one to add all the scores (that is, > X;) and divide by N,
which is the number of scores in the distribution.
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For example:

X

8

3

4

10

7

1

X =33
N=6 X xX _ 3 55
- N 6

The mean is also called the arithmetic average of the scores. Notice that £X,

can be written without the limits i = 1 and N (see Chapter 1), which are
N

understood to apply. For example, )" X, = X, = L X. This abbreviated nota-

i=1
tion is common in the remainder of the text.

Different texts use different symbols to represent the mean. A common
alternative to the symbol X used in this book is the symbol M.

Deviations about the Mean The mean possesses several properties that
make it an appropriate measure of central tendency. First,

The sum of the deviations of scores about their mean is zero. In other
words, if the mean is subtracted from each score in the distribution, the
sum of such differences is zero. In symbols

Consider the following numerical example:

3 5 3-5=-2
6 5 6-5=1
5 5 5-5=0
1 5 1-5=-4
10 5 10-5=5
X =25 (X, -X)=0
N=5
X=5

S




52 CHAPTER 3 0 CHARACTERISTICS OF DISTRIBUTIONS

| PROOF THAT THE SUM OF THE DEVIATIONS

 ABOUTTHE MEAN EQUALS ZERO
Opemﬁo;

Explanation

 Toprove

X, —-X)=0 |

1 Y(X,-X)=2X,-TX 1. The sum of the differences be-

; o ~tween two quantities equals the
o difference between their sums.

2. The sum of a constant X added
N
to itself N times (ie, Y, X) is
, ' =1
N times the constant (i.e., NX).
| 3. Substitution of the definition

2. = LX, - NX

2X"f X
N or

Cancellation of N’s in second
term of #3 above.

OPTIONAL TABLE

4. XX *f)m ZX,; = hX = ‘0

This principle can be proven true of all distributions. The algebraic proof is
presented in Optional Table 3-1.

While the sum of the deviations of all the scores about the mean is
always zero, the sum of the squared deviations about the mean is usually not
zero. This distinction is important because formulas presented later in the
chapter (such as those for the variance) use squared deviations.

Whereas
(X, —X)=0
the expression

Y(X, — X)? is not usually equal to (#) 0

To illustrate, consider the numerical example given above. If one squares the
difference between each score and the mean (the numbers in the extreme
right-hand column) and then sums these squared deviations, one obtains

(=2)* + (1) + (0)* + (=4)* + (5)* = 46




OPTIONAL TABLE

',Té prove

1 (X+c),c¢0a:ndc#=X -

2 (a) The sum of the squared dewanons of scores about
Xequals (X, — X)* ‘

(b) The sum of the squared deviations of scores about

(X + o)equals T X, — (X + o)

Explanation

THE SQUARED DEVIATIONS ABOUT THE MEAN IS A MINIMUM

Z(X Ry< X (Xiop

3 L <HX-D) -

(X, = %) = 2e(X, = %) + ]

5 < (X, — X)? = 2c5(X, - X) + Tc?

WW

6. <X - X)?~ 0 + Nc?

7. XX ~ X)*< XX, — X)2 + N¢?

1.
2. Definitions.

Assumption.

To prove that the sum of squared
deviations about the mean,
(X, — X)?, is less than the sum
of squared deviations about any
other value, X[ X, — (X + ¢)]%.
Working with the right side of the
inequality, removing parentheses
and regrouping.

Binomial expansion of the form:
(a= b)* = a* — 2ab + b*
Distributing the summation sign to
all terms within the brackets, the
sum (or difference) of several vari-
ables is the sum (or difference) of
their sums, and the sum of a
constant times a variable is the
constant times the sum of the
variable,

Since =(X, — X) = 0, the second
term is 0, and the sum of Nc?’s
equals N times c2.

The expression is true because Nc?

will always be greater than zero.

Kouspua | [enua) Jo sainsesy O



4 CHAPTER 3 0 CHARACTERISTICS OF DISTRIBUTIONS

which is obviously not zero. The reason squared deviations never add to zero
(unless all the scores are the same) is that squared numbers can never be
negative, and thus positive values will not be balanced by negative ones.

Minimum Variability of Scores about the Mean A second property
of the mean concerns the squared deviations of scores about their mean:

The sum of the squared deviations of scores about their mean is less
than the sum of the squared deviations of the same scores about any
other value.

This fundamental principle will be invoked in the explanation of many
subsequent concepts. It states that although the sum of the squared deviations
of scores about their mean usually does not equal zero, that sum is neverthe-
less smaller than if the squared deviations of the same scores were taken about
any value other than the mean of their distribution. For example, in the above
illustration the sum of the squared deviations about the mean equaled 46. The
mean of that distribution was 5.0. The sum of the squared deviations about the
number 6.0 equals 51; about the number 4.0 the sum equals 51; and about the
number 7.0 it equals 66. The sum of squared deviations about the mean (46) is
less than any of these examples, and it can be shown that it always will be less
than about any other value. It is in this sense, sometimes called the least
squares sense, that the mean is an appropriate measure of central tendency:
the mean is closer (in terms of squared deviations) to the individual scores
over the entire group than is any other single value.

The proof that the sum of the squared deviations about the mean is
always less than the sum of the squared deviations about any alternative value
is presented in Optional Table 3-2.

The Median

Another measure of central tendency is the median:

The median, symbolized by M, is the point that divides the distribu-

tion into two parts such that equal numbers of scores fall above and
below that point.

The way the median is computed varies, depending first on whether there is an
odd or an even number of scores in the distribution and second on whether
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there is a duplication of score values near the median point. The phrase
“duplication of score values” means that more than one score of the same
value exists in the distribution. The distribution (3, 4, 5, 5, 7) has a duplication
of score values (the two 5’s) while the distribution (2, 3, 5, 6, 8) does not.
Duplication of score values is important only when it occurs near the point
where the median is located. Otherwise, score duplication can be ignored.

1. No duplication near the median; odd number of scores. When there is an
odd number of scores and no duplication of scores near the median, the
median is the middle score. For example, in the distribution (3, 5, 6, 7,
10), the point that divides the distribution into two equal parts is 6, since
two scores fall below and two scores fall above this value.

2. No duplication near the median; even number of scores. By custom, when
there is an even number of scores in a distribution and no duplication
near the median, the average of the middle two scores is taken as the
median. Suppose the distribution is (3, 5, 6,7, 10, 14). The point that
divides the distribution in half lies between 6 and 7. The average of these
points, 6.5, is taken as the median. Another example illustrates the same
custom is followed when the scores near the median are not adjacent
values. If the distribution is (3, 3, 4, 8, 14, 16), the median is 6 because
(4 + 8) + 2 = 6. Notice that the score duplication (the two 3’s) is not
considered because it is not near the median point.

3. Duplication of scores near the median. When more than one instance of a
score value falls near the median, the median is obtained by a procedure
called linear interpolation, which proceeds in basically the same way
regardless of whether the number of scores in the distribution is odd or
even. To illustrate, suppose the distribution is (3, 4, 5, 5, 5, 6, 6, 7). Since
the median is the point dividing the distribution in such a way that an
equal number of scores fall below and above it, the median lies some-
where between the second and third instance of the score 5. Presumably,
the scores 3, 4, 5, 5 are below the median point and 5, 6, 6, 7 are above it.
A single numerical value that expresses this situation can be determined
by observing that the scores 3, 4, and two of the three scores of 5—that
is two-thirds of the 5s—must be below the median. The score value of 5
occupies the score interval bordered by the real limits of 5, namely 4.5 to
5.5. Its width is 1. If the three scores of 5 are assumed to be equally
spaced within the score interval, then two of the three scores will occupy
two-thirds of the interval of size 1, which is 3(1) = .67. Adding %= .67
to the lower real limit of this score interval, (that is, 4.5) gives

45+ 67 =517
as the median. This same process is graphically illustrated in Figure 3-1,

in which scores are placed on the scale within the real limits of their
score values. It can be seen that a total of four of the eight frequencies
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Median = 4.50 + .67 = 5.17
|
2 _ |
$=.67
/W\!
+
|
|
11111
{ 1 1
1 1 | 1
25 35 45 jl 55 6.5 7.5
3 4 5 | 6 7

Figure 3-1 Computing the median when there is duplication of scores (even
number of frequencies).

(scores) lie above and four lie below the median of 5.17. In short, the
median divides the boxed area of Figure 3-1 into two equal portions.

The logic is the same if an odd number of frequencies are in the
distribution. Suppose the distribution consists of (3, 4, 5, 5, 5, 6, 6, 7, 7), which
case is presented in Figure 3-2. There are 9 scores, and thus the median must
be the point such that 41 frequencies fall below and 45 fall above it. Counting
from the low end upward, the scores 3 and 4 plus 2 of the 3 scores of 5 will
be below the median. Therefore, 25 of 3, or

of the score interval having a size of 1, that is, .83(1) = .83, must be added to
the lower real limit of the score interval of 5 (that is, 4.5), which gives

4.5+ 83 =5.33
Med/ian =4.50 + .83 = 5.33
l
2% =5 = 83|
3 6 |
—— e |
|
|
1
1] |14l
212 1 1] 1] 1
1 1 |
25 35 45 |55 6.5 75
3 4 5 : 6 7

Figure 3-2 Computing the median when there is duplication of scores (odd
number of frequencies).
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as the median. Again, if the frequencies in Figure 3-2 are added, it can be
seen that the median point 5.33 indeed has 4 frequencies below and 4;
frequencies above it.

The following formula represents these linear interpolation steps and can
be used whenever there is duplication of scores near the median. It is assumed
that the data are not grouped into class intervals.

The median is computed by

N/2 —n
DL}

in which

M, = the median
L = the lower real limit of the score interval containing the median
N = the number of scores in the total distribution

n, = the number of scores falling below the lower real limit of the
score interval containing the median

n, = the number of cases within the score interval containing the \
median ‘

i = the size of the score interval (i = 1 if the data are in whole
numbers; i = .1 if the data are in tenths; and so on)

In terms of the last example,

N/2 —n \
L =45 Md—L+[ / b]i :
nW
=9
n, =2
)
=3 =45+ 1
. 3 ]
i=1
’% i
=45+ = ‘
3
=45+ .83

M,=533
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The Mode

A third measure of central tendency is the mode:

The mode, symbolized A1, is the most frequently occurring score.

If the distribution is (3, 4, 4, 5, 5, 5, 6, 8), the mode is 5. Sometimes a
distribution will have two modes, such as the distribution (3, 4, 4, 4, 5, 6, 6, 7,
7, 7, 8). In this case, the modes are 4 and 7 and this distribution is called
bimodal. A distribution that contains more than two modes is called multi-
modal.

Comparison of the Mean, Median, and Mode

The essential difference between the mean and the median is that the mean
reflects the value of each score in the distribution, whereas the median is based
largely on where the midpoint of the distribution falls, without regard for the
particular value of many of the scores. For example, consider the following

illustration:
Scores Mean Median
1,2,3,4,5 3 3
1,2,3,4,50 12 3
1,2,3,4,100 22 3

Only the last number differs from one distribution to the other. The mean
reflects these differences, but the median does not. This is because the median
is the midpoint of the distribution such that an equal number of scores fall
above and below it. The particular value of the extreme scores does not matter
since only the fact that those scores are above the midpoint is considered. In
contrast, the mean takes into account the value of every score. Thus, changing
any score value will likely change the value of the mean.

The mode reflects only the most frequently occurring score. It is not used
much in the behavioral sciences, except to describe a bimodal or highly skewed
distribution.

Because the three different measures of central tendency are sensitive to
different aspects of the group of scores, they are usually not the same value in
a given distribution. If the distribution is symmetrical and unmimodal (having
one mode), then the mean, median, and mode are indeed identical. This
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J

Mean Mode Mean pode
Median Median

Mode

A) (B)
\N //T

Mode A Mean Mean AMode
Median Median
©) D)

Figure 3-3 Mean, median, and mode in different distributions.

condition is graphed in part A of Figure 3-3. If the distribution is symmetrical
but has two modes as in part B, the mean and median are the same but the
modes are different (the distribution is bimodal). In Chapter 2, a skewed
distribution was defined as a distribution that is not symmetrical, having
scores bunched at one end. Parts C and D of Figure 3-3 show two skewed
distributions and the relative positions of the three measures of central
tendency. The distribution in part C illustrates a condition in which most
scores have moderate values but a few are very high. In this case, the mean,
being sensitive to those extreme values, is somewhat larger than the median,
which divides the area under the curve (that is, the total number of cases) into
two equal parts. A common instance of this situation occurs in the reporting
of typical family income. The mean family income is usually higher than the

59
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median income because the relatively few really high incomes push the mean
upward without influencing the median. Part D of Figure 3-3 illustrates the
relative positions of the measures of central tendency when the skewness of
the distribution is in the other direction.

Ordinarily, behavioral science researchers select the mean as the measure
of central tendency. There are several reasons for preferring the mean, but one
major consideration is that the mean is required by so many other statistical
procedures. However, sometimes the circumstances are such that the median
would reflect the central tendency of the distribution more accurately than
would the mean. When the distribution is very skewed, the mean may not be a
value that coincides with one’s intuitive impression of the typical score. For
example, the distribution (1, 2, 3, 4, 100) has a mean of 22 and a median of 3.
In this case the median seems to characterize the central tendency more
faithfully than does the mean. As noted above, annual incomes are often
skewed to the right—very few people have very high incomes. The median,
then, is often a better measure of central tendency of annual incomes than the
mean. Thus, in the case of a markedly skewed distribution, the median may be
preferred. The mode is rarely used by itself to express central tendency. It is
most often reported as a supplement to the mean or median, especially for
distributions that are skewed or bimodal. |

MEASURES OF VARIABILITY

In addition to an index of central tendency, a measure of variability is needed
to characterize a distribution more fully.

Variability refers to the extent to which the scores in a distribution
differ from their central tendency.

For example, suppose two groups of scores, A and B, are defined to be
4=(519)

B=(3,7,11)

Although they both have the same mean of 7, set B has more variability
because the scores differ from that mean more than do the scores in A. The
purpose of this section is to present numerical measures of the variability of
scores in a distribution.
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The Range

One measure of variability is the range. The range may be determined by
taking the largest score minus the smallest score in the distribution.! In the
distribution (3, 5, 6, 6, 8, 9), the range is 9 — 3 = 6.

However, the range is limited in its ability to reflect the variability of a
distribution. It is not sensitive to the variability of all the scores, only to the
difference between the two most extreme values. For example,

C = (5,10,11,12, 13, 18)
D=(5,6,7,8,16,17,18)

have the same range, but D has more variability than C. Therefore, although
the range is easily computed, it is usually employed only as a crude approxi-
mation of variability.

The Variance and the Standard Deviation

Two numerical indices reflect the variability of scores in a distribution but do
not suffer the limitations of the range. They are the variance and its square
root, the standard deviation.

The Variance, s An index that reflects the degree of variability in a
group of scores but which does not have the limitations of the range is the
variance:

The variance, symbolized by 52, is defined to be

£(X - X)’
N-1

52 =

Notice the numerator of this formula, (X, — X)?2. This quantity is the sum of
the squared deviations of the scores about their mean, or, as the phrase is

1'I’echm'ca.lly, the range should probably be defined as the difference between the upper real limit

of the largest score minus the lower real limit of the smallest score. Since the range is an
approximate index of variability at best, it does not seem appropriate to insist upon this level of
precision, )
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s s—

often shortened, the sum of squares.? (This term is also used in Chapters 10
and 13 on the analysis of variance.) Except that the denominator is N — 1
instead of just N (which is explained under “Good Estimates” near the end of
the chapter), the variance is essentially the “average sum of squared deviations
of scores about their mean,” or “the average sum of squares.”

In the example below, the variance for distribution 4 = (5, 7, 9) is
computed using the definitional formula. Notice that the mean is computed
first (X = 7.0). Then the mean is subtracted from each score (X; — X) and
this difference is squared [( X, — X)2]. The sum of the squared deviations
about the mean is divided by N — 1 to obtain the variance. Thus, the variance
of distribution A is 4.00. Distribution B consists of (3, 7, 11). It has greater
variability, and its variance is 16.

X; X (X; - X) (X; - X)?
5 7 -2 4
7 7 ' 0 0
9 7 +2 4
X =21 0 (X — X)? =38
N=3
X=1
\2
2 _ (X, - X)
N-1
— 8
2
s2 =400

The Standard Deviation, s The variance measures variability in squared
units. If a researcher recorded how long it took animals to find their way to a
goal box at the end of a maze, the mean time would be in seconds but the
variance would be in “squared seconds.” This results from the fact that the

2Other texts often use a special notation for this quantity. Specifically, the deviation of a single
score from its mean is called a deviation score and it is symbolized by a lowercase italicized letter
corresponding to the letter used for that variable, such as x for X. The squared deviation score
would be symbolized by x2, and the sum of squared deviation scores—or simply the “sum of
squared deviations”—would be represented by Y.x2. The sum of squared deviations, then, is also
abbreviated to the phrase sum of squares, the same concept as described above. In short:

x=(X - X)
x2=(/\’,-—X’)2
and

Ix2=X(X, - X ) = sum of squared deviations

Tx? = sum of squares
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formula for the mean uses the scores as they are (X X;) but the formula for
the variance squares the deviations [Z(X; — X)?2]. However, it is also useful to
have a measure of variability in terms of the original units of measurement,
not squared units.

The standard deviation, symbolized by s, is defined to be the positive
square root of the variance:

or

Since the variance is in squared units, taking its square root accomplishes a
return to the original units of measurement.

Just as some other texts use M rather than X to symbolize the mean,
they sometimes use the symbol SD rather than s for the standard deviation.

Computational Formulas for s> and s Formulas like those given above
are called definitional formulas because they define and reflect the logic behind
the concepts they express. However, definitional formulas are frequently
inconvenient to use in making calculations, especially when dealing with large
amounts of data. An expression for a statistic that is mathematically equiva-
lent to the definitional formula but that is more convenient for calculating is
called a computational formula.

The computational formula for the variance is

_NEZX? - (£X)°
- N(N-1)

S2

The computational formula for the standard deviation is

or s=1s?

_ [NIX? - EX)
TV TN -
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Bmoxmal expansmn of the form:
(a=bY =a*—2ab+ b’

3. The sum of several terms is the sum of
the separate terms: (X + Y + Z) =
YX+EY+LZ

4. Thesumofa ccmstam nrmes a vanable
~ equals the constant times the sum of
the vanable (X isa c:enstant) ZkX =

SNOILNBIYLFIA 40 SOILSIHILIVHVHI O € H3LdVHI

B Tha eiim nf a4 ranctant falkan N Hmec T 1



A0 40 AR Lhih, MO LEbLL. (A2 A N 4%
‘ ey

o "tk'zé',’*’t;: o E/Y:
- Substitution: X = - N

Cancellation in the third term.

Subtraction involving the last two
terms of the numerator.

~ nominator by N. -

* Multiplication of numerator and de-
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36 CHAPTER 3 0 CHARACTERISTICS OF DISTRIBUTIONS

It is important to realize that these computational formulas yield results that
are equivalent (within rounding error) to those calculated by the definitional
formulas. Optional Table 3-3 demonstrates the algebraic equivalence of the
two formulas for the variance.

The computational formula has the advantages of requiring only one
division, not requiring that the mean be calculated first, and being easy to
compute on a standard hand calculator. Only three quantities are needed:
X, ZX,.Z, and N. Consider the variance and standard deviation of the
following distribution:

X; X!
3 9
4 16
7 49
8 64
8 64
9 81
10 100
X =49 LX? =383
N=17
Variance Standard Deviation
NLX? - (LX)
- (X) =y
N(N -1)
7(383) — (49)° 2681 — 2401
(7 -1) 42
289 2.58
Y T
5% =6.67

It is very important to distinguish between two quantities used in the
computational formulas: ¥X? and (LX,)% Recall that the first, LX?, repre-
sents the sum of all the squared scores—first square each score, then add. The
second, (L X;)?, represents the square of the sum of the scores—first add all
the scores, then square this sum. Confusion between these two operations is
often the source of computational error.

Properties of s and s as Measures of Variability The variance is
difficult to explain because it cannot be diagrammed or pointed at. Rather, the
variance is an abstract numerical index that increases with the amount of
variability in the group of scores. But despite its abstractness, the variance
does have a number of properties that make it (and its square root, the
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standard deviation) an appropriate measure of variability:

1. Since the mean is the central value of the distribution, it seems natural to
base a measure of variability upon the extent to which the scores deviate
from their mean—that is, on 2(X; — X)2. In addition, recall from the
discussion of the mean that the sum of the squared deviations about the
mean is less than about any other value. This fact adds to the logic of
selecting squared deviations about the mean (as opposed to some other
value) as an index of vanability.

2. Squared numbers are always positive because squaring a negative num-
ber results in a positive value. Therefore s® and s are always positive
values. If the deviations were not squared, the negative deviations would
cancel out the positive and their sum would be zero because L( X; — X)
= 0.

3. Large deviations, when squared, contribute disproportionately to the
total. A deviation of 4 units becomes 16 when squared, but a deviation of
twice that size, that is of 8 units, contributes 64 to the total sum of
squared deviations. Thus, the variance is especially sensitive to depar-
tures from the mean because the deviations, when squared, become
disproportionately large.

4. The variance, which is approximately the average squared deviation of
the scores from their mean, is proportional to the average squared
deviation of each score from every other score. The concept of variability
refers, in its most general sense, to the extent to which the scores differ
from one another. One might express such variability by calculating the
difference between each score and every other score, squaring those
differences (to make them all positive), adding those squared deviations,
and computing their average by dividing the sum by the number of such
pairs of scores (that is, there will be N(N — 1)/2 such pairs). This
average squared deviation of the scores from one another is proportional
to the variance, which is approximately the average squared deviation of
each score from its mean. Therefore, the variance is a good measure of
the extent to which scores in a distribution deviate from one another.

5. As the variability of the scores increases, the statistical variance also
increases. This can be seen in the few examples listed below:

Scores s2
10, 10, 10 0
8,10,12 4
6,10,14 16
4,10,16 36
2,10, 18 64

As the scores show more and more variability, the value of s2 increases,
reflecting the extent to which the scores deviate from the mean and from
one another. Similar arguments can be made for the standard deviation.

—‘
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6. If there is no variability among the scores, that is, if all the scores in the
distribution are the same value, the variance and standard deviation are
both zero. This is so because if all scores are the same value (for
example, 5, 5, 5, 5, 5), the mean will also be that value (that is, 5). Then
all quantities (X, — X)* and their sum will be zero because X, and X
will always be identical. Therefore, when there is no var1ab1hty among
the scores of a distribution (if all scores have the same value), s2 = 0.

7. Under certain conditions the variance can be partitioned and its portions
attributed to different sources. This capability of being partitioned
permits statisticians to ask questions such as, What portion of the
variability in a group of scores can be attributed to cause A as opposed

to cause B? This aspect of the variance is taken up in greater detail in
Chapters 10 and 13.

POPULATIONS AND SAMPLES

Frequently, a scientist performs an experiment on a relatively small group of
subjects. At the conclusion of the research, however, the results are generalized
to a much larger group of subjects. For example, in Chapter 1 a hypothetical
experiment was described in which 40 children with attention-deficit disorder
with hyperactivity (ADD /H) were randomly assigned to one of two groups,
one that received drug medication and one that was given a placebo that had
no real effect on the disorder. While only 40 children were actually studied, the
results were intended to be generalized to all children with ADD/H. The 40

children are said to constitute a sample from the population of all ADD/H
children. :

A population is a collection of subjects, events, or scores that have
some common characteristic of interest.3

A sample is a subgroup of a population.

It is important to note that sample and population are relative terms. All
students enrolled at State University might be the population from which a
sample of 100 students is drawn for a given experiment, or all students at State

University might function instead as a sample of the larger population of all
college students.

A population is sometimes considered to be composed of an infinite number of cases. As such, the
population is a theoretical concept because it can never actually be observed or assessed. The
sample, in contrast, is an empirical concept because it can be observed and assessed. The concept

of theoretically infinite populations is crucial to mathematical statistics, but it is of less use to
students at this level of study.
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One obvious reason for using samples rather than populations in re-
search is that populations are usually too large to be studied efficiently. In
addition, research results that must be limited to the specific subjects studied
are less interesting and less useful than those applicable to a much larger
group. Therefore, the scientist designs the experiment so that generalizations
from the sample to the population may be made.

Parameters and Statistics

Frequently, the results that are generalized from sample to population are the
statistical quantities, such as the mean and variance, that are calculated on the
sample of scores. That is, the mean and variance computed on the sample are
used as estimators of the mean and variance in the population. Therefore, it is
necessary to be able to distinguish between statistical quantities associated
with a sample and those associated with the population.

A quantitative characteristic of a sample is calied a statistic and is
symbolized with a Roman letter.

A quantitative characteristic of a population is called a parameter and
is symbolized with a Greek letter.

Earlier in this chapter, indices of central tendency and variability were
presented. These were calculated on samples of subjects, so the mean and
standard dewviation, for example, were statistics symbolized by the Roman
letters, X and s, respectively. Most of the data that researchers analyze are
from samples rather than populations. That is why this course is called
statistics instead of parameters, and why this book presents all quantitative
characteristics of distributions as statistics and not as parameters.

Almost all data sets are considered samples because scientists use statis-
tics to estimate population parameters. For example, if the English department
at State University wanted to estimate the ability of all freshmen at State to
guide them in creating an appropriate English curriculum, they might sample
100 freshmen and test them on basic English skills. If they found the average
score of the sample to be 82 and the standard deviation to be 7, they could
regard these sample statistics as estimates of their respective population
parameters—that is, of the mean and standard deviation for all freshmen at
State. Of course, sometimes it is possible to assess all the members of a
population. One could, for example, test all incoming freshmen at State, rather
than just a sample of 100. But even then, the results might be used to estimate
the abilities of the next freshman class, which would make this year’s fresh-
man class a sample of a larger population.
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In research practice, then, it is rare to measure an entire population.
Instead, sample statistics are typically used to estimate population parameters,
so it is necessary to know what the population parameters corresponding to
each sample statistic are called and how they are symbolized. This information
is summarized in Table 3—4 for the mean, variance, and standard deviation. Of
course, all other statistics—including the median, mode and range—also have
corresponding parameters symbolized with Greek letters, but we will not have
occasion to use them in this text.

‘““Good’’ Estimators

Since a main purpose of calculating statistics is to use them to estimate
population parameters, statisticians are concerned that a statistic be a “good”
estimator of its corresponding population parameter. The criteria that make an
estimator “good” are discussed in Chapter 7 but we have already seen the

consequence of this concern in the formula for the sample variance. Recall
that

Z(Xi_ Y)z
N-1

st=

But notice in Table 3-4 that the formula for the variance of a population is
3(x, - X)°
N

In particular, the sum of the squared deviations is divided by N in the formula
- for the population parameter 62 but it is divided by N — 1 in the formula for

02 =

3-4 SUMMARY OF THE NAMES, SYMBOLS, AND
FORMULAS FOR COMMON STATISTICS AND PARAMETERS

Sample Statistic Population Parameter
Quantity Symbol Read As Formula  Symbol Read As Formula!
M X “Xb =X 2X
ean [13 ar” (73 e 9
N goooomew N
=12 . 2
. ) “s (X - X) ,  “sigma  X(X—p)
Variance s y ————— O , ————
squared N-—-1 squared’ N

2
Standard g (X - X) o (X - p)?
Deviation N -1 g Sigma N

1 . . . .
When populations are of uncountable size or are theoretical, other mathematical procedures are
used to define these quantities.
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the sample statistic s*. It turns out that dividing by N — 1 makes s? a “better”
estimator of ¢2 than it would be if the sum of squared deviations were divided
by N. In contrast, notice in Table 3—4 that the formula for the sample mean is
the same as the formula for the population mean. Therefore, for some
statistics the formulas are the same as for their corresponding parameters,
whereas for others the formulas are slightly different than for their correspond-
ing parameters. This difference often consists of dividing by N — 1 (or even by
N — 2) instead of just N, and this is done to make the statistic a “better”
estimator of its corresponding parameter (the criteria for making a statistic a
“better” estimator are presented in Chapter 7). Because we almost never have
an entire population available, only the formulas for statistics are presented in
the remainder of this text.

A NOTE ON CALCULATORS AND COMPUTERS

A great variety of hand calculators and computer programs are now available
to perform the calculations needed in this text. Some of them simply require
the student to enter the numbers in a distribution, for example, and push one
or two buttons or enter a simple instruction and the machine will automati-
cally create one or more different frequency or cumulative frequency distribu-
tions; calculate the mean, median, mode, range, variance, and standard
deviation; and perhaps even provide additional statistics, such as numerical
indices for skewness and kurtosis.

Unfortunately, each machine is different, so it is impossible to write a
textbook keyed to all of these machines or programs. Therefore, you must read
the directions for the particular machine or program you have available and
learn how to use it with this text. You will, however, likely run into some
problems—your machine or program may not do things the same way as
described in the text. _

For one thing, the symbols might be different. Whereas X is used to
symbolize the mean in the text, M might be used in the manual or on the key
pad of your machine. Also, whereas s and s are used here for the variance
and standard deviation, Var and SD might be used by your machine.

Second, you may not always get the same answer as in the text or even as
a classmate who uses another machine or program. There may be several
reasons for this. Perhaps the rules for rounding numbers are not the same. For
example, numbers ending in 5 may always be rounded up (or down), regard-
less of the odd or even nature of the previous digit. Or perhaps the same
number of digits is not used during the calculations, causing one answer to be
slightly (and sometimes substantially) different from another.

Third, and more serious, perhaps the formulas being used are different.
Does the calculator or program use the formula for the statistic or for the
parameter? Often it is not obvious which is being used, so consult the manual
for the calculator or computer program to determine whether the formula

;
l
A
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being used to calculate the variance, for example, is that for the sample
variance (with a denominator of N — 1) or that for the population variance
(with a denominator of N). This issue also pertains to the standard deviation,
of course, and a few other statistics discussed later, but not to the mean, which
is calculated by the same formula in either case. If you cannot locate the
manual, test out the button or program on the computational examples in the
text to determine which formula is being used. Do not rely on the manual or
the label on the calculator buttord to follow the tradition of using Roman
letters for statistics and Greek lettets for parameters. Just because the symbol
s? is used, it is no guarantee that the formula for the sample variance is used.

Finally, while calculators and computer programs speed calculations and
—with the exceptions noted above— produce more accurate answers, they do
not teach you much about statistics or the statistical quantities they calculate.
You will learn more if you work at least some of the problems “by hand.”
This is why the numbers in the examples and in the problems are kept simple
and do not generally require elaborate calculations. Use the calculator or
computer primarily to check your answers to the first few problems and to do
more complicated calculations.

SUMMARY

Two important characteristics of distributions are central tendency and vari-
ability. The mean, or average, is the most common index of central tendency,
partly because the sum of the deviations about the mean equals zero and the
sum of the squared deviations of each score about the mean is less than about
any other value. The median (the point that divides the distribution into two
equal parts) and the mode (the most frequently occurring score) are also used
as measures of central tendency. The median is often preferred when the
distribution is skewed, while the mode is useful when a distribution is skewed
or bimodal. The range, variance, and standard deviation are measures of
variability. The variance and standard deviation are frequently used in other
statistical formulas.

A population is a collection of subjects, events, or scores that have some
common characteristic of intetest, and a sample is a subgroup of a population.
Quantitative characteristics of a population are called parameters, whereas
such characteristics of a sample are called statistics. Statistics are often used to
estimate parameters.

FORMULAS

1. Mean

- XX
X - —
N
The population mean is symbolized by p.




O Formulas 73

2. Median
a. No duplication near the median, odd number of scores:
M, is the middle score.
b. No duplication near the median, even number of scores:
M, is the average of the two middle scores.
c¢. Duplication of scores near the median:

l

MﬁH[M]

n,

where L = lower real limit of the score interval containing the median ‘
N = number of scores in the distribution \
n, = number of scores falling below the lower real limit of the
interval containing the median
n,, = number of cases within the score interval containing the
median
i = the size of the score interval (i = 1 if the data are in whole
numbers)
3. Mode
The mode, M,, is the most frequently occurring score.

4. Range
The range is estimated by taking the largest minus the smallest score.
5. Variance

(X, - X)°
s2 = —(—) (definitional)
N-1
2 NZX'IZ - (ZXt)z . 1
= t
s NN =) (computational)

The population variance is symbolized by o2.
6. Standard deviation

(X, - X)*
s = \/.5‘—2 = %2— (definitional)
\/NEX,? - Ex) ( onal)
5 = computationa
N(N=1)

The population standard deviation is symbolized by o.
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EXERCISES

1. Compute the mean, median, and mode for
each of the distributions below.

A B C D
1 1 2 2

2 1 2 2

2 1 2 4

4 3 3 4

7 4 4 4

8 5 5 5

11 6 8 7
7 9 7

10

2. Show that the sum of the deviations about
the mean of distribution C in problem 1 is
zero. Compute the sum of the squared devi-
ations about the mean and median of distri-
bution C. Which is less, the sum of the
squared deviations about the mean or
the sum of the squared deviations about the
median?

3. Indicate which measure of central tendency
would be preferred for each of the following
distributions, and explain why.

a. family incomes in the United States

b. heights of seniors in public high school

c. IQ scores of third graders in a public
school

4. Find the median for the following distribu-
tions:

b

-

b

0T
—- oM
SN ER
l)J":»-’O\
W o 00
J -SR]

b

10.

11.

,6,6,6,6, 20,21

,2,3,3,7,

1, 3.2, 3.3, 3.4, 3.6 (note that the score
interval is .1)

g 31,32,33,33,33,38

h. 3.1,3.2,33,3.3,33,38,39

W O W

d.
e.
f.

. Draw the curves for distributions in which

a. the mean, median, and mode are identi-
cal.

b. the mean and median are identical but
the mode is different.

c. the mean is greater than the median.

d. the median is greater than the mean.

. Compose the score values for three distribu-

tions which have the same mean and me-
dian but which differ in their amount of
variability.

. Calculate the variance and the standard de-

viation for each distribution in problem 1.
Discuss the limitations of the range as a
measure of variability and present some nu-
merical examples to illustrate your point.

. Compute with both the definitional and

computational formulas the variance and
standard deviation for each of the following
distributions. Also compare the means of
the distributions.

a. 2,446

b. 0,2,4,10

c. —4,-3,-2,0,0,5,8,8,12,16
Discuss the properties, characteristics, and
advantages of s as a measure of variability.

Does s have any potential advantages over
2
577

Why does the formula for the variance have
N — 1 in the denominator and not N?




